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Abstract

The present work focuses on ambient vibration energy harvesting. Specifically, this article deals with bistable piezoelectric
energy harvesters which exhibits a wider bandwidth than linear oscillators. These complex systems require an energy extraction
circuit to rectify their voltage to supply power to autonomous sensors. This energy extraction circuit needs to be optimized in
order to increase the harvested power and even the bandwidth of piezoelectric energy harvesters. Because of the complex
dynamics of bistable piezoelectric energy harvesters, there is a lack of simple and physically-insightful models in the literature
that would allow the understanding and optimization of the extraction circuit. To address this issue, the present work derives
closed-form models of a bistable piezoelectric energy harvester coupled to a passive and an active synchronous energy
extraction circuit: respectively the standard energy harvesting circuit (SEH) and the parallel synchronized switch harvesting on
inductor circuit (P-SSHI). Experimental measurements conducted on a custom bistable piezoelectric energy harvester
demonstrate the validity of the proposed models with a relative error lower than 15% on the harvested power and the bandwidth.
The proposed models allow to easily understand the influence of the P-SSHI circuit on the dynamics of a bistable piezoelectric
energy harvester. Moreover, a comparison of the performance of the SEH and the P-SSHI circuits, valid for any bistable
generator, is proposed. The latter shows that under low electromechanical coupling and low acceleration amplitude the P-SSHI
circuit leads to multiply the maximum harvested power up to 4.3 compared to the SEH circuit, and the bandwidth by a factor
of 2.3.

Keywords: Piezoelectric energy harvester, Nonlinear systems, Vibrations, SSHI, Bistability, Analytical model.

Piezoelectric energy harvesters (PEH) have been widely
1. Introduction investigated as a mean to convert the mechanical energy of
surrounding vibrations into electrical energy. To extract the
electrical energy from the PEH and rectify the piezoelectric
voltage, an energy extraction circuit (EEC) is needed. Energy
extraction circuits are a crucial component of any energy
harvesting system, and require careful optimization to
maximize the harvested power and bandwidth of the
harvesting system. In the early stages of piezoelectric energy
harvesting, passive EECs such as standard energy harvesting
(SEH) were investigated, for instance, by Ottman et al. in 2002
[5]. However, the performance of such circuits were relatively
limited in terms of the harvested power due to low electrically
induced damping and low electromechanical coupling of the

For the past decades, energy harvesting has been fervently
investigated in order to increase batteries lifetime or even
supplant them as part of wireless sensors or ultra-low power
electronic devices. Various ambient energy sources can be
available in the surrounding of the supplied system, under
various forms: mechanical [1], radiative [2], thermic [3],
electromagnetic [4], etc. In some applications, solar radiations
or thermal gradients may be relatively low and vibrations may
constitute the only relevant energy source.
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harvesters. In order to increase the harvested power, active
synchronous strategies like serial synchronized switch
harvesting on inductor (S-SSHI) or parallel synchronized
switch harvesting on inductor (P-SSHI) have been
investigated by Guyomar et al. [6] in 2005. When coupled to
a linear PEH, the P-SSHI circuit has been demonstrated to be
particularly efficient in terms of power gain when the PEH
exhibits a weak electromechanical coupling or an imposed
displacement. However, for strongly coupled linear PEH, the
P-SSHI circuit does not provide any power gain compared to
the SEH circuit. Furthermore, even when combined with a P-
SSHI circuit, the bandwidth of linear PEH is not increased. In
2005, Lefeuvre et al. proposed the synchronous electric charge
extraction (SECE) [7]. Thereafter, from 2008 to 2019, various
variants of the aforementioned strategies were optimized to
further improve their performance, especially in terms of
power density. These optimizations led to enhanced strategies
like the double synchronized switch harvesting (DSSH)
(Lallart et al. 2008 [8]), the multi-shot SECE (MSSECE)
(Gasnier et al. 2014 [9]) and recently the synchronized switch
harvesting on oscillator (SSHO) (Lallart et al. 2019 [10]). All
these EECs have been investigated in combination with linear
PEH. However, while these EECs increase the harvested
power and the electrical efficiency, and reduce the
dependency on load variations, the bandwidth of linear PEH
remains relatively narrow.

In order to increase the bandwidth of vibration energy
harvesters, nonlinear bistable mechanical resonators have
been proposed by Stanton et al. in 2010 [11]. Due to their high-
energy orbits, bistable PEH have been shown to significantly
broaden the harvesting bandwidth [12]. Moreover, the
mechanical displacement of the inertial mass on inter-well
motion (high-energy orbit) is imposed, as demonstrated by
Morel et al. in 2022 [13] which makes the P-SSHI especially
suitable to increase the performance of bistable PEH.
However, to date and to the authors knowledge, most of the
papers focused on the study of mutual influence of nonlinear
PEH and load resistance [14] - [16]. Only a few papers focus
on the joint study and modelling of nonlinear EEC with
nonlinear PEH. A numerical and experimental study of a
bistable PEH paired with a SSHI circuit has been proposed by
Singh et al. [17] in 2015. In this work, the authors
demonstrated the interest of such a combination in order to
increase the harvested power of the system under broadband
excitations. Moreover, the harvested power has been
compared to the one reached with SECE and SEH circuits.
However, this study does not propose any analytical
expressions allowing to understand the mutual influence of the
nonlinear EEC and the bistable PEH. Thereafter, in 2019, an
analytical and experimental study of a SECE circuit paired
with a bistable PEH has been proposed by Huguet et al. [18].
In this work, the authors developed the first analytical model

able to predict the frequency response of a bistable PEH
coupled to a nonlinear EEC. A new relationship has been
established between the piezoelectric voltage and the
mechanical displacement in order to solve the system of
equations. However, while analytical, the expressions
obtained from the harmonic balance method and modelling the
frequency response of the bistable PEH are particularly
complex and cumbersome compared to closed-form models
which allow to understand the mutual influence of EECs and
bistable PEH in a physically-insightful way. Moreover, this
study has been conducted on the SECE circuit which is, from
the authors’ point of view which is detailed after, not the most
suitable circuit for bistable PEH. In addition, this study does
not propose any comparison of the performance of different
EECs. In 2020, an analytical modeling of nonlinear
monostable PEH combined with nonlinear EEC has been
proposed by Wang et al. [19]. In this study, the authors
focused on deriving analytical solutions of different nonlinear
EECs based on the impedance model. However, while simpler
than the ones obtained by Huguet et al. the expressions remain
complex and hinder the physically-insightful understanding of
the mutual influence of the EECs and bistable PEH. Moreover,
this study has been conducted on a nonlinear monostable PEH
and is not valid for bistable PEH which are the most used for
energy harvesting applications.

Since the P-SSHI circuit is known to be especially efficient
when PEH exhibit an imposed displacement, the P-SSHI
circuit seems to be especially suitable for bistable
piezoelectric energy harvesters in order to increase the
harvested power and the bandwidth. The aim of this paper is
therefore to study the dynamics of bistable PEH connected to
the P-SSHI circuit and to quantify the performance gain
compared to the SEH circuit. In order to understand the mutual
influence of the bistable PEH paired with the P-SSHI and the
SEH circuit, the present study derives closed-form models of
the two EECs in a physically-insightful way. Closed-form
expressions of the electrical damping, extracted power,
displacement amplitude and critical angular frequency (the
frequency at which the inter-well motion disappears) are
obtained. Moreover, these models allow to identify the
conditions  (frequency, electromechanical  coupling,
acceleration amplitude) that make the P-SSHI circuit more
efficient than the SEH for bistable piezoelectric energy
harvesting.

The second section of the paper presents the
electromechanical model of the bistable PEH obtained for the
inter-well motion. The closed-form expressions of the critical
angular frequency and the displacement amplitude are derived
based on a truncated harmonic balance. Based on Fourier
series, the analytical expressions of the electrically induced
damping and the damping ratio are obtained for the P-SSHI
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and the SEH circuits. Thereafter, the expression of the
harvested power is derived based on the harmonic balance.
After the description of the experimental setup and protocol,
an experimental validation of the closed-form model is
proposed in the third section. This validation has been
conducted on a custom-made bistable PEH and custom-made
P-SSHI and SEH circuits. A performance comparison of the
P-SSHI and SEH circuits, valid for any bistable PEH is finally
presented in the fourth section of the present paper.

2. Electromechanical model of bistable PEH

This section presents the electromechanical model of
bistable PEH and the assumptions considered in the rest of this
paper. Subsequently, using truncated harmonic balance,
closed-form expressions of the displacement amplitude,
critical angular frequency and harvested power are derived.

2.1 Bistable PEH dynamics

A bistable PEH includes a nonlinear bistable mechanical

resonator. Ambient vibrations are used as mechanical energy
source to put an inertial mass in movement. The kinetic energy
of the inertial mass is converted in electrical energy by mean
of an electromechanical transducer. Many types of transducers
(e.g. electromagnetic or piezoelectric) have been investigated
for the past decades. This paper focuses on a piezoelectric
energy harvester, specifically a bistable PEH.
The bistable PEH presented in Figure 1 is made of an inertial
mass and parallel buckled beams connected to an amplified
piezoelectric actuator (APA) whose direct piezoelectric effect
is used. The APA consists in an elliptical metallic shell in
which a stack of lead titano-zirconate ceramic is installed.
Depending on the position of the mass, the metallic shell is
compressed or stretched, which results respectively in
generating a negative or a positive voltage across the
piezoelectric element.

The electromechanical dynamics of the bistable PEH has
been modelled in previous work [20] by a set of differential
equations:

Q 2 \x§ ML
2axx
— =1
Lbeam

( L wy . w3 (x? 2a
y@)=k+—x+—|5—1)x+—xv,
1)

k Covp = P

In (1), x, and x stand for the equilibrium position and the
displacement of the mass. a corresponds to the piezoelectric
force factor. v, and i, are respectively the piezoelectric
voltage and current. Lyeqm, M,C,, Q and w, are intrinsic
parameters of the prototype and stand respectively for the
buckled beams length, the inertial mass, the piezoelectric
clamped capacitance, the mechanical quality factor and the
natural frequency of the PEH.

: $70)

(K12, C,)

Lbeam

Buckled
beams

Figure 1 Schematic (a) and prototype (b) of bistable
piezoelectric energy harvester.

Note that w, and Q are obtained for the equivalent linear PEH,
considering small displacement of the mass around one of the
two equilibrium positions [20]. Note that in (1), the dielectric
losses in the piezoelectric transducer are not considered since
they are assumed to be negligible. In this study, we focused on
a sinusoidal vibration which corresponds to many real-life
cases [21]. Assuming that the vibration is sinusoidal, the
acceleration is expressed as y(t) = y,, cos(wt + ) where
¥m 1S the acceleration amplitude, w is the angular frequency
and v is the phase. Assuming that the harmonics of the mass
displacement remains low [22], it is expressed as x(t) =
X cos(wt) with x,, its amplitude. Such assumption will be
experimentally confirmed in section 3.2.

The bistable PEH may exhibits two types of orbits: intra-
well and inter-well motions [23]. Intra-well motion is obtained
for small displacement of the mass around one of the two
equilibrium positions x = +x, whereas inter-well motion is
obtained for large displacement of the mass around the two
equilibrium positions. Since inter-well motion leads to a
higher level of harvested power than intra-well motion, this
paper focuses on the analysis of the first one. Note that inter-
well motion can be reached applying orbit jump strategies.
Reaching the inter-well motion with these strategies is not an
easy task but promising works are conducted on this topic as
detailed in [24] and [25].

As detailed in [14] and [26], the electrical term

(2—“xv ) included in the mechanical equation of (1)
MLpeam P
represents the electrically induced damping corresponding to
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the electrical energy extracted from the PEH. The first
equation of (1) is reformulated to show the damping ratio S:

y(t)zﬁé+%3’c(1+[)’)+%<x7o—1>x @)

The damping ratio B corresponds to the ratio between the
electrical damping D, and the mechanical damping D,,,. Note
that the expression and value of g strongly depends on the
EEC connected to the bistable PEH as presented in section 2.2
and 2.3.

The harmonic balance method already presented in [27] for
a bistable PEH connected to a resistive load, is applied to (2).
Note that only the first harmonic of the displacement is
considered since its waveform is assumed to be close to a sine
wave. Applying the harmonic balance method on (2) with
x(t) = x,,, cos(wt) leads to:

wof
Q

Xy — wzxm] =0

. . Wo
sin(wt) [ym sin(y) — wam — wxm]

3w2x3,  w?
Ym cos(¥) + —OTm -5

Solving (3) is equivalent to solve the following equations:

+ cos(wt) [

) W
Ym Sin(y) = —wam + Lﬁa)xm
Q Q @)
3w2x3  w?
kym cos(¥) = 2224 > Xm WX,

Summing and squaring the two equations of (4) leads to:

3x% w3 ) 2w, L 2
(G2 +(aa+s) -
Ym \* _
_<xmw2) =0

Considering that most of the bistable PEH have a high
quality factor (Q =~ 100) and that the effective acceleration of
the inertial mass is much larger than the vibration acceleration
in inter-well motion, the two last terms of (5) can be neglected
in most cases, which leads to:

2
———w2> - ®)

Therefore, the expression of the displacement amplitude
X, 1S Obtained solving (6):

2w2

X = 1+— ()

\/_

From (7), it is shown that the amplitude of the displacement
X, does not depend on the damping ratio 8 (provided that the
inter-well orbit exists). Therefore, for a given frequency, the
amplitude of the displacement is fully independent of the EEC.
For bistable PEH, the resonance corresponds to the frequency

for which the amplitude of the inter-well motion is maximal
before the orbit suddenly disappears. This frequency is called
critical angular frequency in the following. Under the
assumption of the resonance (w = w,), a phase lag of 90°
exists between the acceleration amplitude and the maximum
displacement [28]. Replacing i = 90° in (4) leads to:

[ar wof
| 6wcxm + Twcxm =Vm

3wdxd w3 . ®
(222 ~2 T @em =0

From (8), yields the expression of the critical angular
frequency w,:

602Y3
ﬂ"“\/“’“ﬁ(?fﬁ)z ©)

4

W, =

From (9), it is shown that the critical angular frequency w,

(3) depends on the electrical damping. Therefore, the higher the

electrical damping, the lower the critical angular frequency
and conversely. Since the ratio of electrical and mechanical
damping, B, depends on the EEC, its expression and impact
on the dynamics of the PEH can be analytically modelled for
each circuit.

2.2 Standard Energy Harvesting

(a)
SEH rectifier
] A
= | ! WS==
| —Lr<]—: R
gl
(b)
\oltage Energy extraction
Vdc =..__--\: o
N
o >
2 F Time
I
_____ [
'Vdc """

Figure 2 SEH circuit (a) and piezoelectric voltage waveform

(b).
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This section proposes an analysis of the dynamics and
characteristics of the system when the bistable PEH is
connected to the SEH circuit presented in Figure 2.a. As
illustrated in Figure 2.b, during the time interval [0, t,], the
piezoelectric voltage v, decreases from V. to —Vy.. During

the time interval [to,g], the piezoelectric voltage is equal to
the rectified voltage —V,.. The rectifier bridge is conducting
and the piezoelectric energy is transferred to the storage
capacitor C;,. When t = g the piezoelectric voltage begins to

increase and the rectifier bridge is blocked. Afterwards,
another half-period of vibration begins and the process is
repeated. Note that the piezoelectric transducer is constrained
twice per vibration period which results in the voltage
frequency being twice the vibration frequency [20].

The piezoelectric voltage waveform on a half-period can be
expressed as follows:

1 t
vp(t) = Vg + —f ax dt vt € [0,t,]
CpJo (10)

I( Dy(£) = —Vge VE € [to,g]

The piezoelectric voltage is periodic and can be expressed
as a Fourier series for which only the first-order coefficients
a, and b, are calculated:

T

( 4 fi ® Qwt) dt
a; == | v,(t) cosw
TJo 7 (11)

T
4 (2
b, = —j v, (t) sin(Rwt) dt
T 0
Therefore, the piezoelectric voltage expression of the
fundamental is expressed as follows:
(vp (t) = a4 cos(2wt) + b; sin(Qwt)

ax? 2rQ
a, =
! 2CpLpeam 2rQ) + z (12)

2
ax?, 2rQ

b, =
L 1T 2C, Lyeam (470 + )2

The mechanical resonator formed by the bistable PEH
exhibits a filtering behavior. Therefore, the impact of higher
order harmonics of the piezoelectric voltage can be neglected
and the Fourier coefficients are only expressed for the
fundamental. In the expressions of a, and b;, r is the
normalized electrical resistance expressed as r = RC,wq. Q

stands for the normalized frequency and is expressed as Q =
w

wo'

Injecting (12) in the first equation of (1) leads to the
expression of the electrical term:
a1Xm
2axv, 20 — (cos(wt) — cos(3wt))

13)

blx‘m

Lbeam B Lbeam +
2

(sin(wt) — sin(3wt))

Where —2%— (% cos(wt)) is the voltage term in phase

Lpeam

with the mechanical velocity, which leads to the expression of
the electrically induced damping Despy:

16a%rQ

o (14)
Crw(4rQ + m)?

Desgn =

Equation (14) leads to the equation of the damping ratio
_ Desph.
SEH — Dm .

x4 k2Q  2rQ

—mlime 7% (15)
Psen xZ QO (4rQ+m)?

In (15), k2 is the squared electromechanical coupling
coefficient. From (15), it is proven that there exists a value of

the resistance (r=%) which maximizes the electrical
damping and thus minimizes the critical frequency w..

The extracted power P, is defined as the power dissipated
in the electrical damper u,, .

1" . M Bspy wow®xh,

Pext = FJ(; .ueSEszdt = T

Combining (16) and (15) leads to the expression of the
extracted power:

(16)

(P _ 2Mwyw?xyk?, (1 2w2> .

{ ext — 30 g DsgH (17)
2r§)

k EDspn = (4rQ + )2

Where &, is the normalized electrical damping of the
circuit. Note that the diodes losses of the bridge rectifier are
considered negligible. Therefore, the harvested power P, is
considered approximately equal to the extracted power P,,;:

Ph = Pext (18)

Since both the displacement amplitude x,, and the angular
frequency w are maximized when the resonance occurs (w =
w,), the harvested power Ph|a)=wc is the maximum harvested

power for a given damping ratio as demonstrated in [13].
Moreover, the harvested power P, _, -is maximized when

B =1 (D, = D,,) and reaches the power limit of the PEH as
broadly described in the literature [29][30]. The power
transfer and losses in the overall system for the SEH circuit
are summarized in Figure 3.
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Damp the resonator
Bsen (15)

Pexe (17)

P|e29 » AC/DC » Storage
material capacitor

Py, (18)

Mechanical losses due to
the mechanical damping

Figure 3 Power flow of the SEH circuit.

2.3 Parallel Synchronized Switch Harvesting on
Inductor

This section proposes an analysis of the dynamics and
characteristics of the system when the bistable PEH is
connected to the P-SSHI circuit presented in Figure 4.a.

As illustrated in Figure 4.b, during the time interval [0, t,],
the piezoelectric voltage v, decreases until it reaches the
rectified voltage —V,;.. When t = t,, the piezoelectric voltage
is equal to -V, the rectifier bridge is conducting and the
electrical energy is extracted from the piezoelectric

transducer. During the time interval [Og] the electronic
switch made of the two transistors is open. When t = g the
switch is closed.

(a)
____P-SSHI rectifier
1 I/LI 1
: L !
= =
'\J_l J_l L1l
________________ N7
Control signal
(b)
Voltage Op_ep_circuit
Vo473
1 ——
WV de = T
1
o |1
R [ [
£ i i Time
N il
AV k- i i
B2 " -
Energy extraction Charge inversion

Figure 4 P-SSHI circuit (a) and piezoelectric voltage
waveform (b).

The inductor L is connected to the piezoelectric capacitance
C, and due to this L-C loop, the piezoelectric voltage is
quickly inverted. Afterwards, another half-period of vibration
begins and the voltage processing is repeated. Note that the
piezoelectric transducer is constrained twice per vibration
period which results in the voltage frequency being twice the
vibration frequency [20].

The piezoelectric voltage waveform on a half-period of
vibration can be expressed as:

t

I{ 2axx
1v,,(t) = ¥V +f ———dt Vvt € [0,t]

o Gpl (19)
T
L v,(t) = =Vy VL € [to'f]
(), R
xX=- @) is the voltage inversion ratio induced by the
r\ 2

inductor L as illustrated in Figure 4.a. The piezoelectric
voltage expression of the fundamental is expressed as follows:

v,(t) = a; cos(2wt) + by sin(2wt)
ax? 1

a1 =
2C,L, ™
< phoeen (14 3= )()) (20)
2r0(1 — x?)
w210 (T + 1)

1 =
2CpLpeam (14 p)2rQ + n)z

Applying the same method as in section 2.2 leads to the
expression of the electrically induced damping Depgss;:

_ 2
16a?rQ (%ﬂ” + 1)

Cyo((1+ 2rQ + n)2

From (21) yields the expression of the damping ratio

(21)

Depssur =

Depsshi.
Dm

Bpssui =

2r0(1 — x?)
xrzn ernQ 2rQ) (—271' + 1)
Bpssur = - Q 2
Xg (1 +x)2rQ+m)
From (22), it is proven that a larger resistance leads to a
larger damping ratio 8. The extracted power P, corresponds
to the power dissipated in the electrical damper D

(22)

epSSHI
2.2
MBpsspyiwow*xny,

2Q

1 (T .
Poxt = 7 J Depsyy i dt = 23)
0
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Damp the resonator
Bpssui (22)

Pext (24) Py (26

Piezo

Inductor Storage
material » L » acls » capacitor

¥

Losses
in inductor
Prinyeor (25)

Figure 5 Power flow of the P-SSHI circuit.

Mechanical losses due to
the mechanical damping

Combining (23) and (22) leads to the expression of the
extracted power:

( _ 2Mw,w*xhk;, 2w?
| Pext = 1+ » EDpsshi

3Q 2
1) (24)

0
2rQ(1 — x?)
21 +

((1 + x)2rQ + n)z

As predicted from (24), the extracted power increases with
the vibration frequency. Moreover, large resistance values
lead to large damping ratio as proven from (22). Therefore, the
critical angular frequency w. decreases as the resistance
increases as proven from (9). As a consequence of the lower
critical frequency that may be reached with the P-SSHI circuit,
the harvested power at low vibration frequency is larger than
with the SEH circuit as long as the inter-well motion exists.,
The losses P, ;.. ..., In the inductor L during the piezoelectric

voltage inversion [29] can be expressed as:
P _ 2rQ(1 — x?) p
Linductor ~ 2 4 2rQ(1 — x2) ext
Therefore, the harvested power P, is lower than the
extracted power P, and is expressed as:
P, = o P,
2m 4 2rQ(1 — y2)
Figure 5 summarizes the power transfer and losses in the
overall system for the P-SSHI circuit.

2rQ) (

k Eppssur =

(25)

(26)

3. Experimental validation

3.1 Experimental setup and protocol

In order to validate the proposed models, a custom-made
prototype of bistable harvester has been developed. The
prototype is presented in Figure 1. The parameters of the
equivalent linear model (Q, w,, k7, C, and M) have been
experimentally identified on the intra-well motion under weak
sinusoidal excitation and are summarized in Table 1. The
length of the buckled beams L,,,., has been measured on the
prototype. The equilibrium position x, has been measured by
mean of a laser vibrometer.

The P-SSHI circuit is presented in Figure 4.a. The circuit
is made of two stages known as electronic switch and rectifier.
As shown in Figure 4.a, the inductor, the Schottky diodes and
the mosfet transistors constitute the electronic switch. The
rectifier is made of 4 Schottky diodes and a filtering capacitor.
The reference of the Nmos transistor is ZVN2110GTA
whereas the reference of the Pmos transistor is
IRFL9110TRPBF. The reference of the Schottky diodes are
BAT43. Note that the SEH circuit is an adaptation of the P-
SSHI circuit obtained from disconnecting the inductor L and
the mosfet’s driving signal.

Experimental measurements have been performed on the
testbench shown in Figure 6. The bistable PEH is attached to
an electromagnetic shaker. A dSpace realtime control system
is used to receive and record signal from a differential
vibrometer and an accelerometer and to drive the power
amplifier (PA) which supplies the electromagnetic shaker.
The vibration amplitude is maintained to a constant value
thanks to a closed-loop control of the amplitude of the
sinusoidal excitation. The piezoelectric transducer of the
bistable PEH is connected to the EEC. A programmable
resistor is connected to the output of the EEC. The
piezoelectric voltage is recorded by the acquisition board
through a voltage follower. The measurements of the
displacement amplitude and speed of the mass are performed
by the differential laser vibrometer. The waveforms of the
displacement amplitude, speed, piezoelectric voltage and
rectified voltage are stored for each combination of frequency,
acceleration and resistance.

(a) Resistive || Differential
decade box | vibrometer

-l

Dspace
control board

Oscilloscope || Laptop

i

B
o/ it

Electromagnetic
(b) shaker

Power supply for
the voltage follower

Differential
vibrometer

_____________________

Mos
ctrl

;  |Buffers
) v

D)

| Control board (Dspace ) |

Figure 6 Experimental setup used for the validation of the
models (a) and schematic of the setup (b).
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Table 1 Experimentally identified parameters of the bistable
PEH

Parameter Variable  Value Unit
Inertial mass M 6.3 g
Length of a beam Lyeam 35 mm
Equilibrium position X0 0.74 mm
Natural frequency wg 315 rad.s7?!
Mechanical quality factor Q 90 —
Electromechanical k2, 0.063 -
coupling
Piezoelectric clamped Cy 1.023 uF

capacitance

The experimental characterization of the bistable PEH is
performed in the inter-well motion. The complete
characterization of the bistable PEH is obtained for 30
resistances between 100 Q and 10 k£ on a logarithmic scale
and 90 frequencies from 25 Hz to 67 Hz on a linear scale. In
the case of bistable PEH operating in inter-well motion, the
displacement amplitude of the mass is roughly proportional to
the vibration frequency [13]. Consequently, as the frequency
increases, so do the displacement and the stresses within the
beams and the APA. This stress can potentially result in plastic
deformation or the failure of either the APA or the beams. In
the present case, the upper bound of the frequency range had
to be set at 67 Hz. In order to reach the inter-well motion, an
orbit jump sequence has been developed. The experimental
protocol for the bistable PEH characterization on the inter-
well motion is detailed in appendix A.

3.2 Experimental validation of the proposed models

Figure 7 shows the experimental time signals of the phase
space, the displacement amplitude, the piezoelectric voltage
and the energy cycle for the SEH and P-SSHI circuit under an
acceleration amplitude y,, = 11m.s™2 and a vibration
frequency f,;, = 35 Hz. As shown in Figure 7.b and Figure
7.f, the mechanical displacement remains close to a sinusoidal
waveform, in the sense that the amplitude of higher order
harmonics remains low compared to the amplitude of the
fundamental, which justify the assumption of the first-order
harmonic in section 2.1. Figure 7.d and Figure 7.h illustrate
the energy cycle for both the SEH and the P-SSHI circuits.
The area under the curve is associated to the energy extracted
during a period of the displacement. Note that the deformation
of the APA when x = 0 is different form the one when x =
+x,, which results in an asymmetry on the piezoelectric
voltage. Note that this asymmetry is slightly more pronounced
for the SEH circuit than the P-SSHI circuit and is not
considered in the proposed model.
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Figure 7 Phase space, displacement, voltage and energy cycle
waveforms for the SEH (a. b. ¢. d.) and the P-SSHI (e. f. g. h.)
withy = 5m.s72.

The experimental measurements and the theoretical
predictions of the harvested power as a function of the
vibration frequency are shown for both the SEH and the P-
SSHI in Figure 8. The experimental results are in good
agreement with the theoretical predictions with less than 15%
error on the harvested power and less than 5% error on the
critical frequency. However, a slight mismatch can be
observed for high vibration frequencies, due to the excitation
of high-order internal modes of the electromagnetic shaker
and mounting bracket. Figure 8.a (SEH circuit) shows that for

C

R = 4.5KkQ (red curves), the critical frequency f, =‘:—n is

above 67 Hz. As predicted from (15), the damping ratio
increases with the resistance until it reaches a maximum for

r=% which corresponds to the optimal resistance

minimizing the critical frequency. For resistance values larger
than the optimal resistance, the damping ratio Bz, decreases
as the resistance increases, which results in the increase of the
critical frequency. For R = 1.3 kQ (blue curves), the critical
frequency is minimized and is around 63 Hz whereas it is
above 67 Hz for R = 7.3 kQ (yellow curves). These results
are in good agreement with the theoretical predictions from
(9). The harvested power is also well predicted by the model.

Figure 8.b (P-SSHI circuit) shows that for R = 574 Q
(blue curves), f. is close to 60 Hz. As long as the resistance
increases, the damping ratio Bpssy; (22) increases which
results in the decrease of the critical frequency as proven from
(9). For R = 4.5 kQ (yellow curves), f, is around 37 Hz.
These results are in good agreement with the theoretical
predictions from (9).
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measurements (diamonds) and
theoretical predictions (solid lines) of the harvested power for
the SEH (a) and the P-SSHI (b), for three resistance values and

Figure 8 Experimental

Ym = 5m.s72
The harvested power is also in good agreement with the
theoretical predictions, with less than 15% error.

The harvested power P, as a function of the frequency and
the load resistance for the SEH circuit for both the
experimental measurements and the theoretical predictions is
illustrated in Figure 9. The critical frequency f, is shown to
be a function of the resistance as proven from (9) and (15). For
small or large resistance values (R < 300 Q or R > 4 kQ), the
critical frequency is close to 67 Hz. Between, these values, the
critical frequency decreases up to 64 Hz. The minimal critical
frequency occurs for R = 1.27 kQ which corresponds to the

resistance R=ﬁ where w is the vibration angular
p

frequency and C, is the piezoelectric clamped capacitance. For
this specific value of the resistance, the damping ratio Sggy is
greater than 1 and is maximized. This means that the electrical
damping is greater than the mechanical damping and reaches
its maximum value. The harvester is therefore overdamped
and the critical frequency is minimized. As predicted by the
model, the harvested power increases with the vibration
frequency. For R =574 Q, the harvested power is about
3.2 mW with f,;,, = 60 Hz whereas it is about 0.2 mW with
fvir = 30 Hz. Comparing the experimental measurements
(Figure 9.a) and the theoretical predictions (Figure 9.b), a
slight mismatch is observed on the critical frequency
(63.85 Hz for the experimental measurements vs 64.36 Hz
for the theoretical model with R = 1.27 Q). Note that this

slight mismatch can be explained by the fairly strong
assumptions of the proposed model.

Figure 10 shows the harvested power as a function of the
frequency and the load resistance for the P-SSHI circuit for
both the experimental measurements and the theoretical
predictions. As for the SEH circuit, the critical frequency (9)
is a function of the resistance. However, the higher the
resistance, the higher the damping ratio Bpssy; (22) and the
lower the critical frequency. The critical frequency varies in
an inversely proportional way from 30 Hz to 67 Hz as the
resistance varies from 100 Q to 10 kQ. As for the SEH circuit,
the harvested power increases as the vibration frequency
increases. However, compared to the SEH circuit, the
harvested power is greater. As a matter of example, when R =
1.3 kQ, the harvested power with the P-SSHI circuit is about
3.5 mW with f,,;;, = 50 Hz whereas it is about 0.5 mW with
fvip = 30 Hz. Comparatively, when R =13kQ the
harvested power with the SEH circuit is around 1.9 mW with
fviv = 50 Hz whereas it is around 0.3 mW with f,;,;, =
30 Hz. Comparing the experimental measurements (Figure
10.a) and the theoretical predictions (Figure 10.b), it is shown
that the slopes of the critical frequency are close to each other

although a slight mismatch is observed under large
displacement of the mass for high vibration frequencies.
(a) 104 Harvested power [r;lESN] p
S :
g 4
<
z10°
w2
2 e 2
= .
<
]
—
2 0
10
30 40 50 60
Frequency [Hz]
(b) 104 Harvested power [an] 6
E‘ RaEe
—_ I
§ 4
<
Z10°
§ } I 2
=
<
o
—
2 0
10
30 40 50 60

Frequency [Hz]
Figure 9 Experimental measurements (a) and theoretical
predictions (b) of the harvested power as a function of the
frequency and the load resistance for the SEH with y,, =
5m.s™2.
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Figure 10 Experimental measurements (a) and theoretical
predictions (b) of the harvested power as a function of the
frequency and the load resistance for the P-SSHI with y,,

5m.s™2,

60

Figure 11 illustrates the maximum harvested power
Ph|w=wc and the critical frequency f as a function of the load

resistance for the SEH circuit and for both experimental
measurements and theoretical predictions. The resistance
maximizing the harvested power is not the one that maximizes
the damping ratio. The harvested power experimentally
reaches a maximum of 5.5mW for a load resistance of
2.4 kQ. For this specific value of the resistance, the damping
ratio fSsgpy =1 which means that the electrical and the
mechanical damping are both equal. On the other hand, the
minimum critical frequency is reached for R = 1.27 kQ. This
resistance maximizes the damping ratio g thus overdamping
the harvester and decreasing the harvested power. For small
resistance values (R < 500 Q) or large resistance values (R >
3kQ) the damping ratio 8 is low which results in a high critical
frequency. For 8 < 1, the harvested power decreases with the
damping ratio. Note that a slight mismatch can be observed on
the harvested power between the theoretical predictions and
the experimental measurements. The latter may be due to the
asymmetry of the deformation of the APA which tends to
decreases the effective electromechanical coupling thus
decreasing the damping ratio g and the harvested power Py,.
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Figure 11 Experimental measurements (diamonds) and

theoretical prediction (solid line) of the maximum harvested

power (a) and critical frequency (b) as a function of the load

resistance for the SEH with y,, = 5 m.s™2.

Figure 12 illustrates the maximum harvested power
Ph|w=wc and the critical frequency f, as a function of the load

resistance for the P-SSHI circuit and for both the experimental
measurements and the theoretical predictions. The harvested
power experimentally reaches a maximum of 4.6 mW for R =
360 Q. On the other hand, the minimum critical frequency is
reached for the largest value of the resistance (R = 10 kQ in
this case). Increasing the resistance, leads to an increase of the
damping ratio 8 as proven by (22). The P-SSHI circuit allows
to reach much larger values of the damping ratio than the SEH
circuit thus leading to harvest power on a larger bandwidth.
As a matter of example, the maximum damping ratio S,
reaches 6.2 for the P-SSHI circuit whereas it is only 1.01 for
the SEH circuit. Note that for both SEH and P-SSHI circuits,
a trade-off must be found between the harvested power and
the critical frequency. Indeed, high values of the damping
ratio, lead to lower critical frequency. However, the harvested
power is increased as long as the inter-well motion exists.
Note that the mismatch observed on the harvested power can
be explained by the efficiency of the P-SSHI circuit which is
lower in experiment than in theory.
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Figure 12 Experimental measurements (diamonds) and
theoretical predictions (solid line) of the maximum harvested
power (a) and the critical frequency (b) as a function of the
load resistance for the P-SSHI with y,,, = 5 m.s™2.

This mismatch can be explained by the diodes and the
switching losses that are not considered in the model.

4. Performance comparison

The present section offers a performance comparison of the
P-SSHI and the SEH circuits. The influence of the
electromechanical coupling and the acceleration amplitude
has been studied in order to propose a generic comparison
applicable to any bistable PEH.

The maximum harvested power as a function of the
vibration frequency is illustrated in Figure 13 for both the
SEH and the P-SSHI with y,, = 5m.s™2. The maximum
harvested power corresponds to the harvested power for each
frequency and for which the resistance allowing to maximize
the power is selected. It shows that for the SEH circuit and a
vibration frequency of 35 Hz, the experimental maximum
harvested power reaches 0.5 mW. At the same vibration
frequency, the harvested power is multiplied by 4 for the P-
SSHI circuit, thus reaching 2 mW. For the SEH circuit, the
theoretical harvested power is in good agreement with the
experimental measurements. Regarding the P-SSHI circuit, a
mismatch can be observed between the experimental
measurements and the theoretical predictions.
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Figure 13 Experimental measurements (diamonds) and
theoretical predictions (dashed line) of the maximum
harvested power for the SEH (blue and orange) and the P-
SSHI (yellow and green) with y,,, = 5 m.s™2.

There are two main reasons for this mismatch: the fairly
strong assumptions of the model and the experimental
efficiency of the P-SSHI circuit which is lower than in theory.
Compared to the SEH circuit, the P-SSHI circuit allows to
considerably increase the damping ratio 8 and thus to increase
the harvested power under low vibration frequencies (between
30 Hz and 60 Hz) as illustrated in Figure 13. Consequently,
the bandwidth of the harvester, which is calculated as the
frequency range for which the harvested power is greater than
half of the maximum power, is increased (28.88 Hz for the P-
SSHI circuit instead of 12.73 Hz for the SEH circuit), as
shown in Figure 13. Another interpretation of this bandwidth
expansion is related to the ability of the P-SSHI circuit to vary
the critical frequency over a larger range, as can be seen by
comparing Figure 11.b and Figure 12.b. Note that in both
cases (P-SSHI and SEH), the theoretical harvested power
reaches a maximum of 5.5 mW which correspond to the well-

— YmOM o described in [29] and [30].

8wy
However, due to a slightly lower efficiency, the harvested
power of the P-SSHI circuit is smaller than that of the SEH
circuit (4.62 mW for the P-SSHI circuit instead of 5.53 mW
for the SEH circuit) under high vibration frequencies (above
60 Hz). Note that the reduced efficiency can be attributed to
the implementation of the circuit and the selection of
components, which could be further optimized.

known power limit Py;,,

As presented previously, the power envelope corresponds
to the harvested power for each frequency and for which the
resistance allowing to maximize the power is selected. This
power envelope varies according to the electromechanical
coupling, the acceleration amplitude and the energy extraction
circuit. Figure 13 illustrates the power envelopes of the SEH
and the P-SSHI circuits for an acceleration amplitude y,,
5m.s~2 and an electromechanical coupling k2, = 6.3 %.
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From Figure 13 the question of the evolution of the
bandwidth with the electromechanical coupling can be asked.
In order to compare the bandwidth of the harvester when
connected to the P-SSHI or the SEH circuit, the bandwidth
ratio of their respective power envelope is defined. This ratio
can be expressed as:

AWPS.S‘HI

i (@7)

BWgatio =
WSEH

In (27), A,, is the frequency range for which the harvested
power is greater than half of the maximum power. Figure 14
illustrates the bandwidth ratio as a function of the acceleration
amplitude and the electromechanical coupling. For weak
electromechanical coupling (1 — 3 %), the bandwidth ratio is
below 1.63. For this range of electromechanical coupling, the
bandwidth ratio is barely impacted by the acceleration
amplitude: for k2, = 2 % and y,,, = 1 m.s~2, the bandwidth
ratio is around 1.52 whereas it is slightly above 1.64 for k2,
2% and y,, = 10 m.s™2. Increasing the electromechanical
coupling tends to increase the bandwidth ratio. Under weak or
strong electromechanical coupling, the P-SSHI circuit does
not allow to considerably increase the bandwidth of the
harvester in comparison to the SEH circuit. It is shown that the
P-SSHI circuit exhibits an electromechanical coupling sweep
spot for which the bandwidth is considerably increased. This
sweet spot is called critical coupling.

For most of the acceleration amplitudes, the critical
coupling is around 13 %. For this critical coupling, the
bandwidth ratio is around 2.29. This means that the bandwidth
of the harvester associated to the P-SSHI circuit is more than
2 times greater than the bandwidth of the harvester associated
to the SEH circuit. For very strong electromechanical coupling
(above 13%), the bandwidth ratio decreases until it reaches 1
which means that the P-SSHI circuit is then not more efficient
than the SEH.
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Figure 14 Bandwidth ratio (BWgg:i,) as defined in (27), as a
function of the acceleration amplitude and the
electromechanical coupling. The red star corresponds to the
acceleration amplitude and coupling conditions of the
experimental tests. Warmer colors correspond to higher values
of the bandwidth ratio.
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Note that the theoretical bandwidth ratio never drops below
1 which means that in the worst case, the P-SSHI circuit is
equivalent to the SEH circuit in terms of bandwidth. However,
due to the experimental efficiency of the P-SSHI circuit,
which is lower than the theoretical one, the experimental
bandwidth ratio can drop below 1 and the SEH circuit is thus
better than the P-SSHI circuit, especially under frequencies
above 60 Hz. Considering the bistable PEH presented in
Figure 1 which has an electromechanical coupling of about
6.3 %, the bandwidth ratio is close to 1.9 for the three
experimental acceleration amplitudes (red stars) as shown in
Figure 14.

The maximum harvested power ratio computed to quantify
the power gain using the P-SSHI circuit is illustrated in Figure
15. This ratio can be expressed as:

(Phpssm))
(PhSEH))

Where max(max(Py)) is the maximum power for all
fERT "RER*T

max (max
fERT "RER*

max(max
fERY "RERT

(28)

thaxRatio -

frequencies of a power envelope which is itself the maximum
power for each resistance. For  weak electromechanical
coupling (1 — 3 %) and weak acceleration amplitudes (1 —
3 m.s™2), the harvested power ratio is greater than 3.6 which
means that the maximum harvestable power is multiplied by
more than 3.6 using the P-SSHI circuit compared to the SEH.
Increasing the acceleration amplitude for this range of
electromechanical coupling tends to decrease the harvested
power ratio. The latter decreases from 2.55 to 2.13 at y,,
20m.s™% whereas there is almost no decrease at y,,
1m.s™2. Considering medium electromechanical coupling
(3—6%), the harvested power ratio decreases as the
electromechanical coupling increases thus going from 3.7 at
k% =3%andy, =1m.s">to29atkZ =6 % and y,,

1m.s™2.
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Figure 15 Maximum harvested power ratio (Pnmax pgyio) 85
defined in (28), as a function of the acceleration amplitude and
the electromechanical coupling. The red star corresponds to
the acceleration amplitude and coupling conditions of the
experimental tests. Warmer colors correspond to higher values
of the harvested power ratio.
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For this range of electromechanical coupling, the harvested
power ratio also decreases as the acceleration amplitude
increases going from 2.9 at k2, = 6 % and y,, = 1m.s™2 to
17 at k3,=6% and v, =20m.s"%2 For strong
electromechanical coupling (6 — 30 %), the harvested power
ratio decreases as the electromechanical coupling increases.
Note that, in this case, the acceleration amplitude has almost
no impact on the harvested power ratio especially for very
strong electromechanical coupling. Moreover, as shown in
Figure 15, the maximum harvested power ratio is close to 2.4
for the three experimental acceleration amplitudes (red stars).

The figure of merit (FoM) presented in [29] is computed as
the ratio of the power envelope integral over a given frequency
range for the P-SSHI and the SEH circuits and can be
expressed as:

fmax

fomin = MAXPSSHI df

fmax
f thaxgEH df

The FoM, as defined in (29), corresponds to the ratio of the
area under the power envelope curve. This ratio reflects the
performance gain of the P-SSHI circuit compared to the SEH:
the higher the FoM, the higher the performance gain of the P-
SSHI circuit. Note that the integration boundaries in (29),
denoted as f,i, and fi.., are respectively set to 5 Hz and
200 Hz for computing the values of the FoM. This choice is
based on the observation that the harvested power at
frequencies below 5 Hz or above 200 Hz is significantly low,
and therefore does not impact the value of the integral. The
FoM illustrated in Figure 16 can be divided into 9 regions,
depending on the electromechanical coupling and the
acceleration amplitude. For weak electromechanical coupling
(1 — 3 %) and weak acceleration amplitudes (1 — 3 m.s~?),
the FoM value is greater than 5 which means the area under
the power envelope curve of the P-SSHI circuit is 5 times
larger than with the SEH circuit.

FoM = (29)
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Figure 16 Figure of merit (FoM) as defined in (29), as a
function of the acceleration amplitude and the
electromechanical coupling. The red star corresponds to the
acceleration amplitude and coupling conditions of the
experimental tests. Warmer colors correspond to higher values
of the figure of merit.
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For medium acceleration amplitudes (3 — 7 m.s™2), the
FoM value remains around 5. Further increase of the
acceleration amplitude (up to 20 m.s~?) tends to decrease the
value of the FoM which is around 3.54 with y,, = 20 m.s ™2,
Indeed, increasing the acceleration amplitude tends to increase
the displacement amplitude of the mass which leads to a
higher damping ratio f as shown from (15) and (22).
Therefore, the harvested power ratio and the critical frequency
both decrease, leading to a lower value of the FOM. Moreover,
as presented in appendix B for the SEH circuit, the critical
coupling increases as the acceleration amplitude increases.
Since the damping ratio g is proportional to the
electromechanical coupling k2, the effect of the damping
ratio is even more increased leading to lower FoM values
under strong acceleration amplitudes. Considering medium
electromechanical coupling (3 — 6 %), the FoM also tends to
decrease whatever the value of the acceleration amplitude.
Indeed, as for the acceleration amplitude, increasing the
electromechanical coupling tends to increase the damping
ratio 8, as shown from (15) and (22), thus decreasing the FOM
value. For this range of electromechanical coupling (3 — 6 %)
and weak acceleration amplitudes (1 — 3 m.s~2), the value of
the FoM remains close to 4.4 whereas it decreases up to 2.9
by increasing the acceleration amplitude up to 20 m.s~2. For
strong electromechanical coupling (6 — 30 %), the value of
the FoM decreases as the electromechanical coupling
increases. However, the acceleration amplitude has almost no
impact on the FoM value especially for wvery strong
electromechanical coupling. Figure 16 shows that the P-SSHI
allows to considerably enhance the performance of bistable
PEH under weak electromechanical coupling and weak
acceleration amplitudes. Moreover, as shown in Figure 16,
the FoM value is within 4.3 (y,,, = 5 m.s™2) and 3.7 (¥,
11 m.s~2) for the experimental acceleration amplitudes (red
stars). The performance of the proposed bistable PEH is
therefore increased up to 4.3 using the P-SSHI circuit instead
of the SEH circuit.

To summarize, the P-SSHI circuits brings a considerable
performance gain compared to the SEH circuit, especially if
the bistable PEH exhibits a weak electromechanical coupling
(1 — 5 %) or the acceleration amplitude is quite low (1 —
5m.s~2). For these range of acceleration amplitude and
electromechanical coupling, the performance gain of the P-
SSHI is higher than 5. It is essential to note that the theoretical
optimal scenario for maximizing harvested power occurs
when the PEH is strongly coupled. In such case, the SEH
circuit will outperform the P-SSHI circuit. However, even
with relatively strong coupling prototype such as the one used
in this study (k2, = 6.3 %), the P-SSHI circuit remains the
preferred choice, with a FoM value higher than 3.
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Table 2 Performance gain of the P-SSHI circuit compared to
the SEH

Performance gain of the P-SSHI circuit
Weak Medium Strong
coupling coupling coupling

Strong + _ _
acceleration

Medlum ++ + =
acceleration

Weak_ +++ ++ =
acceleration

Moreover, due to various technical constraints, such as the
use of lead-free piezoelectric material [32] or MEMS
integration [33], the coupling may be further limited, making
the P-SSHI circuit a valuable solution for enhancing harvested
power and bandwidth. Considering the bandwidth gain, the P-
SSHI circuit allows to widen the energy harvested bandwidth
up to 2.3 compared to the SEH circuit. However, the
electromechanical coupling range for which the bandwidth is
highly increased (B, ,.;, > 2.07) is different from the range
for which the harvested power is highly increased
(Prpaxratio > 3-85). Therefore, a trade-off must be found
between increasing the bandwidth and increasing the
harvested power. Moreover, increasing the acceleration
amplitude slightly decreases the performance gain, however
even under strong acceleration amplitudes, the P-SSHI
remains more efficient than the SEH for bistable PEH. It is
also shown that there is a critical electromechanical coupling
above which the performance gain is no longer as interesting.
The performance gain of the P-SSHI compared to the SEH,
based on the FoM, is summarized in Table 2. Focusing on the
orange cells of Table 2, and considering the efficiency of the
P-SSHI circuit, it is better to use the SEH circuit. Moreover, it
is possible to switch off the control signal of the P-SSHI
circuit, which is an excellent way to combine the advantages
of both circuits as a function of the frequency and the
acceleration amplitude. Note that, contrarily to the SEH
circuit, the P-SSHI needs to be self-powered. However, self-
powered implementations of the P-SSHI circuit have already
been proposed in the literature [34][35], featuring power
consumption in the range of a few uW to a few tens of uW.
With our prototype, the power consumption would account for
less than 1 % of the harvested power.

5. Conclusion

Due to their complex dynamics, bistable piezoelectric
energy harvesters remain mostly numerically studied.
However, such studies may hinder the physical understanding
of these complex systems. In this study, simple analytical
expressions of the critical frequency, harvested power,
electrically induced damping and damping ratio for both the
P-SSHI and the SEH circuits have been proposed. The
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experimental validation is in good agreement with the
proposed models. These models, valid for the inter-well
motion of the bistable PEH allow to physically understand the
influence of the P-SSHI and the SEH circuits on the dynamics
of the bistable PEH. When dealing with bistable PEH, the P-
SSHI circuit allows a significant increase of the harvested
power at low vibration frequency and enhances the bandwidth
of the harvester. However, for relatively high vibration
frequency, (above 60 Hz in this study), the benefit of the P-
SSHI circuit in terms of power is limited. Moreover, the higher
the electromechanical coupling, the narrower the frequency
range in which the P-SSHI circuit increases the harvested
power. These points are of particular interest since they
fundamentally differ from conclusions drawn for linear PEH
combined with the P-SSHI circuit [36]. Indeed, in the case of
linear PEH, the P-SSHI circuit does not have much impact on
the bandwidth [29]. Additionally, in the linear case, the power
improvement brought by the P-SSHI circuit is not limited to a
specific frequency range.

The comparison of the performance of the two EECs allows
to identify the conditions (acceleration amplitude and
electromechanical coupling) for which the P-SSHI circuit is
more efficient than the SEH circuit. This comparison shows
that the P-SSHI circuit allows to considerably increase the
performance of the bistable PEH especially when the PEH
exhibits a weak electromechanical coupling (1 — 5 %) or the
acceleration amplitude is weak (1 — 5 m.s~2). The harvested
power can be increased up to 4.3 times for weak
electromechanical coupling (1 %) and low acceleration
amplitude (1 m.s~2). The bandwidth is increased up to 2.3
times (k2, = 13 % and y,, = 3.6 m.s~2). The models show
that the parameters maximizing the harvested power differ
from those maximizing the bandwidth thus demonstrating a
trade-off between bandwidth and harvested power.

With a physical understanding of the influence of each
parameter, the proposed models might help in sizing bistable
PEH for real applicative cases in order to maximize the
harvested power and the energy harvesting bandwidth. In
future works, it could be interesting to merge the performance
of both the SSHI and the SEH circuit. Since the SEH exhibits
a larger harvested power for vibration frequencies above
60 Hz due to a higher efficiency than the P-SSHI circuit, it
could be interesting to switch on or off the control signal of
the transistors depending on the vibration frequency.
Moreover, a hybrid SSHI circuit combining both the
advantages of a series and a parallel SSHI could be interesting
as a cold-start for a self-powered circuit. In addition to the
proposed developments, a maximum power point tracking
algorithm could be implemented in order to even increase the
harvested power and the bandwidth of bistable piezoelectric
energy harvester.
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Appendix A — Details of the experimental protocol set
up in section 3

This appendix provides details on the experimental
protocol applied to obtain the experimental data allowing to
plot Figure 8-14. As presented in section 3, the experimental
characterization of the bistable PEH is performed in the inter-
well motion. The complete characterization of the bistable
PEH is obtained for 30 resistances between 100 Q and 10 kQ
and 90 frequencies between 25 Hz and 67 Hz.

The experimental protocol for the bistable PEH
characterization on the inter-well motion is illustrated in
Figure 17. First, the excitation frequency is set to 50 Hz.
Thereafter, depending on the setpoint the acceleration
amplitude is gradually increased up to 9 m. s 2. If the setpoint
is lower than 9 m. s ™2, the acceleration amplitude is increased
up to this value. The excitation frequency is then gradually
decreased up to 25 Hz. During the decrease of the frequency,
the prototype automatically jumps in the inter-well motion
(the jump frequency strongly depends on the acceleration
amplitude but remains within 25 and 50 Hz). The acceleration
is finally gradually decreased back to the setpoint value so that
the bistable PEH remains in the inter-well motion even though
the acceleration amplitude is lower. In the case, the setpoint of
the acceleration amplitude is equal or greater than 9 m.s~2,
the frequency is directly decreased up to 25 Hz and the
prototype automatically jumps on the inter-well motion.
Thereafter, the forward frequency sweep is performed from
25 Hz to 67 Hz in order to characterize the inter-well motion
of the bistable prototype. Note that the presented orbit jump
sequence is performed each time a new resistance is
characterized.

Displacement .
—— Inter-well motion
Set the vibration
frequency to 50 Hz "
~ 50Hz Frequency
- Displacement
No Gradually increase the
1S Y = 9 m.s™22 acceleration amplitude /
t0Ym = 9m.s~2 *
v ¥ ) SIOHZ Frequency
e Gradually decrease the Displacement
vibration frequency to ”;(l/
25 Hz v
¥ oi SIOHZ . Frequency
Gradually decrease the ISplacemen
acceleration amplitude /
to the setpoint
¥ . Frequency
R Displacement
Sweep the vibration
frequency from 25 Hz './/-n‘/f‘[‘/'/
to 67 Hz
Frequency

Figure 17 Experimental protocol for the bistable PEH
characterization on the inter-well motion.
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Appendix B - Critical electromechanical coupling and
optimal resistance of the SEH circuit

This appendix provides details on the critical
electromechanical coupling and the optimal resistance of the
SEH and how they were obtained from the damping ratio S.

Solving Bsgy = 1, the following second order equation is
obtained:

8
160272 + <8Qn -5+ ZQZ)k,ZnQ> r+nt=0 (30)

Solving (30) leads to three different solutions depending on
the electromechanical coupling:

T
Topt = EVk,zn € [0;kZ [
—30m + k%,0(1 + 202)
Topt = 1202

14 1o\ @Y
S (1 +200)k50( ~— (1+202)
=T
op 1202 30

(14 202)k30
vk, € |kZ ; +oo]

Vi = k7,

From the third equation of (31) yields the expression of the
critical electromechanical coupling:

K2, = | oam (32)
(1+20%)Q

From (32), it is shown that the critical electromechanical
coupling depends on the frequency. Since the useful frequency
range depends on the acceleration amplitude y,,, the critical
coupling also depends on the acceleration amplitude.
Therefore, increasing the acceleration amplitude leads to an
increase of the critical coupling.
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