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Abstract

In this article, we study a quantitative form of the Landis conjecture on exponential
decay for real-valued solutions to second order elliptic equations with variable coefficients
in the plane. In particular, we prove the following qualitative form of Landis conjecture,
for Wy, Wz € L*(R%;R?), V € L= (R*R) and u € H}, (R?) a real-valued weak solution to
—Au—V-(Wyu)+Ws-Vu+Vu = 0 in R?, satisfying for 6 > 0, |u(x)| < exp(—|z|*19), z € R?
then v = 0. Our methodology of proof is inspired by the one recently developed by Logunov,
Malinnikova, Nadirashvili, and Nazarov that have treated the equation —Au+Vu = 0 in R2.
Nevertheless, several differences and additional difficulties appear. New weak quantitative
maximum principles are established for the construction of a positive multiplier in a suitable
perforated domain, depending on the nodal set of u. The resulted divergence elliptic equation
is then transformed into a non-homogeneous d= equation thanks to a generalization of Stoilow
factorization theorem obtained by the theory of quasiconformal mappings, an approximate
type Poincaré lemma and the use of the Cauchy transform. Finally, a suitable Carleman
estimate applied to the operator dz is the last ingredient of our proof.
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1 Introduction

1.1 Qualitative and quantitative unique continuation at infinity

In the late 1960’s, see [KL88], Landis conjectured the following: for V € L>(R™) and § > 0,
(=Au+Vu=0inRY and |u(z)] <exp(—|z['T?) n RY) = w=0inR". (1.1)

One can see (1.1) as a qualitative unique continuation property at infinity. The decay rate
exp(—|z|'?) seems to be a natural barrier, by considering the function u(x) = exp(—C+/1 + |z[?)
for a suitable constant C' > 0. Moreover, (1.1) holds when N = 1 by an ordinary differential
argument, see for instance [Ros21] or [LB21, Introduction]|.

Landis conjecture was first disproved by Meshkov in 1991 in the case of complex-valued
potentials V. In fact, the work [Mes91] exhibits in the plane R? a counterexample to (1.1):

IV € L®(R%:C) and u £ 0, —Au+ Vu =0 in R? and |u(z)| < exp(—|z[*?) in R2.  (1.2)

[Mes91| also shows that this is the right scale, proving the qualitative unique continuation
property at infinity: for V € L>®(RY) and 6 > 0, we have

(—Au+Vu=0in RY and |u(z)] < exp(—|z|**T°) in RY) = w=0inR". (1.3)

In their work on Anderson localization [BKO05]|, Bourgain and Kenig establish a quantitative
version of Meshkov’s result, that is assuming that —Awu + Vu = 0 in RY| with ||V|s < 1 and
|lu]loo = |u(0)] =1, then for C,C" > 0 sufficiently large

sup |u(z)| = exp(—CRY3log(R)) VR > C', Vzo € RY with |zo| = R. (1.4)
B(zo,1)

The case of real-valued potentials has been addressed in [BK05] and is more tricky. We may
first ask if the qualitative Landis conjecture (1.1) holds for real-valued bounded potentials V.
Then, we may wonder if the quantitative Landis conjecture holds for real-valued potentials, i.e.
if (1.4) holds replacing 4/3 by 1. The difficulty for tackling such a question comes from the fact
that Carleman estimates do not seem to distinguish between real-valued and complex-valued
solutions to elliptic equations.

A first breakthrough was achieved in [KSW15|, regarding the quantitative unique con-
tinuation at infinity in the plane. Assuming that —Au — V - (Wu) + Vu = 0 in R? or
—~Au+ W -Vu+ Vu=0in R? with W € L®[R%R), [W] <1,V € L°R%R), 0< V < 1
and |lul/co = |u(0)] = 1, then for C,C" > 0 sufficiently large

sup |u(x)| = exp(—CRlog(R)) VYR > C', Yz € R? with |zo| = R. (1.5)
B(zo,1)



Then, subsequent papers established analogous results in the settings of variable coefficients and
singular lower-order terms, [KW15, Dav20, DW20], always assuming a sign condition on the
zero order term V.

A second breakthrough was achieved very recently in the 2-d case in the work [LMNN20]| by
withdrawing the sign condition on the potential V', proving in particular (1.1) in the real-valued
case. More precisely, the authors prove that for V € L>(R?;R), there exists C' > 0 sufficiently
large such that

(—=Au+Vu =0 in R? and |u(z)| < exp(—=C|z|log"?(14|z])) in R?) = w=0inR2 (1.6)

Actually, the authors prove the following quantitative unique continuation at infinity. Assuming
that —Au+ Vu = 0 € R?, with —1 < V < 1 and |u[|ec = |u(0)] = 1, then for C,C" > 0
sufficiently large

sup |u(z)| > exp(—CRlog®?(R)) VR > C', Yxo € R? with |zo| = R. (1.7)
B(zo,1)

Based on the new idea coming from [LMNN20], the goal of this article is to give a positive
answer to the Landis conjecture (1.1) for real-valued solutions to elliptic equations —Au — V -
(Wiu) + Ws - Vu + Vu = 0 in R? with Wy, Wo € L®(R?;R?) and V € L*(R? R) and prove a
quantitative version of the Landis conjecture in the spirit of (1.4), (1.5), (1.7).

1.2 Main results

The first main result of this paper is the following positive answer to the qualitative Landis
conjecture in the plane for real-valued solutions to second order elliptic equations.

Theorem 1.1. Let u € HL_(R?) be a real-valued weak solution to
—Au—V - (Wyu) + Ws - Vu+ Vu =0 in R?, (1.8)

with
W1, Wy € L®(R%* R?), V € L>°(R?%;R). (1.9)

Assume that there exists § > 0 such that
lu(z)| < exp(—|z|**?)  Va e RZ (1.10)
Then, u = 0.
Our second main result is the following quantitative unique continuation property at infinity.

Theorem 1.2. Let u € HL (R?) N L>(R?) be a real-valued weak solution to

—Au—V - (Wyu) + Wo - Vu+ Vu =0 in R?, (1.11)
with
Wi Wa € L(RER?), V € LRAR), [Willy, <1, [Wolly <1, [V <1 (112)
Assume that
[ufloo = |u(0)] = 1. (1.13)
Then, for every § > 0, there exist a positive constant C'= C(d) > 1, such that
sup |u(z)| > exp(—CR™?) VR > 2, Vzo € R? with |z9| = R. (1.14)
B(xo,1)

Theorem 1.1 and Theorem 1.2 are actually based on local quantitative unique continuation
properties and a scaling argument that we present in the next part.



1.3 Local quantitative unique continuation property

For the next, we introduce the notation B, = B(0,r) for » > 0 and log, (s) = log(2 + s) for
s > 0.

The following result relates on the vanishing order of real-valued solutions to second order
elliptic equations.

Theorem 1.3. Let u € HL (B2) N L>(B2) be a real-valued weak solution to

—Au—V - (Wiu)+ Wy -Vu+Vu=0 in B, (1.15)
with
Wi, Wy € L®(By;R?), V € L*®(By;R). (1.16)
Assume that for K > 2,
lall oo ) < € Mutll oo, - (1.17)

Then, for every 6 > 0, there exists a positive constant C = C(§) = 1 such that

1+6 1+6 1/2 3/2
TC<”W1”00 HWallas *+ V|6 log?! (||V||OO)>+CK+C ”uHLOO(BQ) Vr € (O, 1/2) (118)

[ull oo,y =
The rescaled version of Theorem 1.3 is the following result.
Theorem 1.4. Let R > 2. Let u € H} (Bag) N L>®(Bsg) be a real-valued weak solution to
—Au—V - (Wiu)+ Wy -Vu+ Vu=0 in Bag, (1.19)
with
W1, Wa € L (Bag; R?), V € L®(Bag;R), Wil <1, [Wall, <1, V] <1.  (1.20)

Assume that for K > 2,
K HUHLOO(BR) : (1.21)

Then, for every 6 > 0, there exists a positive constant C = C(§) = 1 such that

HUHLOO(BQR) < €

146
HUHLOO(BT) > (T/R)CR TR HUHLOO(BQR) vr € (0, R/2). (1.22)

The end of this part consists in proving the following sequence of implications:
Theorem 1.3 = Theorem 1.4 = Theorem 1.1 and Theorem 1.2. (1.23)
Proof of Theorem 1.4 from Theorem 1.3. We apply Theorem 1.3 to ug(-) = u(R-) that solves
(1.15) with Wy g = RWi(R:) € L®(B;R?), Wor = RWs(R-) € L>®(By;R?) and Vi =
R%*V(R-) € L>(B2;R). Remark that
Wikl <R, [Warly < R, and V], < R?,

so for every r € (0, R/2), that is (r/R) € (0,1/2), we have

lull oo, = Nl o s, ) = P/ R)EF T HCK gl o, = (/R HOK ) oo,
leading to the expected inequality (1.22). O

We now prove Theorem 1.1 and Theorem 1.2 from Theorem 1.4.



Proof of Theorem 1.1 from Theorem 1.4. Replacing u by uy(:) = u(A-) for A > 0 small enough,
one can assume that ||[Wi]l < 1, |[Wa|| <1, ||V] < 1. We then argue by contradiction,
assuming that uy is not identically equal to 0. By using that |uy| tends to 0 near infinity, we
have that |uy| attains its global maximum at some point xp,.x on the plane. Then, for any
R > 2|zpmax| + 2 and any x with |z| = R/2, we have

sup |uy| = sup |uyl,
B(z,2R) B(z,R)

and additionally by applying Theorem 1.4 to uy(z + -) with §/2, we have for C' > 1,

sup |uy| = exp(—C’R1+6/2),
B(z,R/4)

leading to a contradiction with the decaying assumption (1.10). U

Proof of Theorem 1.2 from Theorem 1.4. Take xo € R? such that |x9| = R, then from the as-
sumption, |[ul|ec = |u(0)] =1 we have
[u(zo + ) oo (Byp) = llu(@o + )l Loy -

so one can apply (1.22) to the function u(zg + -) with r =1 < R/2 to get
(o + )l o,y > /R > exp(~CRlog(R)) > exp(~CR'),

so (1.14) holds. O

1.4 Strategy of the proof of the main local result Theorem 1.3

Notation and parameters. In the following and in the whole paper, C, C’ > 1 denote various
positive large numerical constants, ¢, > 0 denote various positive small numerical constants
and € > 0 is a free sufficiently small parameter that would be chosen depending on |Wi||,
IWelloos Voo
parameters, this would be precisely indicated in paragraphs called “Setting of parameters”.

see below. During the proof, we need to adjust or to fix some constants or

In this part, we present the strategy of the proof of Theorem 1.3 and the main arguments
of each step. This strategy actually follows the approach of [LMNN20]. We will explain at the
end of this section the new difficulties in comparison to [LMNN20]|. The proof of Theorem 1.3
is divided into three main steps.

e Step 1: Construction of a positive multiplier ¢ in a suitable perforated domain.
We first introduce the set of zeros of u, called the nodal set of u,

Z :={zx € By ; u(z) =0}. (1.24)
In this step, we shall first prove that Z satisfies the following fundamental property
Vao € Z, vp € (075)7 aB(me) n (Z U 83(07 2)) 7& 07 (P_E)

for
e < c+ | Whll 0 + ol [Wa | 702 + | V12 (1.25)

The next point consists in perforating the domain B(0,2) using sufficiently small disks (of
radius ¢) in a sufficiently large number whose union is denoted by Fy, avoiding Z, 0B(0, 2),



0 and Zpax, the point at which |u| is maximal in B;. The resulting perforated domain
Qe = By \ (ZU F;) has a small Poincaré constant of the form C’e so one can construct a
positive solution ¢ € H'(£2,)

—Ap—-V- (Wgcp)—i-Wl -Vo+ V=0 in ), (1.26)

and
p—1€ Hy(%), Il = Ul e(q,) < C/CH Wy, + CE* V], - (1.27)

In the following, we will call this solution ¢ a multiplier. Note that for the construction
of the multiplier, ¢ is still of the form (1.25).

Step 2: Reduction to a non-homogeneous J; equation. Thanks to the positive
multiplier of the previous step, we first reduce the elliptic equation —Au — V - (Wyu) +
Wy - Vu+ Vu =0 to a divergence type elliptic equation satisfied by v = u/p,

—V - (QP(Vo+Wu)) =0in Q. = By \ F., with W =W, — Wh. (1.28)

Note that the divergence elliptic equation is satisfied in the weak sense, through the nodal
set of u. We then apply the theory of quasiconformal mappings to find L : By — Bs, a
quasiconformal mapping, to recast the divergence elliptic equation satisfied by h = vo L ™!,

— Ah =V - (Wh) =0in L(),
~ JE— < <
with W = 9,L=1-Wo L™ |W|le < [Willo, + [Wall, . (1.29)

The next point of this step consists in controlling how the quasiconformal change of vari-
able, denoted by L transforms €. to another perforated domain. In particular, the holes,
which were disks before, will be transformed into holes which still cannot be too flattened
by this quasiconformal transform. Moreover, local W1P-estimates on L~! are also estab-
lished to handle the extra term 8,L~! appearing in the definition of W. For this step, ¢
has to be chosen such that

e < o+ ¢ Wall =2 log O (I Wallso) + el VI /? log (| Voo)- (1.30)

We then introduce an approzimate stream function to the previous divergence free vector,
i.e. Vh + Wh, then use the Cauchy transform that enables to recast the previous elliptic
equation into a non-homogeneous reduced Beltrami equation

9z¢ = F in By, (1.31)

where F' is a source term depending on the values of v, Vv near the disks of the perforated
domain L(2.). Note that at the end of this step, ¢ is now fixed, satisfying both (1.25) and
(1.30) then

e < et Wl e[ Wa | 0 1o T 2 ([ Walloo) +ellV 102 Tog T 2 1V [1o0) (1:32)

Step 3: A Carleman estimate to 9z. We now employ a Carleman estimate in B(0, 2)
to cut-off version of (, called y, which vanishes in a small neighbourhood of 9B(0,2), in a
r’-neighbourhood of B(0,r’/2) where B(0,r") C L(B(0,r)),

/ |y|2ef2slog(|z|)+2\z\2dz <C |agy|2672slog(|z|)+2\z\2dz Vs > 1. (1.33)
BQ BQ



By using Harnack inequalities, the source term F' is then absorbed by taking the parameter
s in the Carleman estimate such that

s> Cetlog(Ce™), (1.34)

so according to (1.32) the following choice of s is convenient
3/2
52 C (WA + (Wl + VL2 log (V) +C. (1.35)

The cut-off terms near 0B(0,2) are absorbed by using (1.17) and by recalling that the
perforation process in Step 1 avoids the point .y, here s has to be taken such that

s> C (Wl + [ WallL + VI 10872 (1V]s) ) + CK + €. (1.36)

The cut-off term near B(0,r’/2) will be our observation term, i.e. the left hand side of
(1.18) recalling that v’ = er? if r < e or ' = ¢r if 7 > . This combination of arguments
leads to the expected quantitative unique continuation estimate for u, i.e. (1.18).

Steps 1, 2 and 3 are crucially inspired by the methodology in [LMNN20] that focuses on the
case of the elliptic equation —Awu+ Vu = 0. Still, our strategy differs from the one in [LMNN20)]
in several points.

Differences of Step 1 in comparison to [LMNN20, Act 1. The main difference is the presence
of the drift terms Wy, Ws.

We first prove a weak quantitative maximum principle for ® € H&(Q) satisfying —A® +
W .-V® = f with f € L>®(Q), where  is a bounded open set with small Poincaré constant,
see Lemma 2.1 below. This is a generalization of the weak quantitative maximum principle
[LMNN20, Lemma 6.10| for the Laplace equation —A® = f. In [LMNN20, Section 6.3|, the
authors use De Giorgi method conjugated with the fact that ® is the minimizer of the functional
F(®) = [,|V®]* — [, f® to establish [LMNN20, Lemma 6.10]. Here, because the operator
—A+W -V is not symmetric, we have to proceed in another way. We instead implement De Giorgi
method in the associated variational formulation of the elliptic equation —A® + W - Vo = f.

We then prove a weak quantitative maximum principle ® € Hé (Q) satisfying —AP+W .-V =
V . g with ¢ € L*(Q), where Q is a bounded open set with small Poincaré constant, see
Lemma 2.4 below. This part is new in comparison to [LMNN20]. For establishing such a result,
we first derive precise Sobolev’s inequalities, quantified in function of the Poincaré constant, see
Lemma 2.5 below. This enables us to follow Stampacchia’s iterative strategy for the obtaining of
the L°°-bound. It is worth mentioning that the L°°-bound coming from the maximum principle
depends on the measure of the open set, that is not the case of the previous maximum principle.

On the one hand, the maximum principles with both L and W ~1*-source terms are useful
for proving that the nodal set of u satisfies (P-¢), by constructing appropriative positive func-
tions ¢ to —Ap — V- (Wip) + Wy - Vo + Vi = 0, see Proposition 2.6 and Lemma 2.7 below.
On the other hand, the maximum principles with both L> and W ~%®-source terms lead to the
construction of positive multiplier ¢ € H!(£2) satisfying —Ap — V- (Wap) + W1 - Ve + Vi =0
where  is a bounded open set with small Poincaré constant, that is analogous to [LMNN20,
Lemma 3.2|, see Proposition 2.6 and Proposition 2.10 below.

Differences of Step 2 in comparison to [LMNN20, Act 2/. The philosophy of this step is the
same as [LMNN20, Act 2], we try to reduce the divergence elliptic equation —V-(¢?(Vo+Wv)) =
0 in . to a very simple elliptic equation by using a quasi-conformal change of variable. But
here the strategy is rather different.



The problem is that one cannot reduce it to a simple harmonic equation because of the
presence of the drift term . By working as in [LMNN20, Act 2|, one can define a local stream
0 function, in an arbitrary ball B contained in €., by using Poincaré lemma. Then, the function
w = v + 10 satisfies a Beltrami equation

iod
dzw = pd,w — Ww in B C QL,

with Vons , R
1| < Ce¥ ) |Wal| . + CE2(|V]|oe and [[W s < C[Willos + C|Wa oo

One can then introduce a quasiconformal mapping L : By — Bs, satisfying 0L = pod,L. An
adaptation of the Stoilow factorization theorem then leads to the equation (1.29) satisfied by
h =vo L™ see Lemma 3.2 below.

One needs to reduce a bit more because of the presence of the new drift term W. In order
to do this, we first establish that L=1 € VV&)’?(BQ) for every 1 < p < +o00 so that for ¢y > 0,

~ o
IWllzo(Bs_.y) < ClIW|le, see Lemma 3.3 below. We then introduce a cut-off x near the images
of the disks of the perforated domain, and near the boundary of By to recast (1.29) into a
divergence elliptic equation, with a non-homogeneous source term

—V - (x(Vh+Wh)) = =Vx - (Vh+Wh) in By, (1.37)

see Lemma 3.4 below. The advantage of such a procedure is that we are now working in the
simply connected domain By and one can then deduce an approximate type Poincaré lemma to
define h where

X(Vh + Wh) = curl(h) + error term in By, (1.38)

see Lemma 3.5 below. One can compare this procedure to the one employed in [KSW15, Section
5] for proving the Landis conjecture in an exterior domain. Now, one can observe that v = yh-+ih
satisfies the following Beltrami equation

9zy = ay + error term in By, (ol 1p(p,) < CHWHLP(BQ_C)7 (1.39)

see Lemma 3.6 below. We finally withdraw the zero order term with the use of the Cauchy
transform, i.e. defining { = exp(—p)~y with 9z8 = «, we have

0z¢ = error term in By, (1.40)

see Lemma 3.9 below. It is worth mentioning that during each step the error term is changing
but at the end of this step, it has the following form

error term = exp(—f) [local term + non local term], (1.41)

where both local term and non-local term involve the values of h, Vh near the images of the
disk of the perforation. The particularity of the non-local term is contained in the fact that it is
local in the angular variable while it is non-local in the radial variable. This is due to the fact
that the approximate stream function has been introduced with respect to polar coordinates in
prevision of the next step. We also formulate well-known properties for the Cauchy transform,
i.e. L bound on 8 and Hélder’s estimate on /3 in function of the L? bound on «, see Lemma 3.8
below.

Differences of Step 3 in comparison to [LMNN20, Act 3]. Here, we do not follow [LMNN20,
Act 3] because we have not reduced our equation to a harmonic equation. Our strategy takes



its inspiration in [LMNN20, Section 6.1] that use Carleman estimates for the Laplacian in a
perforated domain and [KSW15, Section 5| that use Carleman estimates for the dz-operator in
an exterior domain.

We apply a Carleman estimate to a cut-off version of ¢ near the boundary dBs and near
the observation set B,//;, that satisfies a non homogeneous 9z equation. Then, one needs to
absorb the source terms, involving local and nonlocal terms depending on the values of h, Vh
near the disks of the perforation. The local term can be absorbed, by using Harnack inequality
on u that transfers into Harnack inequality on h at scale e, precise Holder’s estimates on (3
and the properties of the Carleman weight, see Lemma 4.2 below. The nonlocal term is more
difficult to absorb, it can be treated by using the same previous arguments conjugating with the
key point that the non-local variable is only radial and the fact that the Carleman weight is a
radial function, see Lemma 4.3 below. This is why we have introduced the approximate stream
function in polar coordinates instead of the more usual Cartesian coordinates.

In order to come back to the original variable, i.e. to obtain an estimate of |u(xmax)|, We
deduce from the Carleman estimate a Wlif estimate of ¢ by using the H' regularity of the
operator dz, then by Sobolev embedding a L{’OC estimate of ( for every 1 < p < +o00. But this is
not sufficient for our purpose. This is why, we add the extra remark telling that one can actually
obtain a Lfoc estimate of 9z( for every 1 < p < +00 by using the same strategy leading to the
absorption of the local and nonlocal terms, see Lemma 4.4 below. Therefore, we can deduce a
I/Vlif estimate of ¢ for p > 2 then a L}S. bound on ¢, giving the bound on |u(zmax)|, leading to
the observability estimate (1.18).

1.5 Organization of the paper

In Section 2, we present the Step 1 of the proof of the main local result Theorem 1.3. In Section 3,
we present the Step 2 of the proof of the main local result Theorem 1.3. In Section 4, we present
the Step 3 of the proof of the main local result Theorem 1.3. Finally, in Section 5, we address
final comments concerning this work.
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2 Step 1: Construction of a positive multiplier in a suitable per-
forated domain

The main goal of this step is to construct a positive multiplier of the following equation —Ayp —
V- (Wap) + Wi -V + Ve = 0. As explained in Section 1.4, such a construction would be
made possible by perforating the domain Bs in a suitable way to reduce the Poincaré constant.
Indeed, this will allow us to apply weak maximum principles, quantified in function of the
Poincaré constant and the parameters of the elliptic operator, to prove the existence of such a
function .



2.1 Weak quantitative maximum principles

The goal of this first part is to prove maximum principles for elliptic operators in an open
bounded set €2, with a small Poincaré constant. Two kind of results would be first provided:
the first one to deal with L°°-source terms, see Lemma 2.1 below, mainly based on de Giorgi’s
iteration in the spirit of [LMNN20, Lemma 6.10] and the second one to deal with W —1:ec-
source terms, see Lemma 2.4 below, following standard Stampacchia’s iterative strategy. The
conjugation of these two results would culminate to a weak quantitative maximum principle for
a general elliptic operator, see Proposition 2.6 below. The main novelty of these results would
be the quantification of the constants in function of the Poincaré constant of €2 and in function
of L*°-bounds of the lower order terms appearing in the elliptic operators.

2.1.1 With a L*-source term

The main result of this part is the following weak maximum principle with a L°-source term.

Lemma 2.1. For every e > 0, C' > 1, there exist ¢ > 0 and C > 0, independent of €, such that
for every bounded open set 2 C R? with Cp(Q)? < (C")%e%, W € L>®(Q;R?), f € L®(4R),
satisfying

et e [ W ey < (2.1)
then there exists a unique ® € H}(Q) solution of
AP +W -V = f in, (2.2)
satisfying
9]0 < C[Ifll oo e » (2.3)
together with
191 1) < Cellfll L2 - (2.4)

This is a generalization of [LMNN20, Lemma 6.10] and the new difficulty is the presence of
the drift term W. In order to prove Lemma 2.1, we need the following rescaled version.

Lemma 2.2. There exist ¢ > 0 small enough and C' > 0 large enough such that for every bounded
open set Q contained in R?, with Cp(Q)? < 2, W € L=®(Q;R?), W] <1, f € L®(OR),
| flloo < 1, there exists a unique ® € HE(Q) such that

—AD+W VD= f inQ, (2.5)

and ® satisfies
2]l <C. (2.6)

By a scaling argument, we can then deduce the following result.

Proof of Lemma 2.1 from Lemma 2.2. Let us set ¢p and Cy the constants provided by Lemma 2.2.
Let us set

C ~ c2 C'e ~ C'e C'e ~ _ C'e
Q= 70, & ———L——¢<—~>JV:——W(——>,f=MM£J<——>,
€ Co &)

T % [fe \ o

then Cp(Q0)? < &, |[W/loo < 1 provided that ¢ < ¢o/C”, || f|loo < 1 0 one can apply Lemma 2.2

that gives ||®|o < Co, which leads to (2.3). For obtaining (2.4), we test the variational formu-

lation of (2.2) with ® to get
/\V@]2+/(W-V<I>)<I>:/fd>.
Q Q Q
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We then use Young’s inequality, together with Poincaré inequality using the assumption (2.1)

for obtaining
[vep <o [
Q Q

which leads to the desired conclusion. O
The rest of the part is then devoted to the proof of Lemma 2.2.

Proof of Lemma 2.2. We divide the proof into several steps and ¢ > 0 is a positive numerical
constant that will be fixed later.

Step 1: Eristence and uniqueness by Laz-Milgram’s lemma. Set k?> = Cp(Q)? < . Let us
introduce

= u - v . u\)v u,v 1 . .
a(u,v)—/ﬂv v+/ﬂ<wv> Vu,v € HL(Q) 2.7)

It is straightforward to prove that a is a continuous, bilinear form on H{ (). Let us check the
coercivity of a. For ¢ < 1/2, by using Young’s inequality,

1 3 3
atww) = [ [VaP+ [V Vwuz50-1) [[VaP > 5 [Vl = L ulfye. @)
Q Q Q 8 Ja 8

Let us now consider

l(v):/gfv Vo € HY(Q). (2.9)

It is straightforward to prove that [ is a continuous, linear form on HE(€2).
Therefore, by Lax-Milgram’s lemma, there exists a unique ® € H{ () such that

/qu>-w+/g(w-v<1>)v:/gfv Vo € Hi(Q). (2.10)

Step 2: Local estimate on ®.
Now we want to prove some local estimate, i.e. there exists a positive numerical constant
C > 0 such that for every unit ball B C R?,

/ 1®)? < Ok (2.11)
BN

Up to a translation argument, one can assume that B = B(0,1). Let us introduce

p(x) = exp(—|z]). (2.12)

Then, it is easy to check that ¢ satisfies the following properties
V1< p< oo, p e WH(R?), [Vy| <o, / ¢ = 2m.
RQ

Moreover, as a consequence we have that ¢® € H}(£2). So, one can apply the Poincaré inequality
to ¢®, this leads to

/Q 0B? < K /Q V(o®)? < 282 /Q PIVO 4 2k /Q S, (2.13)

hence providing ¢ < 1/2, we get
[1opo < a2 [ [vaf, (2.14)
Q Q

11



where 1) = 2.
Now set v = ¥® that also belongs to H&(Q) so one can apply the variational formulation
(2.10) to v to get

/Qyvq>\2¢+/ﬂ(w-vq>)<1>+/Q(W-v<I>)¢q>:/szpcp. (2.15)

We bound the right hand side of (2.15) by using (2.14) and [, ¢ < 1,

1/2 1/2
2 2
‘/qupcb‘ < (/Q|<1>| w) < 2k </Q|V<I>| ¢> . (2.16)

For the second term in the left hand side of (2.15), we proceed as follows using (2.14), providing
c<1/16,

/ <vw-v<1>><1>1<2 [ wivaliol<2( [ @\%)W (f rv¢\2w)1/2<4k ([ 1vere)

1 2
< Z/Q|vq>| b, (2.17)

For the third left hand side term of (2.15), we proceed as follows using (2.14) and |[W||» < 1,
providing ¢ < 1/8,

1/2 1/2
2 2 2
/Q<W-vq>>w<1>\ < [uwatar< ([1ape) " ([ vore) <2 ([ wopy)

1
< —/ |V®|%1p.  (2.18)
4 Jo
By conjugating (2.15), (2.16), (2.17) and (2.18) we get for ¢ < 1/16,
1/2
/\w?w < 4k (/ \vq>y2¢> : (2.19)
) 9)
SO
/ VO[> < 16K (2.20)
Q

By using (2.14) and (2.20), we get the expected result (2.11) with C' = 64.

Third step: Poincaré constant of thin domains. We have the following result, that is exactly
[LMNN20, Corollary 6.9].

Lemma 2.3. There exists cg > 0 small enough such that for every k > 0, for every bounded
open set Q) C R? satisfying

QNQ| < k?* < for any square Q with 1/2 side-length, (2.21)

then Cp(Q)? < Ck? for some numerical constant C > 0, independent of k.

Step 4: De Giorgi scheme.
We now fix ¢ = min(1/32,¢y) > 0 where ¢y > 0 is the constant in Lemma 2.3. Let tg > 0
that we will be fixed later and Qp = {® >t} C Q with k3 = Cp(p)?. From (2.11), we get

/ @2 < CKY, (2.22)
BNQ

12



then

Ck*
H{® >t} N B| < 7 (2.23)
0
So, by using Lemma 2.3,
Ck*
kg < =5
to

Then, let us set tg = VCOk k leading to k‘o <Kk3 <

We now recall the well-known facts: HO(QO) C HYQ) and ®¢ = (® — to)" € HE(Q)
with V&y = V®1g,, see for instance [WYWO06, Proposition 1.3.10]. Applying the variational
formulation (2.10) we then get

Vo, - Vo +/ (W-V&y)v = fv Yo € H (). (2.24)
Qo Qo Qo

We then iterate the previous arguments, that is we first prove the local estimate on @, there
exists a positive numerical constant C' > 0 such that for every unit ball B C R?,

/ |®o|? < CK;. (2.25)
BNQo

Let t; > 0 that we will be fixed later and Q1 = {®g > t1} = {(® — to)t > t1} C Qo,
k3 = Cp(Q1)?. We then obtain from (2.25) for every unit ball B C R?

Ckj
{®o >t} N B| < t—20 (2.26)
1
So, by using Lemma 2.3,
k< C—ké
t2
1

Then, let us set t; = /Ckg leading to k% < k:g.

By induction, we can construct

=V Ckn—h Qn = {(I)n—l > tn}7 k121 = CP(Qn)27 q)n = ((I)n—l - tn)Jr Vn € N7
with the convention k_; = k = Cp(Q2), _; = &, leading to

n+2
kni1 < (03/2) Vn = 0.

With such a construction, we have because ¢ < 1/2,

Zt Z S (2.27)

n=-—1
{®,, > tn+1} N B[ <k for every unit ball B € R?, Vn € N, (2.28)
d L to +t14+ -+t +Pn vn € N. (2.29)

Therefore, for every unit ball B C R?, we have from (2.28) that
{®), > tht1} N B| — 0 as n — 400,
hence conjugating with (2.27) and (2.29),
H® >2T} N B < {® > 2T} N {P, < tpy1} N B+ {P > 2T} N {P,, > tpt1} N B|
<H®p > th1} NB| = 0asn — +oo. (2.30)

Then {® > 2T} = 0 so & < 27T almost everywhere
By linearity, using that —® solves (2.5) replacing f by —f, we then obtain with the same
strategy that —® < 27 then the expected bound (2.6). O
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2.1.2 With a W~ 1>®_source term

The main result of this part is the following weak maximum principle with a W~1>-source
term.

Lemma 2.4. For every e > 0, C' > 1, p > 2, there exist ¢ > 0 and C > 0, independent
of €, such that for every bounded open set Q C R? with Cp(2)? < (C")2e2, W € L*°(;R?),
f e L*(R), satisfying

Wl < (2.31)
there exists a unique ® € H}(Q) such that
AP+ W . -VO=V.gin (2.32)
and ¢ satisfies
18], < I/ g o (2.33)
together with
191 ) < CllgllLe ) - (2.34)

The main difference between Lemma 2.4 and Lemma 2.1 is that the bound on (2.33) depends
explicitly on the measure of 2. This is due to the fact that in the following proof, we will argue
differently. Indeed, we will follow standard Stampacchia’s iterative strategy on the measure of
the level sets of u, instead of the previous iterative strategy on the Poincaré constant on the
level sets of u. We do not know if one can remove the dependence on the measure of 2 and
more importantly replace €2/? in (2.33) by .

To prove Lemma 2.4, we will use the following precise Sobolev’s inequality.

Lemma 2.5. For every e > 0, C' > 1, p > 2, there exists C > 0, independent of €, such that
for every bounded open set Q@ C R? with Cp(2)? < (C")%e%, we have

lull oy < CEP | Vull 2 Yu € Hy(Q). (2.35)

Proof. Let u € C1(Q). We extend u by 0 outside (2, then we get that u € C!(R?). Therefore,
one can apply [Brell, Equation (20) Page 280] to get

lullsy, < mllullyi g [Vull, — ¥m > 1. (2.36)

Take m = 2, we obtain
2
Jully < 2lully [[Vull, - (2.37)

Then, we apply Poincaré’s inequality, we get
lulli < Ce | Vull3. (2.38)

Therefore, we obtain the conclusion of the lemma with p = 4. Then, we iterate and the conclusion
follows by interpolation. O

Let us now dedicate the end of this part to the proof of Lemma 2.4.

Proof. The existence and uniqueness of such a ® comes from a classical application of the Lax-
Milgram lemma.

Set @ = (® — k)T where k > 0, A(k) = {x € Q; ® > k}. We have that &, € H}(2), then

we have
1/2 12
[va s [ or-vege. < ( / |g|2> ( / |V<1>k|2) . (2.39)
Q Q A(k) Q
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The second left hand side term can be absorbed by using Poincaré inequality and (2.31) as

follows

/M”V%ﬁk
Q

Therefore, for p > 2, by using the Sobolev’s inequality, we have

1/2

1/2
o, <o [ Ivep) " <c ( / \912) < CIAM 9]
Q A(k)

So, for h > k, using that A(h) C A(k), and on A(h), we have &} > h — k, we then have

AR (h = k) < CPLAK)Y g o »

SO

ng/p g P
A < (%) AP

By using that p/2 > 1, we have from [Sta65, Lemma 4.1],
|A(k)| =0 Vk > Ce¥P||g| |Q@/2D/P,

Then,
@ < Ol g

The same arguments also give
¢ > —C|Q P2 g||

so the conclusion (2.33).

< chW”OO/ Vo2 < c/ VB, 2.
Q Q

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

The estimate (2.34) directly comes from the application of the variational formulation to

o.

O

By using Lemma 2.1 and Lemma 2.4, we can now obtain the following result that is the main

result of this part.

Proposition 2.6. For every e >0, C' > 1, p > 2, there exist ¢ > 0 and C > 0, independent of
g, such that for every bounded open set Q C R? with Cp(Q)? < (C")%e%, Wi, Wy € L®(Q;R?),

V e L*®(;R), satisfying

e+ P Wil poo () + e IWall () + €2 IV I () < e

there exists a unique ¢ € H' () such that
~Ap —V - (Wip) + Wy -Vo+ V=0 inf,

and @ = ¢ — 1 satisfies

5 € HY(Q) and |3l < C (27100027 W1 | oy + 22 [V | ey ) -

(2.47)

(2.48)

(2.49)

This result has to be compared with [LMNN20, Lemma 3.2|. The new difficulty comes from

the presence of the drift terms Wy, Wa.
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Proof of Proposition 2.6 from Lemma 2.1 and Lemma 2.4. By Lemma 2.1 and Lemma 2.4, let
®g € H} () be the unique solution satisfying

—APy+ Wy -VOyj=-V+V- (Wl) in Q, (2.50)

From (2.3) and (2.33), we have ||®]|,, < C(ez/p|Q|(p_2)/2p||W1HOO—|—62HV||OO). From (2.4)
and (2.34), we also have H(IDOHH(}(Q) < CUQM2 WAl + elQ)V2 V]| )- For n > 1, we set
®,, € H}(Q) the unique solution satisfying

—-Ad, + Wy - V&, =V, 1+V- (qu)n—l) in Q, (2.51)
We then have from (2.3) and (2.33), ||y, < C (e2P1Q|®P=2/2P Wy || o + €2 Vo) 1 ®n-1ll s
for every n > 1. Therefore, assuming that C' (e2/?|Q|P=2/2P ||| _ + €% ||V ) < 1/2, we have

[Ballae < C (27100820 W+ V], ) 27" ¥ > 0.

Moreover, we also have H<I>nHH%(Q) < C(Q2 WAl + el Q12 V]I L) | ®n-1ly, for n > 1,
leading to
1@all 173 ) < CIA2 (Wil + V)27 ¥n >0

Therefore, the series ), -, ®, converges absolutely then converges to ¢ in L and in HE(Q).
Moreover, we have

1l < 3 1Bl < C (271000272 W1, + €2V,

n=0

Furthermore, we have that
—Ap—V -(W1p) + Wy -V + Vg =-V+V-(W)in Q,

Hence, ¢ = ¢ + 1 satisfies (2.48). This concludes the proof. O

2.2 Properties of the nodal set and perforation process

Setting of parameters. Fix now
p=2+4+09>2, (2.52)

where § > 0 is as in Theorem 1.3. Take € > 0 a free parameter satisfying
e+ e/ W ) + € IWall e gy + 22 IV ey < (2.53)

Let us now give an application of Proposition 2.6 to establish the fundamental property on
the nodal set of u, that we called before (P-¢).

Lemma 2.7. Let u be a real-valued solution to —Au —V - (Wiu) + Wy - Vu+Vu =0 in a
ball B(x,e) with ¢ > 0 satisfying (2.53) and u € H'(B(x,¢)) N C%(B(x,¢)). Then, if u >0 on
0B(z,¢) then u > 0 in B(x,¢).

Proof. We may assume that u > « > 0 on 0B(z,¢) by continuity. We argue by contradiction,
assume there exists xg € B(z,¢) such that u(zg) < 0.

Consider now the set Q = {y € B(z,¢) ; u(y) < a/2}. This is an open set strictly inside
B(z,¢) because u > « on dB(z,¢) and it is not empty because u(zg) < 0 < a/2.
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Since u € C%(Q) and v = /2 on JQ by continuity, we then know that (u — a/2) belongs
to H} (), see for instance [Brell, Theorem 9.17, (i) = (ii)]. Remark that Q C B(z,¢) so
Cp(Q)? < Ce2. Then, by Proposition 2.6 recalling that ¢ satisfies (2.53), one can construct
© € HY(Q) such that 3/4 < ¢ < 5/4 because of (2.49) and —Ap—V - (W1p)+Ws-Vip+Vip =0
in Q and ¢ — 1 € HE(Q). Therefore, ((/2)¢ — a/2) = (a/2)(¢ — 1) belongs to H(Q) and
hence the function g = ((a/2) — u) belongs to H}(2). Moreover, the function g satisfies
—Ag—V - (Wig) +Wy-Vg+ Vg =0in Q by linearity. By testing the associated variational
formulation with g, using Young’s inequality, we get for ¢ satisfying (2.53) that [, |[Vg[* <0 so
g =0 in Q because g € H}(Q). Therefore, u = (a/2)¢ in Q but ¢ > 1/2in Q. So u > /4 in
Q, then u > a/4 in B(x,¢), leading to a contradiction. O

Corollary 2.8. Let u be as in Theorem 1.3. Then, the nodal set of u,
Z :={z € B(0,2) ; u(z) =0}, (2.54)
is closed in B(0,2) and satisfies the following property
Vxg € Z, Vp € (0,¢), 0B(xg,p) N (ZUIB(0,2)) # 0. (P-¢)

Proof. Let u be as in Theorem 1.3, then u € VVI})’(?(BQ) for every 1 < ¢ < 400 by elliptic
regularity, then by Sobolev embedding u € C°(By). This immediately gives that Z is closed in
B(0,2). Moreover, the property (P-¢) is a direct application of Lemma 2.7. O

Let us take zmax € By such that

|[u(Zmax)| = sup |ul. (2.55)
B1

The next step is to construct a suitable perforation of the domain By which avoids the nodal
set Z, 0B(0,2), Zmax and 0.

From Corollary 2.8, we then get the following lemma, that is stated in [LMNN20, Section
3.1] (see also [EB23, Lemma 2.10]).

Lemma 2.9. For all Cy = 5, for every e > 0, there exist finitely many Coe-separated closed
disks of radius €, whose union is denoted by F;, satisfying the following properties:

o these disks are Cye-separated from each other, from Z, from 0B(0,2), from xmax and from
0;

o the set Z U F. U 0B(0,2) is a 6Coe-net in B(0,2), meaning that for all x € B(0,2),
B(x,6Che) N (Z U F.U0B(0,2)) # 0.

e the set

Q. :=B(0,2)\ (ZU Fy) (2.56)

satisfies Cp(Q)? < C%e? for some constant C > 0 depending on Cy but independent of €, u,
Wl, W2 and V.

Setting of parameters. In the sequel, it will be useful to choose a very large Cy. For
simplicity, from now on, we set Cy = 18 - 322. This choice will be made clearer later.

In Figure 1, we have represented the perforated domain. Note that from [HS89], assuming

that W7 € W1°°(By), the nodal set of u is a union of smooth curves. The picture illustrates in
particular this structural result, but it is worth mentioning that in this paper we will not use it.
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Z

Disk of radius ¢

Figure 1: The perforation process with Q. = B(0,2) \ (Z U F%).

2.3 Construction of the positive multiplier

Setting of parameters. Note that now, p is as in (2.52) and € > 0 is still a free parameter
satisfying

e+ Wi Lo,y + € CH) | Wall poo () + €2 IV [l 1o () < (2.57)

where ¢ > 0 is a small positive constant depending on the constant C' that appears in Lemma 2.9.
We have the following result, that is the main result of this Step 1.
Proposition 2.10. Let Q. be as in Lemma 2.9. There exists ¢ € H'(€).) such that
~Ap — V- (Wap) + Wy -Vo+Ve=0inQ., (2.58)

and @ = @ — 1 satisfies

b e HY(O.) and (B, < O (/0 [Wall ey + 2 Wlpony) - (259)
Proof. 1Tt is a direct application of Proposition 2.6 to 2 = ()., reversing the role of W and W,
using (2.57). O
3 Step 2: Reduction to a non-homogeneous d>-equation

The goal of this step is to use the multiplier ¢, defined in €2, of the previous Step, introduced
in Proposition 2.10 to transform first the equation (1.15) in a divergence elliptic equation in a
subset of By. Then, by using a quasiconformal change of variable, we will recast this divergence
elliptic equation into an elliptic equation of the form —Ah — V - (Wh) = 0. Finally, by an
approximate type Poincaré lemma and Cauchy transformation, we will be able to simplify the
last equation to a non-homogeneous Jdz-equation.

3.1 The new equation satisfied by v = u/p

The first step is to rewrite the elliptic problem —Au —V - (Wiu) + Wy - Vu+ Vu = 0 in By into
an equation of divergence form.
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. Disk of radius ¢

Figure 2: The set QL = B(0,2) \ F-.

Unfortunately, we are not able to do it in the whole set By directly, but only in the set
Q. =By \ F., (3.1)

i.e. a set which is slightly larger than the set Q. = Ba \ (Z U F;) defined in (2.56).

Using the equation of ¢ in (2.58), it is clear that, setting v = u/¢ in Q., we have —V -
(©*(Vo 4+ W) = 0 in Q. with W = W), — W,. Extend ¢ by 1 to By. In fact, since . =
Q. U Z, and u vanishes on Z, an adaptation of [LMNN20, Lemma 4.1] yields that the equation
—V - (¢*(Vv + W) = 0 also holds in €. To be more precise, we get the following result.

Lemma 3.1. The function v defined in Q2. by

vi= g in QL (3.2)

belongs to H*(QL) and satisfies in the weak sense
—V - (Q2(Vo+ W) =0 in O, (3.3)

with X
W =W; — Ws. (3.4)

Note that the computations take care of what happens through the nodal set of u, i.e. Z.

Proof. We need to prove that for every h € C§°(€2),

J

Moreover, by [Brell, Proposition 9.4], we have in the weak sense that

©*Vv - Vh+ / ©*oW - Vh = 0. (3.5)
. A

Vo =Vplg,, Vv= Vu _ UV;D 1o, in Q, (3.6)
¥ ¥
so we need to prove
/ (pVu —uVelqg, ) - Vh + / QuW - Vh =0. (3.7)
Qg Qg
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From the equation satisfied by u, and the fact that h¢y belongs to H'(Bz), we have that

Vu-V (hp) + Wiu - V(he) + / (Wa - Vu)hp + Vu (he) = 0. (3.8)
Qr o Q

/
€

Then,
/ (eVu - Vh) + Vu- (Velg,)h+ Wiu - (pVh + hVplq,)
Q

SZE SZE
+/
Q

Let us remark that uh belongs to H}(€2.) because uh € HY(Q.) N C°(Q) and uh = 0 on
08, see [Brell, Theorem 9.17, (i) = (ii)]. So one can use it as a test function in (2.58) to get

/
£

(Wa - Vu)he +/Q Vu(hp)=0. (3.9)

U /
£ €

/ V-V (uh) +/ (Wap) - V (uh) + / (W1 -Veo+ V) (uh) =0. (3.10)
Qe Qe Qe

Then, we subtract the two equations, recalling that « = 0 on Z to get

/ (¢Vu-Vh) —uVeplg, - Vh+ Vu- (Velg.)h —hVu-Velg,
Q QL

/
€

+ Wiu - (pVh) + Whu - (hVelg.) — Wi - Vel (uh)
QL QL

+ /Q (Wa - Va)hip / (Wag) - (u(Vh)pla, + hVulg,)

U U
€ €

—|—/ Vu(hy) — Ve (uh)lg. =0. (3.11)
QL
By using ulg, = ulg, and Vu = 0 almost everywhere on Z, see for instance [Brell, Chapter

9, Comment 4 page 314], we therefore deduce from (3.11) the expected weak formulation (3.7),
recalling the definition (3.4). This concludes the proof. O

From now, given a vector field B € R?, we will denote by (B); and (B)s the first and the

second coordinates of B, moreover we will also use the implicit identification of B to the complex
number (B); + i(B)a.

3.2 Quasiconformal change of variable

We then use the theory of quasiconformal mappings, which, roughly speaking, guarantees that
solutions to homogeneous elliptic divergence equations behave as harmonic functions, see e.g.
[AIMO9]. Here, because of the drift term W, we reduce the divergence elliptic equation satisfied
by v to a harmonic equation with a new drift term .

Lemma 3.2. There ezists an homeomorphic mapping L of B(0,2) into itself such that
e L € H} (Bs) satisfies the following Beltrami equation

loc
8L = ud. L in Bo, (3.12)
with p € L*(B2), satisfying =0 in Bs \ Q. and

B 1—¢* Oyv+idyw
14?2 Opv—i0yv

I ifVo#0, p=01fVo=0 in QL, (3.13)

20



e L is a K-quasiconformal mapping of Bs into itself, with K satisfying
ISK<1+C <€2/(2+5) IWall Lo (By) + e? HV”LOO(BQ)) ; (3.14)

e [(0) =0,
e the function
h=vo L™ in L(Q), (3.15)

belongs to HL (L(S.)) and satisfies in the weak sense
—~Ah =V - (Wh) =0 in L(Q), (3.16)

with W = (W)1, (W)s) € L2 (Bs) defined as follows

loc

(W), =2 (%( TR 0 L) — S(B-L-1)S(W o L1)> , (3.17)
(W) =2 (m( T DS(W o LY + S(O-L-HR(W o L—1)> . (3.18)

where . .
. <p2(W)12(1 tu) in(W);(l — 1) (3.19)

Proof. Let us first consider a ball B of R? contained in ).

By Poincaré lemma, see for instance [LMNN20, Section 6.5|, one can then find a function
o € HL (B) such that ©2(Bpv+(W)1v) = 0yv and @2(8yv+(W)gv) = —0,0. Setting w = v+10,
we easily check that w is a solution to the Beltrami equation

<
Ozw = pd,w — Wu in B, (3.20)

with the Beltrami coefficient p defined in (3.13) and with V<I>/ defined in (3.19).

Note that, since €2 is not simply connected, w and © cannot be a priori defined in the whole
set QL. However, since v is well-defined in €2, we can safely define the Beltrami coefficient p by
(3.13) in Q, and we further have, by (2.59),

1—@2

H,U/HLOO(QIE) < Hm <C (52/(2+5) ||W2HL°°(B2) + 2 ||VHL°°(B2)> . (321)

Leo()

We then extend p by zero outside Q. to the whole complex plane, and remark that p has compact
support.

We then use [AIM09, Theorem 5.3.2] to obtain the existence of a K-quasiconformal homeo-
morphism ¥ of the complex plane such that ¥ € Hl (C), U satisfies the Beltrami equation

loc

0¥ = pozV¥ in C, (3.22)

and K = i%ﬁm. In our case, according to (3.21), we have (3.14).

Since W(By) is a simply connected domain which does not fill the whole plane, by Riemann
mapping theorem, see [Bell5, Theorem 8.2], there exists o : W(Bs) — Bs, one-to-one, such that
« is holomorphic in ¥(Bz) and «(¥(0)) = 0. The mapping L = oo ¥ from By onto itself is a

K-quasiconformal mapping from By onto itself with L(0) = 0. Actually, we have

0L = (0,a 0 V)V + (Jza 0 U)Oz¥ = . (D00 W) ud, v, (3.23)

Oza=
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and

0,L = (0,00 V),V + (9:000 ¥)D, ¥ = (0,00 W), V. (3.24)

So, (3.12) and (3.14) hold true.

Now, let us check the equation satisfied by h = vo L~! in L(Q). Let us consider a ball B
of R? contained in Q. and let us define & € HL (B) as before. Here, we use the complex chain
rule and the fact that L~! satisfies the following Beltrami equation

—0:L7' = (o L7YH9.L~1 in L(By) = By, (3.25)
to obtain from (3.20)

Oz(wo L) = (B.wo L™1)0:L™" + (Ozw o L™1)0zL T

= (

= (0w o L™ (—po LT'0,LT) + (9sw o L™1)0: L1

— (@awo L) (—po L0.L 1) + [po L (awo L) = (Wo L™ )(we L))o, L 1
Ox(wo L) = —(8:L- 1) (W o L) (vo LY in L(B).

So by taking the real part and the imaginary part in both sides of the equality, we obtain in
L(B),

0p(vo L) — 8, (50 L™Y) = 2~ R@L DHR(W o L) + S(8:L D)S(W o L v o L1, (3.26)

J— < J— <

Oy(vo L)+ 0, (00 L7 = 2[-R(A:LHS(W o L) =@ L H)R(W o L™ Hvo L. (3.27)
So vo L~! is a weak solution to
—~A(wo L™= V. (WvoL™)=0in L(B), (3.28)

with W defined in (3.17), (3.18). To sum up, for every ball B C ., the equation (3.28) is
satisfied weakly in L(B), so the equation (3.16) is satisfied weakly in L(€.) because L is an
homeomorphism. I

We conclude this part by the analysis of the distortion of distances through the quasiconfor-
mal mapping L, which is precisely given by Mori’s theorem, see [Ahl66, Chapter I1I, Section C|:
for a K-quasiconformal mapping L of B(0, R) into itself, for all z1, zo € B(0, R),

1 1/K

16

21— 22

R

K L) — L)
R

21— 22

R

< 16 (3.29)

Here, R = 2.
Based on this result, it is not difficult to prove that the balls of F. are not too much distorted
by the map L, see the lemma afterwards.

Lemma 3.3. Let L be the mapping as in Lemma 3.2.
There exist a positive constant ¢ > 0 (independent of uw, Wi, Wo and V') such that for every
1< k<400, ¢ >0, e >0 satisfying

2
<52/<2+5> IWall oo 5,) + € ||V||LOO(BQ)) log <g> <e (3.30)
e L satisfies the following Lipschitz property
1
5’21 — 2’2’ < ’L(Zl) — L(Zz)‘ < 32’21 — 22’ Ve < ’21 — 29|, 21,729 € BQ, (3.31)
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e the images of the disks B(x;,€) (recall the definition in Lemma 2.9) are contained in disks
of the form B(L(xj),32¢), indexed by j € J, that are (Cy/32 — 64)e-separated from each other,
from L(Z), from L(zmax) and from L(0) =0,

o Lt e WHH(By_(,) and

< Cy, (3.32)

HL71HW1W(BQ_CO) S

e L(B(0,7/2)) contains B(0,2r") with
' =cr? ifr/2 <e, r'=crifr/2>e. (3.33)

Proof. Let us first prove the second estimate of (3.31). Indeed, by the second inequality of
(3.29), we have

|L(21) — L(22)] < 16 - 217V E |2 — 2|V K <16 - 21 VKB4 — 29) < 32|12 — 20|,  (3.34)

if, using (3.14) and the assumption (3.30)

2 2
(K —1)log <g> <C <52/(2+5) [Wall oo (m,) + g2 ||V||LOO(BQ)> log (E) < log(2). (3.35)

The reverse estimate writes in the same way.
To prove that the images of the disks B(z;, €) are contained in disks of the form B(L(x;), 32¢),
we proceed as follows, for z € B(z;,¢), we have

|L(2) — L(x)| <16 - 21" VKK <96 ol -V K L/K-1o < 39¢, (3.36)

by (3.35).

Moreover, by using the first Lipschitz estimate, and the fact that the z; are Cype separated, the
centers L(x;) are Cpe /32 separated. Therefore the disks B(L(x;),32¢) are thus (Cp/32—2-32)¢
separated. Using similar arguments, we can also prove that the disks B(L(z;),32¢);cs are
(Co/32 — 64)e separated from L(Z), and from L(Zpax), and from L(0) = 0.

Moreover, L~! satisfies the following Beltrami equation

—0:L ' = po, L. (3.37)

Therefore, L™! is a K-quasiconformal mapping and then one can use Cacciopoli’s estimates from
[AIMO09, Theorem 5.4.3] to get that L=1 € W*(By_,) because of (3.14) and the assumption
(3.30), with

| DL~ y<ClL” < C, (3.38)

s,y ooy

where DL™! is the Jacobian matrix of L1,
If r/2 < g, then L(B(0,7/2)) may have radius significantly smaller than r, however, by using
Mori’s estimate that is (3.29), L(B(0,7/2)) contains a ball B(0,2r*) with

K
r* =2 <L> > cor.
64

In particular, L(B(0,7/2)) contains a ball B(0,2r’) with v’ = cr?.
On the other hand, by employing similar arguments as before, if 7/2 > ¢, then it is not
difficult to obtain that L(B(0,7/2)) contains a ball B(0,2r") with ' = cr. O
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Setting of parameters. Before ending this step of the proof, we now set € > 0 such that

2 2
et B W gy €22 10 (2) Wl + 22108 (2) IV iy < (330
We then set ¢’ = 32¢ and remark that by construction, and recalling the choice Cy = 18322, for
which we have C/32—64 = 16-32, the disks B(L(z;),¢’) given by Lemma 3.3 are 16¢’-separated
from each other, from L(Z), from 0Bs, from L(0) = 0 and from L(xpax). We will also use the
notation z; = L(x;).
We also set

K=4/6+2, (3.40)

and
co =271 (3.41)

This choice will be made clearer later.
From (3.32), W defined in (3.17), (3.18) and (3.19) belongs to L*(By_,) and we have

[

L*(Ba—cq) <¢ HWHOO (3.42)

3.3 Approximate stream function

The goal of this part is to obtain a Poincaré lemma for the divergence free vector field Vh+Wh,
see (3.16). The main difficulty is that L(€2.) is not simply connected, because of the perforated
disks B (:c;, g’). This is why we first introduce a cut-off function near these disks and near 0Bs
in order to state an approximate type Poincaré lemma.

We introduce a smooth cut-off function o taking value 0 on B(0,3) and value 1 on R?\
B(0,4), and another smooth cut-off function ¢ such that £ = 1 in B(0,2 — 8¢p) and £ = 0 in
R?\ B(0,2 — 4cp) and set

@) =@ [[o <‘PC _ x3'> for z € R (3.43)

/
JjeJ €
We have the following lemma, coming directly from (3.16) and the second point of Lemma 3.3.

Lemma 3.4. The function xh defined in R? belongs to H'(R?) and satisfies in the weak sense
—V - (x(Vh+Wh)) = =Vx - (Vh+Wh) in R>. (3.44)

For the next, we need to recast the divergence elliptic equation in polar coordinates. For
that purpose, we recall well-known useful relations between Cartesian coordinates and polar
coordinates in the following paragraph.

From Cartesian to polar coordinates. By taking e; = (1,0) and e3 = (0, 1) the canonical
basis of R?, for (p,0) € [0,+00) x [0,27), we set e, = cos(f)e; + sin(f)ea, eg = —sin(h)e; +
cos(f)ez, therefore we have the relation e; = cos(f)e, — sin(f)eg, ez = sin(f)e, + cos(f)eg. We
then have that (ep, ep) is an orthonormal basis of R?.

Given a function u € C*(R?), we then define

U(p,0) = u(pcos(), psin(h)), (p,0) € ]0,4+00) x [0,2m). (3.45)
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By the chain rule, we have the following relation for Vu = 9,,ue; + 0y, ues,
Vu=0,Ue, + %8@(]69, (3.46)
and for curl(u) = Oy, ue; — 0y, ues,
curl(u) = %(%Uep — 0,Uey. (3.47)

Given now a vector valued-function g € C*(R?;R?), setting

g(pcos(0), psin(0)) = G,(p,0)e, + Go(p, 0)ey,

we then have by the chain rule applied to V - g = 0,,91 + 0,92 that
1 1
V.g= ;Bp (pGp) + ;59 (Go) - (3.48)

In the following, for the sake of simplicity, we will make an abuse of notation by identifying u
with U, and g with G.

We have the following result.
Lemma 3.5. Let us define for (p,0) € [0,2) x [0,27),

P 1 - -
h(p,0) = —/0 x(s,0) [gﬁgh(sﬁ) — [W1h](s,0) sin(0) 4+ [Wah](s, 8) COS(G)] ds. (3.49)

Then, h € HY(By) and satisfies for (p,6) € [0,2) x [0,27),

0,1 (9.) = ~x(0.6) |2 0uh(p.6) = [Ws1p.0)sin(6) + [Fatl(p. ) cos(®)]| . (350
Ah(p,0) = pX(p,0) |8y (p,0) + [W1h](p, 0) cos(8) + [Wah](p,0)sin(0)| + By, (3.51)
where
p 1 - -
En(p,0) = —/0 g (x)(s,0) [gagh(s,ﬁ) — [W1h](s,0)sin(6) + [Wah](s, 0) cos(@)} ds

_ /0 " 50,()(5.6) [0,1(5,0) + [W1h](s,6) cos(6) + [TV2h](s,0) sin(6)] ds. ~ (3.52)

The function A is called an approximate stream function of x(Vh + Wh) because (3.50) and
(3.51) translates into

~ ~ E
X(Vh +Wh) = curl(h) — —hep. (3.53)

p
Formally, Lemma 3.5 could be justified as follows. Taking (3.49), we immediately obtain (3.50).
Moreover, by writing (3.44) in polar coordinates, we have

= 0, (X(p.0)0 [0,1(p, 0) + [W1h](p, 0) cos(8) + [Wah] (p,0) sin(9)] )
=00 (x(0.0) 5001 (9.6) — (300, 0)sin() + 11 ) o)
= —p0,x(p,0) (9,1, 0) + [Wi] (p,0) cos(8) + [Wah](p, 6) sin(6)

— dpx(p,0) (%&M(p,@) — [W1h)(p, 0) sin(8) + [Wah](p, 6) cos(6)> in By. (3.54)
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If (3.54) was satisfied in the strong sense, we obtain from (3.49) and an integration by parts the
desired equality (3.51). The following proof takes care of the fact that (3.54) is satisfied a priori
only in the weak sense by using a regularization argument.

Proof. The equation (3.44) rewrites
~V-F=finR? (3.55)

with ) )
F=x(Vh+Wh), f=-Vx:(Vh+Wh). (3.56)

We consider (K,,),>1 a radial approximation of the identity, or a standard mollifier, satisfying

K, € C¥(R2), K, 20, | Kude =1, Ky(x) = K, (), supp(K,,) € B(0,1/n) Vn > L.

R2
(3.57)
Then F,, = K, * F € C*®(R?), satisfies in the weak sense (then in the strong sense)

—V-F, =K, *f=:f,inR2 (3.58)
Indeed, by taking a test function ¢ € C2°(R?), we have by Fubini’s theorem and (3.55)
/Fn-VC:/(Kn*F)-VC: F-K,*V(
R2 R2 R2

= [ pvwa= [ w0 = [ wenes [ e @5

First, in polar coordinates, (3.58) becomes

—0p(pFnp) — OpFng = pfn in R% (3.60)
Therefore, let us define
. P
hn(p,0) = —/ F,0(s,0)ds in R?. (3.61)
0
We then have 3
aphn(pa 9) = _Fnﬂ(p’ 9) in R?. (362)

And by using (3.60), we have

. Iz Iz P
On(.0) == [ OuFa(s.00ds = [ Ou(sFuas.0)ds + [ si(s.0)ds
0 0 0

p
= pFn0(p,0) +/ sfn(s,0)ds in R%.  (3.63)
0

On the other hand, by sending n — +o00, we get by convolution properties, see for instance
[Brell, Theorem 4.22] that

lim | Fo = F 2y =0,

n=-+oo
o g = 0.
Moreover, let us set
h(p,0) = — /Op Fy(s,0)ds in R?. (3.64)
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First, we have

lim A, — B( —0, (3.65)
n——+o0 LIQOC(]RQ)
Moreover, we have that
ngr-ir-loo ‘aphn + Folp, 9)‘ LZ (R?) -
. 1, - 1 [?
lim {|=0phn — | Fp(p,0)+ = [ sf(s,0)ds =0,
n—+oo || p PJo L (R2)

We then deduce from the last three limits and the uniqueness of the limit in the distributional
sense that h € H (R?) and

d,h(p,0) = —Fy(p,0) in R?, (3.66)
deh(p,0) = pFy(p,0) + /Op sf(s,0)ds in R?. (3.67)
By observing that for (p,6) € [0,+00) X [0,27) we have
Fa(p,8) = X{9.6) | 0uh(.0) = [} . 6)sin(6) + [Tatl(p. 0) con(®)]| . (3.08)
Fy(p,0) = x(p.0)p |9,1(p.0) + [Wih](p, ) cos(6) + [Wah](p, 0)sin(0)| . (3.69)

and
pf(p,0) = —p0,X(p,0) (D,h(p,0) + [W1h] (p, 0) cos(68) + [Wah](p,0) sin(6)
— Aux(p,0) <%8@h(p,9) — [Wh](p, 0) sin(6) + [Wah] (p, 0) cos(a)> . (3.70)

we then obtain the conclusion of the proof by specifying (p,6) € [0,2) x [0, 27). O

3.4 The reduction to the non-homogeneous d--equation

The goal of this last part in Step 3 is to use the approximate stream function k defined in the
previous subsection in order to simplify a bit more the equation (3.16). In order to do that, we
will first computed the dz-equation satisfied by xh + ih, then reduce it by a Cauchy transform.

We have the following Beltrami equation, perturbed by a zero order term.

Lemma 3.6. Let us define

v = xh + ih in By. (3.71)
Then v € H'(By) and satisfies the following Beltrami equation
Oy = ay + (9zx)h + Ej, in Bo, (3.72)
where for (p,0) € [0,2) x [0, 2m),
20 =4 4 . [Ri~d . YT —
~xe(=Wiycos(0) — Wasin(6) 4 iWy sin(f) — iW3 cos(6)) 7\ .
[ . ] 1+ 1) ify#£0, (3.73)
a=0ifv=0, (3.74)
5 eiGEh
B = — ) )
h 2 (3.75)
Moreover, we have
el ey < ClIWLlloo + C W2l - (3.76)

27



Proof. We use the fundamental relation
1 4 ]
We compute
207y = 2(0zx)h + xe’ (aph + 309h> + iet? (apﬁ + 309B> . (3.78)
p p
Now, we use the equation satisfied by &, i.e. (3.50) and (3.51) and we get

- 1 . .
d,h = —x [;agh — Wihsin(8) + thcosw)] : (3.79)
Iph = Xp [(%h + Wih cos(6) + Woh sin(@)} + Ep, (3.80)
then

2057 — 2(0zx)h
En

= —xe?Wihcos(0) — xe? Wahsin(9) + ixeWihsin(0) — ixe Wah cos() — %
p

(3.81)

Hence, we obtain easily the expected equation (3.72).
The final bound (3.76) comes from (3.73), (3.74), (3.42) and the properties of the cut-off x
defined in (3.43). O

Let us define the operator

Tw(z) = —l/ ﬂd{, Vw e LY(By), P> 2, (3.82)
B>

s (—=z

that is called the Cauchy transform of w.
We have the following result.

Lemma 3.7. Let w € LY (By), P > 2. Then, Tw exists almost everywhere as an absolutely
convergent integral Moreover, the following relations and estimates hold

O (Tw) = w, (3.83)
[Tw(z)| < C(P) lwllLp s, (3.84)
[Tw(z1) = Tw(z2)] < C(P) @l e,y 21 — 22|°, Q@ = (P —2)/P, P < 400, (3.85)

All these results of Lemma 3.7 are collected in [Boy57, Section 1], [Vek62, Chapter 1, Para-
graph 6].

Setting of parameters. We now fix

P=kr=4/5+2, (3.86)

and
Q=(P—-2)/P=2/(2+9). (3.87)

An application of the previous lemma gives the following result.
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Lemma 3.8. There exists 5 € L*°(Bs) such that
0:8 = o (3.88)
Moreover, € L*(B3) satisfies

18 gy < €| _- (3.89)

Finally, we have the following Hélder’s estimate

B(21) — B(z2)| < CHW

|21 — 29|@. (3.90)
(o]

Proof. Set 5 =Ta, and use (3.83), (3.84) and (3.85). O
Finally, we have the following non-homogeneous 0dz-equation.

Lemma 3.9. Let us define
¢ = exp(—p)y in Bs. (3.91)

Then, we have ¢ € H*(Bs) and satisfies the following Beltrami equation
9z¢ = exp(—PB)[(dzx)h + Ep]) =: F in By. (3.92)

Proof. This directly comes from (3.88) and (3.72). O

4 Step 3: The Carleman estimate to the non-homogeneous 0--
equation

The goal of this section is to apply a suitable L?-Carleman estimate to the equation satisfied by
¢, see Lemma 3.9 above, in order to deduce the vanishing order estimate for u, that is (1.18).
The source terms in (3.92) will be absorbed by the left hand side term of the Carleman estimate,
by taking the s-parameter sufficiently big in function of e. The boundary terms will be absorbed
by using the assumption on u, i.e. (1.17), and by taking the s-parameter sufficiently big in
function of K. In order to deduce from the L?-Carleman estimate a L>°-bound on u, that is an
estimate of |u(Zmax)|, we will finally use maximal regularity estimates for the operator Js.

4.1 Preliminaries in prevision of the Carleman estimate

The goal of this first part is to state an elementary L?-Carleman estimate in the two-dimensional
setting and to prove very useful estimates for the absorption of the source term in (3.92).

For s > 1, a parameter, let us introduce the notation
Ws(2) = —slog(|z]) + |2, (4.1)
First, remark that for every z # 0,
As(z) = 2. (4.2)
We have the following Carleman estimate, [DF90, Proposition 2.2].
Proposition 4.1. Then for every y € C°(B2 \ {0}), we have

/ ly|2e?V=3dz < C |By|2e?¥ ) dz. (4.3)
BQ BQ
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For the next, let us introduce the following notation. Let a € By and 0 < 71 < ro, then we
denote by C(a,r1,r2) = {2z € By ; r1 < |z — a| < ra}, i.e. the annulus centered in a with inner
radius r1 and outer radius 7.

In order to deal with the local term in the next application of the Carleman estimate, we
need the following lemma.

Lemma 4.2. For 2’ € B(x,4¢'), z € C(a),6¢',8¢") with |z| < |2'| — 2¢’, the following estimates
hold

élh(Z)l < (2] < Clh(z)], (4.4)
élexp(—ﬁ(Z))l < |exp(=B(2))] < Clexp(—B(2))]; (4.5)
exp(2¢s5(2")) < C exp(—cse) exp(2¢5(2)), (4.6)

Heuristically, Lemma 4.2 tells us that h and exp(—f) do not vary too much near the disks
B(x%,€'), this is the purpose of (4.4) and (4.5) while there is ball contained in C(z’;,6¢’, 8¢')
where the Carleman weight is exp(cse)-bigger than the Carleman weight in B(z},4¢’), this is
the purpose of (4.6).

Proof. We use the fact that the disks B(2’,¢’) given by Lemma 3.3 are 16¢’-separated from
L(Z). So L™ (B(};,10")) N Z = . Moreover, from (3.31) and |z — 2’| > 2¢' = 64e, we have
L7 (2) = L7H(2))| < 32|z — 2| < Ck,

so by a direct application of the Harnack’s inequality of [GT83, Theorem 8.20] (or see Lemma A.3),
by using the property
e+ el Willoo + e Walloo + €%[[Vloo < ¢ (4.7)

coming from (3.39), we obtain
1
E‘UOLil(Z)‘ <|uo L7 < Cluo L7Y(2)), (4.8)

so the same type of estimate for h, i.e. (4.4) by using the definitions of h in (3.15) and v in
(3.2), together with the estimate on ¢ in (2.59).

The second estimate (4.5) comes from the Holder’s estimate on S i.e. (3.90) and the Lipschitz
estimate at scale ¢, i.e. (3.31), indeed we have from the definition of @) in (3.87) and (3.39),

1B() = BN < CIW o]z = 2|9 < O W oo < ¢ (4.9)

S0
lexp(B(2) — B(2"))| < exp(|B(2) — B(2')]) < exp(c). (4.10)
The third estimate (4.6) comes from

(—s(log(|2']) — log(|2]))) exp(—slog(|2]))
exp(—s(log(|z| + 2¢') — log(|2]))) exp(—slog(|2]))

(_

(_

exp(—slog(|2])) = exp

slog(1 + 2¢'/|2|)) exp(—slog(|z]))
se’) exp(—slog(|z])).

exp

INCININ

@
»
e

This concludes the proof. O
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In order to deal with the non-local term in the next application of the Carleman estimate,
we need the following lemma.

Lemma 4.3. Fore' <|z|, 2/ =2+ t|—§| with € <t <2, the following estimate holds

| exp(=B(2"))] < exp(C[|W [[ot?)] exp(=5(2)), (4.11)
exp(215(2')) < Cexp(—cst) exp(215(2)). (4.12)
Moreover we have
IVl LB a0y < Ce™! 1l poe(B(ay ey VISP <00, (4.13)
IVRI Lo (c0,2-1600,2—4c0)) < C HWHOO 1]l oo (B(0,2—2¢0)) V1< p < Hoo. (4.14)

Heuristically, the first part of Lemma 4.3 tells us how much exp(—/3(2’)), respectively 1s(2’),

increases, respectively decreases, along the line 2/ = z + té. This exponential decreasing of

the Carleman weight would be the key point to compensate the exponential increasing of the
multiplier exp(—/), for absorbing the nonlocal term.

Proof. The first estimate comes from the Holder’s estimate on 3, indeed we have from (3.90)
18(2) = B(z')| < C|W ooz = 2'|% < C|[W|ot?, (4.15)

|exp(B(2) = B())| < exp(|B(2) — B(z')]) < exp(C|W||ct?). (4.16)

The last estimate comes from

s(log(|#'|) — log(|2]))) exp(—slog(|z]))
s(log(|z + fﬁl) — log(|2]))) exp(—slog(|z]))
log(1 +1/|z[)) exp(—slog(|2]))

27 1st) exp(—slog(]z])).

exp(—slog(|z'])) = exp

(_
(_
exp(—
(_

NN

exp

To prove the inequality (4.13), we apply Lemma A.2 to h, satisfying (3.16) together with
(3.42) replacing k by 1 < p < 400, see Lemma 3.3.

In the same spirit, the inequality (4.14) is an application of Lemma A.1.

This concludes the proof. ]

4.2 A Carleman estimate to a non-homogeneous ¢ equation

The goal of this part is now to apply the Carleman estimate from Proposition 4.1 to a cut-off
version of ¢, and then use Lemma 4.2, Lemma 4.3 to absorb the source term of the equation
satisfied by ¢ in (3.92).
We split J such that
J = JlUJQU(J\(JlUJQ), (4.17)

with J; :== {j € J; B(z;,10¢') C B(0,2 — 8¢p) and B(0,7") N B(z;,10¢") = 0}, Jo := {j €
J; B(z;,10¢") € B(0,2 — 8¢p) and B(0,r") N B(x;,10¢") # 0}. To simplify the following proof,
we will assume that /2 < e, then one can assume 1’ < &’ because of (3.33) so we have

B(0,7") N B(zj,10e") =0 VjeJ, (4.18)
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then Jo = (. The other case, i.e. r/2 > ¢ leading to ' = ¢r by (3.33) is a straightforward
adaptation of the next arguments by using that B(z;,10¢’) C B(0,(3/2)r") for every j € Jo,
recalling the form of ¢, therefore all the terms coming from perforated disks in Js would be put
in the observation term.

Let us then introduce n a cut-off function such that

|z| <2 — 8¢y, (4.19)
r'/2 or 2 — 4cy < |z|. (4.20)

The goal of this part is to prove the following result.
Lemma 4.4. For every p > 2, there exists a positive constant C' > 1 such that for every
s> Ce tlog(Ce™), (4.21)

the following estimate holds

2 2

v 5016 5016
Hnge L2(Bs) * HU( =C)e L2(Bs) + Hn( =C)e L?(By)
2
< =2l ce?s -1 2)s(2 — 1 2 . . 4.22
C<T HCG L2(C(0,r" /2,r")) e (Ce )eXp( ¥s( Geo))ully (B2) ( )

Proof. For the proof, to simplify the notations, we will denote
B = Cexp (Csfl) exp(2¢s(2 — 1600))Hu||%oo(32). (4.23)

The proof is then divided into several steps.

Step 1: Application of the Carleman estimate. Let us apply the Carleman estimate
(4.3) to y = n¢. We obtain

/ ez < C / P |0:¢Pe* P dz
B2 Bs

+O@) / P25 dz 4 ¢ CRe2 () dz. (4.24)
r! [2<|z|<r! 2—8cp<|2[<2
Let us first estimate the first right hand side term in (4.24). We have from (3.92) the following
estimate

2 2

Hn(é‘zC)ews

<

ne® exp(=B)[(2)h + B

12(B2) L2(By)

’ +C(

< C||ne exp ()| i

ne’s eXp(—ﬁ)Eh‘

(4.25)

L2(Ba) L2(By)

Step 2: Absorption of the local term. The first term on the right hand side of (4.25)
is called the local term and is estimated in the next paragraph.
By recalling the definition of y in (3.43), we have

Vx| < Ce L. (4.26)
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oX

Figure 3: The neighbourhood of a disk D;. of the perforated domain.

So we get by (4.17), the bound on 3 i.e. (3.89), the choice of € in (3.39) and the definition of h
in Lemma 3.2,

Hned’s exp(—ﬂ)lvxlh‘ i

. (4.27)

< Ce? Z Hews exp(—ﬁ)h‘

JjeN

< Ce? Z He%(z) exp(—ﬁ)h‘

Jj€N

2 2

+Ce? Hews exp(—ﬁ)h‘

L2(B(x/; 4¢")) L2(C(0,2—16c0,2—4co))

2

4.28
L?(B(z’;,4¢")) ( )

Then, we use the estimates (4.4), (4.5) and (4.6) of Lemma 4.2 to easily get

2

e+ exp(=B()h()

L?(B(z} 4¢"))

< Cexp(—2cse) Hews(z) exp(—ﬁ(z))h(z)‘ ’

. (4.29)
L2(C(a;,6¢’,8¢"))

and from (4.18), the definition of ¢ in (3.91), the definition of vy in (3.71) and |y| > |Re(7)| = |xh/,

2

2
stbs (2) S H ¥s(2) oxp(— ‘ .
] I B A O] (4:30)
jeN J
We then deduce from (4.28), (4.29) and (4.30) and by taking s as in (4.21),
vep(-BIVAh| < CePexp(-2ese)||et | 4B
Hne exp X ‘LZ(B2) < Ce“exp(—2cse Hye 125
1 2

<~ ||ye?s 4.31
4 Hye L2(Bo) (4.31)

Step 3: Absorption of the non-local term. The second term in (4.25) is called the non
local term and is estimated in the next paragraph.

By recalling the form of Ej, in (3.75), by using that the disks B(x%;,4¢") are 12¢’-separated
from 0, hence Ej, is supported in C(0,¢’,2), we first obtain that

2 2

Hnews exp(—ﬁ)ENh‘

<Ce? Hne“’S exp(—B)Eh‘

. (4.32)

L%(Bs2) L%(B2)
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Then by using the definition of E} in (3.52), Holder inequality, the bound on Vy in (4.26), L?
estimate on Vh at scale ¢ from (4.13), LP estimate on Vh from (4.14), we then obtain

Hnews eXp(_B)Eh‘ ;(BQ)

2
(-8)|

4 ’ ’
L (B()’g(xj#l&‘ ))

< Ce™

~ 112
ST o Ay
JjeJ1

+Ce? Hews exp(—ﬁ)‘ ’

L4(C(0,2—16¢o,2— 400))

(HVhHM C(0,2—16¢0,2—4cp)) +HW |h||L4 02—16co,2—4co)))

0™ 3 [l st

Jje€N

2
L4(BOQ({L‘ 4e! Hh||Loo(B(l‘;788’)) +B, (433)
where

Boo(a},4e") = {z' =z + t ; z € B(z},4¢"), 0 <t <2}NB(0,2).

Note that B072(x;, 4¢’) is like a cone that we decide to represent several points in Figure 4.
We only focus on the first right hand side term of (4.33). We split

Boa(z,4¢") = Boer(a),4e") U B (2, 4¢”). (4.34)

So we have

—_—

2 2

—_—

L4(B() 2(]) 48’)) L4(B()7£/ ($3-748’))

E—_—

2

+| (4.35)

LA(B,s 5 (a/; 4¢"))
By using s > Ce~! because of (4.21) and 9||IW||s < ¢ because of (3.39), then for & < t < 2,
we have
exp(C||W || 0ot?) exp(—cst) < exp(C||[W||ooe®1t) exp(—Ce™1t)
< explee M) exp(=Ce™1t) < C. (4.36)
So from Lemma 4.3, (4.11) and (4.12), we get from the last two estimates

e exp(-5) < e exp(-5)

4.37
LA(B(z} 5¢)) (4.37)

4
LA(Bo,2(x},4¢"))

and therefore we have

e -]

4 ’
LA(Bo,2(x},4¢"))

2
1Al oo (e, 8e1))

<0 -8’

LA(B(«/,5¢"))

HhH%C’O(B(x;,SS’))' (4.38)

Note that the right hand side term in (4.38) looks like a local term, therefore from an easy
adaptation of Lemma 4.2,

2
(-8)|

L4 (B() 2 (m/ 48/

2

(=8)h|

A2 o gt gy < Ce 8
1Al ee (a 5oy < C€ L4(302(x;,4a/))

<C H s exp(— hH < CeTexp(—2cse) H ¥s exp(—Sh ‘

L2(C(a/, 6 8¢"))
(4.39)

L B() 2(]) 46’))
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z3

21
)
0
Figure 4: The representation of several points z; € By 2 (:L‘;, 4¢").
Then, recalling (4.30), (4.33) and by taking s as in (4.21), we have
v Al -7 s

Hne exp(—p)E, 253} < Ce™"exp(—2cse) Hye L2(B) +B
< Llyews? B 4.40
h ZHye L2(32)+ ' (4.40)

Step 4: Treatment of the boundary term. The last term in the right hand side of
(4.24) is called a boundary term and can be estimated by using the definition of ¢ in (3.91), the
definition of 5 in (3.71), the definition of 4 in (3.15), the definition of & in (3.49), the bound on
B ie. (3.89) and standard elliptic estimates applied to (3.16) to get

/ PP dz < B, (4.41)
2—8cp<|z|<2

Step 5: Conclusion. By gathering (4.24), (4.25), (4.31), (4.40) and (4.41), we obtain the
following Carleman estimate

2 2

2
e (r’—2 ngws + B) . (4.42)
L2(B3) L2(C(0,r"/2,7))

Moreover, from an easy adaptation of Step 2 and Step 3, it is straightforward to obtain under
the condition on s, i.e. (4.21),

Hnge%

oo+ [n(@=)ev

2 2

[n(@=¢)e*

+B. (4.43)

S ol e

LP(B2
Hence, we obtain the expected Carleman estimate (4.22) from the last two estimates then the

conclusion of the proof. O

4.3 From the Carleman estimate to the quantitative unique continuation

The goal of this last part is to finish the proof of (1.18).
For the next and without loss of generality, we assume that

|L(2ma)| = 7 (4.44)

Indeed, if this is not the case this means that x,.x belongs to B(0,7/2), because B(0,2r") C
L(B(0,7/2)) by the last point of Lemma 3.3, and the observability estimate (1.18) is trivial.
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Proof of the estimate (1.18). From the Carleman estimate (4.22), we obtain

2s(2-24c0) / n2IICP + [0s¢ ) d
B(0,2—24¢0)

<ol

By using regularity estimate on non-homogeneous 9z equation, see for instance [AIM09, Theorem
5.4.3|, we can therefore deduce an estimate of the form

LG /2.07) +exp (Ce™t) exp(2u4(2 — 1600))HuH%oo(32)>. (4.45)

(o 2
o2 (2—24c0) HUCHWLQ(B(O 2—28¢y))

<ol e

So by Sobolev embedding, for 2 < p < oo,

LG /2.07) +exp (Ce™t) exp(2u4(2 — 1600))HuH%oo(32)>. (4.46)

s (2— 2
¢?Vs (27 24c0) HUCHLp(B (0,2—28¢0))

<o(r e

So by using the third left hand side term in (4.22) and (4.47), together with regularity estimate on
non-homogeneous dz equation, see for instance [AIM09, Theorem 5.4.3|, we have for 2 < p < oo,

L2000 2.07)) + exp (Cg_l) exp (29, (2 — 1600))||u\|%oo(32)>. (4.47)

(- 2
o2¥s(2—24co) ”nCHWI,p(B(Q 2—-30co))

<o(r e

Lo (C O j2.) + exp (Ce ) exp(2¢,(2 — 1600))||“HL0°(32)>- (4.48)

So by using Sobolev embedding, taking p € (2,00), we finally get

s(2—24 2
Vs (2724c0) ||77Q|Loo (B(0,2—30co))

<or2fe;

Ce! 205(2 — 16 2 . . (449
pecto P (O exp(25(2 = 16c0))Jul (Bg)> (4.49)

Recalling the definition of ¢y in (3.41), we have that B(0,2 —27°) C B(0,2 — 30cy). Moreover
from our assumptions L(2max) € B(0,2—275) because Tmax € B(0,1) and we have the Lipschitz
estimate on L, i.e. (3.31). By conjugating (4.49) with (4.44), by using the definition of ¢ in
(3.91), the definition of v in (3.71), the definition of & in (3.15), the definition of & in (3.49), the
bound on f i.e. (3.89), we then deduce

exp(—=C|[W o )e** =20 | A L(2max) )

<c<’2(

that translates into

Cews

- 2 S 2 - 1 200 4
LC’O(C(OT’/QT)) +6Xp (Cv6 )exp( TIZ) ( 660))||UHL (32) ) ( 50)

oxp (=W oo )= 7240 [u (1)

<c<’2(

Cews

-1 20(2 — 1 2 . (4.51
LDO(C(Or’/Qr))+exp (Ce™") exp(2¢s( 6co))l[ullz, (32)) (4.51)
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Then from the assumption (1.17), we then have
exp(—C[[W oo )e®?* 7240 () |

< C(r'_z ngws

2
+exp (Ce1) exp(2005(2 — 16¢0)) exp(2K) [u(max)|? |- (4.52
Lo (C(0, /2,0)) P ( ) exp(2¢s 0)) exp(2K) [u(Zmax)| ) (4.52)

As a consequence, from (3.39), by taking s such that
s> Cellog(Ce™) + CK + C||W||oo, (4.53)

we obtain from (4.52)

2
. (4.54)

xp(—C TV o)) () < Cr'2 e L0 )

Finally, from the definition of ¢ in (3.91), the bound on 3 i.e. (3.89), the definition of v in (3.71),
the definition of A in (3.49), standard elliptic estimates applied to h, the form of 7' in function
of r given in (3.33), one can deduce

[0 < Cexp(=Cs10g(r)) [} e o2y < O % [ulfipoyy s (455)

then the expected estimate (1.18) from (4.53), (3.4) and (3.39). O

5 Final comments

5.1 Perspectives and open questions

The following remarks concerning Theorem 1.3, that implies all the other main results according
to (1.23), are in order.

1. A natural important question is the sharpness of (1.18) in function of ||W1||co, [[W2llso, ||V |0
in the real-valued case. Note that the complex-valued case is by now quite well-understood,
see [Dav14]. This is definitely not sharp in function of ||V||s because [LMNN20]| obtains,
when W1 = W2 = 0,

1/2 1/2
O(IVIR 108l * IV |l) ) +C K +C

lull oo,y = 7 lull oo B,y V7 € (0,1/2).

This is also definitely not sharp in function of ||[Wi ||, ||W2l||sc because [KSW15] obtains
when Wy =0, V > 0, respectively when W7 =0, V > 0,

1/2
S L C(IWillee VI +OK +O

lull oo (B,) = lull oo (By) V7 € (0,1/2),

respectively

1/2
S L O(IWalloe VL2 +OK +O

[ell oo,y 2 [ull oo,y V7 € (0,1/2).

But all these examples are not considering the general equation (1.15). In order to improve
(1.18) at least in function of |[W1||s, [|[W2||cc a possible strategy is to investigate where
we are losing a factor |[W1]|%,, ||[Wa]|%,. It already appears in Step 1, because of the weak
quantitative maximum principles with W~ source term —A® = V - g in a domain with
a small Poincaré constant of size Ce, see Lemma 2.4. It would be interesting to see if one

37



can improve the L*>*-bound on ® into ||®||s < C¢l|g||co. If such a bound was true, this
would lead to the replacement of ¢ in Step 1, i.e. one could modify (1.25) into

+ e[ Wl <+ ellVII 2

I s

e < c+ Wy
In Step 2, by the quasiconformal transformation, (1.30) would become
e < | Wal|s log ™ ([ Walloo) + €| VI ? Tog ™2 (| V]|oo)-

This logarithm loss is probably optimal according to [LMNNQQ].~ However, there is still
a problem because of the presence of dzL~! in the definition of W in (3.17), (3.18). We
are only able to prove that -L—1 € L{)OC(BQ) for every 1 < p < oo by using Cacciopoli’s

estimate. In particular, we do not know if dzL~1 € L{° (Bs) and if one can obtain
Wl oo 8,0y < ClW|oo + C[Wal oo

If such a bound was true, one can then improve the Holder’s estimate (3.90) on f into

18(z1) — B(z2)] < (CWilloe + ClWalloo) |21 — 2] log (L> AR
|21 — 2o

from [Vek62, Chapter 1, Paragraph 6|. By taking then
e < of[Wh I og (Wi lloo) + el Wall i log ™ ([Walloo) + el V|2 log ™2 (|[V ]|o)- (52)

This would be sufficient for the absorption of the local and non local terms in the last step,
by taking s > Ce~!log(Ce™1). Finally, to withdraw the logarithm loss in the Carleman
step, a possible strategy would be to use the strategy in [DF90| to add in the left hand
side of the Carleman estimate a term of the form

= 3 et

jed

(5.3)

2
L2(C(x/; 6<' 8¢"))

. A natural possible extension of our results is to consider qualitative and quantitative Landis
conjecture for exterior domains, that is for instance does Theorem 1.1 holds replacing the
equation (1.8) satisfied by v in R? by the same equation but only in the exterior domain
R2\ B;? See for instance [KSW15, Section 5].

. Another possible extension would be to consider the more general elliptic equation
2
— Z 8Z~(aij8ju) -V- (Wlu) 4+ Wy -Vu+Vu=0in B, (5.4)
i,j=1

where a;; € L (Bs; R?*?) satisfying some ellipticity condition, Wi, Wy € LP(Bg;R2),
V € Li(By : R) with p > d, ¢ > d/2. The general situation is open even if interesting
partial results are given in [DKW17], [DW20] or very recently for growing potentials in
[Dav23].

. In the spirit of the methodology developed in [EB23|, it may also be natural to consider
equations with source term, that is

—Au—V - (Wiu)+ Wy -Vu+Vu=fin Bs. (5.5)
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It seems natural to conjecture that under the assumption (1.17), the following estimate
holds for every r € (0,1/2),

C(IWIE + W52+ 1V (152 1083 2 IV l|o) ) +C K +C
P A R T
(5.6)
It is worth mentioning that such an estimate would lead to applications in control theory

of linear and semi-linear elliptic equations.

5. Last but not least, always in the spirit of [EB23|, the treatment of elliptic equations (5.5)
completed with Dirichlet boundary conditions for instance, is an interesting open question.
Here, one of the difficulty is due to the fact that the boundary conditions are not preserved
in the Step 2 of the proof because we are considering the variable 7 defined in (3.71).

5.2 A Carleman estimate in a bounded open set with small Poincaré constant

The goal of this part is to present a specific two-dimensional Carleman estimate in a bounded
open set with small Poincaré constant. This type of estimate seems to be new but unfortunately
we have not found applications of it. We hope that it can be useful for the reader in another
context.

Lemma 5.1. For every e > 0, C' > 1, there exists C > 0, independent of €, such that for every
bounded open set Q C R? with Cp(Q)? < (C")%e?, for every s > 1, for every p € C®(S;R) such
that —Ap > s > 1, for every u € HZ(Q;R), we have

5_4/ e‘“"\u!Q—i-sQ/ e‘“"\u!Q—i-a_Q/ e‘“"]Vu\Z—i-s/ e | Vul? gC/ e ?|Aul’.  (5.7)
Q Q Q Q Q

The idea behind this was to exploit this Carleman estimate in the domain ()., defined in
(2.56) that has a small Poincaré constant. But even the solution u to —Awu + Vu = 0 belongs
to H (), we do not have u € HZ(£).) that prevents the application of such an inequality.

Proof. We can assume that u € C°(Q; R) by density.
By Lemma 2.1, one can construct ® € H{(Q) such that —A® = £72 in Q and ® satisfies
|®]|, < C. Then we directly apply [DF90, Proposition 2.2] with the weight e=#*® to get

82/ e“’*cp]u\Q—i—s/ e Py < C/ e P2 u?. (5.8)
Q Q Q

Now, because u is real-valued, |u| = |0u| = |Vu|, so one can apply [DF90, Proposition 2.2] to

ou,
6_2/ e_“"+q>|8u|2+s/ et gu? <C/ e P90 :C/ e PP Aul? (5.9)
Q Q Q Q

The combination of the last two estimates and the fact that & is uniformly bounded give the
result. O

A Estimates for elliptic equations with lower order terms

We have the following local WP estimate for second order elliptic equations with divergence
drift term.
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Lemma A.1. For every p € (1,00), there exists C > 0 such that for every W € LP(B3), for
every u € H (Bs) N L>®(By) satisfying

—Au—V - (Wu) =0 in By, (A1)

then,
IVull o,y < ClIW I Loy 1l oo (y) + C lull oo () - (A2)

Proof. This is a direct application of [Mey63, Theorem 2|, stating that if u is a weak solution to
—Au =V -gin By,
then we have the local estimate
HVUHLP(Bl) <C H9||Lp(32) +C HuHLP(Bg) : (A3)
This concludes the proof by taking g = Wu. U

We have the following local WP estimate for second order elliptic equations with divergence
drift term at scale .

Lemma A.2. For every p € (1,00), € > 0, there exist ¢ > 0, C > 0 independent of € such that
for every W € LP(By.), satisfying

 + el Wllor sy < (A4)
and for every u € H} (Bs) N L>®(Bsy) satisfying
—Au—V - (Wu) =0 in By, (A.5)

then we have

IVl o) < Ce™ Nl p,. ) - (A.6)
Proof. By |[Mey63, Theorem 2| and a scaling argument, if
—Au =V -gin By,
then we have the local estimate
€ ||vu||LP(B5) < Ce HgHLP(BgE) +C ||U||Lp(325) . (A7)
Taking g = Wu leads to the conclusion. O
We now have the following Harnack’s inequalities.

Lemma A.3. For every € > 0, there exist ¢ > 0, C' > 0 independent of € such that for every
W, Wy, V€ L°(By.) satisfying

e+ eWilloo +elWalloo + €[Vl < ¢ (A.8)
and for every u € H} (Bs) N L™®(Bsy) satisfying

—Au—V - (Wu) =0 in By, (A.9)
of
u >0 in By, (A.lO)
then we have
supu < C'infu. (A.11)
B Be
Proof. This is a direct application of the Harnack’s inequality of [GT83, Theorem 8.20]. U
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