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Abstract

In this paper we focus on local growth properties of Laplace eigenfunctions on a compact
Riemannian manifold. The principal theme is that a Laplace eigenfunction behaves locally
as a polynomial function of degree proportional to the square root of the eigenvalue. In this
direction, we notably prove sharp local L°°-Bernstein estimates, conjectured by Donnelly
and Fefferman in 1990. As a byproduct we also obtain analogous inequalities for A-harmonic
functions where the square root of the eigenvalue is replaced by the doubling index of the
solution. Our proof is based on a refinement of the original proof of L2-Bernstein estimates
by Donnelly and Fefferman, based on L?-Carleman estimates, with a suitable bootstrap
argument involving elliptic regularity estimates and Gagliardo—Nirenberg interpolation in-
equalities.

Keywords: Bernstein estimates, Laplace eigenfunctions.

Classifications: 58J50, 35J05, 35P20, 35R01.

1 Introduction

Let M be a C*°-smooth, compact, connected, Riemannian manifold of dimension d, without
boundary, equipped with a Riemannian metric g. In this article we are interested in growth
properties of Laplace eigenfunctions ¢y € C°°(M) associated to the eigenvalue A > 0,

—Agpy = Apy in M, (1.1)

where A, = div, o V, is the Laplace-Beltrami operator.

One may distinguish between global growth and local growth.

The famous classical Bernstein’s estimate on trigonometric polynomials is typically a global
growth estimate on linear combination of Laplace eigenfunctions on the one-dimensional torus.
Let n>0and T = > 7_  ae*® for x € (0,2), then

sup |T'(z)]<n sup |T(z)l. (1.2)
z€(0,27) xz€(0,2m)
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For a survey around (1.2), one can read [QZ19]. Global L*°-Bernstein estimates also hold for a
single Laplace eigenfunction on M, i.e. there exist C' > 0 depending only on M such that for
every Laplace eigenfunction ¢y,

sup [Vipa| < CVAsup [y (1.3)
M M

This estimate (1.3) is actually a consequence of standard elliptic estimates for harmonic func-
tions, see [OCP13, Corollary 3.3] for a proof. Note that one can actually extend global Bernstein
estimates for a single Laplace eigenfunction that is (1.3) to a linear combination of Laplace eigen-
functions, i.e. there exist C' > 0 depending only on M such that for &, = ZAkgA appy,, then

sup |[V®,| < CV/Asup |y, (1.4)
M M

see for instance [FM10, Theorem 2.1] and [I022, Theorem 1.2|. In this latter case, the proofs
are considerably more involved.

Concerning local growth, from the breakthrough work of Donnelly, Fefferman [DF88|, we
know that ) also shares local growth properties with a polynomial function of degree propor-
tional to v/X. One of the most celebrated result is the following bound on the doubling index of
Laplace eigenfunctions, see [DF88, Theorem 4.2|.

e There exist rg,C' > 0 depending only on M, such that for every Laplace eigenfunction
oy € C®°(M), i.e. satisfying (1.1), for every = € M, r € (0,r9),

sup [oal < eV sup gy, (1.5)
By (@,2r) By(z,r)

Note that (1.5) is in perfect agreement to the previous heuristics because
sup t‘/X = 2‘/X sup t‘/X.
te(—2r,2r) te(—r,r)

For f € C>*°(M), x € M, r > 0, the number

Nf(Bg(DU,T)) := log <w> :

SUPB, (x,r) |f|

is usually called the doubling index of f in the ball By(x,r). Note that for z € M,
lin(l) N¢(Bgy(zx,r)) = vanishing order of f at x,
r—r

where the vanishing order of f at z is the smallest integer & such that the derivatives of f of order
smaller than k vanish while there is some non-zero derivative of order k. As a consequence, the
doubling index estimate (1.5) tells us that the vanishing order of ¢ is bounded by C VA. This
last result is sharp if we do not make extra assumptions on the Riemannian manifold because
the vanishing order of spherical harmonics is comparable to v/\.

In [DF90a], the authors pursue the analogy between Laplace eigenfunctions and polynomial
functions. They obtain the following local L2-Bernstein estimates, see [DF90a, Theorem 1].

e There exist rg,C' > 0 depending only on M, such that for every Laplace eigenfunction
o) € C®(M), i.e. satistying (1.1), for every x € M, r € (0,79), A > 1,

lloall (Bo (2 (1+5))) < Clloallze By () (1.6)
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and

vV

A
IVollL2(By (@) < CTH%HL%B,,(Q:,T))- (1.7)
The inequality (1.7) is called a local L?-Bernstein estimate due to the common feature with

the standard global L*°-Bernstein estimate (1.3).

e In [DF90a|, starting from (1.6) and an elementary elliptic regularity result, the authors
also obtain the following local L*-Bernstein inequality

d+2
4

A
sup [V <C sup [oal. (1.8)
BQ($7T) r Bg(l‘,?")

The authors also formulate the following conjecture.

Conjecture 1.1 ([DF90a]). The Bernstein inequality (1.8) still holds replacing <2 by 1.

Conjecture 1.1 is again motivated by the heuristics that ¢, behaves as tVA because

sup <itﬁ>: sup \/Xt‘aflz\/—X sup tﬁ.

te(—r,r) dt te(—r,r) T te(—rr)

e In [Don95|, Dong refines (1.8) for surfaces, i.e. when d = 2, using powerful geometric idea
from [Don92|, by obtaining

sup |V, < C'max <£,>\3> sup [pa|  (d=2). (1.9)
By(z,r) r By(z,r)

e In the very recent preprint [DM23], Decio and Malinnikova prove the following estimates

A
sup |Ve,| < C'max <\/—_, \/Xlog()\)> sup oA (d=2), (1.10)
By(z,r) r By(z,r)
and for 6 > 0 arbitrary,
\/X 26 26
sup |Vl < C(0) max Tlog (A), Alog®(A) | sup )] (d>=1). (1.11)
By(z,r) By(z,r)

In particular, (1.10) is a strong refinement of (1.9) and gives Conjecture 1.1 for surfaces up to
a logarithm loss and (1.11) gives Conjecture 1.1 up to a logarithm loss at the wavelength scale,

ie. re <O, To\/X_1> while (1.11) resembles more to the Markov’s inequality for polynomials at
larger scales in any dimension. Recall that for an algebraic polynomial of degree n, the Markov
inequality holds

sup |P!(x)] <n® sup |P.(x). (1.12)
z€(—1,+1) ze(—1,+1)

/

Note that (1.12) is sharp because Chebychev polynomials are extremizers of this inequality.

The first main result of this paper is the establishment of Conjecture 1.1 on L*°-Bernstein
estimates for Laplace eigenfunctions.



Theorem 1.2. There exist ro,C > 0 depending only on M, such that for every Laplace eigen-
function py € C*®(M), i.e. satisfying (1.1), for every x € M, r € (0,r9), A > 1,

sup loal < C sup il (1.13)
Bg(m7r(1+% By(z,r)
and /3
A
sup |Vl < C— sup |pal. (1.14)
By(z,r) r By(z,r)

We actually prove a similar result for solutions to harmonic functions in the Euclidean space
where the role of the square root of the eigenvalue is played by the doubling index, that serves as
a local degree of the solution. More precisely, we look at L°°-Bernstein estimates for A-harmonic
functions with a bounded doubling index.

The matrix A = (a”(2))1<; j<a is supposed to be symmetric, uniformly elliptic, with Lips-
chitz entries

ATHEP < {A@)E,6) < MféP, o (x) —a(y)| < Mofe —yl, @,y € By, E€RY, (1.15)

for some Ay, Ay > 0.
The second main result of this paper is the following one.

Theorem 1.3. There exist r9,C > 0 depending on A such that for every u € H}. (B2)NL>(Ba)
satisfying

—div(A(z)Vu) = 0 in Ba, (1.16)
and
Nu(B(0,1)) := log SWra) Ul N, N>1, (1.17)
SubB(0,1) |ul
then for every r € (0,79),
sup lu| < C sup |ul, (1.18)
B(0r(1+%)) B(0,r)
and
N
sup |Vu| < C— sup |ul. (1.19)
B(O,T‘) r B(O,T‘)

Theorem 1.3 has to be compared to [DM23, Theorem 2| where the authors obtain a similar
result with stronger regularity assumptions on the matrix A and stronger smallness assumptions
on the radius r, that has to be small in function of the doubling index.

Theorem 1.2 and Theorem 1.3 are related by the standard lifting trick that allows to pass
from Laplace eigenfunctions to harmonic functions. If ¢y satisfies (1.1) then the function

u(z,t) = @A(x)eﬁt (xz,t) € M x R, (1.20)

is harmonic on the product manifold M x R. This standard trick was first observed by [Lin91]
in the study of the nodal volume for Laplace eigenfunctions on compact Riemannian manifolds,
it has other applications like for instance the obtaining of the bound on the doubling index of
Laplace eigenfunctions in (1.5), see [LM20, Proposition 2.4.1]. On the other hand, it is worth
mentioning that Theorem 1.2 is not a direct consequence of Theorem 1.3, as it is the case in
[DM23] where the authors deduce L*°-Bernstein estimates for Laplace eigenfunctions from L>°-
Bernstein estimates for A-harmonic functions because they are working at the wavelength scale,



ie. r<C \/Xil. This is why we will actually prove Theorem 1.2 starting from a stronger version
of the growth estimate (1.18), see the growth estimate (2.44) on some annulus in Lemma 2.7
below.

New ingredient. The proof of Theorem 1.3 takes its source inside the proof of L2-Bernstein
estimates for Laplace eigenfunctions, i.e. (1.6) and (1.7) from [DF90al, that is based on an ad-
equate L2-Carleman estimate. Note that if we start directly from (1.6) and (1.7) then use
elliptic regularity estimates and Sobolev embeddings, we cannot obtain better than the weak
L*>-Bernstein estimate from [DF90a] i.e. (1.8). The new ingredient consists in implement-
ing a suitable bootstrap argument involving scaled versions of elliptic regularity estimates and
Gagliardo-Nirenberg interpolations inequalities in the Carleman’s strategy.

Organization of the paper. In Section 2, we prove the main results i.e. Theorem 1.2 and
Theorem 1.3. In Section 3, we state generalizations of Theorem 1.2, Theorem 1.3 and mention
some related open problems.

2 Proof of the growth estimates

The goal of this part is to prove Theorem 1.2 and Theorem 1.3.

The first four parts are dedicated to the proof of Theorem 1.3 while the last part is devoted
to the proof of Theorem 1.2. The first part consists in stating L?-Carleman estimates for the
operator div(AV-), the second part proves vanishing order estimates for A-harmonic functions
with bounded doubling index, the third part establishes scaled versions of elliptic regularity es-
timates and Gagliardo-Nirenberg interpolations inequalities, the fourth part consists in applying
the first three parts together with suitable a bootstrap argument to deduce the estimate (1.18)
and then (1.19).

In the next four parts, the positive constants C' > 0, ¢ > 0 depend on A and d while in
the last part, the positive constants C > 0, ¢ > 0 are allowed to depend on M. To insist on
the dependence of a positive constant C' in function of some parameter s, we will sometimes
use the notation C' = C(s). Moreover, the constants can vary from one line to another without
explicitly mentioning it.

2.1 L2-Carleman estimates

The goal of this part is to state L?-Carleman estimates.
To simplify the notations in the next, we set

div(A(x)Vf) = Aaf.
We also introduce the spherical coordinates of a point z = (21, ...,z4) € R\ {0} by
(p?a) = (P, 915 s aed—l) € (Oa +OO) X Sdil’

with
x1 = pcos(0y), xo = psin(by) cos(fs2), g = psin(6y)sin(b2) cos(bs), ... ,

xTg_1 = psin(fy) - - -sin(fy_2) cos(04—1), xq = psin(fy)-- - sin(fy_2) sin(fq_1),



for
01,...,04_5 € [0,7‘(’) and 041 € [0,27'(').

The orthonormal spherical basis will be denoted by (e,,eg) and for a given vector field ¢ in R4,
its components with respect to this basis will be denoted respectively by (,,&p).

First, we have the following standard L?-Carleman estimate.

Lemma 2.1. There exists a positive constant C = C(A) > 0 such that for every o > C,
f € C(Bay\ {0}), the following estimate holds

a3/ p12a\f\2dx+a/ p 2|V, fPda gc/ P22 AL fPd. (2.1)
Ba Ba Ba

Note that Lemma 2.1 is a direct application of [EV03, Theorem 2|, stated in the parabolic
case.

The next result tells us how the Carleman estimate (2.1) from Lemma 2.1 translates when
the function vanishes in a small ball centered at 0.

Lemma 2.2. There exists a positive constant C = C(A) > 0 and ¢ = ¢(A) > 0 such that for
every r € (0,¢), a = C, for all f € CX(Ba \ By), the following estimate holds
o

043/ p_1_2a’f’2d1'+04/ pl—Za‘vxf‘de_i_ p—Qa‘f‘de
B2 Bs

r? B(0,r(142a-1))

gc/ P2 A f)Pde. (2.2)
Bs

Lemma 2.2 can be obtained by adapting the arguments of the proof of the Carleman estimate
in [DF90a, Lemma A|, stated for the operator —Agu — Au, in the Riemannian case.

For the sake of completeness and because we will need some small modifications of these
Carleman estimates in the sequel of the paper, we decide to give a complete self-contained proof
of Lemma 2.1 and Lemma 2.2 in Appendix A.

2.2 Vanishing order estimate

Before proving Theorem 1.3, one needs to prove a result on the vanishing order estimate for
A-harmonic functions with bounded doubling index.
First, we have the following modification of the Carleman estimate (2.1) from Lemma 2.1.

Lemma 2.3. There exists a positive constant C' = C(A) > 0 such that for every xo € By, for
every a = C, f € CX(Ba \ {zo}), the following estimate holds

a3/ |z — 20| 7 2| £ 2 + a/ |z — 20| 2|V f|?de < C |z — 20> 2| A s fPdx. (2.3)
Bs B B>

The proof of Lemma 2.3 is postponed in Appendix A, it is an adaptation of Lemma 2.1.
As a consequence of Lemma 2.3, we deduce the following result.

Lemma 2.4. There exists C = C(A) > 0 such that for every u € H} (Ba) N L>(Bs) satisfying
(1.16) and (1.17), the following estimate holds

sup |u| > exp(—CN)sup |u| Vr € Bys. (2.4)
B(z,1/4) Ba



Proof. Let us fix xg € B(0,1/2).
Let xpmax € B(0,1) be such that

|u(Zmax)| = sup |ul.
B(0,1)

We distinguish two cases.
First case: xpx € B(xg,1/4). Then we have by (1.17),

sup |u| = sup |u| > exp(—N)sup |ul,
Bl(zo,1/4) B(0,1) By

0 (2.4) holds.
Second case: Tynax ¢ B(xo,1/4). Let x € C2°(B2;0,1]) be a cut-off function such that
x =0 in B(xg,1/16),
x = 1in B(0,15/8) \ B(zo,1/8),
x = 0in B(0,2) \ B(0,31/16).
In particular x =1 in B(@max, 1/8).
By local elliptic regularity, we have that u € HIQOC(BQ) so by a straightforward density

argument one can apply the modified version of the Carleman estimate (2.3) of Lemma 2.3 to
f = xu. By denoting w(z) = |z — x|, we then obtain

a3/ w2 f12de < C/ w? T2 A 4 f P
BQ BQ
By using the equation (1.16), we deduce that

a?’/B w TP uffdr < C : w2 (VX IVl + [V + [D*x ) |ul)da.
2 2

By using the definition of x and local elliptic regularity estimates, it is straightforward to
get that there exist universal positive constants C3 > Co > C7 > 0 and a positive constant
C = C(A) > 0 such that

exp(—Cr0)u(mas)|? < Cexp(~Csa)(sup ful)? + Cexp(~Cra)( sup _[ul)”.
B B(x0,1/8)

By using the definition of zy,,x and the doubling index estimate (1.17), we therefore obtain that

exp(—Caa)(sup |u])? < Cexp(—Csa)exp(2N)(sup [u|)? + Cexp(=Cra)( sup |u])?
By By B(z0,1/8)

Now the punchline, by taking o > C(Cq,C5, A)N, the first right hand side term can be hidden
in the left hand side term to deduce that

sup |u| < exp(CN) sup |ul.
B1 B(z0,1/8)

This concludes the proof of (2.4) recalling again (1.17). O



2.3 Elliptic regularity estimates and Gagliardo-Nirenberg interpolation in-
equalities

The goal of this part is to establish scaled versions of local elliptic regularity estimates for the
operator div(AV-) and Gagliardo-Nirenberg interpolations inequalities.
We have the following relations for the divergence and gradient operators in spherical coor-

dinates
1

Aiv(€) = 0" ¢,) + %diw(se), (2.5)

and

Vv = (0pv)e, + %ng, (2.6)

In the sequel, we need the following notation for the annulus
C(r1,m2) = B(0,79) \ B(0,71) V0 < rp <ro. (2.7)

Lemma 2.5. Let C3 > Cy > C; > Cy >0, r € (0,¢) and a > C.

1. Letp € (1,400), then there exists a positive constant C = C(A, p, Cy,C1,Ca,C3) > 0 such
that for every u € WZQO’CP(BQ), the following estimate holds

Vo]l poe(r(14Cra1) (14 Caa1)))
< C(HAAUHLP(C(T(IJrCoa—l),r(1+03a—1)))

+ 7°_2042HUHLP(C(r(1+coorl),r(1+cg,oﬁl)))>- (2.8)

2. Let p € [2,400), q € (2,+00] be such that

Loy o)
g 2\p d 2p '

Then there ezists a positive constant C = C(A,p,Cy,C3) > 0 such that for every u €
WP(By) then u € LY (Ba) and

loc

HuHLq(C(r(H—Cooﬁ1),7"(1+C30F1)))
S C”Vx“”1L/z72(<:(r(1+coa*1>,r(1+cawl>>> ”“”1L/z’2<c<r<1+coa*1>7r(1+csa*1>>>
+ Cra ) 2 ull o1 coa-1) (14 Cra-1yy) - (2-10)
Proof. We prove the first point. We set
W(p,0) = u(rp,0), A(p,0) = A(rp,0)  (p,0) € (1+Coa 1+ Csa™t) xS¥1 (2.11)
Then, we find from (2.6)

1 1
Vi(p,8) = ropu(rp,f)e, + ;VGU(TP, 0) = r(Opulrp,0)er, + EWU(W 0)) = rVu(rp,0),

and then from (2.5)

1
pn—l

= 7%(

div(AVa) =

9,(p" 1 (AV4a),) + %div@((/iva)g)

Ol (r0)" (AV),) + —divg((AVu)g)) = ridiv(Alrp.0)Vu(r.0))



Then we set
ﬂ(pa 9) = ,&(1 + a_lpa 9)? A(pa 9) = A(l + a_lpa 9) (pa 9) € (00503) X Sd_l' (212)

In the same way, we find
Vi(p,0) = a”'Vi(l+a"'p,6),

and then ) X
div(AVa)(p,0) = o 2div(A(1 + o 1p,0)Va(l + o 1p,0)).

Therefore, we find successively
il oecontcs)) = o) Plull Loe (14 Coa-1),r(14+ Coa-1)))»
IVl o1 criacm)) = (ra™ )™ (ra™ )| Vatl 1o e(r(1+:Cra—1) (14 Caa-1))):

1A 4| o (c(14.Co1405)) = (ra™™) "2 (ra™ 2| A null Lo(e(r(14-Coa-1)r(14 Coa1)) -
By applying local elliptic regularity estimates, in particular [GT01, Theorem 9.11] and by
deducing from (1.15),

ATHER < (A@)€,€) < Mféf, [AY (2) = A9 (y)| < Cra” HAslz — y| < Asglz —yl.
we obtain that there exists C' = C(A4, p, Cp, C1,Ca,C3) > 0 such that

||V:vﬂ\|Lp C(14+C1,14Cy)) S <||AAU||LP(C(1+CO,1+03 "’HUHLP 1+Co,1+cs)))'

Then we use the previous relations between the norms of 4 and u and their derivatives to get

ra” Vol o (r(14+Cra-1)r(14-Caa—1)))

< C((m_l)Q||AAU||Lp(C(r(1+coa—1),r(1+cga—1)))
+ Hu”LP(C(r(l-l—C’ooﬁl),7"(1-‘,—0304*1)))>'

We multiply the above estimate by (ra~!)=2 to get the expected result (2.8).
We prove the second point, we apply Gagliardo-Nirenberg interpolation’s inequality, see
[Nir66], to u defined by the relations (2.11) and (2.12) to get

- ~1/2 ~11/2
H“HLQ(C(HCoa‘l,1+Csa‘1)) < C”VWHLP(C(Hcoa—l,1+03a—1))||“”Lp(C(HCoa—l,1+cga—1))

+ Cllall o c1+Coa1,14C3a-1))-

Moreover, we have as before
il Lacarcotcs) = o) YU ull Lo coa—t)r(14+Cra1)))
il e (1401 ca)) = (ra™ )Pl Loe (1 Coa1)r(14Csa-1))

- —1\—d
IVaiill o c(14+Co140)) = (ra™) P (ra™ ) Vaull 1o e (r(14-Coa1),r(14+-Cra-1))) -
By putting these relations in the previous Gagliardo-Nirenberg interpolation’s inequality, we
obtain

[l Lo (e (r(14-Coa—1)r(14 Coatyy) (ra ) =41

<OV, uHLP (r(1+Coa—1),r(1+Csa~ 1)))(7"04 )_d/(Qp)(TO‘_l)l/Q
1/2 —d/(2
Il 51 coa1).rarosaty) re7) /e
+ Cllull zo (4 coat)r(1+Cratyy) (ra ) 74 @),
that simplifies into (2.10) by using (2.9). O



2.4 Proof of the growth estimate on small concentric balls for A-harmonic
functions

The goal of this part is to prove Theorem 1.3.
The proof of (1.18) will be quite long and rather technical, while the proof of (1.19) will be
a straightforward corollary of a generalization of (1.18) that we state below, see Lemma 2.6.

Proof of (1.18) of Theorem 1.3. We split the proof into several steps. It is worth mentioning
that the first three steps are strongly inspired by the original proof of L?-Bernstein estimates
for Laplace eigenfunctions from [DF90a).

Step 1: Carleman estimate to a truncated version of u. Let us take y € C°(Bs;[0,1])

be a cut-off function such that

x =0in B(0,7(1+4 (1/4)a™ 1)),
x =1in B(0,15/8) \ B(0,7(1 + (1/2)a™1)),
x =0in B(0,2)\ B(0,31/16),

satisfying the estimates
Vx| < C, |D?>x|<C,  zeB(0,31/16) \ B(0,15/8), (2.13)
and
Vx| < Crta, ID*x| < Cr2a™%, € B(0,7(1+(1/2)a " )\B(0,7(1+(1/4)a"1)). (2.14)

We define f = xu, note that f € HZ_(Bs) with supp(f) CC Bz \ B(0,7) so we can apply
the Carleman estimate (2.2) from Lemma 2.2 to f to get
4
a3/ p 72 f2da + 2 p 2| fPPde < C | pPT2Y|AAf|Pda. (2.15)
B>

2
™ JB(0,r(14+2a-1)) Bs

We now use the elliptic equation (1.16) satisfied by u to deduce from (2.15)

4
a3/ p 2 |l dx + a_2 / p 23 ul?dr < C(I) + 1), (2.16)
By T JB0r(1+a1))
where
I = / P (VXP IVl + [[VX P + DX P |uf?) e, (2.17)
B(0,r(14+(1/2)a=1))\B(0,r(1+(1/4)a—1))
and

I = / P2 (VX PVl + [V + [D*x [P Jul?) da. (2.18)
B(0,31/16)\ B(0,15/8)

Step 2: Absorption of the boundary terms. The goal of this step would be to absorb the
cut-off terms from (2.16) that are located near the boundary of B(0,2) that is the term I3 defined
in (2.18). First, we have (2.13) then, by (2.13) and from local elliptic regularity estimates, it is
straightforward to get that exists a universal positive constant Cs > 0 and a positive constant
C = C(A) > 0 such that

I < Cexp(—Csa)(sup |ul)?. (2.19)

Ba

10



Moreover, we can give a lower bound of the first term in the left hand side of (2.16) of the
following form by using the definition of x and local elliptic regularity estimates

043/ p 2P ufPde > C exp(—Cha)( sup  |ul)?, (2.20)
Bo B(wo,1/4)

where 0 < Cy < C3 and g € By be such that |xg| = 3/8. Now by using the vanishing order
estimate (2.4) from Lemma 2.4, note in particular that x = 1 in B(xg,1/4) for r € (0, ¢) with
¢ > 0 small enough, we deduce from (2.20) that

a3/ p 2P uPde = Cexp(—Cha) exp(—CN) (sup |ul)?, (2.21)
BQ BQ

Now the punchline, by taking o > C(Cs, C3, A)N, we obtain from (2.16), (2.19) and (2.21) that
I, can be hidden in the left hand side of (2.16), that is there exists C'= C(A) > 0 such that

a4

a3/ p 22 )P d + 2/ p 2P ufdr < CIL. (2.22)
Bs ™ JB(0,r(14+2a1))

Step 3: Growth estimate at L?-regularity. The goal of this step would be to compare the
second left hand side term in (2.22) and the right hand side term in (2.22) to first obtain growth
estimate at L2-regularity. First note that p=2% has the same amplitude in B(0,7r(1 + 2a~1)) \
B(0,r) so one can simplify (2.22) by using (2.17) into

4
% / X lul*da
7 JB(0,r(14+2a71))

< C/ r2(IVx P Vul? + [[Vx? + D2 |ul?)da.  (2.23)
B(0,r(1+(1/2)a)\BOr(1+(1/4)a1))

Now we use (2.14) to deduce from (2.23) that

044

- / XQ‘ulzdx
T JB(0,r(142a-1))

s C/ r2((r )|Vl + (r2a?)?uf?)da. (2.24)
B(0,r(14(1/2)a= 1)\ B(0,r (14(1/4)a—1))

By using the scaled local elliptic regularity estimate (2.8) for p = 2 from Lemma 2.5 to the right
hand side of (2.24) we get for some Cy, C{; > 0 such that Cy < 1/4 < 1/2 < C}, < 3/4,

ot ot
— Clulde < C— lu|?da. (2.25)
" JB0,r(1+2a71)) = JB(0,r(1+Cha)\B(0,r(1+Coax))
In particular, (2.25) translates into
/ lu|?dz < C/ lu|?dz. (2.26)
B(0,r(1+2a- 1)\ B(0,r(1+2-1a~1)) B(0,r(1+Cha)\B(0,r(1+Coa))

Note that this type of strategy already appears in [DF90a] to obtain growth estimate at L2-
regularity leading in particular to the Bernstein estimates at L?-regularity for Laplace eigen-
functions, i.e. (1.6) and (1.7).
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Step 4: Initialization of the bootstrap argument. The goal of this step would be to
improve the growth estimate at L?-regularity (2.26) by employing scaled versions of local elliptic
regularity estimates and Gagliardo-Nirenberg interpolation inequalities from Lemma 2.5 by using
the equation satisfied by u, i.e. (1.16). First we have from (2.26) and (1.16) i.e. Aqu =0,

a4r2/ |u|?dx +r2/ |A qul?dx
B(0,r(142a=1))\B(0,r(142-ta~1)) B(0,r(142a=1)\B(0,r(1+2-1a—1))

gC’a4r2/ lu*dz. (2.27)
B(0,r(14C)a)\B(0,r(1+Coa))

We now use the local elliptic regularity estimate (2.8) for p = 2 to obtain from (2.27) that
o? / |V ulda
B(0,r(14+C3a=)\B(0,r(14+C2a71))

< Catr2 lu*dz, (2.28)

/B(O,r(lJrC(’)a))\B(O,r(lJrCoa))

for some positive constants 1/2 < Cy < 3/4 < 1 < C3 < 2. We now use the interpolation
inequality (2.10) for p = 2 with ¢ > 2 defined by (2.9) to deduce from (2.27), (2.28) that

oM ulls e a0 raresa) < COlr T ullaeo i conny s cganty): (229)

In particular, by using Holder’s estimate on the right hand side of (2.29) and the fact that the
Lebesgue measure of C(r(1+ Coa™!),7(1 4+ Cia~1)) is bounded by C(ra~1)%,

&2V ul| Laer(14 Cra1)r (14 Ca-1)))
< Ca?r7H ra™ Y U 2TYD ) L o1 Coat)arcga-tyy - (2:30)
By recalling (2.9) with p = 2, one can check that (2.30) simplifies into
[ullLaera+caat)r+csa1y) < CllullLaeearcoa)rarcsa1y):- (2:31)

In particular, (2.31) leads to a growth-estimate at L%-regularity that is

[l Lasorarosa1y) < Cllvll a0, (11max(cy.c2)a-1))) (2.32)

by adding [[ulze(B(0,r(14max(c),ca)a-1))) in both sides of (2.31). Note that C3 > 1 > 3/4 >
max(C{, Cy). The estimate (2.32) will not be used in the next, it only furnishes a growth
estimate at L?-regularity leading in particular to the Bernstein estimates at Li-regularity for
Laplace eigenfunctions. We need to iterate such an argument to reach L.

Step 5: Bootstrap argument. We iterate the previous argument starting from (2.29). Let
us define by induction

1 1/1 1 1
Py = 2, =—|—=—=)+— vn e {0,...,d —1}. 2.33

77 put 2( ) 2pn { J (2.33)
One can check that

Vn € {0,...,d =1} and pg = +oc0. (2.34)
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In the same way, we define

d

1

By = 2, /Bn—l—lzﬂn_i Vne{O,...,d—l} :>Bd:2—§, (235)
1 d

so=—1, sn+1zsn+§ Vn € {0,...,d -1} :>5d:—1+§- (2.36)

From an easy induction applied to the previous step, conjugated with the scaled version of
elliptic regularity estimates and Gagliardo-Nirenberg interpolation inequalities from Lemma 2.5
we obtain after d iterations that

Pt full o e r(1-+Cua1) 1+ cpaty) < COMr T ullaearcoaaiciamtyy. (237)

for some positive constants 27! < Cy < 3/4 < 1 < Cj; < 2. So (2.37) gives

_d _q44d _
722 ful| e e 1 Caa ) (1 Ca 1)) < COPr T lull L2 r(14-Coa 1) cra 1Y) (2:38)

We now apply Holder’s estimate to the right hand side of (2.38) and the fact that the Lebesgue
measure of C(r,7(1 4+ Coa™')) is bounded by C(ra~!)? to get

4
7212 Jul| Lo (e (r(14-Cua ) (14 Ca 1)

< 00427”71(7@71)(1/2HU”LOO(C(r(1+coa71),r(1+c(gml))),
that simplifies into
lull L c(r(1+040-1) ra+cla-1)) < Cllulle cr+coa—1)ra+cha—1))- (2.39)

Recall that the constants are such that 1/2 < Cy < 3/4 <1 < C/, < 2. In particular, this leads
to a growth-estimate at L°°-regularity that is

1l o (B(or(14c5a-1))) S Cllull Lo (B(0.r(14max(cy.ca1))): (2.40)

by adding [|ul|ze (B(0,r(14max(C),Ca)a-1))) in both sides of (2.39). If we replace r by 7/((1 +
max(C}), Cy)a™1)), we then get from (2.40)

[ull Lo (B(0.r(14cpa-1))) S CllullLeB0.): (2.41)
for another constant C?, > 0. We then recall that & > C'N so one has from (2.41)

lull oo (0. (14cpn-1))) S CllullB0,)- (2.42)
We then iterate (2.42) to finally deduce (1.18). O

From the proof of (1.18) of Theorem 1.3, one can also deduce the following result.

Lemma 2.6. There exist ro,C > 0 such that for every u € HL _(Bs) N L>®(Bsy) satisfying (1.16)
and (1.17), then for every r € (0,ro),

sup  Ju| < C sup |ul, Va € (0,2r). (2.43)
B(J}J’(l—i—%)) B(a,r)

Indeed, the proof of (2.43) consists in applying a modified version of the Carleman estimate
(2.2) in the punctured domain B(0,2) \ B(z,r). Details are omitted.

We can now pass to the proof of (1.19) of Theorem 1.3.
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Proof of (1.19) of Theorem 1.5. Let us then take y € B(0,r) be such that

‘qu(y)’ = Ssup ’varu‘
B(0,r)

By a scaled local elliptic estimate applied to the equation (1.16) and by using (2.43), we have
N N N
Veu(y)| <C— sup  Ju[<C—  sup  |u| <CO— sup |ul.
T B(y,rN-1) T B(z,r(14+N~-1)) T B(x,r)

This ends the proof of (1.19). O

2.5 From A-harmonic functions to Laplace eigenfunctions

The goal of this part is to prove Theorem 1.2.
We will first prove (1.13). In order to do this, we will start from the following result.

Lemma 2.7. There exist ro,C > 0 such that for every u € H\ (Bs) N L>®(Bs) satisfying (1.16)
and (1.17), then for every r € (0,79),

lull Lo (e (r(14Cga—1) r(1+Cha-1))) < Cllull Lo e, (r(14Coa1)r(14Cha-1))) - (2.44)
where Cp < 1/4<1/2 < Ci<3/4 and 1/2 < Cy<3/4<1<C)<2.

Here the subscript e is to insist on the fact that the annulus are understood in the Euclidean
sense. The proof of (2.44) directly comes from the proof of (1.18), see in particular the estimate
(2.39) in the proof of (1.18) above.

Proof of (1.13) from Theorem 1.2. We consider a system of local coordinates on M, and identify
the metric ¢ with a matrix (g;j)1<; j<a. We denote by g~! the inverse of this matrix and set
lg| = det(gi;). We recall that the Laplace-Beltrami operator has the following expression

B, = ———div(\/lglg~ V(). (2.45)

Vldl

where the divergence and the gradient are considered in the Euclidean sense.
Let us consider ¢y a Laplace eigenfunction, that is ¢y € C°°(M) satisfies (1.1). Let us set

u(z,t) = @A(x)eﬁt (xz,t) € M x R. (2.46)

From (2.45), note that w is harmonic in M = M x R with respect to the metric § = g ® dt,
which means that in local coordinates, u satisfies the elliptic equation

div(y/[9]g" ' Vu) = div(AVu) = 0 in M,

for some uniformly elliptic Lipschitz matrix A, satisfying (1.15). By the doubling index estimate
of Donnelly, Fefferman recalled in (1.5) and the definition of w in (2.46), we have that

Nu(B(0,79)) < CV/A, (2.47)

where rg = C(M,g) > 0.

Let & = (x,0). Now we consider normal coordinates in M centered at Z, and note that in
these coordinates A(Z) = Id. Now by using the fact that ra~! < ¢ and the Lipschitz assumption
on A, i.e. (1.15) one can obtain that

Co(&, (1 + Caa™b),r(1 4+ Cha™)) C Co(F,r(1 + Cga™b),r(1 + Cha™t)), (2.48)
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and
Co(Z,m(1+ Coa™),7(1 + Cha™b)) C Cy(Z,7(1 4+ Coa™ ), r(1 + Cha™t)), (2.49)

for other positive constants Cj, C~'6, Cu, CN'C’l such that C~'(’i > C~'(’] Therefore, we deduce from (2.48),
(2.49) and (2.44),

el o (e (ra+Caa 14 Gaary) < Cllll e e, (r14Goa=1) 1 Gpa1y)) (2.50)

Now, we add to the both sides of the estimate (2.50) the term HuHLoo(B(O F(1tmax(Gr.Cy)y) 1O 8E
) 0

el e, @ rarciayy S Ol o (5, tmaxcc Gra1) (2:51)
If we replace r by /(1 + max(é(’), Cy)a™1)), we then get from (2.51)
\|U||Loo(3(0,r(1+ééa71))) < Ollull oo (B(0,r))> (2.52)

for another constant C~’C’l > 0. We then recall that a > CN where N < Cv/\ from (2.47) so one
has from (2.52)

lull o (B(or(14cyvm1))) S CllullLe@or): (2.53)
We then iterate (2.53) a finite number of times to finally deduce (1.13). O
We then note that (1.14) is a consequence of (1.13).

Proof of (1.14) of Theorem 1.2. Let us take y € By(z,r) be such that

IVor(y)l = sup [V,

By(z,r)
By a scaled local elliptic estimate applied to the equation satisfied by ¢y, i.e. (1.1), and (1.13),
we have
VA VA VA
Vorl < C== sup o[ <C—~ sup oAl S C== sup [@al,

By(yrvA ) " By(ar(1+vA ) By(zr)

that is exactly (1.14). O

3 Extensions and open problems

The goal of this part is to state several generalizations of our main results Theorem 1.2 and
Theorem 1.3. For the sake of simplicity, we will only give sketches of the proof, the details will
be omitted. We also propose some open problems that can be investigated in the future.

3.1 On elliptic differential inequalities

First, we have the following generalization of Theorem 1.2.

Theorem 3.1. There exist ro,C > 0 depending only on M, such that for function ¢ € C°(M),
satisfying the elliptic differential inequality

| — Agp| < M| + p|Ve| in M, (3.1)
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where A\, u > 1, then for every x € M, r € (0,1¢),

sup lol < C sup |, (3.2)
(er(iomin(ct )
n max ()\2/3, ,u2)
sup [Vl < 2T (33)
Bg(x,r) r Bg(z,r)

The proof of Theorem 3.1 cannot use the standard lifting trick from (1.20) so one needs to
proceed differently.

First, by a standard L?-Carleman estimate and the arguments of [DF88|, the proof consists
in establishing the following vanishing order estimate for ¢.

e There exist 79, C > 0 depending only on M, such that for every function ¢ € C°°(M)
satisfying (3.1), for every z € M, r € (0,7¢),

sup |g0|<ecmax()‘2/3’“2) sup |- (3.4)
Bg(x,Zr) Bg(xﬂ")

Secondly, by the application of a L?-Carleman estimate on a punctured geodesic ball, taking
a > C'max ()\2/ 3, ,u2) to absorb the right hand side terms and by using the arguments of the proof
of (1.18) together with (3.4), one is able to prove (3.2) then (3.3). An extra technical difficulty
will appear in Step 4 and consequently in Step 5, because the adding of terms involving LP-
norms of Agu in the left hand side will introduce terms in function of v and V,u that needed
to be absorbed. This will be indeed the case by a bootstrap argument using scaled versions of
local elliptic regularity estimates and Gagliardo-Nirenberg interpolations inequalities applied to
u and V u.

Note that we can probably sharpen (3.2) and (3.3) when d = 2, assuming that ¢ is real-
valued by using the recent paper on vanishing order estimates in relation to Landis conjecture
on exponential decay of [LMNN20] or [LBS23|. When d > 3, and assuming that ¢ is real-valued,
we do not know if one can sharpen (3.2) and (3.3).

3.2 Manifolds with boundaries

The treatment of C'°°-manifolds M, possibly with boundaries i.e. M # (), are treated by the
following result.

Theorem 3.2. There exist rog,C > 0 depending only on M, such that for every Laplace eigen-
function gy € C°(M), i.e. satisfying

—Agpn =gy in M, (px =0 on dM) or (O,px =0 on OM),
then, for every x € M, r € (0,79), A > 1, (1.13) and (1.14) hold.

The proof of Theorem 3.2 can be obtained from Theorem 1.2 and the double manifold
trick, see for instance [DF90b] or more precisely [BM23, Section 3|, that consists in reducing
the question to the case of a manifold without boundary by gluing two copies of M along the
boundary in such a way that the new double manifold M inherits a Lipschitz metric, which
allows one to apply the previous results (without boundary) to this double manifold.
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3.3 Linear combination of eigenfunctions

An interesting open problem is the generalization of local L°°-Bernstein estimates for linear
combination of eigenfunctions. While global L>°-Bernstein estimates (1.4) have been established,
it seems that its local counterpart has not been investigated yet. Let us recall that from [JL99,
Theorem 14.3], the following result holds.

e There exist rg,C' > 0 depending only on M, such that for every linear combination of
Laplace eigenfunctions

Oy = > appy, ap€C, A>1, with — Agpy, = ey, in M, (3.5)
A <A

then for every x € M, r € (0,r9),

sup ]@Algec‘m sup | Pyl. (3.6)
Bgy(z,2r) By(z,r)

It is then natural to conjecture the following result.

Conjecture 3.3. There exist ro, C > 0 depending only on M such that for every linear combi-
nation of Laplace eigenfunctions ®,, that is satisfying (3.5), the following Bernstein estimates

hold

sup |®| < C sup |9, (3.7)
Bg<x,r<1+#>> Bg(z,r)
and
A
sup |V‘1>|<C’£ sup |®|. (3.8)
By(z,r) T Bg(x,r)

The main difficulty for obtaining Conjecture 3.3 comes from the fact that ® does not satisfy
an elliptic equation. The standard trick to remove this difficulty consists in setting

P(z,t) = Z ak%g@% (x,t) € M x R, (3.9)

<A

because AP is harmonic in M x R, with respect to the metric § = g ® dt. This transformation
(3.9) is crucially used for proving (3.6). A first attempt for proving (3.7) would be to adapt the
proof of (1.18) then (3.8) with a boundary L?-Carleman-type inequality in the spirit of [JL99,
Lemma 14.5|. Indeed, this boundary type estimate is useful for deducing an estimate of ® from
an estimate of ®.

3.4 Solutions to elliptic equations with bounded doubling index

Let us take a matrix A = (a”(z))1<; j<a Symmetric, uniformly elliptic, with Lipschitz entries,
that is satisfying (1.15). The lower order terms are given by W = W(x) € L®(By;C?) and
V € L*°(By;C) satisfying

(W) +|V(z)| < A3, =€ By,

for some Az > 0.
We have the following generalization of Theorem 1.3.
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Theorem 3.4. There ezist ro, C > 0 depending on A, W,V such that for every u € H} (B2) N
L*>°(By) satisfying
—div(A(z)Vu) + W - Vu+ Vu =0 in Bs,

and
N.(B(0,1)) < N, N>1,

then for every r € (0,79),
sup ul < C sup u]
B(0,r(1+%)) B(0,r)
and N
sup |Vu| < C— sup |ul.
B(0,r) " B(0r)
The proof of Theorem 3.4 will follow the lines of the one of Theorem 1.3, the lower order
terms W - Vu+ Vu are absorbed by the use of the Carleman parameter a > C||[W||%, —i—CHVHgég.
Again Steps 4 and 5 have to be modified to include a bootstrap argument applied to V u.

A Proof of the Carleman estimates

In this part, we introduce standard notations inspired by Riemannian geometry because it
simplifies the following formulae. We set

of

5¢f:8—xi

d
, Vol = (01f, . 0af), VI =AV.f, div(¢) =) 0:& and Af = div(Vf),
i=1
so in particular we have
First, we need to introduce standard notations inspired by Riemannian geometry. We do
this because it simplifies the formulae appearing in the proof of the next lemmas.
Let A~! = (a;;(%))1<i j<d the inverse matrix of coefficients of A.
For two vector fields ¢ and 7, we have

d

&= ay(@&n;, [ =¢-¢ (A1)

ij=1

With these notations at hand, when f, h are smooth compactly supported functions, we
have

div(A(2)Vf) = Af, A(f2) = 2fAf + 2|V |2, /fAhdx = /hAfdm: —/Vf-Vhdm.

The proof of Lemma 2.1 will follow the lines of the one of [EV03, Theorem 2|, by keeping
in the left-hand-side the whole anti-symmetric term of the conjugated operator, see Lemma A.1
for a precise formulation. Indeed, this term will then be exploited to give a more direct proof of
Lemma 2.2 than the one of [DF90a, Lemma A].

A.1 The standard Carleman estimate

The main result of this section is the following Carleman estimate, that leads to Lemma 2.1.

18



Lemma A.1. There exists a positive constant C = C(A) > 0, a radial increasing function

w =w(r) for 0 < p < 2 satisfying

_ w _
c 1<¥<C, CTI<Qpu(p)l <C - Vpe(0,2),

such that for every a > C, f € CX(Ba \ {0}), the following estimate holds

2
a3/ w12a|f|2daz—|—0¢/ w12a|me|2d:U—|—Oé2/ Akl |-’4(9)|2d5'3
Bo By

2
B, W

<O | wTAf|Pd,
Bs

where g = w™*f and

wVw-Vg 1 _4 4 wAw — [Vw]?

A(g) = |VU}|2 + 5 w9s w W7

together with the bound
|Fa < C.

Proof. We follow [EV03, Theorem 2|, sometimes line by line.
Let g = w™“f and we compute

a?|Vwl|?
w2

[Vuwl?

(A.2)

(A.3)

(A.4)

(A.5)

(A.6)

where the definition of A(g) is recalled in (A.4). We also set M/} the d x d symmetric matrix

1
M} = 5 (Mij + Mji)1<ij<ds

w

where, using the summation notation of repeated indices,

1. [wVw wa'* 9, w 1 wadow . 0 14

We split the proof in several steps.

Step 1: A first identity. The goal of this step is to prove that

[Vuwl?
w2

Jy = / <2a|v—;)|,4(g)>2, Jo = 2/ [2@.4(9) <Ag+a2|vw—“2)|29>] .

Then, we have

2
/|vw—w|2(w°‘Af)2 > 404/M£Vg -Vg+ oz/FfA(gz) + 40? A(g)%.
Let

2

w e
W(’U) Af)Q 2 Jl + J2.
First note that | |2
Vw
w2 A(g) g =0,

19
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so that from (A.4) and the identity A(g?) = 2gAg + 2|Vg|?,

2wVw - V
Jp = 4a/A(g)Ag - 2a/ <WA9— F§|Vg|2> +a/FwA(92). (A.13)

We now have the following identity

2(8 - Vg)Ag = 2div((8 - Vg)Vg) — div(8|Vg|?) + div(8)|Vg|?
— 20,800,909 + B 0a" 9,909,

and we choose
wVw

[V’
to get from (A.13) and the divergence theorem

8=

4a/A(g)Ag :4a/M;3Vg-Vg+a/F£A(gZ), (A.14)

where M/} is defined in (A.7) and (A.8). By gathering (A.10), (A.11), (A.12) and (A.14) we
obtain (A.9) so the conclusion of Step 1.

Step 2: Choice of w. For u > 1, a parameter to be chosen later, let

= (S o) o ([[“5a). o= ke g
o(x) = a;;(0)x;x; , o(s) = sexp _— , O(s) = ——~ = et :
i ’ ! 0 t s¢'(s)
We define
w(z) = p(o(x)).
With this definition, we can now compute
MAVo =0, (A.16)
R = FA0(0) - 00/ (0), M = ()2 + 00/ (0) (1= V280 ) ()
o
and
FAO —p — 2 MAO =, (A.18)

Notice that the following properties hold
¢'(r) >0, er < p(r) < Cr,
so we have
co <w(z) < Co, c< |Vw(z)| <C, |V|Vw|?| <C, |A¢| < Cw™!, |F,| <C.

Now we estimate the first two terms appearing in the right hand side of (A.9).
Let us treat the first term. From the second part of (A.17), we have

(Vo - Vg)2> ’

MA A — / 2_
wVg-Vg=0¢ (!Vg\ Vol
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and denoting by Vg the tangential components of the gradient of g along the level sets of o(x)

with respect to the metric Z‘ij:l a;j(x)dx;dx;, we have

- —— ZVu. (A.19)

From (A.16), (A.18) and (A.19), we have that
MV Vg = (M7 — M;}V)Vg - Vg.

On the other hand, a computation and the Lipschitz condition on the matrix A give that there
exists C' > 0 depending on on d and A, As such that

M5 = MO < Co,

so that
/ M}Vg-Vg > / a(¢ — C9)|Vy|? (A.20)

Now we estimate from below the second term appearing in (A.9). We observe that

Fl = (d—2)¢+ (Bp—o¢)),

where B = F (;4 — F;‘ ©) that satisfies by using the Lipschitz condition on the matrix A,
|B(x)| < Co.
So we have from the identities
~ Vuw - Vg)?
Ag* =2gAg +2|Vg|*, |Vg|> = |Vg|* + #,

that

[ Eia) = -2 [0 +2 [(Bo-ooeng

(Vo -Vg)?

A21

+2 / (Bé — o)) Tyl +2 / (Bé — o)

From (A.6), we then have that the second term of (A.21) writes as follows

2 / (Bé — 0¢/)gAg = 2 / (Bé — od)gA fur®

lez 2

2

w2

gA(g). (A.22)
Thus, from (A.20), (A.21) and (A.22) we have for a > 1,

4a/M£vg-Vg+a/FwA(92)

2
Vol 2 g (aos)

w2

> % / (08 — 2006+ Be)|Vg|? + 207 / (0 — Bo)

where for some constant C' > 0 depending on d, A1, Ao and p,
Vo -Vgl?
m<c (o fuldra [ elglag+a? [u il +o [ ) (a2
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By choosing = C(d, A1, A2) sufficiently large, we then get that for some ¢ = ¢(d, A1, Ao, 1) >0

by using (A.23),

. 2
4a/M£Vg.Vg+a/FwA(gQ) > c(a/a\Vg[Q—i-Qa?’/a’vag’ gZ> - Ry

Once we combine (A.9), (A.25) and (A.24), we obtain the following

|Vw| 2 / N (2 3/ ,|Vw|2 / w
40 7 A(g)" +2a [ 0¢'|Vg|” + 2 Vo |2 Af)?

Vo - Vg|?
+C<g/w1f+a/w1ﬂwAM+¥/@1M@Nﬂ+@/wLﬁgﬁL>

This ends Step 2.

Step 3: Absorption. To conclude the proof, recall the form of A(g) and then
[Fal<C
Thus

w  |Vw- Vg|?
Vw> [Vuwl?

-1 2 |9|2

so that

Vo - Vgl|? |Vw - Vg|? _ _
o [TV o [V o [uta + o [urti

Vuw|? _
ca/Lz%¢MQP+ca/wle

Also,
2
ca? [vlawlel < 50 [ 2L A + ca? [urlg,

o [ul=glasi< [wiwian)? +ca? [ulg,

From (A.26), (A.29), (A.30) and (A.31), conjugated with

2 2
o [T a5 [ T

and

(A.25)

(A.26)

(A.27)

(A.28)

(A.29)

(A.30)

(A.31)

we obtain the expected inequality (A.3) and the bound (A.5) comes from (A.27). This concludes

the proof.

A.2 The L?>-Carleman estimate in a punctured domain

O

The goal of this part consists in proving Lemma 2.2. In the proof we assume that A(0) = I;. Note
that this is not a restriction because by local change of variables we can drop the assumption
that A(0) = I4, replacing ball by ellipses, technical details are omitted here for an accurate

argument.
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Proof. We start from (2.1) to obtain first

2
az/ ]Vuz)] |A(g)|2daz <C w2_2a|Af|2d:U.
B(0,r(142-1a-1)) W By

By using (A.2) and the assumption on f that vanishes in B(0,r), this translates into

ozzr_Q/ |A(g)Pdx < C | w2 Af|dx.
BO,r(142-1a1)) B,

Then we develop |A(g)|* by (A.4) to get that

2
OCQT—Z/ (wVw 2vg> <C w2_2a‘Af‘2d.%'+CC¥27”_2/ !ng\Q.
B(0,r(1+2-1a~1)) ’vw’ By B(0,r(1+2-1a1))

By using that A(0) = I4, the definition of ¢ in (A.15), the definition of the scalar product
between two vector fields in (A.1) we have that

Vw-Vg = A(Valp|) - AVag = Valp| - ANV ag = 9,9 + Valp| - (A% (2) — 11)Vag

By using the fact that A is Lipschitz, i.e. the assumption (1.15), we deduce from the two previous
estimates that

o 9,91
B(0,r(1+2-1a~1))

<C w272a|Af|2d:c +Ca?r2 / |F£g|2
B, B(0,r(142=1a=1))

—|—C’a2r2/ Vg2, (A.32)
B(0,r(142-1a~1))

By integrating along a radial line and by using that g vanishes in B(0,7), we obtain that

o [ oP<c [ 9,0
B(0,r(14+2a~1)) B(0,r(142-1a—1))

so from the two previous estimates

ot [ ol
B(0,r(14+2a~1))

<C | w | Af|Pdr + Ca’r? /

[FAg? + Car? / Vgl2.
B> B(0,r(142-1a"1))

B(0,r(142-1a~1))

Then, for o > C, using (A.5) one can absorb the second right hand side term to obtain

a4r2/ |g|2 < C/ w22a|Af|2d:U—i—Coz2r2/ |Vg|2.
B(0,r(142a~1)) B; B(0,r(142=1a~1))

We now come back to the variable f to deduce

0447'_2/ ‘f‘Zw—Qa
B(0,r(1+2a~1))

<o [ wmiagpar+can? w (V2 + | fR).
By B(0,r(1+2-1a™1))
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The second term can be absorbed recalling that r € (0,7¢) with 79 > 0 sufficiently small. Then,
we add to the left hand side

a47,2/ |f|2w2a+/ w2f2c|z|Af|2d:C
B(0,r(14+2a~1)) B(0,r(1+2a~1))

<C wQQO‘IAf]2dx+Ca2r2/ w2V f)2.
B; B(0,r(142=1a~1))

So, by a L? local elliptic regularity estimate, using that w=2® has the same amplitude in the
annulus B(0,7(1 4+ 2a71)) \ B(0,r), recalling that f vanishes in B(0,7), we then obtain

a47,2/ |f|2w72a +a2/ w72a|vxf|2dx
B(0,r(14+2a~1)) B(0,r(1+a~1))

<C w22a|Af|2dx—i—Coz2r2/ w2V 2
B> B(0,r(142=1a=1))

Therefore, one can absorb the last right hand side term recalling that r € (0,7¢) with ro > 0
sufficiently small to get

a47,2/ |f|2w72a +a2/ w72a|vxf|2dx
B(0,r(14+2a~1)) B(0,r(1+a~1))

< c/ w? 2| Af2dr.  (A.33)
B>
By gathering (2.1) and (A.33) we get the expected result (2.2). O

A.3 The modified version of the standard Carleman estimate

We have the following Carleman estimate whose proof is an easy adaptation of the one of
Lemma A.1.

Lemma A.2. There exists a positive constant C' = C(A) > 0 such that for every xo € B(0,1/4),
there exists an increasing function w such that

w(|z = @ol)

Ccl<g <C,

|z — x|

such that for every a > C, f € CX(Ba \ {zo}), the following estimate holds
a3/ w2 f12de + a/ w2V, fPde < C/ w? 2| A f|de.
Bs Bo Ba

Proof. The proof exactly follows the lines of Lemma A.1. Only the choice of w, coming from
(A.15), is different. We instead set

J 1/2
o(x) = Z aij(xo)T;x;
ij=1
Then the next estimates are established in function of w that behaves as |z — x|. 0
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