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Analysis and control of the vehicle roll dynamics using

Sum Of Squares polynomial approach
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Abstract The safety of vehicle travel relies on good stability performance, making vehicle motion
control a vital technology in vehicles. This paper focuses on investigating the impact of roll control on
vehicle performance, particularly in terms of avoiding rollover and ensuring lateral stability. By intro-
ducing a feedback roll moment, the roll motion can be effectively controlled. The paper considers two
roll reference generators: a static one aimed at zero roll, and a dynamic one based on the vehicle’s lateral
acceleration. The static roll reference generator enhances stability by employing a fixed reference, par-
ticularly beneficial during routine driving conditions. In contrast, the dynamic roll reference generator
continually adapts the roll angle reference in response to real-time vehicle dynamics and driving con-
ditions. These proposed reference generators can be paired with varying suspension systems — static
reference could be achieved using semi-active suspensions, while the dynamic one is integrated into
advanced active suspension systems, offering heightened adaptability and performance. To address the
roll control objectives, this paper proposes a novel Sum Of Squares (SOS) integral polynomial tracking
control. The proposed controller satisfies control bounds and considers control constraints during the
design phase. The effectiveness and robustness of the proposed control scheme are evaluated through
numerical simulations using a full vehicle nonlinear model in MATLAB/Simulink. The results of these

simulations are compared to super-twisting sliding mode and Lyapunov-based controllers.

Keywords Active suspensions, lateral stability, SOS approach, polynomial control, rollover avoid-
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1 Introduction

The roll motion of the vehicle plays a significant role in various vehicle performances, includ-
ing ride comfort, road adhesion, lateral stability, and rollover prevention. This importance is
particularly emphasized in critical situations where the roll motion control needs to collaborate
with other Advanced Driving Assistance Systems (ADAS) within an integrated Global Chassis
Control (GCC) architecture. Vehicle suspensions are responsible for achieving different perfor-
mance objectives related to vibratory isolation, road handling, and ride comfort. Depending
on the external power input, vehicle suspensions can be categorized into three types: passive,
semi-active, and active [1]-[3]. Recent research has shown increased interest in nonlinear control
strategies for active suspensions to handle uncertainties and nonlinear dynamics [4, 5]. This
paper aims to propose a method for integrating Active Suspensions (ASus) with other vehicle
stability controllers to enhance rollover avoidance and maintain lateral stability. By coordi-
nating these systems, the vehicle can operate within a larger stable range while engaging the
relevant ADAS controller. This approach effectively extends the functionality of ASus and
improves overall vehicle safety.

The connection between roll motion control and the occurrence of rollover is evident, as both are
influenced by lateral acceleration. Rollover refers to the phenomenon where the vehicle rotates
around the virtual axis connecting the wheels on the same side (left or right). ADAS systems
have addressed the vehicle rollover problem through braking (differential or normal), steering,
or within a GCC' architecture [6]. In [8], the authors propose the use of Direct Yaw Con-
trollers (DY C') where the desired yaw rate switches between two expressions. One expression
enhances lateral stability, while the other expression avoids rollover. At the low-level control,
the desired yaw rate can be achieved through simple braking, but this approach slows down the
vehicle. In contrast, [9] demonstrates better performance by using Active Differential Braking
(ADB) to achieve the same objective. Other relevant studies, such as [7], suggest controlling
the roll motion using steering and/or braking to prevent rollover, regardless of vehicle maneu-
verability. Authors in [10] investigate the rollover stability of wheel-hub motors and propose an
anti-rollover system for wheel-hub electric vehicles. In [11], the authors propose an observer to
estimate roll dynamics and a fuzzy logic controller for roll motion control. Enhancing lateral
stability relies on the dynamic coupling between vertical and lateral tire forces [12]. Numerous
studies have been conducted on ASus and (semi-)ASus to explicitly improve lateral stability
[13-17]. The primary objective is to prevent the saturation of tire lateral forces during corner-
ing, which can lead to lateral skidding of the vehicle. This objective is achieved by controlling
the vertical tire forces. However, this task can be challenging, especially in the nonlinear sat-
urated region where an inverse tire/road contact model needs to be evaluated. Researchers in
[18-20] propose various approaches to address this challenge, such as controlling the vertical
load transfer during cornering or minimizing the vertical displacements of the unsprung masses,
as these factors significantly influence lateral forces.

In [21], the authors demonstrate in the frequency domain that controlling the roll angle always

enhances lateral stability. The paper also presents the time and frequency domain analysis of
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the closed-loop system using direct Lyapunov control and Super-Twisting Sliding Mode con-
troller, showing improvements in roll avoidance and lateral stability using active suspensions.
However, these controllers have a drawback in their tuning phase, which relies on a heuristic
approach and requires a wide range of driving scenarios to ensure optimal performance. Ad-
ditionally, the Lyapunov model-based approach necessitates a good understanding of vehicle
parameters and the measurement of various vehicle dynamics variables, such as tire forces and
side-slip angle, which can be a complex task.

Recently, in [24], the authors propose evolutionary algorithms based on model predictive con-
trol for vehicle lateral control and roll motion control. Their approach aims to track the lateral
positions, sideslip angle, yaw rate, and load transfer ratio. Another method to improve control
performance is presented in [25], where the authors achieve zero dynamics through the design of
an input-output linearization controller. They further propose cooperative control to enhance
the motion stability of vehicles, utilizing a linear combination of the yaw rate and the sideslip
angle as the control output. The research paper given in [23] presents the development of an
active roll control system for passenger cars using a roll actuator with an electric motor. The
authors focus on understanding the roll dynamics of the vehicle and investigating the character-
istics of active roll actuators. They propose the use of the reference model method to establish
desired roll states, and model predictive control techniques are employed to regulate the rolling
motion effectively.

The advancements observed in various GCC' approaches have inspired our research to explore
a new synergy that combines rollover avoidance and the achievement of lateral stability goals
using active suspensions. It is important to note that the main objective of this study is not
to introduce a GC'C modular system that coordinates different ADAS as discussed in [22], but
rather to focus on controlling roll dynamics and understanding its impact on vehicle stabil-
ity. To achieve this, a novel Sum Of Squares (SOS)-based polynomial roll motion controller
is developed in this paper, considering the presence of roll motion perturbations and uncer-
tainties. The robustness and performance of the proposed controller are thoroughly studied
and evaluated. The SOS-based control framework proposed in this work introduces significant
innovations in two key aspects. First, it enables the computation of nonlinear control gains
using the SOS approach. This allows for the design of control strategies that can effectively
handle the nonlinearities present in the system. Second, the framework facilitates the design
of nonlinear polynomial control with saturation constraints, ensuring that the control inputs
remain within desired limits.

Previous attempts at applying the SOS approach to stability analysis of polynomial systems
have been presented in Tanaka et al. [26]. The stability conditions in this approach can be
formulated in terms of SOS and solved numerically, partially symbolically, using the SOSTools
software [27]. The potential of sum of squares programming for controlling nonlinear vehicle
systems using polynomial models has also been explored in [28]. Their study focused on solving
the lateral stabilization problem for a nonlinear vehicle system while considering input satura-
tion constraints.

In comparison to the existing literature, this research article proposes a novel control scheme
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that relies on polynomial functions to track a dynamic roll reference using active suspension
actuators. The main contributions of this work are as follows:

1. Detailed analysis of dynamic roll reference generation: The paper provides a comprehen-
sive analysis of the generation of dynamic roll references. It explores various factors that
influence the roll motion and proposes a method to determine the desired roll states based
on the vehicle dynamics. In contrast to the static roll reference, which enhances stability
by adhering to a fixed or predetermined roll angle reference and is thus less adaptable to
sudden changes in driving dynamics, the proposed dynamic roll reference generator con-
tinually adapts the roll angle reference based on real-time vehicle dynamics and driving
conditions. As demonstrated later in this paper, this dynamic approach implies improved

stability and superior handling, especially in varied driving conditions.

2. Development of a new robust integral controller: A novel robust integral controller based
on a polynomial approach is developed to control the roll motion. This controller takes
into account the nonlinearities and uncertainties in the system and provides improved

stability and performance.

3. Consideration of actuator dynamics constraints: The controller design phase takes into
consideration the constraints imposed by the actuator dynamics. This ensures that the

control inputs remain within the physical limitations of the active suspension actuators.

4. Calculation of controller gains using SeDuMi: The controller gains are calculated not only
using SOSTools but also with the aid of SeDuMi, which leads to an automatic computation
of the gains. This eliminates the need for delicate and heuristic tuning of the nonlinear

controllers, as required in existing studies.

The paper is structured as follows: In Section 2, the vehicle dynamics, particularly the extended
bicycle model, are briefly summarized. Section 3 discusses the effect of roll control on the
problem of rollover. Section 4 presents the global closed-loop architecture and introduces the
polynomial controller. In Section 5, the proposed controller is validated through simulations on
a full vehicle nonlinear model. The performance of the developed controller is also compared
with other controllers based on direct Lyapunov and sliding mode approaches. Finally, Section

6 provides a conclusion that summarizes the key findings and contributions of this research.

2 Vehicle Models

The literature on vehicle modeling is extensive and encompasses models of varying complex-
ity, tailored to specific applications. Researchers focusing on vehicle stability have developed
dynamics models in the horizontal plane, including longitudinal and lateral models [29-31]. Oth-
ers interested in passenger comfort and road handling have developed quarter, semi, and/or full
vertical models to describe roll, pitch, and vibrations of the sprung mass [30]. Numerous full ve-

hicle models have been proposed in the literature, taking into account the interactions between
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different dynamics. These models offer a comprehensive understanding of vehicle behavior un-
der various driving conditions, incorporating longitudinal, lateral, and vertical dynamics. They
are also valuable for simulating and evaluating different control strategies and aiding in the
advancement of vehicle technologies.

For instance, authors in [32] and [33] propose a full nonlinear vehicle model validated using the
SCANeR Studio vehicle dynamics simulator. The Pacejka tire model is utilized to characterize
tire forces. In this paper, to streamline the presentation, the equations of the full vehicle model
will not be presented. Instead, the focus will be on the application of the so-called extended

bicycle model for control synthesis.

2.1 Extended Bicycle Model

Figure 2: Roll motion (front view)

The extended bicycle model is a vehicle model that integrates the lateral and roll dynamics
of the vehicle. It is a simplified linear vehicle model that combines the vehicle’s yaw, side-slip,
and roll motion dynamics (refer to Figures 1 and 2). The model takes into account the indirect
effect of vertical load transfer on tires by incorporating the roll motion in the lateral dynamic
equations. Therefore, this coupled lateral-roll vehicle model is valuable for the development
of roll angle controllers and for assessing the impact of roll motion control on the vehicle’s
lateral stability. All the vehicle parameters used in this model are explained in Table 7.2 in
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Appendix 7.2. The construction of the extended bicycle model is inspired by the work presented
in literature [34] as follows:

I3 = Fyily+ Fyl, + 1.0,
MV (54—1[}) = Fyp+ Fyr + Myhef, (1)
(L + Mh3) 6 = MyhgV (841 + (Magho — Ko)9 — Cof + My,

where F, s and Fy, represent the lateral forces exerted by the tires on the front and rear axles,
respectively, and My denotes the active roll moment as a control input. The variables 6, ¢, Vv,
and (3 correspond to the vehicle’s roll angle, yaw rate, velocity, and sideslip angle, respectively.
It is assumed that the lateral forces Fy; and Fy, have a linear relationship with the side-slip
angle of the wheels, yielding:
Fyr=uCray,
Fyr = ,UfCrOéry
Here, Cy and C). represent twice the cornering stiffness of the front and rear tires, respectively,
and p denotes the coefficient of road adherence coefficient.

The wheels side-slip angles are determined using the following equations:

ﬂJrcscl,

af:—ﬂ— 1%
ar:—ﬂ—i—%.

where d,4 is the steering angle.

3 Roll motion effect on rollover problem
3.1 Rollover problem description

Vehicle rollover refers to the situation where a vehicle undergoes a rotation of 90 degrees
or more around its longitudinal axis, typically initiated by the lifting of two wheels on the
same side of the vehicle [35]. The risk of rollover can also be assessed with respect to the
axis joining the two remaining wheels in contact with the ground. Although rollover accidents
account for a small percentage (3%) of all road accidents, their consequences can be severe,
including traumatic brain injuries, broken bones, and fatalities. According to recent statistics
from the National Highway Traffic Safety Administration (NHTSA) of the US Department of
Transportation [36], approximately 35% of all passenger vehicle crash fatalities are attributed
to rollover incidents. The significance of rollover avoidance as a safety concern has been ac-
knowledged by various researchers and automotive organizations [12, 34]. Rollover incidents can
occur in two distinct ways: tripped and untripped, as identified by previous studies. Tripped
rollover occurs due to external forces acting on the vehicle, while untripped rollover arises from
excessive lateral acceleration or roll dynamics in a vehicle equipped with passive suspensions.
Untripped rollover can transpire during high-speed cornering or abrupt lane changes and can be

predicted by analyzing vehicle dynamics, unlike tripped rollover, which occurs spontaneously.
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From the full vehicle model, the roll dynamics is equivalent to:

1
= [(=Fpy + Fp)ts + (=Fpp + E) te + My (h 0) + 2,
IerMshg[( pr o+ Fp)ty +( + Fo) tr + Mg (hg cos () + 24) ay "

+ M, (hg sin (0) + z5) g + My,

i

as shown in Figure 2, where z, is the sprung mass displacement, a, is the lateral acceleration,
F;; is the passive suspension force on the vehicle corner ij (i = {f : front,r : rear} and
Jj={r:right,l:left}), and My is the active roll moment to be generated, such as:

M9 = (_Ufr + Ufl) tf + (_Urr + Url) ty. (5)

where U;; represents the suspension actuator active force.

As depicted in Figure 3, the suspension system and tires undergo dynamic motions and vi-
brations that depend on the deflections of the suspension and tires, as well as the vertical
displacements of the sprung and unsprung masses. At each corner ij of the vehicle, the dy-

namic equations for the suspension and tire system can be expressed as follows:

Fij = =Kiij (%55 — Zus.ij) = Cs,ij(Zs,4j = Zus.ij) (6)
F,ij = —Ktij(2us,ij — #rij) = Crij(Zus,ij — #r,ij), (7)
F, i = Fy; + Uy, (8)

where K ;j, Cs 5, K5, and Cy ;5 are the suspension stiffness, suspension damping, tire stiff-
ness, and tire damping coefficients, respectively. 2z ;;, Zus,ij, and z;; represent the vertical
displacements of the sprung mass, unsprung mass, and the road profile, respectively. Fy ;; de-

notes the total suspension force, which is the sum of passive and active suspension forces.

Lzus,ij l

m

CM Z, T z,ij
,II’U_i

=
A A A

s

tij

R

Figure 3: Quarter vehicle vertical model

The roll angle of a vehicle is primarily influenced by the passive suspension forces Fj; and
the lateral acceleration a,, as indicated by the roll dynamics equation (4). During high-speed
cornering, the lateral acceleration increases, resulting in the induced roll angle shifting towards
the outside of the corner. This poses a risk of rollover for the vehicle. To mitigate this risk, an
active roll moment My needs to be generated to counteract the roll motion.
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3.2 Dynamic Untripped Rollover

The suspension system of a vehicle introduces flexibility, which implies that it cannot be
treated as a rigid body. In order to analyze the motion during a rollover event, the vehicle is
simplified to have one degree of freedom, represented by the roll angle 6 between the suspended
and unsuspended masses. This simplified model is depicted in Figure 2. By taking the moments
of all forces around the axis that joins the outer wheels (according to Newton’s law), the
equilibrium is maintained prior to the vehicle initiating a rollover if the following condition is

met:

Msayh — Msg(ty — (h — hy)sinf) + F,;2t; = 0. (9)

The equation (9) includes the inner vertical force F.;, which represents the sum of the vertical
forces exerted by each pair of tires on the same side of the vehicle. As the vehicle speed
V' increases or the turn radius R decreases, the lateral acceleration a, also increases. The
equilibrium described in (9) is maintained by a natural decrease in F,; while ensuring that a,
remains within certain limits. Eventually, F; reaches zero, indicating that the inner wheels
have lifted off the ground. By assuming small angles, the equation can be simplified to:

Gy Nift-off = M% (10)
where ay 1ift-off TEpresents the minimum lateral acceleration that leads to wheels lift-off.
This analysis does not account for the transient response of 6, which could lead to a roll
overshoot and increase the risk of rollover even at lower lateral accelerations. Additionally,
uncertainties such as measurement errors, changes in tires or ground contact surfaces, and
vertical shifts in the center of gravity, which could contribute to rollover, are not considered.
To ensure safe driving, a safety factor of 0.7 is proposed for the total ay iif-of calculated in

Equation (10). This introduces a new variable, Qy safe; defined as follows:
Ay safe = 0.7ay lift-off = 07@9- (11)

If the lateral acceleration exceeds ay safe, there is a risk of the inner wheels lifting off during
cornering, potentially leading to rollover. Therefore, to prevent rollover, the lateral acceleration
a, must be kept below this threshold [21].
The analysis presented in this context provides an alternative way to quantify the rollover risk,
which is equivalent to the Load Transfer Ratio (LTR) defined in [30]. The LTR is a measure
that indicates the extent of vertical load transfer from the inside to the outside wheels of a
vehicle during a turn or cornering. It is defined as the difference between the vertical forces on
the right and left side wheels divided by their sum:

o Fzr - le
B Fzr + le .
When the inner wheels lift off the ground, the LTR reaches 41, indicating a rollover risk.

LTR (12)

The LTR varies between —1 and 1, and a rollover risk is detected when its absolute value
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exceeds a certain threshold LT R. Conversely, when the LTR is below a lower threshold LT R,
the vehicle is not at risk of rollover.

3.3 Roll Reference Generation

Rollover zone

Uncertain zone

Safety zone a
Yiife—off

aysa/e
100 S0
Safety range : ‘

Figure 4: Rollover risk evaluation

In order to prevent rollover situations, the Active Front Steering (AF.S) and ADB systems
work to reduce the lateral acceleration a, to keep it below a,_,, , while the ASus, semi-ASus,
and Active anti-Roll Bar (ARB) systems aim to increase the maximum safe lateral acceleration
y safe Dy controlling the roll angle [21].

Note that ASwuss, semi-ASus, and ARB are distinct technologies that contribute to man-
aging roll motion in dynamic scenarios [30]. ASwus have the capability to apply forces to
individual wheels, effectively counteracting the impact of body roll during cornering. Through
the independent adjustment of suspension settings for each wheel, active suspensions optimize
the vehicle’s interaction with the road, minimizing body roll. In comparison, semi-ASus can
also adjust damping forces and/or spring rates but are constrained by limitations compared
to active suspensions. Their parameter variation is confined within specific limits, and they
lack the capacity to actively apply forces to the wheels. ARB function as integral components
connecting the left and right wheels of an axle, purposefully designed to resist the vehicle’s body
roll during cornering. For example, the process of stiffening the semi-ASus or the ARB aims to
decrease the vehicle’s roll angle towards zero. This procedure establishes aysq¢e, as evidenced
by equation (11), preventing rollover without necessitating a reduction in lateral acceleration.
The distinctive contribution of the ASus system lies in its ability to continue turning the roll
angle in the negative direction, towards the inner side of the corner. This feature results in a
higher shift of ays, s, enhancing safety margins. The desired roll angle, 04, is thus determined
as follows:

- It is set to 0° at zero lateral acceleration (on a straight road).

- It is set to the maximum achievable roll angle 10° (based on vehicle design constraints [37])
at a lateral acceleration equal to the maximum static safe lateral acceleration threshold 0.7% g.
- To ensure a smooth transition, a linear mapping between 4.5 and a, is desired. Therefore,
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the appropriate roll angle 845 is formulated as:
10-Z-
045 (13)
0.75 g

edes =

Figure 4 illustrates the safety range, which represents the difference between the vehicle’s lateral
acceleration and the maximum safe lateral acceleration as a function of the vehicle’s roll angle.
The figure also demonstrates that adjusting the vehicle’s roll angle towards 4.5 as defined
in Equation (13) has a more significant effect on increasing the safety range compared to
minimizing the roll angle towards zero (f4es = 0). Based on the analysis given above, the
strategic control of roll motion in the opposite direction could play a central role in vehicle
dynamics control, offering a multitude of benefits. These include enhanced lateral stability,
prevention of rollover incidents, optimized tire contact for improved traction, and adaptive

response to diverse driving conditions. Let’s resume the key aspects:

e Counteracting forces: by actively controlling roll motion in the opposite direction, the
vehicle’s suspension system applies forces to counteract lateral forces arising from dynamic
maneuvers.This counteraction plays a crucial role in maintaining a more balanced and

stable posture for the vehicle.

e Preventing rollover incidents: actively managing roll contributes to maintaining the vehi-
cle’s stability, lowering the tendency to tip over, and thereby mitigating the risk of rollover

incidents, particularly in scenarios with high lateral forces.

e Optimizing tire contact and traction: control of roll ensures optimal contact between the

tires and the road surface during lateral movements.

e Real-time adjustments: the active control of roll allows the vehicle to make real-time

adjustments, adapting dynamically to changing driving conditions.

Simulations given in Section 5 illustrate the significance of controlling roll motion in the opposite

direction.

4 Closed-Loop Control Architecture

The primary objective of this section is to develop a new robust controller for roll motion
control using SOS (Sum of Squares) techniques. The overall closed-loop control scheme is
depicted in Figure 5. It consists of the roll reference generator block developed in subsection
3.3 and the roll control block (polynomial controller). The roll angle error and its first derivative
serve as inputs to the roll control block, which generates the control signal My. This control
signal can be produced by utilizing the four active forces U;; of the active suspension system
(ASus). The process of generating this control signal is performed in the control allocation unit
and is described by Equation (14):

I, M,
Up=05——="2 U;, =-05

My LMy Ly
lf—i—lr ty

Ly
Uy =05 , Uy =—05
g1, ty " lf+1p tr Iy +1,

My

)

tr
(14)
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Figure 5: Control scheme

Figure 6: Active forces distribution

This particular distribution of forces is chosen to avoid any influence on the pitch angle
and the bounce displacement, as shown in Figure 6. Previous studies in the literature have
focused on controlling electro-hydraulic actuators to track a desired force specified by an ASus
controller [30]. However, in this paper, we do not delve into the control of the actuator valve.
Instead, we employ a simplified actuator model to address the constraints of the actuator, which
mainly involve response time (cut-off frequency f) and saturation (maximum achievable force
Uijmax)- This allows us to obtain a feasible active suspension control input. The actuator
model is described by Equation (15):

UZ*J =2m f x (min(Uij, Uijmaz) — US)- (15)

One crucial requirement for the actuators is to have a sufficiently high response speed and the
ability to generate adequate force to effectively control the vehicle dynamics. The appropriate
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selection of actuator characteristics is discussed in [21], where f = 10 Hz and U max = Umax =
4800 N. As shown in the subsequent sections, the controller gains will be calculated to respect
the constraints of the actuator dynamics.

4.1 SOS Preliminaries

In this subsection, several fundamental definitions and lemmas derived from [38] and [39],
are presented. These definitions and lemmas play a crucial role in the subsequent stages of the
controller design process.

Definition 4.1 A polynomial ¥(z(t)) is a Sum Of Squares (SOS) if there is a set of
polynomials ¥;(x(t)),i = 1, ..., s such that:

V(z(t) = Zzb?(fv(t)), (16)

Consequently, if ¥(z(t)) is SOS that means ¥(z(t)) > 0,Vz(t) .
Definition 4.2 Define the following subsets of R™

YWz (1)), 1) = {a(t) € R «T ()W (a(t))x(t) < 1} (17)

where W (z(t)) is a symmetric positive polynomial matrix.

Note that W (z(t)) is a matrix that depends on the state z:(t). As a result, the domains of
attraction for the system may have a broader scope, allowing for the exploitation of the stability

region in nonlinear systems.
((Y,m) ={=(t) e R", [Ya(t)| <u} (18)

where ((Y, @) is a polyhedral set.

Lemma 4.3 [38] Let G, Y& R™*™ be given matrices, for x(t) € R™, if z(t) € ((Y,7)
then

sat(Gx(t),w) = co{N;Gx(t) + N Ya(t),l € [1,6]};0 = 2" (19)

where n,, is the dimension of the vector u, sat(.) denotes the saturation function and co. denotes
the convex hull.

_ _ S _
Hence, there were hy > 0,...,hs > 0 with Y h; =1 in a manner that
=1

5
sat(Gx(t),w) = Zﬁl (NG + N Y] z(t) (20)

Here, N; € R™*" s a diagonal matriz with elements either 1 or 0 and N;” = I,,, — N;. There

are 2™ possible matrices of this type.
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4.2 Polynomial Controller

As previously mentioned, the primary objective of the robust controller is to drive the
nonlinear roll motion, described by Equation (4), to either zero or a desired value 4es as
defined in Equation (13). The controller is designed to operate with any arbitrary reference
f4es and will be assessed for both zero and non-zero references.

First, let’s define:
o =0 — Oaes, (21)

where eg represents the error between the actual roll angle and the desired roll angle. The
objective of the control is to minimize the roll error variable ey and bring it to zero. To achieve
this, the SOS-based design is employed, which is applicable for controlling nonlinear systems
described by polynomial functions. In order to apply this design, the trigonometric functions

cos(f) and sin(f) in Equation (4) need to be approximated by the following functions:

sin(f) ~ 510 + s36°
52 o (22)

cos(f) ~1— 5

where s; = 0.9897 and s3 = —0.1460.

Then, the roll dynamics will be equivalent to:

1
I, + Msh2

+ My (ho (510 + s30%) + 25) g + My

.. 2
0 [(—Ffr + Ffl) ty + (—Frr + Frl) t. + My (hg (1 — 82192> + zs) Qy

(23)

To build the suggested polynomial controller, it is important to achieve the polynomial model

. qT
and control input of the rollover. Lets define x = [ 6 0 ] , and so the following mathematical

model is considered:

&= A(@)z + BMy + F (24)
here, A(6) 0 ! B 0 D 1
where, = , B= y D= e
Dy Mghg (s1 + 536%) 0 D, Tk Mets
0

F =G Fpr + GoFp + GsFpp + GaFry 4+ G5(0, 25)ay + Gezs, G1 = O , Gy = —Gh,

~Dity
0 0 0
Gs = yGa=—G3,G5(0,25) = 2 , Ge =
“Dst, Dy [Mhy (1- 56%) +2,] Dy M,g

As mentioned before, the controller gains are chosen to respect the actuator dynamics con-
straints —Upae < Usj < Uppae. Then,

_MG,max < M@ < M@,max (25)
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where My max = min(ty, ) (ly + 1) Upmas /0.5 max(ly,1,.).
To ensure that the active roll moment My is between —Mpg max and Mg max, we will use the

following polynomial system with saturation constraint:

& = A(0)z 4+ Bsat(My, My max) + F (26)
where
Mp max if My > Mo max
sat(Mg,Mo,max) = § My if — Mpmax < Mp < Mp max (27)
— Mo max if Mo < —Mp max

We aim to design a polynomial controller that achieves the objective of 8 — 0405 as t — co. To
accomplish this, we consider an augmented polynomial system that includes an output integral

error term, which is defined as follows:

e — / (6~ 640) di (28)

Combining (26) with (28), we obtain the following augmented dynamics system:

& = A(0)x + Bsat(Mg, Mp max) + F (20)
€1 =0 — Oges

The objective of output regulation under saturation constraints, is achieved by stabilizing the

system at an equilibrium state that yields 6 = Oqes.

The control law is defined as follows:

K;(0), i = 1,2, represent the gains of the controller. 6, 6 could be measured by the Inertial
Measurement Unit (IMU).
Let Y (#) be given as polynomial matrix, we got:

HAS C(Y(@), MG,maX) (31)

By applying Lemma 4.3, control law (30) considering actuators saturation constraints can thus

be written as:

é
sat(K1 (9)33 + K2(9)€1, Mg,max) = ZE[{(NlKl (9) + NI_Y(Q))l'—‘r(NlKQ(H) + Nl_Y(Q))el}
=1
(32)

with [ € [1,d]; § = 2"Mo and nyy, is the dimension of the control input vector My. Note that
in this case study, nar, = 1 and we have chosen N; = 1, and so N;” = 0.

The following augmented dynamics system is considered:
{ & =(A(8) + BK,(0))x + BEKs(0)e, + F

él =0 — edes
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. 4T
Let T = [z, el}T = {0, 9, el} , the polynomial model Z is described as follows:

T =A(0)T + Bsat(Mp, My max) + G1Fr + GoFpy + G3Frp + GyFyy + Gs(6, 25)ay + Gezs

+ G704es (34
0 1 0 0 0
where A(0) = | D;M,ghg (51 + 5392) 0 0|, B=| Dy |[,Gi=| —Dqts |,
1 0 0 0 0
0 0 0
Ge=| Dity |»Gs=| —Dyt, |,Ga=| Dit, |,
0 0 0
0 0 0
Gs(0.25) = | D [Mshe (1 - §02) n z} ,Ge=| DMy |.Gr=1] 0
0 0 -1

The polynomial controller is derived in the following manner:
My(0) =K(0)x
=K;(0)x + Kaz(0)ey (35)
=K11(0)0 + K12(0)0 + K»(0)e:

where K(0) = | K11(0) Kia(6) Ka(0) |
Substituting (35) into (34), the closed-loop system is represented as follows:

T = {A(0) +BK(8)} z + G1Fyr + GoFp + G3Frp + GuFyy + G5 (0, 25)ay + Gezs + Gr0ges
:H(a)i‘/ + GlFfr + GQFfl + G3Fr7' + G4F7'l + 65(07 Zs)ay + G6Zs + G79des
(36)

where H(0) = A1(0)+B1K(#). The regulator design aims to determine the polynomial gains
K(0) such that the closed-loop system is stable, and the output § asymptotically converges to
Oges- The stability analysis result is summarized in the following theorem.

Theorem 4.4 Let S > 0 be a diagonal matriz. The polynomial system described by
Equation (34) can be stabilized using a polynomial controller that adheres to the constraint (27),
provided that there exists a polynomial positive symmetric matriz P(T) ( where T = [0, e1]),
polynomial matrices Z(0) and T(0), and positive scalars €;(Z) > 0 for i = 1,2,3. These

conditions must satisfy the following SOS-based conditions:

vl (P(Z) — e1(Z)1)v1, is SOS (37)

’L}g( M02,maxr Tr(ﬁ) — 62(%)[)112 is SOS (38)
* P(z)

—vd (UT) + e3(T) vz is SOS (39)
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where v;, (i=1,2,3), denote symbolic decision vectors that are independent of T and to be declare
using Symbolic Math Toolbox (The decision vectors are meant to be unknown vectors), T,(0)
denotes the rth row of T(0) and My max, s the rth row of Mg max, r = 1,..., 01,

Q\(z) P@)S

Q(7) = -
@) SPE) —P@@)

QY@ = AM@)P®E)+BZ0)+zT(0)BT + P Z 3:1:1

+G1GT + GoGL + G3GL + G4GI + Gs(6, zs)G5T (0, z5) + GeGL + G,GT

A stabilizing feedback gain K(0) can be obtained from P(Z) and Z(0) as K(0) = Z(0)P~1(Z).
Remark 4.5 In SOS condition (39), by introducing a diagonal matrix S, we can obtain

polynomial gains K(6) that result in improved performance. By appropriately choosing the

diagonal elements of S, we can achieve a faster decay rate for the regulation error.

To analyze the convergence of the system (36), we consider a polynomial Lyapunov function
given by:
V(@) =3"P ' (2)z (41)
Here, as per Theorem 4.4, P~1(Z) is a positive definite symmetric polynomial matrix in z,
where Z = [0, e1]. In order to avoid introducing non-convex conditions, we assume that P~1(T)
only depends on states Z that are not directly affected by the control input. In other words, it
only depends on states whose corresponding rows in B are zero.

Taking the time derivative of V() along the control dynamics (36) results in
V@) =5 P @i+ A P @i+ 7 P G)F (42)
Therefore to calculate the gains K;(#), the following condition must be respected :
V(%) < 28T + F},Fyy + FiiFp + FLF, + F1Fy +alay + 20z + 05, 04es  (43)

This implies that V(%) < 0 for A (S)[Z[|* = [Fpell* + | Epell” + [ Frrll” + [1Frtll* + llay |
125]1% + [|des||* (Where Amin(.) represents the minimum eigenvalue operator).

The system’s Lyapunov stability condition V(Z) > 0 and V(Z) < 0 guarantees the boundedness
of z, where ¥ = [97 6, el}T. Consequently, the boundedness of the states 6, 0 and e, is
ensured. Furthermore, the boundedness of both 0 and édes dictate the boundedness of the second
derivative of e, é; = 0 — Ogos. Indeed, Oqes could be either 0 - if f4es is 0 - or function of the
jerk according to equation (13) and thus it is constrained for comfort and safety considerations
based on the vehicle dynamics properties [42].

In light of the aforementioned analysis, one can conclude the following;:

- €1 is bounded, then é; is uniformly continuous;
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- €1 is uniformly continuous and e; has finite limit as ¢ approaches infinity, then, Barbalat’s
Lemma [43] ensures the convergence of é; to zero as ¢ tends to infinity, signifying that 0
tracks its desired value:

lim é; = lim (0 — O4es) = 0. (44)

t——4o00 t—+o0

For more detailed analysis of the system stability, reader could refer to Appendix 7.1, and
[38, 41].

5 Controllers Validation and Performance Comparison

In the forthcoming section, the proposed controller’s effectiveness will be assessed utiliz-
ing the detailed vehicle model presented by the authors in previous references [22], [32], and
[33]. This model has undergone thorough validation across a range of driving scenarios through
the use of the SCANeR Studio vehicle dynamics professional simulator [44]. The comprehen-
sive model encompasses longitudinal, lateral, and vertical vehicle dynamics, incorporating the
complete Pacejka tire model. As a result, it stands as a highly reliable model that takes into
consideration various facets of vehicle dynamics, ensuring a precise evaluation of the control
approach’s performance. To validate the proposed controller’s ability to mitigate both lateral
instability and rollover risk, the fishhook maneuver will be employed. This maneuver involves
a rapid steering motion in one direction, followed by an equally rapid steering motion in the
opposite direction, as illustrated in Figure 7. By subjecting the vehicle to this challenging
maneuver, the control approach can be thoroughly tested under demanding conditions. Fur-
thermore, sinusoidal disturbances with a frequency of 8 rad/s and an amplitude of 4 mm will be
introduced to simulate small irregularities in the road profile. These disturbances help assess
the controller’s ability to handle external perturbations and maintain stability in real-world

driving scenarios.

Front wheels steering angle (deg)
o

-5
7.5
10 L L L
0 2 4 6 8
time (s)

Figure 7: Fishhook steering
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The vehicle initial speed is V' = 120 km/h, while the throttle and the braking pedals are
dropped. In the next, the performances of the proposed polynomial controller (PC) will be
evaluated and compared to Lyapunov and sliding mode controllers. For this purpose, the next

subsection briefly presents the corresponding control laws given in [21].

5.1 Lyapunov and Super-Twisting Sliding Mode controllers

In [21], a controller based on Lyapunov function has been proposed. The design process of
the controller ensures intrinsic stability, which is demonstrated throughout the paper.

The control input My using Lyapunov approach gives:

My = (I, + Msh3)[—M,,, + Oaes — (g 4 k10) (6 — Oaes) — (k1o + kap) (0 — Oaes)

t (45)
—0491620 fO (0 - edes)d’r]a

where

1

My, = m[(—Fﬁ + Fp)ty + (—Frr + Fr)tr + M (hocos(8) + zs)ay + Ms(hgsin(0) + zs)g]

(46)

Implementing this control input requires the measurement or estimation of various vehicle
parameters and variables, which can present challenges for real-time implementation of the
controller. The feed-forward command, consisting of —My., and (I + M,h#?), compensates
for all the dynamics of the roll angle expressed in equation (4), in addition to the robust feedback
terms on ey, its time derivative, and the integral of equation (45). The Inertial Measurement
Unit (IMU) measures 6, 6, and ay, while the suspension forces Fj; can be estimated from the
deflections of the suspensions. Obtaining z; requires appropriately tuned filters or observers.
Another controller based on the Super-Twisting Sliding Mode (ST'SM) technique has been
developed [21]. STSM is a second-order sliding mode control method that handles a relative
degree equal to one. It aims to drive the system states to reach a sliding surface within a finite
time and stay on this surface to ensure good tracking even in the presence of disturbances.
However, one drawback of ST'SM is the potential occurrence of chattering once the equilibrium
is reached, which can have a negative impact on the health of the actuators. The sliding mode
based control law, based on the Super-Twisting algorithm, is presented in [21] and can be
described as follows:

t
56 S0
M@ = —Oég|59 05 — 59/ —dr (47

| [sg| + ¢ o |sel +e€ )
where sy is the sliding surface, ay and By are positive gains carefully chosen to ensure finite-

Se
‘Sel-‘r&
where ¢ is a small positive value. It is worth noting that unlike the Lyapunov-based controller

time convergence. To reduce the chattering effect, an approximation function is applied,
mentioned earlier, the developed STSM controller formulated here can be considered as a
model-free controller as it neglects the control equivalent term of the control input.

For both the Lyapunov-based and ST'SM controllers, the selection of the controller gains has
been performed through multiple simulation tests under different scenarios. It should be ac-

knowledged that finding the appropriate gains for these two approaches is not a straightforward
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task. In the context of PC design using the SOS approach, the controller gains are automati-
cally calculated, as discussed in the next subsection. This feature not only saves time but also
contributes to more reliable and robust outcomes. For the simulation phase, we will use the
same values of the controller gains as those found in [21] for the Lyapunov-based and ST'SM

controllers.

5.2 Simulation results in nominal conditions
5.2.1 Polynomial controller gains

For the simulations, the vehicle parameter values given in Table 7.2 are considered (see
Appendix 7.2). The tuning matrix S (see Theorem 1) is chosen equal to diag {0.02,0.0085, 4.02}.
The determination of the controller gains involves the essential contribution of two MATLAB
toolboxes, SOSTools and SeDuMi. SOSTools to resolve Sum of Squares (SOS) optimization
problems, whereas SeDuMi is specifically designed to handle linear matrix inequalities (LMIs)
[45, 46]. When dealing with Sum Of Squares Programs (SOSPs), a strategic transformation
into SemiDefinite Programs (SDPs) is a key step. SOSTools seamlessly executes this conversion
process. In the realm of LMIs, SeDuMi assumes a crucial role by automatically computing gains
as an integral part of the solution. This feature of SeDuMi significantly offers benefits such
as efficiency, numerical stability, and versatility. Using Theorem 4.4, to articulate and address
the Sum Of Squares Program (SOSP) using SOSTOOLS, the process involves the following
steps: 1) Initialization of the SOSP, 2) Declaration of the SOSP variables, 3) Definition of the
SOSP constraints, 4) Utilization of the ” sossolve” command to invoke the solver (e.g., SeDuMi),
which transforms the SOSP into an equivalent SemiDefinite Program (SDP). The solver then
processes this SDP and reverts the obtained result back into solutions for the original SOSP.

5) Retrieval of the feasible solutions. As results:

Pi1(0) Pia(0) Pi3(0)

P(0) = * Ps(0)  Pa3(0) (48)
* * Ps3(0)

Pi1(0) = 57696% +1.791 x 10°

Pi2(6) = 202200 — 8.067 x 10°

Pi3(0) = —835.60% — 11240

Pyy(f) = 1.303 x 1076% + 2.003 x 107

Py3(f) = —193906% — 6758

Ps3(0) = 125802 + 1396

The obtained polynomial control gain is given as follows
K(0) = Z(6)P~1(0) (49)
with

20)=| 2:0) 22(0) 23(0) (50)
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Z1(0) = —9.287 x 10°6* — 1.593 x 10*°
Zo(0) = —9.6 x 10°0* —8.52 x 10°
Z3(0) = 2.518 x 1076% + 7.149 x 108

5.2.2 Controllers validation: static 0.,

This section compares the performance of three controllers, namely ST'SM, Lyapunov-based

(developed in [21]), and polynomial controllers, with the objective of minimizing the roll angle
to Oges = 0.

8 T T T T
R \ -~ Uncontrolled
br i % - -Controlled Lyapunov
/ ! Controlled sliding mode
4r i ! —Controlled PC
3% 'el
[0} i }
NI '-. s
= 0 W /
0 ) ;
Tof i {
Wi .‘ ."!
6 “\ - J
\./// T~
_8 1 1 1 1 1 1 1

time (s)

Figure 8: Roll comparison; 84.s = 0

The roll angle comparison is depicted in Figure 8. The plot shows the roll angle of a vehicle
equipped with passive suspensions (uncontrolled roll), which reaches up to 7° in both directions.
All three controllers exhibit efficient performance in reducing the roll angle towards zero. In
contrast, the Lyapunov-based controller, in addition to its robust feedback control law (45),
compensates for all the dynamics of the roll angle to achieve this level of performance [21].
This implies that a comprehensive understanding of the components of My, is necessary in
real-world applications, including parameters identification, estimation, ideal modeling, and
measurement. On the other hand, the polynomial controller (PC') effectively controls the roll
angle by generating feedback from the roll angle itself (35), without requiring compensation
for roll dynamics. This characteristic is a result of the robustness of the polynomial control
law. Consequently, the polynomial controller holds an advantage over the Lyapunov-based
controller, particularly in real-time applications where estimations and measurements may be
imprecise, and the vehicle system may be subject to disturbances. The ST.SM controller also
exhibits satisfactory performance in controlling the roll angle towards zero. This is observed in

the results. Additionally, Figure 9 illustrates the lateral acceleration of the vehicle without any
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control. It can be noted that the lateral acceleration remains approximately the same for all the
roll controllers. The main objective of the controllers is to increase the maximum safe lateral
acceleration, as indicated in (11), which depends on the roll angle. Hence, minimizing the roll
angle towards zero effectively enhances the maximum safe lateral acceleration, as demonstrated
in the same figure. However, it becomes evident that roll control alone is insufficient at higher
lateral accelerations, which may occur due to higher speeds or sharper road curvatures. In such

cases, additional control strategies are necessary to ensure the vehicle’s stability and safety.

10 \

Sm s A AT e m o o lITaal

3 without roll controller
---ay with Lyapunov roll controller

3 with sliging mode roll controller
—ay with PC roll controller

- -ay safe without roll controller

- -ay safe with roll controller

Lateral acceleration (m/sz)
(==}

time (s)

Figure 9: ay comparison; 04,5 = 0

Figure 10 presents the lateral stability of the vehicle represented by its ”Stability Index”
(ST), which is determined based on the side-slip angle and its rate of change. The expression
for ST is provided in Equation (51), where the values of ¢; and g depend on the specific vehicle
parameters and road conditions:

SI = g8+ qh. (51)

The ST value is normalized and ranges from 0 to 1. A threshold SI indicates stable driving
conditions, while a threshold ST signifies critical lateral stability. When the ST value exceeds
SI, the vehicle enters an unstable region. Estimating the side-slip angle 3 and its velocity B
is necessary for the utilization of the ST criterion in monitoring. Figure 10 demonstrates that
the uncontrolled roll vehicle exhibits a lateral SI exceeding 0.7. However, the introduction of
the proposed controllers significantly improves lateral stability. Although the improvement is
not sufficient to bring the SI below 0.7, minimizing the roll angle to zero can complement the
other controllers, such as AF'S and the DY C, in a coordinated strategy known as the GCC.
This approach helps to prevent lateral skidding and enhance overall vehicle stability.
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Figure 10: ST comparison; 84.s = 0

5.2.3 Controllers validation: dynamic 6.

In this section, the controllers’ performance will be evaluated while controlling the roll angle
6 towards the desired angle 4.5 in the opposite direction, as indicated by Equation (13). Similar
to Figure 8, Figure 11 illustrates the roll angle for the uncontrolled case, the desired trajectory,
and the roll angle under the influence of the controllers. The Lyapunov-based, PC, and ST SM
controllers effectively track the desired roll trajectory. However, the ST'SM controller exhibits
some error due to its lack of knowledge about the roll dynamics. This transient behavior can
be improved by considering the equivalent control input. Taking into account the equivalent

control input can enhance the ST.SM controller’s performance and reduce the tracking error
in the roll angle.
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Figure 11: Roll comparison; 645 opposite direction
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Figure 12: ay comparison; 4. opposite direction

Figure 12 presents the lateral accelerations of both the uncontrolled roll vehicle and the con-
trolled vehicles. It is evident that the maximum safe lateral acceleration is increased compared
to the case where the roll angle is minimized to zero. This improvement eliminates the risk of
rollover within this range of lateral acceleration. Furthermore, Figure 13 illustrates the LT R
for the uncontrolled roll vehicle, which reaches a value of 1 (or -1), indicating a significant risk
of rollover. However, for the roll-controlled vehicles (Lyapunov-based, polynomial, and sliding
mode), the LTR is improved and reduced to 0.85 (or -0.85). The reduction in LT R signifies
enhanced stability and a decreased likelihood of rollover for the controlled vehicles compared to
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the uncontrolled vehicle. The controllers effectively mitigate the risk of rollover by regulating
the roll angle and its dynamics.

15 T T T
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Figure 13: LT R comparison; 04,5 opposite direction
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Figure 14: ST comparison; 4.5 opposite direction

In Figure 14, the lateral stability of the uncontrolled roll vehicle is shown to exceed the thresh-
old value of 0.7 and reach as high as 1.14, indicating a loss of lateral stability. This situation
arises due to the vehicle experiencing high lateral acceleration that surpasses the limit of lateral
acceleration handling (u.g) [30]. Additionally, the insufficient lateral forces on the inner tires,
caused by low vertical loads, exacerbate this condition. However, when the roll angle is con-

trolled towards the inside wheels, the vertical forces on these tires increase, resulting in higher
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lateral forces and improved lateral stability, as depicted in the same figure. Therefore, the
ASwus system plays a crucial role in maintaining the vehicle’s lateral stability, particularly after
sharp steering maneuvers, as the different roll controllers reduce SI to 0.7 or below. Figure
15 shows that the longitudinal speed of the vehicle consistently decreases during all the tests
at a constant rate. This decrease in speed is attributed to frictional losses and the aggressive
steering maneuvers. It is important to note that the roll control implemented in this study
aims to prevent rollover and lateral skidding, and it does not directly affect the vehicle’s speed.
Other stabilization controllers, such as Active Differential Braking (ADB), can have an impact
on the vehicle’s speed [30].

120" T T T
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~1151 \ = Vx with Lyapunov roll controller | |
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Figure 15: Vx comparison; 4.5 opposite direction

Figure 16 demonstrates the benefits of roll control in improving lateral stability and preventing
rollover, as evident from the generated trajectories. The trajectories produced by the roll control
approach closely align with each other, indicating its superiority over other controllers such as
AFS and ADB that are designed to achieve similar objectives, as explained in [30]. In Figure
17, the control inputs for the Lyapunov-based, polynomial, and sliding mode controllers are
depicted, which correspond to the forces provided by the ASus actuators. It can be observed
that their maximum value is approximately 4000V, and this value can be achieved without
saturation of the ASus actuators. However, it is important to note that the ST.SM controller
exhibits significant chattering between 7s and 8s, resulting in high energy consumption and a
lack of driving comfort, as observed from the same figure.
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Figure 16: Trajectory comparison; 4.5 opposite direction
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5.2.4 Performance comparison: static vs. dynamic roll reference
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Figure 18: ST comparison; 04.s = 0 vs 04,5 opposite direction

Turning the roll angle in the opposite direction requires more energy compared to simply mini-
mizing it to zero because it necessitates the use of ASus actuators, which consume more energy
compared to semi-ASus or Active Roll Bars (ARB) actuators. Moreover, integrating ASus
into production vehicles can incur relatively high costs. However, the results of this study
demonstrate the effectiveness of ASus in maintaining lateral stability and preventing rollover
when the roll angle is controlled in the opposite direction. Figure 18 provides a comparison
of the lateral stability index (ST) for the vehicle when controlling the roll angle towards zero
and when controlling it towards the desired angle (04.5) using a polynomial control technique.
The figure illustrates that controlling the roll angle in the opposite direction yields a greater
improvement in lateral stability compared to simply reducing the roll angle to zero. Therefore,
this technique has the potential to reduce the energy demand of other actuators utilized for
lateral stability, such as AF'S and Active Differential Braking (ADB).
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5.3 Robustness against parameters variation
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Figure 19: Roll comparison; 6.5 opposite direction with M + 30%
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Figure 20: Roll comparison; 645 opposite direction with h — 10%

To evaluate the robustness of the three controllers (Lyapunov, sliding mode, and polynomial)
under uncertainty, two types of uncertainties are considered: 1) an increase of 30% in the
total vehicle mass M, and 2) a decrease of 10% in the sprung mass roll arm hy from their
nominal values. The controllers’ gains are kept constant throughout the analysis. The roll angle
responses to these parametric uncertainties are depicted in Figures 19 and 20. The polynomial
controller exhibits varying roll angles during the transient phase but eventually reaches the
desired angle. The error rate remains minimal, not exceeding 1%. In contrast, the Lyapunov
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controller shows sensitivity to the uncertainties, with a higher error rate of up to 8% when the
total vehicle mass M is increased by 30%. This can be attributed to the requirement of accurate
knowledge of the components of My, for generating the control law. The model-free sliding-
mode (STSM) controller tracks the desired roll trajectory with an error rate of 5% in both
cases but exhibits some chattering. Overall, the polynomial controller demonstrates greater

robustness against the additional uncertainties, as it is minimally affected by their presence.

6 Conclusion and Perspectives

This study emphasizes the advantages of roll motion control in enhancing vehicle lateral

stability and preventing rollover incidents. A polynomial controller was developed to generate
the roll moment and effectively regulate the roll angle. A comparison between Lyapunov-based,
polynomial, and STSM (Sliding-Mode) controllers demonstrated that the polynomial controller
yielded superior and more reliable outcomes while requiring fewer measurements. Furthermore,
it was observed that controlling the roll in the opposite direction using active suspensions
offered greater benefits in terms of lateral stability and rollover prevention compared to simply
minimizing the roll angle to zero.
While active suspensions offer substantial advantages in managing roll motion and enhancing
overall vehicle dynamics as seen in the previous subsections, exclusive reliance on them presents
certain limitations and challenges. These include the inherent complexities and costs associated
with incorporating additional sensors compared to passive suspension systems. The continuous
requirement for electrical power to operate active suspension systems contributes to increased
power consumption. Furthermore, the addition of weight to the vehicle is a notable drawback
of active suspensions. Maintenance and reliability concerns also arise, with the maintenance of
active systems potentially being more intricate than that of passive systems. Notwithstanding
these challenges, active suspensions continue to stand as a powerful technology for advancing
vehicle dynamics, ride quality, and handling. Ongoing technological advancements hold the
promise of introducing innovations that may progressively alleviate some of these challenges
over time.

In the context of GCC, the roll control system can be activated based on two primary
conditions: when the lateral Stability Index (SI) exceeds 0.7 (to enhance lateral stability)
and when LTR exceeds 0.8 (to prevent rollover). However, the roll motion control can also
be activated at any time without compromising lateral stability or rollover prevention. The
activation conditions bring the advantage of minimizing energy consumption by the active
suspensions. This necessitates a higher-level decision or supervision layer to coordinate the
suspensions with other stabilizing systems such as AF'S and DY C within the GCC' framework.
Integrating the developed roll control into an integrated GCC' architecture represents a potential

future direction for this research.
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7 Appendix

7.1 Proof of stability

A stabilizing feedback gain K(6) can be obtained from P(z) and Z(f) as K(0) = Z(0) P~ (%)
[38].
Proof The constraints (37) guarantee the positive-definiteness of P(T).

At first part of the proof, we will prove that condition (38) assurances the set inclusion as follow

Y(P7H(2),1) € L(Y (Z), Mp,max) (52)
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This result on the one hand, V& € v(P~'(Z), 1), the following inequality
2Moy max, > Mo max, (1 + 3" P71 (@)T) > 2|V, (@)2],Vr = 1, ..., nag,

where Y;.(z) denotes the rth row of Y (Z) and Mg max, is the rth row of Mg max.
implies that

|}/;<§)5| > MG,maxT7 Vr = 1, weoy VM

On the other hand, condition (38) implies that

8

M02,maxr TT(
* P(

)

>0

=)

Define Y;.(z) = T;.(Z)P~'(Z). Pre and post-multiplying both side of (55) by

1

—— 0

VMo max, _ and its transpose, we obtain
0 Me’maxrp_l(f)

which implies that

M max. YT 5 1
R B @ >0
* MQ,maxTP_l(-’f) +7
This can be rewritten as follows:
Mo max, (1 + TP (Z)7) > 2|Y,(7)7]

This completes the first part of the proof.
We can calculate V() as follows :

Q —1/=
V(@) =z (H ()P~ (@) + P~ @H(©O) + > aPfo)M(e)%)’f

+ 5TP71(§)(G1Ffr + GoFpi + GaFrr + GaFry + Gs (8, 25)ay + Gezs + Graes)
+ (G1Ffr + GoFp1 + G3Frr + GuFr + G5(0, 25)ay + Gezs + G79des)TP71(§)EE

where A7(6) signify the jth row of A(6).
Q 1=
V(@) <" (| (0)P~ (@) + P H@H®O) + > OPT:(”E)A‘{ (03T
g=1 q

+ 77 P7H@)(G1GT + GaG3 + G3GE 4+ G4GY + G5(6,2:)G5(0, zs)™ + GG
+ GG )P @)T + FfoFpr + FfiFp + FrFrp 4+ FUFr +ab ay + 25 25 4 05..0acs

(59)

(60)
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If the controller gain yield :

Q 1=
HT(0)P~(F) + P~ @)H(0) + WTE(@M@)& + P71@)(G1G] + GG + G3GY )

+ G4GT 4+ G5(0,25)Gs5(0, z5)™ + G¢GE + G,GHYP~1(Z)+5 <0

g=1

For S = gT > 0, then
V(@) < — 38T+ Ff . Fp + FjiFp+ FLF + FFy + a)ay + 2l 2o + 00,,00es  (62)

This implies that V() < 0 for Anin(S)[|ZI* > [Fpll” + 1Fpl® + [1Ferl® + I1Fnll® + llay|® +
125]1* + [|des||” (Where Amin(.) denotes a minimum eigenvalue operator).

Next we show that the stability condition (61) is equivalent to the SOS condition (39).

The constraint (39) implies

QY (z) P()S
SP(z) —P(7)
By letting S = SP~1(Z)S and applying Schur complement to (63), we obtain :
QYZ) + P(z)SP~ 1 (z)SP(T) <0 (64)
Define K(0) = Z(9)P~(z) and Y(#) = T(9) P~ (). Pre- and post-multiplying the last expres-
sion by P~1(Z), we obtain:

HY(0)P~(Z) + P~ (Z)H() + Z MA‘I(Q)E

q=1
_ (65)
+ P HZ)(G1GY + GoGY + G3GL + G4GI + G5(0, 25)G5(0, 25) T + GG

+G,GHP @)+ 5<0
Therefore, (39) implies that V(&) < 0.

7.2 Vehicle parameters

Table 1 Vehicle parameters
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Symbol Description Value
Mes,ij Sprung mass mass at the corner ij 281.6[kg]
Mous,ij Unsprung mass mass at the corner ij 40[kg]

K fry Ko 11 Suspension stiffness coefficient (front tires) 20000[N/m)]
Kopr, Ks i Suspension stiffness coeflicient (rear tires) 13000[N/m)]
Cs,fry Cs 11 Suspension damping coefficient (front tires) 9830[N.s/m)]
Cs,rry Csri Suspension damping coefficient (rear tires) 3000[N.s/m)]
K, Tire stiffness coefficient 467000[N/m)
Cy Tire damping coefficient 500[N.s/m)]
ty Half front track 0.773[m]
tr Half rear track 0.773[m]
ly Wheelbase to the front 1.0385[m)]
Iy Wheelbase to the rear 1.6015[m)]
Height of the vehicle CG 0.58[m]
hr Height of the unsprung mass CG 0.31[m]
he Sprung mass roll arm 0.27|m]
he Sprung mass pitch arm 0.27|m]
M Total vehicle mass 1286.4[kg]
M, Sprung mass 1126.4[kg]
I, Roll moment of inertia of sprung mass 534[kg.m?
I, Pitch moment of inertia of sprung mass 1860[kg.m?]
1. Vehicle yaw moment of inertia 1970[kg.m?
I, Vehicle yaw-roll product of inertia 743[kg.m2}
g Gravity constant 9.81[m/s?)
u Road adherence coefficient dry surface= 1
Cy, Cr Front, rear tire cornering stiffness (bicycle model)  76776[N/rad]
Ky Roll suspension angular stiffness 30000[N.m/s]
Co Roll suspension angular damper 10000[N.m/s]




