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The spatial and spectral distributions of terahertz (THz) pulses emitted by two-color air plasmas are theoret-
ically investigated for focused laser pulses and in the filamentation regime. We derive a so-called augmented
conical emission model, which, like the one proposed by You et al. [Phys. Rev. Lett. 109, 183902 (2012)],
involves phase matching between laser harmonics along the plasma channel, the plasma density and length, and
the emitted frequency as key parameters. Our augmented model, however, treats envelope effects and accounts
for transverse variations of both plasma- and Kerr-driven potential THz emitters. We highlight the importance of
the characteristic spatiospectral distributions of these two conversion mechanisms in the expression of the angular
radiated power. The results of our model are successfully compared with data provided by a comprehensive,
fully space- and time-resolved unidirectional solver. Importantly, these numerical simulations clear up the
effective plasma length along which THz emission develops, compared with the dephasing length over which the
laser fundamental and second harmonic shift out-of-phase. The impact of common optical aberrations, such as
sphericity, astigmatism, and coma, on the THz generation is also investigated. Aberrations are shown to generally
decrease the laser-to-THz conversion efficiency and potentially induce spatial asymmetries and narrowing of the

THz spectra.

DOI: 10.1103/PhysRevResearch.6.043274

I. INTRODUCTION

The production of terahertz (THz) radiation is receiving
increasing interest in a wide range of domains, such as home-
land security [1-3], medical diagnosis [4—6], art conservation
[7-10], and archeology [11,12]. THz waves can propagate
through a few millimeters of optically opaque materials, pro-
vided the water concentration is low [13,14], and can be
used to identify complex molecules by coherent THz spec-
troscopy [15-18]. Other notable applications of THz waves
include control of leaf water content [19-21], plasma excita-
tion [22], electron acceleration [23], high harmonic (sideband)
generation [24-26], and the fabrication of ferromagnetic
structures [27]. Several emitters can produce intense pulsed
or continuous-wave THz radiation, including photoconductive
antennas [28,29], molecular (CH30H) gas sources [30], quan-
tum cascade lasers [31-33], and x® crystals that serve for
optical rectification [34]. However, THz time-domain spec-
troscopy (THz-TDS) requires broadband THz radiation to
access extended absorption spectra, allowing the identification
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of molecules or precise determination of the physics of broad-
band processes such as relaxation and conductivity. This need
can be fulfilled by ionizing a gas with an ultrashort multicolor
laser pulse. This method generates strong (~0.1-1 GV/m)
and ultrabroadband (>100 THz) THz fields with significant
conversion efficiencies (>10%) [35,36]. Another benefit of
this technique is the nondestructive nature of the mechanisms
at play, e.g., in air plasmas. The laser driver usually comprises
only two harmonics. However, recent theoretical and experi-
mental studies have shown that adding more harmonics to the
optical beam can dramatically increase the THz yield [37—41].

When a temporally asymmetric femtosecond light pulse
composed of a fundamental component and its second har-
monic reaches the ~10'* W/cm? intensity range, sufficient
to photoionize a gas (here ambient air) [42], an underdense
plasma is created. The electrons freed by this process are
then accelerated by the asymmetric laser field and induce a
photocurrent that contains a low-frequency component. This
quasi-DC contribution causes the plasma to radiate in the
THz domain. Although this process is usually exploited in the
so-called focused regime, where a plasma spot is formed a
few tens of centimeters after a focusing element (converging
lens or mirror), its efficiency was also confirmed in the long-
range filamentation regime [43] that results from a sequence
of local equilibria between Kerr self-focusing and plasma
defocusing maintained over meter-long distances [44]. This
second regime, which usually requires to operate in loosely
focused (~1 m focal lengths) or collimated beam propagation
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geometry, could be advantageous for THz-TDS of explosives
for safety reasons [45,46].

One specificity of THz wave generation by two-color air
plasmas is the typically conical shape of the THz radiation
[47]. In their seminal work, You et al. [48] and Oh et al.
[49] advocated that conical emission is due to interferences
between the THz waves produced at different places along a
generated cylindrical homogeneous plasma, as their polarity
changes with the phase angle between the two laser harmonics
caused by optical and plasma dispersion. Importantly, the
key parameters driving THz emission in this scenario are
the plasma length L, over which THz emission takes place,
and the dephasing length [;, over which the two pump har-
monics shift out of phase. The latter length depends on the
plasma density N,. Other models describing the angular THz
power spectrum have been elaborated in the literature; most
of them also assume a homogeneous plasma cylinder [50,51].
Although these assumptions are generally met, in practice,
optical beam distortions are always present. They can affect
the stability and symmetry of the emitter, thereby degrading
the generated THz radiation. An alternative theory [52] tried
to account for the role of plasma opacity, relevant for THz
frequencies lower than the local plasma frequency, as well
as oblique diffraction of THz waves through a transversally
varying plasma channel and the spectral sensitivity of the ex-
perimental detector. Although showing reasonable agreement
between semianalytical results and experimental measure-
ments, the authors do not share enough information about
key parameters in THz emission (selected THz frequencies,
plasma profiles, or the experimental detector frequency re-
sponses) to provide an accurate and convincing model for
conical emission. They claim the emission is always conical.
At the same time, one of the remaining problems to date is
the seemingly generic coexistence of on-axis emission at low
frequencies (< 5 THz) with a donut-shaped emission at large
THz frequencies (> 5 THz) in focused propagation [47,53—
55].

In this paper, we address this open question and more
generally aim at clarifying the THz spectral dynamics for
the two propagation regimes of interest mentioned above,
namely, a focused propagation producing short, cm-long
plasma channels and an extended filamentation regime pro-
ducing meter-range plasma channels. Because the model of
You et al. [48] cannot account for the effects of transverse
variations in the THz emitter profile, we propose a so-called
augmented model conveying this information through the
transverse spatial Fourier transform of both the electron cur-
rent density and the nonlinear (Kerr) polarization. To test
our model, we investigate the effects of common optical
aberrations (OAs) on the THz emission. In both propagation
regimes, a rigorous comparison is performed between the
model of You et al. [48], our augmented model, and com-
prehensive three-dimensional (3D) numerical simulations. We
show that, while the model of You et al. [48] describes the
main features of the conical emission, the augmented model
better reproduces the THz emissions for a transversely mod-
ulated laser beam phase, from a simple focusing lens to more
complex optical abberations. Last but not least, we demon-
strate that following the spectral dynamics along the length
of the generated plasma channel explains the abovementioned

coexistence of on-axis and conical emission in the focused
propagation regime.

This paper is organized into three parts. Section II in-
troduces the underlying physics of THz generation, mainly
dominated by photocurrents. It also recalls the 3D unidi-
rectional pulse propagation equation (UPPE) [56] and the
so-called local current (LC) model [50,57] that is extended
to include the instantaneous Kerr response. In Sec. III, we
establish the augmented THz emission model that keeps the
key ingredients of the theory developed by You et al. [48]
but accounts for (i) the spectral distributions characterizing
the propagation regimes through the baseline configurations
marked by different interplays between photocurrents and
Kerr effect, (ii) transverse variations in the emitting source
induced by laser spatial inhomogeneities or a simple linear
focusing phase, and (iii) optical envelope profiles and changes
in the laser polarization state, e.g., from linear to circular.
Results obtained from this augmented model are compared
with the THz spatiospectral distributions provided by vec-
torial full space- and time-resolved UPPE simulations. As
our model considers transverse distortions in the laser pulse
wavefront, Sec. IV is dedicated to the influence of common
OAs on laser propagation, plasma geometry, and THz radia-
tion. We model OAs using Zernike polynomials that affect the
input pulse phase [58]. We then compare the resulting angu-
lar THz spectra evaluated by our semianalytical model with
UPPE simulation results for the most common OAs in laser
experiments: sphericity, astigmatism, and coma. Section V
concludes this work.

II. PHYSICAL MECHANISM FOR THz GENERATION AND
LASER PROPAGATION MODEL

We study the THz emission by two-color femtosecond light
pulses that trigger air plasmas. The laser field can be either
linearly polarized along the x axis when the two harmon-
ics are oriented along the same transverse direction [linear
polarization—parallel (LP-P)] or circularly polarized when the
colors are circularly polarized and both rotate in the same
direction [circular polarization—same (CP-S)]. Authors of pre-
vious works [59,60] have reported that CP-S laser pulses can
increase by a factor ~4-6 the laser-to-THz conversion effi-
ciency compared with their LP-P counterpart. The temporal
profiles of the input pulse at z = 0 are chosen as

Erpp(ry, 1) = [E1 cos(wot) + & cosLwot + ¢)le,, (1)

1 |:5’1 cos(wot) + & cosQwyt + ¢)i| @)

Ecps(ry,t) = ﬁ & sin(wot) + & sin(2Qwot + ¢)

where wy is the laser fundamental frequency, ¢ the phase
angle between the two colors, and & » their envelopes being
initially Gaussian in time and space:

tz r2
Eia(rL 1) = \/rizEoexp {—tz— - —;} 3)

2 Wis

Here, E| is the laser amplitude, and #, » and w; » are the 1/ &2
duration and width of the two harmonics. The peak intensity
ratio of the fundamental to the second harmonic is determined
by r, =rand r; = +/1 —r, with 0 < r < 1. A focusing lens

043274-2



WAVESHAPE OF TERAHERTZ RADIATION PRODUCED BY ...

PHYSICAL REVIEW RESEARCH 6, 043274 (2024)

with focal length f is considered by adding a phase to the
input pulse in the temporal Fourier domain:

=~ =~ ( wr] >
E(ri.,w) > E(r,,w)exp| —i—=—= ). @
c2f
Later in Sec. IV, the transverse spatial dependency of this
phase term o rf_ /2f describing a perfect focusing lens will
be generalized to an (x, y)-dependent function Zpa(r, ), ac-
counting for OAs.

Photoionization caused by the laser pulse with inten-
sity ~1013-10'> W /cm? takes place in the tunneling regime
[42,61,62], leading to a stepwise increase in the free electron
density described by the rate equation:

azNe = W(E)(Na - Ne)’ (5)

where W (E) is the photoionization rate, and N, is the initial
neutral density (here, written for one species for simplic-
ity). The free electrons are then accelerated by the laser
field and generate photocurrents governed for nonrelativistic
plasmas by

2
@ + ve)Je = IfTNeE, ©6)

where v, denotes an electron-neutral collision rate taken as
V. = 2.86 THz. Although low-frequency radiation is mainly
generated from photocurrents, for weaker laser intensities
(< 108 W/cm?), an additional contribution to the overall
THz yield may be provided by the Kerr polarization, that
is, the third-order nonlinear response of the bound electrons
[47,63,64], reading

Pi(r,1) = eox PE?(r, 1)E(r, 1), (7)

with x® being the third-order electric susceptibility [65]
assumed to be nondispersive, i.e., x® = x®(—wp, wo, wp).
A second well-known action of the Kerr response is to
transversally compress the laser beam. It is maintained in a
self-focused state through optical self-focusing and plasma
defocusing sequences as its peak power remains higher than
the critical power for self-focusing [44]:

37223
877,’110112 ’

er 3
with ng = nepe(@o), nept(w) denoting the linear optical re-
fractive index of air taken from Ref. [66], and n, =
3x®/(4n3cep) is the nonlinear refractive index.

During propagation in air, the laser pulse can also excite
rotational transitions, mostly in N, molecules, leading to stim-
ulated Raman rotational scattering (SRRS) with polarization:

3 +o00
Pr(t) = §xK80X(3) / G(E, 1, T)R(1)dx. 9)
0

Here, xx is the ratio of SRRS to the total third-order re-
sponse, G(E, t, ) is a function that describes the third-order
interaction for arbitrary-polarized laser pulses established in
Ref. [67], and R(7) is the delayed Raman response func-
tion detailed in Refs. [68,69]. The ratio xg is estimated to
be &~ 80% according to Zahedpour et al. [70]. This delayed
nonlinearity affects the laser pulse propagation and, therefore,

cannot be omitted when comprehensive UPPE simulations
are performed. However, as shown in Refs. [64,67], the con-
tribution of SRRS to the overall THz yield is negligible
compared with the other sources (instantaneous Kerr response
and photocurrents), so only the instantaneous Kerr nonlinear-
ity Eq. (7) weighted by the factor (1 — xx) will be considered
when we further elaborate on our augmented model.

In the following, we shall perform a systematic comparison
between semianalytically computed angular spectra and far-
field THz spectra calculated using the UPPE [56,71]:

oE | _
e =i,/k*(w) — k* E
iow?

k@)

1 — _ _ _
[;(J€+JIOSS)+PK +PR:| (10)
Here, the notation

fky, o)

+o00
= // fro, t)exp(—iky -ry + iwt)dr, dt
—o0

refers to the Fourier transform of any function f(r_,¢) in time
and transverse variables, Jjoss 1S the loss current density asso-
ciated with photoionization, and k(@) = wngy (w)/c accounts
for the linear dispersion. In our analysis and simulations, the
propagation medium is ambient air, composed of 20% O,
and 80% N, with ionization energies U; = 12.1eV [72] and
U; = 15.6eV [72], respectively. The initial neutral density is
N, = 2.7 x 10" cm™3, and photoionization is modeled using
the ionization rate of Perelomov, Popov, and Terent’ev (PPT)
[62] with effective charge numbers Z;, = 0.53 and Z§, = 0.9
according to Talebpour et al. [73].

Two representative 1/e*> beam widths will be consid-
ered, namely, w; » = 250 um for spatially narrow beams and
wi = 2.5mm for broad beams. To simulate the latter in
the long-range filamentation regime and save computational
cost, a preprocessor was used, which integrates the linear
part of Eq. (10) before reaching the electric field threshold
of ~1 GV/m (~ 10'' W/cm?) above which the (Kerr) non-
linearity kicks in. Because the preprocessor solves a linear
propagation equation, the solution can be obtained analyti-
cally:

Ek,, o, z+ Az) = E(ki, o, 2) expliAz,/k(w)? — K3 ].
(1)
Further Fourier interpolation was then carried out to refine
the spatial resolution of the resulting data, which were used
as initial conditions for the UPPE simulations to properly
compute the subsequent nonlinear propagation. The spatial
resolution used in the UPPE simulations was Ax = Ay =
4 um for narrow beams and Ax = Ay = 5-7um for broad
beams and up to 15 um for the filamentation of beam profiles
distorted by coma. The temporal resolution was At = 100 as,
and a (comoving) time window of 1.5 ps guaranteed a spectral
resolution of Av = 0.66 THz.
In addition to performing costly UPPE simulations, we also
integrated the LC model [50,57,74], which neglects propaga-
tion effects and approximates the electric field emitted by the
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plasma and Kerr source terms as
E(0) « [—io).(©) — o"Pg(@)], (12)

with f(a)) denoting the Fourier transform in time of f(z).

III. THz EMISSION MODEL

Analytical results from the LC model provide the depen-
dence on the phase angle ¢ of the THz amplitudes generated
by photocurrents and Kerr response [60] as

J . K
ETHZ,LPfP X sin ¢ ey, ETHZ,LELP ox cos¢ ey, (13)

sin ¢ cos ¢
E"JFHZ,CPfs & ( ) EI"ISHZ,CPfs & ( )

cos ¢ —sin¢
(14)

Here, Ef,;, and EX, are the THz electric fields produced by
the photocurrents (index J) and Kerr response (index K) of
LP-P and CP-S pump pulses, respectively. In practice, plasma
channels extend over millimeter to centimeter lengths in the
focused regime and up to several meters in the (collimated
or loosely focused) filamentation regime. Over sufficiently
long propagation ranges, the optical and plasma dispersion
induce an important variation of the phase ¢ along the plasma
channel, i.e., for an axially homogeneous plasma:

PR =g+, (15)
where ¢ is the phase angle taken at the plasma onset distance.
The dephasing length [; represents the propagation distance

over which ¢ changes by 7 due to dispersion, that is,
4Re[n(2wgy) — n(wy)]’
with Ag = 2mc/wo, and Re denotes taking the real part of a

complex number. Here, n(w) is the medium refractive index
that accounts for the contributions of Kerr and plasma:

la (16)

2
“r (17)

2 _ 2
) = @)+ 2l = Ty

where Iy = csonoEg /2 is the incident pulse intensity, and
w, = \/€>N,/eym, is the electron plasma frequency. Here, we
recall that [; depends on N, through the plasma frequency
in Eq. (17). Note the difference by a factor of 2 with the
definition of the dephasing length of You et al., which is due
to a misprint in the original Ref. [48].

A. Conical emission model of You et al. [48]

Before dwelling upon our revised model, we find it instruc-
tive to recall the main ingredients of the theory of You et al.
[48] (see also Oh et al. [49]) that describes the THz inten-
sity radiated in the far-field by a homogeneous (N, = const.)
cylindrical plasma of length L and radius a. Here, the only
mechanism generating THz waves is the photocurrent density
excited by an LP-P laser pulse, and thus, according to Eq. (13),
the local THz amplitude evolves as sin ¢(z). Derived from
the radiated electric field in the far-field approximation, You
et al. [48] obtained the angular THz intensity spectrum (see

the Appendices for a detailed derivation):

A(ﬂ)T
B
xL2[k3 + &2 — 2k4k_ cos(2¢p)], (18)

|E (w1t ©) |A(wmz>|2[

where A(w) is the spectral amplitude of the THz source, and
Jp is the Bessel function of the first order. The quantities x4
and g are given by

K+ = sinc a4, (19)
L ATHz
= 1-— 0+ ——), 20
o )"THZ( cos 2y > 0)
21 .
B = asin ®, 21
ATHz

with sinc(x) = sinx/x, and Aty, denotes the wavelength asso-
ciated with the THz frequency wry,. The functions «, linked
to the phase-matching condition for THz generation, depend
on the extent (L) of the axial filament. The quantity § accounts
for the radial dimensions of the plasma (8 o a) entering the
term J12 (B)/B?* that describes the circular diffraction of the
THz waves emitted by the plasma cylinder. For common
filaments, the radius a is limited to a few tens of microns
and ® < 10°, i.e., B < 1 in the main part of the spectrum,
so this diffraction term has limited influence. The maximum
emission is reached for «_ = 0, thus providing the theoretical
emission angle © ,:

ATHz
21

cos®,=1-— 22)

The phase mismatch between the THz waves emitted at
different places in the plasma filament causes destructive
interference for the on-axis THz component for plasmas of
length L > 1;, and the THz radiation propagates as a cone in
space, far from the plasma volume. The emission angles are
usually narrow, i.e., ® is in the 2°-10° range [47,52,75,76].

As summarized in Fig. 1, the angular THz spectrum de-
scribed by this model depends mainly on three parameters.
The first parameter is the plasma length L. When L < I,
the THz radiation is maximum on the optical axis (® = 0),
while for longer plasma lengths (L > /;), the on-axis THz
amplitude vanishes and the THz beam becomes a cone with
angle ®, [see Fig. 1(a)]. The second key parameter is the
electron density N,. Figure 1(b) indicates that, at a fixed fre-
quency, ®, increases for higher N, > 2 x 107 cm~—3, while
it remains constant for lower density levels. The dephasing
length [; [Eq. (17)] decreases significantly as the value of N,
increases. For larger density levels, conical emission, there-
fore, appears for shorter plasma lengths. The third parameter
is the radiated THz frequency v. In this regard, Fig. 1(c)
highlights that the emission angle ®, [Eq. (22)] strongly
decreases with increasing v (white curve), consistent with
Eq. (18).

In addition to the above well-known properties,
additional information can be extracted from the function
describing the phase-matching condition in Eq. (18), namely,
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VTHZz = 5 THz

€))

102 101 100
N, [1018 cm~3]

15
v [THz]

FIG. 1. Mapping of the angular terahertz (THz) spectral intensity
|E(wTHZ, ©®))? given by Eq. (18) as a function of the angle ® and
(a) the plasma length L, (b) the electron density N,, and (c) the
frequency v = wry,/27. The maps are normalized to their respec-
tive maximum values, and we set A(w) = 1 for simplicity (as in
Ref. [48]). The white curves report the theoretical conical emission
angle ©, predicted by Eq. (22).

P(L, O, Atyy) = LZ[K_%_ + K2 - 24 k- cos(2¢)]. First,
on-axis components associated with the interference function
P(L, ©=0, Atn,)=(2la/7)*[1— cos (7w L/1a)][1— cos 2¢p)]
develop as a 2l;-periodic function of the plasma
length L and reach maxima with constant amplitude at
odd-numbered multiples of [;, provided that the initial
phase angle ¢ differs from O [7]. Second, phase-matched
off-axis components parabolically increase like P(L, ® =
O, Ath,) = L1+ sincz(nL/ld) — 2cos(2¢g)sinc(wL/1;)].
They exceed the on-axis components from L = [; and
increase monotonously to higher amplitude levels for longer
plasma lengths. The value of ¢y does not change this behavior
and simply introduces secondary oscillations. Importantly,
these properties result from interference in the far-field THz
intensity spectrum.

In the following, we revisit this THz emission model by
making it as general as possible. This includes (i) treating
envelope effects, (ii) allowing for transverse variations in the
plasma density, (iii) accounting for the characteristic spectral
signatures of A(w) that depend on the nonlinear propagation

regime at play, and (iv) passing from LP-P to CP-S driver
pulses.

B. THz conical emission: An augmented model

The electric field E(r, ) emitted by a conductive current
density J(r, ¢) in a neutral plasma volume V reads [77]

o J(', v/
E(r,1) = _@[d%’M
4 Jy r —1|

where t' =t — |r — r’|/c is the retarded time at which the
signal is generated, and ¢ is the time at which the detector
receives the signal. We assume that the refractive index of the
medium is ngp(wrH,) = 1 in the THz frequency range. The
notation r’ applies to the local coordinates inside the plasma
volume. Cartesian, cylindrical, and spherical coordinates are
written as (x, y, z), (r, ¢, z), and (r, ®, ®), respectively.
We are interested in the far-field distribution, so the distance
between the plasma and the detector is large compared with
the dimensions of the filament, that is, |r| >> |r’|, which leads
to the simplification of the Fourier-transformed field (see Ap-
pendix A):

E(r,©, ®, »)

, (23)

iwuo ) +L/2
- (12)
dmr C —L/2

x // 4> J(x', o) exp(—ik, - ¥)),

with k; = (w/c)(sin ® cos @, sin © sin ®). The double inte-
gral formally applies to the entire transverse plane. Here,
J(r', w) is zero for |r'| — +o00, particularly when considering
a finite plasma cylinder of radius a.

The second step consists of taking into account the Kerr
polarization [Eq. (7)] through the substitution:

J(rvt) - Je(r’ t)+atPK(rvt)7 (25)

and calculating the free-electron contribution J.(r, ) using,
for technical convenience, a toy ionization rate satisfying
W(E) o< E%(t). This toy ionization rate, limited to single-
photon ionization, was already employed in Refs. [60,78]
and allows a semianalytical treatment that provides the ma-
jor characteristics of multicolor-driven THz pulses, including
their polarization state. Most importantly, it captures the
asymmetries in the temporal location of the ionization peaks
introduced by the second pump color, which are crucial for the
photocurrent mechanism. In this respect, approaches based on
Fourier series using more realistic, highly nonlinear ionization
rates but involving only a single pump color [79,80] cannot
account for these asymmetries.

The third step is to consider a pump field that admits
transverse envelopes and different delays for the two pump
colors. Introducing the retarded times 7/_( 5y =1 — 2/Vp;.
with v,; = ¢/n(jwo) being the respective phase velocities, our
LP-P two-color laser field takes the general form:

EL(r, 1) = & (r, 1]) cos [wot] + ¢1(r)]ey
+ & (r, 15) cos 2wty + ¢a(r)lex,  (26)

where ¢;(r) is the spatial phase of the jth color. We assume
that the envelopes £; and the phases ¢; vary little along the

dz7 exp (—ig cos @z’)
C

(24)
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filament, that is, they do not explicitly depend on z, and we
can write £;(r, 1) ~ &£;(r1, t]) and ¢;(r) ~ ¢;(r ). We note
that this is a strong assumption, particularly for the phases, but
necessary for the upcoming semianalytical treatment. In con-
trast, our UPPE simulation results comprehensively account
for the complete spatiotemporal dynamics of the pump field.
Furthermore, we assume that temporal and radial variations of
the laser envelopes are separable as

/(0L 1)) = Ey(CL)Eun (1)), @7)

where the maximum of &, j—; > is normalized to unity, and
Eax,j contains the electric field amplitude expressed in volts
per meter.

Straightforward computations detailed in Appendix A then
enable us to establish the following generic dependencies:

(@ + v I (r, 1)
o EX(ry, 1))E(ry, th)sin[Akz + (ry)]e,, (28)

PH(r, 1)
o EX(ry, 1)E(r L, 1)) cos [Akz + (rL)]ey, (29)

where Ak is the phase mismatch in wave number between the
harmonics and ¢(r ) their phase angle:

20)0
Ak = T[n(wo) —nQwo)] =7 /ly, (30)
o(ry) = ¢o(ry) — 2¢1(ry). 3D
Further computations lead to
o~ /_,L2
[E(r, 0)]* = ——2=[C,(0, @, ) + Cx(©, , »)]>, (32)
167252

where the functions C,; (0, ®, w) and Cg (0, P, w) represent
the contributions to the THz yield from the photocurrents
(index J) and the Kerr effect (index K), respectively. These
general functions are expressed as

Cix(®, P, w) =A; k()] x(0, D, w), (33)

with A; x(w) containing the frequency dependency of the
considered source term and I; x(®, ®, ) being the associ-
ated angle-dependent longitudinal phase matching function,
namely,

L

770, ®.0) = Slfc, Ik Je. (34
L

LFF©,0,0) =i Uik +gx e (39)

Here, «. are those given in Eq. (19).
The quantities I describe the transverse effects of the
emitting source on the far-field THz radiation:

I§(0, ®, 0) = Fi{Ju(ri) explip(r)]}(O, D, »), (36)

where notation F | refers to the Fourier transform with respect
to the transverse variables r | , and

Ju(ry) = &5 (r1)En(rL) (37)

represents the transverse envelope of the source terms. Here,
I reduces to the Bessel-like circular diffraction function re-
called in Eq. (18) for a cylindrical homogeneous plasma of

radius a (see Appendix B). We also mention that CP-S pulses
can be treated similarly, cf. Appendix A, and one finds

L (I, — 15k

P50, ®,0) = = 575, (38)
VAVAN TS Y Y
LI Ik

150, CD,a)):i—( skrrls > (39)
2\—I{ky + 15k

By construction, our model does not account for variations in
the plasma density along z, and plasma absorption and opacity
are also neglected for reasons addressed in Appendix A.

Integration of our model requires some prior knowledge
of key parameters of the emitting filament. First, we need
to model the transverse shape of the THz source Ji;(r ) to
calculate I;[. To this end, we use our linear laser propagation
code up to a point z = z,,, where the width of the laser beam
is small enough to reach high intensities corresponding to
efficient plasma generation. At this distance, assuming that
the envelopes of the two colors remain superimposed in time,
we can extract the quantities ¢(r ) and the transverse field
profiles, allowing us to reconstruct Ji.(r ) at this distance and
thus evaluate ISi. Second, as addressed in Appendix A for
illustrative purposes, Gaussian temporal envelopes impose a
radiated Gaussian spectrum. This is unrealistic because the
temporal pump pulse profiles strongly evolve along propaga-
tion due to the Kerr and plasma response, and the THz spectra
obtained from experiments or simulations look very different.
We therefore replace the profiles A; x(w = 27v) in Eq. (33)
by typical spectral shapes delivered by the respective source
term in the specific propagation regime under consideration.
In what follows, we use

v v\’
wore[i-on (-2 )Jew | -(5) ] @
Ag (V) |:1 —ex <— e >i|ex —<L)4 (41)

K P fmax P fO ’

yielding the synthetic profiles shown in Fig. 2 for typical
THz spectra produced by photocurrents alone (blue curve),
or the Kerr effect discarding SRRS (red curve) in short-range
focused (solid) or long-range filamentation (dashed curves)
regimes, both illustrated in the top insets of Fig. 2. They
have been inspired by Figs. 3(c) and 3(d) of Ref. [64] and
Fig. 2 of Ref. [63] and are comparable with our transversely
integrated UPPE spectra (not shown). Typically, in the fo-
cused regime, plasma-driven (photocurrents) THz spectra go
up to ~70-100 THz, while the bound electron (Kerr) response
only produces THz waves below ~40 THz. In the long-range
filamentation regime, nonlinearities develop a supercontin-
uum through which the THz spectrum can even merge with
the broadened optical pump spectrum [81]. The Kerr con-
tribution to the THz spectrum may be extended to 80 THz.
Three typical situations will be explored in the following
three subsections: purely plasma-driven emission in the fo-
cused regime, photocurrents interplaying with a strong Kerr
response in the focused regime, and the long-range filamenta-
tion regime accounting for both plasma-driven and Kerr THz
contributions.
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~1lm

100 — ] Foc.

A(v), Ak(v) [arb. units]
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v [THz]

FIG. 2. Top: Insets recall the two baseline propagation regimes studied here, namely, the focused propagation geometry (left) characterized
by a short, cm-long interaction plasma zone and broadband THz spectra and the long-range filamentation geometry (right) characterized by
extended, meter-range plasma channels and ultrabroadband THz spectra. Bottom: Characteristic shapes of THz spectra due to photocurrents
(blue curves) and Kerr effect (red curve) in focused (solid curves) and filamentation (dotted curves) regimes inspired from Refs. [63,64]. The
fraction of the Kerr response can increase up to 10% in amplitude in the filamentation regime or up to 77% in the strong Kerr regime. Parameters
in Eq. (40) are f.x = STHz and fy = 60 THz in the focused regime and f,,.,x = 5THz and f; = 120 THz in the filamentation regime.
Parameters in Eq. (41) are f,.x = 10THz and f; = 30 THz in the focused regime and f,,x = 5 THz and f, = 60 THz in the filamentation
regime.
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FIG. 3. Left-hand side column: On-axis terahertz fields (blue areas) generated by two-color laser fields (green curves) that trigger electron
plasma densities (red areas) in the (z, t) plane in (a) the focused regime and (c) the filamentation regime. Right-hand side column, (b) and (d):
Corresponding on-axis relative phase between the fundamental and second harmonic ¢(z, 1) = ¢2(z,t) — 2¢1(z, t) at t = 0 together with the
created THz field and plasma density. The simulation parameters are detailed in the respective subsections below.
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Lastly, the “conical” functions x4 are obtained by estimat-
ing the plasma length L and the on-axis electron density N,,
which provides the dephasing length /,. In estimating N,, one
has to remember that the THz waves are produced before the
air plasma is fully established [75], which means that the peak
electron density (henceforth denoted by N;"**) is considerably
higher than the effective electron density N° that should be
used in the model. [llustrative examples obtained from UPPE
simulations are given in Fig. 3, detailing the maps of THz
fields emerging from the interaction between the two-color
laser field and the generated free electron density created in
focused or filamentation regimes. We can observe that in the
focused regime [Figs. 3(a) and 3(b)] the THz field is always
created at the front of the plasma, which justifies that the
effective density level N associated with the emitted THz
wave is always lower than the peak plasma density. Another
important observation is that the effective plasma length L
corresponding to the longitudinal distance over which the THz
field is emitted remains approximately on the order of the
distance over which the relative phase between the two laser
harmonics undergoes a 7 phase shift, that is, L 2 I;. By con-
trast, in the filamentation regime [Figs. 3(c) and 3(d)], we can
see that, although the THz pulse still emerges at the plasma
front along Kerr self-focusing—plasma-defocusing sequences,
the plasma length generally satisfies L > 21;.

C. Focused regime without Kerr response

In this subsection, we compare the results of our aug-
mented model with the predictions of You ef al. [48] and
confront them with UPPE simulation results. We simulate
the nonlinear propagation of a two-color LP-P Gaussian laser
pulse with 0.8 um fundamental wavelength, 500 wJ energy, 34
fs duration, and 250 um initial radius. Here, 35% of the laser
energy is allocated to the second harmonic with zero relative
phase. First, the pulse is focused in air by a lens of 2.6 cm
focal length. The ionization is modeled with the PPT rate
[62] (Zg, = 0.53, Zg, = 0.9). To make photocurrents the only
source of THz radiation in the simulation, we neglect the Kerr
response and SRRS by setting the nonlinear index of air n; to
Zero.

Figures 4(a) and 4(b) plot the evolutions of the maximum
electron density along z and the THz energy contained in
the simulation window, with the associated effective density
N at the time instants when the THz field is maximum.
The peak density N™>* is rather constant ~10'8 cm=2 (re-
spectively, N° ~ 2 x 10! cm~?) during the increase in THz
energy, taking place between 1.5 and 2.25 cm. Figures 4(c)—
4(e) illustrate the angular THz intensity spectra calculated by
Fourier transform in time and transverse space at z = 1.75cm
(plasma onset), z = 2cm (middle), and z = 2.5cm (end of
the emitting zone). Upon laser propagation, the initial on-axis
THz radiation progressively transforms into a cone, starting
from the upper part of the spectrum. This spectral pattern is
often met in the literature [47,75]. The generic coexistence
of on-axis emission at low frequencies with a donut-shaped
emission at large THz frequencies in such focused propaga-
tion regimes [47,53] is associated with an effective plasma
length L that remains close to the dephasing length [;, as
justified by Figs. 3(a) and 3(b). The spectrum plotted in
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FIG. 4. Results of unidirectional pulse propagation equa-
tion (UPPE) simulations for laser-air parameters described in the
text. Evolutions along z of (a) maximum electron density and (b) THz
energy (v < 90 THz) in the simulation box (blue curve, left axis) and
plasma density at the instants when the THz field is maximum (red
curve, right axis). (c)—(e) Angular THz spectra in intensity calculated
by transverse Fourier transform of the THz field at three different
propagation distances.

Fig. 4(e) contains all the THz energy produced during the
simulation. It presents a notable contribution on the optical
axis for v < 10-15THz, and conical emission at ® ~ 3° for
v > 15THz.

We now compare Figs. 4(c)—4(e) with the angular intensity
spectra predicted by the model of You ef al. [48] and by our
augmented model in Fig. 5. We assume that the only source of
THz waves is photocurrents [Ag (w) = 0]. Because we operate
in the focused regime, the spectrum A;(w) is taken as the solid

You et al. Aug. model

€)) (d)

Angle [deg]

z, =1.85cm
L=25mm

You et al.

(b)

Angle [deg]

L=>5.0mm

You et al. Aug. model

(9] (f)

Angle [deg]

2z, =1.85cm

L=10.0 mm
60
Frequency [THz]

Frequency [THz]

0.00 0.12 0.24 0.36 0.48 0.60 0.72

THz spectral power [arb. units]

0.84 0.96

FIG. 5. THz angular spectra evaluated by (a)—(c) the model of
You et al. [48] and (d)—(f) our augmented model at (a) and (d) z =
1.75cm (L = 2.5mm), (b) and (¢) z = 2cm (L = 5mm), and (c) and
(f) z=2.5cm (L = 10 mm). The laser-gas parameters are specified
in the text; z, = 1.85cm.
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blue curve of Fig. 2. When integrating the model of You ez al.
[48], the plasma radius is chosen as a = 30 um, and the ef-
fective electron density is N, fff =2 x 107 cm™3, yielding the
dephasing length /; = 4 mm. The maximum emitter length is
determined by the growth of THz energy, thus L = 0.75 cm,
as justified above. When integrating our augmented model,
we employ the same input laser-air parameters in our linear
propagator as those used in the UPPE simulation. The rel-
ative phase ¢y = 7 /4 between the two colors is chosen at
the input (z = 0). We propagate the laser pulse linearly up
to z, = 1.85cm (f = 2.6 cm), where the laser fluency takes a
shape like that calculated by UPPE, i.e., it reaches a transverse
Gaussian profile being 75 um wide (not shown). The corre-
sponding laser amplitude was checked to provide the same
peak plasma density value (N™>* ~ 10'8 cm~?) as in Fig. 4(a),
and a 50 um wide transverse plasma density profile.

Figure 5 illustrates the results given by (a)—(c) the model
of You et al. [48] and (d)—(f) our augmented model at z =
1.75, 2, and 2.5 cm. At these distances, the effective plasma
length L is 2.5, 5, and 10 mm, respectively. We notice that
the spectra predicted by the two models in the cases where
L < [; [Figs. 5(a) and 5(d)] and L > I; [Figs. 5(c) and 5(f)]
are very similar, confirming that the model of You et al.
[48] is well suited for radially symmetric plasma channels.
When L = 5mm = [;, both models qualitatively reproduce
the on-axis contribution predicted by the UPPE simulation.
However, this on-axis component is stronger in the augmented
model and is therefore better represented quantitatively by
this model [Fig. 5(e) to be compared with Fig. 5(b)]. This
difference comes from the phase modulation caused by the
phase term exp[%i¢(r,)] in Eq. (36), which accounts for
additional interferences between the THz waves formed in the
overall plasma volume. This effect is absent in the model of
You et al. [48]. Note that, for L = 10 mm ~ 3[;, revivals of
on-axis emission occur in this spectral dynamics—in agree-
ment with the interference function P(L, 0, Ay, ) discussed in
the previous subsection—and they are more pronounced in the
augmented model.

D. Focused regime with strong Kerr response

We now examine what happens when a relevant Kerr con-
tribution affects the former focused propagation. A second
UPPE simulation was carried out with a strong instanta-
neous Kerr polarization by setting xx = 0 and ny = 3.8 x
107" cm?/W. This choice of xgx implies that SRRS is ig-
nored, which maximizes self-focusing and related four-wave
mixing.

Figure 6(a) shows that the maximum plasma density value,
N™ x~ 10" cm™3, is ~10 times higher than in the pre-
vious configuration, which is caused by the strong Kerr
self-focusing effect. Noticeably, this increase in density does
not induce a growth in the laser-to-THz conversion efficiency
[compare Figs. 4(b) and 6(b)]. The THz energy in the simula-
tion box increases between 1.5 and 2.5 cm, hence L = 10 mm.
Although the density strongly varies with z, we select N ~
3 x 107 cm™3 [consistent with the red curve in Fig. 6(b)],
which corresponds to a dephasing length [; = 2.8 mm. Fig-
ures 6(c)-6(e) illustrate the angular THz spectra calculated
by the UPPE code at z = 1.75, 2, and 2.5cm. Again, the

10 20
Frequency [THz]

FIG. 6. UPPE results displaying the same quantities as in Fig. 4
for a medium with strong Kerr response (xx =0, n, =3.8 x
1071 cm?/W).

corresponding plasma lengths L are 2.5, 5, and 10 mm. These
spectra present strong on-axis components whose amplitudes
increase along propagation. On-axis emission occurs in the
frequency range 10-25 THz, which we attribute to the strong
Kerr self-focusing that affects the pump pulse propagation
dynamics [64]. Photocurrent-induced off-axis emission (® =
3°-4°) fully develops for high frequencies v > 20THz in
Figs. 6(d) and 6(e), where the criterion L > I, is fulfilled.

Now let us evaluate the THz radiation using our semi-
analytical model. The functions A;(w) and Ak (w) are taken
as the solid blue and r; red curves of Fig. 2, respectively,
with the Kerr maximum spectral amplitude being 77% of the
photocurrent one. Here, we linearly propagated the laser pulse
up to z, = 2cm (instead of z, = 1.85cm) because stronger
Kerr self-focusing fosters a more narrow plasma channel
whose equivalent diameter is attained at longer distances z
upon linear propagation. The amplitude of the optical field
reached at z = z,, then corresponds to a peak electron density
of 10" cm™3, in agreement with Fig. 6(a).

Figure 7 shows the results of (a) and (b) the model of
You et al. [48] and (c)—(f) the augmented model for the
same plasma lengths as analyzed in Fig. 6, completed with
additional information for L = 8§ mm. The two models predict
similar conical emission angles. However, the angular spectra
predicted by our augmented model include an extra contribu-
tion on the optical axis, peaked around v = 15 THz, which is
shaped by the spectral amplitude |A;(w) — iwAk(w)|, where
the parabolic Kerr contribution, here artificially increased, is
absent in the model of You et al. [48]. In the full plasma
regime (z ~ 2.3 cm), Figs. 7(b) and 7(e) both describe a net
conical emission due to photocurrents at angles between 3°
and 5°, yet only the augmented model produces off-axis emis-
sions (® < 3.5°) that develop in the high-frequency range
>25THz, like the UPPE simulations. On-axis revivals are
more pronounced for L =8mm =~ 3/; in the augmented
model and reach a maximum at v ~ 15THz, due to our
parabolic spectral profile. Radial phase variations ¢(r ) are
also expected to contribute on-axis, following Figs. 5(e) and
5(f) of the previous subsection. The difference with UPPE
data may be explained by the strong nonlinearities producing
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(a) You et al.
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FIG. 7. Angular THz spectra evaluated by (a) and (b) the model
of You et al. [48] and (c)—(f) our augmented model at (a) and
(c) z=1.75cm (L =2.5mm), (d) z=2cm (L = 5mm), (b) and
() z=2.3cm (L =8mm), and (f) z =2.5cm (L = 10mm); z, =
2 cm. See text for details.

Kerr self-modulation and plasma defocusing, which render
the plasma density in the UPPE simulation inhomogeneous,
hence contradicting the model assumptions. On-axis com-
ponents decrease to lower amplitudes in the semianalytical
spectra, whereas they increase along z in the UPPE simu-
lation data. Finally, we underline that the angular spectra
computed from the augmented model become closer to the
patterns of You et al. [48] when the Kerr spectral amplitude
decreases below 50% of the photocurrent spectral amplitude.
This indicates that such large on-axis components developed
in the UPPE simulations cannot be caused directly by the Kerr
response alone.

E. Filamentation regime

We conclude this section by addressing the long-range fila-
mentation regime. Here, the UPPE code was used to simulate
a two-color laser pulse (r = 35%) with fundamental operating
at 0.8 um, duration of 34 fs, initial radius of 2.5 mm, and
energy of 1.5 mJ, loosely focused in the air (20% O,, 80% N5;
ny, = 3.8 x 107 cm?/W, xx = 0.8) by a lens of focal length
f = 2.6 m. For such a beam, using the linear preprocessor
was necessary to perform a linear propagation of the laser
pulse over 2.3 m until reaching intensities close to the Kerr
nonlinearity threshold. The resulting pulse was then used as
the input condition for the UPPE code at z = 0.

No multiple filamentation occurs (not shown), as the in-
put peak power remains rather close to critical P, [82], i.e.,
Py, > 2.6 P™ where P™ = P,, /(1 — x;) refers to the instan-
taneous critical power. Figure 8(a) shows that the extended
filament maintains a relatively constant maximum electron
density ~10'” cm~3 between z = 10 and 60 cm, due to clamp-
ing effect, then turns off afterward. Figure 8(b), plotting the
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FIG. 8. (a) Maximum electron density and (b) THz energy (v <
90 THz) contained in the UPPE simulation window as a function
of z for a two-color long-range filament. (c) Angular THz spectrum
calculated at z ~ 20.4 cm.

THz energy in the simulation box along z, shows a strong
decrease beyond z = 18 cm, due to the THz radiation leaving
the simulation box. Moreover, THz field production becomes
less efficient at such long distances because the temporal
overlap between the two laser harmonics deteriorates through
temporal walk-off. Figure 8(c) describes the THz spectrum
calculated at z >~ 20.4 cm. We can evaluate from Figs. 3(c),
8(a), and 8(b) a minimum length L;, >~ 5 cm associated with
an efficient plasma emitting zone in this configuration. This
length corresponds to the distance that a THz wave generated
on-axis (x = y = 0) at an angle ® ~ 1.5° must travel to leave
the simulation box with a transverse window extending from
—1.3to 1.3 mm.

Setting L = 5cm, the effective electron density can be
estimated as N ~ 10'® cm~ from Figs. 8(a) and 8(b). Note
that, for such density levels, the dephasing length depends
little on fof, so that 2 cm < I; < 2.6 cm < L. We linearly
propagated the same laser pulse over a distance of z, =
2.6 m to integrate our augmented model. We chose A(w)
and A; x(w) as given by Fig. 2 (dashed curves), where the
Kerr component is ~10% that of photocurrents in intensity.
Figures 9(a) and 9(b) plot the angular spectra calculated from
the model of You et al. [48] and ours, respectively. These
spectra are almost identical: They present a conical emission
for ® = 1-2° with a flat frequency profile, which agrees with
the UPPE simulation. The residual central emission (<10%
in spectral power) is consistent with the expected on-axis
contribution for L < 21,.

You et al.
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FIG. 9. Angular THz spectra estimated using (a) the model of
You et al. [48] and (b) our augmented model for the filamentation
setup. Laser-medium parameters are specified in the text.
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IV. INFLUENCE OF OPTICAL ABERRATIONS

In this section, we aim to characterize the impact of com-
mon OAs on the nonlinear propagation of two-color pulses
producing THz radiation. OAs modify the propagation of a
laser beam through distortion of its transverse phase, thus
of its optical wavefront [83]. They tend to alter the position
and shape of the focal spot and, thereby, the geometry of the
plasma channel. OAs are usually classified using two integers:
the radial degree n and the azimuthal degree m < n entering
the Zernike polynomial Z)"(p, ®) [58]:

R} (p)cos(m®)
—R,™(p) sin(m®P)

ifm>0
, (42)

Z’T(p’q)):{ if m <0

where p = +/2r, Jwy, with r| = \/x2 + y2 and w, being the
beam width. Here,
(D —k)!
R::L(p) = n+m n—m
2 i )

k=0

n—2k

(43)

is the radial distribution for n — m even, and R}’ (p) = 0 oth-
erwise.

Below, we shall concentrate on the basic configuration
of focus (n =2, m = 0)—consisting of a simple focusing
lens effect—and will add to this elementary lensing three
characteristic OAs of interest, namely, vertical astigmatism
(n = m = 2), vertical coma aberration (n = 3, m = —1), and
sphericity (n = 4, m = 0). For these four configurations, the
polynomials Z"'(p, ®) express as

Focus Z(p) =2p* — 1, (44)
Astigmatism Z3(p, @) = p* cos(2P), (45)
Coma Z; ' (p, @) = (3p° — 2p) sin(P), (46)

Sphericity Z0(p)=6p* —6p>+1. (47)

Each OA is associated with an amplitude coefficient ¢/,
which has the dimension of a distance and determines the im-
pact of the respective OA on the transverse phase of the beam.
The total phase distortion is then conveniently expressed as

V2ry
wo

w w
2 Zoa(rL ®) = =2 3 ez
E oa(rL, ®) - wLn

n,m<n

, CD) . (48

The polynomial Zpa (1, ®) henceforth substitutes the trans-
verse spatial dependency of the phase term 3 /2f in Eq. (4).
The sum symbol means that, when considering OAs such
as sphericity, astigmatism, or coma, we add the latter to the
baseline focus configuration.

Figure 10(a) depicts linear laser propagation in the absence
of OA (i.e., with focus only). The initially 250 um wide optical
pulse is focused in air by a lens with focal length f = 2.6 cm.
The inset shows the initial spatial phase of the laser pulse,
corresponding to the Zernike polynomial Z3(r,) linked to
the focusing effect. This reference case is compared with
sphericity (cg = 5 nm), astigmatism (c% = 300 nm), and coma
(c;' = 300 nm), further added to focus.

Figures 10(b)-10(f) evidence that laser propagation is
strongly influenced by the OAs. Astigmatism and coma in-
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FIG. 10. Laser fluency maps in the linear regime (a—c) and (e)
in the (x, z) plane and (d) and (f) in the (y, z) plane for a two-color
laser pulse with 800 nm fundamental (r = 35%) and initial radius
wo = 250 um focused in the air by a lens of focal length f = 2.6 cm
(a) without additional optical aberration and with added (b) spheric-
ity (cg = 5 nm), (c) and (d) astigmatism (c% = 300 nm), and (e) and
(f) coma (c5 ' = 300 nm). Insets show the corresponding laser spatial
phases at z = 0.

troduce transverse asymmetries. In the following, we discuss
nonlinear UPPE simulation results characterizing the impact
of astigmatism, coma, and sphericity in the focused regime.
We begin by addressing LP-P laser fields, which we will
compare to circularly polarized beam (CP-S) simulations.
Finally, we present results in the filamentation regime for
OA-influenced LP-P laser pulses. UPPE far-field spectra are
compared with the results of our augmented model.

A. LP-P polarization

Our two-color laser driver again involves a 0.8 um funda-
mental pulse with 34 fs duration and 250 wm initial radius.
The laser energy is 500 wJ, with » = 35% in the second har-
monic; the pump beam is linearly polarized (LP-P) along ey
and focused (f = 2.6cm equivalent to cg = 300 nm) in air
(n, = 3.8 x 1072 cm?/W, x; = 0.8) to provide us with the
reference case (focus). We then carried out three other simula-
tions including sphericity (¢ = 5 nm), astigmatism (c3 = 300
nm), and coma (c3_l = 300 nm) imposed at z = 0.

To start with, Fig. 11 shows the evolution of the laser flu-
encies calculated with the UPPE code in the nonlinear regime.
The propagation dynamics look like those observed in the lin-
ear regime (compare with Fig. 10). Differences (reduction) in
the maximum fluency values can be attributed to the clamping
of the maximum laser intensity by the peak plasma density,
as indicated by the blue isocontour density levels N =
5 x 10'°cm™3. For the reference case [Fig. 11(a)] and in
the presence of sphericity [Fig. 11(b)], the plasma remains
axisymmetric. However, adding astigmatism [Figs. 11(c) and
11(d)] and coma [Figs. 11(e) and 11(f)] breaks the transverse
symmetry. Note that, in the configuration with coma, the
plasma is, in fact, composed of a filament extending along
the laser propagation direction, accompanied by small off-axis
zones with nonzero electron density around z = 1 cm.
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FIG. 11. UPPE-computed maps of the laser fluency for a
two-color linear polarization—parallel (LP-P) pulse propagating in
nonlinear regime (a—c) and (e) in the (x, z) plane and (d) and (f) (y,
z) plane (a) in the reference (focus) case, with added (b) sphericity,
(c) and (d) astigmatism, and (e) and (f) coma aberration. The blue
lines show density isocontours at N™* = 5 x 10'® cm~>. Simulation
parameters are specified in the text.

Figure 12(a) describes the axial evolutions of the maxi-
mum electron density for the four considered configurations.
Compared with focus (reference case, blue curve), reaching
a peak electron density of N™* ~ 2-3 x 108 cm ™3, astig-
matism (green curve) and coma aberration (magenta curve)
reach lower density levels by a factor of ~ 2 and = 5, re-
spectively. Sphericity generates very intense density peaks
(N, =~ 10" cm~3) corresponding to the off-axis hot spots vis-
ible in the laser fluence map of Fig. 11(b) at z >~ 1.8-2 m.
Sphericity produces a longer plasma channel than is observed
in the focus case, which is in accordance with Refs. [84,85].
Astigmatism leads to a shorter plasma because this aberra-
tion induces an additional focusing effect. Coma generates
a longer and smoother plasma channel because it decreases
the maximum fluency level (and, therefore, the peak electron
density). Plasma generation starts at smaller z distances, in
accordance with Figs. 10(e) and 10(f). Figure 12(b), plotting
the THz energy (v < 90THz) accumulated along z in the
simulation window, shows that OA hardly modifies the laser-
to-THz conversion efficiency, except for coma, for which the
THz yield drops by a factor ~ 5 due to the lower plasma
density.

Figures 12(c)—12(h) illustrate the associated angular THz
spectra computed at the distances for which the growth of
the THz energy plotted in Fig. 12(b) is maximum. The ref-
erence case [Fig. 12(c)] exhibits a conical emission at angles
2.5° < ® < 4° and extends up to 60 THz. The THz spec-
trum in the spherical case [Fig. 12(d)] appears to be similar.
However, it presents a broadening up to 75 THz, which we
attribute to strong nonlinearities associated with the local den-
sity peaks observed in Fig. 12(a). Astigmatism [Figs. 12(e)
and 12(f)] and coma [Figs. 12(g) and 12(h)] display a reduc-
tion of the THz spectral width (v < 45THz). In the former
case, we observe that the radiated wave appears rather ax-
isymmetric despite the asymmetric character of astigmatism.
It presents a strong on-axis contribution at low frequencies
(v < 20-25THz) and a conical emission at ® ~ 4° in the
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FIG. 12. Top: (a) Maximum electron density and (b) THz energy
(v <90THz) along z in the reference (focus) case (blue curve),
with sphericity (red curve), astigmatism (green curve), and coma
aberration (magenta curve). Bottom: Angular THz spectra calculated
with the UPPE code (c)—(e) and (g) in the (x, z) plane and (f) and
(h) in the (y, z) plane (c) in the focus case at z = 2.65cm, (d) in
the sphericity case at z = 2.24cm, (e) and (f) for astigmatism at
z=1.93 cm, and (g) and (h) for coma at z = 1.32 cm.

upper part of the spectrum (v > 25 THz). In the coma case, the
azimuthally varying plasma shape renders the THz spectrum
asymmetric with different frequency bandwidths for positive
and negative values of ®. This spectrum comprises on-axis
emission for v < 35-40THz and conical emission for v >
40 THz at angles between 2° and 3° in absolute value.

For comparison, we integrated our augmented model to
reproduce these spectra. The parameters used for its integra-
tion are summarized in Table I. We have selected our spectral
profiles A;(w) so that they remain close to the transversely
integrated UPPE THz spectra [see, e.g., solid blue curve in
Fig. 2]. Here, only a plasma driver is accounted for in our test
spectral profile. Introducing OA only shortens the bandwidth
for asymmetric (e.g., astigmatism) aberrations, as exemplified
by Figs. 13(a) and 13(b).

TABLE I. Parameters used to integrate our augmented model for
conical emission in the focused regime for LP-P laser pulses with
OAs.

Focus  Sphericity  Astigmatism  Coma
Zp (cm) 2 1.5 1.8 0.8
N (10'8 cm ™) 0.2 0.4 0.3 0.01
L (mm) 7 5 3 10
l; (mm) 3.9 2.1 2.8 20
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FIG. 13. Transversely integrated THz spectra of Fig. 12 (black
curves) and profiles A;(w) (blue curves) chosen to integrate our con-
ical emission model (a) in the sphericity case and (b) the astigmatism
case. (c)—(h) Angular THz spectra along (c)—(e) and (g) k, = 0 and
(f) and (h) k, = 0 estimated from our augmented conical emission
model for a laser propagation affected by (c) no optical aberration
(OA), i.e., focus only, (d) sphericity, (e) and (f) astigmatism, and (g)
and (h) coma aberration. The parameters used are summarized in
Table 1.

Figure 13(c) plots the angular THz spectrum estimated by
our augmented model for the focus (reference) case. The dis-
tance z, reached by our linear preprocessor is chosen to match
beam size and peak intensity similar to those developed by
the UPPE runs. The predicted emission angles ~2.5°-3° are
in reasonable agreement with those of our UPPE simulations
[see Fig. 12(c)]. The sphericity case, shown in Fig. 13(d), de-
scribes a conical emission very similar to that of the reference
case and predicts angles of ~3°—4°. In agreement with the
UPPE calculations, these two figures show that sphericity has
little impact on the produced THz spectrum. For astigmatism
[Figs. 13(e) and 13(f)], our model reproduces spectral nar-
rowing and relevant on-axis components. However, it slightly
overestimates the spectral asymmetries by amplifying more
azimuthal variations (up to &~ 9% in amplitude). These asym-
metries are due to the terms /. Si (ky, ky), which ignore nonlinear
propagation effects attached to Kerr self-focusing and plasma
defocusing; the latter locally modify the spatiotemporal dis-
tributions of the laser pulse and the plasma channel along z.

Nonetheless, the THz emission angles (® = 4°) are cor-
rectly restored. In the case of coma [see Figs. 13(g) and 13(h)],
asymmetries emerging in the UPPE spectra are partially
reproduced. They are also associated with the asymmetric
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FIG. 14. (a) and (b) Same quantities as in Fig. 12 but for circular
polarization—same (CP-S) pulse configuration. (c)—(h) Correspond-
ing angular THz spectra calculated by UPPE (c)—(e) and (g) along ey
and (f) and (h) along ey (c) in the reference case at z = 2.65cm,
(d) for sphericity at z =2.24cm, (e) and (f) for astigmatism at
z=1.93cm, and (g) and (h) for coma at z = 1.32cm.

diffraction caused by the term Ji:(r, ). Discrepancies with the
UPPE simulation data can again be attributed to the non-
linear distortion of the plasma channel geometry omitted in
our model. The overall spectral dynamics predicted by our
model are nevertheless consistent with the UPPE simulation
results, namely, a conical emission at angles ® & 3°, with a
nonnegligible on-axis contribution as L < ;.

B. CP-S polarization

We performed a similar study for circularly polarized laser
pulses using the same laser-air parameters, except for the
pump polarization state. We did not observe major modifi-
cations in the nonlinear laser fluency patterns calculated by
UPPE for the four configurations of interest. We observed that
the geometries of the laser beam and plasma remained similar
to Fig. 11, i.e., in the present focused geometry, the laser
polarization barely modifies pulse propagation in the presence
of OAs.

Figure 14(a) illustrates the axial evolutions of the max-
imum electron densities reached without OA (focus, blue
curve), with sphericity (red curve), astigmatism (green curve),
and coma (magenta curve). Again, the peak plasma dynamics
are very similar to those observed in the LP-P configura-
tion. Figure 14(b) shows the related THz energy. We retrieve
the well-known property following which CP-S laser pulses
strongly increase the THz yield compared with their LP-P
counterpart [60]. Without OA (blue curve), the THz energy is
enhanced by a factor ~6. This property holds with sphericity
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FIG. 15. Same quantities as in Fig. 13(c)-13(h) but for a CP-S
laser pulse.

(red curve, & x 4) and astigmatism (green curve, ~x3), even
if these two configurations significantly reduce the laser-to-
THz conversion efficiency compared with the reference case.
Coma aberration (magenta curve) is again harmful for THz ra-
diation due to its detrimental action on the generated electron
density.

Figures 14(c)-14(h) illustrate the associated angular THz
spectra. These are close to the LP-P case, although with
slightly narrower frequency bandwidth, which we attribute
to relatively weaker nonlinearities. The action of astigmatism
and coma on the THz distribution [see Figs. 14(e)—14(h)] is
close to the LP-P case, although with a less pronounced asym-
metry at negative angles in the coma case. Hence, LP-P and
CP-S laser beams provide comparable THz emission patterns.

Let us now integrate our conical emission model. We
assume that the CP-S polarization state barely modifies the
parameters L and N°T so that the values presented in Table I
can be reused here. The A, (w) factors were checked to remain
similar to those used in the LP-P configuration.

Figure 15 plots the results of our model. Angular spectra
appear very close to those calculated in the LP-P case, con-
firming again that laser polarization has a limited impact on
conical emission. The overall angular spectra for asymmetric
aberrations reasonably agree with their UPPE counterparts
in the predicted spectral extent and production of on-axis
components. We observe, however, a few discrepancies in the
on-axis contributions, which are attributed to a strong depen-
dence of the THz spectrum on the phase ¢(r ) when L =~ [,;.
We again emphasize that, because the nonlinear responses
of the medium alter the laser pulse during propagation, our
model can overestimate some asymmetries in the THz spectra,
e.g., for astigmatism [see Figs. 15(c) and 15(d)]. These asym-
metries disappear in the coma case [Figs. 15(e) and 15(f)]
that amplifies on-axis contribution and agrees better with the
UPPE spectra.
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FIG. 16. Laser fluency maps calculated in filamentation regime
by the UPPE code (a)—(c) and (e) in the (x, z) plane and (d) and (f) in
the (y, z) plane (a) in the reference (focus) case, (b) with sphericity,
(c) and (d) astigmatism, and (e) and (f) coma. The blue isocontours
represent the isodensities N™ =5 x 10" cm ™.

C. Influence of optical aberrations in filamentation regime

To explore THz emission in the filamentation regime mod-
ified by adaptive optics, we performed UPPE simulations of
LP-P laser pulses without OA (focus), with sphericity (] =
10 nm), astigmatism (c% = 150 nm), and coma (c3 ''=100
nm). Our 34 fs, two-color laser pulses now have a 2.5 mm
initial radius and 1.5 mJ energy, and they are loosely fo-
cused with f =2.6 m (equivalent to cg =300 nm) in air.
These simulations required using the linear preprocessor to
propagate the laser pulses up to the threshold intensity of the
first nonlinearities before using them as input data for the
UPPE code. Laser beams without OA and with sphericity,
astigmatism, and coma were propagated over 2.3, 1.7, 1.7, and
1.5 m, respectively. The value of the distance z where nonlin-
ear propagation begins was always set to z = 0 by convention.

Figure 16 shows the laser fluency calculated with UPPE.
The reference case [Fig. 16(a)] displays a plasma zone that
extends over several tens of centimeters. Kerr self-focusing—
plasma-defocusing cycles induce deviations from the patterns
shown in Fig. 11, particularly for pulses affected by asymmet-
ric aberrations. The hollow zones observed in the reference
case and with sphericity [Fig. 16(a) and 16(b)] at z &~ 15 and
30 cm, respectively, indicate a replenishment dynamics [86].
Unlike the focused regime, despite the presence of astigma-
tism over a long propagation range, a rather axisymmetric
filament develops over the propagation axis. In addition,
Figs. 16(e) and 16(f) for coma contain fewer hot spots than
the fluency patterns observed in Figs. 11(e) and 11(f). We
conclude that, in the filamentation regime, the propagation
dynamics is dominated by the nonlinear balance between Kerr
self-focusing and plasma defocusing, and linear effects due to
OA are less important.

Figure 17(a) describes the longitudinal evolutions of N"®
in the reference case (blue curve), with sphericity (red curve),
astigmatism (green curve), and coma (magenta curve). The
differences in the plasma onset distances are mainly due to the
selected final distances of the preprocessed linear propagation
runs, which vary from one case to another. Focus and spheric-

043274-14



WAVESHAPE OF TERAHERTZ RADIATION PRODUCED BY ...

PHYSICAL REVIEW RESEARCH 6, 043274 (2024)

0 20 40 60 80 100

NTX [1018 cm~3]
= =
B8 3

Angle [deg]

THz energy [p)]

0 20 40 60 80 100
Propagation distance [cm]
z=120.37cm 2.95x10' z=35.64cm 3.94x10'
262:10"

2.29:10"
(1.96:10"
1.64x10"
131x10"
9.82
6.55
3.27
0.00

I1 01x10"

8.98
7.85

w63
5.61
4.49
3.37
224
112
0.00

S

Angle [deg]

e

Far Field Intensity [arb. units]
Far Field Intensity [arb. units]

Angle [deg]

Far Field Intensity [arb. units]
Far Field Intensity [arb. units]

Angle [deg]

40
Frequency [THz]

40 60
Frequency [THz]

FIG. 17. Top: (a) Maximum electron density and (b) THz energy
(v < 90 THz) along 7 in the reference case (focus, blue curve), with
sphericity (red curve), astigmatism (green curve), and coma (ma-
genta curve). Bottom: Angular THz spectra calculated with UPPE
(c)—(e) and (g) along e, and (f) and (h) along e, (c) in the reference
case at z = 20.4cm, (d) with sphericity at z = 35.6 cm, (e) and (f)
astigmatism at z = 61.1 cm, and (g) and (h) coma at z = 61.1 cm.

ity induce comparable maximum densities, although the latter
reduces the plasma length. On the other hand, asymmetric
aberrations reduce plasma density levels by a factor of ~ 2
and decrease the length of the plasma zone. Figure 17(b) plots
the produced THz energy (v < 90 THz). We observe that all
aberrations reduce the production of THz yield. OAs are thus
generally harmful for THz generation in the filamentation
regime, like their impact in the focused regime.

UPPE angular THz spectra are presented in Figs.
17(c)-17(h). In both the reference case [Fig. 17(c)] and with
sphericity [Fig. 17(d)], the THz radiation exhibits a relatively
flat spectrum up to 90 THz, which is typical of the fila-
mentation regime. Additionally, the emission angle remains
nearly constant over a wide frequency bandwidth. Astigma-
tism and coma illustrated by Figs. 17(e), 17(f) and 17(g),
17(h) modify the spectrum with an almost zero contribution
at low frequencies (v < 15-20THz). Like in the focused
regime, astigmatism does not induce any asymmetry in the

TABLE II. Parameters used to integrate our augmented conical
emission model in filamentation regime with OAs.

Focus  Sphericity = Astigmatism  Coma
Zp (m) 2.6 2 22 2
N (10'8 cm—3) 0.01 0.01 0.01 0.01
L (cm) 5 5 5 5
Iy (cm) 2 2 2 2
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FIG. 18. Angular THz spectra (a)—(c) and (e) along e, and
(d) and (f) along e, estimated using our augmented conical emission
model for a laser propagation affected by (a) no OA (lens of 2.6 m
focal length), (b) sphericity, (c) and (d) astigmatism, and (e) and (f)
coma. Key parameters used for integration are detailed in Table II.

THz intensity radiated in the filamentation regime. Coma
tends to slightly unbalance THz emission between positive
and negative ® because of the misalignment of the plasma
channel with respect to the optical axis. The observed THz
emission angles remain analogous to those of the reference
case in the filamentation regime; although affected by OA,
the effective plasma density is weaker. Moreover, the plasma
length in this regime always satisfies the condition L > I;, en-
suring perfectly conical emission in the far field. The oblique
lobes, particularly visible at low frequencies in the spectra of
Figs. 17(c) and 17(d), are a numerical artifact due to a coarser
resolution in ® at low frequency v.

To end with, we integrated our conical emission model
using the parameters summarized in Table II. The spectral
distribution A;(w) (dashed blue curve in Fig. 2) was chosen
in each case to approach the broadband UPPE spectral pro-
files, which did not change significantly by adding OA. These
include 32% of Kerr contribution in amplitude (10% in energy
ratio) extending till ~70 THz. The results provided by our
model are illustrated in Fig. 18. As in the UPPE simulations,
OAs have no significant impact on the THz emission angles
(® = 1°-2°), which are correctly restored here. Despite the
overestimated asymmetries in Figs. 18(c) and 18(d), our aug-
mented model restores the vanishing of the low-frequency
region for astigmatism and coma, together with the main
trends of the UPPE spectrum.

V. CONCLUSIONS

In this paper, we have revisited the problem of far-field
conical THz emission produced by two-color-driven air plas-
mas in the two main configurations of interest met in current
experiments, namely, the focused and filamentation propaga-
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tion regimes. The numerical patterns computed from a 3D
UPPE solver were systematically compared with the results of
simpler descriptions, inspired by the pioneering model of You
et al. [48]. To account for transverse laser variations that can
potentially alter the spatial geometry of the emitting source
(plasma or Kerr response), we derived a so-called augmented
conical emission model able to satisfactorily reproduce angu-
lar THz spectra provided by UPPE simulations. This model is
called augmented because it still relies on the key parameters
found by You et al. [48]. Yet, it takes into account three other
crucial quantities, namely, (i) the spectral distribution of the
THz source in the nonlinear propagation regime of interest,
(ii) the transverse profile and phase of the beam when it un-
dergoes lensing effect or more complex phase distortions such
as, e.g., those induced by deformable mirrors, and (iii) Kerr
contribution to the overall THz radiation when self-focusing
may become relevant, e.g., in the long-range filamentation
regime. Our augmented model also addressed the role of pulse
temporal envelopes, which has been shown to be relatively
limited, and it could be generalized to circularly polarized
two-color pulses.

By carefully comparing the results obtained from our aug-
mented model with comprehensive UPPE simulation data, we
find an alternative to running heavy computations evaluating
angular THz spectra to interpret current experiments. Indeed,
it appears sufficient to model a class of spectral profiles ap-
propriately with respect to the targeted nonlinear propagation
regime (tightly or loosely focused geometry) and appreciate
the weight of the Kerr contribution to get reliable angular
radiation patterns. Alternatively, LC-computed spectra could
have been used, or if available, 3D UPPE spectral profiles
could directly be implemented in the spectral amplitude A(w).
However, we have shown that simple test functions for the
spectral distributions allow one to obtain valuable radiated
intensities.

Importantly, instead of selecting a single radiated spectrum
at a given propagation distance, we probed the whole spectral
dynamics by examining changes in the radiated patterns for
various plasma lengths around the dephasing length /;. It
appears that a good knowledge of the spectral dynamics along
the propagation range covering the THz emitting zone is much
more instructive than only analyzing the spectrum at the end
of the plasma channel.

In connection with this property, our 3D UPPE simulations
display evidence that the choice of the actual plasma length
L must be given by the length over which THz field emission
takes place. This length is generally much shorter than the
overall plasma extent along the optical axis. By computing the
evolution of the relative phase between the two laser harmon-
ics numerically along this effective plasma length (Fig. 3), we
have proven that, in focused propagation, L remains close to
14, which justifies why most of the radiated spectra measured
in such emission regimes [47,53,55,87] contain both on-axis
emissions at small THz frequencies and net conical emission
at higher frequencies. In contrast, a collimated or loosely fo-
cused propagation promotes plasma lengths L >> [; and leads
to conical emission in the entire THz frequency range. For the
baseline laser-air parameters used in this paper, THz emission
angles at frequencies v > 10 THz were found to be limited

to 4°-5° in the focused regime and to barely exceed 2° in the
filamentation regime.

Finally, we performed exhaustive UPPE simulations of
laser pulses distorted by optical aberrations, the results of
which are in reasonable agreement with our augmented
model. We found that, although transverse phase distortions
foster a decrease in the THz energy yield and bandwidth,
the maximum emission angles remain comparable with those
promoted by aberrationless laser beams. These results thus
indicate that OAs should be avoided to optimize THz gen-
eration. OAs were found to have a similar impact on the THz
waveshapes for circularly and linearly polarized pump pulses.

In conclusion, we believe that we have provided the ter-
ahertz community with a deeper understanding of the THz
spectral dynamics and additional tools to predict angular THz
radiation patterns delivered by two-color air plasmas in future
experiments.

The data supporting our findings are available within this
paper. Complementary data can be made available from the
corresponding authors upon reasonable request.
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APPENDIX A: THz EMISSION MODEL

Here, we establish a general conical emission model that
includes laser envelope profiles in time and in the transverse
plane. Let ¢ be the time variable and r be the position of the
THz wave detector. The origin of the frame is located at the
center of the plasma with length L assumed to be finite. In
what follows, ® corresponds to the polar angle at which the
radiation is emitted with respect to the optical axis; & is the
azimuthal angle.

Helmbholtz’s theorem gives the vector potential A(r,?)
emitted by a plasma source of volume V with current density

J(r,t) as

A(r,t) = ﬂ/dSr/J(r/’t/)
’ 4 )y Ir — /|

where t' =t — |r — r’|/c corresponds to the retarded time at
which the signal received at time ¢ was produced. The associ-
ated electric field E(r, t), in the absence of a scalar potential,
follows from

, (AD)

Mo 3., 0@, 1)

Er,t)=—— | &'Y ————, (A2)
4z Jy r — 1|
and the magnetic field from
v /7 t
B(r, 1) = Ho / d%’&. (A3)
4 Jy Ir — 1’|

For the photocurrent mechanism considered here, it is safe to
assume that the relevant current density is transverse and that
no charge separation occurs (V - J = 0), which justifies the
use of Eq. (A2) to compute the radiated far-field power. We
note that, for the transition Cherenkov mechanism [51,88-92],
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where the relevant current density is longitudinal and V - J #
0 produces a charge density, one would need to account for a
scalar potential in Eq. (A2) or resort to Eq. (A3).

The temporal Fourier transform of Eq. (A2) leads to
3 explilr —rlow/c)~ |

E(r,w):%/‘d r J(r', o).
%

(A4)
Ir —r’|

We assume that the distance between the plasma and the
detector is large compared with the filament dimensions, that
is, |r| > |r’|. Cartesian, cylindrical, and spherical coordinates
are written (x, y, 2), (r, ¢, z), and (r, ®, ®). The notation ’
applies to the local coordinates in the plasma. The far-field
assumption leads to the simplification:

, r.-r c , ,
r—r|~r——=r——k; -vr'; —7cos®, (A5
r w
with k), = (w/c)(sin ® cos @, sin O sin ©), providing
Eq. (24).

To evaluate the source terms J.(r,?) and Pg(r,t) in
Eq. (25) for a two-color laser pulse, we employ the general ex-
pression of the LP-P two-color laser field [Eq. (26)] and apply
the assumptions discussed in the main text. The free-electron
contribution J.(r, t) is calculated using the toy ionization rate
and assuming a small ionization yield:

W(E) = CE*(1), Ne(t)=CNaf EX(t)dt'.  (A6)

The square of the LP-P two-color laser field Eq. (26) with the
assumptions discussed in the main text reads

ELz(r, t) = 512 cos? [wot] + ¢1]1+ 522 cos? [2wot; + ¢2]
+2&1&, cos [2wot, + ¢2] cos [wot] + 1],
(A7)
where we omitted the arguments of &£y(ry,#), &(ry, 1),
¢1(rp), and ¢,(r ) for conciseness. For the plasma term,
straightforward integration of Eq. (A6) leads to linear and
sine temporal dependencies in time when slowly varying en-

velopes are assumed. The product N,(¢)E, (¢) thus contains
quasistationary contributions in the terms:

CN,

wo

512 sin[2wot| + 2¢11&; cos[2woty + daley,
and
CN!I . ’ ’ ’
w—5152 sin[wo(2ty — 1)) + ¢ — P11€1 cos[wot| + @i ]ex.
0

The treatment of the Kerr term proceeds similarly from Eq. (7)
without integration in time and, therefore, only contains co-
sine contributions. After retaining only the quasistationary
terms, the two potential THz sources can then be expressed
as

@+ v)Jeia (6, 1) = Joo EL (XL 1)E(rL, 1))
x sin [Akz + ¢(r)]ex (A8)
using J,.o = 3CN,e?/(8m.wy), and
P 1, (r, 1) = Pxo EL(r e, 1)E(r 1, 1)) cos [Akz + ¢(ry)]ey,
(A9)

with Pxo = 3e0x® /4, Ak =m/ly, and I, denoting the de-
phasing length given in Eq. (16). With the assumption of
separable laser envelopes in space and time [Eq. (27)], we can
simplify the relations in Egs. (A8) and (A9), and the unified
source term J(r, w), cf. Eq. (25), reads

J(r, w) = Jo(r, o)y (r ) F [&fx,l(ti Vur2(t)](@),  (A10)
where Ji;(r,) = 51%,1(“ )& 2(r1) [see Eq. (37)], and

Je,O
Ve — iw

— iwPg o cos [Akz + ¢(ry)]ex.

jB(rL,z, w) = sin [Akz 4+ ¢(r 1 )]ex

(Al1)

Here, F; refers to Fourier transform in time, and using
ti_p.a =1 —zn(jwg)/c, we can rewrite

FiIE (1) Emalt)](@) = f €2, (6 ats) explion)dt

= exp[ikn(wo)Z]/gng(ff)

x Eqx2(t] — y) expliot|)dt],

with k£ = w/c being the THz wave number in vacuum and
y = mz/(2woly). For not too short pulses and plasma lengths
of at most a few l;, we can neglect y and therefore the z-
dependency of the integral. Thus, we have established that

Fi[E21(t)Eax2(15)](w) ~ explikn(wo)z]Cenv(®),  (A12)
with

Cenv(w) = /SZX’I(t{)é'ax,g(t{)exp(ia)t{)dt{. (A13)
While this expression is valid for arbitrary (slowly varying)
pulse envelopes, it is instructive to inspect it for Gaussian
envelopes:

()

Eax,j(t) xxexp | — o , (A14)
J

with #; being the duration of the jth color envelope and #/
its temporal offset. After straightforward computations, we
obtain a Gaussian power spectrum:

t 2A1? 12
Cenv(w) L] exp| —— exp | iw tC‘ — At—;
leq 12, 2,

2.2
1t

X exp <—%a)2),
eq

where foq = V2t +17, and At =t! —? is the temporal
separation of the two envelopes. Most notably, the ampli-
tude strongly decreases with increasing At>. Interestingly,
deviations from the above slowly varying assumptions and
® < wy would produce additional contributions of orders
AtL/(a)otequd) and wAry,/(woly), respectively, in the argu-
ment of the sinc function of Eq. (19). Deviations from the
above requirement wy < 1 would introduce a z-dependent
correction exp(—iy it} /1Z,) into Ceny. For a 0.8 ym fundamen-
tal pulse, this contribution remains small for THz frequencies
< 60THz (120 THz) if L < 41, (respectively, L < 21;).

(A15)
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The source term j(r, ) hence reads
J(r, ©) & Jo(r, 0)Jy (r 1) explikzn(wp)Con(@).  (A16)

By injecting Eq. (A16) into Eq. (24), the radiated electric field
takes the form:

E, 0, d, 0) = f—oexp(ikr) 3 €0, 9,0), (A7)
Tr

where
Crx(0,Q,0) =A; k(@) (O, D, w). (A18)

Here, Aj k() are the THz spectral profiles associated with
the photocurrents and Kerr response:

Je

Aj(@) = iCony (@) —22—, (A19)
e — lw

Ag () = @*Ceny(0)Px 0, (A20)

while I; x(®, @, w) describes the interferences between the
THz waves generated along the plasma channel:

j=J.K |
L/2 IAkIDIT (O, D, w) — —iAkZ)HI (O, D,
1(©. 0.0) = [ a7 explikd n(an) — cos o)) TN O 20N ZOPCIEEL 0.5 0
—-L/2 2i
L2 IAKIDIT (O, &, —iAkIF (O, D,
Ix(®, ®, w) = / d7' exp{ikz' [n(wg) — cos ®]}exp(z 2l ( @) +26Xp( iAkZ)L; ( w)ex.
—Lp2
[
The quantities I(©, ®, w) refer to the transverse integral Equations (A13), (A25), and (A26) [alternatively,

contributions to the THz spectrum:

IF(0, 0, 0) = / / d*r' Jo (r') expl£ip(r')]
x exp(—ik, - r)). (A21)
The functions Isi(G), @, w) can be rewritten as

[§(0, ®, 0) = Fi{Ju(r1) expl+ig(r)]}(O, D, w), (A22)

where F| represents the transverse Fourier transform.
It can be checked that the elementary transformations:

. sin[Akz + ¢(r1)]
sin[Akz + ¢(r1)]ex — {cos[Akz n ¢(u)]}, (A23)
cos[Akz + ¢(ry)]
cos[Akz + ¢(r1)]ex — {_ Sin[AKz + $(r1)] }, (A24)

allow one to treat CP-S laser pulses similarly, cf. Eq. (2).
Straightforward calculation of the integrals I; x(®, ®, w)
gives, for a LP-P laser pulse,

L
P, ¢, 0) = E[1S+/<+ — I5 ke, (A25)
L
X0, 0, 0) = iE[I;K+ + I Kc_Jex, (A26)
and for a CP-S pulse,
LItk —I k-
P50, ®,0) = = (S 775 (a2
PAVAR TS
LI ISk
1950, @, 0) = i=( 5" TR (A2e)
2\ UKy + 15Kk
The quantities « are defined by
K4+ = sinc(ay), (A29)
1 A
ay = kL[ ng — cos ® £ “22 ), (A30)
2 21,

with sinc(x) = sinx/x, and k = w/c = 27w /AtHz.

Egs. (A27) and (A28)] can finally be inserted into Eq. (A17)
to obtain the far-field spectral intensity:

2

2
T I
Er 0, 0, 0) = -5 > Ci©.®.0)| . (A3D)
j=J.K

We have implicitly assumed that the dephasing length /; is
constant in space, although the source terms of THz radiation
include radial variations. This means that like for the model of
You et al. [48], we need to select an effective electron density
level N& to estimate /; and thus evaluate our model.

Note that, like in Ref. [48], we ignore plasma absorption
and opacity in the THz frequency range. These assumptions
can be justified as follows. By neglecting the Kerr contribution
and focusing on plasma dispersion, Eq. (17) reads

2

2( ) = 2 ( )_L
MROT= Mop 9D T 2 F v J)
2 2
_ 2 p Ve @y
= @) = s i e (A3

The real and imaginary parts of the medium index are given
by

2 2 12

Re[n(w)] = {In (w)] +2R€[n (w)]} ’ (A33)
2 _ 2 1/2

Sn(e)] = {In (w)] 2Re[n (w)]} ‘ (A34)

For Re[n?(w)] > 0, attenuation of THz waves through
S[n(w)] is due to plasma absorption (v, &~ 3 THz), which
recovers the approximation of Kim et al. [50] J[n(w)] =
vew? /[20(w® 4 v2)] in the limits v, /o < 1, ng, () ~ 1. At
density levels N, < 10" cm™3, the absorption length L, =
c/{wS3[n(w)]} is of the order of ~100 um at w = 27w v.. As
typical filaments have a radius of @ &~ 20 um and THz radia-
tion is emitted at angles ® ~ 5°, the propagation distance of
those waves to exit the plasma is ~ 200 um ~ L,, meaning
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that plasma absorption should already have a limited effect
on the emitted THz field. At higher frequencies, L, quickly
increases (~500 um at 5 THz), and absorption becomes neg-
ligible.

In the lower region of the THz spectrum, Re[n?(w)] =
ngpt(a)) — @} /(@* + v}) may become negative. Then the at-
tenuation of the THz waves through J[n(w)] is due to the
plasma opacity. However, this effect barely impacts the for-
ward emitted spectrum, as the THz field is emitted at the front
of the plasma, i.e., before the plasma builds up [93,94], so that
the local electron density N, and thus w,, take smaller values.

Finally, we also discarded plasma resonances due to the
radial inhomogeneity of the plasma profile [95,96]. Such
resonances indeed manifest for rather high charge densities
and when charge separation effects become relevant, which
departs from our context. For Gaussian-like smooth density
profiles, they are moreover expected to modify the THz spec-
trum with small amplitude contributions at about half the
electron plasma frequency, e.g., <2 THz for typical electron
densities of N, = 10'7 cm~3, which corresponds to the lowest
accessible frequency regions of our numerically computed
broadband spectra exceeding 50 THz. We note that such
resonant features become important when microplasmas with
strong plasma gradients are considered [51,97].

APPENDIX B: DERIVATION OF THE MODEL
OF YOU ET AL. [48]

The model of You et al. [48] and Oh et al. [49] [Eq. (18)]
can be easily derived from our augmented emission model.
Let us assume a homogeneous cylindrical plasma of length
L and radius a. Thus, the source term J, contained in
I§t(®, @, w) is constant on the disk D of radius r; < a and
zero outside. Moreover, we introduce ¢ as the constant value

taken by the phase ¢(r ). Hence, we can write

I = exp(Ligy) / f d*r' exp(—iky - 1))
D
a 27
=exp(:ti¢o)/ dr’lri/ dg' exp(—ik,r| cos¢’)
0 0

a
=21 exp(:ti¢o)/ dr v’ Jo(kor)),
0

with Jy(x) being the Bessel function of the first kind and
rank 0. The simplifications continue by using the identity
f dxxJo(x) = xJ1(x) [98], where J;(x) describes the Bessel
function of the first kind and rank 1:

I5(0,w) =27 exp(ii¢o)a2%,

B
where we used k; = ksin® and 8 = ak sin ©.

If we now neglect the contribution of the Kerr response to
the THz radiation [Ag(w) = 0], assume that the laser pulse is
linearly polarized (LP-P), and ngy(wo) = 1, we can evaluate
Eq. (A31) as

e

2
|E(r’ ®’ a))|2 — ]6r2 Jl(ﬂ)i|

472 2
a’L7|A;(w)] [T
x|exp(igh iy — exp(—ido)ic_ %,
where the term depending on oy develops as
lexp(igho )i — exp(—igpo)k—|* = k3 + k2 —2k 1 k_ cos(2¢h).
(B2)
The far-field THz

thus restores Eg.
A(w) = Aj(w).

intensity radiated by the plasma
(18) of You et al [48], where
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