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The spatial and spectral distributions of terahertz (THz) pulses emitted by two-color air plasmas are theoreti-
cally investigated for focused laser pulses and in the filamentation regime. We derive a so-called ”augmented”
conical emission model, which, similarly to the one originally proposed by You et al. [Phys. Rev. Lett. 109,
183902 (2012)], involves phase matching between laser harmonics along the plasma channel, the plasma den-
sity and length, and the emitted frequency as key parameters. Our augmented model, however, treats envelope
effects and accounts for transverse variations of both plasma- and Kerr-driven potential THz emitters. We
highlight the importance of the characteristic spatio-spectral distributions of these two conversion mechanisms
in the expression of the angular radiated power. The results of our model are successfully compared with
data provided by a comprehensive, fully space and time-resolved unidirectional solver. Importantly, these
numerical simulations clear up the effective plasma length along which THz emission develops, compared
with the dephasing length along which the laser fundamental and second harmonic become out-of-phase. The
impact of common optical aberrations, such as sphericity, astigmatism, and coma, on the THz generation
is also investigated. Aberrations are shown to generally decrease the laser-to-THz conversion efficiency and
potentially induce spatial asymmetries and narrowing in the THz spectra.

I. INTRODUCTION

The production of terahertz (THz) radiation is re-
ceiving increasing interest in a wide range of domains,
such as homeland security1–3, medical diagnosis4–6, art
conservation7–10 or archeology11,12. THz waves can prop-
agate through a few millimeters of optically opaque ma-
terials, provided the water concentration is low13,14, and
can be used to identify complex molecules by coherent
THz spectroscopy15–18. Other notable applications of
THz waves include control of leaf water content19–21,
plasma excitation22, electron acceleration23, high har-
monic (sideband) generation24–26, or the fabrication of
ferromagnetic structures27. Several emitters can nowa-
days produce intense pulsed or continuous-wave THz ra-
diation, including photoconductive antennas28,29, molec-
ular (CH3OH) gas sources30, quantum cascade lasers31–33

or χ(2) crystals serving for optical rectification34. How-
ever, THz time-domain spectroscopy (THz-TDS) re-
quires broadband THz radiation to access extended ab-
sorption spectra, allowing the identification of molecules
or precise determination of the physics of broadband pro-
cesses such as relaxation and conductivity. This need
can be fulfilled by ionizing a gas with an ultrashort
multi-color laser pulse. This method generates strong
(∼ 0.1 − 1 GV/m) and ultra-broadband (exceeding 100
THz) terahertz fields with significant conversion efficien-

a)Electronic mail: luc.berge@u-bordeaux.fr

cies (> 10−4)35,36. Another benefit of this technique is
the non-destructive nature of the mechanisms at play,
e.g., in air plasmas. The laser driver usually comprises
only two harmonics. However, recent theoretical and ex-
perimental results showed that adding more harmonics
to the optical beam can dramatically increase the THz
yield37–40.

When a temporally asymmetric femtosecond light
pulse composed of a fundamental component and its sec-
ond harmonic reaches the ∼ 1014 W/cm2 intensity range,
sufficient to photoionize a gas (here, ambient air) in the
tunnel regime41 an underdense plasma is created. The
electrons freed by this process are then accelerated by
the asymmetric laser field and induce a photocurrent that
contains a low-frequency component. This quasi-DC con-
tribution causes the plasma to radiate in the THz do-
main. Although this process is usually performed in the
so-called focused regime, where the plasma spot is formed
a few tens of cm after a focusing element, recent works
have confirmed its efficiency also in the long-range fila-
mentation regime42 that results from a sequence of local
equilibria between Kerr self-focusing and plasma defo-
cusing. This regime can lead to meter-long filaments43

and could be advantageous for THz-TDS of explosives
for safety reasons44,45.

One specificity of THz wave generation by two-color
air plasmas is the typically conical shape of the THz
radiation46. In their seminal work, You et al.47,48 ad-
vocated that conical emission is due to interferences be-
tween the THz waves produced at different places along
a generated cylindrical homogeneous plasma, as their po-
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larity changes with the phase angle between the two laser
harmonics caused by optical and plasma dispersion. Im-
portantly, the key parameters driving THz emission in
this scenario are the plasma length L, over which THz
emission takes place, and the dephasing length ld, over
which the two pump harmonics get out of phase. The
latter length depends on the plasma density Ne. Other
models describing the angular THz power spectrum have
been elaborated in the literature; most of them also as-
sume a homogeneous plasma cylinder49,50. Although
these assumptions are generally met, in practice, optical
beam distortions are always present. They can affect the
emitter’s stability and symmetry, thereby degrading the
generated THz radiation. An alternative theory51 tried
to account for the role of plasma opacity, relevant for
THz frequencies lower than the local plasma frequency,
as well as oblique diffraction of THz waves through a
transversally varying plasma channel and the experimen-
tal detector’s spectral sensitivity. Although showing rea-
sonable agreements between semi-analytical results and
experimental measurements, this work does not include
enough information about key parameters in THz emis-
sion (selected THz frequencies, plasma profiles, or the
experimental detector frequency responses) to provide an
accurate and convincing model for conical emission. In
particular, this reference claims the emission is always
conical at small THz frequencies. At the same time,
one of the remaining problems to date is the seemingly
generic coexistence of on-axis emission at low frequencies
(≲ 5 THz) with a donut-shaped emission at large THz
frequencies (> 5 THz) in focused propagation46,52.

This paper addresses this open question and is orga-
nized into three parts. Section II introduces the underly-
ing physics of THz generation, mainly dominated by pho-
tocurrents. It also recalls the so-called ”Local Current”
(LC) model, extended to include the instantaneous Kerr
response. In section III, we establish a revised (”aug-
mented”) THz emission model that keeps the key in-
gredients of the theory developed by You et al.47 but
accounts for (i) the spectral distributions characterizing
the propagation regimes through three baseline configu-
rations marked by different interplays between photocur-
rents and Kerr effect, (ii) transverse variations in the
emitting source induced by laser spatial inhomogeneities
or a simple linear focusing phase, and (iii) optical enve-
lope profiles and changes in the laser polarization state,
e.g., from linear to circular. Results obtained from this
augmented model are compared with the THz spatio-
spectral distributions provided by vectorial full space and
time-resolved unidirectional pulse propagation (UPPE53)
simulations. Section IV is dedicated to the influence
of optical aberrations on laser propagation, plasma ge-
ometry, and THz radiation. We model optical aber-
rations using Zernike polynomials that affect the input
pulse phase54. We then compare the resulting angular
THz spectra evaluated by our semi-analytical model with
UPPE simulation results for the most common optical
aberrations in laser experiments: sphericity, astigmatism,

and coma. Section V concludes this work.

II. PHYSICAL MECHANISM FOR THZ GENERATION
AND LASER PROPAGATION MODEL

We study the THz emission by two-color femtosecond
(fs) light pulses that trigger air plasmas. The laser field
can be either linearly polarized along the x-axis when the
two harmonics are oriented along the same transverse di-
rection (LP-P for ”Linear Polarization - Parallel”) or cir-
cularly polarized when the colors are circularly polarized
and both rotate in the same direction (CP-S for ”Circu-
lar Polarization - Same”). Previous work55,56 reported
that CP-S laser pulses can increase by a factor ∼ 4 − 6
the laser-to-THz conversion efficiency compared to their
LP-P counterpart. The temporal profiles of the input
pulse at z = 0 are chosen as

ELP−P = [E1 cos(ω0t) + E2 cos(2ω0t+ ϕ)] ex (1)

ECP−S =
1√
2

(
E1 cos(ω0t) + E2 cos(2ω0t+ ϕ)

E1 sin(ω0t) + E2 sin(2ω0t+ ϕ)

)
(2)

where ω0 is the laser fundamental frequency, ϕ the phase
angle between the two colors and E1,2 their envelopes
being initially Gaussian in time and space:

E1,2(r⊥, t) =
√
r1,2E0 exp

[
− t2

t21,2
− r2⊥

w2
1,2

]
. (3)

Here E0 is the laser amplitude, t1,2 and w1,2 are the 1/e2

duration and width of the two harmonics, and k1,2 their
corresponding wavenumbers. The peak intensity ratio
of fundamental over second harmonic is determined by
r2 = r and r1 =

√
1− r, with 0 ≤ r ≤ 1. A focusing lens

with focal length f is taken into account by adding a
phase to the input pulse in the temporal Fourier domain,

Ê(r⊥, ω) → Ê(r⊥, ω) exp

(
−i

ω

c

r2⊥
2f

)
. (4)

Later in Sect. IV, the transverse spatial dependency of
this phase term ∝ r2⊥/2f describing a perfect focusing
lens will be generalized to an (x, y)-dependent function
ZOA(r⊥), accounting for optical aberrations.
Photoionization caused by the laser pulse with in-

tensity ∼ 1013−15 W/cm2 takes place in the tunneling
regime41,57,58, leading to a stepwise increase in the free
electron density described by the rate equation

∂tNe = W (E) (Na −Ne) , (5)

where W (E) is the photo-ionization rate, and Na is the
initial neutral density (here written for one species for
simplicity). The free electrons are then accelerated by
the laser field and generate photocurrents governed for
non-relativistic plasmas by

(∂t + νc)Je =
e2

me
NeE, (6)
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where νc denotes an electron-neutral collision rate taken
as νc = 2.86 THz. Although low-frequency radiation is
mainly generated from photocurrents, for weaker laser
intensities (< 1013 W/cm2), an additional contribution
to the overall THz yield may be provided by the Kerr
polarization, that is, the third-order nonlinear response
of the bound electrons46,59,60 reading

PK(r, t) = ε0χ
(3)E2(r, t)E(r, t), (7)

with χ(3) being the third-order electric susceptibility61

assumed to be non-dispersive, i.e., χ(3) ≡
χ(3)(−ω0, ω0, ω0). A second well-known action of
the Kerr response is to transversally compress the laser
beam and maintain it in a self-focused state through
optical self-focusing and plasma defocusing sequences as
its peak power remains higher than the critical power
for self-focusing43,

Pcr ≈
3.72λ2

0

8πn0n2
, (8)

with n0 = nopt(ω0), nopt(ω) denoting the linear opti-
cal refractive index of air taken from Ref.62, and n2 =
3χ(3)/(4n2

0cε0) is the nonlinear refractive index.
During propagation in air, the laser pulse can also ex-

cite rotational transitions, mostly in N2 molecules, lead-
ing to stimulated Raman rotational scattering (SRRS)
with polarization63

PR(t) =
3

2
xKε0χ

(3)

∫ +∞

0

G(E, t, τ)R(τ)dτ, (9)

where xK is the ratio of SRRS to the total third-order
response. G(E, t, τ) is a function describing the third-
order interaction:

G(E, t, τ) = E2(t− τ)E(t)− 2

3

(
E2

y(t− τ)Ex(t)

E2
x(t− τ)Ey(t)

)
, (10)

and R(τ) = τ1
(
τ−2
1 + τ−2

2

)
sin(τ/τ1)e

−τ/τ2 is the de-
layed SRRS response with inverse rotational frequency
τ1 ≈ 62.5 fs, and τ2 ≈ 77 fs refers to the characteristic
dipole dephasing time64,65. The ratio xK is estimated to
≈ 80 % according to Zahedpour et al.66. Because both
the instantaneous Kerr response and the delayed SRRS
response contribute to the third-order nonlinear polariza-
tion, a factor (1− xK) must be applied in Eq. (7) when
accounting for SRRS. As shown in Ref.63, the SRRS con-
tribution to the overall THz yield is negligible compared
to the instantaneous Kerr response and, above all, to the
photocurrents.

In the following, we shall perform a systematic compar-
ison between semi-analytically computed angular spectra
and far-field THz spectra calculated using the unidirec-
tional pulse propagation equation (UPPE)53,67,

∂E

∂z
= i
√

k2(ω)− k2⊥ E

+
iµ0ω

2

2k(ω)

[
i

ω

(
Je + Jloss

)
+PK +PR

]
. (11)

Here, the notation

f(k⊥, ω) =

∫∫∫ +∞

−∞
f(r⊥, t)e

−ik⊥·r⊥+iωtdr⊥dt

refers to the Fourier transform of any function f(r⊥, t) in
time and transverse variables, and Jloss is the loss current
density associated with photoionization. In our analysis
and simulations, the propagation medium is ambient air,
composed of 20 % O2 and 80 % N2 with ionization en-
ergies Ui = 12.1 eV68 and Ui = 15.6 eV68, respectively.
The initial neutral density is Na = 2.7× 1019 cm−3 and
photoionization is modeled using the ionization rate of
Popov, Perelomov and Terent’ev (PPT)58 with effective
charge numbers Z∗

O2
= 0.53 and Z∗

N2
= 0.9 according to

Talebpour et al.69.
Two representative 1/e2 beam widths will be consid-

ered, namely w1,2 = 250µm for spatially narrow beams
and w1,2 = 2.5 mm for broad beams. To simulate the
latter in the long-range filamentation regime and save
computational cost, a pre-processor was used, which in-
tegrates the linear part of Eq. (11) before reaching the
electric field threshold of ∼ 1 GV/m (≡ 1011 W/cm2)
above which the (Kerr) nonlinearity kicks in. Because
the pre-processor solves a linear propagation equation,
the solution can be obtained analytically:

E(ω, z +∆z) = E(ω, z)ei∆z
√

k(ω)2−k2
⊥ . (12)

Further Fourier interpolation was then carried out to re-
fine the spatial resolution of the resulting data, which
were used as initial conditions for the UPPE simulations
to properly compute the subsequent nonlinear propaga-
tion. The spatial resolution used in the UPPE simu-
lations was ∆x = ∆y = 4µm for narrow beams and
∆x = ∆y = 5 − 7µm for broad beams and up to 15µm
for the filamentation of beam profiles distorted by coma.
The temporal resolution was ∆t = 100 as, and a (co-
moving) time window of 1.5 ps guaranteed a spectral
resolution of ∆ν = 0.66 THz.
Besides performing costly UPPE simulations, we also

integrated the ”Local Current” (LC) model49,70,71, which
neglects propagation effects and approximates the elec-
tric field emitted by the plasma and Kerr source terms
as

Ê(ω) ∝
(
−iωĴe(ω)− ω2P̂K(ω)

)
, (13)

f̂(ω) denoting the Fourier transform of f(t).

III. THZ EMISSION MODEL

Analytical results from the LC model provide the de-
pendence on the phase angle ϕ of the THz amplitudes
generated by photocurrents and Kerr response56 as

EJ
THz,LP−P ∝ sinϕ ex, EK

THz,LP−P ∝ cosϕ ex, (14)

EJ
THz,CP−S ∝

(
sinϕ

cosϕ

)
, EK

THz,CP−S ∝
(

cosϕ

− sinϕ

)
. (15)
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Here, EJ
THz and EK

THz are the THz electric fields pro-
duced by the photocurrents (index J) and Kerr response
(resp. K) of LP-P and CP-S pump pulses, respectively. In
practice, plasma channels extend over millimeter to cen-
timeter lengths in the focused regime and up to several
meters in the (collimated or loosely focused) filamenta-
tion regime. Over sufficiently long propagation ranges,
the optical and plasma dispersion induce an important
variation of the phase ϕ along the plasma channel, i.e.,
for an axially homogeneous plasma:

ϕ(z) = ϕ0 + π
z

ld
, (16)

where ϕ0 is the phase angle taken at the plasma onset
distance. The ”dephasing length” ld represents the prop-
agation distance over which ϕ changes by π due to dis-
persion, that is,

ld =
λ0

4 [n(2ω0)− n(ω0)]
(17)

with λ0 = 2πc/ω0. Here, n(ω) is the medium refractive
index that accounts for the contributions of Kerr and
plasma

n2(ω) = n2
opt(ω) + 2n0n2I0 −

ω2
p

ω2(1 + iνc/ω)
, (18)

where I0 = cε0n0E
2
0/2 is the incident pulse intensity

and ωp =
√
e2Ne/ε0me is the electron plasma frequency.

Here, we recall that ld depends on Ne through the plasma
frequency in Eq. (18). Note the difference by a factor of
2 with You et al.’s definition of the dephasing length,
which, we believe, proceeds from a misprint in the origi-
nal Ref.47.

A. You et al.’s conical emission model

Before dwelling upon our revised model, we find it in-
structive to recall the main ingredients of You et al.’s47,48

theory that describes the THz intensity radiated in the
far-field by a homogeneous (Ne = const.) cylindrical
plasma of length L and radius a. Here, the only mecha-
nism generating THz waves is the photocurrent density
excited by an LP-P laser pulse, and thus, according to
Eq. (14), the local THz yield evolves as sinϕ(z). Derived
from the radiated electric field in the far-field approxi-
mation, You et al. obtained the angular THz intensity
spectrum (see Appendix for a detailed derivation):

|Ê(ωTHz,Θ)|2 ∝ |A(ωTHz)|2
(
J1(β)

β

)2

× L2
[
κ2
+ + κ2

− − 2κ+κ− cos(2ϕ0)
]
, (19)

where A(ω) is the spectral amplitude of the THz source,
and J1 is the Bessel function of first order. The quantities

κ± and β are given by

κ± = sinc α± (20)

α± =
πL

λTHz

(
1− cosΘ± λTHz

2ld

)
(21)

β =
2π

λTHz
a sinΘ, (22)

with sinc(x) = sinx/x and λTHz denotes the wavelength
associated with the THz frequency ωTHz. The functions
κ±, linked to the phase matching condition for THz gen-
eration, depend on the extent (L) of the axial filament.
The quantity β accounts for the radial dimensions of the
plasma (β ∝ a) entering the term J2

1 (β)/β
2 that de-

scribes the circular diffraction of the THz waves emitted
by the plasma cylinder. For common filaments, the ra-
dius a is limited to a few tens of µm and Θ < 10°, i.e.,
β ≪ 1 in the main part of the spectrum, so this diffrac-
tion term has limited influence. The maximum emission
is reached for α− = 0, thus providing the theoretical
emission angle Θp:

cosΘp = 1− λTHz

2ld
. (23)

The phase mismatch between the THz waves emitted at
different places in the plasma filament causes destructive
interference for the on-axis THz component for plasmas
of length L > ld, and the THz radiation propagates as
a cone in space, far from the plasma volume. The emis-
sion angles are usually narrow, i.e., Θ is in the 2° – 10°
range46,51,72,73.
As summarized in Fig. 1, the angular THz spectrum

described by this model depends mainly on three param-
eters. The first is the length of the plasma L. When
L < ld, the THz radiation is maximal on the optical axis
(Θ = 0), while for longer plasma lengths (L > ld), the
on-axis THz amplitude vanishes and the THz beam be-
comes a cone with angle Θp [see Fig. 1(a)]. The second
key parameter is the electron density Ne. Figure 1(b) in-
dicates that, at a fixed frequency, Θp increases for higher
Ne > 2 × 1017 cm−3 while it remains constant for lower
density levels. The dephasing length ld [Eq. (18)] de-
creases significantly as the value of Ne increases. For
larger density levels, conical emission, therefore, appears
for shorter plasma lengths. The third parameter is the
radiated THz frequency ν. In this regard, Fig. 1(c) high-
lights that the emission angle Θp [Eq. (23)] strongly de-
creases with increasing ν (white curve), consistent with
Eq. (19).
In addition to the above well-known properties, ad-

ditional information can be extracted from the func-
tion describing the phase-matching condition in Eq. (19),
namely, P (L,Θ, λTHz) ≡ L2[κ2

+ + κ2
− − 2κ+κ− cos(2ϕ0)].

First, on-axis components associated with the inter-
ference function P (L,Θ = 0, λTHz) = (2ld/π)

2[1 −
cos (πL/ld)][1 − cos (2ϕ0)] develop as a 2ld-periodic
function of the plasma length L and reach maxima
with constant amplitude at odd-numbered multiples
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Figure 1. (a,b,c) Mapping of the angular THz spectral in-

tensity |Ê(ωTHz,Θ)|2 given by Eq. (19) as a function of the
angle Θ and (a) the plasma length L, (b) the electron den-
sity Ne, and (c) the frequency ν = ωTHz/2π. The maps are
normalized to their respective maximum values, and we set
A(ω) = 1 for simplicity (as in Ref.47). The white curves re-
port the theoretical conical emission angle Θp predicted by
Eq. (23).

of ld, provided that the initial phase angle ϕ0 differs
from 0 [π]. Second, phase-matched off-axis compo-
nents parabolically increase like P (L,Θ = Θp, λTHz) ≃
L2[1 + sinc2(πL/ld) − 2 cos(2ϕ0)sinc(πL/ld)]. They ex-
ceed the on-axis components from L ≈ ld and in-
crease monotonously to higher amplitude levels for longer
plasma lengths. The value of ϕ0 does not change this be-
havior and simply introduces secondary oscillations. Im-
portantly, these properties result from interference in the
far-field THz intensity spectrum.

In the following, we revisit this THz emission model by
making it as general as possible. This includes (i) treat-
ing envelope effects, (ii) allowing for transverse variations
in the plasma density, (iii) accounting for the character-
istic spectral signatures of A(ω) depending on the non-
linear propagation regime at play, and (iv) passing from
LP-P to CP-S driver pulses.

B. THz conical emission: An augmented model

The electric field E(r, t) emitted by a conductive cur-
rent density J(r, t) in a neutral plasma volume V reads74

E(r, t) = −µ0

4π

∫
V

d3r′
∂tJ(r

′, t′)

|r− r′|
, (24)

where t′ = t − |r − r′|/c is the retarded time at which
the signal the detector receives at time t was generated.
We assume that the refractive index of the medium is
nopt(ωTHz) ≡ 1 in the THz frequency range. The nota-
tion r′ applies to the local coordinates inside the plasma
volume. Cartesian, cylindrical, and spherical coordinates
are written as (x, y, z), (r, φ, z) and (r, Θ, Φ), re-
spectively. We are interested in the far-field distribution,
so the distance between the plasma and the detector is
large compared to the dimensions of the filament, that
is, |r| ≫ |r′|, which leads to the simplification of the
Fourier-transformed field (see Appendix A):

Ê(r,Θ,Φ, ω) =
iωµ0

4πr
ei

ω
c r

∫ +L/2

−L/2

dz′e−iω
c cosΘz′

×
∫∫

d2r′⊥Ĵ(r
′, ω)e−ik⊥·r′⊥ , (25)

with k⊥ = (ω/c)(sinΘ cosΦ, sinΘ sinΦ). The double
integral formally applies to the entire transverse plane.

Ĵ(r′, ω) is zero for |r′| → ∞, in particular when consid-
ering a finite plasma cylinder of radius a.
The second step consists in taking the Kerr polariza-

tion [Eq. (7)] into account through the substitution

J(r, t) → Je(r, t) + ∂tPK(r, t), (26)

and calculating the free-electron contribution Je(r, t) us-
ing a toy ionization rate satisfying W (E) ∝ E2(t). This
toy ionization rate was already employed in Refs.75,76

and allows a semi-analytical treatment that provides the
major characteristics of multi-color-driven THz pulses,
including their polarization state. Most importantly, it
captures the asymmetries in the temporal location of the
ionization peaks introduced by the second pump color,
which are crucial for the photocurrent mechanism. In
this respect, approaches based on Fourier series using
more realistic, highly nonlinear ionization rates but in-
volving only a single pump color77,78 cannot account for
these asymmetries.
The third step is to consider a pump field that ad-

mits transverse envelopes and different delays for the two
pump colors. Introducing the retarded times t′j={1,2} =

t−z/vpj , with vpj = c/n(jω0) being the respective phase
velocities, our LP-P two-color laser field takes the general
form

EL(r, t) = E1(r, t′1) cos [ω0t
′
1 + ϕ1(r)]ex

+ E2(r, t′2) cos [2ω0t
′
2 + ϕ2(r)]ex, (27)
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where ϕj(r) is the spatial phase of the jth color. We
assume that the envelopes Ej and their phases ϕj vary
little along the filament, that is, they do not explicitly
depend on z, and we can write Ej(r, t′1) ≈ Ej(r⊥, t′1)
and ϕj(r) ≈ ϕj(r⊥). We note that this is a strong as-
sumption, in particular for the phases, but is necessary
for the upcoming semianalytical treatment. In contrast,
our UPPE simulation results comprehensively account
for the complete spatiotemporal dynamics of the pump
field. Furthermore, we assume that temporal and radial
variations of the laser envelopes are separable as

Ej(r⊥, t′j) = Etr,j(r⊥)Eax,j(t′j), (28)

where the maximum of Etr,j=1,2 is normalized to unity
and Eax,j contains the electric field amplitude expressed
in V/m.

Straightforward computations detailed in Appendix A
then enable us to establish the following generic depen-
dencies

(∂t + νc)J
THz
e

∝ E2
1 (r⊥, t

′
1)E2(r⊥, t′2) sin [∆kz + ϕ(r⊥)]ex,

(29)

PTHz
K ∝ E2

1 (r⊥, t
′
1)E2(r⊥, t′2) cos [∆kz + ϕ(r⊥)]ex, (30)

where ∆k is the phase mismatch in wavenumber between
the harmonics and ϕ(r⊥) their phase angle:

∆k =
2ω0

c
[n(ω0)− n(2ω0)] = π/ld, (31)

ϕ(r⊥) ≡ ϕ2(r⊥)− 2ϕ1(r⊥). (32)

Further computations lead to∣∣∣Ê(r, ω)
∣∣∣2 =

µ2
0

16π2r2
|CJ(Θ,Φ, ω) +CK(Θ,Φ, ω)|2 ,

(33)
where the functions CJ(Θ,Φ, ω) and CK(Θ,Φ, ω) rep-
resent the contributions to the THz yield from the pho-
tocurrents (index J) and the Kerr effect (index K), re-
spectively. These general functions are expressed as

CJ,K(Θ,Φ, ω) = AJ,K(ω)IJ,K(Θ,Φ, ω), (34)

AJ,K(ω) containing the frequency dependency of the con-
sidered source term and IJ,K(Θ,Φ, ω) being the associ-
ated angle-dependent longitudinal phase matching func-
tion, namely,

ILP−P
J (Θ,Φ, ω) =

L

2

[
I+S κ+ − I−S κ−

]
ex, (35)

ILP−P
K (Θ,Φ, ω) = i

L

2

[
I+S κ+ + I−S κ−

]
ex. (36)

Here, κ± are those given in Eq. (20).
The quantities I±S describe the transverse effects of the

plasma on the far-field THz radiation,

I±S (Θ,Φ, ω) = F⊥

[
Jtr(r

′
⊥)e

±iϕ(r′⊥)
]
(Θ,Φ, ω), (37)

where notation F⊥ refers to the Fourier transform with
respect to the transverse variables r′⊥ and

Jtr(r⊥) = E2
tr,1(r⊥)Etr,2(r⊥) (38)

represents the transverse envelope of the source terms.
IS reduces to the Bessel-like circular diffraction function
recalled in Eq. (19) for a cylindrical homogeneous plasma
of radius a (see Appendix B). We also mention that CP-S
pulses can be treated similarly, cf. Appendix A, and one
finds

ICP−S
J (Θ,Φ, ω) =

L

2

(
I+S κ+ − I−S κ−

I+S κ+ + I−S κ−

)
, (39)

ICP−S
K (Θ,Φ, ω) = i

L

2

(
I+S κ+ + I−S κ−

−I+S κ+ + I−S κ−

)
. (40)

By construction, our model does not account for varia-
tions in the plasma density along z, and plasma absorp-
tion and opacity are also neglected for reasons addressed
in the appendix.
Integration of our model requires some prior knowl-

edge of key parameters of the emitting filament. First,
we need to model the transverse shape of the THz source
Jtr(r

′
⊥) to calculate I±S . To this end, we use our linear

laser propagation code up to a point z = zp where the
width of the laser beam is small enough to reach high
intensities corresponding to efficient plasma generation.
At this distance, assuming that the envelopes of the two
colors remain superimposed in time, we can extract the
quantities ϕ(r⊥) and the transverse field profiles, allow-
ing us to reconstruct Jtr(r⊥) at this distance and thus
evaluate I±S . Second, as addressed in the appendix for
illustrative purposes, Gaussian temporal envelopes im-
pose a radiated Gaussian spectrum. This is unrealistic
because the temporal pump pulse profiles strongly evolve
along propagation due to the Kerr and plasma response
and typical THz spectra obtained from experiments or
simulations look very different. We therefore replace the
profiles AJ,K(ω = 2πν) in Eq. (34) by typical spectral
shapes delivered by the respective source term in the spe-
cific propagation regime under consideration. In what
follows, we use

AJ(ν) ∝
(
1− e−ν/fmax

)
e−(ν/f0)

2

(41)

AK(ν) ∝
(
1− e−ν/fmax

)
e−(ν/f0)

4

(42)

yielding the synthetic profiles shown in Fig. 2 for typi-
cal THz spectra produced by photocurrents alone (blue
curve), or Kerr effect discarding SRRS (red curve) in ei-
ther short-range focused (solid) and long-range filamen-
tation (dashed curves) regimes. They have been inspired
by Figs. 3(c,d) of Ref.60 and Fig. 2 of Ref.59 and are
comparable to our transversely integrated UPPE spec-
tra (not shown). Typically, plasma-driven THz spectra
go up to ∼ 70 − 100 THz, whereas bound electron re-
sponses only produce THz waves below ∼ 40 THz in the
focused regime. Their contribution may be extended to
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80 THz in the long-range filamentation regime. In this
self-guiding regime, nonlinearities develop a supercontin-
uum through which the THz spectrum can merge with
the broadened optical pump spectrum79. Three typical
interaction regimes will be explored in the following three
subsections: purely plasma-driven emission in focused ge-
ometry, plasma regime interplaying with a strong Kerr
response, and long-range filamentation regime.

Lastly, the ”conical” functions κ± are obtained by es-
timating the plasma length L and the on-axis electron
density Ne, which provides the dephasing length ld. In
estimating Ne one has to remember that the THz waves
are produced before the air plasma is fully established72,
which means that the peak electron density (henceforth
denoted by Nmax

e ) is considerably higher than the ef-
fective electron density N eff

e that should be used in the
model. Illustrative examples obtained from UPPE simu-
lations are given in Fig. 3 detailing the maps of THz fields
emerging from the interaction between the two-color laser
field and the generated free electron density created in fo-
cused or extended propagation regimes. We can observe
that in the focused regime [Figs. 3(a,b)] the THz field is
always created at the front of the plasma, which justifies
that the effective density level N eff

e associated with the
emitted THz wave is always lower than the peak plasma
density. Another important observation is that the effec-
tive plasma length L corresponding to the longitudinal
distance along which the THz field is emitted remains
approximately on the order of the distance along which
the relative phase between the two laser harmonics un-
dergoes a π phase shift, that is, L ≳ ld. By contrast, in
the filamentation regime [Figs. 3(c,d)], we can see that
although the THz pulse still emerges at the plasma front
along Kerr self-focusing - plasma defocusing sequences,
the plasma length generally satisfies L ≥ 2 ld.

C. Focused regime without Kerr response

In this subsection, we compare the results of our aug-
mented model with You et al.’s predictions and confront
them with UPPE simulation results. We simulate the
nonlinear propagation of a two-color LP-P Gaussian laser
pulse with 0.8 µm fundamental wavelength, 500 µJ en-
ergy, 34 fs duration, and 250 µm initial radius. 35% of
the laser energy is allocated to the second harmonic with
zero relative phase. First, the pulse is focused in air by
a lens of 2.6 cm focal length. The ionization is modeled
with the PPT rate58 (Z∗

O2
= 0.53, Z∗

N2
= 0.9). To make

photocurrents the only source of THz radiation in the
simulation, we neglect the Kerr response and SRRS by
setting the nonlinear index of air n2 to zero.
Figures 4(a,b) plot the evolutions of the maximum elec-

tron density along z and the THz energy contained in the
simulation window, with the associated effective density
N eff

e at the time instants when the THz field is maximum.
The peak density Nmax

e is rather constant ≈ 1018 cm−3

(resp. N eff
e ≈ 2 × 1017 cm−3) during the increase in

THz energy, taking place between 1.5 and 2.25 cm. Fig-
ures 4(c,d,e) illustrate the angular THz intensity spectra
calculated by Fourier transform in time and transverse
space at z = 1.75 cm (plasma onset), z = 2 cm (middle)
and z = 2.5 cm (end of the emitting zone), respectively.
Upon laser propagation, the initial on-axis THz radiation
progressively transforms into a cone, starting from the
upper part of the spectrum. This spectral pattern is of-
ten met in the literature46,72. The generic coexistence of
on-axis emission at low frequencies with a donut-shaped
emission at large THz frequencies in such focused propa-
gation regimes46,52 is associated with an effective plasma
length L that remains close to the dephasing length ld, as
justified by Fig. 3(a,b). The spectrum plotted in Fig. 4(e)
contains all the THz energy produced during the simu-
lation. It presents a notable contribution on the optical
axis for ν < 10− 15 THz, and conical emission at Θ ≈ 3°
for ν > 15 THz.

We now compare Figs. 4(c,d,e) to the angular inten-
sity spectra predicted by You et al.’s model and by our
augmented model in Fig. 5. We assume that the only
source of THz waves is photocurrents [AK(ω) = 0]. Be-
cause we operate in the focused regime, the spectrum
AJ(ω) is taken as the solid blue curve of Fig. 2. When
integrating You et al.’s model, the plasma radius is cho-
sen as a = 30 µm and the effective electron density is
N eff

e = 2 × 1017 cm−3, yielding the dephasing length
ld = 4 mm. The maximum emitter length is determined
by the growth of THz energy, thus L = 0.75 cm as justi-
fied above. When integrating our augmented model, we
employ the same input laser-air parameters in our linear
propagator as those used in the UPPE simulation. The
relative phase ϕ0 = π/4 between the two colors is cho-
sen at the input (z = 0). We propagate the laser pulse
linearly up to zp = 1.85 cm (f = 2.6 cm), where the
laser fluency takes a shape similar to that calculated by
UPPE, i.e., it reaches a transverse Gaussian profile be-
ing 75 µm wide (not shown). The corresponding laser
amplitude was checked to provide the same peak plasma
density value (Nmax

e ≈ 1018 cm−3) as in Fig. 4(a), and a
50 µm wide transverse plasma density profile.

Figure 5 illustrates the results given by You et al.’s
model (a,b,c) and by our augmented model (d,e,f) at
z = 1.75 cm, 2 cm, and 2.5 cm. At these distances, the
effective plasma length L is 2.5 mm, 5 mm and 10 mm,
respectively. We notice that the spectra predicted by
the two models in the cases where L < ld [Figs. 5(a,d)]
and L > ld [Figs. 5(c,f)] are very similar, confirming
that You and al.’s model is well suited for radially sym-
metric plasma channels. However, for L = 5 mm ≈ ld,
the strong on-axis contribution predicted by the UPPE
simulation is better restored by the augmented model
[Fig. 5(e) to be compared with Fig. 5(b)]. This differ-
ence comes from the phase modulation caused by the
phase term e±iϕ(r′⊥) in Eq. (37), which accounts for ad-
ditional interferences between the THz waves formed in
the overall plasma volume. This effect is absent in You
et al.’s model. Note that for L = 10 mm ≈ 3 ld, revivals
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Figure 2. Characteristic shapes of THz spectra due to photocurrents (blue curves) and Kerr effect (red curve) in focused (solid
curves) and filamentation (dotted curves) regimes inspired from Refs.60 and59. The fraction of Kerr response can increase up to
10% in amplitude in the filamentation regime or up to 77% in the strong Kerr regime. Parameters in Eq. (41) are fmax = 5 THz
and f0 = 60 THz in focused regime and fmax = 5 THz and f0 = 120 THz in filamentation regime. Parameters in Eq. (42) are
fmax = 10 THz and f0 = 30 THz in focused regime and fmax = 5 THz and f0 = 60 THz in filamentation regime.

Figure 3. Left-hand side column: on-axis THz fields (blue areas) generated by two-color laser fields (green curves) triggering
electron plasma densities (red areas) in the (z, t) plane in (a) focused plasma regime and (c) meter-range filamentation regime.
Right-hand side column: (b,d) corresponding on-axis relative phase between the fundamental and second harmonic ϕ(z, t) =
ϕ2(z, t)− 2ϕ1(z, t) at t = 0 together with the created THz field and plasma density. The simulation parameters are detailed in
the respective subsections below.

of on-axis emission occur in this spectral dynamics – in
agreement with the interference function P (L, 0, λTHz)
discussed in the previous subsection – and they are more
pronounced in the augmented model.

D. Focused regime with strong Kerr response

We now examine what happens when a relevant Kerr
contribution affects the former focused propagation. A
second UPPE simulation was carried out with a strong
instantaneous Kerr polarization by setting xK = 0 and

n2 = 3.8× 10−19 cm2/W. This choice of xK implies that
SRRS is ignored, which maximizes self-focusing and re-
lated four-wave mixing.

Figure 6(a) shows that the maximum plasma density
value, Nmax

e ≈ 1019 cm−3, is about 10 times higher than
in the previous configuration, which is caused by the
strong Kerr self-focusing effect. Noticeably, this increase
in density does not induce a growth in the laser-to-THz
conversion efficiency [compare Figs. 4(b) and 6(b)]. The
THz energy in the simulation box increases between 1.5
and 2.5 cm, hence L = 10 mm. Although the density
strongly varies with z, we select N eff

e ≈ 3 × 1017 cm−3
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Figure 4. Results of UPPE simulations for laser-air parame-
ters described in the text. (a,b) Evolutions along z of (a) max-
imum electron density and (b) THz energy (ν < 90 THz) in
the simulation box (blue curve, left axis) and plasma density
at the instants when the THz field is maximum (red curve,
right axis). (c,d,e) Angular THz spectra in intensity calcu-
lated by transverse Fourier transform of the THz field at three
different propagation distances.

Figure 5. THz angular spectra evaluated by (a,b,c) You
et al.’s model and (d,e,f) our augmented model at (a,d) z =
1.75 cm (L = 2.5 mm), (b,e) z = 2 cm (L = 5 mm) and
(c,f) z = 2.5 cm (L = 10 mm). The laser-gas parameters are
specified in the text; zp = 1.85 cm.

[consistently with the red curve in Fig. 6(b)], which cor-
responds to a dephasing length ld = 2.8 mm. Figures
6(c,d,e) illustrate the angular THz spectra calculated by
the UPPE code at z = 1.75 cm, 2 cm, and 2.5 cm. Again,
the corresponding plasma lengths L are 2.5 mm, 5 mm
and 10 mm. These spectra present strong on-axis com-
ponents whose amplitudes increase along propagation.
On-axis emission occurs in the frequency range 10 − 25

Figure 6. UPPE results displaying the same quantities as
in Fig. 4 for a medium with strong Kerr response (xK = 0,
n2 = 3.8× 10−19 cm2/W).

THz, which we attribute to the strong Kerr self-focusing
that affects the pump pulse propagation dynamics60.
Photocurrent-induced off-axis emission (Θ = 3−4°) fully
develops for high frequencies ν > 20 THz in Figs. 6(d,e),
where the criterion L > ld is fulfilled.

Now, let us evaluate the THz radiation using our semi-
analytical model. The functions AJ(ω) and AK(ω) are
taken as the solid blue and red curves of Fig. 2, re-
spectively, with the Kerr maximum spectral amplitude
being 77% of the photocurrent one. Here, we linearly
propagated the laser pulse up to zp = 2 cm (instead of
zp = 1.85 cm) because stronger Kerr self-focusing fosters
a more narrow plasma channel whose equivalent diameter
is attained at longer distances z upon linear propagation.
The amplitude of the optical field reached at z = zp then
corresponds to a peak electron density of 1019 cm−3, in
agreement with Fig. 6(a).

Figure 7 shows the results of You et al.’s model (a,b)
and of the augmented model (c,d,e,f) for the same plasma
lengths as analyzed in Fig. 6, completed with additional
information for L = 8 mm. The two models predict
similar conical emission angles. However, the angular
spectra predicted by our augmented model include an
extra contribution on the optical axis, peaked around
ν = 15 THz, which is shaped by the spectral ampli-
tude |AJ(ω) − iωAK(ω)| where the parabolic Kerr con-
tribution, here artificially increased, is absent in You et
al.’s model. In the full plasma regime (z ≈ 2.3 cm),
Figs. 7(b,e) both describe a net conical emission due to
photocurrents at angles between 3 and 5°. Yet, only the
augmented model produces off-axis emissions (Θ ≲ 3.5°)
that develop in the high-frequency range > 25 THz, sim-
ilarly to the UPPE simulations. On-axis revivals are
more pronounced for L = 8 mm ≃ 3 ld in the aug-
mented model and reach a maximum at ν ≈ 15 THz,
due to our parabolic spectral profile. Radial phase vari-
ations ϕ(r⊥) are also expected to contribute on-axis,
following Figs. 5(e,f) of the previous subsection. The



10

Figure 7. THz angular spectra evaluated by (a,b) You et al.’s
model and (c,d,e,f) our augmented model at (a,c) z = 1.75 cm
(L = 2.5 mm), (d) z = 2 cm (L = 5 mm), (b,d) z = 2.3 cm
(L = 8 mm), and (f) z = 2.5 cm (L = 10 mm); zp = 2 cm.
See text for details.

difference with UPPE data may be explained by the
strong nonlinearities producing Kerr self-modulation and
plasma defocusing, which render the plasma density in
the UPPE simulation inhomogeneous, hence contradict-
ing the model assumptions. On-axis components de-
crease to lower amplitudes in the semi-analytical spectra
whereas they increase along z in the UPPE simulation
data. Finally, we underline that the angular spectra com-
puted from the augmented model become closer to You et
al.’s patterns when the Kerr spectral amplitude decreases
below 50% of the photocurrent spectral amplitude. This
indicates that such large on-axis components developed
in the UPPE simulations cannot be caused directly by
the Kerr response alone.

E. Filamentation regime

We conclude this section by addressing the long-range
filamentation regime. Here, the UPPE code was used
to simulate a two-color laser pulse (r = 35%) with fun-
damental operating at 0.8 µm, duration of 34 fs, initial
radius of 2.5 mm, and energy of 1.5 mJ, loosely focused
in the air (20% O2, 80% N2 - n2 = 3.8× 10−19 cm2/W,
xK = 0.8) by a lens of focal length f = 2.6 m. For such
a beam, using the linear pre-processor was necessary to
perform a linear propagation of the laser pulse over 2.3 m
until reaching intensities close to the Kerr nonlinearity
threshold. The resulting pulse was then used as the in-
put condition for the UPPE code at z = 0.

No multiple filamentation occurs (not shown) as the

Figure 8. (a) Maximum electron density and (b) THz energy
(ν < 90 THz) contained in the UPPE simulation window as a
function of z for a two-color long-range filament. (c) Angular
THz spectrum calculated at z ≃ 20.4 cm.

input peak power remains rather close to critical Pcr
80,

i.e., Pin ≃ 2.6P inst
cr where P inst

cr ≡ Pcr/(1 − xk) refers
to the instantaneous critical power. Figure 8(a) shows
that the extended filament maintains a relatively con-
stant maximum electron density ≈ 1017 cm−3 between
z = 10 cm and z = 60 cm, due to clamping effect, then
turns off afterward. Figure 8(b), plotting the THz energy
in the simulation box along z, shows a strong decrease
beyond z = 18 cm, due to the THz radiation leaving
the simulation box. Moreover, THz production becomes
less efficient at such long distances because the tempo-
ral overlap between the two laser harmonics deteriorates
through temporal walk-off. Figure 8(c) describes the THz
spectrum calculated at z ≃ 20.4 cm. We can evaluate
from Fig. 3(c) and Figs. 8(a) and 8(b) a minimum length
Lmin ≃ 5 cm associated with an efficient plasma emitting
zone in this configuration. This length corresponds to the
distance that a THz wave generated on-axis (x = y = 0)
at an angle Θ ≈ 1.5° must travel to leave the simulation
box with a transverse window extending from −1.3 mm
to 1.3 mm.
Setting L = 5 cm, the effective electron density can be

estimated as N eff
e ≈ 1016 cm−3 from Figs. 8(a,b). Note

that for such density levels, the dephasing length depends
little on N eff

e so that ld = 2.6 cm < L. We linearly prop-
agated the same laser pulse over a distance of zp = 2.6 m
to integrate our augmented model. We chose A(ω) and
AJ,K(ω) as given by Fig. 2 (dashed curves), where the
Kerr component is about 10% that of photocurrents in
intensity. Figures 9(a,b) plot the angular spectra cal-
culated from You et al.’s model and ours, respectively.
These spectra are almost identical: They present a coni-
cal emission for Θ = 1− 2° with a flat frequency profile,
which agrees with the UPPE simulation. The residual
central emission (< 10% in spectral power) is consistent
with the expected on-axis contribution for L < 2 ld.

IV. INFLUENCE OF OPTICAL ABERRATIONS

This section aims to characterize the impact of com-
mon optical aberrations (OAs) on the nonlinear prop-
agation of two-color pulses producing THz radiation.
OAs modify the propagation of a laser beam through
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Figure 9. THz angular spectra estimated using (a) You et
al.’s model and (b) our augmented model for the filamentation
setup. Laser-medium parameters are specified in the text.

distortion of its transverse phase, thus of its optical
wavefront81. They tend to alter the position and shape of
the focal spot and, thereby, the geometry of the plasma
channel. OAs are usually classified using two integers:
the radial degree n and the azimuthal degree m ≤ n en-
tering the Zernike polynomial Zm

n (ρ,Φ)54:

Zm
n (ρ,Φ) =

{
Rm

n (ρ) cos(mΦ) if m ≥ 0
−R−m

n (ρ) sin(mΦ) if m < 0
, (43)

where ρ ≡
√
2r⊥/w0 with r⊥ =

√
x2 + y2 and w0 being

the beam width.

Rm
n (ρ) =

n−m
2∑

k=0

(−1)k(n− k)!

k!
(
n+m

2 − k
)
!
(
n−m

2 − k
)
!
ρn−2k (44)

is the radial distribution for an even number of n − m,
and Rm

n (ρ) ≡ 0 otherwise.
Below we shall concentrate on the basic configuration

of focus (n = 2, m = 0) - consisting of a simple focusing
lens effect - and will add to this elementary lensing three
characteristic OAs of interest, namely, vertical astigma-
tism (n = m = 2), vertical coma aberration (n = 3,
m = −1) and sphericity (n = 4, n = 0). For these four
configurations, the polynomials Zm

n (ρ,Φ) express as:

Focus Z0
2 (ρ) = 2ρ2 − 1, (45)

Astigmatism Z2
2 (ρ,Φ) = ρ2 cos(2Φ), (46)

Coma Z−1
3 (ρ,Φ) = (3ρ3 − 2ρ) sin(Φ), (47)

Sphericity Z0
4 (ρ) = 6ρ4 − 6ρ2 + 1. (48)

Each OA is associated with an amplitude coefficient,
cmn , which has the dimension of a distance and deter-
mines the impact of the respective OA on the transverse
phase of the beam. The total phase distortion is then
conveniently expressed as

−ω

c
ZOA(r⊥,Φ) = −ω

c

∑
n,m≤n

cmn Zm
n

(√
2r⊥
w0

,Φ

)
. (49)

The polynomial ZOA(r⊥,Φ) henceforth substitutes the
transverse spatial dependency of the phase term r2⊥/2f

Figure 10. Laser fluency maps in the linear regime (a,b,c,e)
in the (x, z) plane and (d,f) in the (y, z) plane for a two-
color laser pulse with 800-nm fundamental (r = 35 %) and
initial radius w0 = 250 µm focused in the air by a lens of focal
length f = 2.6 cm (a) without additional optical aberration
and with added (b) sphericity (c04 = 5 nm), (c,d) astigmatism
(c22 = 300 nm) and (e,f) coma (c−1

3 = 300 nm). Insets show
the corresponding laser spatial phases at z = 0.

in Eq. (4). The sum symbol means that when considering
OAs such as sphericity, astigmatism, or coma, we add the
latter to the baseline focus configuration.
Figure 10(a) depicts linear laser propagation in the ab-

sence of OA (i.e., with focus only). The initially 250-µm
wide optical pulse is focused in air by a lens with focal
length f = 2.6 cm. The inset shows the initial spatial
phase of the laser pulse, corresponding to the Zernike
polynomial Z0

2 (r⊥) linked to the focusing effect. This
reference case is compared with sphericity (c04 = 5 nm),
astigmatism (c22 = 300 nm) and coma (c−1

3 = 300 nm),
further added to focus.
Figures 10(b-f) evidence that laser propagation is

strongly influenced by the OAs. In particular, astigma-
tism and coma introduce transverse asymmetries. In the
following, we discuss nonlinear UPPE simulation results
characterizing the impact of astigmatism, coma, and
sphericity in the focused regime. We begin by address-
ing LP-P laser fields, which we will compare to circularly
polarized beams (CP-S) simulations. Finally, we present
results in the filamentation regime for OA-influenced LP-
P laser pulses. UPPE far-field spectra are compared with
the results of our augmented model.

A. LP-P Polarization

Our two-color laser driver again involves a 0.8 µm fun-
damental pulse with 34-fs duration and 250 µm initial
radius. The laser energy is 500 µJ, with r = 35% in
the second harmonic; the pump beam is linearly polar-
ized (LP-P) along ex and focused (f = 2.6 cm equiva-
lent to c02 = 300 nm) in air (n2 = 3.8 × 10−19 cm2/W,
xk = 0.8) to provide us with the reference case (focus).
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Figure 11. UPPE-computed maps of the laser fluency
for a two-color LP-P pulse propagating in nonlinear regime
(a,b,c,e) in the (x, z) plane and (d,f) (y, z) plane (a) in
the reference (focus) case, with added (b) sphericity, (c,d)
astigmatism and (e,f) coma aberration. The blue lines show
density iso-contours at Nmax

e = 5 × 1016 cm−3. Simulation
parameters are specified in the text.

We then carried out three other simulations including
sphericity (c04 = 5 nm), astigmatism (c22 = 300 nm) and
coma (c−1

3 = 300 nm) imposed at z = 0.

To start with, Fig. 11 shows the evolution of the laser
fluencies calculated with the UPPE code in the non-
linear regime. The propagation dynamics look similar
to those observed in the linear regime (compare with
Fig. 10). Differences (reduction) in the maximum fluency
values can be attributed to the clamping of the maximum
laser intensity by the peak plasma density, as indicated
by the blue iso-contour density levels Nmax

e = 5 × 1016

cm−3. For the reference case [Fig. 11(a)] and in the pres-
ence of sphericity [Fig. 11(b)], the plasma remains ax-
isymmetric. However, adding astigmatism [Figs. 11(c,d)]
and coma [Figs. 11(e,f)] breaks the transverse symmetry.
Note that in the configuration with coma, the plasma
is, in fact, composed of a filament extending along the
laser propagation direction, accompanied by small off-
axis zones with non-zero electron density around z = 1
cm.

Figure 12(a) describes the axial evolutions of the max-
imum electron density for the four considered configura-
tions. Compared to focus (reference case, blue curve),
reaching a peak electron density of Nmax

e ≈ 2 − 3 ×
1018 cm−3, astigmatism (green curve) and coma aber-
ration (magenta curve) reach lower density levels by a
factor of ≈ 2 and ≈ 5, respectively. Sphericity generates
very intense density peaks (Ne ≈ 1019 cm−3) correspond-
ing to the off-axis hot spots visible in the laser fluence
map of Fig. 11(b) at z ≃ 1.8−2 m. Sphericity produces a
longer plasma channel than is observed in the focus case,
which is in accordance with the references82,83. Astigma-
tism leads to a shorter plasma because this aberration
induces an additional focusing effect. Coma generates a
longer and smoother plasma channel because it decreases

Figure 12. Top: (a) Maximum electron density and (b)
THz energy (ν < 90 THz) along z in the reference (focus)
case (blue curve), with sphericity (red curve), astigmatism
(green curve) and coma aberration (magenta curve). Bottom:
Angular THz spectra calculated with the UPPE code (c,d,e,g)
in the (x, z) plane and (f,h) in the (y, z) plane (c) in the focus
case at z = 2.65 cm, (d) in the sphericity case at z = 2.24 cm,
(e,f) for astigmatism at z = 1.93 cm and (g,h) for coma at
z = 1.32 cm.

the maximum fluency level (and, therefore, the peak elec-
tron density). Plasma generation starts at smaller z dis-
tances, in accordance with Fig. 10(e,f). Figure 12(b),
plotting the THz energy (ν < 90 THz) accumulated
along z in the simulation window, shows that OA hardly
modifies the laser-to-THz conversion efficiency, except for
coma, for which the THz yield drops by a factor ≈ 5 due
to the lower plasma density.

Figures 12(c-h) illustrate the associated angular THz
spectra computed at the distances for which the growth
of the THz energy plotted in Fig. 12(b) is maximum.
The reference case [Fig. 12(c)] exhibits a conical emis-
sion at angles 2.5° < Θ < 4° and extends up to 60 THz.
The THz spectrum in the spherical case [Fig. 12(d)] ap-
pears similar. However, it presents a broadening up to
75 THz, which we attribute to strong nonlinearities asso-
ciated with the local density peaks observed in Fig. 12(a).
Astigmatism [Figs. 12(e,f)] and coma [Figs. 12(g,h)] dis-
play a reduction of the THz spectral width (ν < 45 THz).
In the former case, we observe that the radiated wave ap-
pears rather axisymmetric despite the asymmetric char-
acter of astigmatism. It presents a strong on-axis con-
tribution at low frequencies (ν < 20 − 25 THz) and a
conical emission at Θ ≈ 4° in the upper part of the spec-
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Focus Sphericity Astigmatism Coma
zp [cm] 2 1.5 1.8 0.8

Neff
e [1018 cm−3] 0.2 0.4 0.3 0.01

L [mm] 7 5 3 10
ld [mm] 3.9 2.1 2.8 20

Table I. Parameters used to integrate our augmented model
for conical emission in the focused regime for LP-P laser
pulses.

trum (ν > 25 THz). In the coma case, the azimuthally-
varying plasma shape renders the THz spectrum asym-
metrical with different frequency bandwidths for positive
and negative values of Θ. This spectrum comprises on-
axis emission for ν < 35 − 40 THz and conical emission
for ν > 40 THz at angles between 2° and 3° in absolute
value.

For comparison, we integrated our augmented model
to reproduce these spectra. The parameters used for its
integration are summarized in table I. We have selected
our spectral profiles AJ(ω) so that they remain close to
the transversely integrated UPPE THz spectra [see, e.g.,
solid blue curve in Fig. 2]. Here, only a plasma driver
is accounted for in our test spectral profile. Introducing
OA only shortens the bandwidth for asymmetric (e.g.,
astigmatism) aberrations, as exemplified by Figs. 13(a,b).

Figure 13(c) plots the angular THz spectrum estimated
by our augmented model for the focus (reference) case.
The distance zp reached by our linear pre-processor is
chosen to match beam size and peak intensity similar
to those developed by the UPPE runs. The predicted
emission angles ∼ 2.5 − 3° are in reasonable agreement
with those of our UPPE simulations [see Fig. 12(c)]. The
sphericity case, shown in Fig. 13(d), describes a conical
emission very similar to that of the reference case and
predicts angles of about 3 − 4°. In agreement with the
UPPE calculations, these two figures show that spheric-
ity has little impact on the produced THz spectrum. For
astigmatism [Figs. 13(e,f)], our model reproduces spec-
tral narrowing and relevant on-axis components. How-
ever, it slightly overestimates the spectral asymmetries
by amplifying more azimuthal variations (up to ≈ 9%
in amplitude). These asymmetries are due to the terms
I±S (kx, ky), which ignore nonlinear propagation effects at-
tached to Kerr self-focusing and plasma defocusing; the
latter locally modify the spatiotemporal distributions of
the laser pulse and the plasma channel along z.

Nonetheless, the THz emission angles (Θ ≈ 4°) are cor-
rectly restored. In the case of coma [see Figs. 13(g,h)],
asymmetries emerging in the UPPE spectra are partially
reproduced. They are also associated with the asymmet-
ric diffraction caused by the term Jtr(r⊥). Discrepancies
with the UPPE simulation data can again be attributed
to the nonlinear distortion of the plasma channel geome-
try omitted in our model. The overall spectral dynamics
predicted by our model are nevertheless consistent with
the UPPE simulation results, namely, a conical emission
at angles Θ ≈ 3°, with a non-negligible on-axis contribu-

Figure 13. (a,b) Transversely integrated THz spectra of
Fig. 12 (black curves) and profiles AJ(ω) (blue curves) chosen
to integrate our conical emission model (a) in the sphericity
case and (b) the astigmatism case. (c-h) Angular THz spec-
tra along (c,d,e,g) ky = 0 and (f,h) kx = 0 estimated from
our augmented conical emission model for a laser propaga-
tion affected by (c) no OA (focus only), (d) sphericity, (e,f)
astigmatism and (g,h) coma aberration. The parameters used
are summarized in table I.

tion as L ≲ ld.

B. CP-S Polarization

We performed a similar study for circularly polarized
laser pulses using the same laser-air parameters, except
for the pump polarization state. We did not observe
major modifications in the nonlinear laser fluency pat-
terns calculated by UPPE for the four configurations of
interest. We observed that the geometries of the laser
beam and plasma remained similar to Fig. 11, i.e., in the
present focused geometry the laser polarization barely
modifies pulse propagation in the presence of optical
aberrations.
Figure 14(a) illustrates the axial evolutions of the max-

imum electron densities reached without OA (focus, blue
curve), with sphericity (red curve), astigmatism (green
curve) and coma (magenta curve). Again, the peak
plasma dynamics are very similar to those observed in
the LP-P configuration. Figure 14(b) shows the related
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Figure 14. (a,b) Same quantities as in Fig. 12 but for CP-
S configuration. (c-h) Corresponding angular THz spectra
calculated by UPPE (c,d,e,g) along ex and (f,h) along ey (c)
in the reference case at z = 2.65 cm, (d) for sphericity at
z = 2.24 cm, (e,f) for astigmatism at z = 1.93 cm and (g,h)
for coma at z = 1.32 cm.

THz energy. We refind the well-known property follow-
ing which CP-S laser pulses strongly increase the THz
yield compared to their LP-P counterpart56. Without
OA (blue curve), the THz energy is enhanced by a fac-
tor ≈ 6. This property holds with sphericity (red curve,
≈ ×4) and astigmatism (green curve, ≈ ×3), even if
these two configurations significantly reduce the laser-
to-THz conversion efficiency compared to the reference
case. Coma aberration (magenta curve) is again harmful
for THz radiation due to its detrimental action on the
generated electron density.

Figures 14(c-h) illustrate the associated angular THz
spectra. These are close to the LP-P case, although
with slightly narrower frequency bandwidth, which we
attribute to relatively weaker nonlinearities. The action
of astigmatism and coma on the THz distribution [see
Figs. 14(e,f,g,h)] is similar to the LP-P case, although
with a less pronounced asymmetry at negative angles in
the coma case. Hence, LP-P and CP-S laser beams pro-
vide comparable THz emission patterns.

Let us now integrate our conical emission model. We
assume that the CP-S polarization state barely modifies
the parameters L and N eff

e so that the values presented
in Table I can be reused here. The AJ(ω) factors were
checked to remain similar to those used in the LPP con-
figuration.

Figure 15 plots the results of our model. Angular spec-

Figure 15. Same quantities as in Fig. 13(c-h), but for a CP-S
laser pulse.

tra appear very close to those calculated in the LP-P case,
confirming again that laser polarization has a limited im-
pact on conical emission. The overall angular spectra
for asymmetric aberrations reasonably agree with their
UPPE counterparts in the predicted spectral extent and
production of on-axis components. We observe, however,
a few discrepancies in the on-axis contributions, which
are attributed to a strong dependence of the THz spec-
trum on the phase ϕ(r⊥) when L ≈ ld. We again empha-
size that because the nonlinear responses of the medium
alter the laser pulse during propagation, our model can
overestimate some asymmetries in the THz spectra, e.g.,
for astigmatism [see Figs. 15(c,d)]. These asymmetries
disappear in the coma case [Figs. 15(e,f)] that amplifies
on-axis contribution and agrees better with the UPPE
spectra.

C. Influence of optical aberrations in filamentation regime

To explore THz emission in the filamentation regime
modified by adaptative optics, we performed UPPE sim-
ulations of LP-P laser pulses without OA (focus), with
sphericity (c04 = 10 nm), astigmatism (c22 = 150 nm) and
coma (c−1

3 = 100 nm). Our 34-fs, two-color laser pulses
now have a 2.5 mm initial radius and 1.5 mJ energy, and
they are loosely focused with f = 2.6 m (equivalent to
c02 = 300 nm) in air. These simulations required using
the linear pre-processor to propagate the laser pulses up
to the threshold intensity of the first nonlinearities be-
fore using them as input data for the UPPE code. Laser
beams without OA, with sphericity, astigmatism, and
coma, were propagated over 2.3 m, 1.7 m, 1.7 m, and
1.5 m, respectively. The value of the distance z where
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Figure 16. Laser fluency maps calculated in filamentation
regime by the UPPE code (a,b,c,e) in the (x, z) plane and
(d,f) in the (y, z) plane (a) in the reference (focus) case, (b)
with sphericity, (c,d) astigmatism and (e,f) coma. The blue
iso-contours represent the iso-densitiesNmax

e = 5×1016 cm−3.

nonlinear propagation begins was always set to z = 0 by
convention.

Figure 16 shows the laser fluency calculated with
UPPE. The reference case [Fig. 16(a)] displays a plasma
zone that extends over several tens of centimeters. Kerr
self-focusing/plasma defocusing cycles induce deviations
from the patterns shown in Fig. 11, particularly for
pulses affected by asymmetric aberrations. The hollow
zones observed in the reference case and with sphericity
[Fig. 16(a,b)] at z ≈ 15 cm and z ≈ 30 cm, respectively,
indicate a replenishment dynamics84. Unlike the focused
regime, despite the presence of astigmatism over a long
propagation range, a rather axisymmetric filament devel-
ops over the propagation axis. In addition, Figs. 16(e,f)
for coma contain fewer hot spots compared to the fluency
patterns observed in Figs. 11(e,f). We conclude that in
the filamentation regime, the propagation dynamics is
dominated by the nonlinear balance between Kerr self-
focusing and plasma defocusing, and linear effects due to
OA are less important.

Figure 17(a) describes the longitudinal evolutions of
Nmax

e in the reference case (blue curve), with sphericity
(red curve), astigmatism (green curve) and coma (ma-
genta curve). The differences in the plasma onset dis-
tances are mainly due to the selected final distances of the
pre-processed linear propagation runs, which vary from
one case to another. Focus and sphericity induce compa-
rable maximum densities, although the latter reduces the
plasma length. On the other hand, asymmetric aberra-
tions reduce plasma density levels by a factor of ≈ 2 and
also decrease the length of the plasma zone. Figure 17(b)
plots the produced THz energy (ν < 90 THz). We ob-
serve that all aberrations reduce the production of THz
yield. OAs are thus generally harmful for THz genera-
tion in the filamentation regime, similar to their impact
in the focused regime.

UPPE angular THz spectra are presented in Fig. 17(c-

Figure 17. Top: (a) Maximum electron density and (b) THz
energy (ν < 90 THz) along z in the reference case (focus,
blue curve), with sphericity (red curve), astigmatism (green
curve) and coma (magenta curve). Bottom: Angular THz
spectra calculated with UPPE (c,d,e,g) along ex and (f,h)
along ey (c) in the reference case at z = 20.4 cm, (d) with
sphericity at z = 35.6 cm, (e,f) astigmatism at z = 61.1 cm
and (g,h) coma at z = 61.1 cm.

h). In both the reference case [Fig. 17(c)] and with
sphericity [Fig. 17(d)], the THz radiation exhibits a rel-
atively flat spectrum up to 90 THz, which is typical of
the filamentation regime. Additionally, the emission an-
gle remains nearly constant over a wide frequency band-
width. Astigmatism and coma illustrated by Figs. 17(e,f)
and 17(g,h) modify the spectrum with an almost zero
contribution at low frequencies (ν < 15− 20 THz). Like
in the focused regime, astigmatism does not induce any
asymmetry in the THz intensity radiated in filamentation
regime. Coma tends to slightly unbalance THz emission
between positive and negative Θ because of the misalign-
ment of the plasma channel with respect to the optical
axis. The observed THz emission angles remain simi-
lar to those of the reference case in the filamentation
regime; although affected by OA, the effective plasma
density is weaker. Moreover, the plasma length in this
regime always satisfies the condition L ≫ ld, ensuring
perfectly conical emission in the far field. The oblique
lobes particularly visible at low frequencies in the spectra
of Figs. 17(c,d) are a numerical artifact due to a coarser
resolution in Θ at low frequency ν.

To end with, we integrated our conical emission model
using the parameters summarized in Table II. The spec-
tral distribution AJ(ω) (dashed blue curve in Fig. 2) was
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Focus Sphericity Astigmatism Coma
zp [m] 2.6 2 2.2 2

Neff
e [1018 cm−3] 0.01 0.01 0.01 0.01

L [cm] 5 5 5 5
ld [cm] 2 2 2 2

Table II. Parameters used to integrate our augmented conical
emission model in filamentation regime.

Figure 18. Angular THz spectra (a,b,c,e) along ex and
(d,f) along ey estimated using our augmented conical emission
model for a laser propagation affected by (a) no OA (lens of
2.6 m focal length), (b) sphericity, (c,d) astigmatism and (e,f)
coma. Key parameters used for integration are detailed in
table II.

chosen in each case to approach the broadband UPPE
spectral profiles, which did not change significantly by
adding OA. These include 32% of Kerr contribution in
amplitude (10% in energy ratio) extending till ∼70 THz.
The results provided by our model are illustrated in
Figs. 18. As in the UPPE simulations, OAs have no sig-
nificant impact on the THz emission angles (Θ = 1−2°),
which are correctly restored here. Despite overestimated
asymmetries in Figs. 18(c,d), our augmented model re-
stores the vanishing of the low-frequency region for astig-
matism and coma, together with the main trends of the
UPPE spectrum.

V. CONCLUSION

In this paper, we have derived a so-called ”augmented”
conical emission model, able to satisfactorily reproduce
angular THz spectra provided by 3D UPPE simulations,
both in focused propagation and filamentation regimes.
This model is called ”augmented” because it still relies
on the key parameters found by You et al.47. Yet, it

includes complementary information on three other cru-
cial quantities, namely, (i) the spectral distribution of
the THz source in the nonlinear propagation regime of
interest, (ii) the transverse profile and phase of the beam
when it undergoes lensing effect or more complex phase
distortions such as, e.g., those induced by deformable
mirrors, and (iii) Kerr contribution to the overall THz
radiation when self-focusing may become relevant, e.g.,
in the long-range filamentation regime. Our augmented
model also addressed the role of pulse envelopes, which
has been shown to be relatively limited, and it could be
generalized to circularly polarized two-color pulses.

We carefully and systematically compared the results
obtained from our augmented model with comprehensive
UPPE simulation data. From this, we find an alternative
to running heavy simulations before evaluating the angu-
lar spectra of the THz to interpret current experiments.
Indeed, it appears sufficient to model a class of spec-
tral profiles appropriately with respect to the targetted
nonlinear propagation regime (tightly or loosely focused
geometry) and appreciate the weight of the Kerr contri-
bution to get reliable angular radiation patterns. Alter-
natively, LC-computed spectra could have been used, or,
if available, the 3D UPPE spectral profiles could directly
be implemented in the spectral amplitude A(ω). How-
ever, we have shown that simple test functions for the
spectral distributions are sufficient to obtain valuable ra-
diated intensities.

Importantly, instead of selecting one single radiated
spectrum at a given propagation distance, we probed,
for the first time to our knowledge, the whole spectral
dynamics by examining changes in the radiated patterns
for various plasma lengths around the dephasing length
ld. It appears that a good knowledge of the spectral dy-
namics along the propagation range covering the THz
emitting zone is much more instructive than only ana-
lyzing the spectrum at the end of the plasma channel.

In connection with this property, our 3D UPPE sim-
ulations displayed evidence that the choice of the actual
plasma length L must be given by the length over which
THz field emission takes place. This length is generally
much shorter than the overall plasma extent along the
optical axis. By computing the evolution of the relative
phase between the two laser harmonics numerically along
this effective plasma length (Fig. 3), we have proven that
in focused propagation geometry L remains close to ld,
which justifies why most of the radiated spectra mea-
sured in such emission regimes46,52,85 contain both on-
axis emissions at small THz frequencies and net conical
emission at higher frequencies. In contrast, a collimated
or loosely focused propagation promotes plasma lengths
L ≫ ld and leads to conical emission in the entire THz
frequency range.

In conclusion, we think that the present study provides
the terahertz community with a deeper understanding
of the THz spectral dynamics and additional tools to
predict angular THz radiation patterns delivered by two-
color air plasmas in future experiments.
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Appendix A: THz emission model

Here, we establish a general conical emission model
that includes laser envelope profiles in time and in the
transverse plane. Let t be the time variable and r be the
position of the THz wave detector. The frame’s origin is
located at the center of the plasma with length L assumed
to be finite. In what follows, Θ corresponds to the polar
angle at which the radiation is emitted with respect to
the optical axis; Φ is the azimuthal angle.

Helmholtz’s theorem gives the vector potential A(r, t)
emitted by a plasma source of volume V with current
density J(r, t) as

A(r, t) =
µ0

4π

∫
V

d3r′
J(r′, t′)

|r− r′|
, (A1)

where t′ = t− |r− r′|/c corresponds to the delayed time
at which the detector receives the signal generated in t.
The associated electric field E(r, t), in the absence of a
scalar potential, follows from

E(r, t) = −µ0

4π

∫
V

d3r′
∂tJ(r

′, t′)

|r− r′|
, (A2)

and the magnetic field from

B(r, t) =
µ0

4π

∫
V

d3r′
∇× J(r′, t′)

|r− r′|
. (A3)

For the photocurrent mechanism considered here, it is
safe to assume that the relevant current density is trans-
verse and that no charge separation occurs (∇ · J = 0),
which justifies the use of Eq. (A2) to compute the ra-
diated far-field power. We note that for the transition
Cherenkov (TC) mechanism50,86–90, where the relevant
current density is longitudinal and ∇ · J ̸= 0 produces
a charge density, one would need to account for a scalar
potential in Eq. (A2) or resort to Eq. (A3).

The temporal Fourier transform of Eq. (A2) leads to

Ê(r, ω) =
iωµ0

4π

∫
V

d3r′
ei|r−r′|ω/c

|r− r′|
Ĵ(r′, ω) . (A4)

We assume that the distance between the plasma and the
detector is large compared to the filament dimensions,
that is, |r| ≫ |r′|. Cartesian, cylindrical and spherical
coordinates are written (x, y, z), (r, φ, z) and (r, Θ,
Φ). The notation ′ applies to the local coordinates in the
plasma. The far-field assumption leads to the simplifica-
tions

|r− r′| ≃ r − r′ · r
r

= r − c

ω
k⊥ · r′⊥ − z′ cosΘ (A5)

with k⊥ = (ω/c)(sinΘ cosΦ, sinΘ sinΦ), providing
Eq. (25) of the main article.

To evaluate the source terms Je(r, t) and PK(r, t) in
Eq. (26) for a two-color laser pulse, we employ the general
expression of the LP-P two-color laser field [Eq. (27)] and

apply the assumptions discussed in the main text. The
free-electron contribution Je(r, t) is calculated using the
toy ionization rate and assuming a small ionization yield,

W (E) = CE2(t), Ne(t) = CNa

∫ t

−∞
E2(t′)dt′. (A6)

The square of the LP-P two-color laser field Eq. (27) with
the assumptions discussed in the main text reads

E2
L(r, t) = E2

1 cos
2 [ω0t

′
1 + ϕ1] + E2

2 cos
2 [2ω0t

′
2 + ϕ2]

+ 2E1E2 cos [2ω0t
′
2 + ϕ2] cos [ω0t

′
1 + ϕ1], (A7)

where we omitted the arguments of E1(r⊥, t′1), E2(r⊥, t′2),
ϕ1(r⊥), and ϕ2(r⊥) for conciseness. For the plasma
term, straightforward integration of Eq. (A6) leads to lin-
ear and sine temporal dependencies in time when slowly
varying envelopes are assumed. The product Ne(t)EL(t)
thus contains quasi-stationary contributions in the terms

CNa

4ω0
E2
1 sin[2ω0t

′
1 + 2ϕ1]E2 cos[2ω0t

′
2 + ϕ2]ex

and

CNa

ω0
E1E2 sin[ω0(2t

′
2 − t′1) + ϕ2 − ϕ1]E1 cos[ω0t

′
1 + ϕ1]ex.

The treatment of the Kerr term proceeds similarly from
Eq. (7) without integration in time and, therefore, only
contains cosine contributions. After retaining only the
quasi-stationary terms, the two potential THz sources
can then be expressed as

(∂t + νc)Je,THz(r, t) = Je,0 E2
1 (r⊥, t

′
1)E2(r⊥, t′2)

× sin [∆kz + ϕ(r⊥)]ex (A8)

using Je,0 = 3CNae
2/(8meω0), and

PK,THz(r, t) = PK,0 E2
1 (r⊥, t

′
1)E2(r⊥, t′2)

× cos [∆kz + ϕ(r⊥)]ex (A9)

with PK,0 = 3ε0χ
(3)/4, ∆k = π/ld, and ld denoting the

dephasing length given in Eq. (17). With the assumption
of separable laser envelopes in space and time [Eq. (28)]
we can simplify the relations (A8) and (A9), and the

unified source term Ĵ(r, ω), cf. Eq. (26), reads:

Ĵ(r, ω) = Ĵ0(r, ω)Jtr(r⊥)Ft

[
E2
ax,1(t

′
1)Eax,2(t′2)

]
(ω),
(A10)

where Jtr(r⊥) = E2
tr,1(r⊥)Etr,2(r⊥) [see Eq. (38)], and

Ĵ0(r⊥, z, ω) =
Je,0

νc − iω
sin (∆kz + ϕ(r⊥))ex

− iωPK,0 cos (∆kz + ϕ(r⊥))ex. (A11)

Ft refers to Fourier transform in time, and using
t′j={1,2} = t− zn(jω0)/c we can rewrite

Ft

[
E2
ax,1(t

′
1)Eax,2(t′2)

]
(ω) =

∫
E2
ax,1(t

′
1)Eax,2(t′2)eiωtdt

= eikn(ω0)z

∫
E2
ax,1(t

′
1)Eax,2

(
t′1 −

πz

2ω0ld

)
eiωt′1dt′1,
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with k = ω/c being the THz wavenumber in vacuum. We
can use the convolution theorem to rewrite the integral
as ∫

E2
ax,1(t)Eax,2(t− γ)eiωtdt

=
1

2π

∫∫∫
E2
ax,1(t)e

iω′tEax,2(t′ − γ)ei(ω
′−ω)t′dtdt′dω′

=
1

2π

∫∫∫
E2
ax,1(t)e

iω′tEax,2(t̃)ei(ω
′−ω)(t̃+γ)dtdt̃dω′

=
e−iωγ

2π

∫
Ft

[
E2
ax,1(t)

]
(ω′)Ft[Eax,2(t)](ω′ − ω)eiω

′γdω′

where γ = πz/(2ω0ld). Provided that the spectra of the
temporal envelopes are sufficiently narrow (not too short
pulses), we can conclude that the integrand is nonzero
for ω′ ≪ ω0 only. Then, for plasma lengths of at most
a few ld we can neglect the z-dependent term exp(iω′γ)
under the integral. Because we are interested in THz
frequencies only (ω ≪ ω0), with the same argument we
can neglect the factor exp(−iωγ) in front of the integral.
Thus, we have established that

Ft

[
E2
ax,1(t

′
1)Eax,2(t′2)

]
(ω) ≈ eikn(ω0)zCenv(ω) (A12)

with

Cenv(ω) =

∫
E2
ax,1(t

′
1)Eax,2(t′1)eiωt′1dt′1. (A13)

While this expression is valid for arbitrary (slowly vary-
ing) pulse envelopes, it is instructive to inspect it for
Gaussian envelopes:

Eax,j(t) ∝ e−(t−tjc)
2/t2j (A14)

with tj being the duration of the jth color envelope and tjc
its temporal offset. After straightforward computations,
we obtain a Gaussian power spectrum

Cenv(ω) ∝
t1t2

√
π

teq
e
− 2∆t2

t2eq e
iω(t1c−∆t

t21
t2eq

)
e
− t21t22

4t2eq
ω2

, (A15)

where teq =
√
2t22 + t21 and ∆t = t1c − t2c is the temporal

separation of the two envelopes. Most notably, the am-
plitude strongly decreases with increasing ∆t2. Interest-
ingly, deviations from the above slowly-varying assump-
tions and ω ≪ ω0 would produce additional contributions
of orders ∆tL/(ω0t

2
eqld) and ωλTHz/(ω0ld), respectively,

in the argument of the sinc function of Eq. (20). Devi-
ations from the above requirement ωγ ≪ 1 would intro-

duce a z-dependent correction e−iγωt21/t
2
eq into Cenv. For

a 0.8µm fundamental pulse, this contribution remains
small for THz frequencies < 60 THz (120 THz) as long
as L ≤ 4 ld (resp. L ≤ 2 ld).

The source term Ĵ(r, ω) hence reads

Ĵ(r, ω) ≈ Ĵ0(r, ω)Jtr(r⊥)e
ikzn(ω0)Cenv(ω). (A16)

By injecting relations (A16) into equation (25), the radi-
ated electric field takes the form:

Ê(r,Θ,Φ, ω) =
µ0

4πr
eikr

∑
j=J,K

Cj(Θ,Φ, ω), (A17)

where

CJ,K(Θ,Φ, ω) = AJ,K(ω)IJ,K(Θ,Φ, ω). (A18)

Here, AJ,K(ω) are the THz spectral profiles associated
with the photocurrents and Kerr response,

AJ(ω) = iωCenv(ω)
Je,0

νc − iω
, (A19)

AK(ω) = ω2Cenv(ω)PK,0, (A20)

while IJ,K(Θ,Φ, ω) describes the interferences between
the THz waves generated along the plasma channel:

IJ(Θ,Φ, ω) =

∫ L
2

−L
2

dz′eikz
′[n(ω0)−cosΘ]

×
ei∆kz′

I+S (Θ,Φ, ω)− e−i∆kz′
I−S (Θ,Φ, ω)

2i
ex,

IK(Θ,Φ, ω) =

∫ L
2

−L
2

dz′eikz
′[n(ω0)−cosΘ]

×
ei∆kz′

I+S (Θ,Φ, ω) + e−i∆kz′
I−S (Θ,Φ, ω)

2
ex.

The quantities I±S (Θ,Φ, ω) refer to the transverse integral
contributions to the THz spectrum:

I±S (Θ,Φ, ω) =

∫∫
d2r′⊥Jtr(r

′
⊥)e

±iϕ(r′⊥)e−ik⊥·r′⊥ , (A21)

with k⊥ = (ω/c)(sinΘ cosΦ, sinΘ sinΦ). The functions
I±S (Θ,Φ, ω) can be rewritten as

I±S (Θ,Φ, ω) = F⊥

[
Jtr(r

′
⊥)e

±iϕ(r′⊥)
]
(Θ,Φ, ω), (A22)

where F⊥ represents the transverse Fourier transform.
It can be checked that the elementary transformations

sin[∆kz + ϕ(r′⊥)]ex →
(
sin[∆kz + ϕ(r′⊥)]

cos[∆kz + ϕ(r′⊥)]

)
(A23)

cos[∆kz + ϕ(r′⊥)]ex →
(

cos[∆kz + ϕ(r′⊥)]

− sin[∆kz + ϕ(r′⊥)]

)
(A24)

allow one to treat similarly CP-S laser pulses, cf. Eq. (2).
Straightforward calculation of the integrals

IJ,K(Θ,Φ, ω) gives, for a LP-P laser pulse:

ILP−P
J (Θ,Φ, ω) =

L

2

[
I+S κ+ − I−S κ−

]
ex, (A25)

ILP−P
K (Θ,Φ, ω) = i

L

2

[
I+S κ+ + I−S κ−

]
ex, (A26)
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and for a CP-S pulse:

ICP−S
J (Θ,Φ, ω) =

L

2

(
I+S κ+ − I−S κ−

I+S κ+ + I−S κ−

)
, (A27)

ICP−S
K (Θ,Φ, ω) = i

L

2

(
I+S κ+ + I−S κ−

−I+S κ+ + I−S κ−

)
. (A28)

The quantities κ± are defined by:

κ± = sinc(α±) (A29)

α± =
1

2
kL

(
n0 − cosΘ± λTHz

2ld

)
, (A30)

with sinc(x) = sinx/x and k = ω/c = 2π/λTHz.
Equations (A13), (A25) and (A26) [alternatively (A27)

and (A28)] can finally be injected into the relation (A17)
to obtain the far-field spectral intensity:

∣∣∣Ê(r,Θ,Φ, ω)
∣∣∣2 =

µ2
0

16π2r2

∣∣∣∣∣∣
∑

j=J,K

Cj(Θ,Φ, ω)

∣∣∣∣∣∣
2

. (A31)

We have implicitly assumed that the dephasing length ld
is constant in space, although the source terms of THz
radiation include radial variations. This means that sim-
ilarly to You et al.’s model, we need to select an effective
electron density level N eff

e to estimate ld and thus evalu-
ate our model.

Note that similarly to47, we ignore plasma absorption
and opacity in the THz frequency range. These assump-
tions can be justified as follows. By neglecting the Kerr
contribution and focusing on plasma dispersion, Eq. (18)
reads

n2(ω) = n2
opt(ω)−

ω2
p

ω2(1 + iνc/ω)

= n2
opt(ω)−

ω2
p

ω2 + ν2c
+ i

νc
ω

ω2
p

ω2 + ν2c
.

(A32)

The real and imaginary parts of the medium index are
given by

ℜ[n(ω)] =
(
|n2(ω)|+ ℜ[n2(ω)]

2

)1/2

, (A33)

ℑ[n(ω)] =
(
|n2(ω)| − ℜ[n2(ω)]

2

)1/2

. (A34)

For ℜ[n2(ω)] > 0, attenuation of THz waves through
ℑ[n(ω)] is due to plasma absorption (νc ≈ 3 THz),
which recovers Kim et al.’s49 approximation ℑ[n(ω)] ≈
νcω

2
p/(2ω(ω

2 + ν2c )) in the limits νc/ω ≪ 1, n2
opt(ω) ≈ 1.

At density levels Ne ≲ 1017 cm−3, the absorption length
La = c/(ωℑ[n(ω)]) is of the order of ∼ 100 µm at
ω = 2πνc. As typical filaments have a radius of a ≈ 20
µm and THz radiation is emitted at angles Θ ≈ 5°, the
propagation distance of those waves to exit the plasma is
≈ 200 µm ∼ La, meaning that plasma absorption should

already have a limited effect on the emitted THz field.
At higher frequencies, La quickly increases (∼ 500 µm at
5 THz), and absorption becomes negligible.
In the lower region of the THz spectrum, ℜ[n2(ω)] =

n2
opt(ω)−ω2

p/(ω
2 + ν2c ) may become negative. Then, the

attenuation of the THz waves through ℑ[n(ω)] is due to
the plasma opacity. However, this effect barely impacts
the forward emitted spectrum, as the THz field is emitted
at the front of the plasma, i.e., before the plasma builds
up91,92, so that the local Ne and thus ωp take smaller
values.

Appendix B: Derivation of You et al.’s model

The original You et al.’s model [Eq. (19)]47,48 can be
easily derived from our augmented emission model. We
assume a homogeneous cylindrical plasma of length L
and radius a. Thus, the source term Jtr contained in
I±S (Θ,Φ, ω), is constant on the disk of radius r⊥ < a and
zero outside. Moreover, we introduce ϕ0 as the constant
value taken by the phase ϕ(r⊥). Hence, we can write

I±S = e±iϕ0

∫∫
d2r′⊥e

−ik⊥·r′⊥

= e±iϕ0

∫ a

0

dr′⊥r
′
⊥

∫ 2π

0

dφ′e−ik⊥r′⊥ cosφ′

= 2πe±iϕ0

∫ a

0

dr′⊥r
′
⊥J0(k⊥r

′
⊥),

with J0(x) being the Bessel function of first kind and
rank 0. The simplifications continue by using the identity∫
dxxJ0(x) = xJ1(x)

93, where J1(x) describes the Bessel
function of first kind and rank 1:

I±S (Θ, ω) = 2πe±iϕ0a2
J1(β)

β
, (B1)

where we used k⊥ = k sinΘ and β = ak sinΘ.
If we now neglect the contribution of the Kerr response

to the THz radiation (AK(ω) = 0), assume that the laser
pulse is linearly polarized (LP-P) and n(ω0) = 1, we can
evaluate Eq. (A31) as∣∣∣Ê(r,Θ, ω)

∣∣∣2 =
µ2
0

16r2
a4L2 |AJ(ω)|2

(
J1(β)

β

)2

×
∣∣eiϕ0κ+ − e−iϕ0κ−

∣∣2 ,
where the term depending on α± develops as:∣∣eiϕ0κ+ − e−iϕ0κ−

∣∣2 = κ2
++κ2

−−2κ+κ− cos(2ϕ0). (B2)

The far-field THz intensity radiated by the plasma thus
restores You et al.’s Eq. (19), where A(ω) ≡ AJ(ω).
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thz generation from two-color filamentation: long distance de-
pendence,” Opt.Express 20, 6825 (2012).
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L. Bergé, and S. Skupin, “Broadband terahertz emission from
two-color femtosecond-laser-induced microplasmas,” Phys. Rev.
A 96, 053814 (2017).

51A. Gorodetsky, A. D. Koulouklidis, M. Massaouti, and
S. Tzortzakis, “Physics of the broadband terahertz emission from
two-color laser-induced plasma filaments,” Phys. Rev. A 89,
033838 (2014).

52A. A. Ushakov, P. A. Chizhov, V. A. Andreeva, N. A. Panov,
D. E. Shipilo, M. Matoba, N. Nemoto, N. Kanda, K. Konishi,
V. V. Bukin, M. Kuwata-Gonokami, O. G. Kosareva, S. V. Gar-
nov, and A. B. Savel’ev, “Ring and unimodal angular-frequency
distribution of THz emission from two-color femtosecond plasma
spark,” Opt. Express 26, pp. 18202 – 18213 (2018).

53M. Kolesik and J. V. Moloney, “Nonlinear optical pulse propa-
gation simulation: From Maxwell’s to unidirectional equations,”
Phys. Rev. E 70, 036604 (2004).

54R. J. Noll, “Zernike polynomials and atmospheric turbulence,”
J. Opt. Soc. Am. 66 (1976).

55C. Meng, W. Chen, X. Wang, Z. Lü, Y. Huang, J. Liu, D. Zhang,
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I. Babushkin, S. Skupin, and L. Bergé, “Spectral dynamics of thz
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V. Vaičaitis, and L. Bergé, “Terahertz pulse generation by two-
color laser fields with circular polarization,” njp 22, 103038
(2020).

77F. Brunel, “Harmonic generation due to plasma effects in a gas
undergoing multiphoton ionization in the high-intensity limit,”
josab 7, 521 (1990).



22

78K.-Y. Kim, “Generation of coherent terahertz radiation in ultra-
fast laser-gas interactions,” pop 16, 056706 (2009).
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