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Brake squeal: a problem of flutter instability of the steady
sliding solution?
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on the occas'ion of hr,s "/Ûh bi,rthday
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Laboratoi,re de Mécanique des Solides, CNRS-umr76l9,
Ecole Polytechnique,
9 1 1 28- P alaiseau, France
E-mail : s on@lms.polytechnirlue.fr

Bnaxr seuEAL RESULTS rnorvr friction-induced vibrations. This phenomenon is con-

sidered here and interpreted as a flutter instability of the steady sliciing solution of an
elastic solid in unilateral contact l'ith friction rvith a rnoving obstacle. A mechanical
:rnal1'sis of the govcrnirrg equatir-rns is givcn, in particular to obtain the stead-v sliding
solution. The stability anall'sis of this solution is discussed. A numerical analysis
bv the finite clernent method is pcrforned in order to compute the steady' siiding
scilution arrd to cliscuss its stabilitv for arr autornotive disk brake. The validation of
the nurnelical proccdurc is examined irr relation rvith sonte analJ'tical results of the
lit crat rrrc.

1. Introduction

THn pn.osr-E\r of Bn-,\KÈ NoISES has been intensir.ely cliscussed in r-arious exper-
imentai or theoretical investigations up to the presellt time. Different kinds of
noises and vibrations can be identified in common drun or disk brakes foliowing
tlreir frequencies (e.g. [2, 12]). Brake squeals resrrlt fi'om high frequency vibra-
tions (grearer than 5000 Hz) and have a relatively pure spectrum composed of a
fet' rnain fi'ctlrr.nlics accornpanied by some irarmonics. Although a brake squeal

clocs not afiect the rnechanical behaviour of the brakc, it is less and lcss acceptcd
b1. the passelrgers. The conditions uirder rvhich a squeal occurs are relativeiy well
knot'n. \Iost erperinrents shor'ved that the brake squeal is more excited at low
than at high speeds (less than 30 knilh). Squeal occurs only over limited ranges

of hralçe pressure alrd is nrost prevalent at low temperature (less tlran 150' C).
The source of noise is attributed to the vibrations of brake components such

as drurn or pad and disk, and brake noises are generated mainiy by the sliding
phenomena.
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Our objective is to present in this pal)er a mechanical analvsis of brakc sc1ueal.

The principal intcr'lrletation is the fact that brake squcal is a consequence of the
flrrlter instabilitl' of th. stcadv sliding solutiou of tlro irird on tlrc disk ibl a ,lisl<

brake. This ana13.sis leads to the s)'stenr of goteluirrg erluations to be considered
ancl enables us to dctcrnrirre the steach' sliding solution. The fzrct that thc clisl<

is in rotation ca.n be e:rsil1' takcn into account since the s1'stern renrains in smzril

strtrins. The cleterrnintrtion of thc stcacll' shcling solution is <liscusscd as a function
of the coefficient of frictiorr. In ptrrticultrr. thc conclitions errsurirrg thc existence or
tlie urriqucriess of tlrt'stc;ttlv slitling solrrtiort arc,lis<'rrsscrl siuce for higlr ['ricticrn.

the steadt'sliding sohrtion mal'be not unique or does not even exist.
The stabiiitl' of a steacll' slicling solution is consiclerecl in the second p;rrt. Per-

trirbed rlotions of the rnechanical svstern of pad and disk neal tirc stcacll' slirlirrg
solutiori are irrtrocluccd. Llnclcr the assumption of a slip regime. the c.lynatnic

solution can be simplified and the perturbed slip motions can be cotrsiderecl.

Stability analr.-sis n-ith respcrct to thcse motions can be cliscrrssed and leacls to the
solution of a generalizecl eigenvalr-re problern l'ith Lurs\-rnrrlcl,f ic rtnss atrrl ligitlitr'
matrices. This nori-s1-nlrnetr\- is r,lue to the presence of friction as u'ell as of tlrt:
clish rotation. The eristencc of an eigenvaluc with a positivc lr:al lrart an<l a

nor]-zero iuragirLall lrart irnplies rrcccsstrlill.an instabilitv bv flutter of the,stea(l)'
slicling solution.

The numerical aspect of the irroblern is consirlcrccl in tire third part. Tlie
steadl. sliding solution can bc cleterrniuecl bv -sohrtion of thc nonlinear problcnr
in the I'ehicle refererrce bv itclations. Orrc'e this solirtion is obtainr:cl. its stabrlitr'
antrllsis can be pclforrrrccl. Thc arloptecl proceclr-rre is irasccl lrl)or] a tnoclal basis

of free vibrations. The gerreltrlizerl cigcrn-i'rhrc plolrlcn is solr.ecl irr this basis

of firnctions an<1 the cigcnvcctols afe gelr€rraterl 1x'a firrite nurnbcr of the filst
vibration rnocles. The nurrrclictrl ploc:cchrlc is fir'st valiclatecl on the problenr of
contact with friction of infinite elastic lirl'cls u'hich h:rs been rliscussccl ana11'tica111'

b)'An,lrts [1] and b1'NlrRrlxs et al,. L10l Thr:n an cxamplr: of tlisli brakc is

considerecl.

2. Governing equations

The s1'stern of disk and pad is corrsiclercc.l in thc lehicle axes (Or). l'hich is

a Galilean reference set, since the vehiclc rnotion is:rssurrrecl to proccccl at cor]-

stant veloc'itr'. Irr this refcrence, the pacl is an elastic solicl P in small cleforrrration.

For simplicit]-. it is assumed tliat this solicl is rrncler the action of inrplied dis-
placernents (b5. thc brakc actiorr) ancl contact forces n,ith thc ciislç on a potential
contact surface S. If uP(r,t) and oP(r,t) denote respcctivcll,'the clisplacemcnt

ancl stress at the point z and tirrre l, the dy'namic equtrtions for the pad P arc
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(2 1) ot' : L:VuP. Div oP - puP,y-(), V r € P. oP .nP : R,

V r€,9.

In this cxpressiorr. ,R is the reaction of the disk D, u'hich is reiated to the relative
clisplacerncnt and r.elocitv of thc trvo solicls foilori'ing the unilateral contact and

Couloltb's 11u, of clry friction 11 it[ a constant coeflicielt 6f frirfinn rlihnrroh

rnore elirl)oriltccl models can be proposecl, e.g. [2, 13].

Let c.r be thc rotatiou velocit)' of thc clisk around the axis Orz. It is conveniettt

to consicier the rotating axes (OX), lihere OX3 coincides with Or3. The equa-

tions of motion of the solid D in axes (OX) aLe simpl1, the dl'narnic equations of
an clastic solicl at small deforrnation in a relative reference

l,:L:VLI, Dir.X-p1 :0, V XçDo

^l : 1r, I 1, + 2uk tt,V, : -a2r' * U,tt t2uk: A fl,1

n'hcrc Dn denotes the unclcformed volunre of the disk irr tltese axes, and I :
t(X,l) , U : LI(f .l) are lespectii'clv the stress tensor and dispiacetnent vector.
It is nece-ssarr' f o aclopt the lerhicle axcs (Or) ancl a chartge of variabies must be

introclucecl. This r'hange of lalialrlcs ci'ui l;c cx1;rcssecl in terms of the c1'lindrical
coorclinates as shon-n in Fig. 1:

x2

Ftc. 1. A rnoclel of disk brake.

() )\

u.ith

(2 3)

(2 4)

The

\.t.D )

Y : (r,r!.2). r : (r,0,2), 0 : ôia t.

change of variablcs

tt,(r,0,2.t) : U(r,0 - ut.z,t). LI('r,ô,2,t) : u(r',ô * at,z.t)
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(2 6) o(r'.0,2,t) :D(r,0 - ut,z,t), E(r,ô,2,t) : o(r,4,1ut.z,t)
gives in the Galiiean axes (Or)

(2.7) o:L:Yu, Divo-p^t :0. Y :re D.

(2 B) 1: u2(-r + u,6s*2k Att,s) *2a(u,s7rk Au.1) +u,r,

lvith the boundarl' condition

(29) o.n:-R,, V r€,S,

and irnplied displacements along the axis of rotation Ors. It is also important to
give thc expression of the material velocity u(r,t) in this reference system. From
the expression of the velocity of a material point in the rotating axes

u:V"+Vr:wkAr*U,t,

it follou's that

(2.10) u(r.t) : a(k Ar * u".s ) + r,,.
The conditions of unilateral contact ancl dr1' friction of the solids P anc.l D

can be rvritten noq,. On the surface S of contact. x'hich is assurnecl rnitiallr'
rtithout the nornral gap. the corrditinrr of rrorr-porrt'tlation i>

(2.11) [r],n:(rt''_ u) 'zz)0. Vr€5.

The unilateral contact conclition gives

(2.I2) [u],r' > 0, Àx > 0, fulx, l?x. : g, V r € ,5.

The relatrve velocitv of material points in contact is

(2.13) u(r.t) - u,f (:r,t) -u(r,t): [u],r -wk Ar - au.g.

Coulomb's friction lar,v can be u'ritten as

(2.1,1) ui:uRr, p:llÂr'll -/Â,r<0, u10. uç:0.

The previous expressions for 7 and ?u show thzrt a possible approxinration of
the solution is obtained lrr-assrrrning tirat the reltrtive velocit).is due sirnply to the
rotation of the clisk. ancl one can retain in the d1'nanric eqrration of the disk onlv
the centrifugai ibrces and neglect all other terms of rotation. This approrintation
./ , nn<ictc in rr-ritirrq

(2.15) 1 : -u2r * LL,tt, ut(r,t): [u],r -ah Ar'.
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3. Steady sliding solution

The steady statc solution is obtained rvhen u(r,t) does not depend on f.
Thus, the steady state solution is governed b1' the folloiving equations:

(3 1) oP:L:Yrf , DivoP:0, V r€P, oP'n--R, V r€S'

(S.21 o:L:Yu, Divo-P1 :0, Y rÇ.D, o'n:-R', V r€S'

(3 3) 'Y : w2 (-r * u,oo *2k A tt.g)

rnonrlrnr u.irh trnc (? 11) () 1)\ (2 lJ) and thn follortino exnression of the rela-rr,6\11r, r r\r(rr LLlr. \z.rrl. \L.LLt.

tl\re \/elocltv
(3 4) ut(r,t) : -a(k A, I u,s).

The approximation .4 consists in solving the following equations:

(3.5) oP : LtYuP, Div oP:0, V rÇ P, oP'n- -R, V r € S,

(3 6) o:L'.Yu. Divo*pw'tr:0. Y re D. o'n:-R, V r€,S,

togetlrcr with Ec1s. (2.11). (2.L2). (2.14) rvith w(r.t) : -wk Ar. \Vithin this

approximation. sincc the relatir.e vclocity is not zero, the transverse reaction -R7

iras the clirer:tion of -r ri'ith r : ;;t;. Finally. the steady sliding solution is
llru l1

gi,,,en bl Eqs. (2.11). (2.12) and

(3 i) oP : L: VttP. Div oP:0, Y r € P, oP'r: -fi,vrz -t f Rvr'

(3 8)

Thcse e<1

(3 e)

V JIù.

o:L'.Yu, Divo+pazr:0' Y r€D, o'n: -11,1'n]_fRvr,

V r€S.

in the fonn

L:Y6u dV 2r.6udV

togcther u'ith (2.11) and (2.12). To undelstanci the nathena,tical natu.re of the

ltroblern of steacl"v sliding in thc approximation ,4,, Iet us consicier the associatcd

rations can also be u'ritten

rf
I vuo : L:Y6u, dlr + |.t,l

I) I)

-lu
.t
D

Vu:

+ i (nvfôi,lr * f Rrr 'lôrlr) dS:0.
.t
s
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cliscrete problem obtainorl fiom thcsr. equations after discrctization bv the finite
elenrerrt rnethocl. for exanplc. If U : (Li, LIr,Az) cleuotes for each solid the
degrees of freeclorn rcpresenting lespectir,'elr. tire nornrni. tangential disyrlacernents
of the contact surfacc ancl other conrplementarl'displaccnlents in thc solicl, the
governing cquations are. for eacir solicl.

u'herc O rienotes the irpirlopliatc rrratris. Tho cliniination ef fi7 leac1s to a rnatrix
cqttrt iorr in lcnrts of A : l;P - LI

Finalh', thc norrntrl clisplaccnrent

I K.r.\ r{t,L xxz, f I r,v I [ Â... 
1

I K,... Krr I{L,z | | (-7 | : | /[o]1?.v I,
lKzx Kzr Kzz)luz) | F, I

fAv
Lo'
41, is

[ À"^' k,"z ]
L Àrr krr )

(3.10)

(3.11)

I | ,?,,*F.v l
I:Lftolnr-+F7.]
related to thc norrnal rea"ction Âx, b1,

[Ar,,., -,(,r.r,ÀiiÀr.r.]1a,, ] : lI - J, ktil.k?.+o]lnN] + l.s],

n-f. > o. n-t. > o. at. fit,. : o. vk: r.rrt..

This is a lirrr:ar çsprrrlr-mr.nT:rlv rrrnhl,'r1. (çf. CO,ffyn et al. [5] . IS,fC l7j or
Ki.an.enrrc [9]):

(3.12) [À.r] : [A][fiÀ,] + []7], A{, > 0. Rt, > o. At, Rî, : O.

u'ith

(3.i3) [A] : [Àr,.., - kNrki+-kTx,]-1 - ,f [i,r,,r - A^.7Àr--]À7.1.] 1iÀ:.\7 À'tio].

It shorrlcl br: rccallecl that fbl a given [i']. this problern has orLc ancl ouh-one
solutiott if the nratrix fAl is a P-matrix. This propertl' nrcans that [J] satisfies
the conclition of P-lrositivitv

(3.14) [r1] is a P-rnatrix <+ I i such that \-
12
j

Ii--11j\ > 0

o1 a sohrtiorr is still ensurcd

v x +0.

if [,{] satisfies onl1' a co-P-

\- Y / \- -: rr/
j

v x+0. x>0.

In fact. the existcnce
positivitv conrlitiorr:

(3.15) t,1] is a co-P-nratrix <+ f i suchthat



BR.ttin setiEAL: .{ pRoBLE\'t oF FLU'r'I'EIt INST:\BILIT\'... 651

-\s rrsual. for a vector. thc conrpact notatiorr X > 0 means the component-r'ise
conclition X1 ) 0 for a11 i. This conclition is similar to thc P-positivity condition
br-rt is concerned onlv u'ith vectors of nt,nnegative cotnponents. It has lteen

establishecl for a rnatrix uot necessarilr' svtnmetric tirat

(3.16) Positivc-<lefiniteness + P-positivitl' =+ Co-P-positivity',

(3.1i) Positive-clefinitcncss =+ Co-positivit)' + Co-P-positivity.

For s1'rnnretric matrices. it is zriso tnrc th:rt P-positivitl' ancl positive-definitcness

trre eclrir':rlcnt,
(3.18) Positive-c-lefirritcncss <+ P-positir-it1'.

\\ihcn the full expressions (3.3), (3.1) of i ancl ?0 are taken irrto zrccouttt, the
cliscrussion can be clonc in the saure spirit aucl letrcis again to a corrtplemellltar)'
problenr.

The signific'ance of thc cluaclratic fbrnr [n.\]?'lÀ]i/?r]is verv sinrple. It rr:pre-

sents the n-ork clone b1'the nolrnai reactiorrs 1lr.À,r, of the sr-stertn wiren sub.iccted

to the cotrtact reac:tion il - il.1.zù *./ À.r,r attcl to liottrogeneouslf itnplied dis-

placernerrt. The conclition of positi\,itJ' states that fol an\' 1Io1l-zcro clistributiorr
of norrnal rcactions. tlie u'ork clone bv this clistribution is positive. The conrlitiorr
of co-P-positir,it]' is rnuch u-eaker'. it statcs that {bl ilrrv trol}-zet'o ttrt<l po-sitivc

clistriltution of thr,. nornral reactiuns. there exists at least orte -strictlv positive
norrntrl clispiacernerrt- associrltccl ri'ith a strictlr' positive nortnal t'eactiotr.

The corrtlilrutiorr of the rotatiolr telrn-c to the rigiclitl' nratrix of the solid D
corresponcls to sonle acLclitional s]'nirnetric matriccs, since the 1bilon'ing cxples-

sions holc1:

(3. re) .l ,,.0,t'r\tt d\l
D

I
(3.20 ) | 11" t tt .11) ,i,, ,/l-

.t
D

- det[À;. LL. ôu,.61 dV

I: 
/ dct[À,. 6u.s .u) dV.

D

After prartial integration u'ith respect to d il the intelral [0.22r] . thesc erpressions

arc svrnnrr.tric t'itir rcslte.ct to (u. ri'ri). Uncler the assurnption of sntall rotatiotts,
c,-' renrains suffi<'ientlv srnail. tlie contribntiorr of these aclclitiotral terrns to the

rigiditl of solicl D <lor:s uot chartge its positivitr,.
The fact that the co-P-positir,itl' conclition is satisfieci clepcnds on thc con-

siclerecl problcnr. Er-en for elastic solids at srnail strains, it is not clifficult to give

t': - .l 
u,.s ôu.s dV

D

: / a"r ll,'. tt.s . t\ tl ,lV : I,I J
DD
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simpie exampies shorving that the possibility of steady' slicling does not exist for
a sufficientlv hish friction coefficient.

4. Stability analysis of the steady sliding solution

The stabilitl' of tlie stearll' slicling solution is obtained frorn the behaviour of
tlro nprfrrrlrpri nrotions of the svstem near the considered steadv solution. This
discussion is a priori chfhcrilt since a snrali perturbed rnotion rlear the steadl'
solution is not necessarilv governed br' lineal equations. It is rvell known that the
unilateral contact and Coulomb's larvs are non-smooth and cannot be linearized
at tlre steacll'state, e.g. [3, 8, 10 - 11, 14 - 20]. It is assumed first that the
steady sliding soiution satisfies on the contact surface ,9 the condition of effective
contact

(4.1) Æ1(r) > 0 Vr € S.

It is then expected that a small perturbed notion cannot lead to a separatiorr
of the contact at anv point of S, at least at the earll'' tirne. This rernark cnablcs
us to consider onl1. in-contact motions of the soliris on the contact surface S, to
a"'oid the clifÊculties related to the unilateral aspect.

Even in these motions. it is necessary to separate the slip reginre ut f 0

from the stick r','girnc r0 :0. The problcm of stick-slip motions has bert-.tr nttch
discussed in the literature. In particular'. for a simple oscilla,tor, the rnoclihcation
of theinirialfrerlucn,r'lras1,""utonsirieled. (cf. forexarrrplePoppau..l Srt.trt tt

[18]) for a velocit].-de'pendent coc.fficient of friction. T]ie stick-slip rnotiorr iras

been cornputed fbl n tlrree-climensional oscillator b-v CHo arrd B,rReEn [-ll. The
stick-slip motious p1a1'an irnportant role in rn()st contact lrloblcrns (cf. Zu.-rnrl

[20]), in particular irr thc stucl1.of noisc emission. Hor,vever, thc preserrce r:rf stick-
slip rnotions is a source of clifficuitl' ancl in this stability analr.sis. onh' the slip
motions lvill be explorecl. Uncier this restriction. the equatiorrs of rnotion can
be effectivell' linearizcd near the stead;,' sliding solution. Let tz* anci o* be the
differences

(4 2)

n'here u".o, refer to the steacll'sliding solution, and izp,o, to the perturbcd mo-

tion. For srnall perturbations, a* anci o* are governecl b1- the linearized equations
at the steady'sliding state. Thus, the follorving equaiioris hold for the slip rnotions
in tlre i'icinitl-of the steadt slirling state:

o*P:L:Vtt"*P, Divo*P-pri)P,tt:0 V re P, o*P.rL--ft*,
V re ,S,

(4 3)
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(-1.-1) o*: L:Vu*. Div o* - p1*:0, V r € D, o*'n: -R*,
V r€S,

('1 5) 1* : t,;2(rL-.gg *2k l,r1*,g) + 2u(u*,,tr *k A uj,x) + u*,11 ,

(4 6) [u*]r, : 0.

In these equatiolts. titc tarrgent leaction /?.|, is related to the normal reaction "rR^l'

b1' thc linearizeri cxprcssiorr of thc equation

R7: -f R"#,
ll?i,ll

u-ltich gives

(.1.i) Ri: -f Rn-'- /R,r (ffi ,,ffi, rvitrr

(.1 S) u* - [t,t,*.1) - uu'*,g .

These equations czrn also be convenienth' u'rittett under the variational forrn of
the virtual n'ork equation. For the solicl P. the classical ecluation

f ,. f ^ f
(l 9) | pu*'.,,'6u dV I I Yrr*': t:lôir dV : I R*',lti dS

.t.1J

ooJ

is obtained. For the solid D. the followrng ccluation holds:

tf(4.10) | ptf ,t.t .6tL dV + 2w | {t(u* ,r;t 'ô'u * detfk. u* 1 ,6u]) dV
,I J
DI)

f -. , t* / Vu* : -L : Vôu clV * u2 | (1,*,oe-àrr" * 2det[/c, u*,g ,6u)) dV.l.t'
DI)

: - I .R. .ôu dS.

{

In this equatiort, it shouicl be noted that thc terms irrvolving u*'1 are sken'-

s1'mrnetric l'hilc the terms involvirrg tz*,11 or u are s1'mmetric. If the solutiort

is searclred for irr the forrn (z*,fi*) : (d(r),r(r)) exp.st, the eigenvalues s and

eigern-cctors d must satisfy the equation:

..f t l'(1.11) ,'t | 6r''6u,tV + lVaP'. L:V6rt aV: I t'.6u dS
.t ' I J
PPS
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for the

(4.12)

After discretization bv

M(")

(4.13)

foilowing equation holds:

p(dD ,e.ôz * detf,k , dD ,6u)) dV

solid P. For the solid D, the

^r ,- f
t't lpdu.6udI-*s2a I.t ' J

DD
r^1* | vaD : L:y6tr dV +a2 | eao.t J

DD

n

\-
/J
;-1

,o '6u,0 *2 det[,k, d,D ,g ,6tl) dV

method with the nodal shape functions

cliJtt@),

f:- lr.6u,dS.
.l
s

the finite element

)t ^\ _U\LJ_

the following matrix equations hold:

(4.14) ("lu') + lKPl)ldPl : [""], ("luo) + s[GÀ] + lKDl

+lKDRDld',): -lr',l

r,vitlr lr1") : lrlp, clp7,, dy)T , ld,ol : lrty. clp7. clpll' , u'here thc notation
rly,dp7,dp refers to clifferent nodal vaiues of solid D, respectivelv to the normal
and tangent nodal displacenrents on the contact surface. and to othcr noclal <.lis-

placernents elseu'here. Note tirat [GÂ] is sker,,,-s]rmrnetric anc.l [Kn] is a svnrmetric

rnatrix. Thus, the cffect of rotation of D is fina1iy expressccl b1' a g1'roscopic tcrm
ancl b1, an aclclitional sl,n1ps1ric rigiclity. The force nratriccs [r'l'] trrrcl lrlr] are

related bv

lr'l : [0, 17, 16-]7, lro) : [rx.. 17 . 017.

Frorn the expression for Ri, the following equation holcls:

lrr) : /[o] ["^-] + f slAlldpr - d nrl -r f lsrlld u'rl +,/[B.r ] ldrl,

n'hcrc lA),lBr), [81,] are some appropriate square matrices. From the expression

of [r1,']

["ro] : G'lufrl + tKfi.l)l,tt'l: -("luo*.1+ s[G^{'] + tKf.l + [K# ])[d'],

T'T and rN can be i.r,ritten in terms of the displacement [d] :
ldp,dpr,rly,rI1l'7,dp)7. Finallr'. thc eigenvalues s and eigenvectors [d] must sat-

isfv the condition

(,1.15) {"(u)-f l*l)+s([G] -rvD+[n] +[r("] - Tlkl] ldl :[0],
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r,r,ith

I A,r1 -Vva) -

[1(] :

101 -L.l -

MF, Ml,*
MF, MF*

Mfr, Mfr,
00
00

KF, K'r*
KF, K'"*
KK, Kiu,
00
00

Mrn,

MF,
rrrfi- + u$"

MFn

M3,

rz Ph-pr
tzPnrr

n$, + rfi.,
KF*
KB*

00
00

M3,, Mfl,
MF, M3o

M3, M3,

00
00

Kfl, KflO

KF, KFO

K3, KBo

00
aMfr, axrlr

00
00
00

000
oMfn o o

000
-oÀ42N -oM',n, -aM'n,

000

00
OA
00
0-A
00

0

AKfr,
0

0

0

0

0

_OGRî,.

0

0

aKfr,, oKfi" * B,ry

0 -O(1{o * K'o)*n - Btu

00

00
B7o

-a(KD )- KDR)vr7 - 87 -a(KD * K'n)*o

0

^- l1-

0

A - aG?+

0

0

0

0

_AGKB

0

I

L

t,hl
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latl _
[u] -

00 0 0 0

00 0 0 0

o o Gf," G*, GKo

o o GF* GF, GFo

o o GB* GE, GB,

lKo) :

00 0 0 0

00 0 0 0

o o K,?fl KRF Ki^B

rl O KFF KFF KFB

o o KB# KBF KBE

This eiuenvahre nroblem can be n'ritten as

(,1.16) b2 lnl+ s fzl+ lr{l)[d] :0,

lMl:lLr)- T lrnl, lzl:lG)* f W. [1{] : [1{] +lKÂl -/ lÀl.

Thus the presence of friction breaks the svnrmctrv of the mass ancl rigiclitl' rna-
triccs in the eigenvalue probletn t.o be solrr:cl. Since tLre rrurrrerir:a1 solrrtion of this
non-svlnnetric problent of dimension zl is time-c'orrsruning. a rechrction of thc cli-
mension of tire problem is necessan'. Thrrs. it is irrterestirrg to corrsiclcr thc basis
of vibration modes Dp of the ideal associatecl s]'stcrrl clefineci ix' the ecluations
(of dimension z)

(4.17) ("\lul+ [r(])[r] : [0].

Let Dp, Â;: 1,rn clenote the first ni vibration modes. The reciuctiorr of variable
consists in searching for [d] in tiris basis:

(.1.18) lrl): lD1 D2 D,,)lqt ...Çn,)r : lc)iql,

F inalll'. the eigenvalue ,ç and eigenvector [q] are clefinecl bv an eigerrvalue problem
of dimension nt

(4.1e) (,'lu) + slzl + ircl)[s] : [o],

lMl: lclrlMllcl, fz): lcl'|lzllcl, lrc] : [c]'[Kllc)
Thc solution of (1.19) leads to the cornplex eigenvalues s4 and complex eigen-
t.ectots Q6. Since u*(r,t): Ni(r) m (Dft ar CtjQnj exps6t). it is conclucled
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that thc steacly sliding solution is unstable if there exists an eigenvalue with a

positive real part. Although it is not necessarv, the choice of this modal basis

is interesting since the cl1'namic behaviour of the svstem is rvell generated by a
small number of modes. in practice rn K n.

5. Validation of the numerical procedure

The proltosecl nurnerical procedure is {irst validated on a sample problem
l'hich is the sliding of a rigid plate on an elastic infinite layer, (cf. Fig. 2). The

proirlem rvas analytically discussed br, \Ianrlrs ed al. [i1] for the casc of an

elastic half-space, and by Aoal,ts [1], Nlornor [t2] for the case of two elastic

laver.. The case of an infinitc la;'er is interesting since a closed-form solution
can be obtained for anv coeffi.cient of friction, in conLrast with the case of the

half-space.

rigid plate

- 

\t

elastic laver

mode 10. lll l2l flr

Ftc. 2. Tlie slicling problem of a rigid plate on an
basis.

modc I I, 18 323 Hz

infirrite elastic la1'er and tire vibration
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5.1. Sliding of a rigid plate on an elastic layer

The governing equations arc

(), + 2p)u."r *1.nt,,ro +(À + LL)u,,u: putr,tt t

(À + 2p)u,ry *1tu,r, +(À + p)u,ra: puit ,

with boundârtr 6on6','ot t

u(r, -h,t) : u(r, -h,t) : g,

and interface conditions on ,9

ô-u)0, orr3fJ, (6-u)oro:g V r,y:0,

ç:lorul-foo, 10, W-u,r:ulrlJt u)0, ug:0.
The steady siiding solution exists for all /,

u: 6f (y + h)TÏù, sign (trU), u : 6(a * h).

The eigenvaiue problem (a.16) has been discussed for a solution u* of the form

u* : $ù exp (sl) exp(kr)U(y). k e C, .s e C.

It has been shou'n that there exists s with û?(r) > 0 for an1' / > 0, thus the steady

sliding solution u'ith friction is alu'ays unstable. The rnechanisrn of instability
can be understood by the study of the tra.jectory of tirc cigenr.ector s(/) in the

complex plane as a function of /. For / : 0, all modes are double. \\rhcn ,f
increases from 0, most eigenvalues remain purely imaginary n'hile some of them

are splitting into two complex, simple eigenvalues rvith a non-zero real part.

5.2. Numerical validation

Thc modal basis D6, k : 1, rn, is first computed by the solution of the

Eqs. (a.17). As usual, these frequencies of vibration can be obtained u'ith great

precision. The relative error of the computed frequencies as a function of the

mesh size is less than 1% for the 30 first frequencies with the mesh 12 x 36.

Figure 2 presents some modes and the associated frequencies of vibration.
The solution of the trq. (a.19) for a chosen basis D,rr, k:1,rn càrr be done

following the standard methods available for example in the Nastran code. Hes-

senberg's method seems to give good numerical results. It is recailed that Hes-

senberg's method is obtained in two steps, a reduction to a Hessenberg rnatrix
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and an iteration by a QR algorithm. This method gives all eigenvalues and the

associated eigenvectors are obtained by inverse iterations.
The variations of the frequencies as functions of the friction are computed

rvith zn : 200 and with the 12 x 36 mesh, and n : 829. These frequencies are

obtained with error smaller than 3% compared to the exact values. It is found
that good results can be obtained u'ith a small number of modes, in practice

m : 200 is sufficient. These results confirmed numerically the observation that
the steadl' slicling solution is unstable by flutter when friction is introduced.

Frc. 3. Flutter instabitity of the steady sliding solution of the pacl-disk systern. The
real parts of some unstable modes are presented.

0Dv
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6. Numerical results for a disk brake

A disk brake is consiclered u'ith a finite elernent inesh uslng 17860 noclal
points. rr, : 53580 is the nurnbcr of degrees of freedom. Tlie pacl is subrnittcd to
a urriforrrr l)r'essure or1 tl)o ul)pcl'lacc. L-nder rhe altprc,xirnatiorr /. tlrc stnir,lv
sliding solution can be obtairreci l'ithin 3 iterations. The associatccl nolm:rl ples-
sure is strictly positive on the n'hole contact surface. thr-rs the assurnptic.rn of
effective contact is satisfiecl. The solution of (4.19) is agairr clone using a basis of
functions conposr:cl r>f m :200 first vibration rnodes of tLe perfect s),stenl. For

I :0.4. thc uustablt'rnodes arnorrg the first 70 eigerrrrrodes ate tnodcs 19.21 .

30, 32, .10, 48, 51, 56, 60, 63, 66, 68 of frequencies 5275, 6483, 857.1, 9113. 11418.

11951, 12610, I372I. I4716, 15302,15534, 1.5746, respectively. The real parts of
tlre nost unstable nodes 32,48,51,68,63,66 can be found in Fig. 3.

7. Concluding remarks

It is expccted that, in the spirit of Hopf 's bifurcatiou, after a flutter instabilitl'
the dvnamic response of the sy'stem u'ill everrtuall.u* becorne perioclic n'ith clifi'erent
phases of stick, slip aricl separation regimcs, as it can be observecl in vat'ior-ts

eranrples of the literature, (cf. [12 - 201) Brake sqrreal results as a co]rseqlrer]c:e

of rlris lreliodic rogime. The frerluerrcies ol tlre pcliodic resporrses. if tircr','-li.t.
arc hol'ever not directll,' related to the flutter modes although thel' ma1' r'errrain

close. From the analvsis of the mechanisrn of flutter. our analysis leacls trlreaclr'

to sorne suggestions in order to irnpede such an instabilitl'.
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