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Abstract: In a multi-source permanent magnet synchronous motor (PMSM) drive, three distinct wind-
ing structures can be implemented: multi-sector, multi-three-phase, and highly coupled. However,
due to variations in the magnetic coupling between windings, their low-frequency DC-link current
ripple components differ. This paper presents a method to identify the phenomena associated with
each low-frequency harmonic content. Three analytical models are developed for the DC current
ripple induced by unbalanced winding, counter-electromotive force (back-EMF) harmonics and
aliasing effects, respectively, with the results validated through simulations. Experimental validation
is conducted for highly coupled winding drives, demonstrating agreement with the analytical models
and simulations. The maximum DC current ripple ratio found in the analytical model, the simulation
and the experiments is less than 15%, which is deemed acceptable for motor drive applications.

Keywords: multiphase drives; multi-three-phase drives; permanent magnet synchronous motors;
DC-link current; current ripple; low-frequency harmonics

1. Introduction

Multi-phase drive structures have gained popularity in the industry due to their additional
degrees of freedom, enabling applications such as faulty operation and power sharing. Among
these structures, multi-three-phase drives are particularly intriguing as they do not necessitate
extensive modifications to inverter designs. Most changes are made in the electrical machine,
by rearranging the stator windings. Various multi-three-phase structures can be achieved. In
the case of permanent magnet synchronous motor (PMSM) drives, as illustrated in Figure 1,
three main winding structures can be identified: multi-sector winding [1,2], multi-three-phase
winding [3–5], and highly coupled winding [6–9]. One problem of using multi-three-phase
drives is the DC-link design. For the power-sharing application and DC capacitor sizing, it
is crucial to know the possible current ripple induced by the drive. The DC current ripple is
responsible for decreasing the lifespan of DC capacitors [10], as well as presenting challenges in
control and electromagnetic compatibility.

To study the DC current ripple, most publications utilize analytical analysis to calculate
DC-link average and root mean square (RMS) expressions [11–16]. With the emergence of
multi-phase drives, similar analyses have been conducted on multi-phase inverters [17,18].
Another method proposed in [19] for studying DC current ripples in three-phase inverters, and
later applied to multi-phase inverters [20], is the symmetric sequence vector approach. Instead
of obtaining an RMS value of current ripples, this approach permits a fine frequency analysis
of the current ripple. According to [19,20] an unbalanced load for three-phase and multi-phase
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DC/AC inverters results in a double-fundamental harmonic in the DC-link current, which has
twice the fundamental electrical frequency. Besides the double-fundamental harmonic, the
symmetric sequence approach helps analyze other low-frequency DC-link current harmonics
as will be developed in this article.

Figure 1. Multi-three-phase drive: multi-port PMSM and its three-phase DC/AC inverters.

Other DC current ripple studies take into account the DC capacitor electrical model
and thermal model, which allows for calculating the capacitor core temperature increase
due to current harmonics. Optimal control methods can be deduced with respect to the
longest expected capacitor lifetime [21]. The capacitor type has also a great impact. For
example, non-electrolytic capacitors have much lower capacitance density than electrolytic
capacitors, which may cause ripples on the load side and DC voltage instability [22]. The
DC-link modeling also helps to calculate DC power ripples caused by LC resonance of
DC-link, and active damping control can be applied to improve these ripples [23].

While the low-frequency DC current ripple is often presumed to damage voltage
sources such as lithium-ion batteries and fuel cells, recent research indicates that low-
frequency ripples (ranging from 100 Hz to 1 kHz) has no adverse aging effect on lithium-ion
batteries (LiFePO4 and NMC/graphite prismatic) [24,25]. However, current ripples below
10 Hz can lead to an increase in capacitor impedance and result in capacitance fade [26,27],
though its significance in motor drive applications is diminished due to the relatively higher
electrical speed of the motor drive. Conversely, fuel cells are sensitive to current ripples,
as low-frequency ripples induce detrimental effects on the proton exchange membrane
fuel cell (PEMFC) lifespan [28]. Experimental findings suggest that the current ripple
at 120 Hz can contribute to a 10% power reduction [29], and the low-frequency (around
100 Hz) current ripple leads to long-term degradation of fuel cells. Notably, the current
ripple below 40% results in less than a 1.5% power reduction, which may be deemed
acceptable. In [30], a power quality standard is proposed in order to limit stress and
aging of DC-link devices. A current ripple below 10% is judged acceptable for capacitors,
supercapacitors and batteries, and current ripples below 6% is judged acceptable for
fuel cells.

There are various causes of the DC-link low-frequency current harmonic, but most litera-
ture investigates the harmonics on the AC side of the inverter. In [31], the effects of unbalanced
windings in the PMSM are presented, and shown to result in a magnetomotive force with
harmonic contents. In [32], back-EMF harmonics from magnetizing and demagnetizing in
the variable flux machine cause AC current harmonics, and thus torque ripples [33]. When
supplied by inverters, aliasing of switching harmonics in the control loop can also cause
low-frequency harmonics. To mitigate this phenomenon, efficient filtering techniques are
investigated in [34,35].

In the literature, few publications deal with the impact of unequal source contributions
on low-frequency ripple. Similarly, very few works study the connection between multi-
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three-phase PMSM winding structures and intermediate circuit current harmonics, and
even fewer publications analyze the current ripple amplitude for each harmonic order.

To address the scientific gaps described above, this paper provides three novel analyti-
cal models for low-frequency DC-link current harmonics in multi-source multi-three-phase
drive applications, which are then confirmed by simulations and experiments. Recom-
mendations are then given to reduce these low-frequency harmonics when the application
requires it.

A modeling approach for winding structures of multi-three-phase PMSMs is presented
in Section 2. Section 3 analyzes the DC current ripple induced by unbalanced winding.
Section 4 investigates the back-EMF harmonics and their effect on the DC current harmonics.
Section 5 suggests a method to quantify the current sampling issue induced by unbalanced
power sharing. Simulation and experimental results are presented in Section 6. Finally,
Section 7 draws conclusions and perspectives based on the analysis of the DC-link current
low-frequency harmonics in multi-port motor drives.

2. Modeling and Analysis of Three Types of Multi-Port PMSM

The study of low-frequency harmonics in PMSM requires the development of analyti-
cal models. In this section, a general model based on inductance and resistance matrices is
developed to be used in Sections 3–5 for each machine and for each harmonic contribution.

Figure 2 illustrates two distinct winding configurations. The difference between these
two configurations is based on the arrangement of the windings around the magnetic
circuit, which induces a difference in the values of the self and mutual inductances. In
Figure 2a, the multi-sector (MS) winding PMSM, each of the three phases within a sub-
winding is arranged within a 120◦ sector. The substantial separation between sub-windings
minimizes the magnetic flux transfer between them. Consequently, the mutual inductance
between sub-windings is negligible. Conversely, in Figure 2b, the highly coupled (HC)
winding PMSM, sub-windings share the same magnetic circuit, with only marginal leakage
flux present between them. Accordingly, the mutual inductance between sub-windings
is close to the self-inductance of each individual sub-winding. The magnetomotive force
(MMF) of the MS winding and HC winding configurations are shown in Figure 2c and
Figure 2d, respectively. At the instant considered, the current in phase A is at its maximum
value I while the currents in the 2 other phases B and C are −I/2. The total number of
turns in each slot is similar, its value being named N. In this representation, the unit of
MMF is normalized with respect to N and I. First, note that the evolution of the MMF
induced by each MS elementary component is concentrated in its region (namely a third
turn in this case), while the HC elementary component is evenly distributed on a complete
circle. Second, when not constant, the elementary MS contribution is three times that of
the HC one. Third, although the MMF of one sub-winding differs, the global MMF of the
two segmented architectures are similar by addition.

As depicted in Figure 2, a smooth air-gap PMSM is considered.

2.1. Conventional PMSM

The general electrical model of PMSM is expressed as follows:

uabc = [R]iabc + [L]diabc
dt

+ eabc (1)

where uabc represents the three-phase voltage, iabc represents the three-phase current, and
eabc represents the back-EMF induced by the rotor:

uabc = (ua, ub, uc)
T

iabc = (ia, ib, ic)
T

eabc = (ea, eb, ec)
T
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[R] and [L] are the resistance matrix and inductance matrix of multi-port
PMSM winding.

L =




L kmL kmL
kmL L kmL
kmL kmL L


 R =




R 0 0
0 R 0
0 0 R


 (2)

where km is the coupling factor between the three phases, kmL is the mutual inductance
between the three phases.

(a) MS winding. (b) HC winding.
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(d) MMF for HC configuration.

Figure 2. Two multi-port PMSM winding configurations with the least coupled sub-windings (MS)
and the most coupled sub-windings (HC).

2.2. Multi-Three-Phase PMSM

In a multi-three-phase PMSM, the current, voltage and back-EMF vector length is
multiplied by the number of three-phase systems. Taking the example of three-port PMSM,
the length of electrical vectors becomes nine:

uabc = (ua1, ub1, uc1, ua2, ub2, uc2, ua3, ub3, uc3)
T

iabc = (ia1, ib1, ic1, ia2, ib2, ic2, ia3, ib3, ic3)
T

eabc = (ea1, eb1, ec1, ea2, eb2, ec2, ea3, eb3, ec3)
T

The resistance matrix and inductance matrix also take three times the shape than that
of a normal PMSM and become 9 × 9 matrices. The multi-three-phase inductance matrices
can be regarded as an assembly of 3× 3 sub-matrices, two kinds of inductance sub-matrices
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are identified: L is the inductance matrix inside one three-phase system, and N is the
inductance matrix between two three-phase-systems. The two sub-matrices are defined as

L =




Ls kmLs kmLs
kmLs Ls kmLs
kmLs kmLs Ls


 N =




knLs knkmLs knkmLs
knkmLs knLs knkmLs
knkmLs knkmLs knLs


 (3)

where kn is the coupling factor between sub-windings, Ls is the phase self inductance of
multiport PMSM. By segmenting a conventional PMSM winding into multiple subwinding,
the phase self inductance decreases. Multiport winding structures are compared in the
same magnetic circuit (same PMSM structure), and the following relation exists between
conventional phase self inductance L and segmented phase self inductance Ls:

Ls =
L

3(2kn + 1)
(4)

By assembling the sub-matrices, the full inductance matrix of a multi-three-phase
PMSM can be obtained:

L3×3ph =



L N N
N L N
N N L


 (5)

The sub-winding resistance can also be represented in matrix form, where each diago-
nal term of the matrix corresponds to the resistance of one sub-winding.

R3×3ph =



R O3 O3
O3 R O3
O3 O3 R


 with R =




R 0 0
0 R 0
0 0 R


 (6)

where O3 is a 3 × 3 zero matrix.
The differentiation of the three multi-three-phase structures lies in the inductance

sub-matrices N , and depending on the coupling between sub-windings, N does not take
the same value.

2.3. Control Strategy for Three-Port Three-Phase PMSM

Vectorial transformation is necessary for PMSM control, and in [36], a general method
is proposed for determining the transformation matrix by constructing each line of the
transformation matrix as an eigenvector of the inductance matrix. In practical applications,
the generalized Clarke transformation is used to diagonalize the inductance matrix of a
standard three-phase PMSM, which leads to the decoupling of the electrical vector. The
inverse generalized Clarke’s transformation matrix P−1

clarke is defined as follows:

P−1
clarke =




P−1
clarke O3 O3
O3 P−1

clarke O3
O3 O3 P−1

clarke


 (7)

with P−1
clarke =

√
2
3




cos(θ) cos(θ − 2π
3 ) cos(θ + 2π

3 )
− sin(θ) − sin(θ − 2π

3 ) − sin(θ + 2π
3 )√

2
2

√
2

2

√
2

2




with xabc = Pclarkexdqo, the electrical Equation (1) of a normal three-phase PMSM can be
reformulated in the generalized Clarke frame (dqo) as

udqo = [Rdqo]idqo + [Ldqo]
d
dt

idqo + ω[Ldqo][R π
2
]idqo + edqo (8)

where [Rdqo] = P−1
clarke[R]Pclarke, [Ldqo] = P−1

clarke[L]Pclarke. And [R π
2
] is the 3D rotation

matrix on the d–q plane, representing a π/2 anti-clockwise rotation:
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[R π
2
] =




R π
2

O3 O3

O3 R π
2

O3

O3 O3 R π
2


 with [R π

2
] =




0 −1 0
1 0 0
0 0 0


 (9)

However, in the specific case of a multi-three-phase PMSM, an additional transformation
is required to diagonalize the L3×3ph if the coupling factor kn is significant [37,38]. In [7], a
common and differential mode transformation PΣδ is proposed.

P−1
Σδ =



I3 I3 I3
I3 −I3 O3
O3 I3 −I3


 (10)

where I3 is a 3 × 3 identity matrix.
The electrical vectors in Σδ frame is written as follows:

uΣδ = (Σud, Σuq, Σuo, δ12ud, δ12uq, δ12uo, δ23ud, δ23uq, δ23uo)
T

iΣδ = (Σid, Σiq, Σio, δ12id, δ12iq, δ12io, δ23id, δ23iq, δ23io)
T

eΣδ = (Σed, Σeq, Σeo, δ12ed, δ12eq, δ12eo, δ23ed, δ23eq, δ23eo)
T

The Σ currents represent the sum of three sub-winding currents, and the δ12 currents
represent the current difference between sub-winding 1 and sub-winding 2, and the δ23
currents represent the current difference between sub-winding 2 and sub-winding 3.

In normal operating conditions, the current vector iq is intentionally aligned to the
back-EMF vector to achieve the maximum mechanical output of the PMSM, the Σiq current
is directly proportional to the mechanical torque of the multi-port PMSM (self-control).

Applying the Σδ transformation on the dq-frame equation (Equation (8)), the Σδ-frame
equation is written as follows:

uΣδ = [RΣδ]iΣδ + [LΣδ]
d
dt

iΣδ + ω[LΣδ][R π
2
]iΣδ + eΣδ (11)

where [RΣδ] = P−1
Σδ [Rdqo]PΣδ, [LΣδ] = P−1

Σδ [Ldqo]PΣδ.
The inductance and resistance matrices in Σδ frame are presented in Table 1, since

the inductance matrix is diagonalized after two transformations, only diagonal values are
presented. It can be found that the Σ inductance is the same as the δ inductance when
kn = 0. However, in the HC case, 1 − kn is very close to zero, meaning that the δ inductance
is very close to 0.

Table 1. Resistances and inductances in the Σδ frame.

Axis Resistance Inductance

Σd, Σq R 1−km
3 L

Σo R 1+2km
3 L

δ12d, δ12d δ12d, δ12d R (1−km)(1−kn)
3(1+2kn)

L

δ12o, δ23o R (1+2km)(1−kn)
3(1+2kn)

L

The control scheme for three types of multi-port PMSMs is set to be the same (see
Figure 3): the control reference is made in the Σδ space. Since the generalized Clarke
transformation is performed before the Σδ transformation, the reference is a DC value.
The Σδ transformation makes the control more adapted to the physical structure: the Σ
reference represents the total contribution of the three DC sources, while the δ references
denote the contribution difference between each pair of sources (δ12 and δ23). As discussed
in the previous section, two transformations are necessary for HC windings PMSM in
order to completely decouple the controlled axes. Conversely, only one transformation is
sufficient to decouple the MS winding PMSM [37–39]. Figure 3 also depicts other elements
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in the multipoint control unit (MCU): an Analog-to-Digital converter (ADC) for phase
current measurement, sampling at a specific frequency. The electrical angle measurement
is accomplished by a synchro resolver on the rotor shaft, and the angle measurement is
used by the generalized Clarke transform to ensure self-control condition. A symmetrical
sinusoidal pulse width modulation (SPWM) is chosen due to its simple implementation and
fewer high-frequency harmonics [40]. Three independent voltage sources are electrically
coupled with the three sub-windings of the multi-port PMSM, where the voltage source
represents an energy storage unit (e.g., battery and fuel cell). Each three-phase DC/AC
voltage source inverter is equipped with six switches and one decoupling capacitor. The
high-side and low-side switches are controlled with complementary signals.

Figure 3. Control structure of multi-port PMSM considered in this study.

The analytical models proposed in Section 3–5 are in open-loop (OL) control condition.
To achieve open-loop control with the desired operation point (with desired phase currents),
the system is first controlled in closed-loop (CL), and once the system is stabilized at the
desired operation point (i∗Σδ), the average reference signal (α∗Σδ) is saved to then control the
system in open-loop.

2.4. Standard Model for Multi-Port PMSM

Reference values for winding resistance and inductance are considered in this article,
obtained from averaged measurement value of a HC PMSM platform [7,8]. Since the
three multi-port winding structures have exactly the same number of turns per phase per
sub-winding, the same phase resistance value is assumed for all three winding structures.
The phase self inductance Ls is calculated from Equation (4) with respect to conventional
three phase winding self inductance L. Table 2 shows the considered resistance and induc-
tance values, as well as the respective coupling factor of the three winding configurations.

In the MS winding, where sub-windings are separated into 120◦ sectors, making the
coupling factor smallest among the three structures, it is assumed that kn = 0 in this case.
In the HC winding, kn is close to 1, and the measurement shows kn = 0.95. Then there
is multi-three-phase (P-3ph) winding with an intermediate coupling factor, let us take
kn = 0.5 for this case.
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Table 2. Standard model value for the studied multi-port PMSM.

Parameters Value

R 345 mΩ

L 3454 µH

km −0.3

Parameters
Winding MS P-3ph HC

kn 0 0.5 0.95

3. Analysis of Unbalanced Winding Issues

The winding unbalance may occur when the manufacturing process is not perfect or
when the coil head has different lengths due to a specific spatial arrangement of inverters
and PMSM.

The unbalance considered in this section is obtained from the HC PMSM platform
measurement. In this particular achievement, it is found that the distance ∆ between an R
or L value and the average value is below 12%. This maximum distance is considered in
the following analysis.

3.1. DC Current Ripple Calculation Using Admittance Approach

The multi-port PMSM is modeled by resistances and coupled inductors in series, and
represented analytically as a resistance matrix and an inductance matrix. The back-EMF
is not modeled in this section because the unbalanced winding analysis is normalized
with respect to the supply voltage. By combining the two matrices in complex form, the
admittance matrix can be expressed as

Y = (R+ jωL)−1 (12)

Without taking into account the back-EMF, the phase current is obtained by the
following expression:

iph = Yvph (13)

In the case where neutral point is not connected to the DC-link middle point, to obtain
the load phase voltage, the load neutral point voltage vnz must be determined (Figure 4).
In the case of a multi-port PMSM, the admittance matrix is not diagonal, a generalization
of Millman’s theorem is necessary for electrical machine neutral point voltage calculation.

Figure 4. DC/AC inverter supply of a three-port PMSM.
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From Kirchoff’s voltage law,

vphz − [F93]vnz = [Z ]iph (14)

From Kirchoff’s current law,

[F39]iph = [O31] (15)

with vector definitions as follows:

vphz = (va1z, vb1z, vc1z, va2z, vb2z, vc2z, va3z, vb3z, vc3z)
T

= Vr(ei0, ei −2π
3 , ei −4π

3 , ei0, ei −2π
3 , ei −4π

3 , ei0, ei −2π
3 , ei −4π

3 )T

vnz = (vn1z, vn2z, vn3z)
T

vphz is the reference three-phase voltage supply in open-loop condition, the reference
voltage takes the magnitude of Vr.

The three neutral point voltage with respect to the DC-link middle point z is then
deduced using the generalized Millman’s theorem:

vnz = ([F39][Y ][F93])
−1[F39][Y ]vphz (16)

where matrix definitions are as follows:

[F93] =




1 0 0
1 0 0
1 0 0
0 1 0
0 1 0
0 1 0
0 0 1
0 0 1
0 0 1




[F39] =




1 1 1 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0
0 0 0 0 0 0 1 1 1


 [O31] =




0
0
0




With vnz, Equation (13) can be written into

iph = Y(vphz − vnz)

= Y
(

vphz − ([F39][Y ][F93])
−1[F39][Y ]vphz

) (17)

Then, for each unbalanced admittance matrix, the current vector iph can be calculated.
From Appendix A, it is shown that the DC component of DC-link current is pro-

portional to the multiplication of sequence 1 current magnitude and cosine of sequence
1 current phase, and the twice fundamental frequency (2 f ) current ripple component is
proportional to the magnitude of sequence 2 current. To determine the DC current quality,
a current ripple ratio (CRR) is defined as the ratio between the ripple magnitude and the
DC current value, the maximum CRR is considered for the three inverter DC-links:

CRR2 f = max
i∈{1,2,3}

( ∣∣I2
∣∣

∣∣I1
∣∣ cos∠I1

)

i

(18)

3.2. Unbalance Scenarios in Multiport PMSM

Some standard unbalance cases can be defined, with all other types of unbalance
regarded as a superposition of several standard cases. The unbalance scenarios considered
are explained in Table 3.
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Table 3. Considered resistance and inductance unbalance scenarios in multi-port winding.

Scenario Modeling Details

1ph R ∆R is added to phase A of all three sub-windings

1sub 1ph R ∆R is added to phase A of the first sub-winding

1ph L ∆L is added to phase A self inductance of all three sub-windings

1sub 1ph L ∆L is added to phase A self inductance of the first sub-winding

all M
∆kmL or ∆knkmL is added to the mutual inductance

between every phase A and every phase C

inter-sub M
∆knkmL is added to the mutual inductance between phase A

and phase C between sub-winding 1 and sub-winding 3

In Figure 5, the current ripple ratio results are presented at the rated frequency 200 Hz,
and the results are obtained with the standard model value, with a variation of the ∆
value within [−12%, 12%]. The results show that the HC winding is the most sensitive
configuration to winding unbalance, and the CRR is found to increase with the inter sub-
winding coupling factor. In Figure 5a, there are fewer unbalance scenarios for the MS
winding, because the MS winding is assumed to have no mutual inductance between
sub-windings.
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(a) MS winding
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(b) P-3ph winding
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(c) HC winding

Figure 5. DC-link current ripple ratio for three types of multi-port winding configuration.

3.3. Simulation Results

Simulations are carried out to confirm the DC-current ripple component (Figure 6) on
PLECS. Simulation parameters are shown in Table 4. The analytical model of the 2 f DC
current harmonic is in the open-loop condition, where the voltage reference is perfectly
sinusoidal. While in the simulation, the system must be first controlled in closed-loop
to achieve the operation point of Σiq = 18 A. Secondly, the control loop is opened by
keeping the average reference in Σδ frame, so that the operation point remains the same in
open-loop.

Table 4. Simulation and experimental parameters.

Source Inverter PMSM Control

VDC Switching frequency Electrical speed PWM PI controller Sampling frequency

48 V 20 kHz 200 Hz SPWM
Σ axis : Kp = 0.165, Ki = 25

20 kHzδ axis : Kp = 0.0022, Ki = 26
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Figure 6. Open-loop simulation results with the measured winding resistance, measured inductance
and ideal back-EMF. Rated Σiq at 18 A, average DC current at 2.7 A.

No low-frequency harmonics can be observed in the ideal RL case. In Figure 6,
simulation results with measured RL are presented, the harmonic at 2 f appears. Globally,
the maximum 2 f harmonic magnitude follows the analytical analysis, it increases with the
inter-sub-winding coupling factor kn, which makes the HC winding the structure with the
worst 2 f DC current harmonic. The actual admittance model is not able to explain why the
current ripple ratio increase with the coupling factor, but a hypothesis is the little δ axis
inductance makes HC winding more sensitive to RL unbalance.

From simulation results in Figure 6, it can be found that in all three windings, the
average current ripple ratio is around 5%. In MS winding, current ripple ratio is around 5%.
In P-3ph winding, current ripple ratio is smaller than 10%. In HC winding case, the current
ripple ratio is smaller than 12%. Based on analytical model results shown in Figure 5, the
impact of conventional three-phase unbalance is lower for more coupled windings, while
the impact of inter-sub-winding unbalance increases with the inter-sub-winding coupling
factor kn.

4. Analysis of Back-EMF Harmonic Impact

The 2 f current harmonic is not the only low-frequency current harmonic that appears
in PMSM drives’ DC-link. Due to stator structure and winding configuration, the back-
EMF is not perfectly sinusoidal [36]. By measuring the back-EMF of the studied machine,
the fifth and seventh harmonics are the most significant harmonics found in addition to
the fundamental.

4.1. DC Current Ripple Calculation Using Σ Equivalent Model

Equation (19) gives the analytical form of the fundamental and the fifth and seventh
harmonics in the measured back-EMF. It can be seen that the fifth harmonic is a sequence 2
component and the seventh harmonic is a sequence 1 component. ϕe1, ϕe5 and ϕe7 are the
phase differences between equivalent voltage vector V and equivalent back-EMF vector E
of fundamental, fifth harmonic and seventh harmonic, respectively (Figure 7).





ea = Eh1 sin(θ − ϕe1) + Eh5 sin(5θ − ϕe5) + Eh7 sin(7θ − ϕe7)

eb = Eh1 sin
(

θ − ϕe1 −
2π

3

)
+ Eh5 sin

(
5θ − ϕe5 −

4π

3

)
+ Eh7 sin

(
7θ − ϕe7 −

2π

3

)

ec = Eh1 sin
(

θ − ϕe1 −
4π

3

)
+ Eh5 sin

(
5θ − ϕe5 −

2π

3

)
+ Eh7 sin

(
7θ − ϕe7 −

4π

3

)
(19)

The measured magnitudes of three back-EMF harmonics at 200 Hz are as follows:

• Eh1 = 11.84 V.
• Eh5 = 0.21 V.
• Eh7 = 0.48 V.

The following phase relationships are also obtained from measurement:
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• ϕe5 = ϕe1.
• ϕe7 = ϕe1 + π.

Figure 7. Vector representation of phase voltage V, phase current I and back-EMF E. V, I and E are
equivalent vectors which take Σq axis values, the resistance and inductance also take Σq axis values
(Table 1).

Figure 7 illustrates a vector representation of V, I, and E. The figure only represents
components of the same frequency (the fundamental harmonic on the left and the fifth
harmonic/seventh harmonic on the right). At base frequency, the back-EMF vector is in
phase with the phase current vector, and the phase voltage vector equals the vectorial
sum of the back-EMF vector, the resistance voltage vector, and the inductance voltage
vector. At the frequency of five/seven times fundamental frequency (5 f or 7 f ), the voltage
vector does not exist in open-loop condition. Therefore, the back-EMF vector is directly the
vectorial sum of the resistance voltage and the inductance voltage.

The angle α between the phase current vector and the phase voltage vector defines
the system power factor. Once the inductance and resistance values are known, the
angles αh5 and αh7 become constant for one electrical speed ω: αh5 = arctan(5ωL/R) and
αh7 = arctan(7ωL/R). Therefore, by knowing the magnitude of the fifth and seventh
back-EMF harmonics, the first, fifth, and seventh harmonics of the phase current can be
calculated in the following form:





∣∣∣IΣh1

∣∣∣ =

∣∣∣VΣh1

∣∣∣ cos αh1 −
∣∣∣EΣh1

∣∣∣
RΣ

∣∣∣IΣh5

∣∣∣ =

∣∣∣EΣh5

∣∣∣ cos αh5

RΣ

∣∣∣IΣh7

∣∣∣ =

∣∣∣EΣh7

∣∣∣ cos αh7

RΣ

(20)

The same analysis as in Appendix A can be conducted. From the back-EMF expression
in Equation (19), the fifth harmonic only has the sequence 2 component, while the seventh
harmonic only has the sequence 1 component. Consequently, the current’s fifth harmonic
has only sequence 2 component and the current’s seventh harmonic has only sequence
1 component due to proportionality between back-EMF harmonic and current harmonic.
The Σ current under measured back-EMF condition can be expressed as follows:

IΣ =
∣∣∣IΣh1

∣∣∣ sin(θ − αh1) +
∣∣∣IΣh5

∣∣∣ sin(5θ − 5αh1 − αh5) +
∣∣∣IΣh7

∣∣∣ sin(7θ + π − 7αh1 − αh7) (21)
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It is noteworthy that the magnitude of Σ vector is three times the magnitude of natural
frame vector and that all phase angles are with respect to the open-loop phase voltage of
phase A.

Finally, the expression of the DC current taking into account back-EMF harmonics can
be derived from the DC average current calculation in Appendix A:

IDC,EMF =
D
(∣∣∣VΣh1

∣∣∣ cos αh1 −
∣∣∣EΣh1

∣∣∣
)

cos αh1

4RΣ

+
D

4RΣ

[
−
∣∣∣EΣh5

∣∣∣ cos αh5 cos(6θ − 5αh1 − αh5)

+
∣∣∣EΣh7

∣∣∣ cos αh7 cos(6θ + π − 7αh1 − αh7)
]

(22)

CRR for back-EMF induced DC current harmonics can be defined as the magni-
tude ratio of six times fundamental frequency (6 f ) component and DC component in
Equation (22). This analytical model can give the CRR of three types of windings at the
same operation point (IDC = 2.61A): all three structures take the same DC current ripple
ratio at 6 f at 0.995% in the measured back-EMF condition.

4.2. Simulation Results

Simulations in this section are also in open-loop condition, using the same closed-loop
to open-loop method to keep the operation point (Figure 3).

Simulation results show that the measured back-EMF produces the harmonic 6 f in
the DC-link current at rated Σiq and a DC average current of 2.61 A, the current ripple
ratio of harmonic 6 f is 0.988%. The simulation results support the demonstrations made
in Section 4.1: the fifth harmonic and the seventh harmonic in back-EMF result in sixth
harmonic in DC current. However, all three winding structures exhibit the same 6 f DC
current harmonic magnitude.

Comparing simulation results and analytical results in Section 4.1, a strong agreement
can be found, which confirms the equal impact of back-EMF on induced DC current ripple
for three winding configurations.

5. Sampling Effect on DC-Link Current Ripple

Sampling is a mandatory function in a signal processing chain dedicated to closed-
loop control. Since microcontrollers used in embedded systems only accept digital signals,
processing of current sensor data is necessary via an ADC. However, since the PMSM
is powered by a DC/AC inverter, an ADC would take into account the high-frequency
current ripple due to switching. By choosing the sampling moment properly with respect
to the switching period, the current ripple could be eliminated in conventional PMSMs.
However, in the case of P-3ph PMSMs and HC PMSMs, this technique does not work and
the control loop cannot avoid sampling the current switching ripples that occur.

Simulations are conducted with the same switching and sampling frequency at
20 kHz, so that the sampling moment can be synchronized with the peak of the trian-
gular carrier.

5.1. Impact of Structure on Sampling

In Figure 8, a comparison is made between HC PMSM without and with δ control.
Figure 8a depicts the scenario where only the Σ reference is applied (Σiq = 18 A), resulting
in zero high-frequency current ripple every half switching period at the carrier’s positive
and negative peaks. In Figure 8b, both Σ and δ references are applied. Due to the coupling
between sub-windings, the current ripple can no longer return to zero every half switching
period. The ADC takes the current switching ripple into account, and the ripple value is
fed back to the current controller, resulting in unwanted harmonics in the current response.
This is the phenomenon of spectral aliasing.
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Figure 8. Current ripple components and sampling moment of a HC winding with 0 and non-zero
delta references.

5.2. Current Harmonics Induced by PWM Power Supply

The high-frequency current ripples are induced by PWM power supply of three-phase
DC/AC inverters. It is necessary to investigate the harmonic components of the PWM
voltage supply to understand the current ripple component (Appendix B).

As illustrated in Section 2, two transformations are applied to achieve system con-
trol decoupling. In the Σδ frame where the system is decoupled, simple transfer func-
tions can be used to approximate the relation between phase voltage and phase current
(Figure 9). GΣ and Gδ vary from three winding configurations, for MS winding GΣ = Gδ,
but for the two other configurations, this relation is not verified. If no δ control is given
(three sub-windings contribute equally), then vδ = 0, otherwise vδ ̸= 0.

Figure 9. Transfer between phase voltage and phase current.

It is worth noting that the generalized Clarke transformation changes the harmonic
order and its magnitude (Equation (7)). Equation (A9) represents the PWM voltage funda-
mental component and the sideband harmonics in positive angular speed, so the inverse
Clarke transformation P−1

clarke applies −1 to every harmonic order and a gain of
√

6/2
to every harmonic magnitude. Similarly, the Clarke transformation Pclarke causes +1 to
harmonic order and apply a gain of

√
6/3.

Figure 10 shows the PWM voltage harmonics in dq frame vdqo. Here, the maximum
magnitude of phase voltage fundamental component is normalized to 1, and taking into
account real inverter constraints, the modulation depth is set to 0.8, which means the
fundamental component takes a magnitude of 0.8. Since the harmonic order of the fun-
damental component is reduced to 0 due to the inverse Clarke transformation P−1

clarke, the
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fundamental component is not shown in this figure. On the secondary axis, the bode gain
plot (GΣ and Gδ) of MS and HC winding is illustrated, representing two extreme cases of
the coupling factor:

• MS: LΣ = Lδ = (1− km)L/3, around −40 dB of attenuation on both axes at harmonic 100.
• HC: LΣ = (1 − km)L/3, around −50 dB of attenuation on the Σ axis at harmonic 100;

Lδ close to 0, around −10 dB of attenuation on the δ axis at harmonic 100.
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Figure 10. Clarke’s frame voltage vdqo harmonics and Σδ frame transfer function gain.

Apparently, compared to the attenuation of Σ axis, the δ axis attenuation of HC
structure is much lower and may result in residual PWM harmonics in phase current if δ
mode is activated for HC structure. Since HC δ mode is the worst case when it comes to
residual current harmonic, let it be the object of study in the following analysis.

The comparison in Figure 10 is made between the phase voltage in Clarke’s frame
and the transfer function in the Σδ frame. This is an intentional choice because the Σ and δ
voltage magnitude depends on the control reference. By making this comparison, equal
magnitude of Σ and δ voltage is assumed.

By multiplying the transfer gain of Gδ and the Clarke frame voltage harmonic mag-
nitude, the Clarke frame current harmonic magnitude is obtained, then using the gen-
eralized Clarke transformation, the current harmonics in natural frame are obtained. In
Figure 11, the phase current harmonics composition before sampling is illustrated in
blue(fundamental component) and orange(sideband harmonics). If the ADC samples
the current measurement at a frequency of fsamp = 100 fe, which is the actual experimen-
tal setting, the bandwidth of the ADC is [− fsamp/2, fsamp/2]. All harmonics outside the
bandwidth are aliased into the bandwidth with their magnitude conserved. A detailed
explanation of this phenomenon is given in Section 5.3.

5.3. Aliasing Effect of the Current Measurement

s1 and s2 are two signals with respective frequencies of f1 and f2:
{

s1 = A sin(2π f1t + ϕ)

s2 = A sin(2π f2t + ϕ)
(23)

Their sampled signals can be exactly the same if the following relation is verified:

f1 − f2 = n fsamp with n ∈ Z (24)

where fsamp is the sampling frequency of the ADC, and n belongs to the set of integer Z.
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In Figure 11, it is obvious that, even in the case of HC winding configuration with δ con-
trol, the most dominant current harmonic is the first group. The following demonstration
only considers the first harmonic group since it is the most significant one. The magnitude
of aliased harmonics is conserved, but the frequency is aliased into the bandwidth of the
ADC ([− fsamp/2, fsamp/2]) by adding the integer multiple of sampling frequency. Only
the spectrum outside the bandwidth can be aliased into the bandwidth conserving its
magnitude, and in Figure 11 the aliasing zone is marked with a gray background. The
sampling frequency is the same as the first harmonic frequency (at harmonic number 100),
and subtracting the first group with fsamp results in the aliased harmonics (in green). A
negative frequency aliased harmonic at −2 fe is produced that corresponds to harmonic
fsw − 2 fe before sampling; similarly, the positive frequency aliased harmonic at 2 fe is from
the harmonic fsw + 2 fe before sampling.
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Figure 11. Natural frame current harmonics and dominant aliased current harmonics.

Let An2 and Ap2 be the magnitudes of the aforementioned two aliased harmonics.
Taking into account the three-phase nature of the PMSM system, the aliased harmonics of
PMSM can be expressed as follows:





ia,aliased = An2 cos(−4π fet − ϕan2) + Ap2 cos
(
4π fet − ϕap2

)

ib,aliased = An2 cos
(
−4π fet − ϕbn2 −

2π

3

)
+ Ap2 cos

(
4π fet − ϕbp2 −

2π

3

)

ic,aliased = An2 cos
(
−4π fet − ϕcn2 −

4π

3

)
+ Ap2 cos

(
4π fet − ϕcp2 −

4π

3

)
(25)

where ia,aliased, ib,aliased and ic,aliased are the three dominant phase aliasing currents. In
closed-loop control, these currents are fed back to the current controller, and even though
these aliased currents do not exist in open-loop condition, the controller still takes them
as an error and tries to compensate the aliased currents, which leads to real phase current
harmonics at aliasing frequency.

The aliased current harmonics are then obtained by multiplying voltage harmonics
(Equation (A9)) with the PMSM system transfer function gain on the δ axis:





An2 =
2VDC

3π
J−2

(π

2
D
)
|Gδ( fsw − 2 fe)|

Ap2 =
2VDC

3π
J2

(π

2
D
)
|Gδ( fsw + 2 fe)|

(26)

Equation (25) shows the sum of two aliased currents from a three-phase point of view.
The harmonic n2 is a sequence 2 component and the harmonic p2 is a sequence 1 component.
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Equation (25) can be rewritten into sequence form using sequence vector representation:




ia,aliased = Ap2 cos(2θ − ϕs1) + An2 cos(2θ − ϕs2)

ib,aliased = Ap2 cos
(

2θ − ϕs1 −
2π

3

)
+ An2 cos

(
2θ − ϕs2 −

4π

3

)

ic,aliased = Ap2 cos
(

2θ − ϕs1 −
4π

3

)
+ An2 cos

(
2θ − ϕs2 −

2π

3

)
(27)

According to the control strategy chosen by the system user, these aliased harmonics
can be more or less disastrous, so the open-loop aliased harmonic magnitude is a reasonable
reference for normalization. Let Asp(CL) and Asn(CL) be the sequence 1 and sequence 2
component at 2 f in the phase current in closed-loop control and phisp(CL), phisn(CL) be
their respective phase. Using the transfer formalism between phase current and DC-link
current explained in Appendix A, the DC current ripple caused by the aliasing effect can
be calculated.

ĨDC,aliasing =
3Asp(CL)D sin

(
θ − ϕsp(CL)

)

4
+

3Anp(CL)D sin
(

3θ − ϕsn(CL)

)

4
(28)

It is worth noting that the sequence 2 component is the dominant component. There-
fore, the DC ripple at three times fundamental frequency (3 f ) is greater than the DC ripple
at 1 f (fundamental frequency).

5.4. Simulation Results

Unlike other harmonics, the 3 f harmonic in the DC-link current is due to ADC sam-
pling that only exists in the closed-loop. Simulations in this section are performed in the
closed-loop, first with only Σ control and then with Σ and δ control.

It can be found in Figure 12 that the 3 f harmonic takes the most significant magnitude
when there is a δ control and when the coupling factor kn is big enough (HC winding). This
phenomenon can be explained by the δ axis filter effect (Figure 10), and a more coupled
winding results in less filtered high-frequency voltage harmonics from the PWM supply.
Then, the high-frequency current harmonics are aliased into the bandwidth of the ADC,
and the HC winding is more affected by aliased harmonics since its δ axis is not able to
efficiently filter high-frequency harmonics. As demonstrated previously, those aliased
current harmonics become harmonic 3 f in the DC-link current. As for 1 f DC current ripple,
it is not visible in the chosen CRR display range of Figure 12. When no δ control is applied,
the 3 f harmonic is not visible in the simulation for the chosen current ripple ratio range.
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Figure 12. Closed-loop simulation results with ideal winding resistance, ideal inductance and ideal
back-EMF. A zero-order hold is added to the current measurement simulating ADC sampling. Rated
Σiq at 18 A, δ12iq at −6 A, average DC current IDC1 = 0.8 A, IDC2 = IDC3 = 3.8 A.

The simulation results confirm the analytical analysis. A direct comparison on 3 f DC
current ripple ratio between analytical model and simulation is not possible, because the
closed-loop controller should be taken into account to make this comparison. Since this
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article’s objective is not the controller design, the analysis only explains the existence of the
3 f current ripple when using an ADC with the same sampling frequency as the inverter
switching frequency.

6. Experimental and Simulation Results

The experimental setup of the HC winding multi-port PMSM drive is shown in Figure 13.
The DC voltage source supplies three DC/AC inverters’ DC-link at 48 V. Controlled by a
MCU, namely the dSPACE MicroLabBox, the DC/AC inverters use the SPWM technique to
supply the HC multi-port PMSM. The PMSM rotor shaft of PMSM is mechanically coupled
to that of a DC permanent magnet (PM) generator, which serves as the mechanical load of
motor drive. For this, load resistors are connected to the DC PM generator. The experimental
parameters are similar to those of the simulation (Table 4).

Figure 13. Experimental HC multi-port PMSM drive setup.

In Section 3–5, three types of harmonics have been identified, along with their re-
spective cause. In a real motor drive, by the law of superposition, it is natural to find all
three types of DC-link current harmonics. A DC current measurement result is presented
in Figure 14: only the HC winding is realized (Figure 2b). Similarly to the simulation
results, the current harmonic magnitudes are normalized with respect to the average of
three DC-link current. The obtained normalized magnitude can be regarded as the current
ripple ratio. In the experimental setup, the DC-link capacitors exist on the DC/AC inverter
close to the switches, resulting in the low-frequency current harmonic filtered at the current
measurement point. Since the studied frequency range is small (2 f to 6 f ), the capacitor’s
filter effect is considered the same for all studied harmonics.
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Figure 14. Experimental DC-link current measurement of a HC multi-port motor drive, with Σ
control on the left (same DC currents for three sub-windings), with Σδ control on the right (unequal
DC currents).

In Figure 14, the harmonics 2 f and 6 f can be observed for both control references. The
harmonic 3 f only appears when the δ control is activated, because the PWM high-frequency
voltage harmonics only alias significantly when δ reference is not 0. It can be observed that
the maximum low-frequency DC-link ripple ratio of current harmonics is less than 5% in
both control strategies.



Electronics 2024, 13, 2236 19 of 27

Figure 15 presents simulation results performed in the closed-loop with measured
resistance, inductance and back-EMF for three types of multi-port winding. For the HC
winding configuration, the experimental measurement in Figure 14 and the simulation
results in Figure 15 are compared in Table 5. Both results are consistent. The 2 f and 6 f
harmonics exist in both control schemes, while the 3 f harmonics have a significant value
only when each of the three power sources have unequal power contributions. Indeed, the
CRR of the 3 f harmonics increases notably when an unequal effort is requested from each
of the sources (due to a non-zero differential reference value). This result is revealed both
in simulations and experiments. However, 2 f harmonics are smaller in the experimental
case than in the simulation case, possibly due to the uncertainty of the resistance and
inductance measurements of the different windings. The 3 f and 6 f harmonics are larger
in the experimental case, probably due to the lack of DC-link capacitor modeling and DC
source modeling in the proposed approach.

Table 5. HC configuration: Comparison of the DC-link current ripple ratio (CRR) between the case of
using equal contribution between the three sources and the case of dissimilar contribution from each
source (non-zero differential reference value).

Rated Σiq Rated Σiq CRR Evolution
δ12iq Set to 0 Non-Zero δ12iq Zero to Non-Zero δ12iq

IDC1 IDC2 IDC3 IDC1 IDC2 IDC3 IDC1 IDC2 IDC3

Simulation

2 f 4.9% 5.0% 5.1% 2.9% 5.4% 5.4% −2.0% +0.3% +0.3%

3 f 0.2% 0.2% 0.2% 1.8% 0.9% 1.2% +1.6% +0.6% +1.0%

6 f 2.1% 2.1% 2.1% 0.2% 2.9% 3.0% −1.9% +0.9% +0.9%

Experiment

2 f 3.7% 0.9% 1.5% 1.2% 1.4% 1.9% −2.5% +0.5% +0.3%

3 f 0.9% 0.5% 0.5% 3.6% 3.4% 2.5% +2.8% +2.9% +2.0%

6 f 3.8% 3.9% 3.9% 1.9% 4.7% 5.0% −1.9% +0.8% +1.1%
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Figure 15. Simulations in closed-loop condition, with measured resistance, inductance matrix,
back-EMF harmonics and ADC sampling. Rated Σiq at 18 A, δ12iq at −6 A. Average DC current
IDC1 = IDC2 = IDC3 = 2.6 A when no δ reference is set to 0. IDC1 = 0.8 A IDC2 = IDC3 = 3.7 A when
δ reference is non-zero.
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Figure 16 compares the experimental waveform of Figure 14 and the simulation wave-
form of Figure 15 for the HC winding. An ideal low-pass filter is applied to the simulation
waveform in order to highlight the low-frequency harmonics. The two waveforms exhibit
a similar average current at the same current reference, while the ripple component in the
experiment is visibly higher than that in the simulation. It is because the DC-link capacitor
is unable to fully filter high-frequency harmonics induced by inverter switching. In the
low-frequency range, the current harmonics are even more poorly filtered and are therefore
visible in the experimental waveform.

The results of this study gave the following data for the studied synchronous ma-
chine, segmented into three elementary submachines according to three different processes,
namely the MS, P-3ph and HC architectures. In the open-loop and compared to the studied
PMSM, an unbalanced winding causes the highest current ripple rate of 15% in a strongly
coupled winding, while the MS presents only 6%. In the presence of back-EMF harmonics,
all three segmentation types exhibit the same current ripple rate of 1%. In closed-loop,
and with unequal contributions from the power DC sources, the HC configuration has the
highest current ripple rate of 2.5%, while the current ripple rate for the MS one is negligible.
However, the current ripple rate for all three closed-loop winding structures is less than
15%, which is considered acceptable for motor control applications.
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Figure 16. Waveform of the HC winding in a closed-loop experiment (top) and simulation (bottom).
The experimental and simulated conditions are the same as depicted in Figures 14 and 15.

7. Conclusions

The work presented in this article provides a detailed analysis of the possible DC-link
current low-frequency harmonics in multi-port motor drives using symmetrical sequence
formalism. Specifically focusing on three harmonics (2 f , 3 f , 6 f ), their analytical expressions
are derived and simulations are conducted to validate the analytical results. Additionally,
experiments are carried out for HC winding motor drives, demonstrating good agreement
with the analytical and simulation results.
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A comparison among three multi-port PMSM structures suitable for power-sharing
applications reveals that the harmonic magnitudes exhibit similar trends with the coupling
factor between sub-windings: the MS structure exhibits the least 2 f and 3 f harmonics.

The impact of power sharing on the DC-link current harmonics is also analyzed. In
the suggested Σδ control scheme, power-sharing involves activating the δ axis control. For
multi-port winding structures with a high coupling factor between sub-windings, the δ
axis transfer function has a wide bandwidth, which may lead to unfiltered high-frequency
current harmonics aliasing to low-frequency harmonics. Under the studied conditions
where the sampling frequency is the same as the switching frequency, a dominant 3 f
harmonic appears in the DC-link current.

Furthermore, it is found that the three studied harmonics have very limited impact on
the quality of the DC current, with an average ripple ratio of only 15%.

According to the application, the DC-link current ripple requirement varies. If a min-
imum low-frequency DC current ripple is expected, the following design rules should
be followed:

• Avoid winding unbalance in the multi-port PMSM manufacturing phase. If unbalance is
inevitable, choose a less coupled winding configuration, such as the MS winding one.

• Add an anti-aliasing filter between the current sensor and the ADC, in order to filter
the sideband harmonics at switching frequency and its multiples [34,35].

• Choose a winding configuration with the most sinusoidal back-EMF, or apply the
skew technique on the stator or rotor [41,42], or use online-trained ADAptive LInear
NEuron (ADALINE) to mitigate the induced harmonic [43].

In future works, the impact of current harmonics on the lifespan of voltage sources
should be investigated. If the impact is significant, possible solutions for mitigating these
low-frequency DC-link current harmonics should be studied. Potential solutions may
include the design of a well-tailored control strategy (e.g. ADALINE and H∞ control) and
the implementation of an anti-aliasing filter.
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Abbreviations
The following abbreviations are used in this manuscript:
ADC Analog-to-Digital converter
CL Closed-loop
CRR Current ripple ratio
Back-EMF Counter-electromotive force
HC Highly coupled
MCU Multipoint control unit
MMF Magnetomotive force
MS Multi-sector
OL Open-loop
PEMFC Proton exchange membrane fuel cell
PM Permanent magnet
PMSM Permanent magnet synchronous motor
P-3ph Multi-three-phase
RMS Root mean square
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SPWM Sinusoidal pulse width modulation
VSI Voltage source inverter
2 f Twice fundamental frequency
3 f Three times fundamental frequency
5 f Five times fundamental frequency
6 f Six times fundamental frequency
7 f Seven times fundamental frequency

Appendix A. Average DC Current Calculation Formalism

A sinusoidal AC voltage or current can be represented as a vector using its magnitude
and phase. For instance, A sin(θ + ϕ) becomes Aej∠(θ+ϕ), denoting a vector with a length
of |A| and an angle of θ + ϕ, with 0◦ serving as the phase reference.

A general expression for an unbalanced three-phase current under balanced voltage
supply is proposed as follows:





Va = V̂ sin(θ)

Vb = V̂ sin
(

θ − 2π

3

)

Vc = V̂ sin
(

θ − 4π

3

)





Ia = Îa sin(θ − ϕa)

Ib = Îb sin
(

θ − ϕb −
2π

3

)

Ic = Îc sin
(

θ − ϕc −
4π

3

)
(A1)

where each phase has its own magnitude and phase delay. According to [19], the unbal-
anced three-phase current can be expressed as the sum of sequence 1 and sequence 2 current
vectors, assuming no 0 sequence current exists in the three-phase system. The magnitude
and phase of these two sequences can be determined using phasor transformation, which
is defined as




I0
I1
I2


 =

1
3




1 1 1
1 ω3 ω2

3
1 ω2

3 ω3






Ia
Ib
Ic


 (A2)

where ω3 is the phasor operator, which is equivalent to ej2π/3 and signifies a positive
rotation of 2π/3 in vector operations. Ia, Ib, and Ic are three vectors representing the
three-phase unbalanced current, with Va serving as the phase reference. Similarly, I0,
I1, and I2 are three vectors representing the 0 sequence, sequence 1, and sequence 2
current, respectively.

In Figure A1a, an example of unbalanced three-phase currents without 0 sequence
component is illustrated. After the transformation (A2), sequence 1 I1 and sequence 2
I2 vectors are obtained, as shown in Figure A1b. These two sequence vectors can help
reconstruct the initial three-phase currents using the following form:





Ia =
∣∣I1
∣∣ sin

(
θ +∠I1

)
+
∣∣I2
∣∣ sin

(
θ +∠I2

)

Ib =
∣∣I1
∣∣ sin

(
θ +∠I1 −

2π

3

)
+
∣∣I2
∣∣ sin

(
θ +∠I2 −

4π

3

)

Ic =
∣∣I1
∣∣ sin

(
θ +∠I1 −

4π

3

)
+
∣∣I2
∣∣ sin

(
θ +∠I2 −

2π

3

)
(A3)

In an electrical period, 6 zones are identified: A, B, C, D, E, and F, in each zone, the
order of three voltage references stays the same (Figure A2). For example, in zone A, the
following relation is verified: va > vc > vb.

The DC current is obtained from the switching function S, since the following relation
exists between phase current and the DC-link current:

idc = SQ1ia + SQ3ib + SQ5ic (A4)
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Figure A1. Transformation between unbalanced three-phase current and sequence vectors. (a) An
example of unbalanced three-phase currents. (b) Sequence vectors.
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Figure A2. Open-loop three phase voltage references.

Besides, the length of every switching interval (T0,T1,T2,T3) can be calculated using
the expression of SPWM reference (Figure A3):





T0 =
Ts

4
(1 − D sin θ)

T1 =
Ts

4
D
[

sin θ − sin
(

θ − 4π

3

)]

T2 =
Ts

4
D
[

sin
(

θ − 4π

3

)
− sin

(
θ − 2π

3

)]

T3 =
Ts

4

[
1 + D sin

(
θ − 2π

3

)]

(A5)

with D the modulation depth of SPWM.
The average DC-link current for zone A is obtained by integrating the DC current over

each switching interval:

IDC =
1
Ts

∫ t0+Ts

t0

idcdt

=
3D
∣∣I1
∣∣ cos∠I1

4
− 3D

∣∣I2
∣∣ cos(2θ +∠I2)

4

(A6)
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where t0 is the start time of a switching period. Using the same approach for zone B to zone
F, the same result as Equation (A6) can be obtained.

Equation (A6) demonstrates that unbalanced three-phase currents in a DC/AC inverter
lead to DC current ripple with twice the electrical frequency. If no unbalance exists, I2 = 0.

Figure A3. Inside a switching period for zone A: relations between PWM references, switching
functions and DC-link current for the conventional three-phase DC/AC inverter case.

The expression obtained in Equation (A6) is the average DC current value during a
switching period, but this is not accurate enough to reflect the DC capacitor current stress,
because the high-frequency ripple is not taken into account. However, this expression is
enough to describe the low-frequency current ripple, since the switching frequency is much
greater than the analyzed frequency range.

Appendix B. Voltage Harmonics of SPWM Supplied 3-Wire-Y-Connected Load

A widely accepted PWM load voltage analytical expression is proposed in [40] for
half-bridge single phase DC/AC voltage source inverter (VSI), for the naturally sam-
pled sin-triangle modulation case, the load voltage is expressed as follows using double
Fourier series:

vL =
VDCD

2
cos(ωot + ϕo)

fundamental

+
2VDC

π

∞

∑
m=1

1
m

J0

(
m

π

2
D
)

sin
(

m
π

2

)
cos[m(ωct + ϕc)]

carrier harmonics

+
2VDC

π

∞

∑
m=1

∞

∑
n=−∞
(n ̸=0)

1
m

Jn

(
m

π

2
D
)

sin
[
(m + n)

π

2

]
cos[m(ωct + ϕc) + n(ωot + ϕo)]

sideband harmonics

(A7)

where ωo and ϕo are reference angular speed and initial phase, ωc and ϕc are carrier angular
speed and initial phase, Jn is the Bessel function of order n.

In Figure A4, structure of half-bridge single-phase VSI and three-phase VSI are illus-
trated. The three-phase DC/AC VSI can then be considered as three single phase DC/AC
VSI, where a 2π/3 phase delay is applied between each two references. Therefore, vaz, vbz
and vcz can be calculated using Equation (A7).
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Figure A4. Load voltage of single-phase and three-phase DC/AC inverters.

In a three-phase VSI, the following voltage relations exist:





va =
1
3
(2vaz − vbz − vcz)

vb =
1
3
(2vbz − vaz − vcz)

vc =
1
3
(2vcz − vaz − vbz)

(A8)

From Equations (A7) and (A8), the phase voltage of the double Fourier series of the
three-phase VSI can be deducted. For example, va is expressed as follows:

va =
VDCD

2
cos(ωot + ϕo)

fundamental

+
2VDC

3π

∞

∑
m=1

∞

∑
n=−∞
(n ̸=0)

1
m

Jn

(
m

π

2
D
)

sin
[
(m + n)

π

2

]

×
{

2 cos[m(ωct + ϕc) + n(ωot + ϕo)]− cos
[

m(ωct + ϕc) + n(ωot + ϕo −
2π

3
)

]

− cos
[

m(ωct + ϕc) + n(ωot + ϕo −
4π

3
)

]}

sideband harmonics

(A9)

In the three-phase system, voltage carrier harmonics cancel out because there is no
phase delay between three carriers, and it only remains the fundamental component and
sideband harmonics.
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