
HAL Id: hal-04622353
https://hal.science/hal-04622353v1

Preprint submitted on 24 Jun 2024

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

Uniform stability of the damped wave equation with a
confining potential in the Euclidean space

Antoine Prouff

To cite this version:
Antoine Prouff. Uniform stability of the damped wave equation with a confining potential in the Euclidean
space. 2024. ⟨hal-04622353⟩

https://hal.science/hal-04622353v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


UNIFORM STABILITY OF THE DAMPED WAVE EQUATION
WITH A CONFINING POTENTIAL IN THE EUCLIDEAN SPACE

ANTOINE PROUFF

Abstract. We investigate trend to equilibrium for the damped wave equation with a confining
potential in the Euclidean space. We provide with necessary and sufficient geometric conditions for
the energy to decay exponentially uniformly. The proofs rely on tools from semiclassical analysis
together with the construction of quasimodes of the damped wave operator. In addition to the
Geometric Control Condition, which is familiar in the context of compact Riemannian manifolds,
our work involves a new geometric condition due to the presence of turning points in the underlying
classical dynamics which rules the propagation of waves in the high-energy asymptotics.
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1. Introduction

1.1. Setting of the problem. We study the energy decay of damped waves in the Euclidean space
of dimension d ≥ 1, that is to say the trend to equilibrium for solutions to the equation

(1.1)
{
∂2
t u+ Pu+ b(x)∂tu = 0, x ∈ Rd, t > 0,

(u, ∂tu)|t=0 = U0 = (u0, u1).

In (1.1), b ∈ L∞(Rd) is the non-negative damping coefficient and P is defined by

(1.2) P = V (x) − 1
2 ∆,

where V is a non-negative locally bounded confining potential on Rd:

(1.3) V ∈ L∞
loc(Rd; R), V ≥ 0 and V (x) −−−−→

x→∞
+∞.
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2 ANTOINE PROUFF

A further growth condition on V will be stated later. As a consequence of (1.3), the operator P , with
domain

domP =
{
u ∈ L2(Rd) :

(
V (x) − 1

2 ∆
)
u ∈ L2(Rd)

}
,

is self-adjoint and positive definite. The damped wave equation (1.1) is a well-posed evolution prob-
lem [Paz83, Theorem 4.3] on the Hilbert space H := domP 1/2 ⊕L2(Rd), whose inner product is given
by

((u1, v1), (u2, v2))H :=
(
P 1/2u1, P

1/2u2

)
L2(Rd)

+ (v1, v2)L2(Rd), (u1, v1), (u2, v2) ∈ H.

As a first observation, we mention that the energy balance corresponding to this equation, obtained
formally by multiplying (1.1) by ∂tū and performing integration by parts, is simply

(1.4) d

dt
E (U0, t) = −

ˆ
Rd

b|∂tu(t)|2 dx,

where the energy E is defined by

E (U0, t) := 1
2

(∥∥∥P 1/2u(t)
∥∥∥2

L2(Rd)
+ ∥∂tu(t)∥2

L2(Rd)

)
.

This a priori estimate indicates that the equation (1.1) is non-conservative wherever b is positive. In
the present work, we investigate necessary and sufficient conditions under which uniform exponential
decay for Equation (1.1) holds, that is to say there exist constants C > 0, τ > 0 such that

(1.5) ∀U0 ∈ H, E (U0, t) ≤ Ce−t/τE (U0, 0) , ∀t ≥ 0.
The study of decay rates for the damped wave equation dates back to the 70s with the celebrated

works of Rauch and Taylor, and later of Bardos, Lebeau and Rauch [RT74, BLR88, BLR92], in
the setting of compact Riemannian manifolds. They prove a sharp sufficient condition for having
uniform exponential decay of the energy of solutions to the damped wave equation. The latter can
be expressed in broad terms as follows: any geodesic enters the so-called damped set, where the
damping is effective (this is merely {b > 0} when b is continuous). This is called the Geometric
Control Condition (GCC). The idea behind this result is that the energy of high frequency solutions
to wave equations is largely carried by the rays of geometric optics.

In comparison, few is understood in unbounded geometries, partly because it is unclear how to
handle properly the presence of infinity in space. The paper of Burq and Joly [BJ16] provides a
sufficient condition for having uniform decay of the energy for the Klein–Gordon equation in Rd,
that is to say the same equation as (1.1) with a bounded potential and a Laplacian with possibly
varying coefficients. For the flat Laplacian case with constant potential (P = −∆ + 1), it reads as
follows: uniform exponential decay (1.5) holds if there exists L > 0 such that the average of b on any
segment of length L is uniformly bounded from below by a constant c > 0. This uniform version of
the GCC appears to be a fairly natural generalization of the GCC to unbounded domains. Note that
their proof requires b to be uniformly continuous on Rd, which in particular prevents b from being
more and more oscillatory near infinity. Their result has been recently generalized to asymptotically
cylindrical and conic manifolds by Wang in [Wan24]. For other works on the damped wave equation
in the Euclidean space, we refer to the papers by Bouclet–Royer [BR14] and Royer [Roy18b] for a
study of the local energy decay with a short-range damping coefficient. See also investigations of the
effect of periodic damping coefficients by Wunsch [Wun17], Joly–Royer [JR18], Royer [Roy18a].

In the sequel, we may rewrite (1.1) in the form of an order-one evolution PDE:
(1.6) ∂tU = AbU, t > 0,
where we wrote U = (u, ∂tu), and the infinitesimal generator is the so-called damped wave operator :

Ab =
(

0 1
−P −b

)
,

acting on H, with domain domAb = domP ⊕ domP 1/2. The energy of the solution of (1.6) with
initial datum U0 corresponds to:

E (U0, t) = 1
2
∥∥etAbU0

∥∥2
H
, t ∈ R+.

The exponential decay, defined in (1.5), can be expressed in a simple way by saying that the norm
of the semigroup decays exponentially over time.
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Definition 1.1 (Uniform stabilization). The equation (1.1) is said to be uniformly stable if there
exist C > 0, τ > 0 such that ∥∥etAb

∥∥
B(H) ≤ Ce−t/τ , ∀t ≥ 0.

Note that by the semigroup property, uniform stability is equivalent to the fact that
∥∥etAb

∥∥
B(H) < 1

for some t > 0 (see [EN00, Chapter V, Proposition 1.7]).
A motivation to study (1.1) in the setting (1.2) and (1.3) is that waves should be essentially trapped

in a bounded region of Rd when V is confining. Then we can expect the analysis to share similarities
with that of damped waves in compact domains. Actually, the situation will turn out to be rather
different, due to the fact that the underlying classical dynamics possesses turning points, as we shall
explain further below.

1.2. Main results. We present two types of results here. We refer to the first one as “a priori
conditions of stabilization” since they do not rely on any particular feature of the potential (except
for (1.3)). These results are based on geometrical optics constructions and semiclassical defect mea-
sures for the flat Laplacian in Rd. Thus Propositions 1.2 and 1.4 below may be seen as a variation
of classical results in control theory.

Throughout this paper, we denote by |A| the d-dimensional Lebesgue measure of the measurable
set A ⊂ Rd. Given a finite measure space (X,B, µ), we also use the notation 

X

f dµ := 1
µ(X)

ˆ
X

f dµ.

We also write SRd = Rd × Sd−1.

Proposition 1.2 (A priori necessary condition for uniform stability). Assume V is subject to (1.3)
and b ∈ L∞(Rd) is a non-negative damping coefficient. Then if (1.1) is uniformly stable, b satisfies
the Uniform Geometric Control Condition

(UGCC) ∃T > 0,∃c > 0 : ∀(x0, ν0) ∈ SRd,∀r > 0,
 T

−T
(b ∗ κr)(x0 + tν0) dt ≥ c,

where

(1.7) κ := 1
|B1(0)|1B1(0), κr := r−dκ

(•
r

)
, r > 0.

Remark 1.3. We prove in Lemma B.1 of Appendix B that the condition (UGCC) is equivalent to
the following statement:

(1.8) ∃T > 0,∃c > 0 : ∀(x0, ν0) ∈ SRd, lim inf
r→0

 T

−T
(b ∗ κr)(x0 + tν0) dt ≥ c,

where κr is defined in (1.7).

Proposition 1.4 (A priori sufficient condition for uniform stability). Assume V is subject to (1.3)
and b ∈ L∞(Rd) is a non-negative damping coefficient. If b is essentially bounded from below by a
positive constant outside some compact set, that is
(1.9) ∃R > 0,∃c > 0 : b(x) ≥ c for a.e. x ∈ Rd \BR(0),
then (1.1) is uniformly stable.

The version of the Geometric Control Condition appearing in Proposition 1.2 generalizes the one
known for continuous damping coefficients (see [RT74, BLR92]) to the case where b is merely L∞.
It has already been formulated (in an equivalent way) by Burq and Gérard in [BG20], and has been
shown to be necessary for uniform stability to occur for the damped wave equation on compact
Riemannian manifolds. Notice that for b ∈ C0(Rd), the condition (UGCC) is equivalent to

∃T > 0,∃c > 0 : ∀(x0, ν0) ∈ SRd,

 T

−T
b(x0 + tν0) dt ≥ c.

It is also the natural way of generalizing GCC to non-compact geometries—see Burq and Joly [BJ16].
As for the sufficient condition of Proposition 1.4, it already appeared in [Zua91] in the context of
semilinear damped wave equations in Rd. Although we assume in Propositions 1.2 and 1.4 that V is
a confining potential, the conditions (UGCC) and (1.9) are unrelated to this confinement property,
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(a) Damping coefficient satisfying (UGCC). (b) Damping coefficient satisfying (TPC).

Figure 1. Black and white indicate the points where b is equal to 1 or 0 respectively.

so that Propositions 1.2 and 1.4 are actually true also for non-negative L∞
loc(Rd) potentials.1 The

assumption that V is confining is convenient when reducing the problem of uniform stability to a
resolvent estimate (Proposition 2.3).

Our second type of results aims at understanding the effect of the presence of a confining potential.
A new geometric control condition appears in this context, under additional assumptions on the
potential.
Assumption 1.5 (Growth condition on the potential). The potential V is of class C2 and strictly
sub-quartic, that is to say

V ∈ C2(Rd) and ∇V (x) = o
(
V (x)3/4

)
as x → ∞.

Remark 1.6. One can check that the strict sub-quarticity condition implies the (weaker) property
V (x) ≪ |x|4 as x → ∞. If fact, every C2 potential of the form |x|s with 0 < s < 4 outside a compact
set satisfies the strict sub-quarticity assumption.

Our main result is the following necessary condition.
Theorem 1.7 (Necessary condition for uniform stability). Assume the potential V is subject to (1.3)
and Assumption 1.5, and the damping coefficient b ∈ L∞(Rd) is such that the damped wave equa-
tion (1.1) is uniformly stable. Then b satisfies the Uniform Geometric Control Condition (UGCC)
and the Turning Point Condition:

(TPC) ∃R > 0 : lim inf
x→∞

 
B

R/V (x)1/4 (x)
b(y) dy > 0.

Restricting the scope of our investigation to a class of nice damping coefficients, we prove the
following characterization of uniform stabilization, as a consequence of the necessary condition in
Theorem 1.7 and the a priori sufficient condition obtained in Proposition 1.4.
Corollary 1.8 (Characterization of uniform stability for uniformly continuous damping coefficients).
Let V be a potential on Rd satisfying (1.3) and Assumption 1.5, and suppose b is a uniformly con-
tinuous non-negative damping coefficient. Then equation (1.1) is uniformly stable if and only if b is
bounded from below outside a compact set, that is to say

lim inf
x→∞

b(x) > 0.

The point of Corollary 1.8 is to show that the necessary condition (TPC) together with uniform
continuity of b forces the latter to be bounded from below in a neighborhood of infinity.

1.3. Geometric and dynamical stabilization conditions. Proposition 1.2 and Theorem 1.7
above provide geometric necessary conditions of stabilization. To understand completely the pic-
ture, it is relevant to unify the two conditions (UGCC) and (TPC) into a single dynamical condition,
accounting for the underlying classical dynamics (here a distorted geometric optics).

1One may assume that this potential is such that P = V (x) − 1
2 ∆ is positive definite.
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1.3.1. Classical dynamics. We briefly introduce a Hamiltonian flow associated with P and recall the
basic definitions that will be needed thereafter. Throughout the article, a typical point of Rd will
be denoted by x or y, whereas the points of the cotangent space T ⋆xRd will be denoted by ξ or η.
We will also often use the notation ρ or ζ to denote a running point (x, ξ) or (y, η) in T ⋆Rd. The
cotangent space T ⋆Rd equipped with the symplectic form σ = dξ ∧ dx, the so-called phase space,
will be frequently identified with R2d. The operator P can be written as P = OpW(p), that is to say
the Weyl quantization of the real-valued symbol p(x, ξ) = V (x) + 1

2 |ξ|2 (see [Hör85, Ler10, Zwo12]).
Under Assumption 1.5, the potential V is C2, so we can define the Hamiltonian vector field associated
with p by

Hp = ξ · ∂x − ∇V (x) · ∂ξ.
The Hamiltonian flow2 associated with p, which we denote by (φt)t∈R, is the flow generated by Hp,
namely

d

dt
φt(ρ) = Hp

(
φt(ρ)

)
.

Writing φt(ρ) = (xt, ξt) the position and momentum components of the flow, we can rewrite this as{
ẋt = ξt

ξ̇t = −∇V (xt)
,(1.10)

which corresponds to Newton’s second law of classical mechanics with a force field F⃗ = −∇V . In the
setting of a confining potential (1.3), which is our case throughout this paper, classical o.d.e. theory
ensures that the integral curves of Hp are well-defined for all times (the level sets of p are compact).
Notice that p is preserved by the Hamiltonian flow by construction.

1.3.2. Dynamical stabilization condition. Given a continuous function K on T ⋆Rd and a real number
T > 0, we denote by ⟨K⟩T the function on T ⋆Rd consisting in averaging K along the trajectories of
the Hamiltonian flow, namely

⟨K⟩T (ρ) := 1
2T

ˆ T

−T
K
(
φt(ρ)

)
dt, ρ ∈ T ⋆Rd.

If K is a continuous function on Rd, we write ⟨K⟩T (ρ) := ⟨K ◦ π⟩T (ρ) (with a slight abuse of
notation), where π : T ⋆Rd → Rd is the cotangent bundle projection π(x, ξ) = x.

Definition 1.9 (Stabilization condition – Dynamical formulation). Let V be a C2 potential such
that the Hamiltonian flow (φt)t∈R associated with p(x, ξ) = V (x) + 1

2 |ξ|2 introduced in (1.10) is
globally well-defined. We say a function b ∈ L∞(Rd) satisfies the Dynamical Stabilization Condition
if
(DSC) ∃T > 0,∃R > 0 : lim inf

λ→+∞
inf

ρ∈{p=λ2}

〈
b ∗ κR/√

λ

〉
T/λ

(ρ) > 0.

We refer to Subsection 1.3.3 below for a discussion of the various scales appearing in this definition,
namely the energy scale {p = λ2}, the space-regularization scale R/

√
λ and the time scale T/λ.

Proposition 1.10. Suppose V is subject to (1.3) and Assumption 1.5. Then a non-negative function
b ∈ L∞(Rd) satisfies the Dynamical Stabilization Condition (DSC) if and only if it satisfies the
Uniform Geometric Control Condition (UGCC) and the Turning Point Condition (TPC):

(DSC) ⇐⇒ (UGCC) + (TPC).

The Dynamical Stabilization Condition (DSC) is the natural candidate for characterizing the
uniform stabilization of the damped wave equation (1.1). Indeed, it follows directly from the quantum-
classical correspondence heuristics that the damping coefficient should capture all the high energy
rays of geometric optics (modulo the non-obvious space-time scales R/

√
λ and T/λ described below

in Subsection 1.3.3). The geometrical conditions (UGCC) and (TPC) are more tractable in practice,
so Proposition 1.10 above gives us a very practical way to check that (DSC) is verified on concrete
examples.

The Geometric Control Condition and the Turning Point Condition are related to the Dynamical
Stabilization Condition in distinct phase space regions. Condition (UGCC) concerns the kinetic
regime where the Laplace operator rules over the potential. It is obtained by considering a fixed

2In fact, V ∈ W 2,∞
loc (Rd) would be sufficient to define the Hamiltonian flow via the Cauchy–Lipschitz theorem.
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point x0 ∈ Rd and looking at points over x0 in the energy shell {p = λ2} with λ ≫ 1. In a O(1)
neighborhood of x0 on the energy layer {p = λ2}, the Hamiltonian p is well-approximated by |ξ|2,
so that the flow lines look more and more like straight lines and project to rays onto the physical
space (this corresponds to taking x fixed and letting ξ → ∞ on V (x) + 1

2 |ξ|2 = λ2). In contrast,
the condition (TPC) comes from the potential regime, where states have a large potential energy
compared to their oscillation rate, i.e. V prevails over the Laplacian (this corresponds to taking ξ
fixed and letting x → ∞ on V (x) + 1

2 |ξ|2 = λ2). This regime arises in phase space regions close
to the null section but also close to infinity in space, where the classical dynamics has turning
points: trajectories are transversal to the null section and project singularly onto the physical space.
Proposition 1.10 can be understood as follows: controlling only the kinetic regime through (UGCC)
and the potential regime through (TPC) is sufficient to control any state on the energy shell {p = λ2}.

Proposition 1.10 suggests that the condition (UGCC) + (TPC) is sharp. This motivates the
following statement.

Conjecture 1.11. Consider V satisfying (1.3) and Assumption 1.5, and b ∈ L∞(Rd) non-negative.
Then Equation (1.1) is uniformly stable (in the sense of Definition 1.1) if and only if b satisfies the
Geometric Control Condition (UGCC) and the Turning Point Condition (TPC).

The dynamical viewpoint of (DSC) seems to be the best one to quantify the decay rate, namely
the optimal rate τ in (1.5) (at least for high energy initial data), as Lebeau did in compact mani-
folds [Leb96]. We define in Appendix B a quantity which we guess could be related to this optimal
decay rate.

1.3.3. Typical space-time scales. We explain the typical scales arising in (DSC). In view of the
quantum-classical correspondence principle (or Egorov’s theorem, see [Zwo12, Chapter 11] or [Tay96,
Chapter 7, Section 8]), one can guess that a sharp geometric condition on b to ensure stabilization
would be that the average of b along any high-energy bicharacterisitic of the classical Hamiltonian
p = λ2 should be bounded from below. More precisely, assuming that b is continuous, these averages
should be of the form  t

−t
b
(
(π ◦ φs)(x, ξ)

)
ds

where π : T ⋆Rd → Rd is the cotangent bundle projection, (x, ξ) ∈ {p = λ2} for λ large, and t > 0
may depend on λ. In the case of a rough damping coefficient b, it is natural to regularize it by
convolution, as we did for the Geometric Control Condition. Hence we should consider quantities of
the form  t

−t
(b ∗ κr) ((π ◦ φs)(x, ξ)) ds,

where κr was introduced in (1.7), and the scaling factor r > 0 possibly depends on λ. See [BG20,
Pro23, Lé23] for related discussions on this question of space-regularization scale. To figure out the
relevant scale for t as a parameter depending on λ, we can investigate the dynamical consequence of
being a o(λ)-quasimode of P , namely a family (uλ)λ in domP such that
(1.11) (P − λ2)uλ = oL2(λ), ∥uλ∥L2 = 1, as λ → +∞.

The relevance of these quasimodes is given by Proposition 2.3, which states that uniform stability
fails exactly when there exists such a o(λ)-quasimode escaping damping, namely (uλ, buλ)L2 = o(1)
as λ → +∞. If (uλ)λ satisfies (1.11), since eisP is an isometry for any s, using the mean-value
inequality, we obtain

(1.12) eit(P−λ2)uλ − uλ =
ˆ t

0
ieis(P−λ2)(P − λ2)uλ ds = oL2(tλ), ∥uλ∥L2 = 1.

That means that uλ is nearly invariant under the action of the propagator eitP (up to a phase factor)
on a time scale of order t ≈ T/λ:

eitPuλ = eitλ
2
uλ + oL2(1), uniformly for t ∈ [0, T/λ].

Here T a fixed constant. As for the parameter r, the point is to understand what is the critical space
concentration scale of o(λ)-quasimodes. This can be done roughly through the following observation,
which arises when one tries to construct quasimodes (1.11) using the WKB method (see [DS99,
Chapter 2]). We think of this quasimode uλ as a Lagrangian state uλ = fλe

iλψλ , with envelope
fλ (which localizes the quasimode in space) and phase eiλψλ , ψλ : Rd → R (which localizes the
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quasimode in frequency). Assume this quasimode concentrates in a tubular neighborhood of radius
r of a bicharacteristic projected onto the physical space (namely the xt component of a trajectory of
the Hamiltonian flow; see (1.10)). Then the gradient of the envelope fλ has to be of order 1/r, or in
other words, the Fourier transform of fλ is mostly concentrated in a window of length 1/r. In order
uλ to be a o(λ)-quasimode, this frequency contribution of the envelope function should fit in the
remainder o(λ) so that it does not disrupt the microlocalization of the wave packet, and especially
the frequency localization ensured by the phase eiλψλ . In particular, the amount of kinetic energy
carried by the envelope fλ, which is contained in the term eiλψλ∆fλ ≈ 1/r2, should actually be o(λ),
and therefore the critical concentration scale appears to be r ≈ R/

√
λ, with R ≫ 1.

1.4. Strategy of proof and plan of the paper. Let us outline the content of the paper.
In Section 2, we introduce classical definitions from semiclassical analysis and we recall that the

uniform exponential decay of the energy is equivalent to a particular resolvent estimate for the damped
wave operator.

In Section 3, we prove Propositions 1.2 and 1.4, i.e. the a priori necessary and sufficient conditions
that do not take into account the potential. The scheme of the proof is classical: for the necessary
condition, we construct quasimodes (in fact wave packets) concentrating around any segment in
Rd. For the sufficient condition, we prove that the energy of o(h)-quasimodes of the semiclassical
Laplacian escapes at infinity in space by a defect measure argument. We then deduce that the same
holds for the quasimodes of the operator P relevant to this problem.

Section 4 discusses the finer necessary condition of Theorem 1.7. The proof is based on the
construction of suitable quasimodes with an optimal space concentration near the turning points
of the classical dynamics. Then we prove Corollary 1.8 (concerning uniformly continuous damping
coefficients) as a direct application. The main ingredient of this section is a relatively simple instance
of the WKB method that we adapt to our setting. We find approximate solutions (quasimodes) to
(V − 1

2 ∆ − λ2)uλ = 0 under the form uλ = fλe
iλψλ , as we mentioned at the end of Subsection 1.3.3

above. Since we are mainly concerned with the “potential regime” in Theorem 1.7, namely the phase
space regions where the potential prevails, those quasimodes are particularly simple, since the phase
function ψλ is chosen to be constant equal to 0. Notice that our setting is quite different from
the usual WKB method: we are not focusing on a fixed energy layer of a semiclassical Schrödinger
operator −h2∆ + V as it is usually the case, but rather consider the high energy regime for −∆ + V .

Finally, we deal with Proposition 1.10 in Section 5, by roughly showing that the Hamiltonian flow
is well approximated by its linearization on the time scale under consideration.

We recall in Appendix A classical results on the Weyl quantization and pseudo-differential calculus.
Technical remarks and lemmata on conditions (UGCC) and (DSC) are collected in Appendix B.

Acknowledgments. I am grateful to Matthieu Léautaud for our regular discussions and his advice
on this project, and for his comments on a preliminary version of this article. This research project
was partly conducted while visiting Universidad Politécnica de Madrid during the academic year
2020-2021. I thank this institution for its hospitality. I also thank Fabricio Macià for numerous
discussions on this topic.

2. Toolbox of semiclassical analysis and reduction of the problem to a resolvent
estimate

Let us recall basic definitions and well-known results that will be needed afterwards. We recall
that the potential is assumed to be non-negative and confining (1.3) throughout this article.

2.1. Weyl quantization and semiclassical defect measures. To any function a ∈ S(T ⋆Rd), we
associate an operator on S(Rd), denoted by OpW(a) and defined by

(2.1) [OpW(a)u] (x) = (2π)−d
ˆ

Rd×Rd

eiξ·(x−y)a

(
x+ y

2 , ξ

)
u(y) dy dξ, ∀u ∈ S(Rd).

This operator is called a pseudo-differential operator and it maps S(Rd) to itself (see for instance [Zwo12,
Theorem 4.16]). The function a is called the symbol of OpW(a). See Appendix A for an account of
the classical properties of pseudo-differential operators.

We also introduce the semiclassical rescaling of the Weyl quantization:
(2.2) OpW

h (a) = OpW(a(x, hξ)), h ∈ (0, 1].
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When studying particular sequences of L2 functions in the semiclassical limit, semiclassical defect
measures are a good tool to record their microlocalization, that is the asymptotic localization in
phase space when h → 0+. For any bounded sequence (uh)h>0 in L2(Rd), the Calderón–Vaillancourt
Theorem (Theorem A.3), together with a diagonal extraction and the G̊arding inequality, allows to
prove that there exists a subsequence (hn)n∈N and a non-negative Radon measure µ on T ⋆Rd with
finite mass, which is called a semiclassical defect measure, such that hn → 0+ and

∀a ∈ C∞
c (T ⋆Rd),

(
uhn ,OpW

hn
(a)uhn

)
L2 −−−−→

n→∞

ˆ
T⋆Rd

a(x, ξ) dµ(x, ξ)

(we refer to [Zwo12, Theorem 5.2] for more details about this construction; see also [Gér91, LP93]).
When (uh)h>0 has additional properties, more can be said about the limiting measure µ, using
pseudo-differential calculus (Theorem A.4).

Proposition 2.1 (Property of semiclassical defect measures – [Zwo12, Theorems 5.3-5.4]). Assume
(uh)h>0 is a bounded sequence in L2(Rd) and let µ be a semiclassical defect measure. Then

• if (−h2 1
2 ∆ − 1)uh = oL2(1), then suppµ ⊂ {|ξ| = 1};

• if (−h2 1
2 ∆ − 1)uh = oL2(h), then µ is invariant by the flow ϕt(x, ξ) = (x + tξ, ξ), namely

(ϕt)∗µ = µ,∀t ∈ R.

2.2. Weyl–Heisenberg translation operators. Given a point ρ0 = (x0, ξ0) ∈ T ⋆Rd, we define
Tρ0 to be the operator acting as

(2.3) Tρ0u(x) = e− i
2 ξ0·x0eiξ0·xu(x− x0), ∀u ∈ S(Rd).

This is clearly a continuous operator mapping S(Rd) to itself, and it can be extended to a continuous
operator S′(Rd) → S′(Rd). Moreover, it is unitary on L2(Rd) with inverse T−ρ0 . Note that we have
the following identity:

Tρ0Tρ1 = e
i
2σ(ρ0,ρ1)Tρ0+ρ1 , ∀ρ0, ρ1 ∈ T ⋆Rd.

These operators allow to perform translations at the level of symbols via the equality
Tρ0OpW(a)T−ρ0 = OpW(a(ρ− ρ0)), ∀a ∈ S′(T ⋆Rd),∀ρ0 ∈ T ⋆Rd,

which is a particular case of Egorov’s Theorem (see [Zwo12] for instance). In addition, we have the
noteworthy intertwining relation with the Fourier transform:

(2.4) TJρ0 F = F Tρ0 , J =
(

0 Id
− Id 0

)
(J is the usual symplectic matrix here; in particular σ(ρ0, ρ1) = Jρ0 · ρ1).

2.3. Resolvent estimate. A crucial first step in our study is to reformulate the question of uniform
stability as a stationary problem, under the form of a resolvent estimate. This is a common method
to study the damped wave equation, see e.g. [Leb96, AL14, BJ16]. In the context of uniform stability
(Definition 1.1), a useful link between the evolution problem and the resolvent estimate is given by
the following fundamental result, whose proof can be found in [EN00, Chapter V, Theorem 1.11].

Theorem 2.2 (Gearhart, Prüss, Huang, Greiner – [Gea78, Hua85, Prü84]). A strongly continu-
ous semigroup (T (t))t∈R+

on a Hilbert space H is uniformly exponentially stable if and only if the
half plane {z ∈ C : Re z ≥ 0} is contained in the resolvent set of the generator A, with the resolvent
satisfying

sup
λ∈R

∥∥(A− iλ)−1∥∥
B(H) < ∞.

Applying this theorem to the damped wave operator Ab, we deduce a characterization of the
uniform stability of (1.1). In fact, it is more convenient to work with the converse statement, char-
acterizing the failure of uniform stability.

Proposition 2.3. Assume V is subject to (1.3) and that the non-negative damping coefficient b ∈
L∞(Rd) does not identically vanish. The equation (1.1) is not uniformly stable if and only if there
exists a sequence (un)n∈N in domP with ∥un∥L2 = 1,∀n ∈ N, and a sequence of real numbers
λn → +∞, such that

(1) (un)n∈N is a o(λn)-quasimode of P , namely (P − λ2
n)un = oL2(λn) as n → ∞;

(2) (un, bun)L2 → 0 as n → ∞ (the un’s are “asymptotically undamped”).
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Proof. By [AL14, Lemma 4.6], the resolvent of Ab can be controlled by the resolvent of the operator
Pb(z) = P + z2 + zb domPb(z) = domP,

near infinity on the imaginary axis: there exist C ≥ 1 and λ0 > 0 such that
∀λ ∈ R, |λ| ≥ λ0, C−1|λ|

∥∥Pb(iλ)−1∥∥
B(L2) ≤

∥∥(Ab − iλ)−1∥∥
B(H) ≤ C (1 + |λ|)

∥∥Pb(iλ)−1∥∥
B(L2).

In addition, since the norm of the resolvent is a continuous function, we know that
∥∥(Ab − iλ)−1

∥∥
B(H)

is bounded for any λ in a fixed compact set. Therefore Theorem 2.2 implies that the equation (1.1)
is not uniformly stable if and only if there exist a sequence (λn)n∈N tending to ±∞ such that
|λn|

∥∥Pb(iλn)−1
∥∥
B(H) → +∞ as n → ∞. Without loss of generality, one can assume that λn → +∞

since Pb(iλ)∗ = Pb(−iλ) for all λ ∈ R. We infer that there exists a sequence (un)n∈N in domP such
that ∥un∥L2 = 1,∀n ∈ N and Pb(iλn)un = o(λn). Then we compute:

o(λn) = Im(un, Pb(iλn)un)L2 = Im
((
un, (P − λ2

n)un
)
L2 + iλn(un, bun)L2

)
= λn(un, bun)L2 ,

which yields (un, bun)L2 =
∥∥∥√

bun

∥∥∥2

L2
→ 0 in L2(Rd). Since b is L∞, we deduce that bun → 0 in L2,

and from
(P − λ2

n)un = Pb(iλn)un − iλnbun,

we deduce that(
(P − λ2

n)un = oL2(λn) and
√
bun = oL2(1)

)
⇐⇒ Pb(iλn)un = oL2(λn)

as n → ∞, which completes the proof. □

In view of this characterization, our goal is to study the properties of localization and oscillation of
o(λn)-quasimodes and see under which conditions on the damping coefficient they are “asymptotically
undamped” in the sense of Item 2 of Proposition 2.3. For simplicity, we will drop the subscript n and
call o(λ)-quasimode of P any family of functions (uλ)λ lying in domP and normalized in L2(Rd),
such that
(2.5) (P − λ2)uλ = oL2(λ), λ → +∞.

Comments on the natural semiclassical setting for homogeneous potentials. Note that
o(λ)-quasimodes can be recast in a semiclassical framework if the potential V is homogeneous, by
choosing an appropriate scaling of the phase space (see [Pro23, Section 1.7] for a similar discussion).
If V (x) = |x|2m where m ≥ 0 is a real number, one may introduce the unitary dilation operator
Λh mapping u ∈ L2(Rd) to the function x 7→ hdγ/2u (hγx) with γ = 1/(m + 1), and then define a
quantization Õph by

(2.6) Õph(a) := OpW
1
(
a
(
hγx, h1−γξ

))
= ΛhOpW

h (a)Λ∗
h, ∀a ∈ S(T ⋆Rd),

where OpW
h (a) denotes the standard semiclassical Weyl quantization of the symbol a recalled in (2.2).

In this framework, substituting 1/λ for h1−γ and relabeling u1/h1−γ as uh, (2.5) becomes:

(2.7)
(
h

2m
m+1P − 1

)
uh = Õph(p− 1)uh = oL2(h1−γ), h → 0+,

namely (uh)h>0 is a semiclassical quasimode with precision o(h1−γ). Notice that this formulation is
commonly used to study the high-frequency asymptotics for the operator P = − 1

2 ∆ + 1; see [AL14,
BJ16, Zwo12]. Since in that case the potential V is bounded, it fits into the o(λ) remainder, so that
setting h = 1/λ, we obtain
(2.8)

(
−h2 1

2 ∆ − 1
)
uh = oL2(h).

Thus we observe that the case P = − 1
2 ∆ + 1 yields “good quasimodes”, since a precision o(h) allows

to provides a fairly accurate description of the asymptotic behavior of uh as h → 0 (Proposition 2.1).
Quasimodes of the form (2.8) are related to (UGCC), since the Hamiltonian flow associated with
the Laplacian is the geodesic flow (here straight lines). In comparison, in the presence of a confining
potential, quasimodes are coarser since their precision is o(h1−γ) with γ ∈ (0, 1). This phenomenon
highlights one of the difficulties of the study of stabilization in the presence of a confining potential:
the asymptotic invariance properties of uλ as λ → ∞ will be slightly more difficult to exhibit than in
the “free case” V (x) = 1 where the dynamics is driven by the Laplacian only. Sharp concentration
properties of quasimodes appear at second-microlocal scales.
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3. A priori conditions of stabilization: Proof of Propositions 1.2 and 1.4

This section is devoted to the proof of Propositions 1.2 and 1.4. In Subsection 3.1, we give a
quasimode construction which allows to prove the necessary condition of Prooposition 1.2. Then in
Subsection 3.2, we show that the energy of quasimodes escapes from any compact set and we prove
the sufficient condition of Proposition 1.4.

3.1. A priori necessary condition. In order to investigate the necessary condition of uniform
stability, we construct o(λ)-quasimodes for P by constructing quasi-modes for the Laplacian, whose
potential energy fits in the remainder term. This is done by using wave-packets concentrating along
straight lines, giving rise to the necessity of (UGCC).

Proposition 3.1 (Construction of kinetic quasimodes). Let P be the operator defined in (1.2) with
a potential V subject to (1.3). Let (xn, νn)n∈N be a sequence in SRd, and let (tn)n∈N and (rn)n∈N
be sequences of real positive numbers such that tn → +∞ and rn → 0 as n → ∞. Define a sequence
(λn)n∈N by

λn = max
{

(n+ 1)2

r2
n

, n∥V ∥L∞(Btn (xn))

}
, ∀n ∈ N.

Note that λn → +∞ as n → ∞. Set ρn = (xn, λnνn), and denote by Σn the automorphism of Rd

defined by
Σn = tn |νn⟩ ⟨νn| + n+ 1√

λn
(Id − |νn⟩ ⟨νn|) ,

where |νn⟩ ⟨νn| (resp. Id − |νn⟩ ⟨νn|) is the orthogonal projection onto span νn (resp. span νn⊥). Fur-
ther denote by Mn the unitary dilation operator acting on L2(Rd) as (Mnf)(x) = |det Σn|−1/2

f(Σ−1
n x),

and recall that Tρn
is the phase-space translation operator (2.3) associated with ρn. Then if we fix

k ∈ C∞
c (Rd) satisfying ∥k∥L2 = 1 and supp k ⊂ B1(0), the family of functions

un := Tρn
Mnk, n ∈ N,

forms a o(λn)-quasimode of P , that is ∥un∥L2 = 1,∀n ∈ N and (P − λ2
n)un = oL2(λn) as n → ∞.

Proof. First note that since Tρn
and Mn are unitary, the un’s are normalized in L2, and they are also

C∞
c , so that they belong to the domain of P . In the proof, we will use the following observation:

(3.1) ∥Σn∥B(Rd) ≤ tn and
∥∥Σ−1

n

∥∥
B(Rd) ≤

√
λn

n+ 1 = o(
√
λn) for n large enough.

It essentially comes from the assumption tn → +∞ and the fact that (n + 1)/
√
λn ≤ rn → 0 as

n → ∞.
Then notice that the potential term V un is negligible. Indeed, the operators Tρn and Mn being

unitary, we have
∥V un∥L2 =

∥∥M∗
nT

∗
ρn
V un

∥∥
L2 =

∥∥M∗
nT

∗
ρn
V Tρn

Mnk
∥∥
L2 = ∥V (xn + Σnx)k(x)∥L2

x

≤ ∥V ∥L∞(xn+Σn supp k)∥k∥L2 .

Yet supp k ⊂ B1(0), so that using (3.1), xn + Σn supp k ⊂ Btn(xn). It follows that
(3.2) ∥V un∥L2 ≤ ∥V ∥L∞(Btn (xn)) ≤ λn/n = o(λn)
by definition of λn. Thus in order to conclude the proof of the proposition, we would like to prove
that (un)n∈N is a quasimode of the Laplacian. To do this, it will be more convenient to proceed on
the Fourier side, and prove that (|ξ|2 − λ2

n)F un = oL2(λn). Recall from (2.4) that the translation
operators enjoy the intertwining relations F Tρn

= TJρn
F, and also that for dilation operators FMn =

M∗
n F, so that F un = TJρnM

∗
n F k. Accordingly,

MnT
∗
Jρn

(
|ξ|2 − λ2

n

)
F un(ξ) = MnT

∗
Jρn

(
|ξ|2 − λ2

n

)
TJρnM

∗
n F k(ξ) =

(∣∣λnνn + Σ−1
n ξ
∣∣2 − λ2

n

)
F k(ξ)

=
(

2λnΣ−1
n νn · ξ +

∣∣Σ−1
n ξ
∣∣2)F k(ξ),

where we used the fact that Σ−1
n is symmetric for the last equality. Finally, by definition of Σn, it

holds Σ−1
n νn = νn/tn = o(1), and as we have seen in (3.1), we have

∥∥Σ−1
n

∥∥
B(Rd) = o(

√
λn). Therefore

we obtain∥∥∥MnT
∗
Jρn

(
|ξ|2 − λ2

n

)
F un

∥∥∥
L2

≤ 2λn
∣∣Σ−1
n νn

∣∣∥ξ F k∥L2 +
∥∥Σ−1

n

∥∥2
B(Rd)

∥∥∥|ξ|2 F k
∥∥∥
L2

= o(λn).
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Since, again, the translation and dilation operators are unitary, we conclude that (|ξ|2 − λ2
n)F un =

oL2(λn). The Plancherel theorem together with (3.2) finish the proof. □

We are now ready to prove that (UGCC) is necessary for stabilization.

Proof of Proposition 1.2. We argue by contradiction: assume (UGCC) is not true. Since (UGCC) is
equivalent to (1.8) in view of Remark 1.3, we deduce that for any n ∈ N⋆, there exist (xn, νn) ∈ SRd

and

(3.3) 0 < rn ≤ min

 1
n
,

√
n

∥V ∥L∞(Bn(xn))


satisfying

(3.4)
 n

−n
(b ∗ κrn)(xn + tνn) dt ≤ 2−n.

We will construct a o(λ)-quasimode of P concentrating around the rays {xn + tνn : t ∈ [−n, n]} which
is not asymptotically undamped in the sense of Item 2 of Proposition 2.3. In Rd, we define the cylinder
with axis Rνn, center xn, length n and radius

√
3rn/2 by:

Cn =
{
y ∈ Rd : dist(y − xn,Rνn) ≤

√
3

2 rn, |(y − xn) · νn| ≤ n

2

}
,

as well as the (time) interval

In(y) =
[
(y − xn) · νn − rn

2 , (y − xn) · νn + rn
2

]
⊂ R,

which depends on y ∈ Rd. When y ∈ Cn, we observe that In(y) ⊂ [−n, n] (recall that rn ≤ 1/n ≤ n
for any n ∈ N⋆). In addition, if y ∈ Cn and t ∈ In(y), using the Pythagorean Theorem, it holds

|xn − y + tνn|2 = |((xn − y) · νn) νn + tνn|2 + |xn − y − ((xn − y) · νn) νn|2

= |t− (y − xn) · νn|2 + dist(y − xn,Rνn)2 ≤
(rn

2

)2
+
(√

3
2 rn

)2

= r2
n,

which can be reformulated as

(3.5) y ∈ Cn, t ∈ In(y) =⇒ κrn
(xn − y + tνn) = 1

rdn|B1(0)| ,

where κr is introduced in (1.7). Now from (3.4) and the definition of the convolution, we have

2−n ≥
 n

−n
(b ∗ κrn

)(xn + tνn) dt =
ˆ

Rd

b(y)
 n

−n
κrn

(xn − y + tνn) dt dy

≥
ˆ
Cn

b(y) 1
2n

ˆ
In(y)

κrn(xn − y + tνn) dt dy.

Then by (3.5) we obtain

2−n ≥ 1
2nrd−1

n |B1(0)|

ˆ
Cn

b(y) dy

(recall that In(y) has length rn), which yieldsˆ
Cn

b(y) dy ≤ 2|B1(0)|nrd−1
n 2−n, ∀n ∈ N⋆.

Now we consider (un)n∈N the quasimode of P provided by Proposition 3.1 (with tn = n/2 and rn/2
in place of rn). It comes together with a sequence (λn)n∈N so that (P − λ2

n)un = oL2(λn). Thanks
to (3.3), the definition of λn gives

λn =
(
n+ 1
rn

)2
, ∀n ∈ N,

and recalling the definition of un, we see that

suppun ⊂ Cn and ∥un∥∞ = ∥k∥∞√
tn

r
− d−1

2
n .
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We conclude that

|(un, bun)L2 | =
ˆ
Cn

b(y)|un(y)|2 dy ≤ ∥un∥2
∞

ˆ
Cn

b(y) dy ≤
∥k∥2

∞
tn

× 2|B1(0)|n2−n

= 4∥k∥2
∞|B1(0)|2−n −−−−→

n→∞
0.

Therefore by Proposition 2.3, (1.1) is not uniformly stable, which is the sought result. □

3.2. A priori sufficient condition. We now prepare for the proof of the a priori sufficient condition,
which involves semiclassical defect measures associated with quasimodes of the Laplacian. We recall
that ϕt(x, ξ) = (x+ tξ, ξ) is the Hamiltonian flow associated with the symbol (x, ξ) 7→ 1

2 |ξ|2.

Lemma 3.2. Let µ be a nonnegative Radon measure on T ⋆Rd having finite mass and satisfying

suppµ ⊂
{

1
2 |ξ|2 = 1

}
and (ϕt)∗µ = µ, ∀t ∈ R.

Then µ = 0.

Proof. Fix a ∈ C∞
c (T ⋆Rd), and let us show that

´
T⋆Rd a dµ = 0. Let χ ∈ C∞

c (R⋆
+) satisfy χ(s) = 1

in a neighborhood of
√

2, in order that χ(|ξ|) = 1 on the support of µ. Then we haveˆ
T⋆Rd

a dµ =
ˆ
T⋆Rd

a(x, ξ)χ(|ξ|) dµ(x, ξ) =
ˆ
T⋆Rd

a(x+ tξ, ξ)χ(|ξ|) dµ(x, ξ),

where we used the flow invariance of µ and |ξ| in the last equality, for any t ∈ R. By averaging this
on [−T, T ], for some T > 0, we obtain

(3.6)
ˆ
T⋆Rd

a dµ =
ˆ
T⋆Rd

( T

−T
a(x+ tξ, ξ) dt

)
χ(|ξ|) dµ(x, ξ).

Since a is compactly supported, there exists R > 0 such that |x| ≥ R implies a(x, ξ) = 0 for all
ξ ∈ (Rd)⋆. Also introduce r := inf suppχ > 0. Then one can restrict the integration domain in (3.6)
to the set of (x, ξ, t) ∈ T ⋆Rd × R such that

|ξ| ≥ r and |x+ tξ| ≤ R.

Thanks to the reverse triangle inequality, we have for such (x, ξ, t):

(3.7)
∣∣∣∣|t| − |x|

|ξ|

∣∣∣∣ = 1
|ξ|

∣∣∣|tξ| − |x|
∣∣∣ ≤ |tξ + x|

|ξ|
≤ R

r
.

We deduce that for fixed (x, ξ), the Lebesgue measure of the set of t’s satisfying the constraint (3.7)
is less than 2R/r. Therefore∣∣∣∣ˆ

T⋆Rd

a dµ

∣∣∣∣ ≤ 1
2T

ˆ
T⋆Rd

2R
r

∥a∥∞|χ(|ξ|)| dµ(x, ξ) ≤ R

Tr
∥a∥∞∥χ∥∞µ(T ⋆Rd).

The constants R and r depend only on a and χ respectively, so we obtain the desired conclusion by
letting T → ∞. □

The next step towards the sufficient condition is to prove that the energy of a semiclassical o(h)-
quasimode of the Laplacian always escapes from any compact set in the limit h → 0.

Proposition 3.3. Let (uh)h>0 be a bounded family in L2(Rd) satisfying (−h2

2 ∆ − 1)uh = oL2(h).
Then ˆ

Rd

a|uh|2 dx −−−→
h→0

0, ∀a ∈ C∞
c (Rd).

Proof. Thanks to Proposition 2.1, we know that any semiclassical defect measure associated with
(uh)h>0 satisfies the hypotheses of Lemma 3.2, and therefore is the zero measure. This means that

(3.8) (uh,OpW
h (a)uh)L2 −−−→

h→0
0, ∀a ∈ C∞

c (T ⋆Rd)

(notice that this limit holds for the whole family (uh)h>0, and not only along a subsequence, by
uniqueness of the semiclassical defect measure). Now fix a ∈ C∞

c (Rd). To finish the proof, we will
use a cut-off function in the ξ variable in order to reduce to a compactly supported symbol on T ⋆Rd
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and be able to apply (3.8). Let χ ∈ C∞
c (R⋆

+) satisfy χ(s) = 1 in a neighborhood of
√

2, so that χ(|ξ|)
has compact support in ξ and equals 1 in a neighborhood of { 1

2 |ξ|2 = 1}. Then we have

OpW
h ((1 − χ)a)uh = OpW

h

(
(1 − χ)a
1
2 |ξ|2 − 1

)
OpW

h

(
1
2 |ξ|2 − 1

)
uh +OL2(h) = oL2(h) +OL2(h) = oL2(1).

For the first equality, we have used the pseudo-differential calculus (Theorem A.4) with a1 = (1 −
χ)a/( 1

2 |ξ|2 − 1) which is a well-defined symbol in S(⟨ξ⟩−2) since 1 − χ vanishes in a neighborhood
of { 1

2 |ξ|2 = 1}, and a2 = 1
2 |ξ|2 − 1 ∈ S(⟨ξ⟩2). Then we have used the assumption on (uh)h>0

together with the Calderón–Vaillancourt Theorem (Theorem A.3) to get the second equality. Finally,
combining this with (3.8), we obtainˆ

Rd

a|uh|2 dx = (uh,OpW
h (χa)uh)L2 + (uh,OpW

h ((1 − χ)a)uh)L2 −−−→
h→0

0,

which is the sought result. □

In the following proposition, we show that the escape at infinity of the energy still occurs for any
o(λ)-quasimode of P , which will pave the way for the subsequent a priori sufficient condition. The
basic idea is to turn a given quasimode of P into a semiclassical quasimode of the Laplacian by means
of a suitable space cut-off.

Proposition 3.4 (Escape from any compact set). Let P be the operator defined in (1.2) with a
potential V subject to (1.3). Let (uλ)λ be a o(λ)-quasimode of P . Then it holds:

∀a ∈ C∞
c (Rd),

ˆ
Rd

a(x)|uλ(x)|2 dx −−−−−→
λ→+∞

0.

Proof. Let (uλ)λ be a o(λ)-quasimode of P . Fix a ∈ C∞
c (Rd). We set h = 1/λ and uh = uλ so that3

(h2P − 1)uh = oL2(h) as h → 0.
Pick a cut-off function ψ ∈ C∞

c (Rd) which is identically equal to 1 in a neighborhood of the origin,
in order that ψR(x) = ψ(x/R) is identically 1 on supp a for all R large enough. Define for any h > 0:

Rh = sup
{
R > 0 : ∥ψRV ∥L∞ ≤ 1√

h

}
,

which is a finite positive number for all h sufficiently small. It follows from this definition that
∥ψRh

V ∥L∞ ≤ 1/
√
h and that Rh → ∞ as h → 0 (recall that V is a confining potential under (1.3)).

Therefore, setting vh = ψRh
uh, we have(

−h2

2 ∆ − 1
)
vh =

(
−h2

2 ∆ψRh

)
uh − h2∇ψRh

· ∇uh + ψRh
(h2P − 1)uh − h2ψRh

V uh

= OL2

(
h2

R2
h

)
− h

Rh
(∇ψ)

(
x

Rh

)
· h∇uh + oL2(h) +OL2

(
h2∥ψRh

V ∥L∞

)
= − h

Rh
(∇ψ)

(
x

Rh

)
· h∇uh + oL2(h).(3.9)

Yet recall that
1
2 ∥h∇uh∥2

L2 ≤ h2
(

1
2 ∥∇uh∥2

L2 +
∥∥∥V 1/2uh

∥∥∥2

L2

)
= ∥uh∥2

L2 +
(
(h2P − 1)uh, uh

)
L2 = 1 + oL2(h)

(uh ∈ domP ). Together with (3.9), this implies that (vh)h>0 (which is a bounded family of L2

functions) is a semiclassical o(h)-quasimode of the Laplacian, that is to say(
−h2

2 ∆ − 1
)
vh = oL2(h) as h → 0.

Now Proposition 3.3 yields

(3.10)
ˆ

Rd

a|vh|2 dx −−−→
h→0

0, ∀a ∈ C∞
c (Rd).

The result follows from the fact that vh(x) = uh(x) on supp a for h small enough. □

3Notice that this corresponds to the semiclassical scaling associated with the free Laplacian (2.2) and not the one
involving a homogeneous potential (2.6).
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Now we prove Proposition 1.4.

Proof of Proposition 1.4. We show the converse statement: suppose the damped wave equation (1.1)
is not uniformly stable. Then by Proposition 2.3 there exists a o(λ)-quasimode of P (see Item 1)
denoted by (uλ)λ, which is “asymptotically undamped” (see Item 2), that is to say (uλ, buλ)L2 → 0
as λ → ∞. Let R > 0 and a ∈ C∞

c (Rd) be such that 0 ≤ a(x) ≤ 1 for any x ∈ Rd and a(x) = 1 on
BR(0). Then applying Proposition 3.4 we see that∣∣∣∣∣

ˆ
BR(0)

b|uλ|2 dx

∣∣∣∣∣ ≤ ∥b∥L∞

ˆ
BR(0)

|uλ|2 dx ≤ ∥b∥L∞

ˆ
Rd

a|uλ|2 dx −−−−→
λ→∞

0,

which implies that

o(1) = (uλ, buλ)L2 = o(1) +
ˆ

Rd\BR(0)
b|uλ|2 dx.

Writing bR = essinfRd\BR(0) b, we have, applying Proposition 3.4 once more

o(1) =
ˆ

Rd\BR(0)
b|uλ|2 dx ≥ bR

ˆ
Rd\BR(0)

|uλ|2 dx = bR (1 + o(1))

as λ → ∞, so that bR = 0. Notice that R > 0 is arbitrary. Therefore (1.9) is not true, which
concludes the proof. □

4. Proof of Theorem 1.7

In this section we prove Theorem 1.7. The rough idea is to construct quasimodes which concentrate
in space as much as possible in order to derive the stronger possible necessary condition on b. We
start with a technical lemma quantifying the growth of the potential.

Lemma 4.1. Let V satisfy (1.3) and Assumption (1.5). Then there exists a non-increasing function
ϵ : R⋆

+ 7→ R⋆
+ tending to zero at infinity, and depending only on V , such that the following assertion

holds: for any λ ≥ 1 and x0 ∈ Rd satisfying V (x0) ≤ λ2 we have

∀x ∈ B̄√
λ(x0), |V (x) − V (x0)| ≤ |x− x0|λ3/2ϵ(λ).

Proof. Set

(4.1) C = sup
z∈Rd

|∇V (z)|
4 (1 + V (z))3/4 < ∞,

which is well-defined under Assumption 1.5, and set CV := (21/4 + C)3 ≥ 1, which depends only on
V . Fix A0 > 0 such that V (x) ≥ 1 whenever |x| ≥ A0 (it exists since V is confining under (1.3)) and
set

(4.2) ϵ(λ) = CV inf
A≥A0

(
∥∇V ∥L∞(BA(0))

λ3/2 + sup
|z|≥A

|∇V (z)|
V (z)3/4

)
.

From this definition, it is clear that ϵ is well-defined for any λ > 0, takes positive values (V cannot
vanish identically since it is confining) and that it is indeed non-increasing. To show that ϵ(λ) → 0
as λ → +∞, we proceed as follows. Let η > 0. We fix A ≥ A0 large enough so that the second term
in the right-hand side of (4.2) is smaller than η/2 (recall V satisfies ∇V (x) = o(V (x)3/4) as x → ∞).
Then for any λ ≥ ∥∇V ∥2/3

L∞(BA(0))(2/η)2/3, the first term is smaller than η/2, which gives ϵ(λ) ≤ η,
and η is arbitrary.

Take λ ≥ 1 and x0 ∈ Rd such that V (x0) ≤ λ2 as in the statement. Since x 7→ (1 + V (x))1/4 is of
class C1 on Rd, we can apply the mean value inequality to have

∀x ∈ B̄√
λ(x0),

∣∣∣(1 + V (x))1/4 − (1 + V (x0))1/4
∣∣∣ ≤ C|x− x0| ≤ C

√
λ,

with C the constant in (4.1). Recalling that λ ≥ 1, we deduce that for any x ∈ B̄√
λ(x0), it holds

(1 + V (x))3/4 ≤
(

(1 + V (x0))1/4 + C
√
λ
)3

≤
(

(2λ2)1/4 + C
√
λ
)3

≤ (21/4 + C)3λ3/2 = CV λ
3/2.
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After using the mean value inequality on V , it allows us to obtain for any x ∈ B̄√
λ(x0) and any

A ≥ A0:

|V (x) − V (x0)| ≤ |x− x0| sup
t∈[0,1]

|∇V (x0 + t(x− x0))|

≤ |x− x0|

(
λ3/2 ∥∇V (y)∥L∞(BA(0))

λ3/2 + sup
y∈B√

λ(x0)\BA(0)

|∇V (y)|
V (y)3/4 (1 + V (y))3/4

)

≤ CV |x− x0|λ3/2

(
∥∇V (y)∥L∞(BA(0))

λ3/2 + sup
y∈Rd\BA(0)

|∇V (y)|
V (y)3/4

)
,

and the result follows by taking the infimum over A ≥ A0. □

Lemma 4.2 (Construction of quasimodes in the potential regime). Let P be the operator defined
in (1.2) with a potential V subject to (1.3). Let k ∈ C∞

c (Rd) be non-negative, supported in B1(0)
with ∥k∥L2 = 1. There exists C > 0 and M > 0 such that for any x0 ∈ Rd with |x0| ≥ M , writing
λ =

√
V (x0), for any R ∈ [1, λ], the function u defined by

u(x) = r−d/2k

(
x− x0

r

)
, x ∈ Rd, r = R√

λ
,

satisfies

∥u∥L2 = 1 and
∥∥(P − λ2)u

∥∥
L2 ≤ Cλ

(
1
R2 +Rϵ(λ)

)
,

Here ϵ is the function from Lemma 4.1 associated with V and the constant C depends only on the
dimension d and the choice of k.

Proof. The claim that ∥u∥L2 = 1 follows from the fact that ∥k∥L2 = 1 and the operator Mr : f 7→
r−d/2f( •−x0

r ) is unitary.
We estimate the Laplacian of u: we have

∥∆u∥L2 =
∥∥∥∥ 1
r2Mr(∆k)

∥∥∥∥
L2

≤ λ

R2 ∥∆k∥L2 .

We estimate the potential energy now: using Lemma 4.1 (recall that u is supported in Br(x0) ⊂
B√

λ(x0)), we have∥∥(V − λ2)u
∥∥
L2 ≤ λ3/2ϵ(λ)∥|• − x0|u∥L2 = λRϵ(λ)

∥∥Mrk̃
∥∥
L2 = λRϵ(λ)

∥∥k̃∥∥
L2 ,

where k̃(x) = |x − x0|k(x − x0). Lemma 4.1 works here provided |x0| ≥ M is large enough so that
λ = V (x0)1/2 ≥ 1 (recall that V is confining). We obtain the desired estimate. □

Now we prove Theorem 1.7.

Proof of Theorem 1.7. We show the converse statement. We know by Proposition 1.2 that (UGCC)
is necessary. Thus, we assume that (TPC) is violated and prove that uniform stability fails. In virtue
of Proposition 2.3, it suffices to exhibit a family of normalized L2 functions (uλ)λ in domP such that

(P − λ2)uλ = oL2(λ) and (uλ, buλ)L2 = o(1)

as λ → ∞.
That (TPC) does not hold implies that

∀n ∈ N,

 
B

Rn/V (xn,k)1/4 (xn,k)
b(y) dy −−−−→

k→∞
0, Rn := n+ 1,

along a sequence of points xn,k → ∞ in Rd. For all n ∈ N, we set xn := xn,kn
where kn is chosen

sufficiently large in such a way that

(4.3) ∀n ∈ N,

 
B

Rn/V (xn)1/4 (xn)
b(y) dy ≤ 2−n and Rn ≤ min

 1√
ϵ(
√
V (xn))

, V (xn)1/2

 ,
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where ϵ is the function associated with V introduced in Lemma 4.1. This is possible since V is
confining and ϵ(λ) → 0 as λ → +∞. Moreover, defining λn = V (xn)1/2 we can apply Lemma 4.2 to
obtain a sequence of L2 normalized functions (un)n∈N satisfying for any n large enough∥∥(P − λ2

n

)
un
∥∥
L2 ≤ Cλn

(
1
R2
n

+Rnϵ(λn)
)

= λnO

(
1

(n+ 1)2 +
√
ϵ(λn)

)
= o(λn),

since ϵ(λ) → 0 as λ → +∞. Therefore (un)n∈N is a o(λn)-quasimode of P . It remains to prove
that it is asymptotically undamped in the sense of Item 2 of Proposition 2.3. By definition of un in
Lemma 4.2, we have

0 ≤
ˆ

Rd

|un(x)|2b(y) dy ≤
∥k∥2

L∞

(Rn/V (xn)1/4)d

ˆ
B

Rn/V (xn)1/4 (xn)
b(y) dy ≤ |B1(0)|2−n∥k∥2

L∞ , ∀n ∈ N,

where we used (4.3) in the last inequality. This tends to zero as n → ∞, and the proof is complete. □

As an application of Theorem 1.7, we have the following.

Proof of Corollary 1.8. We already know that b bounded from below outside a compact set is a
sufficient condition by Proposition 1.4. Conversely, it is necessary that (TPC) holds in virtue of
Theorem 1.7, namely

(4.4) ∃c > 0,∃R > 0 : lim inf
x→∞

 
B

R/V (x)1/4 (x)
b(y) dy ≥ c.

Yet since b is uniformly continuous, there exists ε > 0 such that for any x, y ∈ Rd such that |x− y| ≤ ε,
we have |b(x) − b(y)| ≤ c/3. Now by choosing a parameter A > 0 large enough, we can achieve two
things: on the one hand, in view of the lower limit in (4.4), we can secure

∀|x| ≥ A,

 
B

R/V (x)1/4 (x)
b(y) dy ≥ 2

3c;

on the other hand, since V is a confining potential, we can ensure that R/V (x)1/4 ≤ ε for all |x| ≥ A.
In particular, for any such x, there exists y ∈ BR/V (x)1/4(x) such that b(y) ≥ 2c/3. We conclude that
b(x) ≥ b(y) − c/3 ≥ c/3 since |x− y| ≤ ε, which completes the proof. □

5. Stabilization condition

In this section, we prove Proposition 1.10. A noteworthy consequence of Assumption 1.5 is that
trajectories of the Hamiltonian flow (φt)t∈R are well-approximated around a given point by their
tangent for small times, as shown below.

For the sequel, it is convenient to introduce new variables adapted to the typical scales of our
problem described in (1.12). Let t 7→ φt(x, ξ) = (xt, ξt) be a trajectory of the Hamiltonian flow, i.e.
satisfying the o.d.e. system (1.10), and suppose it is contained in the energy shell {p = λ2}. We set
s = tλ and consider the reparametrization s 7→ (xs/λ, ξs/λ). In doing so, we observe that the fact
that ξs/λ is the time derivative of xs/λ (with respect to s) is not true anymore. To correct this issue,
we set

(5.1) ϕsλ(x, ξ) := (yλs , ηλs ) =
(
xs/λ,

1
λ
ξs/λ

)
,

which in turn satisfiesẏ
λ
s = ηλs

η̇λs = − 1
λ2 ∇V (yλs )

and p(yλs , ληλs ) = V (yλs ) + λ2

2
∣∣ηλs ∣∣2 = λ2, ∀s ∈ R.(5.2)

Lemma 5.1. Suppose V is subject to (1.3) and Assumption 1.5. Recall the function ϵ from Lemma 4.1.
Let T > 0, λ > 0, (x, ξ) ∈ {p = λ2}, and introduce (yλs , ηλs ) = ϕsλ(x, ξ) defined in (5.1). Set
(y, η) := (yλ0 , ηλ0 ). Then

∀s ∈ [−T, T ],
∣∣ηλs − η

∣∣ ≤ T√
λ
ϵ(λ) and

∣∣yλs − (y + sη)
∣∣ ≤ T 2

√
λ
ϵ(λ).
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Proof. Recalling the o.d.e. system (5.2) satisfied by s 7→ (yλs , ηλs ), we have

(5.3) d

ds
ηλs = − 1

λ2 ∇V (yλs ).

Therefore, using the mean value inequality, we have for any s ∈ [−T, T ]:

(5.4)
∣∣ηλs − η

∣∣ =
∣∣∣∣ˆ s

0
− 1
λ2 ∇V (yλτ ) dτ

∣∣∣∣ ≤ T

λ2 sup
s∈[−T,T ]

∣∣∇V (yλs )
∣∣ = T√

λ
sup

s∈[−T,T ]

∣∣∇V (yλs )
∣∣

λ3/2 .

Yet for any A ≥ A0, we have

sup
s∈[−T,T ]

∣∣∇V (yλs )
∣∣

λ3/2 ≤
∥∇V ∥L∞(BA(0))

λ3/2 + sup
s∈[−T,T ]
|yλ

s |≥A

∣∣∇V (yλs )
∣∣

λ3/2 ≤
∥∇V ∥L∞(BA(0))

λ3/2 + sup
|z|≥A

|∇V (z)|
V (z)3/4 ,

where we used the inequality V (yλs ) ≤ λ2, as a consequence of the fact that p is preserved by the
Hamiltonian flow, namely p(yλs , ληλs ) = λ2,∀s ∈ R with our new variables. Combining this estimate
with (5.4) and taking the infimum over A ≥ A0 yield the sought estimate for

∣∣ηλs − η
∣∣. Subsequently,

applying the mean value inequality on yλs − (y + sη), we obtain for any s ∈ [−T, T ]:

∣∣yλs − (y + sη)
∣∣ ≤ T sup

s∈[−T,T ]

∣∣ηλs − η
∣∣ ≤ T 2

√
λ
ϵ(λ),

which finishes the proof. □

Proof of Proposition 1.10. Assume (DSC) holds for a fixed b ∈ L∞(Rd) with constants T,R > 0.
First we prove that (UGCC) holds (in fact we show (1.8), see Remark 1.3). From (DSC), there
exist constants c, λ0 > 0 such that, if we pick an arbitrary point (x0, ν0) ∈ SRd, considering ρλ =
(x0, λν0) ∈ T ⋆Rd, we have

(5.5) ∀λ ≥ λ0,

 T

−T

(
b ∗ κ

R/
√
λ̃

)(
φt/λ̃(ρλ)

)
dt ≥ c,

where λ̃2 := p(ρλ). Notice that λ̃ ∼ λ as λ → +∞. Yet using Lemma 5.1, we have (π ◦ φt/λ̃)(ρλ) =
x0 + tν0 + o(T 2/

√
λ̃) as λ → +∞ uniformly in t ∈ [−T, T ], so that∣∣∣∣∣

 T

−T

(
b ∗ κ

R/
√
λ̃

)
(x0 + tν0) dt−

ˆ T

−T

(
b ∗ κ

R/
√
λ̃

)(
φt/λ̃(ρλ)

)
dt

∣∣∣∣∣
≤ ∥b∥L∞

∥∥∥κ
R/

√
λ̃

(
• + x0 + tν0 − (π ◦ φt/λ̃)(ρλ)

)
− κ

R/
√
λ̃

∥∥∥
L1

= ∥b∥L∞

∥∥∥∥κ(• + o

(
T 2

R

))
− κ

∥∥∥∥
L1
,

using the triangle inequality and a change of variables. The right-hand side goes to zero as λ →
+∞ (by dominated convergence for instance) since R and T are independent of λ. Combining this
with (5.5) yields

 T

−T

(
b ∗ κ

R/
√
λ̃

)
(x0 + tν0) dt ≥ c+ o(1)

as λ → ∞ (or equivalently λ̃ → ∞). This proves that (UGCC) holds.
Next we prove that (TPC) holds. To this aim, we consider an arbitrary sequence of points ρn =

(xn, 0) where xn → ∞ as n → ∞ and we write λn =
√
V (xn) (which goes to +∞ since V is a

confining potential). Write for simplicity xn = xλ, ρn = ρλ. Then we have from (DSC):

(5.6) ∃c, λ0 > 0 : ∀λ ≥ λ0,

 T

−T

(
b ∗ κR/V (xλ)1/4

) (
φt/λ(ρλ)

)
dt ≥ c.
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Yet using Lemma 5.1 once again, we have (π ◦ φt/λ)(ρλ) = xλ + o(T 2/
√
λ) as λ → +∞ uniformly in

t ∈ [−T, T ], so that∣∣∣∣∣∣
 
B

R/
√

λ̃
(xλ)

b(y) dy −
 T

−T

(
b ∗ κ

R/
√
λ̃

) (
φt/λ(ρλ)

)
dt

∣∣∣∣∣∣
≤ ∥b∥L∞

∥∥∥κ
R/

√
λ̃

− κ
R/

√
λ̃

(
• + (π ◦ φt/λ)(ρλ) − xλ

)∥∥∥
L1

= ∥b∥L∞

∥∥∥∥κ− κ

(
• + o

(
T 2

R

))∥∥∥∥
L1
,

which tends to zero again as λ → +∞. The parameters T and R are fixed, so combining this with (5.6)
yields  

B
R/

√
λ̃

(xλ)
b(y) dy ≥ c+ o(1)

as λ → ∞ (or equivalently λ̃ → ∞). This proves that (TPC) holds.
Conversely, suppose (UGCC) holds with constant T > 0 and (TPC) holds with constant R > 0,

both having lower bound c > 0. Choose T̃ = 2T and R̃ = 2R so that

(5.7)
(
R

R̃

)4
≤ 1 −

(
T

T̃

)2
.

By Lemma 5.1 again, we have

(5.8)
∣∣∣∣∣
 T̃

−T̃

(
b ∗ κR̃/√

λ

)
(x+ tξ/λ) dt−

 T̃

−T̃

(
b ∗ κR̃/√

λ

) (
φt/λ(x, ξ)

)
dt

∣∣∣∣∣ −−−−−→
λ→+∞

0,

uniformly in (x, ξ) ∈ {p = λ2}. Let (x, ξ) ∈ {p = λ2}. We distinguish two regimes.
• Assume first that |ξ| ≥ λ/2. Then use (5.8) and change variables in t (t 7→ λ

|ξ| t) to obtain
 T̃

−T̃

(
b ∗ κR̃/√

λ

) (
φt/λ(x, ξ)

)
dt =

 T̃ |ξ|/λ

−T̃ |ξ|/λ

(
b ∗ κR̃/√

λ

)(
x+ t

ξ

|ξ|

)
dt+ o(1)

≥ Tλ

T̃ |ξ|

 T

−T

(
b ∗ κR̃/√

λ

)(
x+ t

ξ

|ξ|

)
dt+ o(1) ≥ T√

2T̃
c+ o(1)

as λ → +∞. The inequalities come from the lower bound on |ξ|, the fact that |ξ| ≤
√

2λ (the
potential is non-negative) and the assumption that (UGCC) holds.

• Else, if |ξ| ≤ λ/2, writing (xλt , ξλt ) = φt/λ(x, ξ), we know by Lemma 5.1 that ξλt = ξ+o(T̃
√
λ)

as λ → +∞, so in particular,
∣∣ξλt ∣∣ ≤

√
2λ/2 for any λ large enough. Therefore,

V (xλt ) = λ2 −
∣∣ξλt ∣∣2

2 ≥ λ2 −
(

1
2

)2
λ2 ≥

(
1
2

)4
λ2,

which implies that
V (xλ)1/4

R
≥

√
λ

R̃
(recall that R̃ = 2R), hence BR̃/√

λ(xλt ) ⊃ BR/V (xλ
t )1/4(xλt ). We deduce that

 T̃

−T̃

(
b ∗ κR̃/√

λ

) (
φt/λ(x, ξ)

)
dt ≥

 T̃

−T̃

∣∣∣BR/V (xλ
t )1/4(xλt )

∣∣∣∣∣∣BR̃/√
λ(xλt )

∣∣∣
 
B

R/V (xλ
t

)1/4 (xλ
t )
b(y) dy dt.

Yet since V (xλt ) ≤ λ2, we have∣∣∣BR/V (xλ
t )1/4(xλt )

∣∣∣∣∣∣BR̃/√
λ(xλt )

∣∣∣ = Rdλd/2

R̃dV (xλt )d/4
≥
(
R

R̃

)d
,

so that using (TPC), we finally have
 T̃

−T̃

(
b ∗ κR̃/√

λ

) (
(π ◦ φt/λ)(x, ξ)

)
dt ≥

(
R

R̃

)d
c+ o(1),

as λ → +∞.
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This finishes the proof of Proposition 1.10. □

Appendix A. Pseudo-differential operators

Let us recall some definitions and classical results that we use throughout this article. The material
is taken from [Ler10, Zwo12].
Quantization. One may extend the quantization procedure (2.1) to tempered distributions on phase
space: given a ∈ S(T ⋆Rd) and a couple of test functions u, v ∈ S(Rd), we have the weak formulation
of (2.1): ˆ

Rd

v(x)OpW(a)u(x) dx =
ˆ

Rd×Rd

a(x, ξ)W [u, v](x, ξ) dx dξ,

where the Wigner transform of u and v is defined by

W [u, v](x, ξ) = (2π)−d
ˆ

Rd

v
(
x+ y

2

)
u
(
x− y

2

)
eiξ·y dy.

The Wigner transform is a continuous map S(Rd) × S(Rd) → S(R2d), which allows to make sense of
OpW(a) : S(Rd) → S′(Rd) for a tempered distribution a ∈ S′(T ⋆Rd).
Symbol classes, L2 boundedness and pseudo-differential calculus. We briefly recall classical
definitions about order functions and symbol classes.

Definition A.1 (Order function). A measurable function m : T ⋆Rd → R⋆+ is called an order function
is there exist constants C > 0 and N ∈ R such that

m(ρ2) ≤ C⟨ρ2 − ρ1⟩Nm(ρ1), ∀ρ1, ρ2 ∈ T ⋆Rd.

Definition A.2 (Symbol class S(m)). Let m be an order function. The symbol class S(m) is

S(m) =
{
a ∈ C∞(T ⋆Rd) : ∀α ∈ N2d,∃Cα > 0 : |∂αa| ≤ Cαm

}
.

For any multi-index α ∈ N2d, the best constant Cα provides a seminorm, which endows S(m) with
a structure of Fréchet space. Note that ∂α : S(m) → S(m) is continuous, and that (a1, a2) 7→ a1a2
maps S(m1) × S(m2) → S(m1m2) continuously. The symbols in S(1) (or in S(m) with m bounded)
enjoy a good boundedness property on L2:

Theorem A.3 (Calderón–Vaillancourt – [Zwo12, Theorem 4.23]). Let a ∈ S(1). Then OpW(a) can
be uniquely extended to a bounded operator L2(Rd) → L2(Rd) with the estimate

∥OpW(a)∥B(L2(Rd)) ≤ Cd
∑

|α|≤Md

∥∂αa∥∞,

where the constants Cd and Md depend only on the dimension d.

In the usual semiclassical Weyl quantization setting (2.2), composition of pseudo-differential op-
erators behaves as follows.

Theorem A.4 (Pseudo-differential calculus – [Zwo12, Theorem 4.18]). Let m1,m2 be order functions,
and let a1 ∈ S(m1), a2 ∈ S(m2). Then we have

OpW
h (a1)OpW

h (a2) = OpW
h (a1a2) + hOpW

h (r1(a1, a2;h))

= OpW
h (a1a2) − ih

2 OpW
h ({a1, a2}) + h2OpW

h (r2(a1, a2;h)),

as operators on S(Rd), where r1(•, •;h) and r2(•, •;h) are bilinear maps from S(m1) × S(m2) to
S(m1m2) that are continuous uniformly in h ∈ (0, 1]. Here {a1, a2} = ∂ξa1 · ∂xa2 − ∂ξ · a2 · ∂xa1 is
the Poisson bracket. In particular, if m1m2 is bounded, we have

OpW
h (a1)OpW

h (a2) = OpW
h (a1a2) +OB(L2(Rd))(h)

= OpW
h (a1a2) − ih

2 OpW
h ({a1, a2}) +OB(L2(Rd))(h2),

as operators on L2(Rd).
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Appendix B. Miscellaneous results on classical averages

We start this section with a technical remark about (UGCC).

Lemma B.1. Let b ∈ L∞(Rd) be non-negative and κr be the convolution kernel introduced in (1.7).
Then the condition (UGCC) is equivalent to the following statement:

(B.1) ∃T > 0,∃c > 0 : ∀(x0, ν0) ∈ SRd, lim inf
r→0

 T

−T
(b ∗ κr)(x0 + tν0) dt ≥ c.

Proof. Condition (UGCC) clearly implies the property (B.1). For the converse, fix r0 > 0, (x0, ν0) ∈
SRd and assume (B.1) holds. Using the associative and commutative properties of the convolution
together with Fubini’s Theorem, for any r > 0 we have

 T

−T
(κr ∗ (b ∗ κr0)) (x0 + tν0) dt =

 T

−T
(κr0 ∗ (b ∗ κr)) (x0 + tν0) dt

=
ˆ

Rd

κr0(y)
 T

−T
(b ∗ κr)(x0 + tν0 − y) dt dy.

Now letting r → 0, we observe that the left-hand side tends to
ffl T

−T (b ∗ κr0)(x0 + tν0) dt (by the
dominated convergence theorem for example, using that b ∗ κr0 is continuous). As for the right-hand
side, Fatou’s Lemma yields

lim inf
r→0

ˆ
Rd

κr0(y)
 T

−T
(b ∗ κr)(x0 + tν0 − y) dt dy ≥

ˆ
Rd

κr0(y) lim inf
r→0

 T

−T
(b ∗ κr)(x0 − y + tν0) dt dy

≥ c∥κ∥L1 ,

where we used (B.1) for the last inequality. Therefore (UGCC) is proved. □

Notice that when the damping coefficient b is continuous, (B.1) proves that (UGCC) is equivalent
to

∃T > 0,∃c > 0 : ∀(x0, ν0) ∈ SRd,

 T

−T
b(x0 + τν0) dτ ≥ c.

We finally suggest a way to quantify the fact that a function b satisfies (DSC). The relevant
quantity seems to be the limit of (DSC) as (T,R) → ∞, which turns out to exist.

Proposition B.2. Suppose V is subject to (1.3) and Assumption 1.5. For any b ∈ L∞(Rd) non-
negative, the limit

(B.2) lim
(T,R)→∞

lim inf
λ→+∞

inf
{p=λ2}

〈
b ∗ κR/√

λ

〉
T/λ

exists. Moreover, b satisfies (DSC) if and only if this limit is positive.

Proof. Let (T,R) and (T̃ , R̃) be two couples of positive numbers. First, for any λ ≥ 1 and any
ρ ∈ {p = λ2}, we have by Fubini’s theorem∣∣∣∣∣
〈〈

b ∗ κR̃/√
λ ∗ κR/√

λ

〉
T/λ

〉
T̃ /λ

(ρ) −
〈
b ∗ κR̃/√

λ ∗ κR/√
λ

〉
T̃ /λ

(ρ)
∣∣∣∣∣

=
∣∣∣∣∣
 T

−T

( T̃+s

−T̃+s

(
b ∗ κR̃/√

λ ∗ κR/√
λ

) (
φτ/λ(ρ)

)
dτ −

 T̃

−T̃

(
b ∗ κR̃/√

λ ∗ κR/√
λ

) (
φτ/λ(ρ)

)
dτ

)
ds

∣∣∣∣∣
=
∣∣∣∣∣
 T

−T

( T̃+s

−T̃+s
−
 T̃

−T̃

)(
b ∗ κR̃/√

λ ∗ κR/√
λ

) (
φτ/λ(ρ)

)
dτ ds

∣∣∣∣∣
≤
 T

−T
2 |s|
T̃

∥∥∥b ∗ κR̃/√
λ ∗ κR/√

λ

∥∥∥
L∞

ds ≤ 2T
T̃

∥b∥L∞∥κ∥2
L1 .
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Second, we have for all ρ ∈ T ⋆Rd :∣∣∣∣〈b ∗ κR̃/√
λ ∗ κR/√

λ

〉
T̃ /λ

(ρ) −
〈
b ∗ κR̃/√

λ

〉
T̃ /λ

(ρ)
∣∣∣∣ ≤

∥∥∥b ∗ κR̃/√
λ ∗ κR/√

λ − b ∗ κR̃/√
λ

∥∥∥
L∞

≤
ˆ

Rd

κR/
√
λ(y)

∥∥∥(b ∗ κR̃/√
λ

)
(• − y) − b ∗ κR̃/√

λ

∥∥∥
L∞

dy

≤ ∥κ∥L1∥b∥L∞ sup
y∈BR/

√
λ(0)

∥∥∥κR̃/√
λ(• − y) − κR̃/

√
λ

∥∥∥
L1

= ∥κ∥L1∥b∥L∞ sup
y∈B1(0)

∥∥∥∥κ(• − y
R

R̃

)
− κ

∥∥∥∥
L1
.

In the first inequality, we use a crude L∞ bound to get rid of the time average ⟨•⟩T̃ /λ. Then we
expand the convolution with κR/

√
λ and use Young’s inequality in L1–L∞. Then we apply Young’s

inequality again to have the third inequality (this time the L∞ norm falls on b and the L1 norm on
κR̃/

√
λ). The last equality consists in a change of variables. Therefore combining the two estimates,

we obtain

(B.3)
〈〈

b ∗ κR̃/√
λ ∗ κR/√

λ

〉
T̃ /λ

〉
T/λ

(ρ) =
〈
b ∗ κR̃/√

λ

〉
T̃ /λ

(ρ) + o(1)

as (T̃ , R̃) → ∞, uniformly in λ ≥ 1 and ρ ∈ {p = λ2}. Now, R̃ being fixed, we want to take
the infimum of (B.3) over ρ ∈ {p = λ2}. For the left-hand side, there is some additional work.
Let (x0, ξ0) ∈ {p = λ2} and y ∈ BR̃/

√
λ(0), depending on λ. Using Lemma 4.1, we know that

|V (x0 + y) − V (x0)| = o(R̃λ) as λ → +∞ so that

(B.4) p(x0 + y, ξ0) ∼ λ2, as λ → +∞,

and by Lemma 5.1, we know that

(B.5) (π ◦ φs/λ)(x0, ξ0) − y = x0 − y + s

λ
ξ0 + o

(
T 2
√
λ

)
= (π ◦ φs/λ)(x0 − y, ξ0) + o

(
T 2
√
λ

)
as λ → +∞, uniformly in s ∈ [−T, T ], (x0, ξ0) ∈ {p = λ2} and y ∈ BR̃/

√
λ(0). We expand the

convolution with κR̃/
√
λ

I :=
 T̃

−T̃

 T

−T

(
b ∗ κR̃/√

λ ∗ κR/√
λ

)((
π ◦ φ(t+s)/λ

)
(ρ)
)
ds dt(B.6)

=
 T̃

−T̃

ˆ
Rd

κR̃/
√
λ(y)

 T

−T

(
b ∗ κR/√

λ

)((
π ◦ φs/λ

) (
φt/λ(ρ)

)
− y
)
ds dy dt.

Writing for short x′ = π ◦ φs/λ(φt/λ(ρ)) − y and x̃ = π ◦ φs/λ(φt/λ(ρ) − (y, 0)), we have∣∣∣∣∣I −
 T̃

−T̃

ˆ
Rd

κR̃/
√
λ(y)

 T

−T

(
b ∗ κR/√

λ

) (
φs/λ

(
φt/λ(ρ) − (y, 0)

))
ds dy dt

∣∣∣∣∣
≤ ∥κ∥L1 sup

t∈[−T̃ ,T̃ ]
s∈[−T,T ]

sup
ρ∈{p=λ2}
y∈BR̃/

√
λ(0)

∣∣∣(b ∗ κR/√
λ

)
(x′) −

(
b ∗ κR/√

λ

)
(x̃)
∣∣∣.

We apply (B.5) to (x0, ξ0) = φt/λ(ρ) to deduce that |x′ − x̃| = o(T 2/
√
λ), so that∣∣∣(b ∗ κR/√

λ

)
(x′) −

(
b ∗ κR/√

λ

)
(x̃)
∣∣∣ =

∣∣∣∣ˆ
Rd

(
b(x′ − y′)κR/√

λ(y′) − b(x′ − y′)κR/√
λ(y′ + x̃− x′)

)
dy′
∣∣∣∣

≤ ∥b∥L∞

∥∥∥∥κ− κ

(
• + x̃− x′

R/
√
λ

)∥∥∥∥
L1

−−−−−→
λ→+∞

0,

by dominated convergence. This is uniform in t, s, ρ and y (recall that x′ and x̃ depend on all these
variables). So we deduce that

(B.7) I =
 T̃

−T̃

ˆ
Rd

κR̃/
√
λ(y)

 T

−T

(
b ∗ κR/√

λ

) (
φs/λ

(
φt/λ(ρ) − (y, 0)

))
ds dy dt+ o(1)
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as λ → +∞, uniformly in ρ ∈ {p = λ2}. Now we write ρ̃ = φt/λ(ρ) − (y, 0) and we denote by λ̃ the
real number such that λ̃2 = p(ρ̃). Bear in mind that λ̃ ∼ λ as λ → +∞ from (B.4). Now by the
triangle inequality, we have

D :=
∣∣∣∣∣
 T

−T

(
b ∗κR/√

λ

) (
φs/λ(ρ̃)

)
ds−

 T

−T

(
b ∗ κ

R/
√
λ̃

)(
φs/λ̃(ρ̃)

)
ds

∣∣∣∣∣
≤

∣∣∣∣∣
 T

−T

(
b ∗ κR/√

λ

) (
φs/λ(ρ̃)

)
ds−

 T

−T

(
b ∗ κ

R/
√
λ̃

) (
φs/λ(ρ̃)

)
ds

∣∣∣∣∣
+
∣∣∣∣∣
 T

−T

(
b ∗ κ

R/
√
λ̃

) (
φs/λ(ρ̃)

)
ds−

 T

−T

(
b ∗ κ

R/
√
λ̃

)(
φs/λ̃(ρ̃)

)
ds

∣∣∣∣∣.
Changing variables in the integral over s and using Young’s inequality, we obtain

D ≤ ∥b∥L∞

∥∥∥κR/√
λ − κ

R/
√
λ̃

∥∥∥
L1

+
∣∣∣∣∣
 T

−T

(
b ∗ κ

R/
√
λ̃

) (
φs/λ(ρ̃)

)
ds−

 T λ
λ̃

−T λ
λ̃

(
b ∗ κ

R/
√
λ̃

) (
φs/λ(ρ̃)

)
ds

∣∣∣∣∣
≤ ∥b∥L∞

∥∥∥κ√
λ̃/λ

− κ
∥∥∥
L1

+ ∥b∥L∞∥κ∥L1

(
1

2T λ
λ̃

× 2T
∣∣∣∣λλ̃ − 1

∣∣∣∣+ 2T
∣∣∣∣∣ 1
2T − 1

2T λ
λ̃

∣∣∣∣∣
)
,

which tends to zero as λ → +∞ (recall (B.4)). Therefore plugging D → 0 into (B.7), we deduce that

I =
 T̃

−T̃

ˆ
Rd

κR̃/
√
λ(y)

〈
b ∗ κ

R/
√
λ̃

〉
T/λ̃

(ρ̃) dy dt+ o(1),

hence recalling the definition of I in (B.6):

I =
 T̃

−T̃

 T

−T

(
b ∗ κR̃/√

λ ∗ κR/√
λ

) ((
π ◦ φ(t+s)/λ

)
(ρ)
)
ds dt

≥ inf
λ̃≥λ/2

inf
ρ̃∈{p=λ̃2}

〈
b ∗ κ

R/
√
λ̃

〉
T/λ̃

(ρ̃)∥κ∥L1 + o(1)

as λ → +∞. Taking the infimum over ρ ∈ {p = λ2} in the left-hand side yields

inf
ρ∈{p=λ2}

〈〈
b ∗ κR̃/√

λ ∗ κR/√
λ

〉
T̃ /λ

〉
T/λ

(ρ) ≥ inf
λ̃≥λ/2

inf
ρ̃∈{p=λ̃2}

〈
b ∗ κ

R/
√
λ̃

〉
T/λ̃

(ρ̃) + o(1)

and taking lower limits in λ together with (B.3) imply:

lim inf
(T̃ ,R̃)→∞

lim inf
λ→+∞

inf
{p=λ2}

〈
b ∗ κR̃/√

λ

〉
T̃ /λ

≥ lim inf
λ→+∞

inf
{p=λ2}

〈
b ∗ κR/√

λ

〉
T/λ

.

This estimate proves that if b satisfies (DSC) with constants (T,R), then the lower limit in (T̃ , R̃)
above is positive, and the converse is straightforward. Taking the upper limit as (T,R) → ∞ of the
right-hand side provides the existence of the limit in (B.2). □

References
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