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Exact controllability to eigensolutions of the heat equation via
bilinear controls on two-dimensional domains

Rémi Buffe,* Alessandro Duca.

Abstract

The exact controllability of heat type equations in the presence of bilinear controls have been successfully
studied in the recent works [1, 3, 14] motivated by the numerous application to engineering, neurobiology,
chemistry, and life science. Nevertheless, the result has been only achieved for 1—dimensional domains
due to limit of the existing techniques. In this work, we develop a new strategy to ensure the so-called
exact controllability to the eigensolutions of heat-type equations via bilinear control on the 2—dimensional
domains. The result is implied by the null-controllability of a suitable linearized equation, and the main
novelty of the work is the strategy of its proof. First, the null-controllability in a finite dimensional subspace
has to be ensured via the solvability of a suitable moment problem. Explicit bounds on the control cost w.r.t.
to the dimension of the controlled space are also required. Second, the controllability can be extended to the
whole Hilbert space, thanks to the Lebeau-Robbiano-Miller method, when the control cost does not growth
too fast w.r.t to the dimension of the finite dimensional subspace. We firstly develop our techniques in the
general case when suitable hypotheses on the problem are verified. Afterwards, we apply our procedure to the
bilinear heat equation on rectangular domains, and we ensure its exact controllability to the eigensolutions.
Finally, we study the controllability issue on the square and we use perturbation theory techniques to deal
with the presence of multiple eigenvalues for the spectrum of the Dirichlet Laplacian.
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1 Introduction

The majority of the theoretical control problems studied in the literature and involving evolution equations on
bounded domains usually consider boundary or internal controls. There, the dynamics is described by a suitable
evolution equation, and it is studied in the presence of one, or more, suitable additive terms. In these models,
the controls are external elements of the system that intervene in its evolution and affect it. Nevertheless,
in many practical problems from engineering, neurobiology, chemistry and life science, the control is not an
external element but rather a modification of the principal parameter of the evolution. In these cases, it is
then more appropriate to consider evolution equations in the presence of multiplicative controls. We talk about
bilinear control when the spatial part of the multiplicative term is fixed and only the time-dependent intensity
changes.

Interesting models involving parabolic dynamics in the presence of multiplicative/bilinear controls are for
instance the nuclear chain reactions. In these phenomena, the number of particles of the diffusing material
increases by the interaction with the surrounding medium, leading to a diffusion process. An example is the
nuclear fission that occurs from the collision of neutrons with uranium nuclei, leading to the formation of new
neutrons and energy. The new neutrons interact again with the uranium, triggering the continuation of the
process. The evolution of the density of neutrons in a point can be modelled by an equation of the form

Op(t) — aly(t) — f(t, x)p(t) =0

where a > 0 is the diffusion coefficient. In the nuclear plant, the reaction is controlled by modifying the value
and the sign of the function f, which then represents the multiplicative control on the problem. In the case

[t ) = u(t)p(r)

with p(z) fixed and u(t) variable, the multiplicative control is actually bilinear. Notice that the multiplicative
control is very suitable to the model since, in the practical situation, the reaction chamber is isolated and the
neutrons are neither added nor removed. We refer to the book [22] for other examples of models involving
parabolic equations in the presence of multiplicative controls.
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Main result: general framework

In this work, we focus our attention on the following bilinear control problem on a Lipschitz domain 2 of R2:

Op(t) — A(t) + (u(t), Q) = 0, t e (0,T)
(BHE) { (0) = o,

where —A is a Dirichlet Laplacian, Q = (Q1, ..., Q,) : © — R? with ¢ € N* is a L*-fixed vector valued function,
v = (v1,...,vq) € L*((0,T),R?) is the control and then

(0(t), @) = 01(O)Q1(2,y) + .. + v () Qq ().

Let us introduce the ordered eigenvalues ()\k) of the Laplace operator —A with domain

keN*
D(=A) := {y € H (L, R), Ay € L*(,R)}.

In this article, we assume that the domain €2 is such that the spectrum of the Dirichlet Laplacian verifies the
following property

(1) 3C >0, |Ny—CA|=0(VA),

where Np := #{k € N* : Ay < A} with A > 0 is the counting function of the eigenvalues of —A. Notice that
the identity (1) implies the existence of C7,Cy > 0 such that

(2) CiA — C3V/A < Ny < C1A + CoV/A, Yk e N*.

The Weyl’s asymptotic (1) is for instance verified for rectangles, smooth domains where the set of the closed
generalised geodesics has zero measure in the cotangent space [21, Corollary 29.3.4], ?Domains consisting of a
finite number of squares” [16, Theorem 12, pp. 432] or domains satisfying a "non-blocking and non-periodicity
conditions” [30, Theorem 1.6.1]. The identity (1) also implies the Weyl’s asymptotic

Ak
(3) T =0().
We denote now (¢k) e+ Some orthonormalized eigenfunctions corresponding to the eigenvalues ()\k) hEN*? which

form a Hilbert basis for the space L?(Q,R). We introduced the j—th eigensolutions of —A as the functions
Di(t) = e N, t>0, VjeN*
Assumptions I. Assume the following conditions verified for the problem (BHE).

1. The eigenvalues ()\k) are simple and there exists C, py > 0 such that

keN*

)\k+1 — A > Vk € N*.

Po>
/\k

2. The vector valued function @ = (Q1, ..., @) is such that ¢ = 2, the second component Q2 = 1, and, for
every | € N*, there exist C' > 0 and p; > 3/2 such that

c
’<¢kan¢l>L2| > W, Vk € N*.
k

We refer to Remark 3.1 for further comments on the choice of the parameter 3/2 in Assumptions I. We are
finally ready to ensure the first main result of the work with the following theorem. Here, we state the local
exact controllability of the (BHE) to the eigensolutions of the Dirichlet Laplacian.

Main Theorem A. Let Assumptions I be verified. For any time T > 0, there exists § > 0 such that, for any
o € L*(Q,R) with
[P0 = ¢jllz> <9,

there exists v1 € L2((0,T),R) such that 1(T;10,v), the solution of (BHE) with control v = (v1,0), verifies
(T tho, v) = 5(T).

Proof. We refer to Section 3.2 for the proof of Main Theorem A. O



Main Theorem A ensures the existence of neighbourhoods of ¢; in L?*(,R) which can be exactly controlled
to the target ®;(7"). The first main consequences of the theorem is the following corollary.

Corollary 1.1. Let Assumptions I be verified. For any time T > 0, there exists § > 0 such that, for any
a, B € R* with the same sign and for any initial state 1y € L?(Q,R) with

Y0 = adjllL2 <o,

there exists v1 € L2((0,T),R) and vy € R such that 1(T; g, v), the solution of (BHE) with control v = (v, vs),
verifies

U(T'5 4o, v) = B;.
Proof. We refer to Section 3.2 for the proof of Corollary 1.1. O

Corollary 1.5 shows that, when we add a constant control, not only do we have some more freedom on the
initial data w.r.t. Main Theorem A, but also on the target of the controlled dynamics. A simple application is
the case of @ =1 and 8 > 0, which extends Main Theorem A since we can target any B¢, instead of ®;(T).

Main result: the rectangle case

Let us now discus the specific case of 2 = (0,a) x (0,b), the rectangle with sides a,b > 0. In this framework,
the ordered eigenvalues ()\k) are defined by two sequences of numbers (Ix)gens, (M) ken C N* such that

keN*
2 m?
(4) M= (5 + 55 )

Some corresponding eigenfunctions (¢) are

keN*
. lk . my
O = 2sin (—ﬂ'x) sin (—ﬂ'y)
a b
A suitable choice of a and b allows ensuring the exact controllability of Main Theorem A and Corollary 1.1
under simpler hypotheses than Assumptions I which are the following.
Assumptions II. Assume the following conditions verified for the problem (BHE).
1. The sides of the rectangle a,b > 0 are such that a?/b? is an algebraic irrational number.
2. The vector valued function @ = (Q1, ..., Q) is such that ¢ = 2, the second component Q2 =1, and
Qi(z,y) = Q1(z)Q1(y)-

In addition, for every I € N*, there exist C' > 0 and p1,ps > 5/2 such that

‘<sin (gwx) , Q] sin (éﬂ:ﬁ) >L2(0,a)‘ k—i’l, Vk € N*,
(o o) o () 2 i

Remark 1.2. Let us consider the specific case of the equation (BHE) on the rectangle Q = (0,1) x (0, \3/5)
Assumptions II are verified when we choose for instance the control potential Q:

@= <I22y2’1)'

%

We refer to Remark 3.7 in Section 3.3 for further details on this explicit example. Notice that the same result
also is valid with different other polynomial potentials Q) as explained in the mentioned remark.

We are ready to state the exact controllability to the eigensolutions of (BHE) in this new framework.

Main Theorem B. Let Assumptions II be verified. For any time T > 0, there exists § > 0 such that, for any
Yo € L*(Q,R) with

[P0 = ¢jllz> <9,
there exists v1 € L2((0,T),R) such that ¢(T;10,v), the solution of (BHE) with control v = (v1,0) verifies

(T 4o, v) = @;5(T).



Proof. We refer to Section 3.3 for the proof of Main Theorem B. O

As Corollary 1.1 was a direct consequence of Main Theorem A, we can deduce the following corollary from
Main Theorem B.

Corollary 1.3. Let Assumptions II be verified. For any time T > 0, there exists 6 > 0 such that, for any
a, B € R* with the same sign and for any initial state 1o € L?(Q,R) with

[0 — agjllz < |ald,

there exists v1 € L2((0,T),R) and vy € R such that 1(T;10,v), the solution of (BHE) with control v = (v1,v2),
verifies

Y(T'52po,v) = By
Proof. We refer to Section 3.3 for the proof of Corollary 1.3. O

Main result: the square case via perturbation theory

Let us now discus the specific case of Q = (0,1) x (0,1). We would like to prove the local exact controllability
for the equation (BHE) in some neighbourhoods of the eigenfunctions of the Laplacian. However, the spectrum
of —A on the square presents multiple eigenvalues, introducing a natural ambiguity in the choice of the corre-
sponding eigenfunctions. To avoid such a problem, we consider the operator —A + (v(t), Q) with ¢ = 4 and
v(t) = (v1(), ..., v4(t)) such that v1(¢) = u € R. We write

4

—A A+ (0(t), Q) = (A +uQ1) + Y u(t)Qu.

=2

We consider u € R sufficiently small so that u@q plays the role of perturbation of the Dirichlet Laplacian and
the spectrum of —A + u@; is simple.

e We respectively denote the eigenvalues of —A +u@; and a Hilbert basis of L2(£2) made by eigenfunctions:
(Al )1, men and (D1 )1, men-
e We introduced the (I, m)—th eigensolutions of —A + u@); which are defined as

F(t) = e Mimbop t>0, VjeN".

Let (A, D(A)) be the one-dimensional Dirichlet Laplacian, such that A = —92 and D(A) = H? N H}((0,1),R).
We now introduce a set of assumptions which replace Assumptions I in this new framework.

Assumptions ITI. Assume the following conditions verified for the problem (BHE).

1. The vector valued function Q = (Q1, ..., Q) is such that ¢ = 4 and the last component Q4 = 1.

2. The potential Q1(x,y) = Q1(x) depends only on the variable z, it verifies fol Q1 (z)dz =0, and
<cos(2k7mc), Q1>L2(071) # <cos(2mrx), Q1>L2(0,1)7 Vk,n e N*, k#n.

3. We have Qa(z,y) = Q3(2)Q3(y) and, for every [ € N*, there exist C' > 0 and p;,ps > 5/2 such that

. . C .
|(sin(kmz), Q3 Sln(l7T$)>L2(0’1)| > T Yk € N¥,
|(sin(kmy), Q3 sin(imy)) |>7C Vk € N*

sin(kmry), Qo sin(lmy)) pao 1)l = 15577 :

4. Let p; > 0 be the parameter such that the previous point is verified. There holds
Qu.Q} € {f € H"2((0,1),R): /' € D(A|™") when p >4},
5. The potential Q3(z,y) = Qs3(x) is such that, for every I € N*, there exist C' > 0 and ps > 5/2 such that

. . C .
|(sin(kmz), Qs sm(l7ro:)>L2(07l)| > e Vk € N*.



Remark 1.4. An example of control potential Q such that Assumptions III are verified is the following:
Q = ((31;2 - 1)) 332y2, (31’2 - 1)v 1)

We refer to Remark 4.1 in Section 4 for further details on this matter. Notice that the same result also is valid
with different other polynomial potentials QQ as in Remark 1.2.

We ensure a local exact controllability to the (I, m)—th eigensolution of —A for the equation (BHE) in small
time when Assumptions III are verified.

Main Theorem C. Let Q verify Assumption III. For every l,m € N*, there exist R > 0 and a countable
subset V' of R such that, for any u € [—R, R|\'V, the following local exact controllability to the eigensolutions
is verified. For any time T > 0, there exists § > 0 such that, for any 1 € L?>(Q,R) with

||’(/}O - (b?mHLz < 67

there exists (va,v3) € L2((0,T),R?) such that (T, v), the solution of (BHE) with control v = (u,vq,vs,0)
verifies

w<T7 ¢07 U) = (I)?,m(T)
Proof. We refer to Section 4.4 for the proof of Main Theorem C. O

Main Theorem C ensures the existence of neighbourhoods of L?(£2,R) where an exact controllability result
for the equation (BHE) is ensured. Notice that even if the initial state has to be chosen in the neighbourhood
of the perturbed eigenfunctions ¢}',,, the target of the dynamics is an unperturbed eigensolution

(b?,m(t) = e_)\?’mt¢?m'

)

In the proof, we at first target ®}', (¢) and after we prove that we can also reach @Rm(t).

Corollary 1.5. Let Q verify Assumptions III. For everyl,m € N*, there exist R > 0 and a countable subset V
of R such that, for any u € [-R, R]\'V, the following local exact controllability to the eigensolutions is verified.
For any time T > 0, there exists § > 0 such that, for any o, f € R* with the same sign and for any initial state
o € L2(,R) with

o = g2 < |ald,

there exists (v2,vs,v4) € L?((0,T),R3) such that ¢¥(T;g,v), the solution of (BHE) with controlv = (u,va,v3,v4),
verifies

O(T;40,0) = B m-
Proof. We refer to Section 4.4 for the proof of Corollary 1.5. O

Notice that Main Theorem C (resp. Corollary 1.5) ensures the controllability with 3 (resp. 4) controls,
but it is actually possible to obtain the result with only 2 of them (resp. 3). Indeed, its proof (Section 4) can
be obtained with one control less, as explained in Remark 4.10. From this perspective, an example of control
potential Q verifying Main Theorem C (resp. Corollary 1.5) is Q = ((3z2 — 1), 2%y?, (322 — 1), 1) as explained
in Remark 1.4. However, the same result can be also obtained with the control potential

Q= ((3LE2 - 1),$2y270, 1).

Some reference and existing results

It is well known that there is an obstruction to the exact controllability of dynamics via multiplicative bilinear
controls as explained by Ball, Marsden, and Slemrod in [7]. Here, the authors proved that the exact controlla-
bility of bilinear evolution equations can not be ensured in the whole space where they are defined when specific
assumptions on the control are verified. The lack of controllability, not only affects the study of the bilinear
heat equation, but also the bilinear Schrédinger equation or the bilinear wave equation.

The negative result presented in [7] is the main reason why the exact controllability for bilinear evolution
equations have been addressed in literature with different types of controllability. The exact controllability of
bilinear wave or Schrodinger equations was studied, for instance, in suitable subspaces. This idea was introduced
by Beauchard and Laurent in [8, 9], who showed a hidden regularizing effect allowing to prove well-posedness
and controllability in higher-regularity spaces for which the lack of controllability from [7] does not apply.
Nevertheless, this approach can not be applied to the bilinear heat equation as (BHE).



Consider the abstract evolution equation on a Hilbert space X

{ y'(t) + Ay(t) +u®)By(t) = 0, t€(0,T),

) y(0) = o,

when A : D(A) C X — X is a densely defined, self-adjoint linear operator with compact resolvent, B is a
bounded linear operator and w is a bilinear control. Exact controllability results of (5) were firstly proved by
Alabau-Boussouira, Cannarsa and Urbani in [1, 3]. They considered (¢ )ren+ some normalized eigenfunctions
of A and (Ag)gen- the corresponding eigenvalues. They proved the local controllability to the so-called j-th
eigensolutions

O;(t) = e Ni'e;.
In detail, they proved that under the gap condition

(6) 37:>(l Vk € N*7 |V/Ak+4 A'Aj‘* V/Ak A'Aj|2i7/>'0
and the spreading assumption

(7) (Boj, ¢5) #0, | = Ajl*[(Bdj, )| = b, Yk #j,

with p,¢ > 0, system (5) is exactly controllable to the j-th eigensolution at any time T > 0. In other words,
they showed the possibility of steering any state sufficiently close to ¢; into ®;(7T) in a time T > 0. A
direct application of their works is the controllability of a heat equation as (BHE) in the 1-dimensional case of
Q= (0,1). We also refer to the works [2, 15] for similar results on the subject.

These results were later extended in [14] by the second author, together with Cannarsa and Urbani where
they studied (BHE) on network-type domains. In this framework, the spectrum of the Laplacian —A has
different properties w.r.t. to the interval (0, 1) since it is only possible to show the existence of N € N* such
that

(8) VAN — Ve > > 0.

For some specific structure of the network, it is also verified a weak gap condition of the form:

9) VA1 — VA > ag,

with a;, < k7P and p € N*. In [14], the authors extended the existing techniques of solvability of moment
problems to such a framework and proved the local controllability to the eigensolutions for any time 7" > 0.

The central part of the local exact controllability to the eigensolutions is the solvability of a suitable moment
problem. Heuristically speaking, one has to prove: for any (xp)ren+ C R in a specific space, there exists
u € L?((0,T),R) such that

T
(10) T :/ eMSu(s)ds, Wk € N*.
0

This property was widely studied in literature according to the different behavior of the eigenvalues (Ax)gens-
The solvability when the spectral gap (6) is verified has been well-known for a very long time, and it was ensured
for instance in the works [10, 18, 19]. On the other hand, the property under the validity of the weaker spectral
hypothesis (8) is more recent, and it was studied [4, 6, 11]. Here, the authors also provided some upper and
lower bounds on the norm of the biorthogonal family at any fixed time. The dependence on the time of the
upper bound was initially made explicit in the work [14] and the result was generalized in [12]. We refer to this
last work for a careful analysis of the modern results and techniques on the solvability of moment problems.

Finally, we want to mention the preprint [5] which appeared contemporary to our paper. In this work, the
authors also deal with the solvability of moment problems in higher-dimensional framework.

Our technique: local controllability to eigensolutions for two dimensional domains

Our techniques are inspired by the idea of Alabau-Boussouira, Cannarsa and Urbani in [2, 3]: the local control-
lability of (BHE) is implied by the null-controllability of suitable linearized systems and by suitable estimates
of the norm of the control. The natural approach is to linearize (BHE) w.r.t. an eigenfunction and prove the
null-controllability of the linearized evolution via the solvability of a suitable moment problem as (10). However,
the asymptotic behaviour of the eigenvalues Ay is different from the 1—dimensional case. For 2—dimensional
domains, we only know the existence of a sequence (Ng)ren+ € N* such that Ny — +o00 and

(11) inf \/Aesn, — Ve > 0.

keN*



In this case, the solvability of the moment problem can not be directly studied via the existing techniques in
literature which usually require stronger hypotheses on the spectrum as the spectral gap (8).

The main novelty of the work is how we overcome the issue of the solvability of the moment problem
in higher dimensional domains and then prove the null-controllability. We use the Miller adaptation of the
Lebeau-Robbiano method [25, 26] to show that the null-controllability of the linearized equation in

Ep :=span{dy, k € JA} with A >0,

might be extended to the whole L?(€2,R). This result holds when suitable bounds w.r.t. A on the control
norm are verified. The Lebeau-Robbiano-Miller method allows us to solve a suitable finite dimensional moment
problems (10) where the spectrum behaves as (8) instead of (11). This idea is inspired by the work [28] which
deals with additive control problems. We develop our technique in an abstract setting at first (Section 2) and
we apply it later to proving Main Theorem A (Section 3), Main Theorem B (Section 3) and Main Theorem C
(Section 4).

e Main Theorem A provides the exact controllability to eigensolutions under the hypothesis that the domain
Q is such that the Weyl’s asymptotics (1) and the weak gap (9) are verified. The peculiarity of the proof
appears when we study the finite dimensional moment problem to ensure the null-controllability in F,.
Here, we need to study suitable bounds for the norm of the control and establish its dependency w.r.t. the
parameter A. It appears that from the Weyl’s asymptotics (1), two-dimensional domains provide suitable
growth w.r.t. A which allows applying the method exposed above. Notice that it does not seem to be the
case for higher-dimensional domains.

e Main Theorem B presents the controllability result in the case of suitable rectangles = (0,a) x (0, b).
We prove that when a?/b? is an algebraic irrational number, then (9) is guaranteed. Main Theorem B
provides an explicit example for our exact controllability result of Main Theorem A.

e Finally, Main Theorem C deals with the case where Q = (0,1) x (0,1) is a square. Here, the spectrum of
the Dirichlet Laplacian presents multiple eigenvalues and (9) is obviously not fulfilled. This fact represents
an obstruction to the solvability of the moment problem and then to the controllability. To circumvent
this difficulty, we use an additional control u € R* so that the control term u@); perturbs the Laplacian
—A.

1. We choose u € R* so that, not only the spectrum of —A+4u@); is simple, but also (9) is satisfied. This
idea allows us to control neighbourhoods of perturbed eigenfunctions #}'y, to perturbed eigensolutions

I'm(T). Notice that our result is verified for u as small as desired.

2. To prove Main Theorem C and then the reachability of unperturbed eigensolutions, we use an ad-
ditional control. The main trick here is that the perturbed eigensolutions @}fm(T) have separate
variables when @1 (z,y) = Q1(z) (Assumptions III). Then, we reduce the dynamics (BHE) starting
from the perturbed eigensolution to a one-dimensional control problem where classical techniques
applies. This fact allows us to finally steer the perturbed eigensolution @}fm(T ) to the unperturbed
one ¢?77TL(T)'

Our proofs are applied to two-dimensional cases since, in the intermediate step of the proof, the growth of
the control cost w.r.t. A is suitable in this framework. Higher dimensional domains are not considered here as,
in such cases, the Weyl asymptotics (1) degrades the control cost that seems to growth too much, preventing
the use of the Lebau-Robbiano-Miller method. Nevertheless, it might be possible to enhance our technique in
order to allow worse estimations on the control cost and then treat at least the three-dimensional framework of
the cube. We plan to elucidate this fact in future investigations.

Scheme of the work

The manuscript is composed as follows. In Section 2, we introduce the Lebeau-Robbiano-Miller method in an
abstract setting. In Section 3, we use the abstract techniques from Section 2 to prove Main Theorem A and
Main Theorem B. Main Theorem C is proved in Section 4 and technical results from this work are proved in
Appendix.

Main notations

Let us introduce the main notations adopted in the manuscript.

e We denote by (-,-) the Euclidean scalar product in R? and || - || is the corresponding norm.



o We consider H® = H*(Q,R) for s > 0 and L”? = L?(Q,R) for p > 1 the standard Sobolev and Lebesgue
spaces of functions f :  — R endowed with the norms || - ||s and || - ||z». The space L? is also equipped
with the scalar product

(f,9)r2 Z/Qf(x)g(a;)da:.

We call H} = H(Q,R) the spaces of functions f € H! such that f(0Q) = 0.

e Let (a,b) € R. We call LP(a,b) = LP((a,b),R) for p > 1 and L?(a, b) is equipped with the norm | - || 2 (q )
corresponding to the scalar product

b
(fs9)L2(ab) =/ f(@)g(z)dx.

We denote H{ (a,b) = Hi((a,b),R) the space of functions f € H'(a,b) such that f(a) = f(b) = 0.

o Let C* = C*(Q,R) with s € N U {oo} be the space of s-times continuously differentiable functions
f:Q5R

e Consider a Banach space X. We denote by || - | x the norm of a Banach space X and C*([0,T], X) the
space of s-times continuously differentiable functions f : [0,7] — X. When X is also a Hilbert space,
(-,-)x represents the corresponding scalar product.
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2 Local controllability to eigensolutions in the abstract setting

Let X be a separable Hilbert space equipped by a scalar product (-,-)x associated to the norm || - ||x. Let
A:D(A) C X — X be a densely defined linear operator such that

e A is self-adjoint;
e there exists o > 0 such that (Az,z) > —ol|z||% for every z € D(A);

e there exists A > —o such that the operator (A + A)~!: X — X is compact.

In this framework, the spectrum of A is purely discrete and consists of a sequence of ordered positive real
numbers (Ag)ren+. We denote by (¢r)ren+ the associated eigenfunctions, forming a Hilbert basis of X. The
operator —A generates a strongly continuous semigroup by e~ *4. We consider the parabolic problem

@' (t)+ Ap(t) + v(t)Bp(t) =0, t>0,
(12) { ©(0) = o,

where v € L%((0,7),R) and B : X — X is a bounded linear operator. The well-posedness of the equation
(BHE) in the spirit of Proposition 3.4 is well-known, as proved in [7]: we call by ¢(¢; po,v) the solution with
initial state ¢ and control v. We introduce the j-th eigensolution of the operator A as the solution of the
problem corresponding to v = 0 and ¢g = ¢;:

D;(t) = e Mg,

2.1 Local controllability to eigensolutions and null-controllability of the linearized
problem

The aim of this section is to show how to ensure the local exact controllability of (12) to the j-th eigensolutions
of the operator A via the null-controllability of a suitable linear problem. This idea was firstly introduced in
the abstract setting by Alabau-Boussouira, Cannarsa and Urbani in [3]. Here, we slightly improve their result
in order to cover our framework.



Definition 2.1. Let j € N*. The problem (12) is locally exactly controllable to the j-th eigensolution of A
in time 7" > 0 if there exists 6 > 0 such that, for any ¢g € X with [¢o — ¢;||x < J, there exists a control
v € L*((0,T),R) such that

o(T; 0, u) = @;(T).

We introduce now the linear problem

(13 {s'(w + A8(t) + () Boy =0, te (1),

£(0) =& € X.

We denote by £(+; &o, u) the (mild) solution of the linear problem (13) corresponding to the initial condition &y
and control v given by

t
E(t;€0,v) = e M —|—/ e_(t_s)Av(s)B(bjds.
0
We now introduce the partial null-controllability definition we shall use in what follows.

Definition 2.2. Let E be a closed subspace of X. We say that the problem (13) is null-controllable in F
and in a time T > 0, if there exists a constant Kg(T) > 0 such that, for any £ € X, there exists a control
v € L?((0,T),R) such that

Op&(T;&,v) =0 and [vllz20,7y < Ke(T)[ollx,

where IIg denotes the orthogonal projection on F in X. The best constant Kg(T) is called the control cost,
and it is defined as

Kp(T) = sw_int {[vl ) s Met(Tidore) =0}
ollx=1

When E = X, we just say that the problem (13) is null-controllable and we denote Kg(T) = K(T).
In this framework, we shall use the following local controllability result for the bilinear control problem.

Theorem 2.3. If the problem (13) is null-controllable in any T > 0 and there exist some constants v,Ty >
0,7 > 1 such that

(14) K(r)<e’/7", Y0o<71<T.
then, the dynamics (12) is locally controllable to the j-st eigensolution of A in any time T > 0.

The proof of the theorem is postponed to the appendix B and it directly follows from the techniques developed
in [3]. Here, the authors ensure the same statement when we consider the parameter v = 1. However, the proof
of Theorem 2.3 does not really differ from such specific case, as explained in the appendix.

2.2 Null-controllability in filtered spaces using the moment method
Let T > 0 and A > 0. Recalling that we denote by
Ja i={k €N, A\ <A}, Ep :=span{¢y, k € Jp}.
We introduce a classical result of null-controllability on finite-dimensional spaces.
Proposition 2.4. Let A > 0 and j € N*. Assume that the operator B satisfies the following identities:
(Boj, dr)x #0, Vk e Jy.

If there exists (o4 ;)jes, C L2((0,T),R) such that

T
/ eAktUAJ(t)dt = 6j,k; Vi, k € Ja,
0

where §; 1 denotes the Kronecker symbol, then the problem (13) is null-controllable in Ex in any time T > 0
with control cost )
SUPre g, ||Jk”L2(O,T)

infkej/\ |<B¢]a ¢k>X |2

Kp, (T)* < (#J4)



Proof. By the Duhamel formula, the problem (13) is null-controllable in Ey and in a time T > 0, if there exists
a function vy € L?((0,T),R) such that, for any k € J,, the following identities are verified:

T
/ et)"“vA(t)dt = dy, Vk € Ja,
0
where dj, = —%. It is immediate that the function v, exists for every T' > 0 and it can be defined by
Pk
the linear combination
VA = Z deA,k~
keJa

The estimation on v, follows by writing

pkEJAH Ak||L (0,T) HH f”
infresy (B, dr)x |2 || AS0NX

SUDge g, l|o Ak||L2 0,T)

< FIN) Gt 8oy, gl P15

oallFe0m) < F#IA) Y ldelPlloarllFzom < (#)
keJa

We recall the following proposition from [14] that gives a construction of biorthogonal families.

Proposﬂ:lon 2.5. [14, Proposition 8.3] Let (vg)ken+ be a sequence of ordered non-negative real numbers such
that Zk o Vi —1. Assume that there exists M € N*, v > 0 and an ordered sequence of decreasing positive real
numbers (ak)keN* verifying, for every k € N*,

(15) VVk+M — VK 2 7,
VVk+1 — Uk 2 ag.

Then, there exists a sequence of functions (o )ren= which is biorthogonal to the family of exponentials (e**)ren-
in L*(0,T):

T
/ ak(t)e”ftdt:(ik,j, k,je N*.
0

Moreover, the biorthogonal family (o )ren Ssatisfies

2 2M - N
2 <oty —T1 “ Ttz B(T
||0k||L2(O,T) — + ak(ak+2m) € v ( 7/-)/)3
where
1 1 1
Il + 2,2 T S ~2
(16) B(T,7)=4"1 "7 i

2.3 The Lebeau-Robbiano-Miller method

In this section, we present the adaptation due to Miller [26] of the well-known Lebeau-Robbiano method to
prove the observability of the problem (13). First, we need to introduce the definition of partial observability,
which is an adaptation of [24, Proposition 7.7] to our case.

Proposition 2.6. Let E be a closed subspace of X. The null-controllability of the problem (13) in E at time
T > 0 with control cost Kg(T) is equivalent to the following observability estimate :

le ™ M g(llx < Ke(T)||{Bej, e Me)x|l20.m), V¢ € X.
Proof. Consider the bounded control operator, with U = R.

M: U —- X
v = vB¢;.

Then its adjoint is given by
M X — U
z +— (B¢, 2)x
The proof follows by a direct application of [24, Proposition 7.7]. O

10



We are finally ready to show how to use the Lebeau-Robbiano-Miller method to prove the null-controllability
of the problem (13) when partial observability inequalities are verified in suitable finite-dimensional subspaces
of X and the control cost satisfies specific inequalities.

Theorem 2.7. Assume that there exists Cy > 0 and a € (0,1) such that for any T € (0,1] and for any A > 0,
the problem (13) is null-controllable in Ex at time T > 0 with control cost

Co (Aa+T% ) '

KEA (T) S Coe

Then, there exists C1 > 0 such that for any T € (0,1), the problem (13) is null-controllable with control cost

51

K(T) < Cieri-a

Proof. Let 7 > 0 and 0 < Ty < T5 < 1 such that 7 =Ty — T;. Let € € (0,1) to be fixed below. We have, for
any ¢ € X, and any A > 0,

le24¢0% = le™ ™ Mg, % + lle” 41 — g, )¢ -
From Proposition 2.6, it follows
le™™4¢N% < Kpy(e7)?[{Boj, e M, O x |22 (1, —erimyy + €2 lle™ AU = T, )%
But, using the Cauchy-Schwarz inequality
1(B¢j, e~ Mpy O x| Ta(r,—ermy) < 2I1(Bj e A x 7201, 1y + 20{Bj, e AT = ey ) x 7201, —er )

< 2[(Bgj. e O x T2y 1) + 21 Beslx lle™ (I = TSl 2y —erimn). )
< 2|(Bj, e ) x T2 im, ) + 2e7e 2O B X lem AT — T, )¢ -

The above estimates yield the existence of C' > 0 such that, for any 7 > 0, 0 < T} < T» < 1 such that
=Ty —Ty,e€(0,1), A >0, and any ¢ € X,

A 1

(
le=™4¢)1% < Ce (e

o) CA*+—L—)
By e A x By + (Ce T BTy 2T o TG R

Now, we choose A = — and there exists C' > 0 independent on ¢, 7, and ¢ such that

i, e T e
e ™Al < Cem 7 (B¢ A0xlacr, my + (G 0™ e T pema T e AR

L O
Let f.(7) = C~le (n= We fix € € (0,1) sufficiently small so that the following approximate observability

holds : there exists C' > 0 such that, for any 7 € (0,1) and 0 < Ty < T satisfying 7 = Ty — T}, we have

_ _ T _
A% < 1B e A0 xRz, + (5 ) lle™ ¢
For any T € (0,1) and k € N*, we choose T, = T'/2% and Ty = T/2*+! with k € N, and we obtain

— k _ _ k1
F(T)29) e ACR < 1{Bos, e ) x T2 jarss mjony + Fo(T/25F ) [e™T/2 A%

Summing over k£ € N yields the following observability estimate

le™ 415 < f2HD)IBos, e 4O x 12201

Finally, it is sufficient to apply Proposition 2.6 to end the proof. O

3 Controllability with simple spectrum
The aim of this section is to prove the exact controllability to eigensolutions when the spectrum of the Dirichlet

Laplacian is simple. In detail, we provide the proofs of Main Theorem A and Main Theorem B, and their
corollaries.

11



Remark 3.1. Before moving on, we want to underline that the choice of p1 > 3/2 in Assumptions I is reasonable
for this problem. Indeed, when §Q is smooth, for every ¢ € H*(Q,R), we know

wor € HAQR) N HY(QLR) = {v € B2 ({0 0) 12) e € £},

for every 1 € N*. This last property and the Weyl’s asymptotics (3) imply the existence of C > 0 such that

C *
|<¢kaf¢l>L2| < W, Vk € N*.
k

The same argument leads to the choice of the parameter 5/2 in Assumptions IT and Assumptions III.

3.1 Some spectral properties and well-posedness

Let us study the spectral behaviour of the Laplacian operator on a two-dimensional 2. Thanks to the Weyl’s
asymptotics (3), we know that the eigenvalues of —A are such that A\;/k = O(1). This property implies the
existence of an increasing sequence (7 )ren+ C N* such that

(17) klean Moy, — A > 0.
Actually, we can ensure a stronger spectral result with the following proposition.
Proposition 3.2. There exists C > 0 such that the sequence
ng = |CVE|]+1, VkeN*,
verifies the following spectral gap condition
(18) Metng — M >V,  Vke N
Proof. Recalling (2) and (3), there exists C' > 0 such that /A < Cvk and

Nyivi = Nae < OVE+ G (VA + e+ VE) < (1 + G (C+VE231) )WE, - ke,

Notice that NAkJr\/E — N, is the number eigenvalues between A\, and A\ + Vk. Hence, if we want to obtain a

spectral gap larger or equal to vk, then we can take n, = [(C} + Co(C + v/C?2 +1))Vk| + 1 for every k € N*
to ensure the result. O

We apply now Proposition 3.2 to ensure the existence of a spectral gap for the square for the eigenvalues of
the Dirichlet Laplacian.

Proposition 3.3. There exists C > 0 such that the sequence
ny=|CVk|+1,  VkeN,

verifies the following spectral gap condition

(19) inf /Aegn, — VAk > 0.

keN~

Proof. Notice that thanks to (3), there exists C' > 0 such that v/Ay > Cvk and

)\k_;,_n — /\k )\k—i-n - )‘k
VNermn — N/ = C > Chime T2k gp e N
Frne P e + VR 2CVE T g

We consider Proposition 3.2. Thanks to the validity of (18), the result yields since

Vk
S s — YR ypent
F "= ookt OV

O
Before moving on with the theory leading to Main Theorem A, we provide the well-posedness result of

(BHE). It is a classical result that we rephrase in the next proposition (see for instance in [7]).

Proposition 3.4. Let T > 0, ¢ € N*, Q = (Q1, ...,Qq) € L*(,R?) and v = (v1,...,vy) € L*((0,T),R?). For
any Yo € L*(Q,R), there exists a unique mild solution ¢ € C°([0,T], L*(Q,R)) of (BHE) such that

t
W(t; 1o, u) = etBapy — / e(t_s)A@(s),Q)w(s;z/)o,v)ds, vVt e [0,T].

0
Moreover, there exists a constant C(T') > 0 such that supycpo 1) V(¢ %0, v)| L2 < C(T)][ol|Lz-

12



3.2 Proof of Main Theorem A and Corollary 1.1

This section aims to prove Main Theorem A by using the theory exposed in Section 2. We prove the local
controllability of the equation (BHE) to the eigensolution of —A from the null-controllability of a suitable
linear problem. The null-controllability is ensured in two steps as follows.

e We first prove the null-controllability on a finite-dimensional subspace (Section 2.2) and we establish
suitable bounds for the control cost by using the estimates from Proposition 2.5.

e Second, the null-controllability is proved on the whole L?(Q,R) thanks to the Lebau-Robbiano-Miller
method from Proposition 2.6 and Theorem 2.7 (Section 2.3).

Let us introduce the following linear problem in L?(Q,R)

20) {5/(@ — AL + 11 () Q1 = 0, te (0,7),

£(0) = &o.

The (mild) solution of (20) is denoted

t
E(t:60,0) = 260 + /0 =9y (10, yds.

Let A > 0. In this framework, Jj and E, introduced in Section 2.2 become
Ja={neN, A\, <A}, Ey :=span{¢,, n € Jp}.
We want to exploit the theory exposed in Section 2.1 and for this purpose we need to prove the following result.

Proposition 3.5. Let Q wverify Assumptions I and let o € (1/2,1). There exists C > 0 such that for any
T € (0,1] and for any A > 0, the problem (20) is null-controllable in Ex at time T > 0 with control cost

Kp, (T) < CeCA+7),

Proof. Assume A > A\; otherwise the statement of the theorem is empty. In our hypotheses, the operator —A
acting on X = L*(Q) with domain H?(2) N H} () falls into the scope of Section 2. We set sy = [CVA] +1
with C > 0 defined in Proposition 3.3. We introduce the sequence (vy)ren= C RT such that

Vg = Ak, VkEN*Z)\kSA,
v = Aexp(2k), Vk e N* : A\ > A.

Notice the existence of C' > 0 such that, when v1,, <A, there holds
Ve~ 2 A~ 2 O >0,
thanks to Proposition 3.3. In addition, when vi4s, > A, we have
VVitss — VVE > VAexp(k + sp) — VAexp(k + sp — 1) > VA
The two last inequalities imply

inf \/Vrts, — vk > 0.

keN*

Now, the definition of the sequence (vg)ren+ and Assumptions I yield the existence of C, py > 0 such that

—< C .
VVk+1 — VVk Z ;ﬁa, Vk € N*.
k

Then, we can use from Proposition 2.5 w.r.t to the sequence (v )gen~ and show the existence of oy 1, € L?(0,7)
satisfying

T
/ 6>\}LtUA’k(t)dt: ik ik € Ja,
0

and verifying the following estimate
SA 1
||‘7AJ€H%2(0,T) < C(ykpo) exp <C(V11/2 i T))

13



with a suitable C' > 0 independent on k£ € N*, A > 0 and 7' > 0. Now, we observe that

ypPosA < Apo(é\/x+1) - epo(é\/x+1)10g(A)'

For any § € (0,1/2), there exists C' > 0 independent on k € N*, A > 0 and T' > 0 such that

1
(21) loanl B0z < Cexp (C(AI/H ¥ T)) .

It is then sufficient to apply Proposition 2.4 along with (21) to obtain the sought controllability result. The
proof is concluded since, thanks to Assumptions I, the control cost is such that there exists Cq,Cy > 0 such

that
Crexp (C1(1+AY2+9 4+ 1))

1
: < Cyexp | C 1+A1/2+5+>.
1nfk€JA |<B¢ja¢k>L2‘ ? p( 2< T)

In the last inequality, we used #Jy = Ny = O(A) thanks to the Weyl asymptotic (1). O

K(T) <

Corollary 3.6. Let Q verify Assumptions I and let v > 1. There exists C > 0 such that for any T € (0, 1] the
problem (20) is null-controllable at time T > 0 with control cost

(&}

K(T) < CeTr.

Proof. Tt is sufficient to combine Theorem 2.7 with Proposition 3.5 and notice that when o = % +6,0<< %,
then & =1+ 1%;26' O]

11—«

We are finally ready to prove Main Theorem A and Corollary 1.1.

Proof of Main Theorem A. The exact controllability to the eigensolutions of (BHE) ensured by Main Theorem
A is proved by directly applying Corollary 3.6 along with Theorem 2.3. O

Proof of Corollary 1.1. The property follows from Main Theorem A and the linearity. Indeed, if we control
iwo to ®,(T1) in a time 77 thanks to Main Theorem A with a control vy, then

(T 4o, v1) = a®;(T1).

Afterwards, since the function Q2 = 1, for any 75 > 0, it is possible to define a constant control v = (0, us2)
with us € R such that log(a/5) — (Th + T2)A; — Toug = 0. We consider the control

v(-) = v1() Lo, (1) + v2(- = T0)1(my 7y 415 ()
and we ensure Corollary 1.5 by choosing T' = T} + T5 since

U(T590,v) = Y(To; P(Tr; %0, v1), v2) = e~ 2ATU2) 0 (Ty) = pelosle/Pe=(tT)r—Touz g = g

3.3 Proof of Main Theorem B and Corollary 1.3

The aim of this subsection is to prove the exact controllability to the eigensolutions in the specific case of the
rectangle, when Assumptions IT are verified. We just show that Assumptions IT implies Assumptions I and then,
Main Theorem B is an explicit application of Main Theorem A. Before entering into the details of the proof,
we provide an example of rectangle €2 and potential @) such that Assumption II are satisfied.

Remark 3.7. Consider the bilinear heat equation (BHE) on the rectangle @ = (0,1) x (0, v/2). Notice that the
number 273 is algebraic and irrational, which implies the validity of the first point of Assumptions II. Assume

now ) s
%y )
= 1 .

@ ( 2

We have the validity of the second point of Assumptions II since, for every m € N*, we have

2

(sin(kmz), 2 sin(mmx)) 20,1y = <sin <2%7ry), % sin (%Wy) >L2 (024) = m = O(k—lg)

The same type of results can be easily obtained with other polynomials. At each step, the integration by part
allows us to prove that the previous integrals always are asymptotically polynomially decreasing.
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We prove now the validity of a suitable spectral gap for the spectrum for the Dirichlet Laplacian in the
following lemma when Assumptions II are verified.

Lemma 3.8. Let us consider Q = (0,a) x (0,b) with a®/b® an algebraic irrational number. Then, for every
€ > 0, there exists C. > 0 such that

Ce .
\/)\k+1_\/gZW, Vk € N*.
3

Ak

Proof. First, Roth’s Theorem (see [29]) implies that, when z is an algebraic irrational number, we have that,
for every € > 0, there exists C, > 0 small enough such that

C

n *
We recall the definition of the sequences (Ix)ken<, (mk)ren C N* provided in (4). Now, a?/b? is an algebraic

irrational number and, for each € > 0, there exists C. > 0 such that
2 2 2 2 2 9 2 9 2 _ 2 2,02
‘(lkﬂﬂ Mg ™ ) _ (lkﬂ- mym )‘ _ WQ‘lk+1 li My T Mg
a? b2 a? b2 a? b2
20,2 2 2 2 2 20,2 2 2
m|my —mia | e — a ‘ 7 |mi; — migq|Ce = Ce
2 2 = o2 _ 02 |24 = 2 ylte-
a?lmg —mj 4| a? \

[Akt1 — Ak

’ l
2 _ )
a my—mi, b k+1

Finally, thanks to the Weyl asymptotics (3), there exists C' > 0 such that g1 < CAg and

Ak4+1 — Ak w2 C. 2 C.
VAep1 — Ve = > = > — . VkeN*
hH T et Vw T @\ T @ g o

k+1

We are now in position to discuss the proof of Main Theorem B.

Proof of Main Theorem B. Notice that thanks to Lemma 3.8, the first point of Assumptions II implies the first
point of Assumptions I. Second, we recall the Weyl asymptotics (3). Hence, we observe that from the definition
of the eigenfunctions in the rectangular framework, the second point of Assumptions II implies the second point
of Assumptions I. The proof then follows from the same approach leading to Main Theorem A. O

Proof of Corollary 1.8. The result follows from Main Theorem B as in Corollary 1.1 is due to Main Theorem
A.

O

4 Controllability with multiple spectrum on the square

This section aims to prove Main Theorem C by using the theory exposed in Section 2. First, we recall the
validity of Proposition 3.4 and, when Assumptions III are verified, we have the following additional explicit
formula for the mild solution of (BHE)

4 t
it ) = e TRy = 37 [T () Qs o, v)ds, Ve € 0.T)
1=2 70

Remark 4.1. We notice that the control potential
Q = ((sz - 1),£2y2, (3332 - 1)7 1)
verifies Assumptions I11. Indeed, the first point is obviously verified. After, for every distinct k,n € N*, we have

3 3
2m2k2 7 2m2n2
which implies the validity of the second point. The third point yields with p1 = po = 3 since, for every k # m,
4(-1)"rmE ( 1 )

(cos(2kmx), (322 — 1)) 2 = = (cos(2nmx), (3z% — 1)) 12,

2

(sin(kmz), 2 sin(mma)) 2 =

=0 —my Ol
2 2,2
(i), o sin(ona)) 2 = 209

The fourth condition is verified as (32> —1),2% € H'(0,1) and finally the last point follows from

2

(sin(kmx), (3z% — 1) sin(mnrz)) 2 = 3(sin(krz), 2% sin(mnz)) 2 — Okm,  Vk,m € N*.
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4.1 Spectral properties

We consider the operator —A + uQ; defined on H?(Q) N H () with Q = (0,1) x (0,1) when Q verifies
Assumptions IIT and in particular when @1 is constant w.r.t. the second coordinate, i.e.

Q1(7,y) = Q1(z).

We assume u € R being sufficiently small so that u@; plays the role of perturbation of the Dirichlet Laplacian.
We start by clarifying the notation adopted in the introduction.

e We recall that we respectively denote the eigenvalues of —A +u@Q; and a Hilbert basis of L?(2) made by
eigenfunctions:

(Al ), men~ and (D1 m ) kN

e Thanks to Assumptions III, @ (z,y) = Q1(x) is constant w.r.t. the second coordinate and

Mim = 1+ Hp O (@,y) = [ (@) (),
where (uf, f*)xen+ are the eigenpairs of the operator A* = —92 + uQ; defined in

e Clearly, when u = 0, the operator A° is the one-dimensional Dirichlet Laplacian and
ﬂ'g = k'27'('2, flg() = \/iSiH(k‘?T-),

which implies
lm = i +mPn?, B (,y) = f'(2)V2sin(mmy).

e We introduce the eigenpairs (A0, {,,) of the operator —A without ambiguity as follows

l,meN*

/\2m = %1% 4+ m?n?, B (7, y) = 2sin(lmz) sin(mmy).

e To distinguish the ordering of the eigenvalues, we denote the ordered eigenvalues of —A + uQy:
Ak
and we notice that there exists (Ix)rens, (Mk)ren> € N* such that

AU — \¥

k= Mg,myg

0
e The asymptotic Weyl’s law yields limg_, 1o %" = O(1). Such asymptotics can also be extended to the
perturbed eigenvalues so that limg_, oo % = O(1) (see Proposition 4.3)

4.2 Perturbation theory

We now some spectral properties of the operator —A + u@; when u € R is sufficiently small and @, is a
perturbation of the Dirichlet Laplacian.

Proposition 4.2. Let Q verify Assumptions III. For every u > 0, we have

(23) pl = k2
where
(24) TE = u/o {( £U)2’Q1(gg)>mdt = u/o cos(2kmz)Qq (x)dx + O(|u|)0(%),

In addition, the following map is real analytic
u€eR— (,U,z)ng* S {(ak)keN* CR: a, = k2m? + b, (bk)kEN* S 62}.

Finally, each map u € R— fi* = /2sin(kn-) + O(|u|)O(%) € L*((0,1),R) is analytic.
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Proof of 4.2. The result follows from [27]. Indeed, the characterization of the eigenvalues pj follows from [27,
Theorem 2.4 and Theorem 3.1] (and their proofs; see [27, relation (3)] for the first identity in (24)). The formula
of the corresponding eigenfunctions and the analyticity are due to [27, Theorem 2.3 & Theorem 2.4]. O

Proposition 4.3. Let Q verify Assumptions III. For u > 0 sufficiently small, there exist Cy,Cy > 0 such that

Cipy < pp < Copy, VEk € N*.
Moreover, we have
min{Cy, 1}A) < \¥ < max{Cy, 1})\?, Vk € N*.
Proof. The inequalities are a direct consequence of (23) and Proposition 4.2. O

Now, we show that it is possible to perturb the spectrum of the Dirichlet Laplacian in order to have simple
eigenvalues verifying the weak spectral gap introduced in the first point Assumptions I. We also recall that
thanks to Proposition 3.3, for a suitable increasing sequence composed by numbers n; = O(+/j), we have

i /N0 _ . /)o
jlenl\f* Afin, Aj > 0.

We want to prove that such a property is also verified for the perturbed eigenvalues when w is sufficiently small.

Proposition 4.4. Let Q verify Assumptions III. For every € > 0, there exists a countable subset V of R and
R > 0 such that, for any u € [—R, R]\ 'V, the following properties are verified.

1. There exist C,p > 0 such that

C
> —, jeN~.
]p

jgn’\f* \/ A, — /AT >0
2. We have
H¢}é,j - ¢2,j||L2 <€
Proof. We refer to Appendix A for the proof of Proposition 4.4. O

Proposition 4.5. Let @ satisfy Assumptions III and j € N*. There exist R,C > 0 such that, for any
u € [—R, R], we have
. C
|< ’Z?’Q%fju>L2| 2 ﬁ’

Proof. We refer to Appendix A for the proof of Proposition 4.5. O

Vk € N*.

4.3 Proof of Main Theorem C: first step

We are finally ready to use the techniques leading to Main Theorem A to prove Main Theorem C. The first step
is the local controllability of equation (BHE) to the eigensolution of —A + w7 in a time 77 which is

O (T1) = e Nim g = o= (i Hm*T)T pu(1)/2 sin(miry)

where (f, u%) is the i—th eigenpair of the operator A* = —9?2 4+ uQ; with domain D(A%*) = H?N H((0,1),R).
The result is proved as in Main Theorem A when u is small and Assumptions III are verified. In details, the
result is ensured by proving the null-controllability of the following linear problem in L?(£2, R)

€(8) + (=D +uQuE(t) + Xjp vk() Q. = 0, te (0,7),
£(0) = -
The (mild) solution of (13) is denoted

(25)

4 t
E(t; €0,v) = e~ H—ATHAIg 13 / e ARy (1)Q, d.
k=270

We remind the existence of two sequences (1,,)nen+, (M )nen+ C N* such that each eigenvalue
An = AL, corresponds to the eigenfunction B m, -

Let A > 0, Jp and Ej (introduced in Section 2.2) such that
Jr={neN, Ay <A}, Ep :=span{¢} ,, , n € Jp}.

We want to exploit the theory exposed in Section 2.1 and for this purpose we need to prove the following result.
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Proposition 4.6. Let Q verify Assumptions III and let o > 1/2. For every l,m € N*, there exist R > 0 small
and a countable subset V' of R such that for any u € [—R, R|\ 'V, there exists C > 0 such that for any T € (0,1]
and for any A > 0, the problem (25) is null-controllable in Ex at time T > 0 with control cost

Kp, (T) < CeCM" 7).

Proof. The result is ensured as Proposition 3.5 by considering the validity of Proposition 4.3, Proposition 4.4
and Proposition 4.5. O

Corollary 4.7. Let Q verify Assumptions III and let v > 1. For every l,m € N*, there exist R > 0 small and
a countable subset V of R such that for any u € [-R, R]\ 'V, there exists C' > 0 such that for any T € (0,1] the
problem (25) is null-controllable at time T > 0 with control cost

K(T) < Ce™ .

Proof. As in the proof of Corollary 3.6, we combine Theorem 2.7 with Proposition 4.6 when a = %—&-(5, 0<d< %,
o )
and then %= =1+ =55. O
We are finally ready to prove the local controllability of (BHE) to the eigensolutions of (—A + u@1).

Proposition 4.8. Let Q verify Assumptions III. For every l,m € N*, there exist R > 0 small and a countable
subset V' of R such that, for any u € [-R, R]\ 'V, the following result is verified. For any T > 0, there exists
§ > 0 such that, for any 1y € L*(Q,R) with

o = ¢lmllLz <6,
there exists vy € L?((0,T),R) such that 1(T; o, v), the solution of (BHE) with control v = (u,vs,0,0), verifies
V(T b0, v) = @7, (T).

Proof. The result is direct consequence of Propositions 2.3 and Corollary 4.7. O

4.4 Proof of Main Theorem C: second step

The second step of the proof of Main Theorem C is the following. Consider the problem (BHE) with control
v = (0,0,v3,0) and initial state ¥o(z,y) = ¢ (x)¥3(y). Thanks to the separation of variables, the solution ¢ of
(BHE) can be decomposed as

Uit y) = ¢t 2)? (8 y),

where 1! and 1?2 are respectively the solutions of the uncoupled equations

3#/)1@»96) - 8§1p1(t,x) + US(t)QS(x)wl(ta$) = 07 te (O7T)7 T e (07 1)7
(26) PH(t,0) = ¥'(t,1) =0, t€(0,7),
P(0) = 1,
O (t,y) — 00 (t,y) =0, te(0,7), ye(0,1),
(27) ¥3(t,0) = 9*(t,1) =0, te(0,7),
$*(0) = 95

Notice that (26) is just a one-dimensional heat equation in the presence of a bilinear control, while the second
is a free dynamics. Before proceeding with the proof of Main Theorem C, we need to recall the following local
controllability result for the problem (26) ensured in [3] (see [3, Section 5.1]).

Proposition 4.9 ([3]). Let Qs(x) be such that, for fized j € N*, there exist C > 0 and p > 5/2 such that
. o c x
|(sin(k7z), Qs 81n(j7m)>L2(0’1)| > L Vk € N*.

The problem (26) is locally controllable to the j-th eigensolution of the one-dimensional Dirichlet Laplacian —0>
in any time T > 0. In other words, there exists § > 0 such that, for any 1§ € L*((0,1),R) with

b6 — V2sin(jmy)| 2 <6,

there exists a control vs € L?>((0,T),R) such that ¥ (T; 1§, v3), the solution of (26), verifies

Y (Tph,vs) = eI sin(jmy).
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We finally have all the ingredients to conclude the proof of Main Theorem C.

Proof of Main Theorem C. We prove the statement when [,m = 1 but the general case can be proved equiv-
alently. Let B be the neighbourhood of v/2sin(mz) ensured by Proposition 4.9 and V' the countable set from

Proposition 4.8. For every t > 0, we know
By —— T,

V2sin(mz),

(g2 " |u|—0
e~ )tf1 (z)

thanks to Proposition 4.2 and Proposition 4.4. Let T1 = T = % We consider R > 0 sufficiently small so that

Proposition 4.8 is satisfied and at the same time e~ =) % f(z) belongs to B for u € [~R, R]\ V. Proposition
4.8 yields the existence of § such that, for any 1; € L*(Q,R) with

ll4: — ¢511L_,1HL2 <0,
there exists a control vy € L?((0,Ty),R) such that, for w; = (u,vs,0,0), we have
Y(Ty; i, wr) = 7 1 (T1)

Now, we observe that

(1) = e N @)V 2sin(ry) = 77 P TN f(a)e T 2 sin(my).
The local controllability of (26) from Proposition 4.9 yields the existence of v3 € L?((0,7%),R) such that

D (Ty; e~ (i =Ty fi(x),vs) = e*”2T2\/§sin(7mc)
and the linearity yields
W Ty T (), va) = e Tt (T e U £ (), 0g)
= e_”lee_”2T2\/§sin(7m) = e‘”z(TﬁT?)\/isin(wx).

At the same time, 12(Th;e~™ T1y/2sin(my)), the solution of (27) with initial state e=™ 72 /2sin(y), satisfies

P (Ty; e ™I V2sin(my)) = e 2o T V2sin(my) = e~ (Ti4T2) V2sin(my).

Hence, t(T; ®Y 1, ws), the solution of (BHE) with initial state ®}, = e~ #I"" f#*(2)y/2sin(my) and control
wy = (0,0, v3,0), verifies

(To; @Y 1, wo) = P (To; e M1 fi(2), v3) 9% (To; e ™ T1y/2sin(my)) = 2¢™ T2 sin () sin(ry).

Finally, the proof is ensured with
w = w1 (-)10,1/2) +wa(- = T/2)Lp)2,1) = (u(')l[O,T/2]7'U2(')1[O,T/2]7U3(' - T/Q)l[T/zT],O),

which verifies (T3 1;, w) = 9 (To; Y(Ty; s, w1), w2) = Y(Ty; B 4, w2) = 2e~™ T sin(mz) sin(my). 0

Remark 4.10. Notice that Main Theorem C ensures the exact controllability with 3 controls, but it is actually
possible to obtain the result with only 2 of them. Indeed, its proof shows that ui vanishes in the second part of
the dynamics, while ug vanishes in the first one. Hence, the result can be proved with 2 controls when Q1 also
plays the role of the potential Q3, i.e. Q1 satisfies the fifth point of Assumptions III. An example of control
potential Q verifying Assumptions III is Q = ((3z? — 1), 2%y?, (322 — 1),1) (see Remark 4.1), nevertheless the
same controllability can be ensured also with the potential Q = ((32% — 1), 22y2,0,1).

Proof of Corollary 1.5. The property follows from Main Theorem C exactly as Corollary 1.1 from Main Theorem
A. O
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A Some perturbation theory proofs

This appendix introduces all the technical proofs of the perturbation theory results stated in Section 4.2. We
recall the operator A" = —92 +uQ; defined in D(A") := H?((0,1),R) N H((0,1),R). For every 0 < s < 22—+ |
we introduce the spaces D(|A"|2) equipped with the norm |||A|% - HL2(0 )+ Notice that D(|A%|2) = D(|A]2),
however, we need to ensure the equivalence of the two corresponding norms.

Proposition A.1. Let Q verify Assumptions III and 0 < s < p; — 2. There exist R,Cy,Cy > 0 such that, for
every u € [—R, R|, we have

A [ <187 <A ],
L2(0,1) L2(0,1) L2(0,1)
Proof. We start by proving the existence of C' > 0 such that H| — 92 +uQq|? - ’ o) < C’H| AR ’ o)
0,1 0,1
When s = 0, the statement is trivial. If s = 2, then
SRCIN B BN R N (RN
[1=a2 +u@ul-|| o < =22 oy 1 1@l ||| <CNI=220
In general, as soon as s € 2N*, we have the existence of C7,Cy > 0 such that
2y S g O
[i-azru@uir-| <) (@il o) |- 220 ||, <= 220 L,

Notice that in the last relation, we used the regularity hypothesis on ()7 ensured by Assumptions III. Indeed,
the fourth point of Assumptions III yields that @Q; € H*((0,1),R) and the operator 1) € D(| —02|2) — Q1% €
D(| — 02]%) since @, € D(| — 92|"="). Classical interpolation arguments (see for instance the proof of [13,

Lemma 1]) imply the validity of the relation also for s ¢ 2N* and there exists C3 > 0 such that

[I-22+uau |

<Gfi-at |

L2(0,1 L£2(0,1)
The opposite inequality follows by using the same strategy with the decomposition —92 = (—92+uQ1)—uQ;. O
We are finally ready to provide the proof of Proposition 4.4.

Proof of Proposition 4.4. Point 1. We consider (r)gen~ such that u¥ = k*r% + 7 introduced by Proposition
4.2. The map
1 u
ueR— ' —ry = U/ (U2 = ()2, Qi) .t = / ()2 = ()%, Qu(x)).dt €R
0 0

is an analytic function for every I,n € N* and its derivative is w.r.t. u is

glu,n = <(flu)2 - (.f#)Qa Ql(x)>L2'
Since (f)?—(f2)? = sin®(Irz) —sin®(nwz) = % (cos(2nmz) — cos(2lmz)), the first point of Assumption I1I yields

9im #0, Vi,n € N*, [ # n.

Now, we notice that g;, is also the derivative of the analytic map v € R —— A}’ — A% which is then non-constant
for every [,n € N*. Its zeros form a discrete subset V; ,, of R and V' := Ul,neN* Vi,n is countable. Thus, for every
u ¢ V, the spectrum is simple. Thanks to (24), we know r}* = O(Ju|)O(1/k) and, for any v € [—R, R] with
sufficiently small R, we have |r}'| < ”72 for every | € N*. This last identity and Proposition 3.2 implies that

X, =M =0(/j), VjeN

The same approach adopted in the proof of Proposition 3.3 leads to the property

it N, = A >0

Now, we refer to the theory developed in [20] where the authors show that the distance between the eigenvalues
of different self-adjoint Laplacian operators is at most polynomially decreasing when it is different from 0 (see
for instance [20, Section 4]). Such results and the simplicity of the perturbed spectrum show the existence of
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p € N*, depending only on the perturbation uQ1, such that |rj* — 1}’ ;| = O(1/I?) for every I € N*. Proposition

4.3 and (3) yield
N = N = — i = O(f,,) = O((}))'

V)

The first point of the proposition follows, since |1 /AT — A /)\ﬂ = O(Vﬂ_/\?).

VA
Point 2. Notice now that ¢ (z,y) = f}' (x)v/2sin(ry). The second statement follows from the analyticity of
the map u € R — f# € L?((0,1),R) ensured by Proposition 4.2. O

Finally, we want to prove Proposition 4.5, but some intermediate results are required. Notice that the
following part of the appendix rephrases the theory presented in [17, Appendix B] but we develop it anyway for
the sake of completeness.

Lemma A.2. Let Q satisfy Assumptions III and IIi- be the projector onto the orthogonal space of f2. There
exists R > 0 such that, for every u € [—R, R], the operator

(=02 + ully; Q1 — pj)

is invertible with bounded inverse from I D(A®) to II;E L*((0,1),R) for every k € N*. In addition, there exists
a family of uniformly bounded operators Oy, in L(IIEL*((0,1),R), I L?((0,1),R))) such that

(=02 +uolly Q1 — )M ) ™h := (=07 — w)IT ) ™' O

Pl P1

The operators Oy, are also uniformly bounded in L(I1i D(|A°| - ), I D(|A°] - )) with py defined in Assump-
tions II1. Finally, there exists C' > 0 such that

C
— N*.
= vk €

(=02 + uolly Q1 — i) M)l 12y <

Proof. Let us consider R > 0 sufficiently small so that [u¥ — u?| < 72 for every k € N* thanks to the analyticity

of the spectrum stated by Proposition 4.2. The operator —92 — u¥ is invertible with bounded inverse when it

acts on I;-L?((0,1),R) and u is sufficiently small. If R < 72/[Q1/|1(12), then

1 U
. i L < | |||Q1L|L(L2) <1
mln{|ﬂk+1 — wils g _Uk71|} ™

I = Il Qu (=02 — i) ) ™Ml g 12y < Jull@ullzcz

Then, the corresponding Neumann series converges and the linear bounded operator

oo

O = 37 (—ullEQu((=92 — w)I) )" = (Id + ullEQu (—02 — ) TE) ™) ™!

n=0
is well-defined. This property implies that (—92 + uOH,le — ,u}é)HkL, is invertible, since
(=02 + uolly Qv — wi)j) ™ = (=05 — pi) i)~ Ok
Notice that the multiplication operator w.r.t. Il @1, not only belongs to the space

Pl —

L(IEL((0,1),R), T L3((0,1),R)),  but also to  L(ITED(JAY ™=, T1} D(|A°|

p1—2

=)

This property is due to the regularity hypothesis on @)y stated by the fourth point of Assumptions IIT and, then,
the family of operators (O );en~ is uniformly bounded in such spaces. Finally, there exists C' > 0 such that

1((=03 + uolliy @1 — i) e £2y < (=05 = i) T) ™ e 22) | Okl z2)
0kl L(L2) < &
= min {[pd, —ppl e — )0} Tk

O

Lemma A.3. Let (B))ien+ be a family of uniformly bounded operators in L(D(]|A°
Let j € N*. There exists C > 0 such that

$,D(|A%3)) with s > 0.

C C .
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Proof. Let us prove the result when j = 1. The general case equivalently follows. The two inequalities follow
from the existence of C' > 0 such that, for every k € N*,

sup [6°(f9, Buf?) ol < sup S (e (15 Buff) el < sup | B, s < C.
1eN* leN =N leEN*

The last relation implies sup;cy- |(ff, Bif?) 2| < = for every k € N* which yields the result. O
For every u € R, we decompose the perturbed eigenfunction of the operator A* as follows
fi = anfi +m.
defined with II;- f& = n;, and ax some normalizing constant for every k € N*.
Lemma A.4. Let Q satisfy Assumptions III. There exists R > 0 such that, for every u € [—R, R, we have
k= —ag (=03 + ully @ — pi) Ty )~ ully Q1 ff

and there exists C > 0 such that

C
Imellzs < =l
Finally, the coefficients aj, are such that supycn- |ak| 220,

Proof. By definition, we know that p¥ i = (=02 + uQ1)(ar f2 + n,) and

apil fr + i, = —ard2 f) — 0k + arpuQ fr + uQqny.

By projecting onto the orthogonal space of f,g, we obtain

pine = —02mk + arully Q1 fY + ully Qi

Now, Lemma A.2 ensures that (=92 + ull; Q1 — p¥)II; is invertible with bounded inverse and
(28) M = —uag (=07 + ulli Qu — p)TI) I Qu -

Clearly, the coefficients aj, are uniformly bounded and the existence of there exists C' > 0 such that
C
Imellze < Jul

follows from Proposition A.2. Finally, this property ensures that sup;cy-
We are finally ready to prove Proposition 4.5.

Proof of Proposition 4.5. Let us prove the result when 7 = 1. The general case is proved equivalently. Let us
start by using the third point of Assumptions III in the following decomposition:

[(fits Qafi'h e = Waw fR + s Qa(ar f1 +m)) 2

(29) apa
>C ]:pll — |ar(fy, Qam) e + ay(me, Qf) 12 + (N, Q3m) 2]
We want to prove
1
o (F2 Qbm) s + ax iy Q5FF) 12 + (e, Qb1 | = O (57 ) Ow).

To this purpose, we start by studying
<f2w Q%’?1>L2

for every | # m. We use Lemma A.3 and Lemma A .4 as follows

(Fnn Q)2 = —(frns Qoar(=0F + ulliQu = pi )G~ ully Q1 f7) 2
(30) = —au(ll; Qz fn, (=07 — p )T ) " Ol Q1 ) 12
—aru{((=0; — p ) ) " Q3 fn, O Q1 fY) 12
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Now, we notice that

(=02 = I T Qs fo, = Q5 ((—02 — wi)IH) ™ fo, — [Q3, (02 — pi) I~ £,
I Q3 ((—02 — pi)IIF) 1 £2,
(31) <<—82 i )Hl) I Q3,02 (02 — i) IH) L £,

1
= o (I Qb+ (=08 — ) 1[4, 03] ) 5
m l

Let us denote M, the uniformly bounded operators in L(D(|A0|plTiz), D(|A0|p12;2)) such that
My = (11FQ4 + (=02 — )T ) 11 (@4, —02] )
By using together (30) and (31), we obtain

<f791?Q%77l>L2 = 7< lfv?wfl)
'

By )), and then

where T} := (O,IT+Q;)* M, are uniformly bounded operators in L(D(|A°|"="), D(|A°

au
<fIE:)7Q%771>L2 = —ﬁ(ﬂf&f{)m,
(32) My — H1
apl *
s Qa17) 12 = (Qimes )12 = — g (TR e
1 k

Now, we can prove with the same strategy the existence of suitable uniformly bounded operators Ty in
—2 pp—2
L(D(]A°|™77), D(JA°) ™=7)) such that the following identity is verified

apaiu®
0 2
My — H

(33) (e, Qo) 12 = — (Tefe, ) 12

We recall that, thanks to Proposition 4.3, we have u¥ ~ u$ = 72k%. We finally use together (32) and (33) in
(29). Thanks to Assumptions I, there exists C; > 0 such that

C C .
Qb e > Ul o 0 10y e+ (T 7 £ e + (Tl 19 e

ke k2

Finally, Lemma A.4 allows us to consider R > 0 sufficiently small so that sup;cn- |a;| is close to 1 and Lemma

A.3 yields the existence of Cs, C3 > 0 such that
Capaq lu] 1 N Cs

kp1 _CQE kpi—2 = fp1’

[(fi, Qi) 2| =

B Proof of the local bilinear controllability

The aim of this appendix is to ensure Theorem 2.3. However, before proceeding with the proof of the theorem,
we need some intermediate results. We also recall the notation introduced in Section 2.

B.1 A preliminary lemma

Let us first introduce some notation. We set Ty = min(7, %2, 7rFQTO)7 and T} = %Tf < 1. We then introduce a
partition of the time interval [0,7], given by 70 = 0 and 7, := >_;_, T, n € N*, where T}, := k~2Ty, k € N.
Note that lim, 4o 7, = T¢. Let n € N and v, € L?(7p_1,7n). We denote by n(-;n_1,Tn_1,v,) the unique
solution of

(34)

' (t) + An(t) +vn () B(n(t) + ¢5) =0, t € (Tn_1,Tn),
U(Tn—l) = Tn—-1,

with 1, = n(7n; Mn-1,Tn—1, Vs ). We shall also denote by &(; 9,—1,Tn—1, v, ) the unique solution of

) €0+ AL + 0B =0, 1€ (runm),
g(Tn—l) =TMn—1-
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We may remark that ¢ := n(-;70,0,v1) — &(+; 10,0, v1) satisfies

(36) {c'u) + AC(t) + va (1) Bn(t) = 0, L€ (T, Ta),

¢(0) = 0.
Moreover, if as vy, is a null-control for the linear system (35), then ((7,,) = 9(70; -1, Tn—1, Un)-

Finally, we set I'g > 0 sufficiently large so that the following inequality is satisfied

(37) K(T) + N(T) < e™¥,
where N(T)? := || B||2K (T)2e4oHIBIFDT+2IBIVT (1 4 || B|| K (T)?). We prove the following lemma.

—_aXo
Lemma B.1. There exists a > 1 such that for any no € X satisfying ||nol|x < e oy , for any n € N*, there
exists v, € L?(1,_1,7n) such that

1 lvnllz2(ry gm0y < K () l0n-1llx
2. S(Tn;nn—th—lavn) =0

3. 1073 =15 T—1,v0) [ < TGy N(T3) [ Imol % -

Proof. The two first items comes from the null controllability of the linear system, on the time interval (7,,—1, 7,)
of length T,,, n € N*. Let us prove the third item by induction. Assume first n = 1. We moreover have by
hypothesis

T
6(1706)%

—alo
K(Ty)||nol| € K(Th)e ™ < <1,

assuming o > 1. We then may apply [3, Proposition 2.4] for system (36) to obtain

[In(ri5m0,0,v)llx = [1C(T)l[x < N(T1)llnol %

Now assume that the three items holds for any k € {1,...,n—1}. Then, by the null-controllability of the linear
system, there exists v, € L?(7,,_1,T,) such that &(7;7n_1,Tn_1,vn) = 0, with estimate

an||L2(7-n—l7Tn) < K(Tn)Hn(Tn—l; Nn—2,Tn—2, 'Un—l)HX'
Moreover, by induction hypothesis,

2n—1—k

Lo Lo . _ n—1
E(To)l[na-1ll < e [[im-]] < e IEZ]N(Ty) 705

To o= _1_ ne1
< exp TT”ZT SRR InollX
=k

Y0

Cale
Yet assuming ||no||x <e ™', we deduce

IO
o

K(To)l[n-1|l < exp (

<Z o= (1+k) .2y _ a)) <1,
k=1 2

for a > Z;’i 2~ (R E27 As a result, applying [3, Proposition 2.4] for system (36), we obtain
||77(7-n§ Mn—1,Tn—1, Un)HX < N<Tn)”77nfl||A2X

Using the induction hypothesis, we deduce

n—k n
\|77(Tn;77n—1, Tnflvvn)HX < HZ:IN(TIC)Q ‘|n0||§( )

and this ends the proof. O
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B.2 Proof of Theorem 2.3
We are now ready to proceed to the proof of Theorem 2.3. Recalling (12):

/() + Ap(t) + v(t)Bo(t) =0, t>0,
(38) { o) —peex,

for some control v € LQ(O,Tf). We first assume that j = 1 and A\; = 0. Note that in this case, ¢1 = ®;. We
take v(t) := ;:2% 1 o (D)or(t), where vy, € L?(71,_1,7) is given by Lemma B.1 with 19 = (. Hence, the
difference n := ¢ — ¢1 between the solution and the target satisfies (34). Note that for any n € N,, t € [Th—1, T,
n(t) = N, (t). From Lemma B.1, we deduce for any n € N,

(39) llo(n) — d1llx < Tp_yN(Te)* " |lo — é1ll% -

Yet, by (37), for any n € N*

n—j F02n " _ 71_21'\02n
N(Tj)2 < exp < T;{ ZQ k) < exp ( 6T1’Y > .
k=1

Assuming ||¢o — ¢1]|x < exp (—a;—%), we deduce from (39),

6o\ m2Ty2"
() = anllx < exo (1 95) T ).
6

by choosing o > —, and letting n to infinity, we obtain ¢(7'y) = 0. This ends the proof in the case A; = 0.

Now assume j = 1 and \; # 0. Then, ®;(t) = e M ¢;. Let us define z(t) := e (t) and it satisfies

(40) { 2'(t) + A1z(t) +v(t)Bz(t) =0, t >0,

2(0) = ¢p € X,

where A} = A — 1. Tts first eigenpair is given by (A1, ¢1) = (0, ¢1). We now see immediately (see [2, Lemma
4.1], [3, Proof of Theorem 1.2]) that the operator A; satisfies all the requested properties to use the above
arguments to prove that there exists Ty > 0 such that for any T € (0, Tp], there exists Ry > 0 and v € L?(0,T)
such that 2(T") = ¢1. This implies

0= [[2(T) = dullx = [le”™™2(T) = e7 "™ ¢1]|x = |o(T) — 1(T)]|x-

Finally, when j > 1, we can proceed as above by considering z(t) := e ¢(t) and A; = A — \;I. The same
arguments previously adopted end the proof.

References

[1] F. Alabau-Boussouira, P. Cannarsa and C. Urbani. Bilinear control of evolution equations with unbounded
lower order terms. Application to the Fokker-Planck equation. Comptes Rendus Mathématiques, 362:511—
545, 2023.

[2] F. Alabau-Boussouira, P. Cannarsa and C. Urbani. Superexponential stabilizability of evolution equations
of parabolic type via bilinear control. Journal of Evolution Equations, 20(1):941-967, 2020.

[3] F. Alabau-Boussouira, P. Cannarsa, and C. Urbani. Exact controllability to eigensolutions for evolution
equations of parabolic type via bilinear control. Nonlinear Differ. Equ. Appl., 29(4):38, 2022.

[4] D. Allonsius, F. Boyer and M. Morancey. Analysis of the null controllability of degenerate parabolic systems
of Grushin type via the moments method. J. Evol. Equ., 21:4799-4843, 2021.

[5] F. Ammar Khodja, A. Benabdallah, M. GonzA]lez—BurgOS, M. Morancey and L. de Teresa. New results on
biorthogonal families in cylindrical domains and controllability consequences. preprint arXiv:2406.05104.

[6] F. Ammar Khodja, A. Benabdallah, M. Gonzélez-Burgos and L. de Teresa. Minimal time for the null
controllability of parabolic systems: the effect of the condensation index of complex sequences. J. Funct.
Anal., 267(7):2077-2151, 2014.

25



[7]

J.M. Ball, J. Marsden and E M. Slemrod. Controllability for distributed bilinear systems. SIAM Journal
on Control and Optimization, 20(4):575-597, 1982.

K. Beauchard. Local controllability of a 1-D Schrédinger equation. J. Math. Pures Appl. (9), 84(7):851-956,
2005.

K. Beauchard and C. Laurent. Local controllability of 1D linear and nonlinear Schrodinger equations with
bilinear control. J. Math. Pures Appl. (9), 94(5):520-554, 2010.

A. Benabdallah, F. Boyer, M. Gonzalez-Burgos and G. Olive. Sharp estimates of the one-dimensional
boundary control cost for parabolic systems and application to the N -dimensional boundary null control-
lability in cylindrical domains. SIAM J. Control Optim., 52(5):2970-3001, 2014.

A. Benabdallah, F. Boyer and M. Morancey. A block moment method to handle spectral condensation
phenomenon in parabolic control problems. Annales Henri Lebesgue, 3:717-793, 2020.

M. Gonzalez-Burgos and L. Ouaili. Sharp estimates for biorthogonal families to exponential functions asso-
ciated to complex sequences without gap conditions. Fvolution Equations and Control Theory, 13(1):215—
279, 2024.

N. Boussaid, M. Caponigro and T. Chambrion. Weakly coupled systems in quantum control. IEEFE Trans.
Automat. Control, 58(9):2205-2216, 2013.

P. Cannarsa, A. Duca and C. Urbani. Exact controllability to eigensolutions of the bilinear heat equation
on compact networks. Discrete Contin. Dyn. Syst. — S, 15(6): 1377-1401, 2022.

P. Cannarsa and C. Urbani. Superexponential stabilizability of degenerate parabolic equations via bi-
linear control. Inverse Problems and Related Topic. ICIP2 2018. Springer Proceedings in Mathematics &
Statistics, Vol 310. Springer, Singapore., 31-45, 2020.

R. Courant and D. Hilbert. Methods of Mathematical Physics. Wiley, New York, Vol. 1, 1943.

A. Duca. Simultaneous global exact controllability in projection of infinite 1D bilinear Schrédinger equa-
tions. Dynamics of Partial Differential Equations, 17(3):275-306, 2020.

H.O. Fattorini and D. L. Russell. Exact controllability theorems for linear parabolic equations in one space
dimension. Arch. Rational Mech. Anal., 43:272-292, 1971.

H.O. Fattorini and D. L. Russell. Uniform bounds on biorthogonal functions for real exponentials with an
application to the control theory of parabolic equations. Quarterly of Applied Mathematics, 32(1):45-69,
1974.

H. Hochstadt. Asymptotic estimates for the Sturm-Liouville spectrum Sturm-Louville spectrum. Commaun.
Pure Appl. Math., 14:749-764, 1961.

L. Hérmander. The Analysis of Linear Partial Differential Operators IV. Springer, Berlin, 2009.

AY. Khapalov. Controllability of Partial Differential Equations Governed by Multiplicative Controls.
Springer, Berlin, 2010.

T. Kato. Perturbation theory for linear operators. Springer-Verlag, 1995.

J. Le Rousseau, G. Lebeau and L. Robbiano. Elliptic Carleman estimates and Applications to Stabiliza-
tion and Controllability. Vol. I, Dirichlet Boundary Conditions on Euclidean Space. Progress in Nonlinear
Differential Equations and their Applications 97, 2022.

G. Lebeau and L. Robbiano. Controle exact de 1’équation de la chaleur. Séminaire Equations aux dérivées
partielles (Polytechnique) dit aussi ”Séminaire Goulaouic-Schwartz” (1994-1995), Exposé no. 7, 11 p.

L. Miller. Une stratégie directe de Lebeau-Robbiano pour 1’observabilité des semigroupes de type chaleur.
Systémes dynamiques discrets et continus - Série B, 14(4):1465-1485, 2010.

J. Poschel, E. Trubowitz. Inverse Spectral Theory (Pure and Applied Mathematics). Academic Press, 1987.

R. Buffe, K. D. Phung and A. Slimani. An optimal spectral inequality for degenerate operators. Preprint
hal-04219477.

K. F. Roth. Rational approximations to algebraic numbers. Mathematika, 2(1): 1-20, 1955.

Y. Safarov and D. Vassiliev. The Asymptotic Distribution of Eigenvalues of Partial Differential Operators.
Providence, R.I. : American Mathematical Society, 1997.

26



