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Abstract

Control of mixed-autonomy traffic where Human-driven Vehicles (HVs) and Autonomous Vehicles (AVs) coexist on the road
has gained increasing attention over the recent decades. This paper addresses the boundary stabilization problem for mixed
traffic on freeways. The traffic dynamics are described by uncertain coupled hyperbolic partial differential equations (PDEs)
with Markov jumping parameters, which aim to address the distinctive driving strategies between AVs and HVs. Considering
that the spacing policies of AVs vary in mixed traffic, the stochastic impact area of AVs is governed by a continuous Markov
chain. The interactions between HVs and AVs such as overtaking or lane changing are mainly induced by impact areas. Using
backstepping design, we develop a full-state feedback boundary control law to stabilize the deterministic system (nominal
system). Applying Lyapunov analysis, we demonstrate that the nominal backstepping control law is able to stabilize the traffic
system with Markov jumping parameters, provided the nominal parameters are sufficiently close to the stochastic ones on
average. The mean-square exponential stability conditions are derived, and the results are validated by numerical simulations.

Key words: Transportation systems; Partial differential equations; Traffic flow control; Boundary control; Backstepping;
Mean-square exponential stability

1 Introduction

Stop-and-go traffic oscillations, as common traffic in-
stabilities on freeways, lead to increased travel time,
fuel consumption, and the risk of traffic accidents.
Stabilization of stop-and-go traffic is achieved mainly
via traffic management infrastructures such as ramp
metering and varying speed limits. The rapid develop-
ment of Autonomous Vehicles (AVs) in recent years has
brought an increasing market penetration rate of AVs
on road [12]. It was initially envisioned that AVs could
operate with reduced car-following distances, poten-
tially leading to increased road capacity. This notion has
been explored through both theoretical modeling and
field experiments [20]. However, it is noteworthy that
current commercial AVs usually keep longer distance
than Human-driven Vehicles (HVs). This is primarily
due to safety concerns as AVs require a sufficient safety
buffer to react effectively in the risky event, such as the
preceding vehicle comes to a complete stop [24].

⋆ Corresponding author: Huan Yu (huanyu@ust.hk)

Macroscopic modeling for pure HV traffic can be rep-
resented by the Lighthill and Whitham and Richard
(LWR) model [25,31], and the Aw-Rascle-Zhang(ARZ)
model [7,39]. Among these, the ARZ model is widely
adopted for its ability to describe the stop-and-go oscil-
lations, compared to the LWR. The ARZ model com-
prises coupled first-order hyperbolic PDEs, which de-
scribe the evolution of traffic density and velocity states.
To stabilize traffic at its equilibrium, numerous stud-
ies have attempted to address the stabilization problem
using boundary backstepping control [3,16,18,22,33,38].
In [37,38] the authors first proposed boundary feedback
control laws to reduce traffic oscillations in congested
regimes, developing full-state feedback and output feed-
back control laws to achieve exponential stability of the
linearized ARZmodel. However, stochastic disturbances
are not considered. The authors in [5] designed robust
output feedback regulation to ensure hyperbolic sys-
tems’ robustness against delays and uncertainties. PI
boundary controllers [41] are also applied to stabilize
the traffic system described by PDEs around the given
steady state. In addition, distributed control schemes
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also play a crucial role in the stabilization of PDE traf-
fic systems. Bekiaris-Liberis [9] proposed a control law
to stabilize traffic flow for an ARZ-type model consist-
ing of both Adaptive Cruise Control (ACC)-equipped
and manually driven vehicles. The authors in [28] fur-
ther considered the input delay and developed an input
delay-compensating control law to stabilize mixed traf-
fic scenarios.

For a mixed-autonomy traffic scenario, HVs and AVs
coexist on the road. Although it remains an open ques-
tion for PDE modeling of the mixed-autonomy traffic
systems, there have been studies on multi-class vehicles
considering differences in vehicle sizes and maneuvers,
such as trucks and motorcycles. Mohan [26] proposed a
two-class traffic PDE model by introducing the concept
of area occupancy to capture interactions between differ-
ent classes. Burkhardt [11] adopted the two-class traffic
PDE model and output-feedback boundary control laws
using the backstepping method to achieve exponential
stability in L2-sense. However, they are dealing with the
deterministic condition of the mixed-autonomy traffic
system. Real-world traffic systems can be influenced by
various stochastic factors such as diverse driving behav-
iors among vehicle types [1,19]. These factors result in
stochastic systems with random parameters embedded
within the deterministic system.We consider the spacing
of AVs as stochastic in our study, rendering the system
become stochastic. The different spacing settings are in-
dependent and we use a Markov process to describe it.

In this paper, we propose a mean-square exponen-
tial control method to stabilize the oscillations of the
proposed stochastic mixed autonomy traffic system.
The stability of stochastic linear hyperbolic PDEs has
been widely investigated [2,10,14,23,27]. Prieur [27]
modeled the abrupt changes of boundary conditions
as a piecewise constant function and derived sufficient
conditions for the exponential stability of the switch-
ing system. In [34], the authors examined the robust
stochastically exponential stability and stabilization
of uncertain linear first-order hyperbolic PDEs with
Markov jumping parameters. Auriol [6] demonstrated
the mean-square exponential stability of coupled hyper-
bolic systems with Markovian parameters. With further
applications in traffic flow, Zhang [40] studied traffic
flow control of Markov jump hyperbolic systems. Unlike
the results in [40], this paper focuses on the stochastic
mixed-autonomy traffic system, adopts the backstep-
ping control, and proposes a novel Lyapunov candidate
to get the exponential mean-square stability results.
The stability of mixed-autonomy traffic containing CAV
platoons and HVs with two switching parameters was
analyzed in [36]. In this paper, we choose the spacing
of AVs as stochastic due to the communication loss and
control delays in AVs. These factors make the spacing of
AVs could not always stay at their reference values. We
then consider a nominal boundary controller designed
with the backstepping method that would stabilize the
system if the stochastic parameter was constant, equal

to a reference value. The reference value refers to the
best situations of AVs, meaning there is no communi-
cation loss, control delays, or other factors that could
make AVs away from the reference value. Provided the
nominal parameters are sufficiently close to the stochas-
tic ones on average, this control law will stabilize the
stochastic mixed-autonomy traffic system.

The main results of this paper are that we propose a
mixed-autonomy traffic PDE system with the stochastic
disturbance of AVs governed by a Markov process. To
the best of the authors’ knowledge, this is the first model
that describes the macroscopic spatial-temporal dynam-
ics of HVs and AVs in traffic, using an extended ARZ
model with Markov-jumping parameters. Then a back-
stepping boundary control law is designed to achieve
mean-square stabilization of the traffic system. We fur-
ther develop Lyapunov analysis on the stochastic traf-
fic model to obtain the desired robust stability results.
The theoretical contribution mainly lies in proposing a
novel stochastic Lyapunov candidate and obtaining ro-
bust stabilization with the nominal backstepping con-
troller. The significance of this paper also extends to
practical applications since it paves the way for mod-
eling and control of stochastic mixed-autonomy traffic
scenarios.

The paper is organized as follows: In Section 2, the
stochastic factors in mixed-autonomy traffic systems are
considered, and thus, the stochastic mixed-autonomy
traffic model is developed. The well-posedness of the
stochastic system under the control law is also proved.
Section 3 introduces the backstepping control law and
conducts the Lyapunov analysis for the nominal system
to prove the stability of the closed-loop system. Section
4 provides a Lyapunov analysis of the stochastic mixed-
autonomy traffic system and derives conditions for the
mean-square exponential stability of the system. Numer-
ical simulation results validating the theoretical deriva-
tions are presented in Section 5. Finally, Section 6 con-
cludes the paper.

2 Stochastic mixed-autonomy traffic model

In this section, we present the extended stochastic ARZ
model that describes the mixed-autonomy traffic sce-
narios. The traditional ARZ model only describes one
class of vehicle’s velocity and density evolution. When
the road comprises multiple types of vehicles, the ARZ
model can not accurately describe the mixed-traffic sce-
nario and the interaction between the different types of
vehicles. To solve this problem, an extended AR model
was proposed in [11] to describe the behavior of two types
of vehicles.

2.1 General model with stochastic parameters

In this paper, we assume that the road only consists
of two types of vehicles (HVs and AVs). The following
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equations describe the dynamics of the system

∂tρ1 + ∂x (ρ1v1) = 0, (1)

∂t (v1 − Ve,1 (AO)) + v1∂x (v1 − Ve,1 (AO))

=
Ve,1 (AO)− v1

ι1
, (2)

∂tρ2 + ∂x (ρ2v2) = 0, (3)

∂t (v2 − Ve,2 (AO)) + v2∂x (v2 − Ve,2 (AO))

=
Ve,2 (AO)− v2

ι2
, (4)

with the boundary conditions

ρ1(0, t) = ρ∗1, (5)

ρ2(0, t) = ρ∗2, (6)

ρ1(0, t)v1(0, t) + ρ2(0, t)v2(0, t) = q∗1 + q∗2 , (7)

ρ1(L, t)v1(L, t) + ρ2(L, t)v2(L, t) = q∗1 + q∗2 + U(t),
(8)

where the spatial and time (x, t) variables belong to
{[0, L]×R+}. The index 1 corresponds to the first class
of vehicles (HVs) and the index 2 corresponds to the sec-
ond class (AVs). The variables ρ1(x, t) and ρ2(x, t) re-
spectively represent the traffic density on the road, while
the variables v1(x, t), v2(x, t) respectively correspond to
the traffic velocity. The parameters ι1, ι2 are the relax-
ation time of AVs and HVs for the drivers to adapt their
velocity to the desired velocity.The function U(t) is the
control input that has to be designed. Finally, the vari-
ables ρ∗1 > 0, ρ∗2 > 0 respectively are the equilibrium
density, while q∗1 > 0, q∗2 > 0 are the equilibrium flow
rate.

The boundary conditions are assumed for an averaged
time period of the considered track section, in which the
penetration rate of HVs and AVs stay unchanged dur-
ing the time period and traffic conditions do not dras-
tically change. Thus we assume in (5)-(7) the density
and flow rate of incoming traffic are at the equilibrium
values at x = 0. The traffic is assumed to be lightly
congested and thus the inflow and outflow rates remain
the same without control in (8). In addition, the control
input represents the flow rate perturbation around the
steady state and can be implemented by the ramp me-
tering. The ramp inflow actuated by the ramp metering
is obtained by qramp(t) = q⋆1 + q⋆2 + U(t) − qmain(t) in
which real-time mainline flow qmain(t) can be measured
by loop detectors, as shown in Fig. 1.

Compared with HVs, AVs tend to maintain larger spac-
ing as they adopt more conservative driving strategies
[24], primarily in response to the safety challenges posed
by the current state of autonomous driving technology,
which is still evolving. The larger spacing will induce a
creeping effect in which HVs will overtake AVs, espe-
cially in congested traffic conditions. We set the spacing
of AVs as stochastic to reflect its uncertainty. The de-
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Fig. 1. The schematic diagram of the mixed-autonomy traffic
control scenario.

lays and communication loss among AVs occur stochas-
tically, and they are independent, leading to stochas-
tic driving strategies. Therefore, we choose a continuous
Markov chain to describe the stochasticity of AVs. In
addition, AVs could have many spacing settings given
different driving scenarios. The Markov process with a
finite state space guarantees the well-posedness of the
model and fits the finite modes of spacing settings. The
continuous-timeMarkov chain allows the stochastic vari-
ables to change values at any time not at a set of prede-
fined time steps.

We denote a1 and a2 as impact areas of HVs and AVs:

a1 = d× (l + s1), (9)

a2 = d× (l + s2(t)), (10)

where d is the vehicle width, l is the vehicle length.
The parameter s1 denotes the spacing of HVs, while
the function s2(t) is the spacing of AVs, which will be
modeled using a continuous-time Markov process [40].
More precisely, the function s2(t) can only take a fi-
nite number of different values that belong to the set
S =

{
s12, . . . , s

r
2

}
, where r is a positive integer. We con-

sider that the elements of the set S are ordered and
that there exist known lower bounds and upper bounds
s and s̄ such that s ≤ s12 < · · · < sr2 ≤ s̄. The tran-
sition probabilities Pij(t1, t2) denote the probability to

switch from mode si2 at time t1 to mode sj2 at time
t2 ((i, j) ∈ {1, . . . , r}2, 0 ≤ t1 ≤ t2). They satisfy
Pij : R2 → [0, 1] with

∑r
j=1 Pij(t1, t2) = 1. More-

over, for ϱ < t, we have the Kolmogorov forward equa-
tions [17,21]:

∂tPij(ϱ, t) = −cj(t)Pij(ϱ, t) +

r∑
k=1

Pik(ϱ, t)τkj(t),

Pii(ϱ, ϱ) = 1, and Pij(ϱ, ϱ) = 0 for i ̸= j, (11)

where the τij and cj =
∑r

k=1 τjk are non-negative-valued
functions such that τii(t) = 0. The functions τij are
upper bounded by a constant τ⋆. Finally, we assume
that the realizations of s2(t) are right-continuous [29,32].
Based on the definition of impact areas, the interaction
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of the two classes of vehicles also exists on the road.
Hence we introduce area occupancy AO(ρ1, ρ2, t) [11,26]
to describe themixed-density of mixed-autonomy traffic:

AO(ρ1, ρ2, t) =
a1ρ1 + a2(t)ρ2

W
, (12)

where W is the road width. Then, we can define the
stochastic fundamental diagram combining the area oc-
cupancy to describe the relationship between velocity
and density of mixed-autonomy traffic using modified
Greenshield’s fundamental diagram:

Ve,1(ρ1, ρ2, t) = V1

(
1−

(
AO

AO1

)γ1
)
, (13)

Ve,2(ρ1, ρ2, t) = V2

(
1−

(
AO

AO2

)γ2
)
, (14)

where V1, V2 are the free-flow velocity of HVs and AVs,
AO1, AO2 are the maximum area occupancy of them,
γ1, γ2 denote the traffic pressure exponents. The funda-
mental diagrams denote the relationship between the ve-
locity and density of HVs and AVs. Using the stochastic
fundamental diagram, we can get the stochastic equilib-
rium velocity:

v∗1(t) = Ve,1(ρ
∗
1, ρ

∗
2, t), v∗2(t) = Ve,2(ρ

∗
1, ρ

∗
2, t). (15)

Thus, the stochastic equilibrium flow can be calculated
by

q∗1(t) = v∗1(t)ρ
∗
1, q∗2(t) = v∗2(t)ρ

∗
2. (16)

We could also choose s1 as stochastic variable due to
the different driving styles of drivers. Once both spacing
settings are stochastic, the stochastic process would be a
concatenated one. The model can be modified to ensure
both spacing settings are stochastic. The paper would
become more technical and heavy in notations.

2.2 Linearization

Next, we linearize the stochastic traffic flow sys-
tem around its equilibrium at time t in mode i ∈
{0, . . . , r}, denoted as v∗1(t) = v∗1i, q∗1(t) = q∗1i. We
define the small deviation from the equilibrium point
ρ̃1 = ρ1(x, t)− ρ∗1, ṽ1 = v1(x, t)− v∗1i, ρ̃2 = ρ2(x, t)− ρ∗2,
ṽ2 = v2(x, t) − v∗2i, and define the augmented state

z(x, t) =
[
ρ̃1(x, t) ṽ1(x, t) ρ̃2(x, t) ṽ2(x, t)

]T
. Adjusting

the computations done in [11], we obtain the following
linearized system

zt(x, t) + Ji
λzx(x, t) = Jiz(x, t), (17)

with the boundary conditions
1 0 0 0

0 0 1 0

v∗1i ρ∗1 v∗2i ρ∗2

 z(0, t) = 0, (18)

[
v∗1i ρ∗1 v∗2i ρ∗2

]
z(L, t) = U(t), (19)

where

Ji
λ =


v∗1i ρ∗1

0 v∗1i − βi
11ρ

∗
1

0 0

βi
21 (v

∗
2i − v∗1i) −βi

21ρ
∗
1

0 0

βi
12 (v

∗
1i − v∗2i) −βi

12ρ
∗
2

v∗2i ρ∗2

0 v∗2i − βi
22ρ

∗
2

 ,

Ji =


0 0 0 0

− 1
ι1
βi
11 − 1

ι1
− 1

ι1
βi
12 0

0 0 0 0

− 1
ι2
βi
21 0 − 1

ι2
βi
22 − 1

ι2

 ,

βmn = −∂V i
e,m(AO(ρ1,ρ2))

∂ρn

∣∣∣
ρ∗
1 ,ρ

∗
2

, 1 ≤ m, n ≤ 2.

2.3 Analysis of the system (17)-(19) in mode i

Let us consider for the moment that the system stays
in the mode i ∈ {1, . . . r}, i.e., that s2(t) = si2, for all
t > 0. Therefore, the system (17)-(19) is not stochastic
anymore, and we can apply the change of coordinates
introduced in [11] to rewrite it in the Riemann coordi-
nates, with a diagonal transport matrix. Such a repre-
sentation simplifies the open-loop analysis and will be
later required to design our backstepping controller or
to derive the proposed Lyapunov analysis. Let us first
define the characteristic velocities (λi

1, λ
i
2, λ

i
3, λ

i
4) as the

eigenvalues of the matrix Jλi corresponding to mode i,
given by

λi
1 =v∗1i,

λi
2 =v∗2i,

λi
3 =

v∗1i + v∗2i − V1iρ
∗
1 − V2iρ

∗
2 +∆i

2
,

λi
4 =

v∗1i + v∗2i − V1iρ
∗
1 − V2iρ

∗
2 −∆i

2
,

V1i (ρ
∗
1, ρ

∗
2) = −

∂V i
e,1 (AO (ρ1, ρ2))

∂ρ1

∣∣∣∣∣
ρ∗
1 ,ρ

∗
2

,
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V2i (ρ
∗
1, ρ

∗
2) = −

∂V i
e,2 (AO (ρ1, ρ2))

∂ρ2

∣∣∣∣∣
ρ∗
1 ,ρ

∗
2

,

where

∆i (ρ
∗
1, ρ

∗
2) =((V2iρ

∗
2 − V1iρ

∗
1 + v∗1i − v∗2i)

2

+ 4(β12β21ρ
∗
1ρ

∗
2))

1/2.

It was shown that the eigenvalues satisfy [42]

λi
4 ≤ min{λi

1, λ
i
2} ≤ λi

3 ≤ max{λi
1, λ

i
2}. (20)

Since λi
1 = vi1 > 0, λi

2 = vi2 > 0, we have λ3 > 0. De-
fine the matrix Vi = {v̂kℓ}1≤k,ℓ≤4 as the change of ba-
sis matrix such that the coefficient matrix can be diag-
onalized as V−1

i Ji
λVi = Diag{λi

1, λ
i
2, λ

i
3, λ

i
4}, with pos-

itive eigenvalues in ascending order. We choose to re-
arrange the eigenvalues of the velocity matrix in ascend-
ing order to simplify the backstepping analysis we will
use and fit the formalism used in related backstepping
papers [18]. We also define the source term matrix as

Ĵi = V−1
i JiVi = {Ĵ i

kl}1≤k,ℓ≤4. Let us define the trans-
formation matrix Ti as

Ti =


T+

i

T−
i

 =



0 e
−

Ĵi
22

v∗
2i

x
0 0

0 0 e
−

Ĵi
33

λ3i
x

0

e
−

Ĵi
11

v∗
1i

x
0 0 0

0 0 0 e
−

Ĵi
44

λ4i
x


V−1

i ,

where T+
i ∈ R3×4 and T−

i ∈ R1×4. We can now define
the change of coordinates

[
w1, w2, w3, w4

]T
= Tiz. (21)

Using the notationsw = [w+,w−], wherew+ = T+
i z =

[w1, w2, w3]
T, w− = T−

i z = w4. This new state verifies
the following set of PDEs

w+
t (x, t) + Λ+

i w
+
x (x, t) =Σ++

i (x)w+(x, t)

+ Σ+−
i (x)w−(x, t), (22)

w−
t (x, t)− Λ−

i w
−
x (x, t) =Σ−+

i (x)w+(x, t), (23)

with the boundary conditions

w+(0, t) = Qiw
−(0, t), (24)

w−(L, t) = Riw
+(L, t) + Ū(t), (25)

𝑤!
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Fig. 2. The schematic diagram of system (22) - (25): The
blue arrow denotes the location where the control input Ū(t)
goes into the system. The boundary couplings between w1,
w2 ,w3 and w4 are described by stochastic Qi and Ri.

where the different matrices are defined as

Λ+
i =


λi
2 0 0

0 λi
3 0

0 0 λi
1

 ,Λ−
i = −λi

4,

Σ++
i (x) =


0 J̄ i

12(x) J̄ i
13(x)

J̄ i
21(x) 0 J̄ i

23(x)

J̄ i
31(x) J̄ i

32(x) 0

 ,

Σ+−
i (x) =

[
J̄ i
14(x) J̄ i

24(x) J̄ i
34(x)

]T
,

Σ−+
i (x) =

[
J̄ i
41(x) J̄ i

42(x) J̄ i
43(x)

]
,

Qi =−


0 1 0

0 0 1

1 0 0



v̂i11 v̂i12 v̂i13

v̂i41 v̂i42 v̂i43

κ1i κ2i κ3i


−1 

v̂i14

v̂i44

κ4i

 ,

Ri =−
[

κ2i

κ4i
e

(
Ĵi
11

λ1i
−

Ĵi
44

λ4i

)
L

κ3i

κ4i
e

(
Ĵi
22

λ2i
−

Ĵi
44

λ4i

)
L

κ1i

κ4i
e

(
Ĵi
33

λ3i
−

Ĵi
44

λ4i

)
L

]
,

κȷi =v∗1iv̂
i
1ȷ + ρ∗1v̂

i
2ȷ + v∗2iv̂

i
3ȷ + ρ∗2v̂

i
4ȷ, ȷ = 1, 2, 3, 4,

Ū(t) =e
−

Ĵi
44

λ4i
L 1

κ4i
U(t),

where J̄ i(x) is the corresponding transformation Ti of

Ĵ i(x). The detailed calculations of J̄ i(x) can be found
in [11]. The properties of system (17)-(19) are the same
as the ones of system (22)-(25) due to the invertibility of
the transformation thatmaps system (17)-(19) to system
(22)-(25). The schematic diagram of the system (22)-
(25) is shown in Fig. 2. The system (22)-(25) can be
rewritten in compact form:

∂tw(x, t) + Λi∂xw(x, t) = Θi(x)w(x, t), (26)
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where Λi = Diag{λi
2, λ

i
3, λ

i
1, λ

i
4}, with the boundary con-

dition:[
w+(0, t)

w−(L, t)

]
= Gi

[
w+(L, t)

w−(0, t)

]
+

[
0

Ū(t)

]
, (27)

where the coefficient matrix Θi, Gi are:

Θi =

[
Σ++

i (x) Σ+−
i (x)

Σ−+
i (x) 0

]
, Gi =

[
0 Qi

Ri 0

]
.

The state w and the original state z have equivalent L2

norms. Therefore, there exist two constantsmw > 0 and
Mw > 0 such that

mw||z||2L2 ≤ ||w||2L2 ≤ Mw||z||2L2 . (28)

Since we have r possible modes for the stochastic pa-
rameter s2(t), it implies that we have r possible config-
urations for the matrices Gi,Λi and Θi.

2.4 Open-loop analysis, well-posedness, and control ob-
jective

The traffic system can be divided into a free-flow regime
and a congested regime based on the propagation direc-
tion of traffic waves. More details of modeling and anal-
ysis can be found in [11,37].

• Free-flow regime: all the eigenvalues λ1i > 0, λ2i > 0,
λ3i > 0, λ4i > 0. The traffic oscillations are trans-
porting downstream at corresponding speed λ1i, λ2i,
λ3i, λ4i. No congestion is generated in this condition.

• Congested regime: λ1i > 0, λ2i > 0, λ3i > 0, λ4i < 0.
In the congested regime, the disturbance of traffic flow
propagates upstream so that all the vehicles will be
influenced, and the road becomes congested.

In this paper, we are dealing with the traffic in the con-
gested regime, i.e., we have λ4i < 0 in which both AV and
HV have relatively large density values, as shown in Fig.
3. Therefore, for all the modes induced by the stochas-
tic parameters, we need to have λ4i < 0 and λ1i > 0,
λ2i > 0, λ3i > 0.

In this paper, we will design a controller with the follow-
ing structure

U(t) = −F (T+
0 (z))(L, t) +

∫ L

0

K(ξ)(T0(z))(L, t)dξ.

(29)

where F is a constant matrix, K is a piecewise continu-
ous function, and where the transformation T is defined
by equation (21). The index 0 stands for a reference value
s02 that does not necessarily belong to the set S. It cor-
responds to a reference and arbitrary choice for s2 that
will be used to design the nominal stabilizing control
law. We now state the well-posedness of the stochastic
system with the control law (29)

Lemma 1 For any initial conditions of the Markov sys-
tem z(x, t) ∈ L2[0, L] and any initial states s2(0) for the
stochastic parameter, the system (17)-(19) with the nom-
inal control law (29) has a unique solution such that for
any t,

E{||z(x, t)||L2(0,L)} < ∞, (30)

where the E{·} denotes the expectation.

PROOF. Almost every sample path of the stochastic
process s2(t), t ≥ 0 is a right-continuous function with a
finite number of jumps in any finite time interval.We can
find a sequence {tk : k = 0, 1, . . . } of stopping times such
that t0 = 0, limt→∞ tk = ∞, and s2(t) = s2(tk) on tk ≤
t < tk+1. Let us consider that s2(t0) = s2i0 ∈ S. On the
time interval [t0, t1], after performing the transformation
Ti0 , we have

∂tw(x, t) + Λi0∂xw(x, t) = Θi0w(x, t), (31)

with the boundary condition:[
w+(0, t)

w−(L, t)

]
= Gi0

[
w+(L, t)

w−(0, t)

]
+

[
0

Ū(t0)

]
. (32)

The initial condition w(x, 0) ∈ L2(0, L). This Cauchy
problem has one and only one solutionw(x, t) ∈ L2(0, L)
using [8, TheoremA.4 ] and [13, Appendix. A], such that
there exists a constant C1 such that for all t ∈ [t0, t1],

||w(x, t)||L2(0,L) ≤ C1||w(x, 0)||L2(0,L). (33)

This yields,

E{||w(x, t1)||L2(0,L)} < ∞. (34)

Since w(x, t) = Ti0z(x, t), we obtain

E{||z(x, t1)||L2(0,L)} < ∞. (35)
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Let us now consider the next Markov event and the time
interval [t1, t2]. We have s2(t) = s2i1 ∈ S and the real
system can be written as:

∂tw(x, t) + Λi1∂xw(x, t) = Θi1w(x, t), (36)

with boundary conditions:[
w+(0, t)

w−(L, t)

]
= Gi1

[
w+(L, t)

w−(0, t)

]
+

[
0

Ū(t1)

]
. (37)

The initial condition at this time is w(x, t1) ∈ L2(0, L).
Using [8, Theorem A.4 ] and [13, Appendix. A] again,
we can get the existence of a constant C2 such that the
unique solution w(x, t) satisfies for all t ∈ [t1, t2]

||w(x, t)||L2(0,L) ≤ C2||w(x, t1)||L2(0,L), (38)

which implies

E{||w(x, t2)||L2(0,L)} < ∞. (39)

Since w(x, t) = Ti1z(x, t), we directly obtain

E{||z(x, t2)||L2(0,L)} < ∞. (40)

Iterating the process on the whole time domain, we can
get that the original system z(x, t) with Markov jump
has a unique solution on [0,∞) that satisfies

E{||z(x, t)||L2(0,L)} < ∞. (41)

This concludes the proof of Lemma 1. ■

The linearized open-loop system may be unstable due
to the negative transport coefficients and the in-domain
coupling terms. When the stochastic parameter is con-
stant, a stabilizing control law has been designed in [11]
using the backstepping approach. In this paper, we will
consider the design of such a stabilizing controller for a
nominal value of s2(t). We will then show that this con-
trol law guarantees the mean-square exponential stabil-
ity, provided that the difference between the stochastic
parameter and this nominal value is small on average.

3 Nominal backstepping boundary controller
and mean-square exponential stabilization

In this section, we design a nominal controller to stabi-
lize the system if the stochastic parameter s2(t) always
equals a constant reference value s02, for all t ≥ 0. This
reference value s02 does not necessarily belong to the set
S. It corresponds to a reference and arbitrary choice for
s2 to design a nominal stabilizing control law. In prac-
tice, s02 denotes the ideal situation for AVs without any

communication loss and control delays. AVs drive per-
fectly on the road in the nominal mode. The real values
of s2 can then be seen as stochastic disturbances acting
on this reference value. We still consider that s < s02 < s̄.
The corresponding stochastic parameters (that depend
on s2 due to different transformations) are also denoted
with the index 0, e.g., R0, Q0. The control design relies
on the backstepping approach. From now on, we con-
sider that we are in the nominal mode s2(t) = s02.

3.1 Backstepping transformation

Our objective is to simplify the structure of the sys-
tem (26) by removing the in-domain coupling terms in
the equation. More precisely, let us consider the follow-
ing backstepping transformation K0

K0w =

 w+

w− −
∫ x

0
K0(x, ξ)w

+(ξ, t) +N0(x, ξ)w
−(ξ, t)dξ


(42)

where the kernelsK0(x, ξ) ∈ R1×3 andN0(x, ξ) ∈ R1 are
piecewise continuous functions defined on the triangular
domain T = {0 ≤ ξ ≤ x ≤ L}. We have

K0(x, ξ) =
[
k01(x, ξ) k02(x, ξ) k03(x, ξ)

]
. (43)

The different kernels are governed by the following PDEs

− Λ−
0 (K0)x(x, ξ) + (K0)ξ(x, ξ)Λ

+
0 = −K0(x, ξ)Σ

++
0 (ξ)

− Σ−+
0 (ξ)N0(x, ξ), (44)

Λ−
0 (N0)x(x, ξ) + Λ−

0 (N0)ξ(x, ξ) = K0(x, ξ)Σ
+−
0 (ξ), (45)

with the boundary conditions:(
−Λ−

0 I3 − Λ+
0

)
KT

0 (x, x) = Σ−+T

0 (x), (46)

−Λ−
0 N0(x, 0) +K0(x, 0)Λ

+
0 Q0 = 0, (47)

where I3 is a 3×3 identity matrix. The well-posedness of
the kernel equations can be proved by adjusting the re-
sults from [18, Theorem 3.3]. The solutions of the kernel
equations can be expressed by integration along the char-
acteristics. Applying the method of successive approxi-
mations, we can then prove the existence and uniqueness
of the solution to the kernel equations (44)-(47).

Applying the backstepping transformation, we can de-
fine the state ϑ of the target system as

ϑ = (α1, α2, α3, β) = K0w.

Using the notation δ = [α1, α2, α3]
T, the target system

equations are given by:

δt(x, t) + Λ+
0 δx(x, t) = Σ++

0 (x)δ(x, t) + Σ+−
0 (x)β(x, t)
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+

∫ x

0

C+
0 (x, ξ)δ(ξ, t)dξ +

∫ x

0

C−
0 (x, ξ)β(ξ, t)dξ, (48)

βt (x, t)− Λ−
0 βx(x, t) = 0, (49)

with the boundary conditions:

δ(0, t) = Q0β(0, t), (50)

β(L, t) = R0δ(L, t) + Ū(t)

−
∫ L

0

K0(L, ξ)w
+(ξ, t) +N0(L, ξ)w

−(ξ, t))dξ. (51)

where the coefficients C+
0 (x, ξ) ∈ R3×3 and C−

0 (x, ξ) ∈
R3×1 are bounded functions defined on the triangular
domain T . Their expressions are [11]:

C+
0 (x, ξ) = Σ+−

0 (x)K0(x, ξ) +

∫ x

ξ

C−
0 (x, s)K0(s, ξ)ds

C−
0 (x, ξ) = Σ+−

0 (x)N0(x, ξ) +

∫ x

ξ

C−
0 (x, s)N0(s, ξ)ds

The transformation K0 is a Volterra type, therefore
boundedly invertible [35]. Consequently, the states w
and ϑ have equivalent L2 norms, i.e. there exist two
constants mϑ > 0 and Mϑ > 0 such that

mϑ||w||2L2 ≤ ||ϑ||2L2 ≤ Mϑ||w||2L2 . (52)

3.2 Nominal control law and Lyapunov functional

From the nominal target system (48)-(51), we can easily
design a stabilizing control law as [4,30]:

Ū(t) =−R0w
+(L, t) +

∫ L

0

(
K0(L, ξ)w

+(ξ, t)

+N0(L, ξ)w
−(ξ, t)

)
dξ. (53)

To analyze the stability properties of the target sys-
tem (48)-(51), we consider the Lyapunov functional
V0(t) defined by

V0(t) =

∫ L

0

ϑT(x, t)D0(x)ϑ(x, t)dx, (54)

where

D0(x) = Diag

e
− ν

λ0
2

x

λ0
2

,
e
− ν

λ0
3

x

λ0
3

,
e
− ν

λ0
1

x

λ0
1

, a
e

ν

Λ
−
0

x

Λ−
0

 .

(55)

This Lyapunov functional is equivalent to the L2 norm,
that is there exist two constant k1 > 0 and k2 > 0 such
that

k1||ϑ||2L2 ≤ V0(t) ≤ k2||ϑ||2L2 . (56)

It can also be expressed in terms of the original state as

V0(t) =

∫ L

0

K0(T0(z(x, t)))
TD0(x)K0(T0(z(x, t)))dx.

(57)

Taking the time derivative of V0(t) and integrating by
parts, we get:

V̇0(t) ≤− νV0(t) +

∫ L

0

2δT(x, t)D0
α(

Σ++
0 (x)δ(x, t) + Σ+−

0 (x)T−
0 z(x, t)

)
dx

+ (q210 + q220 + q230 − a)β2(0, t)

≤− ηV0(t) + (q210 + q220 + q230 − a)β2(0, t), (58)

where

η =ν − 2

||Λ+||k1
( max
x∈[0,L]

||Σ++
0 (x)||

+ (1 +
1

mϑ
) max
x∈[0,L]

||Σ+−
0 ||(x)), (59)

D0
α =Diag

e
− ν

λ0
1

x

λ0
1

,
e
− ν

λ0
2

x

λ0
2

,
e
− ν

λ0
3

x

λ0
3

 . (60)

We choose a > 0 and ν > 0 such that

q210 + q220 + q230 − a ≤ 0, η > 0. (61)

where q10, q20, q30 are the elements of Q0. Conse-
quently, we obtain V̇0(t) ≤ −ηV0(t), which implies the
L2-exponential stability of the system.

3.3 Mean-square exponential stabilization

The main goal of this paper is to prove that the control
law (53) can still stabilize the stochastic system (17)-
(19), provided the nominal parameter s02 is sufficiently
close to the stochastic ones on average. More precisely,
we have the following robust stabilization result.

Theorem 2 There exists a constant ϵ⋆ > 0, such that
for all time t ≥ 0,

E
(∣∣s02 − s2(t)

∣∣) ≤ ϵ⋆, (62)

then the closed-loop system (17)-(19) with the control law
(53) is mean-square exponentially stable, namely, there
exist ς, ζ > 0 such that:

E[0,(z(x,0),s(0))](∥z(x, t)∥
2
L2
) ≤ ςe−ζt∥z(x, 0)∥2L2

, (63)

This theorem will be proved in the next section.
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Remark 3 While proving this theorem, we will give a
possible value for the bound ϵ⋆ (that always exists). How-
ever, this value is likely to be of very little practical use due
to the conservativeness of the Lyapunov analysis. Never-
theless, thanks to this expression, one will be able to ob-
serve that this positive constant depends on the feedback
gain and that this dependence is likely to be considerable.
In this context, our result is qualitative: we only guarantee
the existence of robustness margins. For any constant ϵ1
that verifies ϵ⋆ > ϵ1 > 0 such that E

(∣∣s02 − s2(t)
∣∣) ≤ ϵ1,

it would be interesting to establish the links between the
convergence rate and ϵ1, but this would require a serious
quantitative analysis, which is outside the scope of this
paper. We believe that a smaller ϵ1 will lead to a faster
convergence rate for the stochastic system as the stochas-
tic parameter would be closer on average to the nominal
ones. The best situation would correspond to the absence
of stochastic terms in the traffic system such that ϵ1 is 0
and the system corresponds to the nominal system.

4 Lyapunov Analysis

In this section, we consider the stochastic system with
the nominal controller (53). The objective is to prove
Theorem 2. The proof will rely on a Lyapunov analysis.
More precisely, we will consider the following stochastic
Lyapunov functional candidate

V (t) =

∫ L

0

K0(T(t, z(x, t)))TDj(x)K0(T(t, z(x, t)))dx,

(64)

where (T(t, z(x, t))=Tj(z(x, t)) if s2(t) = sj2. The diag-
onal matrix Dj is defined by

Dj(x) = Diag

e
− ν

λ
j
2

x

λj
2

,
e
− ν

λ
j
3

x

λj
3

,
e
− ν

λ
j
1

x

λj
1

, a
e

ν

Λ
−
j

x

Λ−
j

 .

(65)

We consider that the parameters ν and a introduced in
the definition of Dj can still be tuned. In the nominal
case s2(t) = s02, the Lyapunov functional V (t) corre-
sponds to V0(t). It is noted that inequality (56) still holds
for V (t) (even if the constants k1 and k2 may change).
Unlike what has been done in [6], this Lyapunov func-
tional is defined in terms of the original state z instead
of the target system state ϑ. This choice is made to avoid
taking the derivative of a stochastic signal when using
the transformations Ti.

4.1 Target system in mode sj2

In this section, we consider that s2(t) = sj2. We can
define the state ϑ = (α1, α2, α3, β) = K0(Ti(z)). Our
objective is first to obtain the equations verified by the

state ϑ that appears in the Lyapunov functional (64).
Using the same notation δ = [α1, α2, α3]

T, it verifies the
following set of equations

δt(x, t) + Λ+
j δx(x, t) = Σ++

j (x)T+
j z(x, t)

+ Σ+−
j (x)T−

j z(x, t), (66)

βt (x, t)− Λ−
j βx(x, t) = f1j(x)T

+
j z(x, t) + f2j(x)β(0, t)

+

∫ x

0

f3j(x, ξ)T
+
j z(ξ, t)dξ +

∫ x

0

f4j(x, ξ)T
−
j z(ξ, t)dξ,

(67)

with the boundary conditions:

δ(0, t) =Qjβ(0, t), (68)

β(L, t) = (Rj −R0) δ(L, t), (69)

where the functions are defined by:

f1j(x) =Σ−+
j (x) + Λ−

j K0(x, x) +K0(x, x)Λ
+
j , (70)

f2j(x) =−K0(x, 0)Λ
+
j Qj +N0(x, 0)Λ

−
j , (71)

f3j(x, ξ) =Λ−
j (K0)x(x, ξ)− (K0)ξ(x, ξ)Λ

+
j

−K0(x, ξ)Σ
++
j (ξ)−N0(x, ξ)Σ

−+
j (ξ), (72)

f4j(x, ξ) =Λ−
j (N0)x(x, ξ) + Λ−

j (N0)ξ(x, ξ)

−K0(x, ξ)Σ
+−
j (ξ). (73)

All the terms that depend on z in the target system (66)-
(69) could be expressed in terms of ϑ using the inverse
transformationK−1

0 . However, this would make the com-
putations more complex and is not required for the sta-
bility analysis. It is important to emphasize that all the
terms on the right-hand side of equation (67) become
small if the stochastic parameters are close enough to
the nominal ones. More precisely, we have the following
lemma

Lemma 4 There exists a constantM0, such that for any
realization s2(t) = sj2 ∈ S, for any (x, ξ) ∈ T

||fij || < M0

∣∣∣s02 − sj2

∣∣∣ , i ∈ {1, 2, 3, 4}. (74)

PROOF. First, using the boundedness of the kernelK0

and the continuity of the matrices Σj ,Λj , such that

||Σ−+
j (x)− Σ−+

0 (x)|| < C
∣∣∣s02 − sj2

∣∣∣ ,
||Λ−

j − Λ−
0 || < C

∣∣∣s02 − sj2

∣∣∣ ,
||Λ+

j − Λ+
0 || < C

∣∣∣s02 − sj2

∣∣∣ , (75)

where C is a positive constant. Considering the function
f1j(x). For all x ∈ [0, L], we have

f1j(x) =Σ−+
j (x) + Λ−

j K0(x, x) +K0(x, x)Λ
+
j

9



=(Σ−+
j (x)− Σ−+

0 (x)) + (Λ−
j − Λ−

0 )K0(x, x)

+K0(x, x)(Λ
+
j − Λ+

0 ). (76)

Consequently, we obtain the existence of a constant
K1 > 0 such that

||f1j || ≤ K1

∣∣∣s02 − sj2

∣∣∣ . (77)

Consider now the function f3j(x, ξ). We have:

f3j(x, ξ) = Λ−
j (K0)x(x, ξ)− (K0)ξ(x, ξ)Λ

+
j

−K(x, ξ)Σ++
j (ξ)− Σ−+

j (ξ)N(x, ξ),

= (Λ−
j − Λ−

0 )(K0)x(x, ξ) + (K0)ξ(x, ξ)(Λ
+
0 − Λ+

j )

+K0(x, ξ)(Σ
++
0 (ξ)− Σ++

j (ξ))

+N0(x, ξ)(Σ
−+
0 (ξ)− Σ−+

j (ξ)). (78)

The regularity of the kernels implies the existence of a
constant K3 > 0 such that

||f3j || ≤ K3

∣∣∣s02 − sj2

∣∣∣ . (79)

The other inequalities for f2j(x) and f4j(x, ξ) can also be
derived using similar techniques. This finishes the proof
of Lemma 4. ■

4.2 Derivation of the Lyapunov function

Let us consider the Lyapunov functional V defined in
equation (64). Its infinitesimal generator L is defined
as [32]

LV (z, s2) = lim sup
∆t→0+

1

∆t
× E(V (z(t+∆t), s2(t+∆t))

− V (z(t), s2(t))). (80)

We define Lj , the infinitesimal generator of V obtained

by fixing s2(t) = sj2 (j ∈ S)

LjV (z) =
dV

dz
(ϑ, sj2)hj(ϑ) +

∑
ℓ∈R

(Vℓ(z)− Vj(z)) τjℓ(t),

(81)

where Vℓ(z) = V (z, sℓ2), and where the operator hj is
defined by

hj(ϑ) =



−Λ+
j δx(x, t) + Σ++

j (x)T+
j z(x, t)

+Σ+−
j (x)T−

j z(x, t)

Λ−
j βx(x, t) + f1j(x)T

+
j z(x, t)

+f2j(x)β(0, t) +
∫ x

0
f3j(x, ξ)T

+
j z(ξ, t)dξ

+
∫ x

0
f4j(x, ξ)T

−
j z(ξ, t)dξ


.

(82)

To shorten the computations, we denote in the se-
quel V (t), LV (t), Vj(t) and LjV (t) instead of (respec-

tively) V (z(t), s2(t)), LV (z(t), s2(t)), V (z(t), sj2) and

Lj(V (z(t))). From now, we consider that s2(t = 0) = si02
for some i0 ∈ S. We have the following lemma

Lemma 5 There exists η̄ > 0, M1 > 0 and d1, d2 > 0
such that the Lyapunov functional V (t) satisfies

r∑
j=1

Pij(0, t)LjV (t) ≤ −V (t)
(
η̄ − d1Z(t)

−
(
M1 + d1rτ

⋆
)
E
(∣∣s02 − s2(t)

∣∣))
+

3∑
k=1

(d2E(
∣∣s02 − s2(t)

∣∣)− e−
ν
λ̄ )α2

k(L, t), (83)

where the function Z(t) is defined as:

Z(t) =

r∑
j=1

∣∣∣sj2 − s02

∣∣∣ (∂tPij(0, t) + cjPij(0, t)) (84)

PROOF. We will first compute the first term of Lj .

Considering that s2(t) = sj2, we can define the state
ϑ = K0(Ti(z)), solution of equations (66)-(69). The Lya-
punov functional rewrites

Vj(t) =

∫ L

0

ϑT (x, t)Dj(x)ϑ(x, t)dx, (85)

Direct and classical computations give

dVj

dz
(z)hj(z) = −νVj(t) +

∫ L

0

2δT(x, t)Dj
α(x)(

Σ++
j (x)T+

j z(x, t) + Σ+−
j (x)T−

j z(x, t)
)
dx

+

∫ L

0

2a

Λ−
j

e

ν

Λ
−
j

x

β(x, t)
(
f1j(x)T

+
j z(x, t) + f2j(x)β(0, t)

+

∫ x

0

f3j(x, ξ)T
+
j z(ξ, t)dξ

+

∫ x

0

f4j(x, ξ)T
−
j z(ξ, t)dξ

)
dx

+ (q21j + q22j + q23j − a)β2(0, t)−Dj
α(L)δ

2(L, t)

+ ae

ν

Λ
−
j ((Rj −R0) δ(L, t))

2
, (86)

where the q1j ,q2j , q3j are the elements of Qj and where
Dj

α is defined by

Dj
α = Diag

e
− ν

λ
j
2

x

λj
2

,
e
− ν

λ
j
3

x

λj
3

,
e
− ν

λ
j
1

x

λj
1

 . (87)
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In what follows, we denote ci positive constants. Com-
bining Young’s inequality with Lemma 4, we obtain:∫ L

0

∣∣∣∣∣ 2aΛ−
j

e

ν

Λ
−
j

x

β(x, t)f1j(x)T
+
j z(x, t)

∣∣∣∣∣ dx
≤ ae

ν

Λ
−
j

Λ− M0

∣∣∣s02 − sj2

∣∣∣(∫ L

0

β2(x, t) + w2
1(x, t)

+ w2
2(x, t) + w2

3(x, t)dx

)
≤ c1

∣∣∣s02 − sj2

∣∣∣V (t), (88)

where we have used the boundedness of the exponential
term and the equivalence between the norm of the states
ϑ, w, z, and the Lyapunov functional Vj . Consider now
the term multiplied by f2j(x). Using Young’s inequality
and Lemma 4, we get∫ L

0

∣∣∣∣∣ 2aΛ−
j

e

ν

Λ
−
j

x

β(x, t)f2j(x)β(0, t)

∣∣∣∣∣ dx
≤ 2ae

ν

Λ
−
j

Λ− M0|s02 − sj2|

(∫ L

0

β(x, t)β(0, t)dx

)
≤ c2

k1ε0

∣∣∣s02 − sj2

∣∣∣V (t) + c2ε0

∣∣∣s02 − sj2

∣∣∣β2(0, t). (89)

For the term f3j(x, ξ), we have:∫ L

0

∣∣∣∣∣ 2aΛ−
j

e

ν

Λ
−
j

x

β(x, t)

∫ x

0

f3j(x, ξ)T
+
j z(ξ, t)dξ

∣∣∣∣∣ dx
≤ c3

∣∣∣s02 − sj2

∣∣∣V (t). (90)

Similarly, for the term f4j(x, ξ), we get:∫ L

0

∣∣∣∣∣ 2aΛ−
j

e

ν

Λ
−
j

x

β(x, t)

∫ x

0

f4j(x, ξ)T
−
j z(ξ, t)dξ

∣∣∣∣∣ dx
≤ c4

∣∣∣s02 − sj2

∣∣∣V (t). (91)

Therefore, we obtain

dVj

dz
(z)hj(z) ≤ −ηVj(t) +M1

∣∣∣s02 − sj2

∣∣∣V (t)

+
(
c2 |s̄− s| ε0 + q21j + q22j + q23j − a

)
β2(0, t)

+

3∑
k=1

(ae

ν

Λ
−
j ((Rj)k − (R0)k)

2 − e
− ν

λkj
L
)α2

k(L, t),

(92)

where

η = ν − 2

||Λ+||k1
( max
x∈[0,L]

||Σ++
0 (x)||

+ (1 +
1

mϑ
) max
x∈[0,L]

||Σ+−
0 (x)||)− 2s̄c2

k1ε0
, (93)

M1 = c4 + c3 +
c2

k1ε0
+ c1. (94)

The coefficients ν, ε0 and a are chosen such that

η > 0, c2 |s̄− s| ε0 + q21j + q22j + q23j − a < 0. (95)

There exists a constant C0 such that for all 1 ≤ j ≤ r,
Vj(z) ≤ C0V (z). Thus, we get the following inequality:

dVj

dz
(z)hj(z) ≤ −η̄V (t) +M1

∣∣∣s02 − sj2

∣∣∣V (t)

+

3∑
k=1

(ae

ν

Λ
−
j ((Rj)k − (R0)k)

2 − e
− ν

λkj
L
)α2

k(L, t),

(96)

where η̄ = ηC0. Now, we calculate the second term of
Lj . We have:

r∑
l=1

(Vl(z)− Vj(z)) τjl =

r∑
l=1

τjl(∫ L

0

K0(Tl(z(x, t)))
TDl(x)K0(Tl(z(x, t)))dx

−
∫ L

0

K0(Tj(z(x, t)))
TDj(x)K0(Tj(z(x, t)))dx

)
.

(97)

For the integral term, we get:∫ L

0

K0(Tl(z(x, t)))
TDl(x)K0(Tl(z(x, t)))dx

−
∫ L

0

K0(Tj(z(x, t)))
TDj(x)K0(Tj(z(x, t)))dx

=

∫ L

0

K0(Tl(z(x, t)))
T(Dl(x)−Dj(x))K0(Tl(z(x, t)))

+K0(Tl(z(x, t)))
TDj(x)K0((Tl −Tj)(z(x, t)))

−K0((Tj −Tl)(z(x, t)))
TDj(x)K0(Tj(z(x, t)))dx.

(98)

Let us focus on the first term. We can apply the mean-
value theorem to obtain∫ L

0

K0(Tj(z(x, t)))
T(Dl(x)−Dj(x))K0(Tj(z(x, t)))dx

≤ c5

∣∣∣sl2 − sj2

∣∣∣V (t). (99)

For the second term, we obtain∫ L

0

K0(Tl(z(x, t)))
TDj(x)K0((Tl −Tj)(z(x, t)))dx
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≤
∫ L

0

||Dj(x)||||Tl||||Tl −Tj ||||K0||2||z||2dx

≤ c6

∣∣∣sl2 − sj2

∣∣∣V (t). (100)

Similarly, we obtain for the third term

−
∫ L

0

K0((Tj −Tl)(z(x, t)))
TDjK0(Tj(z(x, t)))dx

≤ c7

∣∣∣sl2 − sj2

∣∣∣V (t). (101)

Consequently, we get:

r∑
l=1

(Vl(ϑ)− Vj(ϑ)) τjl ≤ d1

r∑
l=1

τjl

∣∣∣sl2 − sj2

∣∣∣V (t),

(102)

where d1 = c5 + c6 + c7. Using (96) and (102)

LjV (t) ≤ −η̄V (t) +M1

∣∣∣s02 − sj2

∣∣∣V (t)

+ d1

r∑
l=1

τjl

∣∣∣sl2 − sj2

∣∣∣V (t)

+

3∑
k=1

(ae

ν

Λ
−
j ((Rj)k − (R0)k)

2 − e
− ν

λkj
L
)α2

k(L, t).

(103)

We calculate the quantity L̄ =
∑r

j=1 Pij(0, t)LjV (t).
Using the property of the expectation, we know that∑r

j=1 Pij(0, t)|s02− sj2| = E
(
|s02 − s2(t)|

)
. Consequently,

we obtain

L̄ =

r∑
j=1

Pij(0, t)LjV (t) ≤
r∑

j=1

Pij(0, t) (−η̄V (t)

+M1

∣∣∣s02 − sj2

∣∣∣V (t) + d1

r∑
l=1

Pij(0, t)τjl

∣∣∣sl2 − sj2

∣∣∣V (t)

+ Pij(0, t)

3∑
k=1

(ae

ν

Λ
−
j ((Rj)k − (R0)k)

2

−e
− ν

λkj
L
)α2

k(L, t)
]
,

≤ −η̄V (t) +M1E(|s02 − s2(t)|)V (t)

+ d1

r∑
j=1

Pij(0, t)

r∑
l=1

τjl

(∣∣sl − s02
∣∣+ ∣∣∣sj2 − s02

∣∣∣)V (t)

+

3∑
k=1

(d2E(
∣∣s02 − s2(t)

∣∣)− e−
ν
λ̄
L)α2

k(L, t), (104)

where λ̄ = max{λj
2, λ

j
3, λ

j
1}, and we have used the fact

that ||(Rj)k − (R0)k||2 ≤ 2c10s̄
∣∣∣sj2 − s02

∣∣∣. Consequently,

we have:

L̄ ≤ −V (t)
(
η̄ − (M1 + d1rτ

⋆)E(
∣∣s02 − s2(t)

∣∣)
+d1

r∑
j=1

∣∣∣sj2 − s02

∣∣∣ (∂tPij(0, t) + cjPij(0, t))


+

3∑
k=1

(d2E(
∣∣s02 − s2(t)

∣∣)− e−
ν
λ̄ )α2

k(L, t), (105)

This concludes the proof of Lemma 5. ■

4.3 Proof of Theorem 2

We now have all the tools to prove Theorem 2. Notice
first that if ϵ⋆ is small enough (namely smaller than
e
− ν

λ̄
L

d2
) and if inequality (62) holds, then we have

r∑
j=1

Pij(0, t)LjV (t) ≤ −V (t)

(
η̄ − d1Z(t)

− (M1 + d1rτ
⋆)E

(∣∣s02 − s2(t)
∣∣)) . (106)

We define the following function:

ϕ(t) = η̄ − d1Z(t)− (M1 + d1rτ
⋆)E(|s02 − s2(t)|).

(107)

And then, using the functional Ψ(t):

Ψ(t) = e

∫ t

0
ϕ(y)dy

V (t). (108)

With the definition of Ψ(t), taking the expectation of
the infinitesimal generator L of Ψ(t) , we get:

E

 r∑
j=1

Pij(0, t)LjV (t)

 ≤ −E (V (t)ϕ(t)) . (109)

We know that E(
∑r

j=1 Pij(0, t)LjV (t)) = E(LV (t)),
thus

E(LV (t)) ≤ −E(V (t)ϕ(t)). (110)

Based on (110), we get:

E(LΨ(t)) ≤ 0. (111)

Then applying the Dynkin’s formula [15],

E(Ψ(t))−Ψ(0) = E
(∫ t

0

LΨ(y)dy

)
≤ 0. (112)
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To calculate the E(Ψ(t)), we write down the formulation
of Ψ(t):

E(Ψ(t)) = E
(
V (t)e

∫ t

0
ϕ(y)dy

)
= E

(
V (t)e

∫ t

0
(η̄−d1Z(y)−(M1+d1rτ

∗)E(|s02−s2(y)|))dy
)
.

(113)

We already know that

∫ t

0

Z(y)dy =

∫ t

0

 r∑
j=1

∣∣s02 − s(y)
∣∣ (∂yPij(0, y)

+cjPij(0, y))V (y)
)
dy

≤ E(
∣∣s02 − s2(t)

∣∣) + rτ⋆
∫ t

0

E(
∣∣s02 − s(y)

∣∣)dy, (114)

where τ⋆ is the largest value of the transition rate. Using
this inequality, we get

E(Ψ(t)) ≥ E
(
V (t) exp

(∫ t

0

(η̄ − (M1 + d1rτ
⋆)

E(
∣∣s02 − s(y)

∣∣))dy − d1E(
∣∣s02 − s(y)

∣∣)
−d1rτ

⋆

∫ t

0

E(
∣∣s02 − s(y)

∣∣)dy)) ,

≥ E
(
V (t)e

(
−d1ϵ

⋆+
∫ t

0
(η̄−(M1+2d1rτ

⋆)ϵ⋆dy
))

. (115)

Then we take ϵ⋆ as

ϵ⋆ =
η̄

2(2d1rτ⋆ +M1)
, (116)

thus we have

E(Ψ(t)) ≥ E
(
V (t)e(−d1ϵ

⋆+ η̄
2 t)
)
. (117)

From the before proof, we know E(Ψ(t)) ≤ Ψ(0), such
that

E(V (t)) ≤ ed1ϵ
⋆

e−ζtV (0), (118)

where ζ = η̄
2 . The function V (t) is equivalent to the L2-

norm of the system. This concludes the proof of Theorem
2. ■

5 Numerical Simulation

In this section, we illustrate our results with simulations.
The density and velocity evolution of HVs and AVs are
discussed, and the probability of stochastic parameters
and the states that are reached in the simulation process
are presented.
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(a) Probability of states
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Fig. 4. The probability of Markov states and the states the
system reached

5.1 Simulation configuration

In the implementation of the simulation, we set
the nominal equilibrium density ρ∗1 = 150veh/km,
ρ∗2 = 75veh/km. The corresponding nominal equilibrium
velocity are v∗1 = 29.16km/h, v∗2 = 13.32km/h. The
free-flow velocity for HVs and AVs are V1 = 80km/h,
V2 = 60km/h and the relaxation time for them are cho-
sen as ι1 = 30s, ι2 = 60s. The pressure exponent value
is selected as γ1 = 2.5, γ2 = 2. The nominal value of
area occupancy are a1 = 10m2, a2 = 40m2, indicating
the nominal spacing are s1 = 5m, s2 = 20m. The cor-
responding maximum area occupancy are AO1 = 0.9,
AO2 = 0.85. We simulate on a L = 1000m long road
whose width is 6m with two lanes. The simulation time
is 400s. We consider the spacing of AVs s2 as stochastic.
Following the basic properties of a continuous Markov
chain in the previous section, we choose five differ-
ent values for s2. The five values for spacing of AVs
are s12 = 18, s22 = 19.6, s32 = 20, s42 = 20.4, s52 = 22)
and the initial transition probabilities are chosen as
(0.02, 0.32, 0.32, 0.32, 0.02). The transition rates τij are
defined from [6]:

τij(t) =


0, if i = j

2r, if i ∈ {1, 5}
0.1r, if i ∈ {2, 3, 4}, j ∈ {1, 5}
r
(
1 + 2 cos(s(i+ 5j)t)

2
)
, others

(119)

where r = 10 and s = 0.001. Solving the Kolmogorov
forward equation, we get the probability of each state in
the simulation process shown in Fig. 4a, and the states
reached in the process are shown in Fig. 4b. From the
probability of each state, the system is more likely to
jump to the values that are close to the nominal value.
As shown in Fig. 4b, the system stays in {19.6, 20, 20.4}
more often in the simulation process. The sinusoidal ini-
tial conditions are applied to describe the stop-and-go
traffic scenarios.
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(a) HVs

(b) AVs

Fig. 5. The open-loop results of the stochastic system

5.2 Simulation results

The open-loop behavior of the system with stochastic
parameters is shown in Fig. 5a,5b. The density and ve-
locity of the mixed-autonomy traffic without control os-
cillate throughout the whole process. The closed-loop
behavior of our stochastic system is shown in Fig. 6a,6b.
The traffic states deviate from the original states due
to the stochastic driving strategy of AVs. The nominal
system of HVs and AVs reach their equilibrium points
at a finite time with the proposed backstepping control
law. We also provide a comparison of the nominal sys-
tem and stochastic system for open-loop and closed-loop
conditions. The error for open-loop results between the
nominal and stochastic systems are shown in Fig. 7a,7b.
The error for closed-loop results between the nominal
system and stochastic system is shown in Fig. 8a,8b. It
is observed that small deviations of density and veloc-
ity from the equilibrium still exist after the finite time
stabilization is achieved. The maximum density and ve-
locity error for open-loop HVs are 60veh/km,20km/h
while the maximum density and velocity error of AVs
are 10veh/km and 18km/h. The maximum density and
velocity error for the close-loop of AVs is 22veh/km,
15km/h. For HVs, the maximum density and velocity
error are 10veh/km, 10km/h. The evolution of control
input U(t) is shown in Fig. 9.

In congested mixed-autonomy traffic conditions where
AVs employ a more conservative spacing strategy in
comparison to HVs, the impact areas of AVs are larger
than HVs. The proposed control strategy can ensure the
traffic system is in stable condition if the driving strategy
of AVs remains relatively consistent with their nominal
driving strategy. In the presence of larger gaps between
AVs, HVs tend to exhibit gap-filling behavior, colloqui-
ally referred to as the “creeping effect”, wherein HVs
surpass AVs within such congested regimes.

(a) HVs

(b) AVs

Fig. 6. The close-loop results of the stochastic system

(a) HVs

(b) AVs

Fig. 7. The density and velocity error between open-loop
stochastic system and nominal system

6 Conclusion

In this paper, a mixed-autonomy traffic PDEmodel with
Markov jumping parameters is developed to characterize
the evolution of traffic density and velocity on the road.
The spacing of AVs is considered as a Markov process,
rendering the system stochastic in nature. The expo-
nential stability of the nominal system is demonstrated
through the employment of a full-state feedback con-
trol law using the backstepping method. Subsequently,
Lyapunov analysis is utilized to prove the mean-square
exponential stability of the stochastic system under the
nominal control law. Finally, a numerical simulation is
conducted to assess the performance of the control ap-
proach for the stochastic system. It is of the author’s fu-
ture interest to develop a boundary observer and output-
feedback boundary controllers to stabilize the stochastic
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(a) HVs

(b) AVs

Fig. 8. The density and velocity error between closed-loop
stochastic system and nominal system

0 100 200 300 400
Time(s)

-0.4

-0.2

0

0.2

0.4

0.6

U
(t

)
ve

h
/s

Nominal system
Stochastic system

Fig. 9. The control law for nominal system and stochastic
system
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