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Bifurcation results and multiple solutions for the
fractional (p, g)-Laplace operators

Emmanuel Wend-Benedo Zongo and Pierre Aime Feulefack

Abstract

We investigate a nonlinear nonlocal eigenvalue problem involving the sum of fractional (p, q)-
Laplace operators (—A)j + (—A);? with s;,s2 € (0,1); p,q € (1,00) and subject to Dirichlet
boundary conditions in an open bounded set of RN. We prove bifurcation results from trivial so-
lutions and from infinity for the considered nonlinear nonlocal eigenvalue problem. We also show
the existence of multiple solutions of the nonlinear nonlocal problem using variational methods.

Keywords: Nonlocal operators, nonlinear eigenvalue values, bifurcation results, critical point the-
ory, fractional (p, q)-Laplacian, multiple solutions.

AMS 2010 subject classification: 35]J20, 35]92, 35P30, 35R11, 49]35, 49J40.
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1 Introduction and main results

Let O € RN, N > 2 be an open bounded set with Lipschitz boundary. In this article, we are
interested in the study of the following nonlinear eigenvalue problem involving a sum of mixed
fractional (p, q)-Laplace operators subject to the Dirichlet boundary condition,

{(—A);}u + (—A)Fu = AMul'u in O (.1)

u=0 on RN\Q,
where, 51,5, € (0,1), A € Rand p,q € (1,400). Fors € (0,1) and r € (1, +0o0), the operator (—A)3

stands for the fractional r -Laplacian, and it is defined up to a normalization constant and compactly
supported smooth functions 1 : RN — R, by

Sy u(x) —u()"?(u(x) —u(y))
(_A)ru(x) =PV RN |x _ y’NJrrs d

X,

where, P.V stands for the Cauchy principle value. This covers the usual definition of the fractional
Laplacian (—A)° when r = 2 (see [20]). In particular, for s; = s, = 1, problem reduces to the
following classical eigenvalue problem involving the (p, g)-Laplace operators,

1.2

{—Apu — Agu = AMulT2u in QO
where formally, the operator A,u := div(|Vu|"~2Vu) denotes the classical r-Laplacian. This kind
of problem has been widely studied in the literature and occurs in quantum field theory, plasma
physics, and chemical reaction design. Among the results related with problem (1.2), we refer the
reader to the articles [7,[13,[15]/16] and the references therein. The special case s; = s, = land g = 2,
namely, the nonlinear eigenvalue problem

—Apu —Au=Au i Q
{ pU u u in (13)

u=20 on dQ),

has been considered in [31]. We note that problem is a nonlocal counterpart of problem (1.2)
and and, generalized in a sense, problem and for s1,sp € (0,1) and p,q € (1,0).
This is due to the asymptoitics limit (—A)ju — —A,u as s — 17, for compactly supported smooth
functions u (see [8]).

Fuel by various concrete applications in many fields of sciences such as, finance, phase transi-
tions, stratified materials, anomalous diffusion, crystal dislocation, soft thin films, semipermeable
membranes, conservation laws, ultra-relativistic limits of quantum mechanics [5]; the study of non-
local elliptic problems driven by the sum of two nonlocal operators has gained a tremendous popu-
larity in the last years, see [2] 4} 16} 14,17, 18| 24} 27,29] and the references therein. This is due to their
ability to describe the superstition of two processes with different scales, which finds wide applica-
tions in biological population in an ecological system [12], and in many other fields of sciences and
engineering.



The main purpose of this paper is to extend the results proven in [30], we will analyse the spec-
trum of equation (1.1 (see also [3, 17, [13} 15} 16} 21] for the same kind of results), prove the existence
of bifurcation branches forced by the eigenvalues of the homogeneous fractional g-Laplacian,

14
u=20 on RN\Q, 14

{(—A)Zzu = AMuliu in Q
and prove the existence of multiple solutions of problem using variational methods and some
topological techniques.

We will rely on the methods used in [30] for problem driven by the sum of classical (p, g)-Laplace
operators to analyse the spectrum and study the existence bifurcation branches of problem (1.1).
Moreover, for s1,5, € (0,1) and p,q € (1,0), nonlinear eigenvalue problem involving the sum of
two nonlocal operators (—A)} 4 (—A)7? as in equation has been studied in the literature and
full description of the set of eigenvalues is provided, see [14, 24] and the references therein, and [6]
for more general eigenvalue problems of fractional (p, g)-Laplace operators with two parameters.

We would like to point out that in the last several years, many authors have dedicated special
attention on the study of (global) bifurcation type results for elliptic problems involving the classical
p-Laplacian subject to the Dirichlet boundary condition [1} 26],

—Apu = f(A,x,u) in QO
1.
{ u=2~0 on dQ), (1.5)

where the nonlinear perturbation f : R x (2 x R — IR satisfies the Carathéodory condition for the
second and third variables with f(A, x,0) = 0 and Q) is a bounded domain with Lipschitz boundary.
For the motivations that lead to the novelity of the bifurcation results of problem studied in
this paper, we point out that analogue bifurcation results for problem have been successfully
extended to the nonlocal counterpart in the last ten years by many authors [10, 25, 28],

{(—A);u:f()x,x,u) in O

1.6
u=0 on RN\Q, (1)

where the Dirichlet condition is imposed on the complement of ). In the particular case p = 2, we
refer to paper [10], where the authors used bifurcation theory to study the existence of continua,
bifurcating from infinity at A4, the first eigenvalue of (—A)*, containing positive and negative solu-
tions. They also provided sufficient conditions for each of the continuum to bifurcate to the left or
right of the hyperplane A = A1 in R x L®(Q)) and they also discussed multiplicity of solutions near
the principal eigenvalue A;.

However, to our best knowledge, there is no literature related to the bifurcation discussion for
problem like (1), involving the sum of two nonlocal operators (—A);! + (—A)72. Following the
local case approach as in [30] , we provide a description of the set of eigenvalues of problem (L.I),
prove the existence of bifurcations branches for equation emanating from the eigenvalues of
the g-Laplacian and prove multiplicity results.

Our first result writes as follows:



Theorem 1.1. It holds:

1) For every fixed p > 0 there exists a sequence of eigenvalues (Ag(s1,s2,p, q;p))k with corresponding
eigenfunctions uy satisfying [q |u|7dx = p, with

Ae(s1,82,p,4:0) = +00  as  k — co.

2) The variational eigenvalues A (s, q) of problem (1.4) are bifurcation points from 0if 0 < sy < 51 <
1 < g < p < oo, and, are bifurcation points from infinity if 0 < s1 < sp <1 < p < q < oo, for the
nonlinear eigenvalues A (s1,52, P, q; 0)-

3) Forany fixed A € (Ax(s2,9), Aki1(52,q)) there exist k eigenvalues of with

A=A(s1,8,p001) = = A(S1,52, P, Px),

with corresponding eigenfunctions uy, satisfying [ |ur|7 = py.

Our second result on multiple solutions writes as follows:

Theorem 1.2. Assume that 0 < s < 51 <1 <g<p<ooor)<s <s5<1<p<g<oo
and suppose that A € (Ax(s2,q), Akr1(52,9)), k > 1. Then equation has at least k pairs of nontrivial
solutions.

Note that by the symmetry of the parameters s1,s; € (0,1) and p,q € (1,), our techniques
still apply if one interchanges the role of the couple (s, p) and (s, q). More precisely, the results of
Theorem [I.T|and Theorem 1.2]hold for the problem:

(=D)Fu+ (=D =AulP?u in Q
N (1.7)
u=20 on RY\Q.

We comment on the proof of Theorem The proof of the first item of the Theorem [1.1|is pre-
sented in Section [3, where we analyse the set of eigenvalues and the existence of eignfunctions of
problem (1.1I), depending whether, 0 < s) <51 <1<g<p<owor0<s;<s;<1<p<g<oo.
Inthecase 0 < sy <51 <1< g < p < oo, the functional associated to problem is coercive and
we use the Direct Method in the Calculus of Variations in order to find critical points of the associ-
ated energy functional. In the case 0 < 51 < 55 <1 < p < g < oo, the energy functional associated
to problem is not coercive. To prove that the associated energy functional has a critical point
in W,*7(Q)\ {0}, we constrain the functional on the Nehari manifold and show through a series of
propositions that the critical point in the Nehari manifold is in fact a solution of problem in
W,27(Q2)\{0}. The proof of second item of Theorem [1.1|follows from Section |4, where, bifurcation
occurs in 0 from A4 (sp, ) when we assume that 0 < s, < 51 <1 < g < p < oo and at infinity from
A1(s2,q) when we assume that 0 < s; < sp < 1 < p < g < co. The proof of the last item of Theorem
follows by combining the proof of Theorem 3.8|and Theorem [3.14]



The paper is organised as follows. In Section [2, we introduce the fractional Sobolev spaces in
which we will work, review some properties and embedding results, and recall some properties
related to nonlinear eigenvalue problem invoving the g-Laplacian. In Section |3, we provide a de-
scription of the set of eigenvalues of problem (I.I), imposing the L7-normalization [[u||] = p. In
Section [, we discuss bifurcation phenomena for problem and Section 5 is dedicated to the
proof of multiplicity result for problem (1.1).

2 Preliminaries

In this section, we introduce the definitions and some underlying properties of the fractional Sobolev
spaces, We refer the reader to [23] for further references and details on fractional Sobolev spaces.
We also discuss the nonlinear eigenvalue problem for the fractional g-Laplace operator in an open
bounded set with Lipschitz boundary.

Let Q) be an open bounded set of RN, N > 1. Here and in the following, we identify the space
LP(Q), p € [1,00] with the space of functions u € LP(RN) with u = 0 on RN \ Q. We will work in
the fractional Sobolev space W*"(Q)). We recall that for 0 < s < 1 and r € [1, +0), the fractional
Sobolev space W*"(Q)) is defined as

W (Q) ={u el (Q): [uls,n <o},

= ([, et ).

is the so called fractional Gagliardo seminorm. We adopte the notation [u]s, := [u];, gy When
Q = RN. The fractional Sobolev space W (Q)) endowed with the norm

1/
(eelly + []sr) "
is a reflexive Banach space. We also define the following closed subspace of W' (Q),
Wy (Q) :={u e W”RN): u=0in RN\Q},

which is a separable Banach space endowed with the seminorm [-]s,, which is actually a norm in
W, (Q), due to the fractional Poincaré inequality,

|r
i € [, SO sy

with C := C(N,s,Q), depending on N, s and Q. We denote by W~" (Q) the dual space of WJ'(Q),
with r and 7’ satisfying the relation 1 + 1 = 1. We will use the following notation throughout the
paper. For u,v € W% (Q)), we introduce the functional (#,v) — &, s(u,v), which is the bilinear form
associated to (—A); defined by

b0 = By = [ [ 20 w00 =009 g,

|x — y [N

where

The following lemma will be used many times in this paper, see [4, Lemma 2.1 and Lemma 2.2].
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Lemma 2.1. Let QO C RN be a bounded set, 1 < g<p<ocoand0 < sy < sy <1 Then, it holds that
WP(Q) c W21(Q)  and WP (Q) € WT(Q).
Moreover, there exists a constant C := C(N, s1,52, p,q, Q) > 0 such that
[ullsrg < Cllttlls,,p  forall  u e W (Q).

It follows from Lemma 2.1 that, for 0 < s <51 <1 <g<p <ooor0<s; <s <1< p<g<oo,

the embedding . . . .
W' (Q) = W () or  WT(Q) — Wi (Q)

is continuous, see also [9, Theorem 2.1] and [18, Lemma 2.1].
This allows us to introduce the notion of weak solution for problem (1.1) in the following sense:

Definition 2.2. A function u € W;*"(Q) or W,"""(Q) is called a weak solution of li if the following
identity holds

Eps (U,0) + &5, (1, 0) = )L/ |u|‘7_2uv dx (2.1)
0

for all v € W7 (Q) N W7 (Q).

We say that A is an eigenvalue of problem (1.1)) in () if there exists a non-zero function u := u) €
Wp27(Q) or W,""(Q) that satisfies (2.I). We call u, the eigenfunctions associated to A and (A, u,) an
eigenpair.

We recall the following useful inequalities.

Lemma 2.3 ([22]). There exist constants cy,cy such that for all x1,x, € R, we have the following vector
inequalities for 1 < r < 2

(2l 7222 = 1 [7201) - (2 = 21) = e([aa| + [ ]) 2o — 2,

and for r > 2
|r—2x

(|x2 o — x| 2x1) - (k0 — x1) > cafxn — x|

Definition 2.4. An operator IT: W;'7(Q) — W—s2#'(Q) is said to be demi-continuous if IT satisfies:
ITu, — IIu whenever u, € W,'"(Q) convergesto u € W,'7(Q), as n — .
Following the proof of Lemma 2.1 in [16], the following lemma holds.

Lemma 2.5. Let 0 < 55 < 51 <1 < g < p < oo. The nonlinear operator
I1: WP (Q) — W7 () € W' (Q),
defined by

(IMu,v) = 5P,sl<”zv) + 561,52(”/0)



is continuous and so it is demi-continuous. In addition, the operator 11 satisfies the following condition: for
any u, € Wy (Q) satisfying u, — uin Wy (Q) and limsup(ITuy, u, — u) <0,

n—-+oo
upg —u in WyP(Q) as  n— oo
The same result holds in the case 0 < s; < 51 <1 < q < p < oo, by interchanging the role of the couples
(s1,p) and (s3,q).

Finally, since we aim to show there are bifurcations branches for equation (1.1) emanating from
the nonlinear eigenvalues of the fractional g-Laplacian (—A)7, we recall some spectral properties of
the following eigenvalue problem

—AN)2u = AMul2%u i Q
{( )q |ul m 2.2)

u=20 on RN\ Q.

It has been shown, see [19, Proposition 2.2] and [3, Theorem 1.2] that for every s; € (0,1) and
g € (1,00), by means of the cohomological index and min-max theory respectively, there exists a
non-decreasing sequence of variational eigenvalues of (—A);? in Q) satisfying

0 < Ai(s2,9) < A2(s2,9) <+ < Ag(sz,q) < -

with Ax(sp,g) — oo as k — co. Moreover, the first eigenvalue A1 (sp, 9) := A1(s2, g, Q)) is characterized
from the variational point of view by the Rayleigh quotient

|u(x) — u(y)|?
/IRN/RN lx —y |N+‘152 dxdy

)Ll(Sz,q) = Sinf
weW2 )\ {0} / u(x)|7 dx 23
_ inf / / ulx) = uW) oy,
{ueW2(Q): [ juft dw=1} /RN JRN X — !N+qs2

and satisfies: Every eigenfunction u; corresponding to A(sp,q) has a constant sign in QQ, A1(s2,9)
is simple, that is, any two eigenfunctions u; and v; corresponding to A (s, q) are constant multiple
of each other, u; = avy, « € R, see [6, Proposition 2.1] . Furthermore, the variational k-eigenvalue
Ak(s2,q) is defined by the following min-max formula,

)|’
Ak(s2,q) = inf sup /]RN /RN |x— |N+qu dxdy. (2.4)

A€Xy MGA

where X is defined by
Yy ={A CXZNDi(s2,9,1): v(A) >k},

the set ¥, being the class of closed symmetric subsets of W,*7(Q)\ {0}, i.e.,
S ={ACW(Q)\{0}: A closed, A=—A}
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and

Dp(s2,0,0) = {u € W(Q) = [ [uff dx = p}.
For A € X, we define
Y(A) =inf{k € N : 3¢ € C(A,RF\{0}), ¢p(—x) = —¢(x)}.

If such v(A) does not exist, we define 7(A) = +o0. The number y(A) € N U {400} is called the
Krasnoselskii’s genus of A, see [1}2].

3 The spectrum of problem (1.1

In this section, we provide a description of the set of eigenvalues of problem (1.1)), imposing the L9-
normalization [|u ] = p. We show that equation (I.I) has a sequence of eigenvalues A(s1, 2, p, 4; 0)
with A (s1,52, p,4; p) — o0, and with associated eigenfunctions uy.

Definition 3.1. We say that A € R is an eigenvalue of problem if there exists a function u, €
(WP () N W*7(Q2))\ {0} such that relation holds. We shall call the non-zero functions u, an
eigenfunction of problem associated to A.

We say that A := A(s1,s2,p,4,p) is a first eigenvalue of problem if the corresponding eigen-
function u, is a minimizer of the following expression for some p > 0,

p q
q(uls,p | [Ulsyg
A1(81,82,p,9,0) := inf + . 3.1
1(51,52, 1,49, 0) (ueWIP QAW (Q), [ Ju(x)|7 dr= p}p< ) (3.1)

It holds that A1(s1,s2,p,9,1) = A1(s2,q) where A1(sp,q) is defined in (2.3). Indeed we clearly have
that A1(s1,52,p,9,1) > A1(s2,q) since a positive term is added. On the other hand, consider u = le;
(where e is the first eigenfunction of (—A);? associated to A1 (s2, 7)), we get

[61}51 P [81]52 q [ }f‘l P [61}52 q
A 1) < ptP + qtd . ptP—1 + q A
1(51152/P1q/ )_ 1 - 1 — 1(52/‘1)
o Jo ler]7dx 7 Jo le1|7dx

ast — ooif p > gandast — 0if g < q. We conclude that A1 (s1,52,p,9,1) = A1(s2,9) as wanted.
We have the following nonexistence result for problem (1.1)).
Proposition 3.2 (Nonexistence). Let A1(sy,q) be the first eigenvalue of
(=A)2u = AulT?u in Q, u=0 on RN\Q.

If it holds that A < A1(s2,q), then problem has no nontrivial solutions.



Proof. Suppose by contradiction that there exists A < Aj(s,q) which is an eigenvalue of problem
with uy € (W,""(Q) N W;*7(Q))\{0} the corresponding eigenfunction. Letting v = u, in
relation (2.1), we then have

[ur(x) —ua(y | (x) — up ()] B .
//IRNXIRN lx —y \N+51P dXdy+/wakN \x— [NFas2 dxdy_/\/()\uA(x)] dx.

On the other hand, the Poincaré inequality yields

)| ua(x) — ur(y))?
1(52,9 / [y (x)|7 dx < //]RNx]RN |x Ve dxdy. (3.2)
Subtracting both sides of (3.2 . by A [ [ua(x)]7 dx, it follows that
)| up(x) —ur(y)? B / g
(A1(s2,9 / [y (x)|Tdx < //]RNXIRN |x—y!N+q5 dxdy — A A |up(x)|7 dx.

This implies that
q |u)\ M)L(y)‘ _ / q
0 < (M(s2,9) — )/ lup (x)|T dx <//]RN><]RN |x—y|N+‘75 dxdy — A Q|uA(x)| dx

|ua(x) —ur(y)[? _
//]RNx]RN |x— Ntsip dxdy = 0.

Hence, A < Aq(sy,9) is not an eigenvalue of problem with u, # 0. The proof for the case
A = A1(s2,q) follows from the definition of A1(s2, ). Indeed, taking v = u,, in (2.1), we have

4, () — 1, (v i (1) — i, I q
//]RNX]RN ‘x—y|N+51P d d]/‘i‘//]RNX]RN ‘x—y’N+q52 dxdy = /\1(Sz,q)/ﬂ ‘u)\l(x)‘ dx.

It follows from the definition of A (sp, q) that

lup, (x) —up, (w)|7
//]RNXIRN 1 ‘N—i—lslp dxdyg/\l/()|uA1(x)\q dx—/\l/()|uA1(x)\q dx = 0.

It follows from Poincaré inequality that

p
0</ iy, (x If’dx<C//lRNxIRN ’uA|1x_ |Llfp(sy)’ dxdy=0 = uy, =0 in Q.  (33)

This shows that any eigenvalue of problem satisfies A € (A1(sp,q),0). O

The Palais-Smale condition plays an important role in the minimax argument, and we recall here
its definition.



Definition 3.3. A C! functional I defined on a smooth submanifold M of a Banach space X is said
to satisfy the Palais-Smale condition on M if any sequence {u,} C M satisfying that {I(u,)}n is

bounded and (I| M)/(un) — 0 as n — 4-co has a convergent subsequence.

Next, we start the discussion about the existence of eigenvalues for problem (1.1). We note that
these eigenvalues depend on p, from the L7-normalization [ [u(x)|? dx = p. We define the energy

functional F) : Wy (Q) N W;*(Q) — R associated to relation (1.2) by

1 1 A
Fy(u) = ;[u]g’l,p + 5[u]zm - /Q lu|dx. (3.4)

A standard arguments can be used to show that Fy € C1(W;""(Q), R) with its derivative given by
(Fi(1),0) = Epsy (1,0) + Eqy(1,0) = A [ [uli 2w 0,
0

for all v € W7 (Q)) N W;*7(Q2). Thus, we note that A is an eigenvalue of problem if and only if
F) possesses a nontrivial critical point.

We further split the discussion into two cases, whether, 0 < s, <51 <1 < g < p < © or
0<s < <lI<p<g<oo

31 Thecase:0<s; <s1<1<g<p<oo

In this case one show that for each A > 0, the functional F, defined in (3.4) is coercive.
Lemma 3.4. For each A > 0, the functional F) defined in is coercive.
Proof. Using the fact that W,'""(Q) < L7(Q) (see Lemma 2.1), we have

F(u) > s — &/ |u|Tdx > [1]s1p _AC [u]sllq.

Therefore, F) (1) — +o0 as [u]s, , — +00 since p > . O
Remark 3.5. Note that the functional F, is not bounded below if p < g and A > A;(sp,9). Indeed,
for u = uy, the first eigenfunction of problem (2.2) with [, |u1|7dx = 1, we have

tP 1
Fy(tuy) = ?[ul]fllp + ?(Al(sz,q) —A) — —c0 as t— +oo.

This case will be treated in Section on a subset of W7 (Q) N W,*7(Q), the so-called Nehari
manifold, since we cannot apply the Direct Method in the Calculus of Variations in order to find
critical points for the functional F,.

Theorem 3.6. Every A € (Aq(s2,q), +00) is an eigenvalue of problem (1.1).

10



Proof. As already mentioned above, standard arguments show that Fy € C'(W,'"(Q), R) with its
derivative given by

(Ff(0),0) = Epsy (0,0) + Eqy(1,0) = A [ |l 2u v d,

forallv € W, (Q) € W;*7(Q2). On the other hand F) is weakly lower semi-continuous on W;"" (QQ) C
Wgz,q (Q)) since F, is a continuous convex functional. This fact and Lemma3.4|allow one to apply the
Direct Method of Calculus of Variations to obtain the existence of global minimum point of F,. We
denote by u( such a global minimum point, i.e,

Fa(ug) =  min  Fy(u).
ueW;'? (Q)

We observe that for ug = tw;, where w; stands for the L7-normalized associated eigenfunction of
A1(s2,q), we have,

£p £
F/\(uo) = F)\(twl) = ?[wl]fhp —+ 5(/\1(52, q) — )L) <0

for t small enough. So there exists u) € W,'"(Q) such that F(u,) < 0. But Fy (ug) < Fp(uy) <0,
which implies that ug € W7 (Q)\{0}. We also have that

(Fi(ug),v) =0, forall ve W,""(Q).
This concludes the proof of Theorem 3.6] O

Proposition 3.7. Every eigenfunction u, associated to A € (A1(s,q), o) is positive or negative in Q).

Proof. Letu, € ng’p (Q) \ {0} be an eigenfunction associated to A € (A1(sy,4),0). Then,

12 () = ()" () =Wl A :
//]RNX]RN y‘N—kslp dxdy + — //]RNXIRN ‘x_le—}—szq dxdy—g/g\“)\(x)! dx,

which means that u, achieves the infimum for Fy with A := A(sy,s2, p,g) in Theorem From the
triangle inequality, we have that

()| = [uW)I] < [u(x) —u(y)|] forall ue W (Q) C Wi(Q),

which implies that
H“)\Hsl p> [“A]sl p and H”/\HSZ q> [“A]Sz q

and thus |u,| € Wy (Q) € W*7(Q). Hence, it follows that Fy (|u,|) < Fy(u,). This yields,

Fx(lual) < Fx(up) = min  Fy(v) < Fy(Jua]),
veW P ()

showing that |u, | also achieves the infimum for F) and hence, u, must has a constant signin Q. [

11



The proofs of the following two theorems rely on [1, Proposition 10.8].

Theorem 3.8. There exists a nondecreasing sequence of critical values cx(s1, 52, p, 4; p) with associated non-
linear eigenvalues Ai(s1,s2,p,q;0) — —+09, as k — +oo and with corresponding eigenfunctions uy €
WP (Q) with [ [ug|P dx = p, for problem .

Proof. We define:
Dp(s1,s2,p,q) = {u € W (@) + [ [ulf dx = p},
Y(s1,50,p,9) = {A C Dy(s1,50,p,9), A€X and 7(A)>k},

where & = {A C W;""(Q) : Aclosed, A= —A}and set

p q
by | [y

; ; ) > 0. (3.5)

ck(s1,52,p,q;0) = inf sup <
AGZk(51/SZIPIq) MGA

Let us show that

I(u) _ [u]gwﬂ + [uleﬂl

satisfies the Palais-Smale (PS) condition on D, (s1,s2, p,q). Let {uy} C Dy(s1,52,p,q) be a (PS) se-
quence, i.e, for all n, there exists a constant K > 0 such that

[I(un)| < K

and
/ !
(1|, ) (un) =0 in (wg””(ﬂ)) — WS (Q) as n— oo,
P

First, we show that {u,} C D, (s1, 2, p,q) is bounded in W"" (Q). Since u, € Wy'"(Q)) € W*(Q)),
with the Poincaré inequality, we have p = [ [un|7 dx < C[un)]l, , and it follows that

q 1 q P
K= [10n)| 2 Tunlhp+ & [ unltd = Tluallp+ &

Then {u,} C Dy(s1,52,p,q) is bounded in W;""(Q). We can assume that up to a subsequence, still

denoted {u,}, there exists u € W7 (Q) such that u, — u in W;""(Q) and u, — u in LI(Q).

Now, we show that u, converges strongly to u in W7 (Q). Since (I|D ) (11y) — 0in W17 (Q) as
[

n — +oo, there exists y, € Rand ¢, — 01in W(;Sl’pl(ﬂ) such that
I'(up)o — yn/ 1|7 2uyo dx = (ey,0) forall v e W*(Q).
0
We have I'(un)un — ptn [ |un|? — 0, and since I'(u,)u, < CiI(u,) < Cy it follows that |u,| < C.
From this we obtain that I'(u,)(u, —u) — 0 and I'(u)(u, —u) — 0 as n — +oo. Therefore, using

Lemma 2.3, we have:

12



If1 <g<p<2,then,

0(1) = (I'(un) = I'(u), tn — u)
{

> ((=A) un — (=A)p u,up —u) + < A)uy — (—A)Fu, 1y — u)
p=2 g2
> ||”n—”|sl,p(||un||51,p‘|‘ ||”|52, ) p + |lun —u |Sz,q (||“n|52,q+ ||M|SM) p
p—2
> Jun — u|s,,p (||”n||51p+ ||”|sl,p) P

so that -
(H”HHSW + ||”||S1,p)T <1/(”n) - I’(u),un —u)

(I'(un) = 1'(u), un — u)
o(1).

If p > q > 2, still by Lemma 2.3} we have

||u1’l_u”51,p S

<

Jun —ulls;,p < llun —ulls,p 4 lun — ullspq
< (At — (= ANt — )+ (= D)1t — (—A)P1 10, — )
< C(I'(up) — I'(u), upy — u)
=o0(1)
Therefore, it holds for every 1 < g < p < coand 0 < s, < 51 < 1, that

o(1) = (I'(up) — I'(u), uy — u) > callup — u||§1/P'

This shows that u, converges strongly to u in W,"" (Q) as n — +oo.

In order to complete the proof, let us show thatif c = cx(s1,52, P, ;0) = - - = Ckm—_1(51,52, P, 9; 0),
then the set K, of critical points of I at the critical level ¢ has a genus v(K.) > m. We consider the
level set at ¢,

K :={u € Dy(s1,52,p,9) : I(u) =c, I'(u) = 0}.
We have that K, is compact since the functional I satisfies the Palais-Smale condition and 0 ¢ K.
since ¢ > 0 = I(0). In addition, we have I(u) = I(—u). Hence K, € X.

Assume by contradiction that y(K.) < m — 1. Take A; € Ey ;1 such thatsup, I(u) < c+e.
By the properties of the genus, there exists a é-neighborhood Nj of K. such that v(Ns) = y(K,),
and v(A¢ \ Ny) > 7(A:) —v(Ns) > k+m —1— (m —1) = k. By the deformation theorem there
exists a homeomorphism #(1, ) such that I(u) < c —¢, for u € 1(1, A \ Ns). Then we arrive at the
contradiction

c= inf supl sup I(u) <c—e.
AeXy ugg ( ) - (LASI\DNJ) ( ) N

Hence, v(K;) > m

13



With a compactness argument one shows that c(s1,52,p,4;p0) — +o0 as k — +oo. For the
corresponding eigenvalues Ag(s1, 52, p, q; ) we then have

[”n%LP'F[”nﬂzq::Ak(shsblbq;P)/g|”nr7dx::‘Ak@ﬁrsblﬁq;P)P-

Thus Ax(s1,52,p,9;0) p > ck(51,52,p,9;p), for all k (and fixed p), and hence also Ai(s1,s2, p,q;0) —
+ooas k — +o0. O

32 Thecase:0 <51 <s <1 <p<g<oeo

In this case, we do not have coercivity on W,*7(Q) \ {0} for functional ], eventhough it belongs to
CHW27(Q) \ {0};R). To prove that F has a critical point in W;*7(Q2) \ {0}, we constrain F) on the
Nehari set

Ny = {n € W (@) \ {0}, (F;(w), ) = 0}
= (e WP Q\{0}, [l + [l = A [ [l dx}.

Note that on V), the functional F, reads as
1 1
Fa(u) = (= — =)[ulf,, > 0.
poq

This shows at once that F) is coercive in the sense that if u € N, satisfies [u]s, , — oo, then
Fy(u) — +-oo.
Next, we define the quantity
M = inf Fy(u)

MEN/\

and show through a series of propositions that 91 is attained by a function u € N,, which is a critical
point of F) considered on the whole space Wgz,q (Q) C ng’p (Q) and in fact is a solution of 1;

Proposition 3.9. The set N, is not empty for any A > A1(s3,q).

Proof. Since A > A1(sy, q) there exists u € W;*7(Q) notidentically zero such that [u]{, ; < A [, [u|7dx.
We then see that tu € N, for some t > 0. Indeed, fu € N, is equivalent to

wmmm+ﬂmmﬂ:ﬂgéhmdx

1

. . _ [”]fl,p =p
which is solved for t = ( X Jnlalt dx—[l,, > 0. O

Proposition 3.10. Every minimizing sequence for Fy on N is bounded in WSM(Q).
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Proof. Let {uy}n>0 C N, be a minimizing sequence of Fy |, i.e. Fy(u,) — M = ir}\ff F)(v). Then
vEN)

1
A Jual? dx = [} = el p (% - %) M, as 1 — +oo. (3.6)
Q

Suppose on the contrary that {u,},>0 is not bounded in Wy*7(Q) i.e. [un]l,; — +o0asn — +oo.

Un
l[unllq

Then we have / |un|T dx — o0 as n — 400, using relation 1} Next, we set w,, = . Since
(@)

[un)dg <A / |1n|? dx, we deduce that [w,]], ; < A, for each n. Hence {w,} C Wy*7(Q) is uniformly
0
bounded in WSM(Q). Therefore there exists wy € Wosz’q(Q) such that passing to a subsequence that
we still label {wy, },,
wy —wp in WX(Q) c WP(Q) and  w, — wpin LI(Q)

thanks to the compactness of the Sobolev embedding. Since p < g, by Holder inequality, we have

q-r
that [|[wnllr) < Q7 [[wnllq) < Cand wy, — wp in LP(Q). Furthermore, as we know that

A Jo [un]? dx — [un)l, 5 is bounded as n — oo and p < g, it follows from combined with the
Poincaré inequality that

1
0< / |w, |V dx = —p/ |ty |P dx
0 ||”n||m(Q) Q
c A Jual? dx = (2]
< —p[”n]fl,p = Q 5 —0 as n— oo
||“n||Lq(Q) ””n”m(Q)

Therefore, w, — 0 in L?(Q) and consequently wg = 0. This contradicts the normalization of
|[wnllza@a) = 1. Hence the sequence {u,}, is bounded in W,>7(Q). This completes the proof of

Proposition [3.10} O
Proposition 3.11. We have 9t = inf F,(u) > 0.

uE./\/’)\

Proof. Assume by contradiction that 9t = 0. Then, with {u, },>¢ as in Proposition we have
0<A / a7 dx =[]y = [all,p — 0, as 1 — +oco. (3.7)
Q

By Proposition we know that {u,},>0 is bounded in W;*?(Q)). Therefore there exists 1y €
W,>7(Q) such that up to a subsequence, u, — upin Wy*'(Q) C W,""(Q) and u, — ug in L1(Q).
Thus, by the weakly lower semicontinuity of the norm,

HuOHZP(Q) < C[“O]fl,p < Clrilrﬁigof[“n]fw =0.
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Consequently 1y = 0. Passing to a subsequence again, we have that u, — 0in W;*7(Q) ¢ W,'7(Q)
and u, — 0in L1(Q)) and also u, — 0 in LP(Q) since p < g. Next, writing again w,, = H;Tn\lq’ we

have that ||w;|[; = 1 for all n and as in Proposition {wy,} is uniformly bounded in Wy*7(Q).
Hence w,, — wp in Wy*7(Q) and w, — wp in L1(Q) and w, — wp in LP(QY) since p < q. By Poincaré
inequality, we have

0 < [lwa|lp < C[wn]§1,p

C
=— A/ |7 dx — [uy)! >
A UACIEIEY

= ClluallT" (A = [wn]l,;) =0 as n— oo

We deduce taking the limit that wy = 0, which contradicts the normalization ||wy|; = 1. This
completes the proof of Proposition 3.11] O

Proposition 3.12. There exists u € N such that Fy(u) = 9.

Proof. Let {uy,},>0 C N, be a minimizing sequence, i.e., F (u,) — 9 as n — oo. Thanks to Proposi-
tion we have that {u,} is bounded in Wy*7(Q). It follows that there exists 1y € Wy*7(Q) such
that u, — up in Wp*'(Q) € W,""(Q) and strongly in L7(Q). The results in the two propositions
above guarantee that F) (1) < nh_r)r.}o inf F) (u,) = 9. Since for each n we have u, € N,, then

)+ [alloq = A [ Jual? dx for all n. (3.8)
Q

Assuming ug = 0 on Q) implies that / |n|T dx — 0as n — o0, and by relation 1' we obtain that
0

[n]l,q — 0asn — +oo. Combining this with the fact that u, — 0in W*7(Q), we deduce that uy,

converges strongly to 0 in Wy*?(Q) and consequently in W7 (Q2). Hence, we infer that

)\/Q |un|? dx — [un)d, g = [unlf, ) — 0,as 1 — +oo.

Next, using similar argument as the one used in the proof of Proposition we will reach to a
contradiction, which shows that 1 # 0. Letting n — co in relation (3.8), we deduce that

[10)%, p + [0]L,,4 < A/Q |luo|T dx.

If there is equality in the above relation then 1y € N, and M < F)(up). Assume by contradiction
that

],y + ()l < A /Q |u|? dx. (3.9)
Let t > 0 be such that tug € N, i.e.,

A/ 0| dx — [, 4 =
t:( {2 ) :

[MO]EM’
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We note that t € (0,1) since 1 < 771 (using (3.9)). Finally, since tuy € N with t € (0,1) we have

1 1 1 1
(E — a) [tuo)f, p =t (; — a) (0],

= t'Fy(uo)
< 7 lim infFy(u,) =t'M <M fort € (0,1).

n—-+oo

0<Mm< FA(tuo)

This is a contradiction, which assures that relation (3.9) cannot hold and consequently we have
ug € Ny. Hence, M < F) (ug) and M = F) (up). O

Theorem 3.13. Every A € (Aq(sy,q), +00) is an eigenvalue of problem (1.1). Moreover, the associated
eigenfunctions u, have a constant sign in ().

Proof. Let u € N be such that F) (1) = 91 thanks to Proposition We show that
(Fi(u),v) =0 forall ve W"(Q).
We recall that for u € N, we have
[“]fl,p + [u];’M = A/Q |u|7 dx.
Let v € W;*7(Q). For every 6 in some small interval (—¢, ) certainly the function u + 6v does not

vanish identically. Let t(6) > 0 be a function such that t(6)(u + év) € N, namely

1

/\/ |u+ 60|19 dx — [u+ 6v]d,, \ 7
t(6) = Q :
[+ (50]51,,,

The function ¢(J) is a composition of differentiable functions, so it is differentiable. The precise
expression of #'(§) does not matter here. Observe that t(0) = 1. The map é — #(6)(u + 6v) defines a
curve on N, along which we evaluate F). Hence we define ¢ : (—¢,¢) — R as

0(8) = Fy(£6) (1 + 6v)).

By construction, § = 0 is a minimum point for £. Consequently
0 = £'(0) = (Fy(£(0)u), #'(0)u + £(0)v) = #'(0)(Fi(u), u) + (Fa(u),0) = (F3(u), ).
Using the fact that (F} (u), u) = 0 for u € N, we obtained that
(Fi(u),0) =0 forall ©ve W;*"(Q).

Next, we show that the eigenfunctions u, has a constant sign in Q. If |u,| € N, it follows from
Proposition 3.7/ that u, has a constant sign in (). We in fact have that |u, | € N,. Suppose by contra-
diction that |u| ¢ N,. Then,

Al + la Vg < A a7 .
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Let t > 0 be such that t|u,| € N, that is

<A [ ual? dx = a1 )
t= f2 :

[l p

We note that t € (0,1) since 1 < t#79. Since then t|u,| € N, with t € (0,1), it follows that
1 1 1 1
m=Eo) <Binh< = (3-7) bk, = (- 1) wit,
= t”PA(u;\) =tPMm < M.

This is yields a contradiction. We conclude that |u) | € N, and the eigenfunctions u, have a constant
sign in (). The proof of Theorem is completed. O

We close this section with an analogous result of Theorem B.§for 0 < s < s, <1< p < gq < co.
it writes as follows:

Theorem 3.14. There exists a nondecreasing sequence of critical values c(s1,s2, p,q; ) with associated
nonlinear eigenvalues Ay(s1,52,p,4;p) — +00, as k — o0 and with corresponding eigenfunctions uy €
Wy (Q) with [¢ |ue|? dx = p, for problem .

Proof. Let Dy(s1,52,p,q) = {u € W' (Q) : [, [u|7dx = p}, and
Yr(s1,52,p,9) ={ACZ : y(ANDy(s1,5,p,9)) >k},

where = = {A C W*7(Q): A closed, A= —A}.Set
bi(s1,s ) inf su (1 [u]f , + 1[u]q ) >0
k 152, P, 4; = - , - , .
Lo P AGZk(SLSz/P/‘J)ueE pr g
Similar to the proof of Theorem (3.8 one shows that:

1. the functional I(u) = %[ 16+ é[u]gzlq satisfies the (PS) condition on D, (s1, 2, p,q), and

2. if b = bi(s1,52,p,4:0) = -+ = brim—1(51,52, P, 9; p), then the set K, of critical points of I at the
critical level b has a genus y(K}) > m.

]
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4 Bifurcation results

In this section we discuss bifurcation phenomena for problem (1.1). We begin with the following
definition.

Definition 4.1. A real number A is called a bifurcation point of if and only if there is a sequence
{(ug, Ak) } of solutions of such that u; # 0 and

Ak = A, lugllsp =0, as k=00, if 0<sy<s51<1<g<p<oo

or
A = A, |ullsg —0, as k—o0, if 0<s1<s5<1<p<g<oo.

We have the following observation. Let consider the following energy functional G defined on
S1, Sy,
W, (Q) N W27 (Q) by: q

uf uls,, ul|?
Gl - ([ Ly , b q> Leth

Setting u = te;, where e; stands for the L7-normalized eigenfunction associated to the first eigen-
value A1 (s, q) of the eigenvalue problem (2.2). A direct computation shows that

G(u) = tp*q[el]fl,p n [el]gz,q /Hel”Z _ tp*q[el]fl,p n [e1]5,,9 .
p q q p q

We distinguish the following two cases:

1. Assume that 0 < 51 < sp <1< g < p < co. We find that G(te;) — A1(sp,¢q) as t — 0, which
indicates the existence of bifurcation in 0 from A (sp, q).

2. Assume that0 < s; <51 <1< p < g < oo. We find that G(te;) — o0 as t — 0, which indicates
there is no bifurcation in 0 from A4 (sp, ). We are led to seek for the existence of a bifurcation at
infinity, since we have G(te;) — Aq1(sp,q) as t — oo.

The main purpose of this section is to show that any variational k-eigenvalue A (s, q) of problem
(2.2) are bifurcation points for the nonlinear variational eigenvalues Ak (s1, 52, p, g; p) of problem (1.1)).
More precisely, we are going to show that

Ak(s1,82,p,4;0) = Ar(s2,9) as p—0.
As in Section 3, we let

Dp(s1,52,p,q) = {1 € (W' (Q) WG () \ {0} : [ Jultdx = p}

and
Tyo =1{A C Dp(s1,52,p,9) : A symmetric, A compact, y(A) > k}.
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By the definition of Ay(s2,q) we know that for ¢ > 0 small there is A¢ € I’y ; such that

sup  [uldy < Ax(saq) +e.
{ucAe, [q|ul7dx=1}

We want to approximate A, by a finite-dimensional set. Since A, is compact, for every 6 > 0 there
exist a finite number of points x1, ..., x,;) such that

n(d)
Ae C | Bs(x)). 4.1)
i=1
Let E, = span{x, ..., xn(5)}, and set
PnAg = {an, X E Ag}, (4.2)

where P,x € E, is such that
||x - anHsZ’q = inf{”x - Z||52,q, Z E En}.

We claim that y(P,A¢) > k. Clearly, P, A is symmetric and compact. Furthermore, 0 ¢ P, A,. Indeed
since A is compact, and 0 ¢ A, there is small ball B;(0) such that A, N Bz(0) = @. Now, choose
J > 0in (4.1) such that 6 < t/2. Then, for x € A, thereis x; € E,, forsome i € {1,...,n(8)}, such
that ||x — x;||s,4 < 0, and hence

I = Puxllsyg = inf{ 1% — 2llspg, 2 € Eu} < Ilx = xillyg < /2

and thus P,A; N B;,»(0) = @.

Finally, we have to show that (P, A¢) > k. This is again by approximation: since y(A¢) > k, there
exists a continuous and odd map 4 : A. — R¥\ {0}. Then by Tietze extension theorem there exists
a continuous and odd map i : W;*'(Q) — R such that fz‘ A, = h. By continuity and compactness of
A¢ we can conclude that fz| p.a. : Wr(Q) — RF\ {0}. Now, again by approximation, we conclude
that there is a n = n(e) such that

sup [u]zm < Ax(s2,q) +2¢.
{ueP,A:}

Finally, note that by homogeneity

inf sup(u]l,, = Ak(s2,9) p

A€l yea

and hence also
sup [u];’z,q < (Ak(s2,q) + 2¢) p. (4.3)
{ue(pPrAe)}

Recall that by we have, for each integer k > 0,

. 1 1
(s1,52,p,0;0) = inf sup {E[u]fl,p + a[u]gz,q}-
P UE
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4.1 Bifurcation from zero

We assume in this section that 0 < sp <57 <1 < g < p < 400. We show that for any k > 0, problem
admits a branch of eigenvalues bifurcating from (Ax(s,9),0) € Rt x W' (Q).

We prove the following result:
Theorem 4.2. For each integer k > 0 the pair (Ax(s2,q),0) is a bifurcation point of problem (1.1).
We first prove the following lemma which is the main ingredient for the proof of Theorem

Lemma 4.3. For any integer k > 0 and p > 0, ¢ > 0, there exists a positive constant C(e) such that the
following estimate holds:

1
ck(51,52,p, 95 0) — aAk(sz,q) ol < C(g)pp/q +2¢p.

Proof. For any k > 0, we have by the definition of Ay(sp,q) and cx(s1,52, p,¢; p) (see (2.4) and (3.5))
that cx(s1, 52, 9, 4;0) > % Ak(s2,9) p- By we can estimate

) 1 1
ck(s1,50, P, 4;0) = Amf sup {E[u]g,p + a[u]gz,q}

Tkpuea

1 ‘7
< sup {-[ulf,+ sm}
ue(pPyAe) p

1 1 q
< sup —[u ]sl,p + sup | 52,4
ue(pPyAe) p ue(p PAe) q
1
< p[ ol p+ q(?»n(sm) +2¢)p

for some v € (0P, A.) with [ |v|7dx = p. Since P, A, is of finite-dimensional, there exists a positive
constant C(¢) such that

(1) < &) [ Iol7 )"

Finally, we get
1
0 < cilsus2,pap) = Arlsz,) p < Cle)p! T+ 2ep.
This completes the proof of Lemma O

Proof of Theorem We aim at showing that
Ae(s1,52,p,;0) = Ak(s2,9)  and  [ugls,p =0 as p— 0",

Thanks to Lemma 4.3, we have



Furthermore
0 < Ak(s1,82,p,4:0) 0 — Ak(s2,9)p

= [”k]gl,p + [”k]su] A(s2,9)p

- g[uué’l,p (1], 0 — Ax(s2,9)0 + (1 — %)[uusl ;
= qee(s1,52, 0, 450) — Me(s2,q)p + (1 — 1) [uglh

‘@I&

< C (Cule)p?/1 + 2¢p).

Since £ > 0 is arbitrary we get the first claim.
Let us prove that [uy]s, , — 0as p — 0. Letting v = uy in relation (2.1), we have

)y p + (k)0 = Ak(51,52, 45 0) /Q |ug|T dx.

Therefore
[”k]fl,p < Ak(s1,82,p,9;0) /Q lug |7 dx < Cy p.
Hence [“k]smﬂ — 0 as p — 0 and this completes the proof of Theorem 0

4.2 Bifurcation from infinity

We assume in this section that 0 < s; < s <1 < p < g < +o0. The goal in this section is to prove
that there is a branch of eigenvalues bifurcating from (Ax(s2,¢), +00). Foru € Wy*(Q), u # 0, we
set

e

We have [|w||s,q = W and a direct computation shows that for all x,y € (),
524

B o(x) = ()| 2(w(x) —w(y) = —=lulx) —uly)P2(u(x) = uly),

[]l5,9

w(x) —w(y) 2 (w(x) —w(y) = ”HE%IWC) —u(y)|"?(u(x) —u(y)),
and w(x)|1?w(x) = WM x)[972u(x).

Summing up the above change of variables and using the fact that u is a weak solution of (1.1), we
find that,

||u||§2(f1_q)851,p(w,v) + Esyq(w,v) = A /Q lw|1?w v dx, for all v € W,*7(QQ).
This leads to the following nonlinear eigenvalue problem

{kuiz(f’qP)(—A);1w+(—A);2w = Mw 2w in Q @

w =0 on RN\Q,
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where we have used the fact that ||u H?g;ﬂn = ||w H?Z(fffp ),

We have the following proposition.

Proposition 4.4. If (A,0) is a bifurcation point of solutions of problem then A is an eigenvalue of the
problem

“AN2u=Aul"2%u in Q
{( ); Ju| (4.5)

u=0 on RN\ Q.

Proof. Since (A,0) is a bifurcation point from zero of solutions of the problem (4.4), there is a se-
quence of nontrivial solutions of problem (4.4) such that

M — A and |wk||s,g — 0 in  as k — oo,

We then have by definition of weak solutions that

2(q— _
el 27 6 p01,0) + (i 2) = Mg [ el oo 4o
for all v € W;*7(Q2), which equivalent to
2(p-1 _
a2 € (100, 0) + Exng i 0) = A [ el 20 @)

forallv € W;*7(QQ). Since p > 1, we have ||wk||§2(z_1)€sl,p(wk,v) — 0ask — oo forallv € Wy*(Q).
We pass to the limit in {#.7) using Lemma[2.5/to get

Esy (U, 0) = A/ u|"?uvdx, forall ve Wy*'(Q). (4.8)
0
This completes the proof of Proposition [4.4] O

Next, let us consider a small ball
Br(0) :={¢ € W () \{0}/ llpllsrg <7},
and the operator
A= | 25PN (=) + (=) - W () € WP (Q) — W (Q) € W7 (Q).
Proposition 4.5. There exists r > 0 small such that the mapping
A B, (0) € W1(Q) — W24 (Q)
is strongly monotone, i.e., there exists C > 0 such that
(A(u) — A(v),u —v) > Cllu—2||l,q,, for u,0 € B,(0),
with r > 0 sufficiently small.
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Proof. We use the fact that (—A)j} is strongly monotone on W' (Q) (see Lemma . By linearity
and Holder inequality, we have

(A() = A@),u—0) = lu—2o]%,+ Omﬁ¥#W—Aﬁu—Hm@?wCﬂM?au—v>
= |lu muq+wuum (=)= (~)o,u—o)
+ ([lul2 —ww@wﬂ)«—M?vu—w
> = olldy = [Ill35 7 = 1ol ol e — ol
> lu =0l — |l — ol 3 ]qwmmuu Oy (49)
> lu =o)Ly (1= [IulZ5 " = I3 | Cllollq ln — ol ) -

Moreover, by the Mean Value Theorem, there exists 6 € [0, 1] such that

2(g— 2(g— d q—pr
lulZ5 " = el ™| = |5 (l+te=wl,)" " limelo—u)

_ '(q—p) <||u—|—9(v )||qu> 2(u+9(v—u),v—u)52,q

29— p)llu+ 000 — w)llsty ™ 2 llu+ 00 — )| g |1 — vlls,q
= 2(q—p)llu+0(0—u) 3 u— ],
< 2q—p)llu+0(0— )2, 1 — vl
< 2(g—p) ((1_ )||”||52,q‘|‘9||v|52,q>2q_p||”_U|52,q
< 2= p)r¥7Plu — vlls, 0

Substitute the above estimate in (4.9), we get
(A(u) = A(v),u =) > |lu = v]|L3 = 2(q = p)r*"'Cllu — v|[3, -
Letting r — 0, the proof of Proposition 4.5 follows. O

We first show the existence of variational eigenvalues of the nonlinear equation (4.4).

Theorem 4.6. For a fixed p > 0, there exists a non-decreasing sequence of eigenvalues Ax(s1,52, p, q; p), with
corresponding eigenfunctions wy € WSM(Q) for the nonlinear eigenvalue problem .

We again rely on [1, Proposition 10.8] for the proof of Theorem
Proof. Let define
O, (s1,52,p,9) = {w € W2(Q) /;kﬂqu::pL
and

Ypo(p,q) ={ACZ : y(ANOp(s1,s2,p,9)) >k},
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where . = {A C W*'(Q)) : A closed, A= —A}.Set

di(s1,82,p,q;0) = inf  sup <q Hw| sy €Slp(w w) + Es, 4(w, w)) > 0.

A€, (PA) ucA
We show that:

1. the functional q )
E(w) = prHsz P& p(w,w) + Egy g(w, w)

satisfies the (PS) condition on O,(s1,s2, p,q), and

2. ifd =d(s1,52,p,9;0) = -+ = dxrm—1(51,52, p,q; p), then the set K; of critical points of I at the
critical level d has a genus y(K;) > m.

Proof of 1. Let {w;} C Op(s1,52,p,q) a (PS) sequence, i.e, there is M > 0 such that
E(w;)] <M and E'(w;)—0 in W™27(Q) as j— co.

We first show that {w;} is bounded in Op(sy,82,p,q) C Wy (€)). Since w; € W,21(Q), it follows
using the Poincaré inequality and the fact taht W,>7(Q2) € W;27(Q), that

M > [E(wy)| = Ly 2P 8y ) + & gt
> [[wyllify” + £

Then {w;} is bounded in O, (s1,s2, p,q) C W7 (Q). Passing to a subsequence still denoted by {w;},
we can assume that there exists w € Op(s1,s2, p,q) C Wy'(Q) such that w; — win O,(s1,52,p,q) C
W;>7(€2). Now, we show that w; converges strongly tow in O, (s1, 52, p, q) C W7 (Q). Since E' (wj) —
0in W24 (Q) as j — oo, we have

(E'(wj) — E'(w), wj —w) =0 as j— oo.
By definition, we have that
(E'(wj)—E"(w), wj — w) = p(A(w;) — A(w), w; — wj).
Thanks to Proposition 4.5} it follows that
(E'(wj) — E’(w),w]- —w) > Cllw; — ngM.

Therefore |[w; — w||s, 3 — 0 as j — +o0 and w; converges strongly to w in W1 (Q).
The proof of 2. is similar to the last part of the proof of Theorem O
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Theorem 4.7. For each integer k > 0 the pair (Ax(s2, 4, p), +00) is a bifurcation point of problem .

The proof of Theorem 4.7 will follow immediately from the following remark, and the proof that
(Ax(s2,4,p),0) is a bifurcation point of (#.4), which will be shown in Theorem [4.11] below.

Remark 4.8. With the change of variable I ‘2 , we have that the pair (A(s2,9,p), +o0) is a bifur-
cation point for the problem if and only 1f the pair (Ax(s2,4,p),0) is a bifurcation point for the
problem (4.4).

Before we proceed to the proof of Theorem .11 below, we show the following lemma.
Lemma 4.9. Let 0 < 51 < sp <1< p < g < +o0. Forany integer k > 0 and p > 0, ¢ > 0, there exists a
positive constant D (e) such that the following estimate holds:

2q—p

|k (s1,52,p,4;0) = Ai(s2,9,0)| < (D(e) +e)p 7
where di(s1,52,p,9;p) is given by (@.2), and
A(s2,9,p0) = Ainf sup &, 4(w, w) = Ak(s2,9,0)p.

kp ueA
Proof. For any k > 0, we clearly have di(s1,s2, p, q;0) > Ak(s2, p, p). Asin , we choose P, A, such
that
sup Espq(w,w) < Ai(s2,9,0) + €
{weP,Ae, [q |w|1dx=1}
and so
sup Esyp(w,w) < (Ak(s2,9,0) +€)p,
{weP,Acp, [q|w|1dx=p}

where P, A¢p = {w € PyAe: [ |w|dx = p}. Then
: 2(g—
di(s1,52,p,0:0) = inf sup { L] 30 PE, (w0, ) + Eyg (0, w) }
A€Tkp wea P

2(g—
< sup { Tl BF (w0, 0) + Eqw,w) |
WEPy Agp p

< sup w20 Pe, L(ww)+ sup Esq(w,w)
wWEPy Aep WEP Agp
<1 ||v|52q Py a(0,0) + (Ax(s2,9) +€)o since p < q,

q ||v||52,, + (Me(s2,9) + )p

for some v € P, A, with [ [v|7 dx = p Since P, A is finite-dimensional, there exists a positive
constant Dy () such that &, (v,v) < Di(e)( [ |0|7dx)P/7 = Dy(e)p?? and

2q—p

20—
lollszg” < Di(e)o 7.
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Finally, we get

29—p 29—p

0 < di(s1,52,p,3:0) — Me(s2,9,0) < Di(e)p 7 +ep < (Di(e) +e)p 7
since 2617—;7 > 1. O

Remark 4.10. We recall that the k-th eigenvalue of equation satisfies
- 2(g— .
Kels1,52, 1,000 = ]2 "0 (10,10) + Exglw,w), with p = [ fo]tdx.

So, proceeding as in Theorem 4.2 one obtains that Ay (s, s2, p,4;0) — Ax(s2,q) as p — 0%,
Theorem 4.11. For any k > 0, the pair (Ar(s2,q),0) is a bifurcation point of problem {4.4).

Proof. In order to prove Theorem it suffices to prove that Ai(sq,50, p,3;0) — Ax(s2,9,0) and
|wk|ls,,g — 0 as p — 0T. The fact that Ax(s1,52, p,4;p) — Ak(s2,9) as p — 0T follows from Lemma
4.9 and Remark 4.100

It remains to prove that ||wy||s,; — 0asp — 0". For any k > 0, we have

a0l (0, 00) + Exgg (01, 06) = Aas1,52,poip) | el

§Ck/ |wg|Tdx = Cxp — 0, as p — 0.
Q

Therefore ||w||s, 4 — 0, and since p < g, by the Holder inequality there exists a positive constant Cy
such that &, , (wy, wg) < Cil|wi |k, 4, and so also [|w||s,» — 0. This completes the proof. O

5 Multiplicity results: Proof of Theorem (1.2

In this section, we prove a multiplicity result. We show that for fixed A € (Ax(s2,9), Aer1(s2,4q)) there
exist at least k pairs of eigenfunctions +u},k =1,...,k, such that (A, £u}) solves problem (L.2), i.e.

A= Ai(s1,52,p,9,01) = -~ = Ax(51,52, P, 4; 0k) , With /Q up |9 dx = py.

For convenience of the readers, we recall the statement of Theorem [1.2| here.

Theorem 5.1. Let 0 < sp <51 <1 <g<p<ooor0<s; <sy<1<p<qg< oo, andsuppose that
A€ (M(s2,9), Aksa(S2,9)) for any k > 0 and p > 0. Then equation has at least k pairs of nontrivial
solutions.

We distinguish two cases whether: 0 < s, <51 <1 <g<p<oorl<s;<s;<1<p<g<oco.

27



51 Thecase:0<s; <s<1<p<g<oo

Proof of Theorem The proof in this case relies on variational methods and we will make use of
[1, Proposition 10.8]. We consider the functional [, : W;*7(Q)\{0} — R associated to the problem

defined by
Ja) = Tl p + g = A Jul dx

Note that the functional ], is not bounded from below on Wosz’q(ﬂ). So, we consider the constraint
set V) on which we minimize the functional J,. We recall that the constraint set V) is defined by

Ny = {u € W (Q)\{0} = (J3 (), u) = 0}.

We have that ], (u) = (% — %) [u]5, , > 0 on Mand it is even and bounded from below on N;. We

show that every Palais-Smale (PS) sequence for ], has a converging subsequence on N,.
Let {u,}, be a (PS) sequence, i.e, |Jy(us)| < C, for all n, for some C > 0 and J(u,) — 0in
W24 (Q)) as n — 400, with % + ql = 1. We first show that the sequence (u,),>0 is bounded on N,.
q 1

Suppose that (1) ,>0 is not bounded, so [uy]s, , — +00 as n — 4-oc0. Since ] (u,) = (5 — %)[un]fllp,

we have [1,]}, , < C.On N, we have
0 < [l , = A /Q 1] dx — [10]2, . (5.1)

Set v, = H;‘T"Hq then [v4]d,, < A (using 1' and hence v, is bounded in W,*?(Q2). Therefore, there

exists vy € W&’q(Q) such that v, — vy in W,*7(Q) and v, — v in L1(Q) and v, — vp in LP(Q)
(since p < ¢). Dividing (5.1) by [|u4 ||}, we have

Ml e = [al2

el

= [vn]fhp —0, as n — oo.

1 1
This because, /\/Q|Mn\q dx — [un),; < (E - 5)*1]]A(un)| < Cand |Juy||j — +o0. Now, since v, — vg
in W*7(Q) € Wy (Q), we infer that
/Q |0, |P dx < C[Uo]fl,p < Cl%rﬂigof[vn]fl,p =0.

Consequently, v9 = 0. This is a contradiction, since ||v,||; = 1. Thus {u, }, is bounded on N,.
Next, we show that u, converges strongly to u in W;*7(Q)). We have

/]un\q_zun dx%/]u\q_zudx as 1 — 4oo.
Q Q
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Since J; (uy) — 0in W=14(Q) and u, — u in W&’q(ﬂ), it follows that J} (u,)(uy —u) — 0 and
Ji(u)(uy —u) — 0as n — 4o0. A straightforward computations shows that for 1 < p < +oo,

(=A)uny — (=) u, uy —u) > 0.
Therefore,

() = Jy(u), un — ) = [<( D)yt = (=D)) = u)
A)uy — (—A)u, 1y — u))

)
(- )

— Mg /Q(w o — |12 - (0 — )
(- )
(

A)Puy — (—A)Fu, 1y — u)]

= g | (ol ) (=)

Using Lemma 2.3} it follows that

() = 3 0) 0 = 0 Clty = iy = Ag | [ (Il = 12 - (=) ]
Therefore ||uy — 1|5, — 0 as n — +o0 and u, converges strongly to u in W,*7(Q2).

LetX ={ACN,: Aclosedand — A = A}andT;={AcX: y(A) > j}.
We show that T'; # @, forj € {1,...,k}.
Let A € (A; (sz,q),/\j+1(sz,q)) and choose 57 € £.N { Jq |u|7 dx = 1} such that

A— /\j(sz,q)

suplo]Lq < Aj(s2,0) +e, e:= =

€
UES]-

Then, for v € SJE. we set
1

ple) = [ ol ]
)‘fnqux []qu '

with
Aol dx = [ollyg = A [ [olf dx = (Aj(s2,) +¢) [ [0l d
@)
= (A= Aj(s2,9) —¢ / ]v|’4dx
S/
— A= (g q) — (A28 /mw

A — Ai(sy,
:M/ [v|7dx >0, forall v €S
o)
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Hence, p(v)v € N, and then p(S7) € X, and y(p(S5)) = 7(S) = jfor1 < j <k.
It is then standard [1) Proposition 10.8] to conclude that

o)j = inf sup Ja(u), 1 <j<k, forany k € N*
’ A€l e

yields k pairs of nontrivial critical points for J,, which gives rise to k nontrivial solutions of problem

(1.1). O

52 Thecase:0<s; <s1<1<g<p<oo

Proof of Theorem In this case, we will rely on the following theorem due to Clark [11].
Theorem 5.2. Let X be a Banach space and F € C(X,R) satisfying the (PS)-condition with F(0) = 0. Let

I'n={AecX :q9(A) >k} with E={ACX,; A= —Aand Aclosed }.

If ¢y = inf sup F(u) € (—o0,0), then cy is a critical value.
AeTy UEA

We consider the C! functional ], : W,""(Q) € W*7(Q) = R,
Jalw) = Tl + [l = A [ ful?dx

Let T, = {A C W*"(Q)\{0}, A compact, A = —A, 7(A) > k}, and for ¢ > 0 small let
Ag € T’y such that
sup U]l q < Ak(s2,q) + &
{ucAe, [ |u]7dx=1}

We would like to show that
—00 < = inf 5.2
° <&k = fnf sup Ja(u) (5.2)
are critical values for J,. We clearly have that ], (u) is an even functional for all u € ng’p (Q)), and

also J, is bounded from below on W;"" (Q) since ], is coercive on Wy'"" (Q2).
We show that ], (1) satisfies the (PS) condition. Let {u, } be a Palais-Smale sequence, i.e., |J) (u,)| <

M forall n, M > 0 and J} (u,) — 0in W—1#' (Q) as n — -+oo. We first show that {u,} is bounded in
W&’p(Q). We have

M > [Cllunll§,p = Cllunlldypl > [CllunllE " — C'Hunlld, p,

and so {uy} is bounded in W,"""(Q). Therefore, u € W,""(Q) exists such that, up to subsequences
that we will denote by (u,), we have u, — u in W)"¥(Q) and u, — u in L1(Q). Arguing as in Part
1, we obtain that ||u, — u||s,p — 0 as n — +o0, and so u, converges to u in W;"" (Q) € W*7(Q).
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As in section 4, we approximate A, by a finite-dimensional set. Next, we show that there exists

sets D¢ of genus greater or equal to k such that sup J)(#) < 0. For any t € (0,1), we define the set
ueD#
D:(t) :=t- (P,A¢) and so y(D*(t)) = v(P,A¢) > k. We have, for any t € (0,1)

sup Ja(u) = sup Ji(tu)
ueD# uePl, A
p
< sup {ﬂ[u]fl,p+tq[u]22,q—w/ |u|‘7dx}
uep, A, \ P Q

tP
< sup {Ben)ullyy + 1 0n(s2 ) ¢~ 1) b <0
ucpP,Ae U P

for t > 0 sufficiently small. Finally, we conclude that )  are critical values for |, thanks to Clark’s
Theorem. O
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