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ANALYTIC SEMIGROUPS IN WEIGHTED L;-SPACES ON THE
HALF-LINE GENERATED BY SINGULAR OR DEGENERATE
OPERATORS

PATRICK GUIDOTTI, PHILIPPE LAURENCOT, AND CHRISTOPH WALKER

ABSTRACT. Ranges of the real-valued parameters «, a, b, and m are identified for which
the operator

Aa(a,b) f(z) :=z® <f”(m) + %f’(m) + %f(m)) , x>0,

generates an analytic semigroup in L1 ((0, c0), z™dz).

1. INTRODUCTION

Let (a,b,a) € R? and consider the second-order differential operator

Ao (a,b) f(z) == 22 <f”(x) + %f’(m) + x%f(m)) , x>0, (1.1)

defined on the half-line (0,00) for f € D'((0,00)). We observe that A, (a,b) is degenerate
for o > 2, while it is singular for o < 2. Using the weighted spaces

Ly = Ly((0,00),2™dz), pell,oo], meR,

[11, 12] discuss a range of the parameters (a, a,b) € R3, p € (1,00), and m € R for which
the (unbounded) linear operator (Bp,,, dom(By,,,)) defined by

By mf = Aa(a,b)f, fe€dom(B,),

with a certain domain dom(B,, ,,,) (which they identify) generates a bounded and positive
analytic semigroup on L, ,,. Their analysis does not include the extreme cases p = 1 and
p = oo and the main purpose of this work is to obtain generation properties of A, (a, b) for
the case p = 1. This is not straightforward as can be inferred from [3, 13, 15], for instance.
A different reason for the investigation of the case p = 1 is the study of the well-posedness
of diffusion-growth-fragmentation models of the form

Oy = 8§(Du) + 0,(Gu) + Flu|, (t,x) € (0, oo)z,

where the diffusion coefficient D > 0 and the growth rate G depend on the cluster size
x > 0, and F[f] is a fragmentation operator. See [5, 7, 9, 141] and the references therein
for more information about these models. Of particular importance in this context is
the time evolution of the total mass of the population, which is nothing but the first
moment of u with respect to x. Weighted Lq-spaces are thus the natural functional
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framework for the study of well-posedness. See [5, 6] and the references they cite. The
fragmentation operator does not involve derivatives and can be viewed as a lower order
perturbation of the diffusion-growth operator. It is therefore possible to take the classical
approach consisting in first establishing generation properties of the latter followed by
an application of perturbation theory results in order to handle the full operator. This
strategy was successfully implemented in [10] for the fragmentation equation with size
diffusion.

Returning to the operator A,(a,b), an established way to derive generation results in
Lq-spaces relies on generation results in spaces of continuous functions combined with
duality arguments. See, for instance, [3, 13, 15]. The approach chosen here is different
and similar to that in [11, 12]. It consists of two steps: in the first, the operator A, (a,b)
is reduced by isometric transformations to the Bessel operator G, defined by

G f(z) = x‘“(az“ ff(x))' = f"(z) + g fi(z), x>0, feD((0,0)), (1.2)

where k € {1— %,14— g}, a # 2, and D := (a —1)> —4b > 0. In the second
step, the generation properties of G, are studied in weighted Lq-spaces; this is done via a
representation formula for the semigroup and the definition of the appropriate domain.

We begin with generation results for G, and, in order to simplify the notation, we set
Xm i =Lim=1I ((0, oo),:z:mdx), m e R,

Xp = ﬂ X,

rel

and

for a non-empty interval I C R.
Theorem 1.1. Let k <1 and kK — 2 < m < 1. Define the operator
Aimf=Gcf, [ € dom(Am),
where dom(Ay ,,,) depends on the parameters m and k:
(c1) if Kk —2 < m < K, then
dom(A1 ) = {f € X(u—2,m] | Gnf € Xm};
(c2) if K <m <1, then
dom(A1m) = {f € Xpn—o,m) | Gxf € Xm};
(¢3) if m =1, then
dom (A1) = {f € X(_1,9 |Gnf € X1 and in_rr}%] f(z) =0}.

Then Ay, generates a bounded and positive analytic semigroup S, on Xy, of angle m/2.
In addition, Sim is a semigroup of contractions on X,, when m € (k,1].

The semigroup S ,, admits an explicit representation formula S} ,, = S|x,, in terms of
S defined in (2.1) below. The domain dom(A; ;) explicitly features a boundary condition,
while such a condition is only implicitly present in dom(A; ,,) for m € (k,1). Indeed, if
m € (k,1) and f € D(Aj,,), then it is a consequence of Corollary 3.5 that

lim 2™ f(x) = 0.
z—0
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In order to prove Theorem 1.1, we make use of the representation formula for the
semigroup Sy, ,, generated by G, in L, ,, in combination with the definition of a suitable
domain that was derived in [12] for p € (1,00), kK < 1,and Kk —1 < mTH < 2. See (2.1) and
Theorem 2.1 below. S),,, coincides with the restriction of the integral operator S defined
in (2.1) to the space L ,,,. The restriction of this integral operator to X,,, = L1y, is thus
a natural candidate for the semigroup generated by G, on X,,. Using the representation
formula, we prove that

S1m(2) = 8(2) |11, € L(Xim Xim—g), 2 € Bz,

where € € (0,7/2) and 0 € [0, m + 2 — k) are arbitrary, provided x < 1 and m € (k —2,1].
Here and below, for a € (0, 7/2], we set

Yo = {z € C||argz| < a} U{0}, Yo = %4\ {0}

We also prove that
Sl,m : E7r/2—€ - E(Xm)7 Z = Sl,m(z)

is continuous and, in fact, analytic. Thus, S, is an analytic semigroup on X,,, = L1y, of
angle m/2. The identification of its generator A; ,, in X, requires two steps. In the first, a
formula for its resolvent is obtained building on the results established in [12]. This leads
to a complete characterization of the domain of the generator. It is necessary to handle
the three cases m € (k — 2,k], m € (k, 1), and m = 1, separately. This results in slightly
different definitions of the domain depending on the range of m. In the second step, we
deal with the case when m € (k,1]. We show the dissipativity of the operator A — Aj ,,
in X, for A > 0. The contractivity of the semigroup S1,, is then a consequence of the
Lumer-Phillips theorem. We point out that, in contrast to the analysis performed in [12],

Theorem 1.1 includes the borderline case when m = 1. In [12], where p € (1,00), the
borderline case m = 2p — 1 is excluded.
As in [11, 12], generation results for the general operator A, (a,b) can be derived from

Theorem 1.1. We first deal with the singular case a < 2.

Theorem 1.2. Let a < 2 and take (a,b) € R?> with D := (a — 1)> —4b > 0. Let
n € (n.,nf|, where

a—3-+vD o+, 1-2+atVD
2 ’ o 2 ’

Ty 1=

Define
Anf = Au(a,b)f, f € dom(A,),

where dom(A,,) depends on the parameters «, a, b, and n as follows:
(c1) if ne <n <n,, then
dom(A,,) = {f € X(nom | Aala,b) f € Xn};
(c2) if D >0 and ny <n <n}, then
dom(A,) = {f € Xp—otan | Aala,b) f € X, };
(c3) if n =nj, then

dom(8,+) = {1 € Xt pyont) | AalaD)f € Xz, Tim (VP2 () — 0},
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Then A, generates a bounded and positive analytic semigroup on X,, of angle w/2 which
is a semigroup of contractions when D > 0 and n € (n;,n]].

Remark 1.3. For the specific operator A, (2@, ala — 1)) with o < 2 explicitly given by

Ao (20, a(a = 1)) f(z) = 2® (f”(m) + 2?Oéf'(a;) + Mf(m)) = (z*f)", x>0,

22
it holds that D =1 and that (n.«,n;,n}) = (a—2,0,1).
Similarly, for the operator Ay (a,0) with 1 # o < 2 given by

Aa(0,0)f (@) = a® (f"(@) + =f @) = @f)' . 2>0,
it holds that D = | — 1| and that

(n*,n*_,nj) - {

A similar result is available in the degenerate case when o > 2.

Theorem 1.4. Let a > 2 and take (a,b) € R? with D = (a — 1) —4b > 0. Let
n € [n*,n*), where

(-1,1 — a,0), a € (1,2),
(¢ —2,0,1-a), ac(—o0,1).

., 1-2a+a++vD ., a—3+VD
ni = 5 , n::f.

Define
Anf = -Aoz(a7 b)f7 fe dom(An)y

where dom(A,,) depends on the parameters «, a, b, and n as follows:
(c1) if nt. <n <n*, then
dom(A,,) = {f € Xpnn*)
(c2) if D >0 and n* <n <n’, then
dom(An) = {f € Xpn—2+a] | Aala,b) f € Xu };
(¢3) if n =n*, then

Aun(a,b)f € Xn};

dom(Ay:) = { € Xput w240y | Aal@,D)f € Xpe, Tim ale=VP/2 f(x)zO}.

Then A,, generates a bounded and positive analytic semigroup on X, of angle w/2 which
1s contractive when D >0 and n € [n*_,ni).

As in [11, 12], the proofs of Theorem 1.2 and of Theorem 1.4 rely on isometric trans-
formations showing the similarity of A,(a,b) and G, for appropriate values of («,a,b)
and kK.

The rest of this paper is structured as follows. In Section 2 we recall the results estab-
lished in [12] and some useful properties enjoyed by the modified Bessel functions used
throughout the paper. Section 3 is devoted to the analysis of the operator G, and to the
proof of Theorem 1.1, from which Theorem 1.2 and Theorem 1.4 are deduced in Section 4.
Generation results for singular or degenerate diffusion operators with absorption are es-
tablished last. These build on the results for the diffusion part already established and on
[1]. Auxiliary technical results are collected in the Appendices.
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2. PRELIMINARIES

The next theorem contains a summary of the results obtained in [12] for the homoge-
neous Dirichlet boundary value problem for the singular operator

Gof(2) = f"(2) + = f'(@). = >0,

in Ly, for p € (1,00). Its statement uses the modified Bessel functions I, and K. Their
properties relevant to the paper at hand can be found in [1, Section 9.6] and in Lemma 2.3.
It also makes use of the integral operator defined by

(S(z)f) (z) := /000 kw(z,x,r)f(r)dr (2.1a)

with kernel given by

1 e 2 2
kw(z,x,7) := 2—7““(3:7’)17 exp <_m ;T ) 11%1 <ﬁ> (2.1b)

z 2z
for z € C with Rez > 0 and (z,7) € (0,00)2.

Theorem 2.1 ([12]). Let m € R, p € (1,00), and k < 1 be such that k — 1 < mTH < 2.

Then Spm = S|L,., 15 a bounded and positive analytic semigroup on Ly, of angle 7 /2.
If By, denotes its generator, then By f = G f for f € dom(By ). Its resolvent is given

by
(A= Bpm) ' f)(x / Gy(\,z,r) f(r)r®dr, x>0, (2.2a)

for A€ C\ (—00,0] and f € Ly, where

G\ 2,7) = (2r) 2 e (VA2) Kie (VAN), <, 2.2h)
R (mT)liTﬂKlfTﬁ(\/Xﬂi)Ilan(\/XT), x> '

Proof. This follows from [12, Proposition 2.5, Theorem 2.6, and Proposition 3.2]. O

Remark 2.2. On the assumptions of Theorem 2.1, the domain of By, is characterized
precisely in [12, Proposition 3.5 and Corollary 3.6].

For later use, we recall the symmetries
2k (z,2,1) = 17k (2,1m, 1), Gg(z,2,7) = Gg(z,7, ), (2.3)

valid for (z,7) € (0,00)? and where z € C with Rez > 0.
The next lemma collects several properties of the modified Bessel functions I,, and K,
which can be found in [I, Sections 9.6 and 9.7].

Lemma 2.3. Let v > —1. The modified Bessel functions (I, K,) form a fundamental
system of the second-order linear differential equation

220"(2) + 20/ (2) — (22 +1v%)v(z) =0, Rez>0. (2.4)
Moreover,

I(z)=I1,11(2) + g[,,(z), Rez > 0, (2.5)

K (2) = —-K,11(2) + gK,,(z), Rez > 0. (2.6)
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It holds that

1 AN
[V(Z) Nm (5) N v > —1, (27&)
Ly (zy—v
K, (2) ~{ 2 (5) . v#0, (2.7b)
—Inz, v =0,
as z — 0 and
1 €7 T e ?
I(2) ~ — —, K, (z) ~ 4= 2.7¢c
) V2T |22 ) \[2;2\; (2.7¢)
as z — 00. There are positive constants C; and Ck such that
0< [V(x) <Cr [xy X(0,1] (‘T) +T 172 e’ X1, oo)(x)]v z >0, (283‘)
0 < Ky(x) < Cxlz™ xq () + 2~ 1/2 g X1,00) ()], x> 0. (2.8b)
Finally, for e > 0 there is C = C(v,e) > 0 such that
Rez
v+1/2 € d
L(2)] < C (1A [2])" T 2€ e (2.9)
zl2

3. THE SEMIGROUP AND ITS GENERATOR IN X,

We first prove that Sy ., := S|x,,, see (2.1), is an analytic semigroup on X,,, whenever
m e (k—2,1].

Proposition 3.1. Let k <1, k —2 <m <1, and S1,, = S|x,,. Then Sin is a bounded
and positive analytic semigroup on X,, of angle w/2. Moreover, for each ¢ >0 and 6 > 0
with 0 + k —2 <m <1, there is c(g,0) > 0 such that

HSl,m(z)Hg(Xm’Xm79) < 0(579)|Z|_9/27 zZ € z.:7r/2—€' (3'1)

Proof. We divide the proof into several steps.

(i) Let € > 0 be arbitrary but fixed. Then, due to [12, Proposition 2.8], there are constants
C:=C(e) > 0and s := s(¢) > 0 such that, for z € ¥, 5_. and (z,7) € (0,00)?, one has

0 < |ke(z,2,7)] < ¢ (x /\1)1_%< ! /\1) exp(—‘x_TP) (3.2)
B E AN VE )@

Therefore, given § > 0 with 64+ x—2 < m < 1, we infer from (2.1a) and Proposition A.1
that

151 ()£l

» / / (zo@,r) [f(r)| dra™ 0 dx < c|2[ 72| f||x,,

for f € X,,, and z € Eﬂ—/g_e, which establishes estimate (3.1).

(ii) Next we turn to the strong continuity of Sj,, and prove it first for a function f €
X N Loo((0,00)) with compact support in [a, b], where 0 < a < 1 < b, in which case we
have that

(S1,m(2) / kw(z,z,7r) f(r)dr, x € (0,00). (3.3)
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Consider z € 3, /2—¢ satisfying
2
2] < 1A %. (3.4)

Then, for z > b and r € [a,b], one has x > r > /|z| and thus, by (3.2),

Joo(2) 1= /boo /ab ki(z,z,7) f(r)dr
< \/%/bw /abexp{—(xSTzT)Q}|f(r)|xmdrdx

b [e%) m
= C/ |f(r)] r+yyv/|z| e~Y/s dydr.
a a»—rwm( )

2™ dx

Either m < 0 and (7’ + yw\z[)m < 7™ so that

[e.e]

b
Joo(2) < C/ \f(r)\rm/ e V"/5 dydr. (3.5a)
a ©-r)//12]
Or m € (0,1] and
(r+ V)" <y < ()
by (3.4), which implies that

b [e%)
Tul2) < c/ \f(r)\rm/ | 4+ y™)e /s dydr
o (b=r)/ /T ( )

b o)
< C/ |f(7“)|7“m/ (1 +sup { a"e /% > e /25 dydr
a (b—r)/+/12 x>0 { }

b 00
<cC / ) / /25 4y, (3.5b)
a RYNE

Introducing

b 00
Ao (6) = / ™ / eV dydr, €50,
a (b—r)/€

we deduce from (3.5) that

Too(2) < Choo(V12). (3.6)
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Now, for £ € (0, (b— 0)2),

b—+/€ )
Anc(€) = / ™ / V25 dydy
a (b—r)/€

b oo
+/ \f(r)\rm/ e~y /28 dydr
b—+/Z (b—r)/€
b—+/€ ) )
< / |f(r)|r™ / e ¥/ dydr
a 1/VE

b oo
+/ \f(r)\rm/ e~y /28 dydr
b—/€ 0

< HfHXm/ v /2de+c/ )™ dr,
1VE

and we infer from the integrability properties of f € X, that

Jim Aso(€) = 0.

Consequently,
lim J(2) = 0. (3.7)
z—0

Next, for r € [a,b] and z € Eﬂ-/g_e satisfying (3.4), one has r > +/|z| as well as
V2| € [0,a/2], so that, by (3.2),

Jo(2) ;:/Oa
<k [ (G
= o /om / ' A g {_@f = R} )] drds

+%/ /bwme’(p{ s|z| }
< e [ o [ e - Y
e [0 [ oo {2} asar

™ dx

/ab kw(z,z,r) f(r)dr

1)1_Hexp{—(x r)* }yf( )|z™ drda

slz|

r)|drdx
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Since m + 2 — k > 0, we further obtain
/2 r’
w(e) <R [liolen - o
o [ 150 VI
(r=a)/+/I2]

_c/ ™| f(r) ( ‘) exp{—4:’22‘}dr

VIEMVEL (v —y m)m :
v [ ™t /s dydr.
[ ”'/@»_@/m ( WVEL) oiiegy

Either m € [0, 1] and, since r > a > \/|z| by (3.4),

5 ey
<o [ rmreles |-l @

(r—y |z|)me_yz/8 dydr

so that

VA (3.82)
+C/ " f(r) / eV dydr.
(r—a)/+/2|
Or m < 0 and
m 2
-m _—y?/8s _ r
( ) e T R T Bl 3
while, for y\/|z| € (T a,r— |)
r—y\/ _ T_y\/ +y\/|z 1+ yV|Z|_ )
r—y\/|z| r—yv/|2|
<27 14 (y ]2\)_m]2\m/2] =214y ™).
Consequently,
2
<0/ iseew | g | o
(r=/12D/y/T2] 2
+C‘/ ™ (1) e (1—i—y_m)e_y /dedr
a (r—a)/+/1|
b 2
<cf rmrfmrexp{ z M} ar
b . (r—/121)/\/12] )2
+0/ ™| f(r)| e/ /T e Y8 dydr. (3.8b)
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Introducing

b 2 b =
M@= [ rmis@len { g bars [l [T e gar
a 8s§ a (r—a)/€
for £ > 0, we have shown that

Jo(z) < CAo(v/]2)). (3.9)

Now, it follows from the integrability properties of f € X,,, and from Lebesgue’s domi-
nated convergence theorem that

2
hm/ | f(r) exp{ 852}d7‘—0

Furthermore, for £ € (O, (b—a) ),

b r—§)/¢ a+vE€ 0o
/ )l eV dydr S/ Tm!f(r)’dr/ e v’ /%5 dy
a (r-a)/ ; ;

b o)
+/ rm\f(r)\dr/ e~V /28 dy
a_;’_\/g §71/2

and, using again the integrability properties of f € X,, and Lebesgue’s dominated
convergence theorem, we conclude that

b -8/,
lim/ ™ £ ()] eV /2 dydr = 0.
£—=0J,

(r—a)/&
Consequently,
lim A =
Hm 0(§) =0,
which implies, together with (3.9), that
lim Jy(z) = 0. (3.10)
z—0

We now choose p € (1,00) wih K —1 < mTH < 2. Since f € X, N Loo((0,00)) C Lypm
and using (3.3), we obtain that

a b
I$10f = Tl = [ 1Gian) @] " do+ [ [(Snl) (@) = f(@)] ™ da
+ /boo ‘(Slm(z)f)(a;)‘ ™ dx

< Jolz / | bm (:E)‘;pmdl‘
< Jo(2) + Joo(2) + C | Spam(2) f — f||Lp,m :

As strong continuity of S, in Ly, follows from Theorem 2.1, we infer from (3.7),
(3.10), and the above inequality that
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for any f € X, N Loo((0,00)) with compact support in (0,00). It only remains to
combine the already established boundedness property (3.1) (with § = 0) with a density
argument in order to conclude that (3.11) is valid for all f € X,,.

(iii) As for the analyticity of S ,, we note from Lemma 2.3 that, for z € C with Rez > 0
and (z,7) € (0,00)2,

1 e 2 2
204k (z,x,1) = —2—7‘“(337*)17 exp <_x rr ) I <wr>

z 4z 2z
+ 2—1Z7“R(:ET)17”$2;T2 exp <—$2;T2> I (;—:)
— gr“(wr)l? gexp <_a:2;7‘2> '1%,{ (%)
= kn(z,2,7) [3:24—:7‘2 _? ; I{]

2 2
xr 1-k e+ xr
— @TR(Z'T) 2 exp <— e > I‘SEH (g)
22+r2 3—k B ﬂf—f’g" (ﬂ)
4z 2 22 11— \2z
2

k(1) [(x 4—27’)2 B 3; + % (1 jj s (xr>)] .

We now argue as in the proof of [12, Proposition 2.9] and use the vahdlty of
_[3711 1 .
< 0(5) <1 A m) ) g € Ew/2—ea

—=-(¢)
along with (3.2) and [12, Lemma 10.1], to obtain that, for z € 2ﬂ-/2_€ and (x,r) €
(0,00)%,

|20k (2,2, 7)| < [kin(2,2,7) H—‘Hex <(4 )>+C< 27;)}
()l
< C|L;| <1A TZ|) <M |z|) exp<_(x23_!:\)2>

2—K 2
O (i T e (@)
+I4GA¢E> GA¢M> ()

< Classn-1,-1(121 2, 7) + @2o2,-2(12) 2,7,

1—

< Clky(z,2,7)|

noticing that g¢s 4 g is defined in (A.1). Since
K—2<k—1<m+1<2<3,
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we infer from Proposition A.1 (with («,3,0) € {(k — 2,3,0),(k — 1,2,0)}) that, for
f € Xma
Stnf :Brj2ec = Xy 20 Sim(2)f

is differentiable and that

d

z&Sl,m(z)f‘

Xm

Sl fllxms 2€Znppe. (312)

z /000 0ok (z, -, r)f(r)dr

m

Therefore, the semigroup Si,, is analytic with angle 7/2 due to [8, Theorem II.4.6],
as (3.12) shows that we can apply this result to any ray in the sector X /.. This
concludes the proof.

0

For k <1 and K —2 < m < 1, we denote the generator of the semigroup S1,, on X,
by Aj,, and turn our attention to identifying the domain of Ay ,, in the form stated in
Theorem 1.1. This proves to be quite involved. We begin by verifying that A, ,, has the
expected differential form and by establishing an integral representation of its resolvent.

Lemma 3.2. Let Kk < 1 and k —2 < m < 1. If f € dom(Ay,,) and X > 0, then
g :=Af — Ay mf belongs to X, and

A f =G.f in D'((0,00)), (3.13)

f(z) = / Gr(\,z,r) g(r)r®dr, x >0, (3.14)
0
where G, is defined in (2.2b).

Proof. Let ¥ € D((0,00)) and fix p > 1 such that Kk — 1 < (m + 1)/p < 2. Since Sy, is
bounded, it holds that A € p(A;,,) and hence

f= /0 TN Sy (t)g . (3.15)
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Thus, we infer from (2.1), (2.3), Fubini’s theorem, and Theorem 2.1 that
/ f(x )" dx = / x" ¥ (x) / e M [S1m(t)g] (z) dt dz

0
t/ 2 0() [S1m(t)g] () dr d

0
t/ / 2" k(N z,7r) g(r) ¥(z) dr dz dt
o Jo

t/ / A,y 2) g(r) ¥(x) dr dadt
o Jo

J, -

J, -

bl

:/0 At/o o (9] () dr dt
/0 r
J, o

J, o

I8

" J(x) /0 Gr(\, z,r) g(r)r™ drdz.

As this identity is valid for any ¥ € D((0,00)), we arrive at (3.14).
Similarly, since ()\ — Bp,m)ﬁ belongs to D((O, oo)), it follows from (2.1) and (2.3), along
with Fubini’s theorem, that

/000 ™ f(x) [()\ - Bp,m)ﬁ] (x)dx
= / e /00 % g(r) [Sp,m(t) ()\ — Bp,m)ﬁ] (r)drdt
0 0
= / r®g(r) / e M [Sp,m(t) ()\ — Bp,m)ﬁ] (r)dtdr
0 0
_ /0 7 g(r) [(A = Bpm) " (A — Byun) 9] (r) dr

_ /0 v g(r) 9(r) dr = /O T re(r) [ — AL f] () dr.
Consequently, by Theorem 2.1, it holds that

/ " % f(2) Gd(w) d = / 25 0(@) A f(x) da
from which we deduce (3.13). : 0

Next we identify dom(A; ;). The following lemma is needed.

Lemma 3.3. Let k < 1. Let f € X,, with

either n < —1 or n>—1 and lim — / f(z (3.16)
z—=0 T
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and such that f — G.f =0 in (0,00). Then f=0.

Proof. We argue as in the proof of [12, Proposition 3.3]. Set v = (1 —&)/2 and notice that
v > 0 owing to £ < 1. Then v(x) := 27" f(x), © > 0, solves the modified Bessel equation

2" (z) + xv'(x) — (2% 4+ v?)v(z) = 0, z > 0. (3.17)

Since (I, K,)) forms a fundamental system for (3.17), as recalled in Lemma 2.3, the Wron-
skian of which is given by W (I,, K, )(z) = —2~! (see [I, 9.6.15]), there is (c1,c2) € R?
such that

flz) = 12", () + c22" K, (), x> 0.

Since I, (z) is exponentially increasing as @ — oo by (2.7¢), f € X,, implies that ¢; = 0.
Next, ¥ K, (z) has a positive limit as x — 0 by (2.7b), so that (3.16) entails that ¢y = 0.
This completes the proof. O

We are now in a position to identify dom(Aj ).

Proposition 3.4. Let Kk < 1 and k —2 < m < 1. Then Aimf = Guf € Xy, for
f € dom(A;,,) and,
(c1) if Kk —2 < m < K, then

dom(A1 ) = { f € Xu2m | Guf € X }:
(c2) if K <m <1, then
dom(A1m) = { £ € Xin-2.m) | Guf € Xin }:
(¢3) if m =1, then
dom(Ay 1) = {f € X1y ( Gof € X, lim f(x) = 0}.

Proof. Consider f € dom(A;,,). Then, Ay ,f = G.f € X, by (3.13). We set g =
f—Aj ,n f and infer from (3.15) and Proposition 3.1, as in the proof of [12, Proposition 3.3],
that, for 0 € [0,m + 2 — k),

[ B S/O e [1S1m(t)gllx,, o dt < 6(1,9)||9\|Xm/0 0 et dt,
from which we deduce that f € X,,,_¢ for all 0 < 6 < min{m + 2 — k,2}. Equivalently,

fe x((m—2)v(n—2),m]

so that

dom (A1) C D = {fex( ] (gﬁfexm}. (3.18)

(k—2)V(m—2),m
Case 1 [m < 1]: In this case —1 € ((m —2) V (k — 2),m] and thus dom(A4;,,) C X_1.
Given f € D, there is u € dom(A; ) such that f — G.f = u— A u = v — G,u. Since
f—u e X_1, we readily deduce from Lemma 3.3 that f = u and thus that f € dom(A; ).
Recalling (3.18), we conclude that dom(A;,,) = D and we have, in particular, proved
Proposition 3.4 (cl).

Case 2 [m € (k,1)]. It remains to show that dom(A4;,,) = D C X,,—5. To this end,
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we argue as in [12, Proposition 3.3] and consider f € dom(A;,,). Since f € X,, with
G.f € X, we deduce from Lemma B.1 that f' € X,,_1 with

fl(x) = —a™" /oo "G f(2)dz, x>0.

In particular, f' € L1( (0,1 ) and there is b € R such that

—b—/ / 2" G f(z)dzdy

=b— /zg,{f()dz—f H/Ooz“g,@f(z)dz, x> 0.

1—k

/ngnf(Z) dz
0

Lon / S Gof () de| < 21" / M Gy F(2)] Az < 2 |G flx

so that lim,_,o f(z) = b. However, f € X_; by (3.18) and thus it must hold that b = 0.
Therefore

For z € (0,1),

S/0 m 1 m’g f( )‘dzgl’l_m”gﬁfHXm7

and

1 1-k

F) = — /ngnf(z)dz—f R/Ooz“gnf(z)dz, ©>0,

11—k 0

and

1
<1—n>/ 22 |f(2)] de

1
/ " 2/ 2|Gr f( ]dzdx+/ xm_l_“/ 2" G f(2)| dzdx
+/x e [T G o) dza
0 1

1 Zm_l—l 1 1 -
S/o Zﬁ’gnf(z)\derm/o "G f(2)| dz

1 o0
_ - 516, d
+ /1 251G f(2)] d2

m—K
1—-k
= (1 _ m)(m _ H) Hgﬁf”X'm’

Therefore f € X,,—2 and we have shown that dom(A;,,) C X,,—2, which completes the
proof of (c2).

Case 3 [m = 1]: Bearing (3.18) in mind, we now study the behavior of functions in
dom(A; 1) as ¢ — 0. Consider f € dom(A;,1) and set g = f — Ay 1f. Thanks to (3.14), f
admits the following representation formula

:/ G:(L,z,r)g(r)r®dr, x> 0.
0



16 PATRICK GUIDOTTI, PHILIPPE LAURENCOT, AND CHRISTOPH WALKER

In particular, given = € (0, 1), it follows from (2.2b) and (2.8) with v = (1 —k&)/2 > 0 that

|f(x)\féjé (ar)” Ky(z) L(r) lg(r)| r" dr-+»jé (@r)” I, (z) Ky (r) [g(r)[r" dr
T 1
gCICK/O r]g(r)\dr—kCICle_“/ r™|g(r)|dr

+ CCga' ™" /1 2 e |g(r)| dr
1

< C’IC’K/ r|g(7‘)|d7‘—|—C’1C'Kx1_“/ r®|g(r)| dr
0 T
+ C1Cra' ™" sup {T(H_2)/2€_T} llgllx, -
r>1

Since k < 1,

(5) 7 g () < rlor)l, (@) € 0,17

and
. T\ 11—k
in_% <;> 7lg(r)[X(z,1) (1) =0 for a.e. r € (0,1).

Lebesgue’s dominated convergence theorem implies that

1
lim 2" / v |g(r)| dr = 0,

z—0

Noting that the two other terms on the right-hand side of the upper bound for | f (ZE)‘
converge to zero as x — 0 due to k < 1 and to g € X7, we conclude that

lim f(z) = 0.
Recalling (3.18), we arrive at
dom(Ay 1) C Dy = {f € X1y ‘ Gof € X1, lim f(z) = o}.
z—0

We next proceed as in the proof of (cl) to derive the identity dom(A;;) = D; using
Lemma 3.3 with n = 0. U

While dom(A; ;) features explicitly a homogeneous Dirichlet boundary condition at
x = 0, a similar boundary condition is implicitly included in dom(A; ;) for m € (k, 1) as
we now show.

Corollary 3.5. Let m € (k,1]. If f € dom(A, ), then
lim 2™ ! f(z) = 0.

z—0

Proof. As the case m =1 is settled, we consider m € (k, 1) and let f € dom(A;,,). Since
f € XmnNXnm—2 and G, f € X,,, by Proposition 3.4 (c2), we infer from Corollary B.2 that

T m—1
0= gl;_)mox fx)

exists and this property is compatible with f € X,,,_5 only when ¢ = 0. g
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We are left with proving that S ,, is a semigroup of contractions on X, for m € (k, 1].
In spite of the explicit representation of Sy, = S|x,, given in (2.1a), this property does
not seem to follow directly due to the modified Bessel functions involved. We therefore
prove contractivity by establishing the dissipativity of Ay ,, in X,,.

Lemma 3.6. Let m € (k,1]. If A >0 and f € dom(A;,,), then
H()\ - Alym)f”Xm 2 )\”f”Xm + (1 - m)(m - R)”f”me2 (319)
Proof. Let A > 0 and f € dom(A; ,,). Given € > 0 define S, € Wiloc(R) by
r—e/2, r>e,
Be(r):=< 12/(2), 1€ (—¢,¢), (3.20)
—r—e/2, r<-—g,
and note that
0<Be(r)<Irl, [BL(r) <1, reR,
€ . . (3.21)
|ﬁ€(7‘) — |7‘|| < =, lim B.(r) =sign(r), reR.
2 e—0

Integration by parts and using (3.21) yield
I\ = Apn) fllx,, > / T @) M) - @) - )] de
0
= [T @) S de = o7 B @) £ @)
+ | e B @) | ()P d
—m)(m—k ” "2 \J(r))dr
(1 - m)( >/0 Bo(f(a))d
+ [(m = m) e B(f ()]

As all boundary terms vanish in view of (B.1), (B.3), (3.21), and owing to the definition
of dom(Ay ), we infer from the convexity of g, that

T=00

z=0

IO~ A1)l = A [ o™ 87 Fla) da
+(1—=m)(m—k) /Oo ™2 Be(f(z)) dx.

0

Since f € dom(A;,,) and the second term on the right-hand side vanishes when m = 1,
we may pass to the limit as ¢ — 0 with the help of Lebesgue’s dominated convergence
theorem and of (3.21) to obtain

[N = Arm) fllxm = M fllx,, + 0 =m)(m = &) fllx,, 2

as claimed. 0

Corollary 3.7. Let m € (k,1]. Then Sy, is a contraction semigroup on Xp,.
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Proof. Since Ay,, is the generator of the semigroup Si,, on X,, and is a dissipative
operator in X, by (3.19), the claim is an immediate consequence of the Lumer—Phillips
theorem [13, Chapter 1, Theorem 4.3]. O

Theorem 1.1 is now a consequence of Proposition 3.1, Proposition 3.4, and Corollary 3.7.

4. GENERAL OPERATORS

We consider now more general operators of the form
b
Aol 0 (@)= (10) + 27 @)+ @) >0

for f € D'((0,00)) with given (a, b, ) € R3 and observe that A, (a,b) is singular for o < 2
and degenerate for o« > 2. Following [11] we transform such an operator to an operator
of the form G, (with a suitable k) and apply the result of Theorem 1.1. To this end, the
following isometries play an instrumental role (see [1 1, Proposition 3.1 and Proposition 3.2]
and [12, Lemma 4.1]):

Lemma 4.1. Givenn € R, [ € R, and f € R\ {—1} define
(Tou)(z) := B+ 1u(a"*P),  (Mu)(z) = ' u(x)
forx >0 and v € X,,. Then T3 : X, = X, is an tsometric isomorphism with
B (1+8)+8
TB_I =T_g/a+p) and My : X, — Xy, is an isometric isomorphism with ./\/ll_1 = M_,.
Moreover,
MiTs = TaMija1p),
and, for u € W3 10c((0,00)), it holds that
0x(Tpu) = (1 + B)TaMp/(1+6) 0,
( pu) = (1 + 5) TsMag/(148) 8 u+ B(1+ B)TgMp-1)/(1+8)0xu;
O (Mu) = IMj_1u + M0, u,

D2 (Myu) = Md*u + 2AM_10,u + 1(1 — D) M_su.
Finally, we have that

w(Mpw) = Mi(vw),  w(Tav) =1+ B[Ts(vT_g/018)w)
for any two real-valued functions v and w defined on (0,00), for I € R, and for 8 €

R\ {-1}.

We transform the operator A, (a, b) to a singular operator G, for a suitable x depending
on «, a, and b.

Lemma 4.2. Assume that o # 2 and
D:=(a—1)>—4b>0. (4.1a)

Introducing
a—1 n \/l_)

2—a 2—«

ly ==— (4.1b)
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and
204 — « 2vD
Ri—21i+2 a_1i2—a’ (4.1c)
we find
(2-a)?
Aa(a7 b) = (T a/2Ml:t) O ( a/2Mli) : (4'1d)

Proof. Observing that
Aa(a,b) = Myd? + aMa_10, +bMq_s,
it follows from Lemma 4.1 that

Aa(a, b)T_a/g = MaagT_a/g +aMpy_10:T_ a2 + oM, 27:a/2

2 —« a2 — «
— MaToapa | ) M _sa/(2-a) 07 — % M_(210)/(2-0) O
a(2 — )
5 Mo-1T_qpoM_g)2—a) Oz + O Ma—2T_q /2
2 —«)? a2 — «
_( . ST s~ % ToajpM_1 0,
9 _
a( 2 a) 7-—o¢/2~/\/l—l a:c + b7——a/2M—2 .
Therefore,
92— 2
T__al/g Aa(a7 b) 71@/2 = ( 04) AO(A7 B) (4'23)
with
2a — « 4b
A=S=0 B=gGoan (4.2b)

Next, we use Lemma 4.1 to obtain
Ao(A, ByM; = M+ AM_1 9, M; + BM_oM,

= MO + 20 My_10, + 1(1 — 1) M;_y
+IAM;_o + AM;_10, + BM;_o,

and thus
M_y Ao(A, B) M, = 8% + (21 + 22“__ O‘) M_1 8,
22 21 I M .
2— 2-—a2) ™

Combining (4.2) and (4.3) yields
(Toapa M)~ Aa(a,b)(T-aj2M))
_ @

—a)? [ 2a —« 9  2a—2 4b
O+ 2+ T— | Made + l+2_al+(2_a)2 M_y b,
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Choosing [ suitably we can get rid of the zero order term. More precisely, the non-
negativity (4.1a) of D ensures that Iy in (4.1b) are well-defined and taking [ € {l1} in the
above formula gives

_ 2 —a)? 2a —
(TajpMiy ) ™ Aa(a,b) (Toajp My, ) = % {aﬁ n (2& + 2“ 5) x—lax} :

that is,

a)?

2 — _
Aa(a, b) == (T ([a/QMli) gf;i ([a/QMli)

with k4 given by (4.1c), as claimed. O

1

Noticing from Lemma 4.1 that, for any n € R, (T_a 12M i)_l is an isometric isomor-

phism from X,, onto X, ) with
2n+« n+a—-—a+1 vD
my(n) = o ——+lx 5 o 5o (4.4)

we can make use of the results from Section 3 and Lemma 4.2 in order to obtain a positive
analytic semigroup on X, for A,(a,b) with suitably chosen values of a, a, b, and n. We
are now ready for the proofs of Theorem 1.2 and Theorem 1.4.

Proof of Theorem 1.2 (Singular case). Fix n € (ny,n}] and set [ := [_, k := x_, and
m :=m_(n). Then, since D > 0 and a < 2, we have
2v'D 2 —
hooo 1D 2ta—atl VD
2 -« 2 -« 2 -«

It then follows from Theorem 1.1 that A; ,, with domain dom(A; ,,) defined therein gen-
erates a bounded and positive analytic semigroup on X, of angle 7/2. Since

T_ajpMi s Xo — X((r—1)(2—a)—a]/2 (4.5)

is an isometric isomorphism for all » € R by Lemma 4.1 and
[(7'_(1/2./\/11)_1]‘"] (x) = z7lf (m2/(2_0‘)) , x>0, (4.6)

it follows from (4.1d) that
(T—aj2Mi) (dom (A1) = dom(Ay,).

2 -«

Consequently, since (T_a /2./\/ll) - X, — X,, is an isometric isomorphism, A,, generates
a bounded and positive analytic semigroup on X,, of angle 7/2 which is a semigroup of
contractions on X,, for n € (ny,nf]. O

Proof of Theorem 1.} (Degenerate case). Fix n € [n*_,n*) and set | := [y, k := Ky, and
m :=m4(n). Then, since D > 0 and a > 2, we have

2vD 2n+a—a—+1 VD
m:1+2—<m:

<1.
—« 2 -« 22—«

Thanks to Theorem 1.1, we may argue as in the proof of Theorem 1.2, paying special
attention to the negativity of 2—« in (4.5) and (4.6), to complete the proof of Theorem 1.4.
O
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5. THE ABSORPTION SEMIGROUP

Let
w: (0,00) — R be a non-negative measurable function (5.1)
and define
Tmf =Aimf—wf, [fe€dom(A47,,), (5.2a)
with domain
dom(AY,,) := {f € dom(Ay ) |wf € Xm} (5.2b)

We shall show that A7, generates a positive analytic semigroup of contractions on Xy,
for m € (k,1].

Lemma 5.1. Assume that w satisfies (5.1) and let m € (k,1]. If it holds that (f,g) € X2,
and (fn)n>1 is a sequence in dom(Ay ,,) such that

T o~ Fllx,. = lim llga —gllx,, =0 (53)
with gn := —Armfn + (W AN) fr, then f € dom(AY ) with A7, f = —g.

Proof. (i) We first prove that f € X,,_o when m < 1 and wf € X,,. To this end, let
e € (0,1) and 5. be defined as in (3.20). Then, as in the proof of Lemma 3.6 with A = 0
we have

lgnllx > /0 T B (fu()) g () da

" Koy

_ /0 2" BL(Fa(@) (~F(@) ~ S fi(@) da

X

o [ B olo) A o)l
> (1—m)(m — k) /Ooo 272 B (falw)) da
+ /O T () An) B(fa(@) ful) de

Letting ¢ — 0 we derive
(=m)m=w) [ " @ldet [ o) An) If ()| do <
where ¢g := sup,,ey [|9nl x,, < 0o. For N > 1 fixed and n > N, we obtain
(I —=m)(m — k) /000 ™72 | f ()] da + /000 " (w(z) AN) | frn(x)|dz < cp.
Thus, letting first n — oo using (5.3) and then N — oo using Fatou’s lemma, we find
(1 =m)(m — k) /000 ™72 | f (z)| da + /000 2" w(z)|f(z)|dz < ¢
Consequently, f € X,,—o when m <1 and wf € X,,.
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(ii) Next, we show that <(w/\n)fn> ,, converges to wf in Xp,. Let ¥ € C*((0,00)) with

0 <9 < 1 satisfy 9(z) = 1 for x > 2 and ¥(x) = 0 for 2 € (0,1). Set Vg(z) := ¥(x/R) for
x>0 and R > 1. Then, for ¢ € (0,1), integration by parts and the convexity of 3. yield

| am o) B @) (@) - Z i) da
0
_ /0 [(m — K)2™ L Ip(z) + 2™ I(x)] (Be(falz))) du
-/ T () B () | ()2 da
>~ [ [(om — )2 Uy(o) +a™ Oh@)] Bl
0

+ (m —k)(1 —m) /000 2™ 2 9g(x) Be(fulx)) dz,

where the boundary terms vanish due to the definition of 9 and Lemma B.1. Thanks to
the non-negativity of the last term and to

|(2m — k) 2™ IR(2) + 2™ Ih(2)| < (2m — K+ 1) 2—2 19| oo

we deduce from (3.21) that

" Hl

e 1
| e onta) Bttt (=) = @) do > ~m = 5+ 1) 5 10l I o
Consequently, by the definition of g, we obtain
| e 0n(a) (o) (o) A ) fule)
< [ dn(a) B o) gala) o+ (2 — 4 1) 5 10 Il
0

(e e] m 1
< [ am @+ (2m =+ 1) g 19 Ul

Letting ¢ — 0, Lebesgue’s dominated convergence theorem entails

/000 " Ig(x) | fn(2)] (w(az) A n) dz

< / 2 g (@) dz 4 2 — 4 1) o [ ]]oo [ Fnll
R

1
—
and therefore

[ ) ) a@lde < [ am onte) )] (o) An) da
2 0

R
o m 1
< [ am @l da + 2m =+ 1) g5 19 Ul
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Invoking (5.3) we thus infer that
lim sup </ 2™ (w(x) An) | fal2)] dx) =0. (5.4)
R—o0 neN 2R

Now, given R > 1 we find Nr > 1 such that (w An) = w on (0,2R) for n > Ng thanks
to (5.1). Hence, for n > Ng,

o0

2R
o Amfa=ofl, < [ @™ (o) fale) = f@ld+ [ a™ (o) An) (o) da
+/2 2" w(x) | f(z)| da.

R
We then pass to the limit as n — oo and infer from (5.3) that

limsup [[(w An)frn —wfllx,, < sup{/;o ™ (w(z) Al) | fi(2)] dx}

n—oo >1 R

+/ 2" w(x)|f(x)] da.
2R
We finally let R — oo and use (5.4) along with wf € X,,, to obtain
lim [[(wAn)f, —wflx,, =0. (5.5)

n— o0

(iii) To conclude the proof, observe that f,, € dom(A; ,,) with f, — f in X, and
Atmfn=—gn + (w/\n)fnnjo—g—l—wf in X,,

thanks to (5.3) and (5.5). Since Aj ,, is a closed operator in X,, due to Corollary 3.7, we
conclude that f € dom(A; ) with AY, f = —g as claimed. O

Theorem 5.2. Assume that w satisfies (5.1) and let k < m < 1. Then A, defined in
(5.2), generates a positive analytic contraction semigroup on X,,.

Proof. Note that X, is a Banach lattice with order-continuous norm (see [2, Chapter 4])

and recall that the disjoint complement F- of a subset F of the vector lattice X, is
defined as

Ft .= {g€Xm ‘ min{|f],|g|} =0 for all fe F}.

Since D((0,00)) is a subset of dom(AY,,), we immediately see that (dom(A“f,m))J' = {0}.
Consequently, we are in a position to apply [, Proposition 4.3] and conclude that there
is an extension A, of A7 with domain

D(A‘l"/\m) = {f e X ‘ there are (fy,)nen in dom(A;,,) and g € X, such that

Jim (1f = £11x,. + |Asnfn = @ Am)fa+ glx,.) = 0}

which generates a positive strongly continuous semigroup on X,,,. Lemma 5.1 implies that
D(Af,,) = dom(AY,,) and therefore that AY,, = AY,,. Moreover, it holds that

0 S etALm — etALm S etAl’m, t 2 O,
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by [4, p. 432]. Since A; ,, generates a positive, analytic contraction semigroup, this order-
ing property, along with [5, Remark 2.68], implies that

e 2y < €4 ™ [ oxmy <1, > 0.

Hence A°f7m = m generates a positive contraction semigroup on X, which is also
analytic due to [1, Theorem 6.1]. d

Corollary 5.3. Assume that w satisfies (5.1) and let (a,a,b,n) € R* satisfy, either the
assumptions of Theorem 1.2 (c2), or those of Theorem 1.4 (c2). Then AY, defined by

Af=A,f —wf, f€dom(AY),

with domain
dom(AY) := {f € dom(A,) |wf € Xn},

generates a positive analytic contraction semigroup on X,.

Proof. As in Lemma 4.2, we deduce from Lemma 4.1 that

(2 —a)? - -1
Aatat) —o = C= (T ML) (00— 8) (Tappy,)
with A
~ R 2/(2—«
The statement now follows from Theorem 5.2 as in the proof of Theorem 1.2. O
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APPENDIX A. ESTIMATES FOR CERTAIN INTEGRAL OPERATORS

Let s > 0 be fixed. Given (o, 3) € R?, we define the integral operator

(Quans()f) () = /0 etz ) f(r)dr, (t2) € (0,00)%)

whenever it is well-defined, where

Gsag(t, z,7) = % <% A 1) h <% A 1) _B exp (—%) (A1)

for (t,x,r) € (0,00)3.

Proposition A.1. Let (a, 8) € R?, m € (—o0,1], and 6 > 0 satisfy 0 +a <m-+1<1-7.
Then, there is ¢ > 0 depending on s, a, B, m, and 0 such that

Q5080 2(xm.x_g) < ct™V2, t>0.

Proof. We proceed along the lines of [12, Appendix C]. Let f € X,,, and ¢t > 0. Then

1Quas(flx, , < /0 /0 Goap(t, 2, 7) | ()] dr 20 du

< ¢ /OOO/OOO @A) AD P exp (-@) ‘f(\/ir)
<" /1:13_°‘+m_9 d:z:/olr_ﬁ ‘f (ﬂr)
£ 9“/ / exp< M) £ (Vir)| e ar da

:E_a+m_0 exp < ﬂ) ‘f( tr)‘ drdx

9“/ / exp< —7“|2> 7 (Var) e ar s

= I +II+I1IT+1V.

2™ 0 dr da

dr
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In the following, the constants ¢ may depend on s, «, 5, m, and @, but are independent
of t>0and f € X;,. Since 0 +a<m+1<1— [ we have

I< e /01 zmotm=0 g /01 r’m ‘f <\/Er)‘ dr

m—0+1

<ct™ 2 I f(VElxn = et (I f 1 x,0-

Next, since 7% <™ and (z — r)2 > 2 for 2 > 3 and 0 < r < 1, we have

I < R /13a:m_9da:/01rm ‘f(\/fr)‘ dr

4t /;O 2™ % exp (—f) da:/olrm ‘f (\/ZT)‘ dr

m—60+1

<ct" 2 |[f(VE)lx, = et fllx,

Similarly, since § + o < m + 1, we derive

111 < ¢"= max{1,37"™} /1 zotm=0 gy /3 r’" ‘f <\/¥7‘)‘ dr
0 1

TS o ilzlg [r‘m exp (—g)} /01 zotm=0 4y /300 r’m ‘f <\/Er)‘ dr

041 _
<ct" 2 If(VE)x =t | fllxn-
We finally deal with IV, where the non-negativity of # ensures that

o) 00 2
IV < t" = / ‘f (\/ET) / exp (—%) (z+7)"dzdr.
1 1—r

If m € [0,1], then

o] LL’2 0 LL’2
/ exp <—?> (x4+r)"dx < / exp <—?> (l|™ 4+ r™)de < cr™
1—r —0

for » > 1 so that

m—0+1

v<et = [f(VE)xn = ct™ | fllx,.
If m <0, then, forr >1and x > 1 —r,

r - T+ + "T‘ - -m —-m —-m
< | —= <A+ Jz)) ™" <27 (14 2T,
r+x r+x

from which we deduce that

00 2 0 x?
/ exp <—?> (x4+r)"r Mde < 2_m/ exp (—;) (1+]z[7™)de <c
1—r -

for » > 1. We thus again find that

m—60+1

IV <et™ = [ f(VE)lx, = ct™ 2| flx,.

In summary, we have shown that

1Qs.08(E) N0 < ct™2|£llx,,
for f € X,;, and ¢t > 0, which establishes the claim. O
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APPENDIX B. AUXILIARY RESULTS

The aim of this section is to describe the behavior of functions f € X, with G.f € X,
for some k € (—o0,1 Am) as z — 0 and as z — o0 .

Lemma B.1. Given k € (—o0,1) and m > k, assume that f € X,,, with G.f € X,,,. Then

: m—1 _
xh_}n(lox f(z)=0. (B.1)
Moreover, ' € X,,_1 with
f(z) = —x_“/ 2" G f(z)dz, = >0, (B.2)
and
lim 2™ f'(x) = lim 2™ f'(z) = 0. (B.3)
T—00 z—0

Finally, for m > 1 it holds that

f@ = [ Y G (2

Proof. (i) First consider the case when m > 1, so that k <1 < m, and let

1— 1-k

dz, x>0. (B.4)

F—x
1—k

o] Zl—n o xl—li
F(z) := / 2" G f(2) T = dz, x>0, (B.5)
which is well-defined since G, f € X,, and since
Zl—n S > :El—m
K < < m
2" G f(2) 1—x > 1_K|gnf(z)|— 1—/-£z G f(2)],
for z > x > 0. Moreover, one has that
1 (o]
™ F(x) < 1% 2" Gef(2)|dz, x>0,
from which one infers that
: m—1 _
mlgglo:n F(z)=0. (B.6)
Next observe that F' € Wiloc((O, 00)) and that
Fl'(z) = —x_”/ 2"Gef(z)dz, x=>0. (B.7)

In particular, [z — 2" F'(z)] € Wiloc((O, 00)) satisfies

(a:“F'(a;))/ =2"G.f(x) = (a:“f’(m))/, x> 0.
Integrating this identity yields

11—k

£(2) :B+Af_ﬁ +F(z), ©>0,
for some (A, B) € R2. Since

z+1

x+1 1
/z Y™ fy)|dy < 5/ y"|f(y)| dy

xT
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and
z+1 1 1 z+1 o)
[l [ [ g ey
T — kK Jz Y
<1 [Tamig,p()ds
= 1 — K . K bl
we deduce from f € X,, and G, f € X,, that
z+1
Tim [y f(y) — F(y)ldy =0

and, hence, that

z+1
lim ym (B + A1

T—00 T

1-k
i > dy = 0.
— K

However,

z+1 1—k B A [(gj + 1)m+1—n _ xm-{—l—n]
m=1 (B4 A dy = = )™ — ™
/x 4 < + 1-x) m[(x—i_ ) w+ (I1—-r)(m+1-—k)

A

11—k

™" as x — oo,

~

which implies A = 0 since m > k. Then

z+1 yl—n B
/ ym ! <B+A ) dy = —[(x+1)™ —2™] ~ B2™ ! as z — oo,
" 11—k m

and, hence, also B = 0, since m > 1. Consequently, f = F' and, thanks to (B.5), (B.6)
and (B.7), we see that (B.4) holds, along with (B.1) and (B.2), for m > 1.

(ii) Now consider the case when m < 1, so that K < m < 1. Define

T xl—n _ Zl—n
F(z) := / 2" G f(z) ———dz, x>0, (B.8)
1 1—-k
which is meaningful since
. xl—li o 21—/4 xl—n -
PG f ()| s T FMG SR x> 2>
and ) )
-k _ SJ1-kK 1
SGuf () | < T [7"Guf (), w<z< L.

As in the previous case, F' € W}, ((0,00)) satisfies

Fl'(z) = a;_"‘/ 2"Gif(z)dz, x>0,
1
and [z — x"F'(z)] € Wll’loc((O,oo)) with
(¢" F'(@)) = 2" Guf (x) = («"f'(2))', @ >0,
so that there are (A, B) € R? such that
xl—li

f(x) :B—I-A1

- + F(z), x>0. (B.9)
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Then .
fl(z)=a"" (A +/ 2"Grf(2) dz) , x>0, (B.10)

1
and consequently

lim 2" f'(z) :A—i-/ooz"ig,if(z)dz =L <00
1

T—00

since [z +— 2°G,.f(2)] € L1((1,00)) thanks to m > k. Towards a contradiction, assume
that L # 0. An integration shows that

L
2™ f(z) ~ —— 2™ TR as - oo,

1—-k
contradicting the integrability of f € X,,. Thus, L =0 and
A= —/ 2"G.f(z)dz, (B.11)
1

so that (B.10) implies (B.2). Let us now establish (B.1). Using (B.8), (B.9), and (B.11),
it follows that

fay=B- " / TG [ Gp()ds x>0 (Ba2)

1—«x 11—k 1

Notice that

T R T
xm_l/ 21G.f(2)|dz = xm_l/ Z7m MG f(2)] dz +xm_1/ A7 G f(2)] dz
1 1 R
R T
§xm_1R1_m/ zm|g,.€f(z)|dz+/ (G f(2)] dz,
1 R
for 1 < R < x. Since m < 1 and G, f € X,,,, we see that

lim sup z™ 1 /xz |G f(2)]dz < /OO 2" |G f(2)| dz.
1 R

T—00

Hence, letting R — oo, it follows that

lim 2™ * /xz |G f(2)|dz = 0. (B.13)
1

T—00

Since kK < m < 1 and
(@)
xm_lznl_”/ 2" G f(z)dz
X

we deduce (B.1) from (B.12) and (B.13). We have thus established (B.1) and (B.2) for
m < 1 as well.

(iii) It remains to prove (B.3) and that f’ € X,,_1. The latter is ensured by

/ T em | (a)] da < / i / G ()| dede = —— / T |G ()] d,
0 0 = m—K Jo

which follows from (B.2). Using once more (B.2) and m > k, we find

§/ 2™ |G f(2)|dz — 0 as & — oo,

o0

()] < 2 / G (2)] dz < / G ()] d,



30 PATRICK GUIDOTTI, PHILIPPE LAURENCOT, AND CHRISTOPH WALKER

from which we deduce that
lim 2™ f'(z) =0

T—>00
since G f € X,,. Finally, let 6 € (0,1) and consider z € (0,6). Then, again using (B.2)
and the fact that m > k, we see that

)
2 f (@) < 2 /

xT

28T MG f(2)|de + ™R / 28T MG f(2)| dz
1)

) 00
< / G f(2)|dz + 2 / G f(2)] de,
x )

so that G, f € X,,, implies that

é
limsup 2™ | f'(z)] §/0 2" G f(2)| dz.

x—0
Letting § — 0 completes the proof of (B.3) and thus of Lemma B.1. O
In order to account for the different behavior of the cases when m < 1 and when m =1

we define

Y — X[m—2,m}7 m < 17
K 1= { X1, m=1.

Corollary B.2. Let k <m < 1. If f € )A(m and G f € Xy, then
2 (z) = — /OO (zm_lf(z)),dz, x>0, (B.14)
and limg,_oxz™ 1 f(2) exists. ’
Proof. 1f f € )/fm satisfies G..f € X, then f’ € X,,,_1 by Lemma B.1 and
(" f (@) = 2" (@) + (= a2 f(2), @ >0,
so that

[ = (@™ f(2))'] € L1((0,00)).
Hence, using (B.1), we deduce that

xm_lf(:n) = —/ (zm_lf(z))/dz, x>0,
and that lim, 0 z™ ! f(z) exists. O
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