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UNIFORM ESTIMATES FOR TRANSMISSION PROBLEMS IN
ELECTROMAGNETISM WITH HIGH CONTRAST IN MAGNETIC

PERMEABILITIES

VICTOR PÉRON

ABSTRACT. We consider the time-harmonic Maxwell equations set on a domain made
up of two subdomains that represent a magnetic conductor and a non-magnetic material,
and we assume that the relative magnetic permeability µr between the two materials is
high. We prove uniform a priori estimates for Maxwell solutions when the interface
between the two subdomains is supposed to be Lipschitz. Assuming smoothness for
the interface between the subdomains, we prove also that the magnetic field possesses a
multiscale expansion in powers of ε = 1/

√
µr with profiles rapidly decaying inside the

magnetic conductor.

Keywords: Maxwell equations, High relative permeability, Lipschitz domains, Asymp-
totic expansions

1. INTRODUCTION

The numerical computation of the electromagnetic field in strongly heterogeneous
media is crucial in many subject areas in real-world applications, see, e.g., [14, 26, 15,
23, 9, 25, 29, 18, 27, 3, 19, 4, 1] where additional references may also be found. The
computation can be made particularly difficult due in particular to very high contrasts of
magnetic permeabilities, see, e.g., [14, 23, 25, 29, 1]. In several fields of applied geo-
physics, for instance, the computation of the controlled source electromagnetic induction
(CSEM) response of conductive and permeable bodies buried in a conductive and per-
meable medium is widely used, but the presence of buried objects, such as steel pipes,
concrete rebar, cables, drums, unexploded ordnance, or storage tanks introduce signif-
icant complexity into the CSEM response, especially since these objects often present
significant relative magnetic permeability, see, e.g., [14, 23, 25]. High contrasts in mag-
netic permeabilities can also pose a significant challenge for developing homogenization
techniques to deduce effective properties of heterogeneous materials. These techniques
are particularly necessary for the design of optimal electromagnetic devices based on
soft magnetic composites in many electrical engineering applications, see, e.g., [29].

Many works in the literature are related to issues of uniform estimates for stiff trans-
mission problems in electromagnetism. We refer the reader, for instance, on scattering
problems of an electromagnetic plane wave by a medium of high index (i.e., with high
complex permeability, and high complex permittivity) and of class C2 (smooth), [6, 7].
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In particular, the authors provided a rigorous proof of Leontovich conditions and proved
accurate error estimates in Ref. [7], and they tackled the scattering problem by a thin
layer of high index in Ref. [6]. We also refer the reader to the work in Ref. [17] in which
the authors provide uniform a priori estimates for static Maxwell interface problems, and
to the works in Ref. [15, 10, 9] for transmission problems with high contrast of electric
conductivities.

In this work we investigate a transmission problem in materials presenting high con-
trast of magnetic permeabilities. The domain of interest is made up of two subdomains
that represent a magnetic conductor and a non-magnetic material, and the relative mag-
netic permeability µr between the materials can be very high. Our interest is the solv-
ability of the time-harmonic Maxwell equations together with uniform energy estimates
in L2 for the electromagnetic field when µr tends to infinity. This issue of uniform esti-
mates is not obvious, and this is especially true since we do not assume that the interface
between the subdomains is smooth.

The main result of this paper is uniform a priori estimates for Maxwell solutions when
the interface between the two subdomains is supposed to be Lipschitz, cf. Theorem 2.1
in Sec. 2. This new result shows in particular that the magnetic field tends to 0 in energy
norm inside the magnetic conductor as µr tends to infinity. Our result is valid for a
right-hand side in L2. This is notably a difference with the uniform L2 estimates at high
conductivity [10, Theorem 2.1], which is valid for data in L2 with divergence in L2.

The proof of our main result is based on an appropriate decomposition of the magnetic
field into a vector field in the Sobolev space H1 and a gradient field which is piecewise
H

1
2 (does not belong to the energy space), and the gradient part is estimated thanks to

uniform estimates for scalar transmission problems with constant coefficients on two
subdomains. Note that the uniform estimates for these scalar transmission problems (cf.
Lemma 3.4 in Sec. 3.1) are a consequence of a more general result [10, Theorem 2.1],
and also that the decomposition of the magnetic field based on a vector potential tech-
nique is rather classical [5]. However, the proof of the main result on uniform estimates
for the electromagnetic field (Theorem 2.1) is new. In particular, the proof of uniform
L2 estimates for the electric field at high conductivity [10, Lemma 4.1] does not seem
to be easily adaptable to our problem because we consider that the relative permeability
can be unbounded.

As an application of our uniform estimates, we develop also an argument for the con-
vergence of an asymptotic expansion. Assuming smoothness for the interface between
the subdomains, we prove rigorously that the magnetic field possesses a multiscale ex-

pansion in powers of ε =
1
√
µr

with profile terms rapidly decaying inside the magnetic

conductor, cf. Sec. 4.
We also refer the reader to several works which are devoted to asymptotic expansions

of the electromagnetic field at high relative magnetic permeability ([28, 2, 1]) or at high
conductivity (see, e.g., [30, 21, 22, 15, 10, 13, 9]) in a domain made up of two subdo-
mains when the interface is smooth: see, e.g., [30, 21, 22, 28, 2, 1] for plane interface
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and eddy current approximations, and [15, 10, 13, 9] for a three-dimensional model of
skin effect in non-magnetic materials.

This paper is organized as follows. In Section 2 we introduce the framework and we
state the main result. In Section 3 we prove uniform estimates for Maxwell solutions
when the relative magnetic permeability is high. In Section 4 we apply these uniform
estimates for proving the convergence of an asymptotic expansion of the magnetic field
at high relative magnetic permeability, and we provide the first terms of this expansion.
We give also elements of proof for this expansion in Appendix A.

2. FRAMEWORK AND MAIN RESULT

Let Ω be a smooth bounded simply connected domain in R3, and Ω− ⊂⊂ Ω be a
Lipschitz connected subdomain of Ω. We denote by Γ the boundary of Ω, and by Σ the
boundary of Ω−. Finally, we denote by Ω+ the complementary of Ω− in Ω, cf. Figure 1.

We consider the time-harmonic Maxwell equations given by Faraday’s and Ampère’s
laws in Ω:

(2.1) curl E− iωµH = 0 and curl H + (iωε0 − σ)E = j in Ω .

Here, (E,H) represents the electromagnetic field, ε0 is the electric permittivity, ω is
the angular frequency (ω 6= 0 and the time convention is exp(−iωt)), j represents a
current density and is supposed to belong to L2(Ω), σ is the electric conductivity, and µ
is the magnetic permeability. We assume that the domain Ω is made of two connected
subdomains Ω+ and Ω− in which the coefficients σ and µ take different values (σ+ >
0, σ− > 0) and (µ+ > 0, µ− > 0), respectively, and we denote by µr the relative
magnetic permeability between the subdomains Ω− and Ω+, and which is defined as:

(2.2) µr = µ−/µ+ .

In this work we are particularly interested in the case where this parameter can be high,

Ω−
Ω+

Σ

Γ

FIGURE 1. The domain Ω and its subdomains Ω− and Ω+

which is often the case when the domain Ω− represents a linear magnetic conductive
material and the domain Ω+ represents a non-magnetic material.
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To complement the Maxwell harmonic equations (2.1), we consider either the per-
fectly insulating electric boundary conditions

(2.3) E · n = 0 and H× n = 0 on Γ ,

or the perfectly conducting electric boundary conditions

(2.4) E× n = 0 and H · n = 0 on Γ .

2.1. Main result: uniform estimates in Lipschitz domains. Hereafter, we denote by
‖ · ‖0,O the norm in L2(O) = L2(O)3. In the framework above it is possible to prove
uniform a priori estimates for the Maxwell transmission problem:

Theorem 2.1. Let σ± > 0, and µ+ > 0. If the interface Σ is Lipschitz, there are
constants µ? and C > 0 such that for all µr > µ? the Maxwell problem (2.1) with
boundary conditions (2.3) and data j ∈ L2(Ω) has a unique solution (E,H) in L2(Ω)2,
which satisfies:

(2.5) ‖H‖0,Ω + ‖E‖0,Ω +
√
µr ‖H‖0,Ω− 6 C‖j‖0,Ω.

A similar result holds for boundary conditions (2.4).

This result is proved in Section 3. The proof is based on an appropriate decomposition
of the magnetic field into a regular field in H1(Ω) and a gradient field. The gradient
part is estimated thanks to piecewise H3/2 uniform estimates for a scalar transmission
problem with constant coefficients on two subdomains (cf. Lemma 3.4 in Section 3.1).

In that follows, we introduce for convenience the following parameter in the Maxwell
equations (2.1)

(2.6) ε =
1
√
µr
.

Hence, ε tends to 0 as µr tends to infinity. Then for µr > µ?, where the constant µ?
is given by Theorem 2.1, we denote by (E(ε),H(ε)) the solution of the system (2.1) –
(2.3). As an application of uniform estimates (2.5) we will develop an argument for the
convergence of an asymptotic expansion of (E(ε),H(ε)) as ε→ 0, see Section 4.2.

2.2. Magnetic formulation. We deduce from the Maxwell system (2.1)-(2.3) the fol-
lowing variational formulation for the magnetic field H(ε). The variational space is the
Hilbert space H0(curl,Ω):

(2.7) H0(curl,Ω) = {u ∈ L2(Ω) | curlu ∈ L2(Ω), u× n = 0 on Γ} ,

endowed with its graph norm, and the variational problem writes
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Find H(ε) ∈ H0(curl,Ω) such that for all K ∈ H0(curl,Ω)

(2.8)
∫

Ω

((
1 + i

σ

ωε0

)−1

curlH(ε) · curlK− κ2
+µr(ε)H(ε) ·K

)
dx =

∫
Ω

(
1 + i

σ

ωε0

)−1

j · curlK dx .

Here we have set

(2.9) µr(ε) = 1Ω+ +
1

ε2
1Ω− , and κ+ := ω

√
ε0µ+ .

3. PROOF OF UNIFORM ESTIMATES FOR MAXWELL SOLUTIONS AT HIGH RELATIVE
MAGNETIC PERMEABILITY

We consider the harmonic Maxwell system (2.1)-(2.3). We are going to prove the
following statement:

Lemma 3.1. Let σ± > 0, and µ+ > 0. There are constants µ? and C0 > 0 such that if
µr > µ? any solution (E,H) ∈ L2(Ω)2 of problem (2.1) with boundary condition (2.3)
and data j ∈ L2(Ω) satisfies the estimate

(3.1) ‖H‖0,Ω 6 C0‖j‖0,Ω.

A similar statement holds for boundary conditions (2.4).

This lemma is the key for the proof of Theorem 2.1 and is going to be proved in the
next subsection. As a consequence of this lemma, we will obtain estimates (2.5):

Corollary 3.2. Let σ± > 0, and µ± > 0. Let (E,H) ∈ L2(Ω)2 be solution of problem
(2.1) with boundary condition (2.3) and data j ∈ L2(Ω). Then we have div(µH) = 0 in
Ω, and if H satisfies estimate (3.1), then setting m = min(

√
ω2ε2

0 + σ2
−,
√
ω2ε2

0 + σ2
+),

C1 =
max

(
ω2ε20+σ2

−
σ−

,
ω2ε20+σ2

+

σ+

)
m

, and C2 =

√
ε0C2

1

m2
+

C1

ωm
,

there holds

(3.2) ‖H‖0,Ω + ‖ curlH‖0,Ω +
√
µ− ‖H‖0,Ω− 6 (C0 + C1 + C2)‖j‖0,Ω .

A similar estimate holds for boundary conditions (2.4).

This result is going to be proved in Section 3.3. Finally, estimate (3.1) implies exis-
tence and uniqueness of solutions.

Corollary 3.3. Let σ± > 0, and µ± > 0. We assume that estimate (3.1) holds for
any solution (E,H) ∈ L2(Ω)2 of problem (2.1)-(2.3) with j ∈ L2(Ω). Then for any
j ∈ L2(Ω), there exists a unique solution (E,H) ∈ L2(Ω)2 of problem (2.1)-(2.3). A
similar result holds for boundary conditions (2.4).
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This result is going to be proved in Section 3.4. Finally we deduce Theorem 2.1 from
the previous three statements.

3.1. Preliminary lemma. In this section we provide a uniform piecewise estimate for
the solution of a scalar transmission problem with constant coefficients on two subdo-
mains. We will use this result in the proof of Lemma 3.1 (cf. Section 3.2) for obtaining
a uniform L2 estimate for the magnetic field.

For any given function a = (a+, a−) determined by the two constants a± on Ω±, we
consider the following variational problem : Find ϕ ∈ H1

0(Ω) such that

(3.3) ∀ψ ∈ H1
0(Ω),

∫
Ω+

a+∇ϕ+ · ∇ψ+ dx +

∫
Ω−

a−∇ϕ− · ∇ψ− dx =

(a− − a+)

∫
Σ

g ψ ds ,

where the right-hand side g satisfies the regularity assumption

(3.4) g ∈ L2(Σ)

and the extra compatibility condition

(3.5)
∫

Σ

g ds = 0 .

In the framework of Section 2 (we recall that the surface Σ is Lipschitz), we have the
following uniform piecewise estimate for the solution of the problem (3.3).

Lemma 3.4. Let us assume that a+ 6= 0. There exist a constant ρ0 > 0 independent
of a+ such that for all a− ∈ {z ∈ C | |z| > ρ0|a+|}, the problem (3.3) with a right-
hand side g satisfying (3.4)-(3.5) has a unique solution ϕ ∈ H1

0(Ω) which moreover is
piecewise H3/2 and satisfies the uniform estimate

(3.6) ‖ϕ+‖ 3
2
,Ω+

+ ‖ϕ−‖ 3
2
,Ω− 6 Cρ0‖g‖0,Σ ,

with a constant Cρ0 > 0, independent of a+, a−, and g.

This result is obtained as a consequence of [10, Theorem 2.1].

Remark 3.5. The assumption on the interface Σ, that is a Lipschitz surface, is necessary
in Lemma 3.4. Indeed, there exists non-Lipschitz surfaces such that estimate (3.6) does
not hold, for instance in the case of a checkerboard configuration in a two dimensional
domain, cf. [12, Theorem 8.1] and [10, Rem 2.3].

3.2. Proof of Lemma 3.1 : Uniform L2 estimate of the magnetic field. Reductio
ad absurdum: We assume that there is a sequence (Em,Hm) ∈ L2(Ω)2, m ∈ N, of
solutions of the Maxwell system (2.1)-(2.3) associated with a magnetic permeability
µ
m

= (µ+, µm µ+) and a right hand side jm ∈ L2(Ω):

curlEm − iωµmHm = 0 in Ω ,(3.7a)

curlHm + (iωε0 − σ)Em = jm in Ω ,(3.7b)
Em · n = 0 and Hm × n = 0 on ∂Ω ,(3.7c)
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satisfying the following conditions

µm →∞ as m→∞,(3.8a)
‖Hm‖0,Ω = 1 ∀m ∈ N,(3.8b)
‖jm‖0,Ω → 0 as m→∞.(3.8c)

First, we particularize the magnetic variational formulation (2.8) for the sequence
{Hm}: For all H′ ∈ H0(curl,Ω):
(3.9)∫

Ω

(
1

iωε0 − σ
curlHm · curlH′ + iωµ

m
Hm ·H′

)
dx =

∫
Ω

jm
iωε0 − σ

· curlH
′
dx .

Choosing H′ = Hm in (3.9) and taking the real part, and then using the Cauchy-Schwarz
inequality, we obtain the following uniform bound on the curl of the magnetic field in Ω:

(3.10) ‖ curlHm‖0,Ω 6
max

(
ω2ε20+σ2

−
σ−

,
ω2ε20+σ2

+

σ+

)
min(

√
ω2ε2

0 + σ2
−,
√
ω2ε2

0 + σ2
+)
‖jm‖0,Ω .

3.2.1. Decomposition of the magnetic field and bound in H
1
2 . We recall that we have

assumed that the domain Ω is simply connected and has a smooth connected boundary.
Relying to Theorem 2.12 and Theorem 3.17 in [5], for all m ∈ N there exists a unique
vm ∈ H1(Ω) such that

(3.11) curl vm = curlHm, div vm = 0 in Ω , and vm × n = 0 on ∂Ω .

Moreover, we have the estimate

(3.12) ‖vm‖1,Ω 6 C‖ curlHm‖0,Ω ,

where C is independent of m. As a consequence of the equality curl vm = curlHm and
the simple connectedness of Ω, we obtain that there exists ϕm ∈ H1

0(Ω) such that

(3.13) Hm = vm +∇ϕm .
Then using (3.13) we write equation (3.7a) as

curlEm − iωµm(vm +∇ϕm) = 0 in Ω.

Let ψ ∈ H1
0(Ω) be a test function. Multiplying the above equality by∇ψ and integrating

over Ω, we obtain, using that div vm = 0:

(3.14)
∫

Ω

µ
m
∇ϕm · ∇ψ dx = (µm − 1)µ+

∫
Σ

vm · n
∣∣
Σ
ψ ds ,

where n denotes the unit normal vector on Σ, inwardly oriented to Ω−. Note that the
boundary value ψ = 0 on ∂Ω has been used in (3.14).

Thus ϕm is solution of the Dirichlet problem defined by the variational equation
(3.14). Since

vm · n ∈ L2(Σ) and
∫

Σ

vm · n
∣∣
Σ

ds =

∫
Ω−

div vm dx = 0,
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the Dirichlet problem defined by (3.14) satisfies the assumptions of Lemma 3.4 (cf.
Section 3.1) with a− = µmµ+ and a+ = µ+, and g = vm · n

∣∣
Σ

. Therefore we obtain the
following uniform estimate for µm large enough (i.e. for m large enough, cf. (3.8a))

‖ϕ+
m‖ 3

2
,Ω+

+ ‖ϕ−m‖ 3
2
,Ω− 6 C0‖vm · n‖0,Σ.

Since ‖vm · n‖0,Σ is bounded by ‖vm‖1,Ω, the last inequality implies

(3.15) ‖ϕ+
m‖ 3

2
,Ω+

+ ‖ϕ−m‖ 3
2
,Ω− 6 C0‖vm‖1,Ω.

Finally (3.10), (3.12), and (3.15) implies that

(3.16) ‖ϕ+
m‖ 3

2
,Ω+

+ ‖ϕ−m‖ 3
2
,Ω− + ‖vm‖1,Ω 6 B

for a constant B > 0 independent of m. With (3.13), (3.16) gives that the sequence
{Hm} is bounded in H

1
2 on Ω− and Ω+:

‖H+
m‖ 1

2
,Ω+

+ ‖H−m‖ 1
2
,Ω− 6 B.

Combining the above bound with (3.10), we obtain the uniform bound

(3.17) ‖H+
m‖ 1

2
,Ω+

+ ‖H−m‖ 1
2
,Ω− + ‖ curlHm‖0,Ω 6 C.

3.2.2. Limit of the sequence and conclusion. The domains Ω± being bounded, the em-
bedding of H

1
2 (Ω±) in L2(Ω±) is compact. Hence as a consequence of (3.17), we can

extract a subsequence of {Hm} (still denoted by {Hm}) which is converging in L2(Ω).
By the Banach-Alaoglu theorem, we can assume that the sequence {curlHm} is weakly
converging in L2(Ω): We deduce that there is H ∈ L2(Ω) such that

(3.18)
{

curlHm ⇀ curlH in L2(Ω)
Hm → H in L2(Ω).

A consequence of the strong convergence of {Hm} in L2(Ω) and (3.8b) is that

(3.19) ‖H‖0,Ω = 1 .

We are going to prove that

(3.20) H = 0 in Ω ,

which will contradict (3.19), and finally prove estimate (3.1).
Choosing H′ = Hm in the magnetic variational formulation (3.9) for the sequence
{Hm}, then taking the imaginary part and using the Cauchy-Schwarz inequality, we
obtain

(3.21) ωµmµ+‖H−m‖2
0,Ω− + ωµ+‖H+

m‖2
0,Ω+
6

ωε0

ω2ε2
0 + σ2

−
‖ curlH−m‖2

0,Ω−+
ωε0

ω2ε2
0 + σ2

+

‖ curlH+
m‖2

0,Ω+
+‖ jm

iωε0 − σ
‖0,Ω‖ curlHm‖0,Ω .

Hence, according to (3.10)-(3.8c) we obtain that the right-hand side in (3.21) tends to
zero and we infer the convergence results

(3.22)
√
µm‖H−m‖0,Ω− → 0 as m→∞, and ‖H+

m‖0,Ω+ → 0 as m→∞.
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Finally, according to (3.8a)-(3.18), we deduce that H− := H
∣∣
Ω−

and H+ := H
∣∣
Ω+

satisfy

(3.23) H− = 0 in Ω−, and H+ = 0 in Ω+,

which proves (3.20), contradicts (3.19) and finally ends the proof of Lemma 3.1.

3.3. Proof of Corollary 3.2. Let (E,H) ∈ L2(Ω)2 be a solution of the Maxwell prob-
lem (2.1) with boundary condition (2.3) and data j ∈ L2(Ω), and we assume that

(3.24) ‖H‖0,Ω 6 C0‖j‖0,Ω.

First, taking the divergence of equation curlE− iωµH = 0 in Ω, we immediately obtain

(3.25) div(µH) = 0 in Ω.

Second, H ∈ H0(curl,Ω) is solution of the variational problem (2.8). Taking as test
function H itself, we obtain the identity

(3.26)
∫

Ω

(
1

iωε0 − σ
curlH · curlH + iωµH ·H

)
dx =

∫
Ω

j

iωε0 − σ
· curlH dx .

Taking the real part of (3.26), we obtain

σ−
ω2ε2

0 + σ2
−
‖ curlH‖2

0,Ω− +
σ+

ω2ε2
0 + σ2

+

‖ curlH‖2
0,Ω+

= Re (
j

σ − iωε0

, curlH)0,Ω

hence, using Cauchy-Schwarz inequality, and setting C1 =
max

(
ω2ε20+σ

2
−

σ−
,
ω2ε20+σ

2
+

σ+

)
min(
√
ω2ε20+σ2

−,
√
ω2ε20+σ2

+)
, we

obtain

(3.27) ‖ curlH‖0,Ω 6 C1‖j‖0,Ω.

Then, taking the imaginary part of (3.26), since ω 6= 0, we obtain

µ−‖H‖2
0,Ω− + µ+‖H‖2

0,Ω+
=

ε0

ω2ε2
0 + σ2

−
‖ curlH‖2

0,Ω− +
ε0

ω2ε2
0 + σ2

+

‖ curlH‖2
0,Ω+

+
1

ω
Im (

j

iωε0 − σ
, curlH)0,Ω,

hence, using Cauchy-Schwarz inequality and inequality (3.27), we infer
(3.28)
√
µ− ‖H‖0,Ω− 6

√
ε0C2

1

min(ω2ε2
0 + σ2

−, ω
2ε2

0 + σ2
+)

+
C1

ω min(
√
ω2ε2

0 + σ2
−,
√
ω2ε2

0 + σ2
+)
‖j‖0,Ω.

Formulae (3.24)-(3.27)-(3.28) yield Corollary 3.2.
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3.4. Proof of Corollary 3.3. Let µ±, σ± and ω (i.e., κ+) be fixed. Let us define µr the
piecewise constant function on Ω as (we recall µr = µ−/µ+):

(3.29) µr = 1Ω+ + µr 1Ω− .

Then, according to (2.6)-(2.9) the sesquilinear form in the left hand side of (2.8) writes

(3.30)
∫

Ω

(
(1 + i

σ

ωε0

)−1 curlH · curlH′ − κ2
+µr H ·H′

)
dx.

The proof of Corollary 3.3 relies on a regularization procedure: We consider the func-
tional space

XN(Ω,µr) = {H ∈ H0(curl,Ω)| div(µrH) ∈ L2(Ω)}.
Let s > 0 be a real number which will be fixed later. Let us introduce the sesquilinear
forms As and B : XN(Ω,µr)× XN(Ω,µr)→ C

As(H,H
′) =

∫
Ω

((
1 + i

σ

ωε0

)−1

curlH · curlH′ + s divµrH divµrH
′

)
dx

(3.31a)

B(H,H′) =

∫
Ω

µrH ·H′ dx .(3.31b)

The regularized variational formulation is: Find H ∈ XN(Ω,µr) such that
(3.32)

∀H′ ∈ XN(Ω,µr), As(H,H
′)− κ2

+B(H,H′) =

∫
Ω

(
1 + i

σ

ωε0

)−1

j · curlH
′
dx

As a consequence of [11, Th. 7.1], we obtain that if

(3.33)
κ2

+

s
is not an eigenvalue of the Dirichlet problem for the operator − divµr∇,

then any solution (E,H) ∈ L2(Ω)2 of problem (2.1)-(2.3) with j ∈ L2(Ω) provides a
solution of problem (3.32), and conversely, any solution H of (3.32) provides a solution
of (2.1)-(2.3) by setting E = (iωε0 − σ)−1(j− curl H).

Thus, we fix s such that (3.33) holds.
Since the form As is coercive on XN(Ω,µr) and the embedding of XN(Ω,µr) in

L2(Ω) is compact, we obtain that the Fredholm alternative is valid: If the kernel of the
adjoint problem to (3.32)

(3.34) Find H′ ∈ XN(Ω,µr), ∀H ∈ XN(Ω,µr), As(H,H
′)− κ2

+B(H,H′) = 0,

is reduced to {0}, then problem (3.32) is solvable.
We see that the assumption of Corollary 3.3 implies that (3.34) has only the zero

solution, and that the same holds for the direct problem

(3.35) Find H ∈ XN(Ω,µr), ∀H′ ∈ XN(Ω,µr), As(H,H
′)− κ2

+B(H,H′) = 0.

All this implies the unique solvability of problem (2.1)-(2.4) with j ∈ L2(Ω).
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4. MULTISCALE EXPANSION OF THE MAGNETIC FIELD IN SMOOTH DOMAINS

This section is concerned with a rigorous multiscale expansion for the magnetic field
at high relative magnetic permeability. In Section 4.1 we provide the first terms of this
expansion. Then in Section 4.2 we prove error estimates for this expansion.

For the sake of completeness we give elements of proof for the multiscale expansion
in Appendix A. We expand the Maxwell operator in power series of ε, cf. §A.1. Then
we deduce the equations satisfied by the coefficients of the magnetic field, cf. §A.2. We
derive explicitly the first terms of this expansion in §A.3.

In that follows we assume that right-hand side j in (2.1) is smooth and that Assumption
4.1 holds:

Assumption 4.1. We assume that the surfaces Σ (interface) and Γ (external boundary)
are smooth.

Let σ± > 0, µ+ > 0, and recall ε =
1
√
µr

> 0 (cf. (2.6)). By Theorem 2.1 there exists

ε? > 0 such that for all ε ∈ (0, ε?), the Maxwell problem (2.1) with boundary conditions
(2.3) has a unique solution (Eε,Hε). In that follows, the magnetic field H(ε) is denoted
by H+

(ε) in the non-magnetic part Ω+, and by H−(ε) in the magnetic conducting part Ω−.
Then both parts possess series expansions in powers of ε:

H+
(ε)(x) ≈

∑
j>0

εjH+
j (x) , x ∈ Ω+ ,(4.1)

H−(ε)(x) ≈
∑
j>0

εjH−j (x; ε), x ∈ Ω− , with H−j (x; ε) = χ(y3)Hj(yα,
y3

ε
) .(4.2)

In (4.2), (yα, y3) is a normal coordinate system to the surface Σ which is defined in U−,
a tubular neighborhood of the surface Σ in the domain Ω− (cf. Figure 2): yα (α = 1, 2)
are tangential coordinates on Σ, and y3 is the normal coordinate to Σ, cf. e.g., [9]. The
function y 7→ χ(y3) is a smooth cut-off with support in U− and equal to 1 in a smaller
tubular neighborhood of Σ. The vector fields Hj : (yα, Y3) 7→ Hj(yα, Y3) are profiles
defined on Σ×R+: They are exponentially decreasing with respect to Y3 and are smooth
in all variables.

4.1. First terms of the multiscale expansion. In this section, we provide the construc-
tion of the first profiles Hj = (Hj, hj) and of the first terms H+

j . The first profile H0 in
the magnetic conductor is zero:

(4.3) H0 = 0 .

Then, the first term of the magnetic field in the non-magnetic region solves Maxwell
equations with perfectly insulating electric boundary conditions on ∂Ω+ = Σ ∪ Γ (we
recall κ+ = ω

√
ε0µ+, cf. (2.9)):{
curl curlH+

0 − κ2
+(1 + i

δ2+
)H+

0 = curl j in Ω+

H+
0 × n = 0 on Σ ∪ Γ.
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Ω−

U−

Σ
n

FIGURE 2. A tubular neighbourhood of the surface Σ

The first profile in the magnetic region is a tangential field which is exponential with
a complex rate λ:

(4.4) H1(yα, Y3) = −j0(yα) e−λY3 .

Here j0(yα) = λ−1(1 + i
δ2−

)(1 + i
δ2+

)−1
(
curlH+

0 × n
)

(yα, 0), and λ is given by:
(4.5)

λ = κ+
4

√
1 +

1

δ4
−

ei
θ(δ−)−π

2 with δ− =
√
ωε0/σ− , and θ(δ−) = arctan

1

δ2
−
.

Note that Reλ > 0, and if j0 is not identically 0, there exists a constant C > 0 indepen-
dent of ε such that

(4.6) C−1
√
ε 6 ‖H−1 ( · ; ε)‖0,Ω− 6 C

√
ε .

Note also that the normal component of the profile H1 is zero:

h1 = 0 .

The next term in the non-magnetic region solves:
curl curlH+

1 − κ2
+(1 + i

δ2+
)H+

1 = 0 in Ω+

H+
1 × n = −j0 × n on Σ

H+
1 × n = 0 on Γ.

Like above, define j1 as j1(yα) = λ−1(1 + i
δ2−

)(1 + i
δ2+

)−1
(
curlH+

1 × n
)

(yα, 0) on the
interface Σ. Then, the tangential components of the profile H2 are given by the tangential
field H2:

H2(yα, Y3) =
[
− j1 +

(
λ−1 + Y3

)
(C −H) j0

]
(yα) e−λY3 .(4.7)
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Here H = 1
2
bαα is the mean curvature of the surface Σ1, and C is the curvature tensor

field on Σ defined by

(4.8) (Cj)α = bβα jβ ,

with bβα = aβγbγα, and aβγ is the inverse of the metric tensor aβγ in Σ, and bγα is the
curvature tensor in Σ. The next term which is determined is the normal component h2 of
the profile H2:

h2(yα, Y3) = −λ−1 divΣ j0(yα) e−λY3 .

Here divΣ is the surface divergence operator on Σ. The next term in the non-magnetic
region solves : 

curl curlH+
2 − κ2

+(1 + i
δ2+

)H+
2 = 0 in Ω+

n×H+
2 × n = −j1 + λ−1 (C −H) j0 on Σ

H+
2 × n = 0 on Γ.

4.2. Validation of the multiscale expansion. The validation of the multiscale expan-
sion (4.1)-(4.2) for the magnetic field H(ε) consist in proving estimates for remainders
Rm; ε which are defined as

(4.9) Rm; ε = H(ε) −
m∑
j=0

εjHj in Ω .

This is done by an evaluation of the right hand side when the Maxwell operator is applied
to Rm; ε. By construction (cf. Sec. A.2, Appendix A), we obtain

(4.10)



curlα−1
+ curlR+

m; ε − κ2
+R

+
m; ε = 0 in Ω+

curlα−1
− curlR−m; ε − ε−2κ2

+R
−
m; ε = j−m; ε in Ω−[

Rm; ε × n
]

Σ
= 0 on Σ[

α−1 curlRm; ε × n
]

Σ
= gm; ε on Σ

R+
m; ε × n = 0 on ∂Ω .

Here, α = (α+, α−), α+ = 1 + i/δ2
+ and α− = 1 + i/δ2

−, and [H × n]Σ denotes the
jump of H × n across Σ. The right hand sides (residues) j−m; ε and gm; ε are, roughly,
of the order εm : we have j−0; ε = 0 and g0; ε = O(1) ; for all m ∈ N \ {0}, we have
j−m; ε = O(εm−1) and gm; ε = O(εm), and we have the following estimates

(4.11) ‖j−m; ε‖0,Ω− 6 Cmε
m−1 and ‖gm; ε‖ 1

2
,Σ 6 Cmε

m,

where Cm > 0 is independent of ε. The main result of this section is the following.

Theorem 4.2. In the framework above, for all m ∈ N and ε ∈ (0, ε0], the remainder
Rm; ε (4.9) satisfies the optimal estimate

(4.12) ‖R+
m; ε‖0,Ω++‖ curlR+

m; ε‖0,Ω++ε−
1
2‖R−m; ε‖0,Ω−+ε

1
2‖ curlR−m; ε‖0,Ω− 6 Cmε

m+1.

1In particular, the sign of H depends on the orientation of the surface Σ. As a convention, the unit
normal vector n on the surface Σ is inwardly oriented to Ω−, see Figure 2.
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Proof. STEP 1. Since gm; ε 6= 0, according to (4.10) the vector field α−1 curlRm; ε does
not define an element of the Hilbert space H(curl,Ω):

H(curl,Ω) = {u ∈ L2(Ω) | curlu ∈ L2(Ω)} .

Hence we can not apply Theorem 2.1 directly because the vector field curlα−1 curlRm; ε−
κ2

+µr(ε)Rm; ε does not define an element of L2(Ω). We are going to introduce a corrector
Cm; ε satisfying suitable estimates and so that

(4.13)


[
(Rm; ε − Cm; ε)× n

]
Σ

= 0 on Σ[
α−1 curl(Rm; ε − Cm; ε)× n

]
Σ

= 0 on Σ

(Rm; ε − Cm; ε)× n = 0 on ∂Ω .

Construction of Cm; ε: We take Cm; ε = 0 in Ω− and use a trace lifting to define Cm; ε in
Ω+. It suffices that

(4.14)


C+
m; ε × n = 0 on Σ

α−1
+ curlC+

m; ε × n = gm; ε on Σ

C+
m; ε × n = 0 on ∂Ω .

Denoting by Cβ and C3 the tangential and normal components of C+
m; ε associated with a

system of normal coordinates y = (yβ, y3), and by gβ the components of gm; ε the above
system becomes (cf. [10, Sec. 5.2, Eq. (5.12)])

(4.15)


Cβ = 0 on Σ

α−1
+ (∂3Cβ − ∂βC3) = gβ on Σ

Cβ = 0 on ∂Ω .

It can be solved in H2(Ω+) choosing C3 = 0 and a standard lifting of the first two traces
on Σ and ∂Ω with the estimate

(4.16) ‖C+
m; ε‖2,Ω+ 6 C‖gm; ε‖ 1

2
,Σ .

We deduce from assumption (4.11), and (4.16)

(4.17) ‖C+
m; ε‖2,Ω+ 6 Cεm,

where C may depend on m. We set

(4.18) R̃m; ε := Rm; ε − Cm; ε and ̃m; ε := curlα−1 curl R̃m; ε − κ2
+µr(ε)R̃m; ε .

Hence by construction, we have ̃m; ε ∈ L2(Ω) with the estimates

(4.19) ‖̃m; ε‖0,Ω 6 Cεm−1.

STEP 2. We can apply Theorem 2.1 to the couple (H,E) = (R̃m; ε, (σ−iωε0)−1 curl R̃m; ε)
and, thanks to (4.18), we obtain

‖R̃m; ε‖0,Ω + ‖ curl R̃m; ε‖0,Ω 6 C‖̃m; ε‖0,Ω .
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Combining this estimate with (4.17) and (4.19), we deduce

(4.20) ‖Rm; ε‖0,Ω + ‖ curlRm; ε‖0,Ω 6 Cεm−1,

where C may depend on m.
STEP 3. In order to have an optimal estimate for Rm; ε, we use (4.20) for m + 2. We
obtain

(4.21) ‖Rm+2; ε‖0,Ω + ‖ curlRm+2; ε‖0,Ω 6 Cεm+1 .

But we have the formula

(4.22) Rm; ε =
m+2∑
j=m+1

εjHj + Rm+2; ε ,

and using (4.2), we have also for any j ∈ N

(4.23) ‖H+
j ‖H(curl,Ω+) + ε−

1
2‖H−j ‖0,Ω− + ε

1
2‖ curlH−j ‖0,Ω− 6 C.

We finally deduce the wanted estimate (4.12) from (4.21) to (4.23). �

5. CONCLUSION AND PERSPECTIVES

In this work we tackled a transmission problem in materials with high contrast in mag-
netic permeabilities. We proved uniform a priori estimates for the electromagnetic field
solution of the time-harmonic Maxwell equations as the relative magnetic permeabil-
ity µr between a magnetic conductor and a non-magnetic material tends to infinity, and
when the interface between the subdomains is Lipschitz. Assuming smoothness for the
interface between the subdomains, we derived a multiscale expansion for the magnetic

field in powers of
1
√
µr

with profiles inside the magnetic conductor, and we proved error

estimates at any order.
One perspective would be to carry out numerical experiments in axisymmetric do-

mains [8, 16, 24, 10]. This would make it possible in particular to illustrate our the-
oretical results. The multiscale expansion provides also an a priori knowledge on the
magnetic field useful for the design of meshes in view of a quality finite element approx-
imation. Thus, the mesh should be matched to the boundary of the magnetic conductor
and can be coarse far from its boundary in the magnetic conductor, as with the skin ef-
fect in non-magnetic conductive materials. It would be useful also to derive impedance
boundary conditions (see, e.g., [7, 20, 15] for scattering problems from absorbing obsta-
cles) on the interface (magnetic conductor / non-magnetic material) in order to reduce
the computational costs.
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APPENDIX A. ELEMENTS OF PROOF FOR THE MULTISCALE EXPANSION

In the framework of Section 4, we assume that the surfaces Σ and Γ are smooth (cf.
Assumption 4.1). Recall that there exists ε? > 0 and such that for all ε ∈ (0, ε?), the
problem (2.1)-(2.3) has a unique solution (E(ε), H(ε)) which is denoted by (E+

(ε), H
+
(ε))

in Ω+, and by (E−(ε), H
−
(ε)) in Ω−. Furthermore, we assume that the right hand side j is

smooth and its support does not the domain Ω−.
Recall that (yα, y3) is a normal coordinate system to the surface Σ in U−, see Figure 2.

The function y 7→ χ(y3) is a smooth cut-off with support in U− and equal to 1 in a
smaller tubular neighborhood of Σ.

Theorem A.1. Under the above assumptions, the magnetic field H(ε) possesses the as-
ymptotic expansion (see Theorem 4.2 in Section 4.2 for precise estimates):

H+
(ε)(x) ≈

∑
j>0

εjH+
j (x) ,(A.1)

H−(ε)(x) ≈
∑
j>0

εjH−j (x; ε) with H−j (x; ε) = χ(y3)Hj(yα,
y3

ε
) ,(A.2)

where Hj(yα, Y3)→ 0 when Y3 →∞. Moreover, for any j ∈ N, we have

(A.3) H+
j ∈ H(curl,Ω+) and Hj ∈ H(curl,Σ× R+).

Hereafter, we present elements of proof of this theorem and details about the terms
in asymptotics (A.1)–(A.2). In §A.1, we expand the “magnetic” Maxwell operators in
power series of ε inside the boundary layer U−. We deduce in §A.2 the equations satisfied
by the magnetic profiles, and we derive explicitly the first ones in §A.3.

A.1. Expansion of the Maxwell operators. Integrating by parts in the variational for-
mulation (2.8), we find the following Maxwell transmission problem for the magnetic
field (we recall κ+ = ω

√
ε0µ+, cf. (2.9))

(A.4)



curl curlH+
(ε) − κ2

+(1 + i
δ2+

)H+
(ε) = curl j in Ω+

ε2 curl curlH−(ε) − κ2
+(1 + i

δ2−
)H−(ε) = 0 in Ω−

(1 + i
δ2+

)−1 curlH+
(ε) × n = (1 + i

δ2−
)−1 curlH−(ε) × n on Σ

H+
(ε) × n = H−(ε) × n on Σ

H+
(ε) × n = 0 on Γ.

As a consequence of the Maxwell transmission problem, we have also

div µH(ε) = 0 in Ω.

Therefore, we have in particular µH(ε) ∈ H(div,Ω), where

H(div,Ω) = {u ∈ L2(Ω) | div u ∈ L2(Ω)} ,
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and from which we deduce the extra transmission condition

(A.5) ε2H+
(ε) · n = H−(ε) · n on Σ.

In that follows we denote by L(yα, h;Dα, ∂
h
3 ) the second order Maxwell operator

ε2 curl curl−κ2
+(1 + i

δ2−
)I set in U− in a normal coordinate system (yα, h). Here Dα

is the covariant derivative on the interface Σ, and ∂h3 is the partial derivative with respect
to the normal coordinate y3 = h. Then after the scaling Y3 = ε−1h, the operator which
is written L[ε], expands in power series of ε with coefficients intrinsic operators :

L[ε] =
∞∑
n=0

εnLn .

We denote by Lnα the surface components of Ln. Using a splitting a three-dimensional
vector field H into its normal component h and its tangential component H that can be
viewed as a one-form field Hα, and using the summation convention of repeated two
dimensional indices (represented by greek letters), we have

(A.6) L0
α(H) = −∂2

3Hα−κ2
+(1 +

i

δ2
−

)Hα and L1
α(H) = −2bβα∂3Hβ+∂3∂αh+bββ∂3Hα ,

were ∂3 is the partial derivative with respect to Y3 and bβα = aβγbγα. Here aβγ is the
inverse of the metric tensor aβγ in Σ, and bγα is the curvature tensor in Σ. Then we
denote by Ln3 the transverse components of Ln. We have

(A.7) L0
3(H) = −κ2

+(1 +
i

δ2
−

)h and L1
3(H) = γαα(∂3H) + bββ∂3h .

Here γαβ(H) = 1
2
(DαHβ +DβHα)− bαβh is the change of metric tensor.

Then we denote by B(yα, h; ∂α, ∂
h
3 ) the tangent trace operator curl · × n on Σ in a

normal coordinate system. If H = (Hα, h), we have (cf. [9, Sec. A.4])(
B(yα, h; ∂α, ∂

h
3 )H

)
α

= ∂h3Hα − ∂αh .

Then if B[ε] is the operator obtained from B in U− after the scaling Y3 = ε−1h, we have

B[ε] = ε−1B0 + B1 .

Finally we denote by Bn
α the surface components of Bn. We have

(A.8) B0
α(H) = ∂3Hα and B1

α(H) = −∂αh .
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A.2. Equations for the coefficients of the magnetic field. According to the second and
third equations in system (A.4), the profiles Hj and the coefficients H+

j of the magnetic
field satisfy the following system

L[ε]
∑
j>0

εjHj(yα, Y3) = 0 in Σ× I,(A.9)

B[ε]
∑
j>0

εjHj(yα, 0) = (1 +
i

δ2
−

)(1 +
i

δ2
+

)−1
∑
j>0

εj curlH+
j × n on Σ ,(A.10)

with I = (0,+∞).
Then we perform in (A.9)-(A.10) the identification of terms with the same power in

ε. The components of the equation (A.9) are the collections of equations

(A.11) L0(H0) = 0 , L0(H1) + L1(H0) = 0 , and
n∑
l=0

Ln−l(Hl) = 0 ,

for all n > 2. The surface components of the equation (A.10) write
(A.12)

B0
α(H0) = 0 and B0

α(Hn) +B1
α(Hn−1) = (1 +

i

δ2
−

)(1 +
i

δ2
+

)−1
(
curlH+

n−1 × n
)
α
,

for all n > 1.
Using the components of the operator L0 (A.6)-(A.7), and the surface components of

B0 and B1 (A.8), and expanding H+
(ε) in Ω+, we thus see that, according to the system

(A.4), the profiles Hn = (Hn, hn) and the terms H+
n have to satisfy, for all n ≥ 0,

(A.13)

(i) ∂2
3Hn,α − λ2Hn,α =

n−1∑
j=0

Ln−jα (Hj) in Σ× I

(ii) ∂3Hn,α = ∂αhn−1 + (1 + i
δ2−

)(1 + i
δ2+

)−1
(
curlH+

n−1 × n
)
α

on Σ

(iii) −λ2hn =
n−1∑
j=0

Ln−j3 (Hj) in Σ× I

(iv) curl curlH+
n − κ2

+(1 + i
δ2+

)H+
n = δ0

n curl j in Ω+

(v) n×H+
n × n = Hn on Σ

(vi) H+
n × n = 0 on Γ .

Here we have

λ = κ+
4

√
1 +

1

δ4
−

ei
θ(δ−)−π

2 with θ(δ−) = arctan
1

δ2
−
,

so that: −λ2 = κ2
+(1 + i

δ2−
) and Reλ > 0.

Note that the transmission condition (A.5) implies the extra condition

(A.14) hn = H+
n−2 · n on Σ.
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The set of equations (A.13) allows to determine Hn and H+
n by induction.

A.3. First terms of the magnetic field asymptotics. According to equations (i)-(ii) in
system (A.13) for n = 0, H0 satisfies the following ODE

(A.15)
{
∂2

3H0(., Y3)− λ2H0(., Y3) = 0 for Y3 ∈ I ,
∂3H0(., 0) = 0 .

The unique solution of (A.15) such that H0 → 0 when Y3 → ∞, is H0 = 0. From
equation (iii) in system (A.13) for n = 0, there holds h0 = 0. We infer

(A.16) H0(yβ, Y3) = 0 .

From equations (iv)-(vi) in (A.13) for n = 0, and from (A.16), the first asymptotic of
the magnetic field in the non-magnetic region solves the following problem{

curl curlH+
0 − κ2

+(1 + i
δ2+

)H+
0 = curl j in Ω+

H+
0 × n = 0 on Σ ∪ Γ.

The next term determined in the asymptotic expansion is H1. From equations (i)-(ii)
in (A.13) for n = 1, H1 satisfies for Y3 ∈ I{

∂2
3H1(., Y3)− λ2H1(., Y3) = 0 ,

∂3H1(., 0) = (1 + i
δ2−

)(1 + i
δ2+

)−1
(
curlH+

0 × n
)

(. , 0) .

We denote by jk(yβ) = λ−1(1 + i
δ2−

)(1 + i
δ2+

)−1
(
curlH+

k × n
)

(yβ, 0) for k = 0, 1.
Hence,

(A.17) H1(yβ, Y3) = −j0(yβ) e−λY3 .

From equation (iii) in (A.13) for n = 1, and from (A.16), we obtain h1 = 0. From
equations (iv)-(vi) in (A.13) for n = 1, and from (A.17), the asymptotic of order 1 for
the magnetic field in the non-magnetic part solves :

curl curlH+
1 − κ2

+(1 + i
δ2+

)H+
1 = 0 in Ω+

H+
1 × n = −j0 × n on Σ

H+
1 × n = 0 on Γ.

Then, from equations (i)-(ii) in (A.13) for n = 2, H2,α solves the ODE for Y3 ∈ I:{
∂2

3H2,α(. , Y3)− λ2H2,α(. , Y3) = −2bσα∂3H1,σ(. , Y3) + bββ∂3H1,α(. , Y3)

∂3H2,α(. , 0) = (1 + i
δ2−

)(1 + i
δ2+

)−1
(
curlH+

1 × n
)
α

(. , 0) .

We denote by jk,α the surface components of jk, for k = 0, 1. We obtain

H2,α(yβ, Y3) =
[
− j1,α +

(
λ−1 + Y3

)(
bσα j0,σ −H j0,α

)]
(yβ) e−λY3 .(A.18)

From equation (iii) in (A.13) for n = 2, we infer

h2(yβ, Y3) = −λ−1Dα jα0 (yβ) e−λY3 .
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From equations (iv)-(vi) in (A.13) for n = 2, and from (A.18), the asymptotic of order
2 for the magnetic field in the non-magnetic part solves :

curl curlH+
2 − κ2

+(1 + i
δ2+

)H+
2 = 0 in Ω+

n×H+
2 × n = −j1 + λ−1 (C −H) j0 on Σ

H+
2 × n = 0 on Γ.
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[19] H. Kawaguchi, T. Muramatsu, M. Katoh, M. Hosaka, and Y. Takashima. Time-domain eddy current
and wake fields analysis of pulsed multipole magnet beam injector in synchrotron radiation ring.
IEICE Transactions on Electronics, 105(4):146–153, 2022.

[20] O. Lafitte and G. Lebeau. Équations de maxwell et opérateur d’impédance sur le bord d’un ob-
stacle convexe absorbant. Comptes rendus de l’Académie des sciences. Série 1, Mathématique,
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[27] V. Péron. Asymptotic models and impedance conditions for highly conductive sheets in the time-
harmonic eddy current model. SIAM Journal on Applied Mathematics, 79(6):2242–2264, 2019.
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