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PHASE-FIELD APPROXIMATION FOR 1-DIMENSIONAL SHAPE
OPTIMIZATION PROBLEMS

JOAO MIGUEL MACHADO

ABSTRACT. In this paper we propose an unified framework for the phase field approx-
imation of 1-dimensional shape optimization problems with connectedness constraints
in any dimension. In particular, we focus on the average distance minimizers problem
and the Wasserstein-s#" problem recently introduced in [15]. The scheme relies on the
p-Ambrosio-Tortorelli energy and the diffuse connectedness functional proposed in [21]
that penalizes how disconnected the level sets of phase fields are. We argue that choosing
p > d, not only the optimal profiles coming from the Ambrosio Tortorelli term present
sharper transitions, but it also allows us to control the level sets of phase fields, en-
abling the analysis of the connectedness functional. This leads to general I' — lim inf
and lim sup inequalities that are easily adaptable to prove I'-convergence results for the
average distance and Wasserstein- 2" problems.
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1. INTRODUCTION

In these work we propose a unified phase field approximation for the Wasserstein-.7#"!
problem, recently introduced in [15], and the average distance minimizers problem, see [30]
for a review, in any dimension.

Henceforth, we let Q be a compact and connected subset of R? with nonempty interior
and Lipschitz boundary, let &?(2) denote the set of probability measures over it. Given
po € Z(Q), the Wasserstein-#! problem consists in finding the best approximation of pg
among measures that are uniformly distributed over a 1-dimensional set . It is given by
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the following variational problem

(W inf  Wo (

Y. connected

1
Po; )
Here W, denotes the g-Wasserstein distance between two probability measures, defined
via the optimal transportation problem and which is known to metrize the weak conver-
gence [35,38], and ! denotes the 1-Hausdorff measure [31].

Without the regularization term, this problem would be trivial as one could find a
space-filling curve that makes the Wasserstein term converge to zero. On the other hand,
the problem would also be trivial without the connectedness constraints, as one could
approximate the measure pg with an empirical measure, paying nothing for the length term
and making the Wasserstein distance arbitrarily small. It is proven in [15] that (W.#1)
has a solution once A is sufficiently small and pg is smooth enough (does not give mass to
1D sets).

On the other hand, the average distance minimizers problem, first introduced in [14],
is defined as
(ADM) inf /Q dist(z, )%dpo(z) + AKL(S).

Y connected

Faan z) + AA(D).

Now the measure pg represents a distribution of population over the domain € and the
integral term models the average distance of this population to a transportation network
Y. The minimizers of (ADM) can then be interpreted as the best possible transportation
network, in the sense that the average individual, distributed with law py, is closest to the
transportation network.
As was pointed out in [10], the average distance functional can be expressed as
/Qdist(w, Y)dpg(x) = inf Wg(po, v),

supp vCX

so the average distance minimizers problem can be rewritten as

ADM) = _ inf inf W{ AA(D).
( ) p cogllected suplanCE q (/307 V) + ( )
This is the key observation that will allow us to propose a unified approach to study both
problems.

In [15], a relaxation of (W.#!) was proposed as a minimization in the space of proba-
bility measures in the form of

(W) n W) + AL()

where v — L(v) is the length functional defined as

(1) L(v)  inf {a >0:av > " Lsupp V} ,
the authors then show that it is the 1.s.c. relaxation of the functional v — ! (X) if v is the
probability measure uniformly distributed over a connected set 3, i.e. v = () ALY,

and +oo otherwise. As a consequence, one can rewrite the relaxation as a minimization in
three variables: the measure v, its support ¥ and a new scalar variable a that measures
the saturation of the density constraints av > 'L X:

1 — . . q
(2) (W% ) D> cotllﬂgcted ou/ZlJ{lfflLE Wq (p07 V> * A
supp v=>X

Under the assumptions for existence to (W.#1), the optimal « is given by 21 (X) and

problem (W.#1) can formally be seen as (ADM) with additional density constraints.
Problems (W.2#') and (ADM) fall in the category of 1D shape optimization and are

notoriously difficult to solve numerically in general. Perhaps the most famous of them is
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the Steiner tree problem [13]. It has many modern reformulations [33], one of which can
be stated in the language of geometric measure theory as follows: given some Borel set K,
we let 74 (K) denote the length of the minimal Steiner tree that connects K, therefore
being defined as

(3) Ay (K)  inf {%”1(2) : K CXYandXis connected} ,

and we let S(K') denote some tree that attains this value. From [33], the above minimiza-
tion has a solution with possibly infinite length. In its original formulation, where K is a
discrete set of points in R?, it can be proven that any optimal network is made of finitely
many segments connected by triple junctions forming 120 degrees. It can therefore be
seen as a combinatorial problem and is one of Karp’s original NP-hard problems [28]. In
the computer science and combinatorial optimization communities the natural approach
to solving this type of problems is to resort to heuristic methods [39], and even in the
calculations of variations this approach has been exploited in [1].

Another popular approach, which is variational in nature and indeed the one we shall
adopt, is to resort to phase field approrimations, that is a family of Sobolev functions whose
level sets are good approximations of the set of small dimension we wish to approximate.
The idea, originally from Modica and Mortola in [32] to study the Cahn-Hillard equations,
and later of Ambrosio and Tortorelli in [2,4] for the minimization of the Mumford-Shah
problem [27,29], is to find a family of elliptic functionals converging in the sense of T’
convergence ([11]) to the functional one wishes to minimize.

The Ambrosio-Tortorelli functional, see for instance the monograph [12],

1 < op—d+1 e—d+1

ATP(@&'): A aJa
P,

|v¢5|p + /
p p

(1- ‘ps)2> dz

approximates formally the quantity ! ({¢ = 0}), where A, 4 is a renormalization con-
stant, which will be obtained from an auxiliary variational problem see (16) later on, and

1
p' is the conjugate exponent of p i.e. — 4 — = 1. However, it does not penalize the con-

nectedness of the set {¢ = 0}. For more information on this functional see the discussion
at the end of this Section and subsection 3.1.

In the original works from Ambrosio and Tortorelli about the Mumford-Shah functional,
see [4, Chap. 6], the elliptic integrand was of the form

2
E’v@s‘Q + 1= ¢e) )
€
which coincides with ours if p = d = 2. We must emphasize that in the d-dimensional case,
the Ambrosio-Tortorelli functional actually is meant to approximate H?~1(.J,), where J,
is the jump set of an SBV function u. This way, the exponent —(d — 1) is meant to be the
codimension of the type of structures we wish to approximate. This idea was proposed
and further exploited for more general codimensions in [16].

Actually, the connectedness constraint in (W.#1)(ADM) is the hardest to deal with
phase field approximations, having only recently being treated in [10,17,37], where the
authors’ strategy to impose connectedness was to explore properties of the solutions, for
instance a priori knowledge that certain points belong to the optimal networks. As we
don’t have such a priori knowledge for (W.2#!) and (ADM), our strategy to impose such
constraints will be to employ the connectedness functional proposed in [21] and later used
to study several problems. For instance in [22] it was employed to minimize a variation
of the Willmore energy with connectedness constraints, in [19] it is used to propose a
phase-field approximation of the connected perimeter and in [20] it is used in the study
of a liquid drop model with Coulomb type interaction. Their approach was to define the
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so-called diffuse connectedness functional as
(@ Coloe) ™ [ Buloel@)Beloe()d"™o% (2, y)dady,
X

where df=°%< is a geodesic distance that penalizes the part of the path between its endpoints
outside the level set {p. < &°}, where s is a parameter that allows us to control the
thickness of the transition regions from 0 to 1 of the optimal phase fields. The function
B¢ is then designed to select only this level set on the integration over € x €, for further
details see Section 3.

The diffuse approximation results, in the sense of I'-convergence, that we prove in this
work are formulated with respect to the following functionals:

1
Wg(pO, Va) + AATP((PE) + 67&3(908) V. € 9(9)7
el. 17
(5)  AD:(ve,p:) & A O
Q
400, otherwise,

the diffuse average distance functional, and

1
Wi(po, ve) + Aae + - |laeve — Me||%2(g) ae Z@Oh
S
(6) WH(aw,ve,00) L 1 e )
€ y Ve +67C8(90£) —+ ? o Soadl/aa Ve € 1+ WO (Q),
400, otherwise.

where the measure p. = p-(p.) is the diffuse transition measure and is defined as

of. 1 €p7d+1 €7d+1
(7) e 4 ( Vipel? +—— (1= ) | L7L0,

p,d

where A, 4 depends only on p and d, see Section 3 for further details and properties about
these measures and, in particular the variational interpretation of this constant.

Before stating our results, we make the following hypothesis that will be assumed with-
out statement throughout this work.

(H1) Q C R? is a compact, connect set with Lipschitz boundary and such that intQ = Q,
and it is star-shaped that is there exists z, € int 2 such that Az, + (1 — \)z € int Q
for any z € Q and X € (0,1).

Hypothesis (H1) is to prevent the loss of mass, due to concentration on the boundary,
while passing to the limit in the weak-x topology of probability measures.

The first result concerns the approximation for the average distance minimizers problem,
in the spirit of the results found in [10] for instance. The difference of our approach is
that, due to the diffuse connectedness functional, we do not need the a priori knowledge
that the optimal network contains any specific point.

Theorem 1.1. Assume that £ > s> 1, k > (2d+ 1)@%}”1 and that p > d > 2. Then
it holds that

q 1 =
AD. Ly AD(v.) {Wq (o) + A (supp ), v € P(Q), ¢ =1,
3

400, otherwise,

where <%”51(Supp v) is the length of the minimal Steiner tree connecting suppv, defined

in (3). The T'-convergence holds in the strong topology of L? and weak-x topology of
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In addition, let (ve, pe)eso be a family of minimizers of AD., it admits a cluster point
(v, o = 1), which then achieves the infimum and
min (ADM) = min AD(v, @),
D> ()
and it holds that

e X is a minimizer of (ADM) if, and only if, it is a minimal Steiner tree of supp v,
for some v minimizer of AD;

o v is a minimizer of AD if, and only if, it can be written as v = (mx)3po, where
sy is a measurable selection of the projection operator onto some X minimizer
of (ADM).

It is important to point out that, given an optimal network ¥ for (ADM), the measure
v = (mx)spo, that is the minimizers of AD, carries important information about the
topology of ¥. Indeed, it was shown in [14], see also [36], that points y € ¥ such that
v({y}) > 0 are either end-points or corner points of ¥, see also the survey [30]. Therefore,
the approximation we propose carries the information of the optimal network though the
level sets of phase fields, and of the expected topology, though the approximations of the
measure v.

Our second I' convergence result concerns the relaxed problem (W.J#1). Since the
energy in (W.2#1) is not l.s.c., as seen as a functional in (1), we cannot hope to prove
a I'-convergence result for it, since I' limits always are l.s.c. in the topology inducing the
I' convergence. What we strive instead, is to approximate the relaxed problem, so that
under the assumptions on py that guaranties existence for (W.2#!), see [15], any cluster
points of minimizers of WH! will also minimize the original problem (W.#!).

Theorem 1.2. Assume that ¢ > s > 1, kK > (2d + 1)(5Hp)1'%‘fl+1 and p >d > 2. Then it
holds that
W(?(pmy)_‘_A‘C(V)a VG‘@(Q)a CMZE(V),

400, otherwise,

WHE — WH (v, ¢) {

the T'-convergence being held in R, the strong topology of L? and weak-x topology of 2 ().
In addition, whenever py does not charge countably S -rectifiable sets, if (az, Ve, Pc)es0

s a sequence of minimizers of W’H;, then it has a cluster point (o, v, = 1) of the form

B 1

- AT

so that ¥ minimizes (W #").

a=x2%), v ALY, where ¥ is connected A -rectifiable,

A few remarks about Theorems 1.1 and 1.2 and their proofs are in order. First of all,
the formal relation between (W.#'1) and (ADM) becomes more evident from the proposed
phase field approximations. Indeed, the proofs of our I'-convergence approximations only
differ on how we deal with the support of the measures v. In the average distance mini-
mizers problem we do not need to control it as much as in the Wasserstein-.#' problem,
since in the former we only need the support to be contained in a 1-dimensional set (the
support doesn’t even need to be rectifiable), in the latter we must distribute a minimal
amount of mass everywhere.

The lower bound for & is not very encouraging for numerics since the quantity €=" can
very quickly exceed machine precision with not so small values for €. In other models,
for instance the connected Willmore energy, I' convergence results have been achieved
with k = 2, see [22]. Since in our problems the phase fields approximate 1-dimensional
structures, instead of sets of finite perimeter as in [19,22], it is expected the value for k
in our problems to be larger. That said, the argument in Theorem 3.8 is probably not
optimal and there might be another argument that gives a smaller bound for k. However,

K
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in practice numerical experiments have shown to work with different constants penalizing
Ce, [19].

Finally, from a numerical point of view, the case p = 2 in the Ambrosio-Tortorelli term
is much more convenient. However, in this work we need to assume

(8) p > d in the functional AT .

This will imply that phase-fields with finite energy belong in the space WP(Q), and
from standard Sobolev injections they must be Holder continuous. Not only the enhanced
regularity is of paramount importance in controlling the small level sets of the phase fields,
synergizing well with the connectedness functional in the general I' — lim inf inequality,
see Thm. 3.8, but it also helps in the matter of existence of solutions for the sequence of
approximated problems.

In [10], the matter of existence was solved by adding a penalization of [[Viel| s,
having the same effect, but possibly affecting the numerics, as it was only a parasite term
in the minimization and not contributing to the approximation of the length. In [8,9], to
approximate the Steiner tree problem, the question of existence was dealt with by means
of a regularization with a term reminiscent of the Willmore energy [40,41], forcing phase
fields to be in W22(Q). A disadvantage of our approach is that the first variation of our
energy will have a p-Laplacian term. On the other hand, computing variations for the
Willmore energy require the solution of a fourth order PDE. It is not clear then which
approach would be more computationally demanding and extensive numerical experiments
and testing are in order.

In addition to the aforementioned reasons, for the case p > d = 2 case, we shall also
see in Proposition 3.1 and Theorem 3.4 that it provides a better optimal profile, in the
sense that its transition width is of the order 1%5, as opposed to eloge in the case
p =2, see [10]. As a result, one can expect sharper transitions with p > 2, and therefore,
better qualitative results. This intuition is corroborated in Section 3.1, see in particular
Figures 3.1 and 3.1. We also characterize the optimal profiles for d > 3, but in this case
its computation is no longer explicit.

This article is organized as follows: in Section 2 we review the basic terminology and
known mathematical results we shall employ, namely optimal transportation and geomet-
ric measure theory. A special care is dedicated to the properties of rectifiable sets and their
blow-ups. In Section 3 we start by proving general results about the Ambrosio-Tortorelli
and the connectedness functional to then discuss the central results in this paper, Theo-
rems 3.8 and 3.9. In these results we give the major arguments that are then adapted in
Section 4 to the I'-convergence for both the average distance minimizers and the W — !
problems. In Section 5 we give our concluding remarks.

Acknowledgments. The author warmly thanks Antonin Chambolle and Vincent Duval
for proof-reading the manuscript and their invaluable insights concerning the presentation.

2. PRELIMINARIES

In this section we introduce the mathematical tools to be used throughout the paper.
We start by defining the optimal transportation problem used to define the Wasserstein
distance. In the sequel, we discuss the class of connected sets with finite /7' measure and
argue that these sets are called rectifiable, they are almost the countable union of Lipschitz
graphs. Finally, we introduce the concept of I' convergence.

2.1. Spaces of probability measures and Wasserstein distances. Given Q C R¢
compact, the space of probability measures over Q, (), is defined as the subspace of
ML (Q), the positive and bounded Radon measures, that have unitary total mass, [4].
From the Riesz representation theorem, the space of bounded Radon measures My(€2) is
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the topological dual of the space of continuous functions vanishing at the boundary Cy(£2),
and as such, a sequence of measures i, %\ w if and only if
n—oo

/ ey, —— / édp, for all ¢ € Co(Q).
Q n—oo Q

This weak-* convergence can be metrized by the so called Wasserstein distances, see [35,
Thm. 5.9], which are defined through the value of the optimal transportation problem as

9 w def- 1nf/a:— )|9dpp = min / x — ylid~y.
9) aUv) = ) olfdp = min ] le—ylidy

In (9), the infimum is known as the Monge’s formulation and is taken over all the Borel

maps 1" such that the pushforward measure, defined as Tyu(A) et w(T~1(A)) for any
Borel set A, coincides with the measure v. The minimum in (9), called the Kantorovitch
formulation, is taken over all probability measures over the product space whose marginal
are y and v i.e.

(1) = {7 € 2(Qx Q) : (mo)yy = p, (m1)yy = v},

The Kantorovitch formulation is a relaxation of the first one and its value coincides with
Monge’s whenever p does not have atoms [34]. It also always admits minimizers, which is
not true in general for the formulation with transportation maps, but whenever p < £,
p is absolutely continuous w.r.t. the Lebesgue measure and we write u € P,.(Q2), any
optimal plan is of the form v = (id, T )ﬁ w1 and hence Monge’s formulation has a solution. For
further details on optimal transport and its applications, the reader is referred to [3,35,38].

2.2. Rectifiable sets. We recall that 7! denotes the 1 dimensional Hausdorff measure
over R?, see [4, Chap. 2]. A Borel set ¥ is said to be #'-countably rectifiable, or simply
I-rectifiable, if there exists countably many Lipschitz functions f, : [0,1] — R? such that

(10) va (2\ U £a(o, 1])) =0.

neN

It was proven in the pioneering works of Besicovitch [7, Chap. 8] that connected sets
with finite .#'-measure are countably #'-rectifiable. His original proof consists in a
clever greedy algorithm that is able to cover . '-a.a. of such a set with countably many
iterations, see also [5, Thm. 4.4.8] for a more modern flavor.

We can also define a metric in the class of closed subsets of 2. For A, B closed sets, we
define the Hausdorff distance as

(11) di(A, B) := max {sup dist(a, B), sup dist (b, A)} .

acA beB
This distance has the useful property of preserving connectedness: if a sequence of con-
nected sets (Ay), cy converges in the Hausdorff sense to A, then A is also connected. It
is also compact, Blaschke’s Theorem [4, Theorem 6.1], states that whenever €2 is compact
any sequence of sets has a subsequence, convergent in the Hausdorff distance.

The final ingredient that we will need in our analysis is the notion of approximate tangent
space. It turns out that rectifiable sets are very similar objects to smooth manifolds in
the sense that they admit a weak measure-theoretic notion of tangent space defined with
blow-ups.

Given a l-rectifiable set ¥, set u = 'L ¥ and define the family of blow-up measures

> - id —
(12) pr =10 %H_( ° i

r

) , for &5 =
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The blow-up Theorem, see [31, Theorem 10.2], states that for s#'-a.e. x € X, there
exists an unique 1-plane, which we call T3, such that pu, —*—5 T T,X. In particular,
r—

it can be written as 7,2 = R7, for a unique vector 7 € S¥~1, where S¢~! denotes the unit
sphere in R?. Hence, for a.e. x € ¥ we can define the approximate tangent space of ¥ at
x as the plane T,>.. For any point x € 3 such that the approximate tangent space 1,3 is
well-defined, we shall also say that % is flat at .

We summarize this discussion in the following Theorem, in which we also introduce a
flatness result for points € 3 whose blow-up is a straight line that is carried to sequences
of sets which are converging to ¥ in the Hausdorff topology.

Theorem 2.1. Let ¥ C R? be closed and connected with 71 (%) < +oo, then the following
hold.
(1) For s -a.e. x € ¥ it holds that

r r—0

an (2-3;) LA LTY,

where T,.% is the approrimate tangent space of X at x, and it also holds that
dg (X —z)N B, T,X N By) d <Z—x
=dg

T T

NB, T, %N B1> — 0,
r—0
where the balls whose center are omitted are centered at 0.

In the sequel we assume that X is flat at x¢ with approzimate tangent space T,,% = RT,
for 7 € S%1 and let 7w, denote the projection onto it.

(2) For 1/2 < 6 < 1, there is some ro such that
[—or, or]T C m- (XN Byr(x0)), for all v < ry.

That is, for any t € [—0r,0r] there is © € X N B.(xg) such that (t,z) = t. In
addition, x belongs to the connected component of ¥ N B,.(xg) that contains x.
(3) Let 3, denote the connected component of XN By(xg) which contains xq, then

-
Zr =% AN [—7, 7]
r r—0

(4) Let (X¢).5q be a family of connected sets such that 3. d—HO> Y. Then for 1/2 <
E—

d < 1, there are ro and gy such that, if r < ro and € < g, for each t € (=dr,dr),
there exists

(13) x € X. N Br(xg), such that n (x) = xo + tT,

except in a set that is either a singleton, or a connected interval (ac,b:) such that
be —as < 2dp (X, X).

Proof. Since ¥ is connected and S#1(¥) < oo, it is countably #!-rectifiable, so the
convergence of the family of blow-up measures in item (1) is a classical result, see for
instance [31, Chap. 10]. To check the Hausdorff convergence of the blow-up family of sets,
notice that from homogeneity of the distance in R? it holds that

dy (2 -2)N B, T,ENB,) _ (2—95
= UH

r

NB,T:XN Bl>

r

and the RHS converges to zero as r — 0 from [15, Lemma 2.5].
Item (2) is proven in [10] in the case d = 2, for completeness we prove it here in RY,
Using item (1), take ry small enough such that
>NB —
r
XN Bgr(xo) C [*57“, 5T]T + B(l_(;)r(xo).

(14)
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Therefore, there must be points 2z, z— € (XN By (z9) — o) such that |z4 — (£7)| < (1—-0)r
and paths v+ C [=6r,07]T + B(1_),(70) connecting x¢ and z4. Therefore, we must have
that 7 (z+) > dr and 7-(2—) > —Jr so that 7w (y4) (resp. m-(7y—)) must be a connected
set containing o + [0, dr] (resp. xo + [—dr,0]).
Using property (2) we prove item (3) as follows: suppose that (7,,),,cy is an infinitesimal
sequence such that
L, Zr 00 dn g [—7,7],

T n—00

such subsequence exists from Blaschke’s Theorem. Given § > 0, let ry > 0 be the radius
obtained from item (2). Let pi be such that for r < p

Y — g - ZﬂBr(iL‘o) —
r T

Y B([—r,7],1/k).

So we can construct a subsequence (7, ),y such that r,, < pp and using item (2),
assuming k sufficiently large, for any ¢ € [—d, ] we can also find a point

by — X0

s.t. (xn,, ) =t, dist(zy,, [-7,7]) < 1/E.

Tnk
T, €
Tnk

As a consequence ﬁ tT, which implies that
—00

[-d,d]T C L C [—T,7],

for any 0 < § < 1, so that as L is concluded, we conclude that L = [—7,7]|. Since any
cluster point of r~1(%, — zg) equals to L, then the entire family must converge to it.
Item (4) can be interpreted as a partial transfer of property (2) to any sequence of
connected sets Y. converging to X, up to a small set that can be quantified. From the
Hausdorff convergence in item (1), we can choose ry such that for r < ro we have

¥ N Bsq(z9) C x9 + B,s ([—7,7]), with 8 =+v1-—62.
2
In addition, the cylinder

def. {x |1 (x — x0)| < Or

Csr(x0) = : 72 (2 — 20)| < O'r } is contained in the ball Bg,(z0).
7L 40

Suppose by contradiction that the set of points that do not satisfy (13) is disconnected
and take tow points ¢ and ¢’ in two distinct connected components. From property (2),
between these sections there is a point of X, 7.e. there exists y € ¥ inside the smaller
cylinder 77 1((#'r,tr)7) N Csp(20).

From the Hausdorff convergence of ¥, to Y, for € small enough, there exists y. € 3.
that can be made arbitrarily close to y taking € small enough, so that

Ye € Tr;l((t’r, tr)7) N Cs,(x0), and X N By(x0) C zo + By ([—7,7]).

But then as Y. is connected, there is a path connecting y. to some point of Y. outside
B, (o). This path must then intersect () ({t'7,t7}), which contradicts the fact that ¢
and ¢’ do not satisfy (13).

This proves that if the set of values t € (—dr, dr) not satisfying (13) is either a singleton
or a connected interval. In the latter case, assume it to be given by (as,b:) C (—dr,or);
suppose that b, — a. > 2dg (X, Y). In this case take

be + ae

y € ¥.N B(xg), such that (7,y0) = >dp (X, Y),

such point exists from item (2). This means that the closest point of ¥ to y is at distance
bigger than dg (3., Y), which contradicts the definition of the Hausdorff distance between
Ye and 2. ]
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2.3. I'-convergence. The notion of I'-convergence was introduced by de Giorgi in order

to have good properties concerning the limits of minimizers of variational problems, see

for instance [18] for a compreensive monograph about this theory.

Definition 2.2. Let (X, d) be a complete metric space. We say that a sequence of func-

tionals F; : X — RU{+o0} I'-converges to F', and we write F L0> F if the two following
E—r

conditions hold

e I' — liminf: for every family x. — = in X, it holds that

F(z) < liminf F, .
(z) < 1 im =(ze)
o ' — limsup: for every z € X, there is a sequence x. — x such that

limsup F.(z.) < F(z).
e—0

The fundamental property that makes I'-convergence an interesting notion for varia-
tional problems is the fact that cluster points of minimizers of a sequence of minimizers
of F. are minimizers of F'.

Lemma 2.3 ([6]). Let F. be a family of functionals over a metric space (X,d), which
['-converging to F. If (x.). s such that

ze € argmin Fy, for alle > 0,
X

then if x is a cluster point of this family, then x € argmin F'.
X

This property motivates the approximation of 1l-rectifiable sets ¥, that are hard to
implement computationally, with the level sets of Sobolev functions.

3. THE I'-CONVERGENCE: THE GENERAL THEORY

In this section we write general results about the interplay between the Ambrosio-
Tortorelli term and connectedness functional in I'-convergence. We start by studying
AT, and C. separately in paragraphs 3.1 and 3.2, and finally we give flexible Theorems
in Subsection 3.3 that give conditions under which these functionals behave well together,
allowing to prove both I'-convergence Theorems 1.1 and 1.2. Hopefully this modular
presentation will be helpful in the analysis of phase-field approximations for other problems
in the future.

3.1. Properties of AT ,. In this section we discuss the individual properties of the
Ambrosio-Tortorelli type functional defined as

o 1 Ep—d-‘rl €—d+1
(1) AT o) ™ oo [ (w4 S ) e

Ap,d p
As we have chosen p > d, see the discussion surrounding this choice in the introduction,
if AT p(p:) < oo the family of phase fields . belongs to the Sobolev space W1P(Q), and
since we assume from the start that {2 has a Lipschitz boundary, from the classical Sobolev
injection WP(Q) «— C%8(Q), . is f-Holder continuous for f =1 — %.
We recall the definition of the diffuse transition measure defined in (7) as

v 1 p—d+1 —d+1
= <€ |VelP + 2 1% (1—- 906>2 £'LQ.

L -
: Ap,d

We shall see that not only AT ,(p:) approximates the quantity (%), but one can
also find a good family of phase fields . such that u. H#oo 1Y, whenever ¥ is a

connected set. With this goal, let us start with a simple example, of approximating a
segment L = [0, 1]eg in R?. By symmetry, it is natural to expect that a radially symmetric
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profile around the d-axis would suffice. This motivates the following (d — 1)-variational
problem

1 1 u(0) =0
(16)  Ayg ™ mind Cpa(u) / (yvuv’ o u)2> dz: Vue PR Y
Rd—1 \ P p = LQ(Rd—l)

which is inspired on the analysis of [16] and will be used in the proofs of the I'-liminf and
I’-limsup. Clearly, functions © with finite energy above are equal to 1 at infinity. Moreover,
we can relate solutions of (16) with the following problem in R

def. . def. Foo — 1 / 1 =

where ACP(R) denotes the space of p-absolutely continuous curves.

It is harder to apply the Direct method to this second problem since the term gets
in the way of bounding the LP-norm of the velocities, but we manage to derive existence
and uniqueness for (17) from (16). In dimension d = 2, it can be solved explicitly without
resorting to the Euler-Lagrange equations.

td—?

Proposition 3.1. For any p > 2, the variational problem (16) admits a unique minimizer,
which is radially symmetric of the form u(x) = fy(|z|), where f, : Ry — [0,1] is the unique
non-decreasing Holder continuous minimizer of (17), and we have that

Ap7d = Jd,QAp7d, where Od—2 = %ﬂd_2(Sd_2)

is the area of the d — 2 unit sphere in R41.
In addition, for the case p > d = 2 the optimal profile f, is given by

p
(1 _p=2,)\pr2 P
£t (1-55%)77, o<ty
1, t >

so that the value can be computed explicitly as

1
/ p
A :/ 1—u)??du= .
Proof. Existence and uniqueness of a minimizer of (16), follows from a classical argument
using the direct method and the fact that the energy C, 4 is strictly convex. In addition,
as this energy is invariant with respect to rotations around the origin, the solution must
be radially symmetric and given by

u(z) = fp(lz).
From Morrey’s inequality

d
[U]Co,ﬁ(Rd—1) < Cd ||VUHLP(Rd—1) , for ,3 =1- 5,

we conclude that f, must be S-Hélder continuous.
Let us show that f, is the unique minimizer of (17). Given any u admissible for (16),
from the coarea formula [24, Thm. 3.13] and a change of variables, it holds that

¢, a(u) :/OO (/Sd 2];|vuyp+ . )%%ﬂd—?) dt

= [ [T (Cvater + - ut)ar) a2
> [ [T )P+ 0= () ) A = oaad
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where the last inequality comes from the fact that, for all ¢ € S¥=2, the function ¢ — wu(t€)
is admissible for the problem (17), as 1 —u € L? @%d_l). As a result, if f, is not the unique
solution to (17), then there is another function f such that

>\p,d < Cp,d(f) < Cp,d(fp)a

so that ii(z) = f(|x|) has a strictly smaller energy that u(x) = f,(|z|). Hence, f, must be
a minimizer of (17), which must be unique from the uniqueness of solutions to (16). As a
consequence, we conclude that A, g = 0q—2Ap 4.

The fact that f, has image in [0, 1] comes from the fact that, if it was not the case, we
could replace it with max{0, min{fy,,1}} and obtain a strictly smaller energy. Similarly,
the strict monotonicity of f, is achieved by replacing f, with

Fp(t) = max{fy(s): 0<s <t}
yielding a strictly better energy if f, and fp do not coincide.

The variational problem (17) can become quite intractable for general p and d, but for
the special case d = 2, we can refine the previous argument since the Lagrangian for (17) is
now autonomous. In this case, notice that for any f admissible, we obtain a lower bound
for A2 as

+001/pl_ +OO_ /') ¢
LT Girors Sa-roR)az [ a- e

p
f(®) / 1 /
= lim (1— )P du = / (1—w)?" du

t—oo Jo 0

1 1.
where the inequality comes from Young’s inequality, ab < —a” + — " which is an equality
p p

if and only if a = w1 or equivalently b = aP?~!'. An optimal solution fp to the 1D

variational problem must then satisfy Young’s inequality with equality for a.e. ¢, and
hence it must solve the ODE

(18) p(t) = (L= )77, f(0)=0.
It is then straightforward to verify that f, is given by

oy (y_p=2 ) o 2]
) =1 (1 ’ t , for t e O,p_2 ,
and for t > p/(p — 2) we extend f, with 1 and the integral remains unchanged. Using f,
in the energy from (17), we attain the lower bound for A\, 2 above, and it follows that f,
must be the unique minimizer. O

An analogous analysis can be performed for the case p = d = 2. In this case, the same
argument with Young’s inequality gives the ODE f/(t) = 1 — f(¢) with the same boundary
conditions, whose solution is given by fa(t) =1 —e™t, for t > 0. Now the optimal profile
never attains the value 1 and is more diffuse, see Figure (3.1). Compare it also with the
proof of Lemma 2.8 in [10].

Remark 3.2 (On the regularity and the support of f,). In the case d > 2, it is not clear
if f, attains the value 1 in finite time. This is the case for d = 2, and should also hold for
d > 2, as the extra term t%~2 penalizes even more fp being away from 1.

In addition, besides being globally Holder continuous, from the Euler-Lagrange equa-
tions, it follows that f, is C' with a Holder continuous derivative.

In the sequel, given a connected and countably s#!-rectifiable set ¥, we use this opti-
mal profile to construct a family of phase-fields (¢:).. such that the associated diffuse
transition measures p. approximate 'L ¥. Our strategy will be to combine the opti-
mal profile obtained in Prop. 3.1 with the fact that the Minkowski content coincides with
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FI1GURE 1. Optimal profiles induced by the Ambrosio-Tortorelli functional
in R? with different values of p. From the behavior of the optimal solution
as p grows, one can expect that phase-field approximations with p > 2
yields sharper results.

the Hausdorff measure, see [4, Thm. 2.104]. More precisely, if ¥ is closed and countably
def.

H'-rectifiable, defining 3; = {x : dist(z, ) < t} it holds that

LAz 1
(19) }/LH}) wg td1 (%),
where wgy_1 denotes the volume of the unitary d — 1-dimensional ball. This property is
not always true; if ¥ is a rectifiable curve it is known to be true, see [26, Thm. 3.2.39].
Alternatively, the conclusion (19) also holds if there is a Radon measure p over ¥ that
is Ahlfors regular from below, [4, Thm. 2.104]; that is, there exists a constant ¢ > 0 and
some rg > 0 such that for all x € 3 if holds that

w(By(x)) > cr, for all x € ¥ and r < ro.

Of course this is true for any path-connected set ¥ by taking p = 1 L ¥ since for any
r < diam(¥)/2 and z € ¥ we have (X N B,(z)) > r, so for any set we might be
interested in this work, its Hausdorff measure coincides with the Minkowski content. We
shall use in fact that this equality implies a weak convergence in the space of measures.

Lemma 3.3. Let ¥ be a compact, connected and countably 7 -rectifiable subset of R¢
with finite length 71 (X) < oo, then it holds that

1
— =Ly, Ly
wa_1td—1 t—0

Proof. Set 1y et ﬁﬁdl_i]t for ¢ > 0, notice that property (19) implies that v;(R?) Py
- —

H1(Y). Let v be a weak cluster point of 14, if we show that v > 1LY, the convergence
of the total mass implies that v = 1L X.
From [4, Prop 2.101], which shows that the “lower Minkowski content” of a rectifiable

set is larger than its Hausdorff measure, as the set ¥ N B,(x) is closed and countably
A '-rectifiable, for any x € R? and 0 < 7/ < r it holds that

£t ({dist(, 2N B (2)) < t})

wdfltd_l

v(Br(r)) > llril_%lp vt (Br/ (;U)) > h?l}élf

e (2 ﬂBT/(x)) , for v’ < r.
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Letting 7 — r, we conclude that v > ' %, and equality follows since both measures
have the same total mass. Since all cluster points of vy are ! L%, it must be the weak
limit of the entire family. O

Now we prove the promised approximation result in R¢, which is a strengthened version
of [10, Lemma 2.8], from where the main idea of the proof is borrowed. In [10] the
corresponding result is not stated as a weak convergence of the diffuse transition measure
and is only proved in R2. Although the weak convergence is a small improvement to [10],
it is crucial to the proof of the I'-convergence result for (W.#1). We expect that the
diffuse transition measures . associated with the family

ds(x) — b .
(20) ey {1 (FEEE) st >0
0, otherwise,

will converge to ! L ¥, where dx(-) = dist(-,X) and b, = o(e). We only need to be
careful with the boundary condition ¢. € 1 + VVO1 P(Q), this is the case if f, reaches 1 in
finite time, for instance if p > d = 2.

Theorem 3.4 (Approximation with diffuse measures). Given ¥ C Q closed, connected
with #°1(X) < co. Then, there is a family (pe).oq C 1+ Wol’p(Q) whose corresponding
diffuse approximation measures defined in (7) are such that
He — %1 L Ev
e—0
in both the narrow topology and the weak-x topologies of My(€2).

If ¥ C intQ, this family (pe).so can be constructed such that . = 0 over the set
{dist(-, %) < b}, for b. = o(e).

Proof. The proof will be done in multiple cases of increasing generality, depending if 3
has a part contained in the boundary of €} and if the optimal profile f, reaches 1 in finite
time. As a preliminary result, we prove an approximation result in the entire space R,

Define dx () et dist(z, X)), set the notation

def.

Y, ={zeQ:ds(z) <r}
and let (). be the family defined in (20). Consider now the measures over M,(R)

wi 1 [ep—dtl o—d+1
(21) Qs = P < |VelP + 1% (1 _905)2 ce
p?

To show the convergence of (9:).- to 77 L3, our strategy will be to use the Minkowski
content of X, and more specifically Lemma 3.3, to verify

(22) / wdo, — / A A for any b € Cy(RY).
R4 e—=0 Ju
Fixing ¢ € C,(R%), from the coarea formula [24, Thm. 3.13], we can define
Ut ydx, such that ¥'(t) = »pd %! for ae. t > 0.
N 0%

It follows that ¥ is bounded, and Lemma 3.3 implies that
(23) U(t) = w191 / Yd A+ ot ),
b

where the o(t?~1) depends only on ¥ and the function 1.
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Since the functions . are defined as the composition of a 1 dimensional profile with
the distance function dyx;, we can disintegrate then with the sets 0%, over which ¢, is
constant. For this reason, we define the quantity

o= S G () + 5 (- ()
~ Gl 505 0))

Notice that since f, is the optimal 1-dimensional profile from the problem (17), it follows
that he(t) == 0, for all e > 0.
—00

In the sequel we decompose the integral in (22) as

/ vdo. = / wdo: + / wdee
Rd S, RISy,

Since ¢, = 0 over Xp_, the first integral on the right-hand side above becomes

G Wa—1 b\t o(b07Y)
e = —U(b) = ds#t 5) I\
1/} Y ( ) (p/Ap7d Aw % ( - + Ed_l —— 0

Zbe /Ap d e—0

which converges to 0 since b, = o(e).
Hence, in order to study the convergence (22), it suffices to consider the second term,
which can be rewritten with the coarea formula as

1 oo
RIS, p,d JO

1 o [
:W(hg(t)xp(wrba)g —/0 ha(t)\I/(t—i-bg)dt)

Recalling that h.(t) == 0 and that ¥ is a bounded function such that W(b.) = o(e471),

from the Minkowski content, the boundary terms vanish at the limit and we retain once
again just the integral part, which we develop further as

<_ /0°° Bt + bs)dt) g (/E wd A + 0(1)> /OOO —(t+ b)) R (1) dt

— g (d—1) (/Z Vd A" + 0(1)> /Ooo (¢ + ) "2he(t)dt,

where we have used (23) in the first equality. Using the fact that h. is obtained with the
optimal profile defining the constant A, ; we obtain

d—2
li [ . _%17 (/ @bd%ﬂl) hm/ <t+b€> (1
e—0 0 £ P

=Ap,de

p

Iy

[
50 fp)>dt

From Lebesgue’s dominated convergence theorem, A, 4. ——0> Ap,d, since b, = o(e). Hence,
E—

recalling that wg_1(d—1) = 042 and that, A, 4 = 042, q from Proposition 3.1, we obtain

the desired convergence

[ vdo. — [ v

R4 e—=0 J»

for all ¢ € Cy(R?), so that o = 1Y in both the narrow and the weak-% topologies.
E—r

Now let us make the construction of approximating phase-fields with the additional
constraint that p. € 1+ VVO1 P(Q)). As mentioned in the beginning, we shall divide our
construction in different cases.

Case 1 (X C intQ and supp(l — f,) is compact):
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Given ¥ C int ), since 1 — f,, has compact support, the family (¢.),-, defined in (20)

is contained in 1+ Wol’p(Q). Indeed, setting ¢, et inf{t > 0: f,(t) = 1} < 0o, we get that
Ye < 1 only when
dy () — be
€

whenever et, + b, < dist(X, 0Q). Therefore, for ¢ small enough, we have p. = g. and the
result follows.

Case 2 (X C intQ and supp(1l — f,) not compact):

When we can no longer assume that the support of 1 — f}, is compact, we approximate
it with another profile with compact support. In this case, set

of. dist(X, 02 o
te o (28), Ae o fp(te) £—> 1,

< tp, so that supp(l — ¢e) C Xeg,4p, C int 2,

and define the new profiles

~ ds(x) b\
fﬂ)—{1 O, WSt e () itdste) 2

otherwise, 0, otherwise.

Similarly to the previous case, p. € 1 + VVO1 P(Q) for € small enough.

Now let u. denote the diffuse approximation measures referent to ¢.. Since we know
that o. from (21) converge weakly to s#1 L X, to obtain the same limit for p. it suffices
to show that

”HE - Qz-:HLl(Rd) j 0.

Indeed, a similar computation to the start of the proof using the coarea formula gives

l[1e = 0ell prray < /Rd (513_:“ ()\1;? - 1) [Vee|P + s—;+1 <(1 — ) - (1 — /\t%)?)) dz
oo ()
F(URAG) (S ifp (5))]
R (TS (AR Ty

From Lebesgue’s dominated convergence theorem, we conclude that [|pe — oc | 11 (ra) — 0
E—r
so that pe — <%”1I_Z

Case 3 (E C Q and supp(l — f,) not compact): For this case we exploit the assump-

tion that  is star-shaped to define a sequence of sets ¥,, C int and such that s#! L
¥, —— 'L X. Notice that we make this assumption to slightly simplify the proof,

N—o0
but a similar construction can be made by assuming that 2 has a continuous boundary

any using a partition of the unity over the boundary.
We consider z, € int Q such that tx, + (1 —t)x € int 2 for any x € Q and any ¢t € (0, 1).
So considering the sequence

t
€
t

def. 1

1
S S —ae+ (1 — 2) , if holds J#' L%, — LY.
n n e—0
We let (¢n.e).-q be the family in 1+ Wol P(2) obtained in the previous case whose diffuse
approximation measures (fine), - are such that

fine ——> HTLEy —— ALY

e—0
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Hence, a diagonal extraction argument yields the desired sequence. O

Notice that this proof also works for the case p = 2, using the corresponding optimal 1-
dimensional profile, see Figure 3.1, as done in [10]. As discussed after Prop. 3.1, since the 1-
dimensional profile for p > 2 promotes a sharper transition, the optimal sequence of phase
fields constructed in the previous Theorem should have a better perceptual reconstruction.
This is corroborated in Figure 3.1.

FIGURE 2. Recovery sequences (for b = 0) obtained with the optimal
profile from Prop. 3.1 for different values of p and € = 0.01.

Remark 3.5. In Theorem 3.4, we have actually shown that the sequence of diffuse tran-
sition measures corresponding to the family defined in (20) is such that
e — ALY, in My(RY).

e—0

If we had simply restricted ¢, from (20) to € it would follow that
1
e — AL (S Nint Q) + 5%1 L(ZNaQ), in My(Q).

e—0

3.2. Properties of C.. In the sequel, we survey some properties of the connectedness
functional. For a fixed parameter s > 0, the functional C. is designed to penalize the
non-connectedness of the set {¢ < £°}. Given a function ® : Q — [0,1] we define the
weighted distance d2 as

ef. . K t da i € K - Q
I R H i T |

where w : Ry — R} is a continuous, monotone increasing function such that w(e) — oo
as € — 0. This quantity can only be a distance if ® > 0, except for a set of Hausdorff
dimension strictly smaller than 1, but we shall commit the abuse of calling it a geodesic
distance even if it is not necessarily the case.

However, there is no guarantee of being able to find a such K connecting x and y with
a length smaller than w(e). For this reason, let diamge,(€2) denote the diameter of
w.r.t. the geodesic distance inside €2, which can be defined as

distgeo(,y) ' min {%”1 (7):x,y €vyand vy C Qis connected} :
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As 2 is bounded and connected with Lipschitz boundary diamge,(§2) < oo and for e small
enough so that w(e) > diamge,(€2), there must be an admissible curve connecting x,y, so
that the infimum (24) is bounded by ||| distgeo(,¥).

Either way, assuming e small enough, if we compose ¢, with a function F.(z) that is
zero if z < °, the quantity df=°%+(z,y) gives a quantitative notion of how disconnected
the two points z,y are in the set {¢. < &°}. To get a global notion, we must integrate
among all pairs of points in this level set. This way, the diffuse connectedness functional C.
from [19,21] is then defined as

(25) Coloe) ™ [ Belipe(a)) Belipe () L% (. ) dadly,
where ., F. are continuous functions such that
1 ifz<e* 0 ifz<e’/2
26 = ~ . FA(2)= - '
(26) Pel2) {0 if 2 > 225, 1207 {1 if 7 > &,

In addition, make the following hypothesis on these functions that, as (H1), will be assumed
without statement

(H2) B, F: are strictly monotone in the intervals (e%,2¢*) and (3¢, %) respectively and

3 1
FE <4€S> Z 5

Next, in order to prove existence of solutions to the approximate functionals used in
the I' convergence result, we show that C. is continuous for uniform convergence.

Lemma 3.6. Let Q) be a compact, connect set with Lipschitz boundary, and € small enough
so0 that w(e) > diamge,(2). For e > 0 fized, the following facts hold

(1) If € C (ﬁ), for every pair x,y € Q) there is an optimal set K attaining the

geodesic distance d¥(x,y) defined in (24). In addition, this set can be taken a
curve.

(2) The geodesic distance d2(-,-) is Lipschitz continuous w.r.t. ® for the uniform con-
vergence, with Lipschitz constant given by w(e).

(8) The connectedness functional C. is continuous w.r.t. uniform convergence of con-
tinuous functions.

Proof. To prove (1), fix x,y € Q and ® continuous. Consider a minimizing sequence
of compact and connected sets K,, with uniformly bounded length #'(K,) < w(e)
approximating the infimum in (24). From Blaschke’s Theorem [4, Thm. 6.1], we can
extract a subsequence (not relabelled) converging in the Hausdorff metric to a connected
set K, which must also contain the points x, y.

Consider now the measures v, e e K, from the uniform bound on the lengths
of K,, we obtain that 1,(Q) < w(e). Hence, as we are in a compact set, Prokhorov’s
compactness theorem implies that v, has a weak cluster point v. In addition, from Gotab’s
theorem [15, Thm. 2.2] we know that v > 2! _ K and the lower semi-continuity of the
total variation norm w.r.t. weak convergence of measures gives that

AN K) <v(Q) < lglni)icgf vn(Q) = linnl)icgfjfl(Kn) <w(e),

so that K remains admissible for (24).
Finally, since K,, is a minimizing sequence and from the continuity of ® we get

d2 (x,y) g/ dd.t §/<I>du: lim/ ddA = d2(z,y),
K Q Ky

n—oo

so K attains the distance d®(x,y). But as #'(K) < oo and it is connected, it must be
pathwise connected and countably .7 !-rectifiable, so that it can be covered by countably
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many Lipschitz curves. But as z,y € K, we can find a curve v C K whose end points are
x,y. From the rectifiability of K, v must be composed of countably many Lipschitz arcs.

To prove (2), consider two continuous functions ®; and ®9 and let Ko be optimal for
the definition of d®2(x,y), so that in particular z,y € Ky and 21 (K3) < w(e). Tt then
holds that

A2 (z,y) < ) 1At = d*(z,y) + (@ By)d. !
2 2

< d22(z,y) +w(e) @1 — Dol -
Changing the roles of ®; and ®4 the result follows.

Item (3) then becomes a consequence of the dominated convergence theorem: let
Pn P uniformly, so that B. o ¢, — Be o ¢ uniformly. The sequence B o ¢,

remains uniformly bounded in n and so does df=°¢»(z,y). As Q is a bounded set, the
dominated convergence theorem yields

Ce(p) = QXQﬁa(w(w))ﬂa(cp(y))dFEW(x,y)dxdy
= / lim B (pn())Be(0n(y))d =" (2, y)dady
QxQ
= nh_golo ) /85((pn(x))/85((pn(y))dFEOS@n (1‘, y)dzdy = nh_}rgo (‘,’5((\)071)7

proving the continuity of ¢ — C.(¢) w.r.t. uniform convergence. g

Remark 3.7. Without the constraint #'(K) < w(e) in the definition of d2(-,-) in (24),
we believe it is possible to construct counter examples to the continuity property (2),
for instance if we take ® = dist(-, F'), the distance function to a fractal set F' as Koch’s
snowflake [25].

3.3. The fundamental liminf and limsup inequalities. In order to establish I'-convergence
results for problems (W.#1) and (ADM) we will study the behavior of families of functions
such that the following functional is uniformly bounded

ef. 1 1
(21) Fulperve) ® ATy (00) + 2:Colpe) + 5 [ el

Our first result in this direction is a characterization of cluster points from families of
functions such that F. (., v.) < C remains bounded for all £ > 0. We show this limit is
supported in a connected, countably J#!-rectifiable set whose length is bounded by the
liminf of F;(pe, ve).

Theorem 3.8. Let Q be a compact, connected subset of R with Lipschitz boundary, and
suppose that ¢ > s and k > (2d + I)Mlp)’%;m. For any family (pe, ve). such that for

every € > 0 it holds that ¢- € 1 + Wol’p(Q), Ve € Pae(Q) and
Fa(‘Pev Ve) < C7
then it follows that:
(i) For e small enough, there exists a connected component of {p. < 2¢°}, denoted by
Y., that contains {p. < €°/2}.
(i) Up to subsequences, ¥ converges in the Hausdorff distance to a connected count-
ably S -rectifiable set ¥ and p. ——0—> 1, strongly in L*(Q). The families of mea-
E—
. * *
sures (Ve, e )., for pe defined in (7), also converge v. U He and

the limits satisfy
uw> ALY, and suppr C ¥ C supp .
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FIGURE 3. A single connected component of {p. < 2%}, ¥, contains all
of {¢. < 3e°} in red. Neither level sets are necessarily connected, but .
contains almost all the mass.

In particular, it holds that

L o 1 cp—d+1 ) c—d+1 )
(28) A < liminf = /. Vel + T (1 e)? ) o
p?

Proof. Step 1: Our first step is to construct the connected and countably #!-rectifiable
set X, where the cluster points of the diffuse measures p. are concentrated. This will be
done by studying the small level sets of the family (y:)..,. First we show that, for e
small enough, a single connected component of {p. < 2¢°} contains all of {¢p. < £°/2},
see Figure 3.3. Write
{pe <€} = U Ve
i€l
where (¥ ;),.; denote the set of connected components of {p. < &}. We distinguish the
components that intersect the set we are interested in, {p. < €%/2}, by defining the subset

of indices
def.

I ={iel: X.;N{p.<e’/2} #0}.
Since ¢, € 1+VV01 P(Q)), any sublevel set {¢. < [} is compactly contained in 2 for 0 <1 < 1.
Hence, we can manipulate these sets without worrying about border effect.
First we check that I, is not empty; if it were, we would have ¢, > %55 everywhere in
Q) so that the term

55—(

1
v (Q) < 7/ pedv. < C
[SaE )

would yield a contradiction letting € — 0 since we have assumed £ > s.
We claim that there is a radius 7. such that for all ¢ € I, and any z € ¥.;N{p. < e°/2}
or 2’ € {p. = °} one has that

3
(29) B(z;r.) C X ; and B(z';7.) C {455 < e < 253}.

This is a consequence of the fact that ¢. is Holder continuous. Indeed, since p > d, from
Morrey’s inequality (see [23, Thm. 5.4]) it holds that ¢. € C%? with g = 1 — % and a
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Hoélder constant bounded by

__p—d+1

[%]coﬁ(BT) < CHVQOEHLP(BT) <c v,

where the two constants above differ, the first depends only on the dimension of 2 and
the second inequality follows from the bound on F.(¢.). Hence, it follows directly from
the definition of Holder continuity that (29) holds with

(s+1)p—d+1

(30) re = coe” with g/ > p—

In particular, we conclude that I, is finite since taking exactly one ball for each of these
connected components we obtain the bound |I,|wgr? < |{p. < 2e°}| < oo.
In the sequel we define the quantities

def.

(51']‘ =

df=oee (3.4, 5. 5) = pepiL, 4 (@y), foriztje L.

In the sequel, using the balls of radius 7. defined in (29), we can bound d;; from above
and from below. Starting with the upper bound, by definition, it must hold that d;; <
dt=%=(x,y) for any pair x € X.; and y € ¥ ;. Therefore, taking B;, B;j as in (29) with
centers in {¢. < €°/2}, so that they are contained in {p. < £°}, we can bound the
connectedness functional from below as

(wart) s < [ Buloe@)Belo(u)d™ % (@ y)dady < Colo0) < C="

where we have used the fact that . o ¢, = 1 inside the set {p. < €}, so that
(31) 8 < C'eh28

i X

We conclude that, for ¢ small enough, d;; < 7. for all i # j € I,, since if it was not the
case, we obtain a contradiction in

C"e? < 6,5 < C'e" 2| by taking (2d +1)8' < &,

(2d+1)((s+1)—d+1) (s+1)—d+1 / K
p—d <mande<ﬁ<m.

Now given any two 4, j € I, letting v be a curve attaining d;;. If X, ; and X, ; are not
in the same connected component of {p. < 2¢°}, then there are at least two points xg, 21
in this curve 7 such that ¢.(xg) = ¢:(x1) = €. From (29), there are balls B(zg,r.) and
B(xy,r:), since each of then remains in the connected components’ of {p. < 2%} that
contain 3. ; and Y. ;, respectively, so that B(zg,7.) and B(x1,r.) must be disjoint. This
construction is illustrated in Figure 3.3.

Also from (29), both of these balls must be contained in {3e® < . < 2¢°} and, it holds

from (H2) that F. o . > 1 over B(xo,r.) and B(z1,7.). We then have that

so we chose

1
0ij 2 Foopd#' Ly > 5%1 (v N (B(zo, ) U B(21,71¢))) = 7o

/B(:I:o ;e )UB(21,7e)

As this is not true for € sufficiently small, all 3. ; must be contained in the same connected
component of {¢p, < 2e°}.

Let Y. denote this connected component; up to subsequences, we can assume that
Y % Y. As the Hausdorff limit of connected sets, ¥ is itself connected. We can now
E—

show that if v, LO v then v is concentrated in 3. Since {p. < %55} C X, the energy
e—

bound F.(g.,v.) < C implies

2
ve (2\ X)) < —s/ wedre < 205 — 0,
IS O\ 2 e—0
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- - - -

__________________ PR Blz1,re) ~ <

FIGURE 4. The optimal path between Y. ; and ¥, ; has at least two seg-
ments of length r..

as we have assumed that ¢ > s. Therefore, if x ¢ X, there is a radius r such that
B.(z)NX. = for all £ > 0 small enough. From the previous estimate and the properties
of weak convergence, we obtain

< Tim'i T _
v(By(x)) < hran_:élf Ve(Br(z)) < lllgn_}(l)lf ve(2\ X:) =0.

This show that suppr C X.

The rest of the proof is dedicated to show that any cluster point u of u. is such that
p > 1. We first show in Step 2 that J#(X) < +oo, which will imply that ¥ is
countably .7 '-rectifiable. In Step 3 we use this fact to refine the estimates from Step 2
and conclude. Both of these arguments will be based on the fact that, see [4, Thm. 2.56],

(32) 07 (u, x) ' Jim sup M(B;(:C)) > 0 for #l-ae. 2 €Y = u> 04" LY.

r—0 r

Hence, in each of these Steps we prove an estimate of the form: for all x € X

(33) lim inf pie (B (2)) > 02r,

for different values of 6. As a consequence, this implies (32) by means of classical properties
of weak convergence of measures.

Step 2: Given z¢ € ¥, fix r < min{dist(z,00),diam(3)/2} so that B,(xg) C €.
Defining v, = ¢-(e-), we can rewrite p.(B,(zo)) as

e e 1 2 d—1
pe(Botoo)) = S [ ([ SVl - e a4
p,d J0O 8Bp(zo) LD p

(34) .

" 1 1 2 d—1
= — Vo P4+ —=(1—v ]d%” dp.
Apa Jo </83(m0,g) [p‘ e P'( e) > ’

From Fatou’s Lemma we obtain that
(35)

lim inf 1. (B (o)) > — / lim inf Lvup + L —u)?awi1)a
Nt pe(5r(Zo)) 2 Nya o m in o5(a0,2) Lp Ve v Ve p-
Since the total mass of i is given by AT, (¢¢), the LHS above remains bounded and hence
the liminf on the RHS of (35) is finite for a.e. p € (0,7). Hence, it suffices to bound this
liminf from below with a constant that holds for almost every p € (0, ), in particular every
p such that this liminf is finite suffices. To this end, our strategy will be to compare the
inner integral in (35) with the auxiliary variational problem (16) that defines the constant

Apyd'

Our first step is to find some x. € 9B,(x¢) such that ¢, (z.) < 2¢°, for a fixed p € (0,7).
We can assume that ¥\ B, (xp) is not empty, so from the Hausdorff convergence of 3. to
¥, for € small enough, there is z. € B,(zo) and another point of ¥, outside B,. But since
Y. is connected, there is some x. € 0B,(xg) N X., with the desired property.
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Up to a translation and a rotation, we may assume that xqg = —peg and x. = 0; and to
define our new function over R4~!, first introduce the notation R? 5 z = (2/, z4) € R xR
and define a map ®. from the ball of R4™!, Bra-1(0, 2), to the sphere 0Bga(wo, 2) as

O (') & (2, ¢ (2')) where ¢.(z') = (2))2 — |22 - g

In the sequel, we obtain the new function @, € WP (Bga-1(0, p/2¢)) as
Ue(2') = v (@ (7)), for ' € Bra-1(0,p/2¢).
Notice that V0, = Vx@;rvxvg o @, so that
’Vz’ﬁs’ = ‘vx’va + vx’¢aadvs| < C’vae’a
and using the area formula, one obtains that
(36)
1

1 1 1
/ (‘vgs‘p + *,(1 - 178)2) da’ <C (‘vva‘p + 7(1 - U€)2> d'%ad_ly
B]Rd—l(ovi) p p 83(33075) p p

for some constant C' > 0 depending on the (d — 1)-Jacobian of ®., more specifically the

quantity
1/2
12 Bk >1
= 1 1 Qe "2 = 1 _— = -
( +|Vx¢ ($)| ) ( +p2—|5$/‘2 S\/gu

which can be bounded from above and from below independently of ¢ for ' € Bga-1(0, 7).
Up to a subsequence, the left hand side of (36) is uniformly bounded since we have assumed
the liminf in the right hand sind of (35) to be finite.

These estimates motivate the definition of a family of variational problems, indexed by
€, that approximate (16), the problem whose value defines the constant A, 4, as follows
(37)

def. def 1 1 2 l-we L2 (Rd_l)’
Apde = min{ Cpae(u) = / (\Vw\p + -1 -w) )dx D Vwe LPRYY o,
B]Rd—l(o’é) p p w(o) S 258

det ‘vx@jvx@g

and our goal is to show that A, 4. —0> Apq. So let u be optimal for (16), then its
E—r

restriction to Bra-1(0, £z) is admissible and we have

1 1
Apa> | (GIvur + (= w?) do > A
Bpa—1(0,42) \P p

As a result, A, 4. is uniformly bounded and letting w, be a solution to (37), we will show
that it converges locally uniformly to a function w. Indeed, for any R > 0 fixed, for ¢
large enough we have that Bga-1(9 gy C Bga-1(g, £, 50 the energy bound on (w;),- implies
that this sequence is Holder continuous, with the same constant, hence equicontinuous and
equibounded from the fact that it converges to 1 at infinity. So, from Ascoli-Arzela, this
sequence converges to some w, uniformly in Bra-1(0,R)- As this also implies the existence
of a subsequence whose gradients converge weakly in L{’OC, we get that

liminf A > /
e—0 pide =

BJRdfl(o,R)

1 1
<|vap +la- w)2> dz.
b

Since w remains admissible for the problem defining A, 4, taking the supremum on R > 0
we get that

liminf A > Cpalw) > Ay 4.
Py p,d,e = p,d( )— p,d
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The desired convergence Ay, 4. — A, 4 follows and we have that

C'liminf 1

1 2 d-1 < 1
Py (1— > = )
Sl S L}\Vva\ + p’( Ve) ]d%” > hgélf Apage=2N7Npd

Combining these estimates with (35), from the weak convergence of p. to u, we obtain

7 (m) > lim inf e (Br(20))

1 r 1 1
> / lim inf {\va\p + =1~ UE)Z] A1) dp > 62r
CAILd 0 e—0 63(10,5) p p

for § =1/(2C). So p > 0%, from (32), and in particular 5#1(X) < +oc0.

Step 3: Now that we know that ¥ has finite length, we deduce that it is rectifiable and
we can use the rectifiability of X to refine the previous estimate, showing that 67 (u, z) > 1
for #'-a.e. z € ¥ and from (32) conclude that y > 'Y and (28) will follow from the
properties of weak convergence of measures.

From the rectifiability of X it holds that ##!-a.e. xy € ¥ admits an approximate tangent
space. Let xg be one of such points and assume, without loss of generality, that T, ¥ =
Reg. So given a small radius ~ and ¢ € (0,1) close to 1, we consider the cylinder

dgc. . ’ . ’$I| < 5T ! _ 82
Csr(xo) = xo + {:B = (2, zq) : ] < o' and ¢ =v1 — §2.
Our goal is to refine the estimations from the previous step by taking a foliation given by
planes orthogonal to Rey, instead of the spheres. In the sequel, for each ¢, we define a disc
by slicing the cylinder Cs,(xo) with the hyperplane {z; = t}.

Dy = Cp(wo) M (ma) ™ (o + teq), for t € (—r,or).

We can now obtain a more precise estimate than in Step 2. However, to obtain the point
xe, such that . (z:) < 2e°, the connectedness of ¥, was sufficient since we could count on
the spherical symmetry of 0B,. Now, we need a refined argument that will give a point
xer € Dy such that ¢ (z.¢) < 2¢°, for almost every ¢. From item (3) of Theorem (2.1),
we can find such point for all ¢ € [—dr, dr] \ (ac, b:) with b, — a. < 2dy (2., 3). Now we
can perform a computation analogous to the one presented in Step 2:

(38)
pie(Br(0)) = pe(Crs(20))

1 cp—d+1 e—d+1 ) i
> / VeelP + & (1 g)? | dord1 ) at.
Ay a Ji—6r,6r\(acpe) \ /Dy D P

Let us focus on the L? term for the moment. From the energy bound on AT ,(p:), we
know that

or
/ / (1 —o)dord—tdt < ced 1,
—57‘ Dt

Hence, from the converse of the dominated convergence Theorem, up to a subsequence we
can assume that, for a.e. t € (—dr, or),

e—0

/ (1= p)2d™ —s .
Dy

Disintegrating once again, we can write the previous term as

/Dt (1 —pe)*do ! :/SH </06

!

' 1972(1 — . (1€ + ted))le> d2(¢).
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The same argument gives that, for a.e. t € (—=dr, 6r), for #4%-a.e. £ € ST2,
(1€ + teq) — 1, for a.e. 1 € [0,4'r].
e—0

Now, fix t € (—dr,0r) and ¢ € S92 such that the previous limit holds and consider
the point z.; € D; such that ¢.(z.;) < 2¢®. Up to a translation, we can assume that
Tt = teq to simplify our notation. We can then define a family of 1-dimensional functions
(f49) -~ Which we can compare with the optimal 1D profile from Prop. 3.1 such that

!
1- f?g € W&’p(R+)7 and f?f(l) = Pe (ted + €l§)7 for [ € loa ] )
€

where [ is some point close to §'r such that ¢.(I€ + teq) = fiec(l) g 1.
E—>
As in Step 2, the family (1 — fi¢.).., is equibounded in WP(R,) so that up to a
subsequence, it converges weakly to some f;¢. It also holds that
fre(0) = lim ¢e(Tey) = 0 and zlggo fre(l) = lim oe(teq +6'r€) =1,

so that the limit f; ¢ is admissible for the 1D optimization problem (17), and we have that

l

: 1 1
o d—2 2
lim inf ; l <p|ft'7§76|p + 1?(1 — free) ) di

e—0

> timinf [ 192 1\f’ P+l(1—f 2)dl > A
=20 Jo plte % t€ 2 Ap,d

Let us now gather these ingredients to estimate p(By(zp)). From our previous consid-
erations, it follows that

(Br(z0)) > lim inf — Y o ) at
(T > limin —/ / _ + — —odt
a o)) e=0 Ay g J[—6r,6r)\(ac,be) /Dy p i 4 e

1 : 1 1
= lim fnf = / / / 1 ( Le P+ 51— 2) dldz?=2dt
e=0 Apa Ji—or6r)\(ac be) Jsi=2 Jo p‘ft’5’5| p/( Juge)

1 L 1 1
> liminf {11, ,.ye(t / 142 ( Lo P =(1— 2) dl | dset=2at
~ Apa /[—5r,5r} /SCH €0 ( (az,be) ©) 0 P’ft’§’€| p’( Juge)

zAp,d

_9A
M&Qr = §2r.
Ap,d

Where we have used the fact that b, — a. < dg (3¢, X) — 0 and the definition of A, 4.
We conclude that 67 (u, ) > 6, where 6 € (0,1) is arbitrary. Letting § — 1 it follows
that g > 1LY, as well as (28). O

v

For the I' — lim sup inequality, we will use precisely the approximating sequence .
proposed in Theorem 3.4 for a given . On the other hand, if v is a probability measure
concentrated in 3, it is not hard to construct a sequence of absolutely continuous measures
approximating it, it suffices to take a mollification with a smooth kernel. With this
construction, we have already proven that AT, (p:) converges to 5#1(X), the only work
that is left is to check that the terms C.(.) and e~ [ ¢.dv. converge to 0.

Theorem 3.9 (A recovery sequence). Suppose that Q) satisfies Hypothesis (H1) and that
s > 1. Then, for any closed ¥ C Q such that 7#(X) < oo and v € P(X), there erists a
family (e, ve) 5o C (1+ Wy () X Pae(Q) such that

L2(Q) * * .
(39) e —— 1, ve ——v, U % ALY, il_I}r(l]ATp(gOa‘) =(%)

e—0 ’ e—0
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and
1
(40) Ce(pe) =0, foralle >0 and g/ wdv. ﬁ 0.
Q €

Proof. Following the construction Thm. 3.4, it suffices to consider ¥ C int €2, otherwise we
exploit the star-shape property of Q to find a sequence %,, C int 2 such that %, ——

n—o0
A1 LY and perform a diagonal extraction argument with the familes of phase fields

approximating ¥, to obtain the desired result for X.

Assuming ¥ C int €2, we recall the following notation from the proof of Thm. 3.4:
dy(x) e dist(z, X) so that X, = {r e Q:ds(z) <r}.

Let f, be the optimal profile from Prop. 3.1. If 1 — f, has compact support, the recovery
sequence (¢:),~ is then defined as in Theorem 3.4 as

(41) prlo) ' gy (0,

where b. will be chosen shortly. If f, reaches 1 only asymptotically, we can replace f,
with a suitable f,. that attains 1 in finite time. Either way, we have from Thm. 3.4

we €14 ng P(Q). Since f, is increasing and continuous, we have that
(42) {pe < 26"} = {ds(-) < b +ef, (26" } = {dn() < 2%}

for b, < 2% — ¢ Iy 1(2e%). From the Hélder continuity of f,, be > 0 for € small enough
and b, = o(e).

L*(Q)

€

It follows from Thm. 3.4 that ¢, —0> 1, its corresponding family of diffuse transition
—

measures is such that g —L; ALY and lin%) AT p(pe,ve) = 21 (X). For the family
E— E—r
(Ve)osp let (nt),( be a sequence of mollifiers 7, = t=p (:), with n supported at the unitary

ball and set v. def- Ne. *x v, for ¢. small enough so that

fp(cf_bff) <e?and 0 < e, —b. — 0.

£ e—0

It then holds that v, —*—OA v, see [4, Thm. 2.2], and supp v, C 3.
e—

To finish the proof, it only remains to show (40). First notice that as v, is concentrated
in ¥._, it holds that

1 1 d —-b 1 —b
g/ Spsdl/g_ge/fp( E(xi 8>dVaS€£fp (CE €> SSE—>O.
Q Q

e e—0

To compute the term C.(¢:), observe that, from the connectedness of ¥, the set {p. <
2e°} is connected. Given any two points in {¢. < 2e%}, we project each one onto X, since
Y is itself connected, we can find a path in ¥ connecting the projections. From (42),
the union of these three arcs forms a path inside {p. < 2¢°} connecting the two original
points. Since inside this level set F. o p. = 0 by construction, for any two points x,y in
this level set, we conclude that d¥=°?=(z,y) = 0. Since the connectedness functional can
be written as

Ce(ipe) = Be(@a(m))ﬁe<@s(y))d&o% (z,y)dzdy,

/{@ES%S}X{@ES%‘S}
one has C.(¢:) = 0 for all € > 0. O
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4. THE I'-CONVERGENCE: APPROXIMATION OF (ADM) anD (W#1)

In this section we finally profit from the general analysis done previously to study
the problems we were interested in the first place. We first use the properties of the
connectedness functional proved in Lemma 3.6 to show existence of minimizers to the

phase-field approximations AD. and WH!., defined in the introduction in (5) and (6),
and proceed to the proof of our main Theorems 1.1 and 1.2.

Theorem 4.1. For e > 0 fized, both functional AD. and WHL admit minimizers.
Proof. First notice that both

inf AD.(v,p) and inf WH(a,v,p)
() (avyp)

are finite. This can be seen by considering for instance the recovery sequence from Thm. 3.9
of a segment contained in 2. Now we can apply the direct method of the calculus of
variations to both functionals.

Starting with AD., let (vn,¥n),cy be a minimizing sequence. Since the infimum of
AD:. is finite, it follows that

sup AT p(¢n) < +00,
neN

and hence ¢, is bounded in WP(Q). From Morrey’s inequality this sequence is equi-
continuous, and it can be taken to be uniformly bounded since the energy can be reduced
by thresholding them with the constant 1. From Ascoli-Arzela, it converges uniformly
and in W1P(Q), up to a subsequence, to some . Similarly, using Banach-Alaoglu we can
extract a subsequence such that v, converges weakly to some measure v. We than have
that

WP(po,v) = nh_)ngo Wo(po,v), from the weak continuity of W,
AT p(p) < liminf AT, (¢n), from the weak convergence in W1P(Q)
n—oo
Ce(v) = nh—>r%o Ce(v), since C. is C? for uniform convergence, Lemma 3.6
/ edv = lim [ ¢pduy,, since v, — in Z(Q) and ¢,, — ¢ uniformly.
[¢) n—oo JO)

From the fact that (v, ¢,) is a minimizing sequence, it follows that (v, ) attains the
infimum of AD..

For WH!, a for a minimizing (Qns Vny @n) ey
case, we can assume up to a subsequence that

a similar argument from the previous

ap ——
n—oo

Up —— 1, weakly in L?(Q2) and 22(12)
n—o0

Pn =P weakly in W1P(€) and uniformly.

And the same continuity and lower semi-continuity property let us conclude that («, v, ¢)
is optimal. ]

4.1. Proof of I'-convergence for average distance minimizers. Now we are in po-
sition to prove the I'-convergence result for the average distance minimizers problem as
direct consequence of Theorems 3.8 and 3.9.
L2(Q
Proof of Theorem 1.1: Starting with the I'=lim inf, let (¢¢, v:),- o such that ¢, —(—)>

e—0

@ and v, —*—0—\ v. Suppose w.l.o.g. that liminf. o AD.(pe, ) < co. Up to taking a sub-
e—
sequence attaining the lim inf, it holds that
F.(pe,ve) < C forall e > 0.

Once again up to subsequences, it follows from Theorem (3.8) that ¢ = 1 and there
exists a countably .7 '-rectifiable set ¥ such that suppr C X. In particular, this implies
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that the Steiner tree connecting supp v exists and has a finite length, [33], since we have
that 7 (suppv) < #1(X). From the lower semi-continuity of the Wasserstein distance
w.r.t. weak convergence and the previous properties it holds that

Wi (po,v) + A (suppv) < We(po,v) + A () < liminf (We(po, v2) + AAT(¢2) )
< liminf AD.(¢¢, ve).
e—0

For the I' — lim sup, for some v € £(12), suppose that 7 (suppv) < +o0, otherwise
there is nothing to prove. This implies that there exists a Steiner tree S(supp v) attaining
the infimum 7 (supp v) with finite length and is hence a countably #!-rectifiable set.
We can then use the recovery sequence proposed in Theorem 3.9 with ¥ = S(suppv).
As we are in a bounded domain, the Wasserstein distance is continuous for the weak
convergence of measures and it holds that

AD:(pe, ve) = W;(pm ve) + AAT p(02) E’_j(? Wg(POa v) + A%“ﬂsl(supp V).
To finish the proof we verify that

mzin (ADM) = min AD.

()

Let 3 and v be minimizers of (ADM) and AD, respectively, whereas let S(suppv) and
7y denote a Steiner tree of supp v and a measurable selection of the projection operator
onto X. It holds that

min (ADM) < /Q dist(z, S(supp v))?dpo () + A (supp v)

= / dist(z, supp v)?dpo () + A (supp v)
Q

< Wl(po,v) + A4 (suppv) = min AD

< Wi(po, (ms)4p0) + A (E)

_ /Q dist(z, £)?dpo(z) + AL (E) = min (ADM).

It is then clear that if there is v optimal for AD then S(suppv) is optimal for (ADM)
and similarly, if is 3 optimal for (ADM) then (7s),p0 is optimal for AD. Let us prove the
converse of these propositions.

If v is optimal and cannot be written this way, then ¥ = S(suppv) is a minimizer

and W{(po,v) > / dist(z, 33)dpo, otherwise it would follow necessarily that v = (7s),p0,
Q

hence

AD(,p=1) > / dist(z, £)%dpy + A (S) > min AD
Q

which contradicts the minimality of v.

Similarly suppose that ¥ is optimal and cannot be written as the Steiner tree of the
support of any minimizer v. We know that v/ = (Wz)ﬁpo is a minimizer whose support is
contained in X, so

min (ADM) = W(po, V') + AA#(E) > W(po, V') + AH (supp ') > min AD,

contradicting the minimality of X. |
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4.2. Proof of I'-convergence for (W #1). Now we move on to the I'-convergence result
for the problem (W #1). We shall use two results from the theory developed for this
problem in [15]. Recall that the relaxed problem is stated in terms of the length functional
defined as

def. .

(43) L(v) = inf {a >0:av> " Lsupp V} ,

which is the Ls.c. relaxation of the functional vs; — J#1(X) if vy is the probability measure
uniformly distributed over a connected set 3, i.e. vy = %% 'L ¥ and +oo otherwise.
The first lemma we shall introduce is an approximation result for measures v such that
L(v) < 400, which is the crucial result in order to understand (W.#1) as the relaxation
of (W),

Lemma 4.2 ([15]). Let v € P(Q2) such that L(v) < oo, there exists a sequence of con-
nected sets (X,),,cy such that

o ¥ M5 and ANE,) —— L(v);
n—oo 1 n—oo
def. 1

e vVy, = 7%1(271)% LG T—wo V.

As we have discussed, our I'-convergence result actually approximates the relaxed prob-
lem (W#1) instead of (W.#1), but we cannot expect anything better since the cor-
responding energy of the original problem is not l.s.c. and I'-limits are always l.s.c. [6].
However, under certain conditions, the minimizers of the relaxed problem are known to
be minimizers of the original problem, this is the content of the following result.

Lemma 4.3 ([15]). Let Q C RY be a compact and convex domain with non-empty interior,
for any po € 2(Q) that does not charge S -rectifiable sets, any minimizer of (W 1) is
uniformly distributed, and hence its support solves (W #1).

Proof of Theorem 1.2: Let us start with the I'—lim inf inequality. Consider (g, v, ;) —
e—

(a,v, ) in the product topology of R, weak convergence of measures and strong L?(Q)
convergence. Up to extracting a subsequence in €, we can suppose w.l.o.g. that there is a
constant C' > 0 such that W’Hg (ae, Ve, ) < C, otherwise there is nothing to prove. This
can be done by first assuming the liminf is finite and taking a subsequence attaining it.
Clearly from the continuity of the Wasserstein distance, it holds that

Wg(ﬂo, Ve) + Ace E) Wg(po, V) + Aa,

hence to conclude, we must verify the constraints ¢ = 1 and av > J#' _supp v, where
supp v is connected.
Recalling that p. is the diffuse transition measure defined at (7) with the function .,

notice that
|oeve — MaHM(Q) = [Jaeve — ,U«eHLl(Q) < ‘Q|1/2 |aeve — Na”LQ(Q) < (C‘Q|€)1/2'

Therefore, a.v; — e converge to 0 strongly, and hence . —% av. It also holds that
E—

AT p(pe) = 1e(Q) < [laeve = pell 1) + llaevel i) < ae + (Cl19le)'/?,
so we can find another constant C’ > 0 such that

1 1
F.(pe,ve) = AT () + 6705(905) + ?/ pedv, < ¢’ for all € > 0.
Q

From Theorem (3.8), the sequence . converges strongly in L?(f2) to the constant 1, and
there is a connected, countably #'-rectifiable set ¥ such that suppr C ¥ C supppu
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and = av > 'L . Hence, since p = av and av > ' L suppr we have that
suppv = X = supp ¢ and « > L(v), implying

Wi(po,v) + AL(v) < Wilpo,v) + Aa < lim in (We(po, ve) + Aev.)
< lim inf WH (o, ve, 2.
e—0

Moving on to the construction of the recovery sequence, our strategy is to combine
Lemma 4.2 with the fact that the diffuse transition measures p. related to the recovery
sequence from Theorem (3.9) converge to uniform measures of the form L 3.

Given av > 7' L suppv such that v is a probability measure, supp v is connected
and 0 < a = L(v) < 400, since if « = L(v) = 0 then v is concentrated in a single
point. For clarity of notation set 3 = suppv and let X, be the approximating sequence
from Lemma (4.2). For each n € N, construct the recovery sequence (¢nc).., from
Theorem (3.9), built from the set ¥,,. From the construction, C:(¢p) = 0 and it holds
that

Hn e LY, forallneN,

e—0
where p, . is the diffuse transition measure associated with ¢, .. Define

Qe def- pin,e(Q) and vy, o el ia,un,g € 2(Q),
so that |
i B = i (%) = o
i Ty v = Jity 5 LT =

With a diagonal argument, we select a decreasing sequence €, — 0 such that
Cen(Pnen) = llone,Vne, — ,Un,anL2(Q) =0and ape,; Vne, = a,v.

Our recovery sequence is then defined as
def. .
(045, Ve, SDE) = (an,sna Un,ens ‘;On,sn) if en <e<éEp-1,
so the continuity of the Wasserstein distance yields
W/H;(aév Ve, 906) a.—>.0—> Wg(va V) + A‘C(V)a

and the result follows.

The fact that, whenever py does not charge 1-dimensional sets, cluster points of mini-
mizers of W’H; converge to a measure vy, where ¥ minimizes the original problem (W .#1)
follows from the fundamental property of I'-convergence and the fact that under these con-
ditions, from Lemma 4.3, minimizers of the relaxed problem are induced from minimizers
of the original. [}

5. CONCLUSION

In this paper we have discussed a general approach to define phase-field approximations
for the Wasserstein-.##! problem as well as the average distance minimizers problem, the
key ingredients being the interplay between the Ambrosio-Tortorelli functional A7, and
the connectivity functional C; in the general Thm. 3.8 and the approximation properties of
the diffuse transition measures in the weak topology from Thm. 3.4. These results can be
easily applied to other approximation schemes. One example that would not be as simple
is the general Monge-Kantorovitch model proposed in [14] since the network X appears
in the definition of a metric that is used inside an optimization problem, a 1-Wasserstein
distance.
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Many questions are left unanswered, on the theoretical side, recalling that the original
model of Modica and Mortola was motivated by the Cahn-Hillard equations, one could
ask if there is a connection between a modified model with a p-Laplacian and a suitable
family of p-elliptic functionals as A7, employed in the present work. Also inspired on
previous phase-field models, one could ask if optimal or almost optimal phase-fields enjoy
some sort of equipartition of energy. We forced this to be the case in the recovery sequence
constructed in Thm. 3.4, but it might be a more general phenomenon.

Numerical implementations of the approximations will be investigated in future work
and might serve as a source of conjectures for theoretical questions and qualitative prop-
erties about both the Wasserstein-.#! and the average distance minimization problems.
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