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We investigate the physical-space locality of interactions in three-dimensional in-
compressible turbulent flow. To that, we modify the nonlinear terms of the vorticity
equation such that the vorticity field is advected and stretched by the locally induced
velocity. This space-local velocity field is defined by the truncated Biot–Savart law, where
only the neighboring vorticity field in a sphere of radius R is integrated. We conduct direct
numerical simulations of the space-local system to investigate its statistics in the inertial
range. We observe a standard E (k) ∝ k−5/3 scaling of the energy spectrum associated with
an energy cascade for scales smaller than the space-local domain size k � R−1. This result
is consistent with the assumption [Kolmogorov, Dokl. Akad. Nauk SSSR 30, 299 (1941)]
made for the space locality of the nonlinear interactions. The enstrophy amplification is
suppressed for larger scales k � R−1, and for these scales, the system exhibits a scaling
consistent with a conservative enstrophy cascade.

DOI: 10.1103/PhysRevFluids.9.014603

I. INTRODUCTION

Kolmogorov postulated that in turbulent flows at large Reynolds numbers, universal statistics
should emerge at scales sufficiently smaller than the scale determined by boundary conditions
and larger than the dissipative scales [1]. The origin of this universality is the scale locality of
the nonlinear interactions. It is a common concept in the turbulence community, as Frisch [2, p.
104] states in a footnote, that “In turbulence, ‘local’ and ‘localness’ usually refer to scales, not to
positions as in other areas of physics.”

The concept of scale locality states that the collective effect of nonlinear interactions in-
volving disparate length scales is weak compared to that of comparable length scales. In fact,
Kolmogorov developed his theory in physical space; he assumed that when turbulence is locally
homogeneous, isotropic, and stationary in a sufficiently small domain far from the boundaries,
the system should exhibit universal statistics. If we restrict the analysis to a small subdomain,
then interactions are implicitly assumed to be local in space. Indeed, vortices separated be-
yond an appropriately defined correlation length are not expected to interact strongly. However,
this property has received little attention compared to the concept of scale locality. For a con-
cise review, see Secs. 1.3.5 and 6.2.2 in Tsinober [3]. How do spatially local and nonlocal
nonlinear interactions contribute to the small-scale universality of turbulence? In other words,
how is space locality related to scale locality? How important are interactions between nearby
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vortices of different sizes compared to those between vortices of similar scales but far away? The
present study considers these research questions in three-dimensional incompressible Navier–Stokes
turbulence.

The physical-space locality of the energy flux was first considered by Kraichnan [4]. Since
then, several formulations of the space-local energy flux have been proposed; Meneveau employed
wavelets [5] and a Lagrangian correlation framework to locally track the energy flux in space
[6]. Eyink used a refined similarity hypothesis involving a spatial length scale [7], and developed
a multiscale gradient expansion, which decomposes the turbulent stress tensor into multiscale
and multiorder spatial derivatives [8–10]. Tsinober discussed spatially concentrated vorticity and
its nonlocal interactions with background turbulence [11]. “Five-dimensional” (three-dimensional
space, scale, and time) analysis of the energy cascade revealed an emergence and disappearance of
fluid structures within the larger- and smaller-scale structures, respectively [12]. Doan et al. [13]
investigated the scale-local energy cascade in terms of vortex stretching in real space. More recent
work found a power-law correlation between the filtered strain rate and the space-local energy flux
[14]. In Vela-Martín and Jiménez [15], the irreversibility of turbulence and preference for direct
energy cascade is discussed, together with its space-local property. We note that these questions are
not only of fundamental importance but are also relevant to turbulence modeling, particularly in
refining subgrid scale models [16].

The pressure and its Hessian are also important quantities to describe the physical-space nonlo-
cality of turbulence [17]. Several investigations report its role in decaying turbulence [18], relation
with finite time blow-up [19,20], rotation [21], and the role of local and nonlocal contributions to
the influence of the pressure Hessian [22].

Hamlington et al. proposed a space-local and nonlocal decomposition of the velocity field to
investigate the alignment between the vorticity and the eigenvectors of the strain-rate tensor [23–25].
Later, Buaria et al. used the same decomposition and observed self-attenuation of intense vorticity
due to the locally induced strain rate [26,27].

In the present study, we investigate the physical-space locality of three-dimensional turbulence.
To this end, we employ the decomposition proposed by Hamlington et al. [23]; we define the
space-local velocity field by truncating the integral in the Biot–Savart law at radius R so that the
velocity field is induced only by the nearby vorticity field. Instead of the postprocess analysis of
the turbulence dataset as done in these studies, we conduct DNS of the modified Navier–Stokes
equations in which the space-local velocity defines the nonlinear term. This space-local system
simulates a flow with restricted nonlinear interactions, and its behavior is qualitatively different
from the postprocess analysis of the original Navier–Stokes system.

We anticipate here the results that are obtained in the following. In the inertial range k f �
k � kη> , where k f and kη> are the forcing wave number and the Kolmogorov wave number
defined by the high-pass filtered energy dissipation rate [Eq. (18)], respectively, we observe two
regimes. In the scales smaller than the length scale of the space-local domain 2π/R � k � kη> ,
an E (k) ∝ k−5/3 scaling of the energy spectrum is observed. In the larger scales k f � k � 2π/R,
the enstrophy amplification is suppressed, and the system has a conservative enstrophy cascade in
the asymptotic limit of R ↘ 0. This asymptotic behavior reminds us of turbulence without vortex
stretching [28,29] with E (k) ∝ k−3 scaling. These observations indicate that (i) the turbulent energy
cascade is sustained by space-local nonlinear interactions and (ii) the absence of spatially nonlocal
nonlinearity suppresses large-scale enstrophy amplification, resulting in a conservative enstrophy
cascade in the asymptotic limit.

The paper is constructed as follows. In Sec. II B, we discuss the physical space locality of
the Navier–Stokes equations and define its variant: the space-local Navier–Stokes equations with
restricted nonlinearity in a space-local sense. In Sec. III, we show results of DNS of the space-local
Navier–Stokes equations. We investigate two different scaling regimes of the energy spectrum
for larger and smaller than the space-local domain size, respectively. Using the enstrophy budget
equation, we develop a theoretical argument explaining the alternative scaling of the large scales.
We conclude the study in Sec. IV with several perspectives for future investigations.
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II. SPACE-LOCAL NAVIER–STOKES EQUATIONS

A. Space locality of the vorticity equation and space-local velocity field

We consider the curl of the incompressible three-dimensional Navier–Stokes equations,

∂ω

∂t
+ u ·∇ω = ω ·∇u + ν∇2ω + ∇ × f , (1)

where u and ω ≡ ∇ × u are the velocity and vorticity fields, respectively. The forcing field is
denoted by f , and the kinematic viscosity ν is the control parameter of the system. The velocity
can be obtained from the vorticity by the Biot–Savart law,

u(x) = 1

4π

∫
�

ω(x′) × (x − x′)
|x − x′|3 d3x′, (2)

where � denotes the entire flow domain or the R3 space. This equation illustrates the spatially
nonlocal relation between the velocity and vorticity fields. The temporal evolution of vorticity at a
given point is described by the advection and stretching due to the velocity induced by the whole
vorticity field, along with viscous damping and forcing.

Here we define the space-local velocity field,

uL(x) ≡ 1

4π

∫
r�R

ω(x′) × (x − x′)
|x − x′|3 d3x′, (3)

where r ≡ |x − x′|. Equation (3) involves truncation of the spatial integral of the Biot–Savart law
(2) at a sphere of radius R centered at x. Its counterpart is the space-nonlocal velocity field

uNL(x) ≡ 1

4π

∫
r>R

ω(x′) × (x − x′)
|x − x′|3 d3x′, (4)

and we have indeed u = uL + uNL. Expression (3) was first proposed to investigate the alignment
between the vorticity vector and the eigenvectors of the strain-rate tensor [23–25]. Recently, an
alternative expression of (3) in Fourier space was proposed [26]:

uL(k) ≡ [1 − B(kR)]u(k), (5)

B(kR) = 3[sin(kR) − (kR) cos(kR)]

(kR)3
, (6)

where u(k) denotes the Fourier transform of u(x), with k the wave vector and k = |k|.

B. Space-local Navier–Stokes equations

Using the space-local velocity field (3)–(6), we here define the modified Navier–Stokes
equations with restricted nonlinearity in the space-local sense. The space-local vorticity equation be-
comes

∂ω

∂t
+ uL ·∇ω = ω ·∇uL + ν∇2ω + ∇ × f , (7)

where the velocity u in the nonlinear terms is substituted by the space-local one uL. This equation is
space-locally closed, as the evolution of ω at point x is described by uL, locally determined in the
sphere of radius R centered at x.

We here examine the basic properties of (7). First, we remark that the space-local system remains
incompressible; namely ∇ · u = 0. Here u is governed by the space-local Navier–Stokes equations,

∂u
∂t

= −ω × uL − ∇
(

p + u2

2

)
+ ν∇2u + f , (8)
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corresponding to (7). The incompressibility of u immediately follows from that of the space-local
velocity field,

∇ · uL = 0 ↔ ik ju
L
j = i[1 − B(kR)]k ju j = 0. (9)

Second, the space-local system violates the Galilean invariance of the original Navier–Stokes
equations. It follows from the property of the space-local filter function (6),

lim
k↘0

[1 − B(kR)] = 0, (10)

stating that the k = 0 mode flow is purely nonlocal and is eliminated by filtering.
Third, by taking the inner product of (8) and u and integrating over space, we obtain the energy

equation,

dE

dt
= P − εNL − ε, (11)

where

E ≡ 1

2

∫
u2d3x, P ≡

∫
f · ud3x, ε ≡ ν

∫
(∇u)2d3x, (12)

and

εNL ≡
∫

[ω × uL] · ud3x. (13)

Here, and in the following,
∫

d3x denotes an integral over R3. In our simulations, this integral is
evaluated as an integral over the periodic numerical domain. The additional term εNL is associated
with the spatially nonlocal contributions of the nonlinear term. It disappears in the R ↗ ∞ limit,
since

lim
R↗∞

εNL =
∫

[ω × u] · ud3x = 0. (14)

III. SPACE-LOCAL NAVIER–STOKES TURBULENCE

A. DNS of the space-local Navier–Stokes equations

We conduct DNS of the space-local Navier–Stokes equations (8) in a triply periodic cube of
size 2π . See Appendix A for the numerical implementation of the space-local nonlinear term.
Throughout this paper, we report results obtained using the three-dimensional Taylor-Green forcing,

f =

⎛
⎜⎝

− f0 sin x cos y cos z

+ f0 cos x sin y cos z

0

⎞
⎟⎠, (15)

with the forcing coefficient f0 = 1. See Fig. 5(a) for a visualization of the large-scale spherical
structures generated by (15). We define the characteristic length scale,

L f ≡ 2π/|k f | = 2π/
√

3, (16)

and the characteristic timescale,

Tf = 1/
√|k f | f0 = 1/

4
√

3, (17)

of the forcing, respectively. Here k f ≡ (±1,±1,±1)ᵀ denotes the forced wave vector where the
superscript ᵀ denotes the matrix transpose.

First, we conduct a DNS of developed turbulent flow governed by the original Navier–Stokes
equations. See Fig. 5(b) for the visualization of the vortical structures. Table I summarizes the DNS
setting and the statistical quantities.
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TABLE I. DNS setting and statistical quantities of the DNS of the original Navier–Stokes equations. The
parameters are the resolution of computational domain N and kinematic viscosity ν. The statistical quantities
are evaluated by time average of the fluctuating isotropic RMS velocity u′(t ) ≡ √

2K ′(t )/3, which is defined by
the fluctuating energy K ′(t ) ≡ 〈u′

iu
′
i〉/2 where 〈 · 〉 denotes the spatial average and u′

i(x, t ) denotes the temporal
fluctuating velocity field; the Taylor microscale λ(t ) ≡ u′(t )

√
15ν/ε(t ), where the energy dissipation rate is

evaluated by ε(t ) = ν〈ωiωi〉; the Taylor-length Reynolds number Reλ(t ) ≡ u′(t )λ(t )/ν; the simulation time in
the statistically steady state Ttotal as a function of Tf (17).

N ν u′ λ ε kmaxη Reλ Ttotal/Tf

512 6 × 10−4 0.783 0.113 0.433 1.14 147 81.6

Then, we launch the DNS of flow governed by the space-local Navier–Stokes equations from a
snapshot of this developed turbulent flow. Figure 1(a) shows the temporal evolution of the energy
spectrum E (k) of turbulence with R = 0.2L f . At first, energy accumulates at k = k f , and the small
scales (k � k f ) become less energetic. These changes are due to the sudden reduction of the energy
cascade. Another interesting observation is an eventual accumulation of energy in scales larger than
the forcing (k < k f ), suggesting a possible inverse energy cascade. However, since a further analysis
of this property requires a sufficient scale separation between the system size and the forcing scale,
we focus on the smaller-scale (k > k f ) scaling regime, which seems to consist of three ranges: a
range with the energy spectrum with a power law steeper than k−5/3, an E (k) ∝ k−5/3 scaling range
associated with the Kolmogorov similarity, and a dissipation range. See Appendix B for more DNS
details, including the time series and visualization. In the next two subsections, we focus on the first
two scaling regimes.

B. E(k) ∝ k−5/3 scaling for scales smaller than the space-local filter size

To investigate the R dependence of these regimes, we plot the instantaneous energy spectrum at
different values of R in Fig. 1(b). The flows are evaluated after the transient when the energy cascade

FIG. 1. (a) Time evolution of energy spectrum E (k, t ) of space-local Navier–Stokes turbulence at R =
0.2Lf . Time evolves from dark to light colors with an interval of 5Tf up to 70Tf . The thick gray curve represents
the time-averaged energy spectrum of the original Navier–Stokes turbulence. (b) Normalized instantaneous
energy spectrum E (k) at different values of R. Normalization is performed by the high-pass filtered energy
dissipation rate ε> (18) and the corresponding Kolmogorov length scale η> (19). Vertical dashed lines
denote 2π/R normalized by the Kolmogorov length of the original turbulence. The darker (lighter) color
represents smaller (larger) values of R: R/Lf = 0.1, 0.2, 0.4, 0.6, 0.8, 1, and the lightest color represents the
original turbulence. For both panels, the red dashed and black dotted lines denote the k−5/3 and k−3 scalings,
respectively.
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adapts to the truncation of the nonlinear interactions. See Fig. 6 for an alternative definition of the
statistically steady state. We use the same snapshots in the remainder of this article. In Fig. 1(b), the
spectra are normalized by the high-pass filtered energy dissipation rate,

ε> ≡ 2ν

∫ ∞

2π/R
k2E (k) dk, (18)

for which we remove the contributions from the direct energy dissipation in wave-number range
k < 2π/R without energy cascade. Accordingly, the modified Kolmogorov length,

η> ≡ (ν3/ε>)1/4, (19)

is used to normalize the wave number.
In the small scales 2π/R � k, the normalized energy spectra collapse onto the Kolmogorov

spectrum. We also observe that E (k) ∝ k−5/3 law in 2π/R � k � kη> (= 2π/η>) is robust. Here
2π/R is the wave number corresponding to the space-local domain of radius R. This result indicates
that the system with only spatially local nonlinear interactions (parametrized by R) can sustain an
energy cascade in scales smaller than R.

We stress the nontriviality of this result; the space-local structures in physical space within a
sphere of radius R are not equivalent to the small-scale structures in Fourier space for k � 2π/R.
Similarly, the space-local domain of radius R contains (partial) information of all the Fourier modes,
not only k � 2π/R. Thus, there is no one-to-one correspondence between the space-local and the
small-scale structures. Overall, Fig. 1(b) confirms that the observations are consistent with the
original space-local assumption in Kolmogorov [1].

Here we note that we investigate the range of 0.1 � R/L f � 1. Since L f > π with the current
forcing configuration (15), the largest space-local domain exceeds the computational domain of
(2π )3 and we cannot correctly calculate the distance r. However, its effect is rather small in
Fig. 1(b). In this sense, we state that the numerical results show the convergence of the space-local
Navier–Stokes turbulence to the original Navier–Stokes turbulence in the R ↗ ∞ limit.

C. Enstrophy-conserving scaling in scales larger than the space-local filter size

To understand the steeper scaling of the spectrum in k f � k � 2π/R, we investigate the
enstrophy balance in space-local Navier–Stokes turbulence. We consider the large-scale enstrophy
budget equation,

∂

∂t

∫ k

0
p2E (p)d p + Πω(k) = V <

ω (k) − ε<
ω (k) +

∫ k

0
Fω(p)d p, (20)

of the Navier–Stokes equations. In three-dimensional isotropic turbulence, there is a balance be-
tween the cumulative enstrophy amplification V <

ω (k) and the enstrophy flux Πω(k) in the inertial
range [30,31]. These terms correspond to the vortex stretching and advection terms of the vorticity
equation (7). For the definition, derivation, and scaling of (20), see Appendix C.

Figure 2 shows the ratio V <
ω (k)/Πω(k) between the cumulative enstrophy amplification rate

V <
ω (k) and the enstrophy flux Πω(k). These two terms are balanced in the inertial range of the

unmodified Navier–Stokes turbulence (corresponding to the R ↗ ∞ limit), and V <
ω (k)/Πω(k)

should thus be unity. See also Fig. 8. In space-local Navier–Stokes turbulence, the ratio becomes
considerably smaller than unity for k f � k � 2π/R as R ↘ 0, which is, as we will argue now,
associated with the suppression of enstrophy amplification.

We consider the global enstrophy amplification rate,

Vω =
〈
ωi

∂uL
i (x)

∂x j
ω j

〉
=

〈
ωiω j

∂

∂x j
F−1

[
uL

i (k)
]〉

, (21)

of space-local Navier–Stokes turbulence. Here F−1[ · ] and 〈 · 〉 denote the inverse Fourier transform
and the spatial average, respectively. In the limit of kR � 1, a Taylor expansion of the space-local
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FIG. 2. Ratio of cumulative enstrophy amplification V <
ω (k) and enstrophy flux Πω(k). The horizontal

dashed line denotes V <
ω (k) = Πω(k). The same colormap and the vertical dashed lines are employed as in

Fig. 1(b).

filter function (6) yields

1 − B(kR) ≈ (kR)2

10
+ O((kR)3). (22)

Thus, in this limit, the total enstrophy amplification rate (21) scales as

Vω ≈ R2

10

〈
ωiω j

∂

∂x j
F−1[k2ui(k)]

〉
for kR � 1. (23)

This relation states that the enstrophy amplification at a given scale k is weakened by decreasing the
radius of the space-local domain R and is consistent with Fig. 2.

From these numerical and theoretical observations, we conjecture that space-local Navier–Stokes
turbulence is asymptotically equivalent to turbulence without vortex stretching [28,29] in the
kR � 1 limit. This system has intermediate properties between two- and three-dimensional Navier–
Stokes turbulence, as enstrophy and helicity are conserved in the inviscid limit. Note that the
nonlinearity of the two-dimensional Navier–Stokes equations conserves energy and enstrophy, while
the three-dimensional system conserves energy and helicity.

We numerically verify this speculation in Fig. 3. We first show the enstrophy flux Πω(k)
normalized by the enstrophy injection rate,

Pω ≡ 〈(∇ × f ) ·ω〉, (24)

in Fig. 3(a). The wave number is normalized by R so that the flux is horizontally shifted. Under
the space-local constraint, we observe shallower scaling in the large scales k � 2π/R, indicating a
constant enstrophy flux Πω(k) ∝ k0 in the asymptotic limit of R ↘ 0. Since there is no enstrophy
amplification in this limit, the magnitude of Πω(k) in this regime is of the order of the total enstrophy
injection Pω by the forcing (24).

In an enstrophy-conserving system, the energy spectrum exhibits an asymptotic scaling of
E (k) ∝ k−3, for example, see Fig. 1 in Bos [28]. Figure 3(b) shows the compensated energy
spectrum according to

E (k) ∼ P2/3
ω k−3, (25)

associated with the conservative enstrophy cascade picture. Although we do not observe a clear
plateau even for the smallest value of the R = 0.1L f snapshot, the large-scale behavior in R ↘ 0
limit does not disagree with a tendency to enstrophy conservation as discussed above. Plausibly, we
may observe clearer k−3 scaling with large-enough separation between k f and 2π/R, which would
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FIG. 3. (a) Enstrophy flux Πω(k) normalized by the enstrophy input rate Pω. The red dashed line denotes k2

scaling. (b) Compensated energy spectrum E (k) based on the scaling (25). For both panels, the wave number
is normalized by R so that different 2π/R collapse onto kR = 2π . Note that the spectrum of the original
turbulence is not shown, since it corresponds to the R ↗ ∞ limit. The horizontal dashed line denotes a plateau.
The same colormap is employed as in Fig. 1(b).

require much larger computational capacity. Furthermore, logarithmic corrections can also affect
this scaling [29,32].

IV. CONCLUSION

The scale locality of nonlinear interactions in three-dimensional turbulence has received con-
siderable attention in the turbulence community, unlike locality in physical space. The present
study aims to understand how spatially local and nonlocal nonlinear interactions contribute to the
small-scale universality of turbulence. To this end, we considered the space-local velocity field (3)
induced by the neighboring vorticity field in a spherical region of radius R around the considered
point in space. We use this velocity to define a variant of the vorticity equation (7) in which the
nonlinear term is determined in the space-local sense.

We conducted DNS of this space-local flow in a 2π -periodic box driven by the steady forcing
(15). The wave-number range of the energy spectrum E (k) of space-local Navier–Stokes turbulence
can be decomposed into the following regions: (i) a possible inversely energy cascading range
in k � k f , (ii) E (k) ∝ k−3 scaling range associated with a conservative enstrophy cascade in the
asymptotic limit of R ↘ 0 in k f � k � 2π/R, (iii) E (k) ∝ k−5/3 scaling range in 2π � k � kη> ,
and (iv) a dissipation range. Here k f , 2π/R, and kη> denote the characteristic wave numbers of
the forcing, physical-space locality, and dissipation, respectively. These regimes are schematically
summarized in Fig. 4.

When we focus on the inertial range k f � k � kη> [regions (ii) and (iii)], the space-local
Navier–Stokes equations consolidate the robustness of Kolmogorov similarity with energy cascade
in its small-scale part [regions (iii) and (iv)]. This finding suggests that the nonlinear interactions
of three-dimensional turbulence are local in physical space as well as in scale space. The physical-
space locality of the nonlinear interactions is consistent with Kolmogorov’s [1] hypothesis, where a
spatially local domain was considered. The large-scale part [region (ii)] behaves asymptotically as
turbulence without vortex stretching, which is explained by the suppressed enstrophy amplification
and exhibits a constant enstrophy flux. We note that this spectral shape with two (asymptotic) scaling
ranges is similar to the Nastrom–Gage spectrum of atmospheric turbulence [33], first reported in the
late 1960s [34]. In that case, the enstrophy-conserving range with the k−3 scaling corresponds to
close to two-dimensional turbulence, while the k−5/3 scaling is recovered in the small scales.

Extensive investigations with higher resolution and wider scaling range between k f and 2π/R
are needed to confirm the E (k) ∝ k−3 scaling and its intersection with the E (k) ∝ k−5/3 scaling.
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FIG. 4. A schematic of the energy spectrum associated with space-local Navier–Stokes turbulence. Dashed
arrows denote k−3 (plus logarithmic correction) and k−5/3 scaling, respectively. Vertical dash-dotted lines
denote the forcing wave number k f , the intersecting wave number k∗ of the two scalings, and the Kolmogorov
wave number kη> , respectively. Annotations (i)–(iv) correspond to different scaling regions divided by the
characteristic wave numbers.

Furthermore, the nature of a possible inverse cascade of the injected energy with small finite values
of R, as in Fig. 1(b), is not investigated in the current study. Indeed, three-dimensional turbulence can
exhibit inverse cascades if the nonlinear term is modified [29,35,36]. An alternative configuration
with a much larger scale separation between the system size and the forcing would make it possible
to investigate the behavior of the system in the k � k f regime. Two-dimensional space-local
turbulence may exhibit qualitatively different properties compared to the three-dimensional case
since the two-dimensional Navier–Stokes equations are governed by long-range (spatially nonlocal)
interactions. Recent investigations show that space locality is important in the dynamics of the
large-scale condensation in two-dimensional turbulence [37].

ACKNOWLEDGMENTS

R.A. thanks Dr. Remi Zamansky for his insightful comments, which helped us to develop
the discussion in Sec. II B. R.A. also thanks Dr. Genta Kawahara, Dr. Kosuke Osawa, and Dr.
Tomohiro Tanogami for their comments and discussions. R.A. and W.B. appreciate the discussion
with Dr. Alain Pumir. R.A. and S.G. appreciate the discussion with Dr. Tsuyoshi Yoneda. All DNS
calculations were conducted in the facilities of the PMCS2I (École Centrale de Lyon). R.A. is
supported by the Takenaka Scholarship Foundation.

APPENDIX A: NUMERICAL EVALUATION OF THE SPACE-LOCAL NONLINEAR TERM

This Appendix presents the numerical implementation of the space-local nonlinear term. The
space-local vorticity equation reads, without forcing and damping,

∂ω(x)

∂t
= −∇ × (ω × uL)(x), (A1)
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FIG. 5. (a) Positive (red) and negative (blue) isosurfaces of the x component of the forcing field, fx =
±0.5. See (15) for the definition. (b) An instantaneous snapshot of vortical structures. Isosurfaces of vorticity
magnitude in low-pass filtered |ω<| = 4 for k � 3 (red), band-pass filtered |ω≶| = 6 for 3 < k � 6 (yellow),
and original |ω| = 100 (blue) are shown. Low-pass and band-pass filtering are applied in the Fourier-space
velocity field.

and its Fourier transform is

∂ω(k)

∂t
= −ik × (ω × uL)(k). (A2)

We can retrieve the Euler equations by uncurling (A2) as

∂u
∂t

= − ik
k2

× [ik × (ω × uL)], (A3)

= −Pi j (ω × uL) j, (A4)

where Pi j = δi j − kik j/k2. Using this formulation, the space-local nonlinear term in the Fourier
domain can be computed using standard pseudospectral procedures.

APPENDIX B: TEMPORAL EVOLUTION OF SPACE-LOCAL NAVIER–STOKES TURBULENCE

This Appendix investigates the dynamics and structures in space-local Navier–Stokes turbulence.
Before this, we first look at those in original Navier–Stokes turbulence. Figure 5(a) visualizes
positive and negative isosurfaces of the x component of the forcing field (15). It consists of
large-scale spherical objects, which correspond to the vortical structures in the steady flow at
low Reynolds numbers as well as the largest vortices in turbulence at high Reynolds numbers.
Figure 5(b) shows the vortical structures in a snapshot of developed turbulence generated by the
original Navier–Stokes equations. The observations are consistent with higher Reynolds number
turbulence visualizations presented, for example, in Goto et al. [38].

Figure 6(a) shows the time series of P(t )/ε(t ), the ratio between input and dissipation rates of
energy. By switching the governing equation from original to space-local Navier–Stokes equations,
the energy input rate surpasses the energy dissipation rate due to the weakened nonlinearity and
energy cascade. This transient regime appears as a peak in the time series. We observe a higher peak
for flows with smaller values of R because the nonlinearity is more suppressed for small R.

After the transient stage, the flow reaches a state where P(t )/ε(t ) seems to fluctuate around
a constant value which depends on R. It therefore differs from a statistically steady state of the
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FIG. 6. Time series of (a) energy input rate P(t ) normalized by the energy dissipation rate ε(t ) and (b) right-
hand side of the energy equation (11) of space-local Navier–Stokes turbulence at different values of R. For both
panels, time is normalized by Tf : the characteristic timescale of the forcing (17). The horizontal gray dashed
line in panel (b) denotes y = 0. See the caption of Fig. 1(b) for the parameter list for R corresponding to each
curve with a different color.

original Navier–Stokes turbulence, as there is no statistical balance between the injection and the
dissipation of energy: 〈P(t )〉t �= 〈ε(t )〉t . Here 〈 · 〉t denotes the time average. In Fig. 6(b), we plot
P(t ) − εNL(t ) − ε(t ), i.e., the right-hand side of the energy equation (11), to assess the temporal
evolution of the space-local Navier–Stokes turbulence. For the original Navier–Stokes turbulence,
we observe 〈P(t ) − εNL(t ) − ε(t )〉t = 0 with εNL = 0 (14). When the value of R is finite, we
still observe fluctuations around zero after the initial transient regime depicted in Fig. 6(a). This
observation indicates that space-local Navier–Stokes turbulence eventually establishes a statistically
steady state, as the three terms on the right-hand side of the energy equation (11) attain a statistical
balance and thus 〈dE (t )/dt〉t = 0.

We note that for the smallest value of R/L f = 0.1, we observe a large fluctuation amplitude
indicating a significant instantaneous imbalance between the three terms. However, since there are
both positive and negative values, we speculate that there is a statistical balance if long-enough time
series are considered. Unfortunately, due to the energy accumulation at large scales, long-enough
computation to evaluate the statistical convergence is beyond our computational capacity.

Figure 7 shows the vortical structures in space-local Navier–Stokes turbulence at R = 0.2L f and
R = 0.6L f . By comparing them with original Navier–Stokes turbulence in Fig. 5(b), we can see
that the space-local turbulence has much less fine-scale structures (in blue), even though smaller
thresholds are employed for the visualization. It supports our finding that the nonlinear interactions
and energy cascade are weakened due to the space-local restrictions in the nonlinear term.

Next, we compare the two panels of Fig. 7 with the same isosurface thresholds. For R = 0.2L f

in Fig. 7(a), there are distinctive large-scale structures (in red and yellow), while the small-scale
structures (in blue) are barely visible. This indicates that more energy remains at these large-scale
structures because less energy cascades towards the scales smaller than R. For R = 0.6L f in
Fig. 7(b), we do not observe the strong large-scale structures (in red), whereas the small-scale
structures are more active. This is also consistent with the picture that less energy is retained at large
scales as the energy cascade becomes more efficient for larger R because the space-local restrictions
become less significant. More quantitative arguments are developed in the main text in terms of the
energy spectrum shown in Fig. 1.

APPENDIX C: ENSTROPHY BALANCE AND ITS SCALING

This Appendix investigates the enstrophy balance scaling of the original Navier–Stokes turbu-
lence in Fourier space. We begin with the enstrophy balance equation

∂

∂t
k2E (k) = Tω(k) + Sω(k) − 2νk4E (k) + Fω(k), (C1)
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FIG. 7. Snapshots of vortical structures in space-local Navier–Stokes turbulence at (a) R = 0.2Lf and
(b) R = 0.6Lf , respectively. Isosurfaces of the magnitude of low-pass filtered vorticity |ω<| = 8 (red),
band-pass filtered one |ω≶| = 3 (yellow), and unfiltered one |ω| = 50 (blue) are shown. See the caption
of Fig. 5(b) for the filtering wave-number ranges. Note that we employ smaller thresholds compared to the
visualization of the original turbulent flow in Fig. 5(b), but they are common in panels (a) and (b). The gray
spherical domain illustrates the size of the locality parameter R at the center of the computational domain.

where k2E (k) denotes the enstrophy spectrum. There are two nonlinear terms, namely the enstrophy
amplification,

Sω(k) =
∫

(ω j∂ jui )(k)ω∗
i (k)d�k, (C2)

and the enstrophy transfer,

Tω(k) =
∫

−(u j∂ jωi )(k)ω∗
i (k)d�k, (C3)

associated with the stretching and advection term in the vorticity equation (7), respectively. Here,
· ∗ and

∫
d�k denote the complex conjugate and the integral over spherical shells of radius k,

respectively. The third term on the right-hand side denotes the enstrophy dissipation, and the fourth
term is the enstrophy injection,

Fω(k) =
∫

(εi jk∂ j fk )(k)ω∗
i (k)d�k . (C4)

The large-scale integral of (C1) defines the enstrophy budget equation,

∂

∂t

∫ k

0
p2E (p)d p + Πω(k) = V <

ω (k) − ε<
ω (k) +

∫ k

0
Fω(p)d p, (C5)

which is equivalent to (20). Figure 8 shows the three terms of (C5): the cumulative enstrophy
amplification,

V <
ω (k) =

∫ k

0
Sω(p)d p, (C6)
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FIG. 8. Three terms from the enstrophy budget equation (C5): enstrophy flux Πω(k), cumulative enstrophy
amplification V <

ω (k), and cumulative enstrophy dissipation rate εω(k). Each spectrum and the wave number
are normalized by the enstrophy dissipation rate ε<

ω = 2ν
∫ ∞

0 k4E (k)dk and the Kolmogorov length scale η,
respectively. Vertical solid and dashed lines denote k f and kη, respectively.

the enstrophy flux,

Πω(k) = −
∫ k

0
Tω(p)d p, (C7)

and the cumulative enstrophy dissipation,

ε<
ω (k) = 2ν

∫ k

0
p4E (p)d p. (C8)

In the inertial range k f � k � kη(= 2π/η), we observe a balanced scaling of

Πω(k) = V <
ω (k) ∝ k2, (C9)

associated with the plateau in the energy flux Π (k) ∝ k0 [30,31]. Given that T (k) ∝ −∂Π (k)/∂k,
where T (k) is the energy transfer, V <

ω (k) and Πω(k) can be expressed as

−k2 ∂Π

∂k
= − ∂

∂k
[k2Π (k)] + 2kΠ (k) = Tω(k) + V <

ω (k). (C10)

The inertial range of the enstrophy budget equation (C5), shown in Fig. 8, can be understood as
the scale-by-scale balance between the cumulative enstrophy amplification and enstrophy flux (C9).
Although no conservative enstrophy cascade exists, enstrophy is transferred from larger to smaller
scales. More precisely, the enstrophy transferred to scale k from a larger scale is further transferred
towards a smaller scale, along with the enstrophy generated at that scale.

In Fig. 2, we show the balance of V <
ω (k)/Πω(k) for both the original and space-local Navier–

Stokes turbulence. For the latter, the enstrophy amplification and transfer are defined by

Sω(k) =
∫ (

ω j∂ ju
L
i

)
(k)ω∗

i (k)d�k, (C11)

Tω(k) =
∫

−(
uL

j ∂ jωi
)
(k)ω∗

i (k)d�k, (C12)

where u in (C2) and (C3) is substituted by uL.
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