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Abstract

The present work concerns the derivation of a numerical scheme to approximate weak solutions of the Euler
equations with a gravitational source term. The designed scheme is proved to be fully well-balanced since
it is able to exactly preserve all moving equilibrium solutions, as well as the corresponding steady solutions
at rest obtained when the velocity vanishes. Moreover, the proposed scheme is entropy-preserving since it
satisfies all fully discrete entropy inequalities. In addition, in order to satisfy the required admissibility of
the approximate solutions, the positivity of both approximate density and pressure is established. Several
numerical experiments attest the relevance of the developed numerical method.

1 Introduction

The present paper is devoted to designing a numerical scheme to approximate the weak solutions of the well-
known Euler equations with a given gravitational source term [54, 38, 52, 50, 21, 37, 46]. From a numerical point
of view, such a system poses three main challenges:

(a) the physical admissibility of the approximate solutions,

(b) satisfying the discrete entropy stability,

(c) the suitable capture of the steady solutions.
The admissibility of the discrete solutions, namely preserving the positivity of both density and pressure, is
the basic property to be satisfied by any first-order numerical scheme. For instance, the Godunov scheme, the
HLL and HLLC schemes, as well as relaxation schemes are usual numerical methods which satisfy this essential
robustness property, see [33, 48, 35, 19, 15, 47], but the list is clearly not exhaustive. However, it is worth noting
that the set of physically admissible states is not convex. Hence, specific techniques, like entropy inequalities, are
required to get a positive approximate pressure, see for instance [3].

Moreover, entropy inequalities are essential to rule out some non-physical solutions. Indeed, since the sys-
tem under consideration is hyperbolic, discontinuous solutions may form in finite time [27, 20]. The physical
admissibility of the discontinuities are thus governed by the entropy inequalities. The homogeneous Euler sys-
tem contains a large range of entropy inequalities, since they are defined up to a smooth function, according to
prescribed restrictions [44].

In this work, we are concerned with a non-homogeneous Euler system, supplemented by a gravitational source
term. It is thus very interesting to remark that the gravitational source term is compatible with the entropies,
as shown in [21], since it contains the same set of entropy functions as the usual homogeneous Euler system.
From a numerical point of view, this essential entropy stability must be preserved. The establishment of discrete
entropy inequalities is known to be very challenging for usual homogeneous hyperbolic systems. For instance, the
Godunov scheme, the HLL and HLLC schemes, or the Suliciu and Xin-Jin relaxation schemes are known to be
entropy-satisfying for the Euler equations, see [33, 27, 9, 3, 15, 21]. Here, however, we have to take into account
additional source terms. In order to recover this crucial stability property, we adopt some recent Godunov-type
techniques [39, 40] which are well-designed to approximate source terms. In particular, in one of our main results,



we show that the specific entropy given by the celebrated approximate Riemann solver by Harten, Lax and
van Leer [33] satisfies a decreasing principle when a convex function composition is applied. This valuable and
useful principle is the main argument to prove that the approximate solutions generated by our new approximate
Riemann solver satisfy the discrete entropy inequalities.

The last challenge that we need to address is posed by accurately capturing steady solutions. Indeed, due
to the source term, the system admits non-obvious steady solutions [9, 42, 21]. These particular equilibrium
states are of strong interest from a numerical point of view. Indeed, huge errors can be introduced by the source
term discretization, and resulting spurious waves can be propagated over the whole computational domain. This
numerical failure has been underlined a long time ago in [2, 12, 31, 29] for shallow water simulations. For over
two decades, much work was devoted to the derivation of schemes preserving steady solution, called well-balanced
schemes. The reader is referred, for instance, to [34, 53, 1, 42, 25, 6]. More recently, the terminology of fully
well-balanced schemes was introduced to emphasize the ability of some schemes to exactly restore all linear or
nonlinear steady solutions, see e.g. [14, 10, 5, 39, 17, 18, 8]. The present work concerns the derivation of a fully
well-balanced scheme for the Euler equations with a gravitational source term. To that end, we extend techniques
which were successfully applied in the context of fully well-balanced schemes for the shallow water equations, all
the while making sure that the resulting scheme is entropy-stable.

To address the three issues (a) — (b) — (c), the paper is organized as follows. In the next section, we introduce
the Euler system under consideration, and we recall the entropy inequalities satisfied by the weak solutions.
We also present the nonlinear steady solutions with a non-vanishing velocity. Section 3 is then devoted to the
derivation of an approximate Riemann solver which must mimic, in a sense to be prescribed, the exact Riemann
solution associated to the Euler equations with gravitational source terms. This approximate Riemann solver
is defined on the one hand by the integral consistency condition stated by Harten, Lax and van Leer in [33].
On the other hand, the approximate Riemann solver must be at rest as soon as a steady solution is considered.
This condition is a natural way to suitably define the discretization of the source term [5, 39, 26, 7]. Next,
we impose the entropy integral consistency condition, stated in [33], to recover the expected discrete entropy
inequalities. Equipped with the approximate Riemann solver, we exhibit the associated Godunov-type scheme,
and we show that the required properties are satisfied: admissibility of the approximate solutions, entropy stability,
and fully well-balanced property. In Section 4, we adopt a recent technique to increase the order of accuracy of a
numerical scheme while conserving the fully well-balanced property [1]. In Section 5, we exhibit several numerical
experiments to illustrate the relevance of the numerical procedure designed here. A short conclusion is given in
the last section.

2 The model equations

This section introduces, in Section 2.1, the Euler equations under a gravitational potential. Its steady solutions
are then derived, firstly in Section 2.2 with a nonzero velocity and secondly in Section 2.3 with a vanishing
velocity, as the limit of moving steady solutions when the velocity tends to zero.

2.1 The Euler equations with gravity

We consider the compressible Euler equations, equipped with a gravitational source term in a one-dimensional
setting, governed by
Op + 0z (pu) = 0,
at(p”) + az(pUQ + p) = _p81<p7 (2'1)
OE + 0, ((E + p)u) = —pudp,
where p > 0 denotes the density, u € R the velocity and E > 0 the total energy density. Moreover, ¢ : R — R

is a given time-independent continuous gravitational potential. The system is closed by the ideal gas equation of
state, which defines the pressure p > 0 by

p=(-1) (E - ;mf) : (2.2)


item:i
item:ii
item:iii

where v > 1 denotes the adiabatic index. To shorten notation, we rewrite system (2.1) in the following compact
form

QW + 8,(F(W)) = S(W), (2.3)

where the state vector W, flux function F' and source term .S are respectively defined by

p pu 0
W=\pu|, FW)=|pu*+p |, and S(W)= | —pdsp
E u(E +p) —pudyp

In (2.1), we require the density p and pressure p to be positive. Thus, the state vector W belongs to the set of
admissible states 2, defined by

Q= {W €R® such that p>0and p>0}. (2.4)

To reflect the influence of the gravitational source term on the wave structure of the Euler equations, we
augment system (2.1) by the additional equation 9y = 0. The resulting system is hyperbolic with the eigenvalues

A =utec Ig=u, I=0,
where ¢ denotes the speed of sound, given for the ideal gas law by

p
c=,/—.

p

This wave structure is represented in the left panel of Figure 1. Note that, compared to the homogeneous system,
which is obtained by setting the gravitational source terms in (2.1) to zero, there is a zero eigenvalue associated
to the gravitational potential. This leads to a non-ordered wave structure, since A+ and A, can be positive or
negative, depending on the flow. This has a direct consequence on the construction of the Riemann solver, see
e.g. [21] where a relaxation model is developed to circumvent the appearance of a zero wave, or [50] where six
different cases of wave order configurations had to be taken into account.

Moreover, admissible entropy weak solutions to system (2.1) satisfy the entropy inequality

9 (pn(s)) + Oz (pun(s)) <0, (2.5)
where the specific entropy s is defined by
s = —log </i> . (2.6)
After [15, 21], the entropy function W — pn(s) is convex as soon as 7 is any smooth function satisfying

n'(s) =20 and  n"(s) +n'(s) > 0.

However, after [15, 23], the entropy stability of (2.1) is ensured by merely adopting entropies defined by smooth
convex functions 7 of the state variables such that

n'(s)>0 and n"(s)>0. (2.7)

Also, note that the gravitational source term does not interfere with the definition of the entropy given above.
However, the presence of gravity in system (2.1) gives rise to non-trivial steady solutions, which play an important
role in many applications. Therefore, Sections 2.2 and 2.3 are devoted to a derivation of the steady solutions of
system (2.1).



2.2 Moving equilibria

Time-invariant solutions of (2.1) with a non-zero velocity u # 0, the so-called moving equilibria, are governed by
the following system

Oz (pu) =0, (2.8a)
Ou(pu® +p) = —pdsep, (2.8b)
0 ((E + p)u) = —pu 0. (2.8¢)

Assuming smooth enough steady solutions fulfilling (2.8), we obtain from (2.8a) a constant momentum gy = pu #
0. Substituting and dividing by ¢o in (2.8c), we find that

E+
Tp +<,0:H0, (29)

where Hj denotes a constant total enthalpy.
Substituting ¢ from (2.9) into (2.8b), we obtain

2 E
@(%+p>:p@(+p) (2.10)
p p
Since p is given by (2.2), we note that
p 14 wo, 1lg
Bap_ la % 2.11
+p 7_1+2p+p 7_1+2p (2.11)

Using the above relation in (2.10) yields
2 2
q P\ . 4 1
B ouptrom=—"-po. (L) +Dpo, ().
p y—1 p 2 p

Expanding the derivatives, we obtain

2 2

q Y Y P q
~ 20 0up + Bup = Oap — =0up — ~50up.

p v—1 y—1p p

Therefore, multiplying the above relation by p and rearranging terms, we get

(1—7>p@p+7p%p=0
v—1 v—1

Since p and p are positive, dividing by pp and multiplying by (v — 1) leads to
1 1
—=O0ep+7—02p =0,
p p

and we obtain
9:(—logp+ vlogp) = 0.

o (on(2)) -0

and we recognize the expression of the specific entropy s defined in (2.6) and thus 9,s = 0 holds.
Hence, smooth moving steady solutions obeying the ideal gas law, with u # 0, are necessarily isentropic and
are characterized by the constant triplet (qo, Ho, So) given by

This immediately leads to

E+
PU =: qo, e + ¢ =: Hy, —log (p) =: 89, (2.12)
p P

where ¢go is a constant momentum, Hy is a constant total enthalpy (including the contribution of the potential
energy to the total energy), and sg a constant specific entropy.



2.3 Hydrostatic equilibria

In this section, we shortly recap some properties of hydrostatic steady solutions for the Euler equations with
gravity, which are equilibria at rest with u = 0. Considering time-invariant solutions and setting v = 0 in (2.1)
leads to steady solutions characterized by the hydrostatic equation

0zp = —pOsp. (2.13)

Relation (2.13) is the only link between the two unknowns, p and p. Thus, hydrostatic equilibria are underdeter-
mined and, to obtain unique solutions of (2.13), additional information about the properties of the equilibrium
have to be provided. Intensively studied examples are so-called isothermal or isentropic hydrostatic equilibria
with constant temperature or constant entropy, respectively. The reader is referred to e.g. [36, 21, 32, 46] for a
non-exhaustive list of numerical methods exact on hydrostatic equilibria.

Staying in the framework of the moving steady solutions governed by (2.12), and taking a vanishing velocity
u — 0, the resulting hydrostatic equilibrium is necessarily isentropic, and is governed by

K ~
pu =0, %pvd + ¢ = Hy, —log <;> =: $p, (2.14)

where k = exp(—sp) is constant. One can easily check that (2.14) indeed satisfies the hydrostatic equation (2.13).
Moreover, the usual isentropic hydrostatic steady solution is recovered as a solution of (2.14), given by

v—1
VK

u=0, p=~rp', p= ( (FIO—@)M. (2.15)

In the following, the objective is to derive a Godunov-type finite volume (FV) scheme based on an approximate
Riemann solver (A-RS), which is able to preserve moving equilibria and isentropic hydrostatic equilibria up to
machine precision, generates admissible solutions in the sense of (2.4), and fulfills all entropy inequalities (2.5)
with (2.7).

3 The numerical scheme

We start by briefly recalling the principle of Godunov-type FV schemes based on approximate Riemann solvers.
The space domain is discretized, for i € Z, in uniform cells C; = (z;_1/2, %;41/2), of center x; and of size Az. The
time domain is discretized with time steps of varying size At. We seek a way to evolve in time an approximation
of the solution W to the Euler equations (2.3), defined by

7

':CH»%
W~ / W(z,t") dz.
xT

To that end, we develop an approximate Riemann solver (A-RS). We first state, in Section 3.1, the structure
of our A-RS, as well as the general principle of A-RSs. Then, basic consistency properties are established in
Section 3.2, and we define the time evolution of the cell averages in Section 3.3, up to the final choice of the
A-RS. The remainder of this section is then devoted to the derivation of the remaining unknowns in the A-RS to
achieve the properties given in Section 3.4.

3.1 The approximate Riemann solver

Let us define an A-RS, denoted by W, whose role is to approximate the solution of the Riemann problems occurring
at each cell interface ;4,2 between cells C; and Cj; ;. Since this solution is self-similar, the A-RS depends on
the variable x/t, as well as on the two states W* and W}, left and right of the interface. For instance, the
approximate Riemann solution at interface x;,4 /9 is given by W((x — x;41/2)/t; W, W ).
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Figure 1: Left panel: One possible wave configuration, with w > 0, of the Euler equations with gravity (2.1).
Right panel: Wave structure of the approximate Riemann solver.

In this work, we select an A-RS made of two intermediate states, as represented in the right panel of Figure 1.
Its expression, for given left and right states Wy and Wg, reads

Wi ifz < -\,
Wi if — Mt <z <0,
Wg 0 << M,
Wgr if x > A,

" o) -

where the components of the vectors W; and W, are denoted by

PL PR
Wi =1 q; and Wi =1 q%
E7 Ex

In the A-RS (3.1), the approximate wave speed A is chosen such that the acoustic waves are included in the
wave fan of the A-RS, i.e., A > |u| + ¢ > |Ax|. In this work, we impose that the waves defining the A-RS are
symmetric around A\g = 0. However, this is just a simplifying assumption. Indeed, in principle, two different
values of A could be chosen, to account for the asymmetric wave configuration of the Euler equations with respect
to Ag, as long the acoustic waves Ay are contained in the A-RS. In practice, we take

A = A max (|uL| +e(W1), lug| + c(WR)), (3.2)

which indeed satisfies A > |[Ay|. The parameter A > 1 is merely used to scale the wave speeds, and will be given
in the numerical experiments.

The remainder of this section is devoted to the construction of the two intermediate states W7 and Wip.
They will be derived such that the resulting numerical scheme satisfies several key properties, namely consistency,
entropy stability (i.e. fulfilling a discrete equivalent of (2.5)), positivity preservation (i.e. W] € Q), and well-
balancedness. We start with consistency in Section 3.2.

3.2 Consistency conditions

Let us first derive conditions on the intermediate states W; and W} to ensure the consistency of the F'V scheme
with the solution of the Euler system. According to [33], the scheme is consistent as soon as the average over a
cell of the A-RS (3.1) is equal to that of the exact, self-similar solution to the Riemann problem, denoted by Wr.
Therefore, the following equality must hold

1 A2 g | pAe/2 .
A:U/M/QW (555 W) da = M/M/2 W (57 Wi, Wr) da. (3.3)



Straightforward computations, detailed in [39], then show that the intermediate states must satisfy the following
relations:

PL + PR = 2pHLL,
Az /2

At
x
g1 + ¢r = 2quLL + —— AL / / (—pOz)r (;, Wi, WR) dtdz,

Az/2 (3.4)

Az/2 At z
E} + ER =2EnLL + v / / (—q0:0)r (*; Wi, WR) dtdx,
where (—p0yp)r and (—q0;¢)r respectively represent the second and third components of S(Wg). Moreover,
we have introduced in (3.4) the intermediate state Wyry, of the well-known HLL Riemann solver from Harten,
Lax and van Leer [33]. It is given by

PHLL\ W, +Wr  F(Wg) — F(WL)
WaroL = | quLL | = 5 - o\ .

EurL

(3.5)

Next, we introduce two new quantities, S? and S, which are approximations of the cell averages of the
integrals of the second and third components of the source term, i.e.,

Ax/2 At z
00,0V (Z Wy, W) dida,
AtAa:/M/Q/O (=0 @)R(t L R) o

Ax/2 At .
At Az /Ar/Q/o (—40:0)r (;;WLwa) dtdz,

where S9 and S¥ have to be consistent with —pd,¢ and —q0,¢, in a sense that will be prescribed later. Then,
using relations (3.6) in the consistency condition (3.4) yields the following consistency relations to be satisfied by
the intermediate states

(3.6)

PL + PR = 2pHLL,
. s _ o S1Ax
9+ 4R = 2qHLL T (3.7)

SEAx

To simplify computations in the following steps, let us introduce W and 6W, defined such that

Wit We 0 sw=Yr=WL

: > (3.8)

We highlight that this corresponds to rewrltlng the intermediate states in terms of the unknowns W and W.
Namely, we have W} = W — 6W and W§ = W + 0W. Equipped with this notation, (3.7) immediately gives the
following expressions for the components of w:

/32 PHLL,
~ L S1Az
qd = qHLL o’ (3'9)
~ SEAx
EF=F .
HLL + 2N

We are thus left with the determination of the three components of §W and of the two source term averages S9
and S¥, i.e. five unknowns in total. However, whatever the expressions of these unknowns, the scheme (3.12) is
constructed to satisfy (3.3), and is therefore consistent by definition.

The remainder of Section 3 is devoted to the derivation of these five unknowns, ensuring positivity preservation,
entropy stability and well-balancedness. However, first, we explain in Section 3.3 how to use the A-RS (3.1) to
derive the time update of the numerical scheme, and precisely define in Section 3.4 the properties to be satisfied
by the scheme, and thus by the intermediate states.
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Figure 2: Juxtaposition of subsequent A-RSs defining Wa using definition (3.14) of the intermediate states
Wi 1jop and Wiy 1.

3.3 The Godunov-type scheme finite volume scheme
We start by defining the cell-wise juxtaposition Wa of the approximate Riemann solver (3.1), by
. = (% Tit]
Vi€ Z,Vt € (0,At], YV € (24, i41), Walz, t" +1) =W fz; Wit Wik ).

This definition is illustrated on Figure 2. The time update of the Godunov-type scheme is then given by integrating
the juxtaposition Wa of Riemann solvers at time t"T1 = " + At over each cell C;, yielding

1 [%+s
Wit = Ar /1 12 Wa(z, ") dx. (3.10)
il
For stability purposes, we impose the following CFL (Courant-Friedrichs-Lewy) condition on At, see [33]:
1 A
At<-—— (3.11)
2 max; A 1

To properly compute the integral in (3.10), we note that W} and W}, are given as functions of the left and
right states Wi, and Wpg, as well as of the corresponding left and right gravitational potentials ¢y and ¢g. Since

the structure of the A-RS (3.1) comprises a stationary wave with velocity 0, the scheme, see e.g. [39], is given by
n+1 n At * n n * n n
Wi =W - Afx [WL (Wi ,W¢+1a%,%+1) - Wg ( i1, Wi ,901'—1,801‘) } (3-12)

We emphasize that the scheme (3.12) can also be rewritten in the standard conservation form

At At
Win+1 = Win - Ix (f(Win, Z—LO—l) - ‘F( in—l’Win)) + 7 (S'Zi% +Szn+%> ’ (313)
where F(W[*, W/ ) is the numerical flux at interface x;11/2, and where St /2 is the numerical source term at
interface ;41 /2. The expressions of 7 (W, W} ;) and St /2 are obtained thanks to straightforward computations
presented in e.g. [33]. Setting

Wiiio = WL (Wi, W i1, 1) and Wit o = Wr(Wiiy, W, i1, 04), (3.14)
we obtain
n pyn FWP) + F(Wi)  Aigg . N Aip1 . .
FOWE W) = 2 Ty : (WH—%,L -Wi ) + 9 : (Wi—&-%,R - i+1) .



The numerical source term is given by

0
n
S = (Sq)zdr% ,
2 SE n
( )H-%
where (S7)7, , , and (SE )i /2 denote the source term approximations (3.6) evaluated at the interface z;, 1.

By (3.13), or equivalently (3.12), we have defined the time update of the consistent Godunov-type finite volume
scheme, up to the definition of the intermediate states W; and W} and source term approximations S¢ and SE.
Before giving their derivation, we detail in Section 3.4 the key properties the scheme must satisfy.

3.4 Definitions and conditions to be satisfied by the A-RS

The objective of this section is to state important definitions and give theoretical results regarding the well-
balanced property, positivity and entropy stability. They are fundamental for the derivation of the unknowns in
the A-RS, which will be carried out in Sections 3.5 and 3.6.

3.4.1 Well-balancedness

We start with the definition of a well-balanced scheme. We emphasize that we are interested in developing a
so-called fully well-balanced scheme, which exactly preserves the moving steady solutions described in Section 2.2
and isentropic hydrostatic equilibria as consequence.

To properly introduce our definition of well-balancedness, we first need to introduce the notion of Interface
Steady Solution (ISS). Indeed, from (2.12), we know that a solution is steady if the momentum g, the total
enthalpy H and the specific entropy s are constant. This leads us to the following definition of an ISS.

Definition 3.1 (Interface Steady Solution (ISS)). A pair (Wp, Wg) of admissible states is said to be an Interface
Steady Solution (ISS) if, and only if,

aL =qr, HWr,or) = H(Wg,¢r), and s(Wr)=s(Wg).
Equipped with the definition of the ISS, we can now properly define a well-balanced scheme.
Definition 3.2 (Well-balancedness). Scheme (3.12) is said to be well-balanced if
Vi € Z, (W, W},) is an ISS = Viez, Wit =W

Lemma 3.3. Let (W, Wg) be an ISS. A sufficient condition for well-balancedness is that W} = Wy and
W5 = Whg.

Proof. Assume that (W, W[ ) and (W, W) are ISSs. We need to show that W;"*' = W/ in order for
the scheme to preserve the steady solution. If the intermediate states satisfy W} = W and W = Wk, then

WrWE Wi i giv1) = W and Wr(W [, W, 0i_1,0;) = W, Plugging these relations into (3.12) imme-
diately yields T/I/'i”Jrl = W}, which concludes the proof. O

According to Lemma 3.3, and recalling the definitions (3.8) of W and OW, it is sufficient that the following
conditions hold

= Wr +Wg Wgr —Wp,

(Wp,Wg)isanISS = W= — and W = 5 (3.15)
Put in other words, (W7, W}) should also be an ISS, i.e.,
4, =dr,  HW[,or)=HWgk,or) and  s(Wp) =s(Wg). (3.16)

Conditions (3.16) lead for instance to a single momentum component for both intermediate states, which we
denote by ¢* := ¢j = ¢j. Moreover, they define a single intermediate entropy

s*=s(Wr) =s(Wg). (3.17)
Conditions (3.15) and (3.16) will be instrumental when determining the expressions of W and S9, S¥ in Sec-

b

tions 3.5 and 3.6, respectively.



3.4.2 Entropy stability
The second crucial property that we wish to satisfy is entropy stability, defined below.

Definition 3.4 (Entropy stability). The scheme (3.12) is said to be entropy-stable if, for all smooth functions 7
satisfying (2.7) and for all i € Z, the states W and WZ-""'1 fulfil the discrete entropy inequality

Py n(si ) < pin(sy) — % (Gon(s))iyas0 = (om0 o) (3.18)

In order to reach this important stability property and since we are considering Godunov-type schemes, we
here adopt the well-known integral entropy consistency stated in [33]. As a consequence, the scheme (3.12) will
be entropy-preserving by satisfying a discrete entropy inequality (3.18) as soon as the A-RS, given by W in the
form (3.1), verifies

At

1 (A2 —~— g 1
s /_Am/Q (pn(s)) (E’ Wi, WR) dr < §(PL77(5L) + pr1(sR)) — E(pRn(SR)'U’R + prn(sw)ur), (3.19)

where, with abuse of notation, we have defined s;, = s(Wy) and sg = s(Wg). According to (3.1), we readily
show that the integral in (3.19) satisfies

Lo 1 A At \

55 L 000 (Wi W)t = (5 = A7) ponton) 350
At ] 1 At

ATV + (5~ A5 ) prisn)

so that, by involving s(W7) = s(W}) = s* imposed in (3.17), (3.19) is immediately rewritten as

(pLn(sw) + pri(sr)) — L (pr0(sRr)ur + prn(s)ur).

1 * * *
*(PL"’PR)U(S ) < oX

2

N | =

For the sake of simplicity in forthcoming notation, in addition to (3.5), we define

(ps)HLL = %(PLSL + PRSR) — %(PRSRUR — pLSLUL), (3.20)
(P1(8)) o, = %(an(SL) + pr1(sR)) — %(PRW(SR)UR — pri(sp)ur). (3.21)

As a consequence of this notation, and because (3.7) implies that p} +p% = 2puLr, the integral entropy consistency
condition (3.19) to be satisfied by the A-RS now reads

PHLLU(S*) < (PU(S))HLL- (322)

In order to select a suitable definition of s*, we now state one of our main results.

Theorem 3.5. Let W € Q and Wy € Q be two given states, and let us adopt a definition of X\ such that
puLL > 0. Then, for all convexr smooth functions n, we have

. ((pS)HLL> < (pn(s))HLL_ (3.23)

PHLL PHLL

Proof. The establishment of this important result relies on the introduction of a standard HLL scheme for an
auxiliary system given by

Owp + Oz (pu) =0, (3.24a)
O (pu) + 0z (pu® +p) = 0, (3.24b)
O(ps) + Oz (psu), (3.24c¢)

10



where the pressure law is given by s = —log(p/p”) as in (2.6). We remark that the weak solutions of the above
system satisfy, for all smooth functions g,

9 (pg(s)) + 9= (pg(s)u). (3.25)

We introduce Ug(x/t; Wy, Wg) the exact Riemann solution of (3.24), and we consider an A-RS, denoted by

U(x/t; W1, Wg), made of a single intermediate state (Pgpp,, P, PSurz)- Once again, by considering the integral
consistency condition, here given by

1 [Ax2 1 [Az/2 x
— U(—;W,W)d :—/ Ux ( W,W)d
Az /_M/Q A Al IR V VAR
we obtain after straightforward computations

1 1

PHLL = 5 (pr + pr) — n (prur — prur),
1
PSHLL = 5 (pLSL + PRSR) — N (PRSRUR — pLSLUL) -
According to notation (3.5) and (3.20), we remark that
puLL = puLL  and  psyrp = (ps)HLL (3.26)

Next, we integrate the equation (3.24c), governing ps, over a space-time slab to get

At pAAL
/ / (0e(ps) + 0z (psu))da dt = 0.

AAL

Computing the integral, we obtain

1 AA¢ r
DS = — —: Wy, Wgr)d
PSHLL INAT /_/\At(PS)R (At’ L, R) T,

where (ps)r is the last component of Ug. Then, we have

/TSHLL 1 /)\At ( z WL,WR) PR (ﬁ;j/VL,WR) dx’
PaLL  2AAL J_\aq At’ PHLL

where we have set sg = (ps)r/pr. Now, remark that the measure

pr (57 Wi, Wr) dx
2A\AtpyLy

is a probability measure over (—AA¢, AAt). Hence, for all convex real functions 7, Jensen’s inequality gives

PSHLL 1 Bt pr (25 W, Wr) dx
! ( PHLL ) = DAL /_W”( (&7 Al Wi W) T . (3.27)

Next, since Ur defines an exact solution of (3.24), from (3.25) we get, with g =7,

At AAL
/ / (9:(pn(s)) + 0z (pn(s)u))dz dt = 0.

AAL

We thus easily obtain

1

At .
20At /_)\At(PTI(S))R (E; WL’WR) dx = % (pn(s)L + pr1(S)R) —

1

B3 (pr1(s)rRuR — prn(s)LuL) -

11



Arguing notation (3.21), we have

AAL
3387 o R (R Wi W) e = (o)

so that the relation (3.27) now reads

n (psHLL) < (PWES))HLL'
PHLL PHLL
Arguing the notation equivalence (3.26), the estimate (3.23) is established, and the proof is thus completed. [

Now, arguing Theorem 3.5, we remark that the required integral entropy consistency condition (3.22) is
immediately satisfied as soon as

pHLLS" = (ps)HLL, (3.28)

which defines the intermediate entropy s*.

3.4.3 Positivity preservation

After defining entropy stability, we are now able to precisely state the third required property, positivity preserva-
tion, and to give additional conditions on the intermediate states. Indeed, since Q given by (2.4) is a non-convex
set, entropy stability is crucial for a part of the positivity proof.

Definition 3.6 (Positivity preservation). Let W/ € Q for all i € Z and n > 0. The scheme (3.12) is said to be
positivity-preserving if, for all ¢ € Z, W’i”'|r1 € Q, where € is the set of admissible states defined in (2.4).

We first derive a sufficient condition for the positivity of the density. To that end, recall that pyrr, > 0 under
suitable conditions on A. Indeed, we have

PHLL = %(A +ug) + pj(A — UR).

2\

As a consequence, with py > 0 and pg > 0, the required positivity of pgrr is satisfied as soon as A >
max(|ug|, |lug|), which is the case here since A is given by (3.2). Next, a way to ensure positivity preserva-
tion on p,’iﬂ'l is to impose that p7 > 0 and pj > 0. Indeed, in this case, all densities in the Riemann fan
are positive, which implies the positivity of the density at time ¢"*1. Finally, recall that pi = puLy — dp and
PR = purL + dp. Therefore, a sufficient condition for the positivity of density is

6p| < pHLL- (3.29)

Now, with pj > 0 and p}, > 0, under assumption (3.29), we may also exhibit a natural condition to get a
positive updated pressure p(Wi"H). In fact, we argue the discrete entropy inequality to address this issue.

Lemma 3.7 (Positivity of the pressure). Let Wi, € Q and Wg € Q two given states, and let us adopt a definition
of X such that prrr > 0. Moreover, let p; > 0 and py, > 0, and consider s* given by (3.28). Then, for all i € Z,
i+1

p > 0.

Proof. Since W + pn(s) is convex, by applying Jensen’s inequality to the integral form of W*™! given by (3.10),
we obtain

1 (™}
PP (s(WPHY) < Ix/ *pala, " (s (w, ")) da,

i—

ol

where we have set sp = s(Wa). Using the definition (2.6) of s, we have

(s () < [ () 2 o

(3

12



Moreover, we remark that, since ,0?“ > (, the measure defined by

pA('7tn+1)d‘r _ pA('7tn+l)dx
Azxplt! f;jf palx, vt de
2

is a probability measure over (:1:1-,1/2, (El’+1/2). Now, let us introduce the function
=:(0,400) = R
z = n(—log(2)).

Equipped with the properties (2.7) of 7, it is easy to show that = is a monotonically decreasing and convex
function. Therefore, it is invertible, and its inverse Z~! is monotonically decreasing and concave. Applying =~}
to (3.30) yields

WY o /‘”’*% - (p(WA(x,t"“))> pa(z, t"+)dx

pitt (pa(z, tnt1))y Azpitt

1
L)

1

Since =" is a concave function, applying Jensen’s inequality to the right-hand side of the above inequality, we

obtain
dz.

P )5 [ eFale o)) pale, OO0
(i T oy (palz ) Axpptt

1
Since Wa (, t"+1) is a juxtaposition of A-RSs defined by (3.1), because of the positivity of p ™' and pa (x,t"+1)
given by both p7 > 0 and p} > 0, it results that p(Wi"H) > 0 as soon as

p(Wi) >0 and p(W5) > 0.

Finally, according to the definition (2.6) of s, the pressures of the intermediate states satisfy p(W}) = (p} )" exp(—s*
and p(W}) = (p%)"Y exp(—s*). Thus, the above positivity condition always holds, and p(WZ—"H) is therefore posi-
tive. 0

Equipped with these definitions and conditions (3.15) — (3.16) — (3.28) — (3.29), we now have all the ingredients
we need to determine §W in Section 3.5, and S9, SF in Section 3.6.

3.5 Determination of W

The goal of this section is to use the definitions and conditions established in Section 3.4 to derive an expression
of the three yet unknown components of 6W, such that 6W = [W]/2 as soon as (W, Wg) is an ISS, where we
have denoted by [X] := X — X, the jump of some quantity X. Moreover, for stability purposes, we wish to
recover the HLL solver in the absence of a gravitational source term. Therefore, we also impose that, if ¢;, = ¢g,
then §W must vanish.

We start with the momentum component dg. Note that, according to (3.16), we set gj = ¢},. Therefore,
dq = 0 is a suitable choice.

Now, we turn to the density component dp. Recall that, if (W, Wg) is an ISS, then H(Wp, ¢r) = H(Wg, ¢R),

that is to say

Er+pL ~ Er+pr
= ="
PL PR

+ ¥R- (3.31)

Defining the enthalpy
h=——, (3.32)

[h] = =gl (3.33)

13
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In other words, if [h] # 0, then
(]

The function y — Jp(y) must then fulfil the following properties:
p(0) = [p]/2, (i)
5p(1) =0, (i)
0p] < pHLL, (iii)
lim Jp(y) = 0. (iv)

y—+oo

Property (i) corresponds to the ISS case, and ensures that dp satisfies (3.15). Property (ii) corresponds to the
no-gravity case, since y = 1 as soon as [p] = 0. In this case, we wish dp to vanish, so that p} = p; = puLL.
Property (iii) is the required condition (3.29) for positivity preservation. Property (iv) ensures that dp is well-
defined and goes to 0 when [h] vanishes. To determine the final expression of dp satisfying properties (i) — (iv),
we first introduce a relevant function .

Lemma 3.8. Let ¥ be a smooth function given by

¥(y) = cos (gy) exp (—2y%) . (3.35)

Then v satisfies the following properties:

¥(0) =1, (1-i)

¥(1) =0, (1p-ii)

[l <1, (1-iii)

i u(y) =0, (-iv)
Yv(1+y)=0(y) as y—0. (¢-v)

Proof. Properties (1-1) and (1/-ii) are straightforward to verify. For illustration, we provide in Figure 3 a graphical
representation of . Regarding property (¢/-iii), we note that for all y € R,

()| = [eos (Su) exp (~24%)| < exp(-24%) < 1.

Property (¢-iv) holds since the cosine function is bounded and y — e’ goes to 0 as y goes to +oo. Finally, to
prove property (1-v), we compute ¥(1 +y) for y € R. We obtain

¥(1+y) = cos (z + Ey) exp (—2(1 + y)z) = —sin (gy) exp (—2(1 + y)2) }

2 2
Therefore,
P(1+y) ~ —ge‘zy as y — 0,
which proves (¢-v) and concludes the proof. O

We now have all the ingredients we need to construct dp as a function of y. Note that multiple expressions of
such a function y — dp(y) are possible. We state our choice in the next Lemma.

Lemma 3.9. Let Wy, € Q and Wgr € Q two given states, and let Wy be given by (3.5) with X sufficiently large.
Further, let y — 0p(y) be a smooth function given by

where y is defined by (3.34) and v is given by (3.35). Then, conditions (i) — (iv) are satisfied by dp(y).

14



Figure 3: Graph of the function ¢ defined in Lemma 3.8. We observe that ¢ indeed satisfies properties (¢-i) —

(-iv).

Proof. First, we note that the properties (¢-i), (1-ii) and (¢-iv) directly map to properties (i), (ii) and (iv).
Second, to prove property (iii), we need to show that |dp| < puLL. To that end, we analyze the extrema of the
function dp(y). According to property (¢-iii) of 1, the global extremum of dp(y) is [p]/2, reached for y = 0.
Therefore, since pr, > 0 and pr > 0, we immediately obtain

16p] < IpR;pLI < PL';‘PR.

Hence, according to the expression (3.5) of pyrr, there exists a large enough A such that |dp| < puLL, and property
(iii) is satisfied. The proof is thus concluded. O

Finally, we turn to the energy component §F. Analogously to the derivation of dq and Jp, we use the last
remaining ISS condition on s to determine §E. Namely, we wish to impose that s(W}) = s(W};) as soon as
(W, Wg) is an ISS, as prescribed in (3.16). Note that this implies, using the definition (2.6) of s, that

_log(mwz)):_log(mwy)’ s, POVE) _ (V)

(p3) (P3)7 (r1) (o)

Therefore, using the expression (2.2) of the pressure law, we obtain

o (55 ) = e (5 )

However, recall that, for a steady solution, the momentum is constant. Hence, we replace (¢} )? and (q}})2 in the
above relation by a consistent average of ¢2, denoted by ¢2, to be determined later on. We then obtain

1 Q2 1 ¢
— (- )= — (- L), (3.36
<pm< : m) <pR>v< R 20 )

Arguing E7 = E — §E and E}, = E + §E leads to the following expression of d E

_ 1 * 0\ A_ (;2 _ *\Y A_ (;2
= G+ o <<pR) (E 2/)’2) i) (E 2/}’&))' (337

Note that this expression of JE satisfies both properties required for well-balancedness, independently of the
expression of g2. Hence, ¢2 is a degree of freedom in the numerical scheme. It turns out that one can determine g2
such that the scheme is entropy-satisfying, by leveraging condition (3.28) on the intermediate entropy s*. Indeed,

15



recall that we have defined s* = s(W}) = s(W},), and that s* is given by s* = (ps)urr/purL. By definition of a
constant-entropy intermediate state, we obtain

e (POVE)
tos ( L)

Therefore under application of the exponential function, we have

! E—6E — (;2 b exp <(ps)HLL>
(pp) 2p7, v—1 PHLL

Substituting 6 E by (3.37) in the above relation leads, after straightforward computations, to

5 2000k (2)@ — exp <—(pS)HLL> (pp)" + (p}‘z)") :

P40k PHLL y—1

):S*:@S)HLL_

PHLL

Note that this expression is indeed consistent with a squared momentum, since the expression in brackets is
consistent with a kinetic energy.

3.6 Determination of S? and S¥

Equipped with the expression of §W, we now turn to the determination of the last two unknowns, S and SE.
To that end, we leverage the expressions (3.9) of W, and recall that, if (W, Wg) is an ISS, then W = W, where
we have defined X = (X1 + Xg)/2 the arithmetic mean of two quantities X; and Xg. Therefore, plugging the
expression of Wyrr, in (3.9), we obtain that, if (Wr, Wg) is an ISS, then S? and S must satisfy

q? q7

1Az = (R ; pR> - (L n pL) , (3.380)
PR PL

SPAr = (%<ER +pR>> - (“(EL m)) . (3.38)
PR PL

Moreover, recall that S9 and S¥ should be consistent approximations of the source term averages. Therefore, the
goal of this section is to find such consistent averages satisfying (3.38).

Remark 3.10. Since ¢ is assumed to be a smooth function, for each interface, the following identities hold:
or =L+ O(Az), e, [p] =0O(Az).

We start with the energy source term S¥. Its expression and related properties are given in the following
lemma.

Lemma 3.11. Let two given states Wy, € Q and Wgr € Q. Further, let

qr +qr PR — QL
SE = — 5 A (3.39)

Then S¥ is consistent with —q0,p and satisfies the well-balanced condition (3.38b).

Proof. To prove consistency with the continuous source term, we take qr, = ¢(z) and gr = q(z + Ax), with
o = ¢(z) and pr = p(x + Az). Arguing Remark 3.10, a simple Taylor expansion of S then shows that
SE = —qd,¢ + O(Ax), which proves the consistency of S¥.

For the well-balancedness, recall that the enthalpy is given in (3.32) and satisfies E + p = ph. So, if (W, Wg)
is an ISS with ¢r = qr = g, then SPAx must satisfy SEAx = g(hg — hy) after (3.38b). However, from (3.33)
we have that [h] = —[p] if (W, Wg) is an ISS. Therefore, S¥ given by (3.39) satisfies (3.38b) by construction,
which concludes the proof. O

Next, we consider the momentum source term S?. Its expression and derivation are more involved and are
summarized in the following lemma.

16



Lemma 3.12. Let two given states Wy, € Q and Wgr € Q. Further, let

3

2pLpR PR — L | E (‘PR - @L)
S — 4+ — 14+ —=—= , 3.40
PL + PR Ax ALE,(/) hr — hr ( )

where 1 is given by (3.35) and € is given by

e 2pLPR 2 -1 -1
e — " Y (’Y _’Y)7 3.41
((PR L) or +pr v —1 PR PL ( )

with e=* = (e + e 1) /2. Then S9 is consistent with —pd,e and satisfies the well-balanced condition (3.38a).
Proof. We first prove that S9 is consistent with the continuous source term. In this context, we emphasize that

(W, Wg) is not necessarily an ISS, but rather a general pair of states. Performing a Taylor expansion of the first
term of S?, and recalling Remark 3.10, we immediately see that

20LPR ¥R — YL
— = —p0Oy O(Ax).
pL+pr Az Az—0 POz + O(Az)

For the second term of S9, we distinguish two cases: either the solution is smooth and Wr = Wi, +O(Ax), or the
solution is not smooth (e.g. in a shock wave) and Wr = W, + O(1). It turns out that the multiplication by 1 in
(3.40) is crucial to overcome a consistency defect in the non-smooth case. In the first case, performing a Taylor
expansion of € given by (3.41) and noting that [¢]/[h] = O(1) since both [¢] and [h] are O(Az), we obtain that
3
Wr=W,+0(Az) = e=0(Az*) and (1 + [[S;]}3> = O(1).
In the second case, arguing property (1)-v) of ¢ and remarking that [¢] = O(Az) and [h] = O(1), we get

3 3

Wr=W,+0(1) = ¢=0(1) and ¢ (1+%3> =0 (%) = O(Az?).

As a consequence, in both cases, the second term of S? is consistent with 0, with an error of O(Ax2). Therefore,
we have obtained that S? is indeed consistent with the continuous source term, i.e., that S = —pd,p + O(Ax).
We now turn to the well-balanced property; we have to prove that S?, given by (3.40), satisfies (3.38a) as

soon as (W, Wg) is an ISS. In this case, we recall that [¢] = —[h]. Therefore, arguing property (¢-i) of ¢, we
obtain (1 + ([¢]/[h])?) = 1. Hence, we have to prove that

2pLPR q7 q7
— PR (op — 1) +e = <R+PR S G )
pL + PR PR PL

as soon as (W, Wg) is an ISS and for € given by (3.41). To that end, we first tackle . Note that, since we are
considering an ISS, we have sy, = sg. Therefore,

— 1, _ _ 1 /pL pR) PL DR
e == (e L L e %R =<—|— == =—.
3 ( ) =3 PL - Ph

Using these identities to distribute e™?, € rewrites

20LPR Y PR DL
£ = (pR - pL) I ’

pL+pr7—1 \pr pr

and, from the expression (3.40) of S, we obtain

2pLPR ( g (pR IE))
SiIAx = — - — +— = -== . 3.42
Pr=pe) = or \PR P T (3.42)

17



Now, using the steady relation [¢] = —[h] together with the definition (2.11) of h, we get

ER+pR_EL+pL):_ Y (pR pL)_(ltﬁg 1Q%>
PR PL

PR PL

v—1
Plugging this relation into (3.42), the term in brackets reduces to
v (pr pL lgp 1lgi
o=+ 25 (0= 00) == (558 - 578)

Now, recall that one of the ISS relations is q;, = qr = g. Consequently, we obtain
QPLPR(W?%_W%) _ g2 2PLPR (1_1> :2(1_1> _ 9L
prL+pr \2pr  2prL prL+pr \P% 1L pr  prL) pPr pL

Substituting into (3.42) leads to

% 4
SAz = (pr — pr) + (R — L> :
PR PL

which is nothing but the well-balancedness condition (3.38b). The proof is thus concluded. O

3.7 Summary of the numerical scheme and main properties

We finally summarize the approximate Riemann solver and state the main properties of the scheme deriving from
this A-RS. The A-RS (3.1) is given by

Wi, if v < =\t
Wz:I//I\/—cSW if —M<z<O,
Wi =W+6W if0<az<At,
Wr if z > At.

W (% WL,WR) - (3.43)

This A-RS is based on the HLL solver, whose intermediate state is given by (3.5), with the wave speed A given
by (3.2). Recall also the pressure law (2.2) defining p, the expression (2.6) of the entropy s, and the expression
(2.11) of the enthalpy h. Equipped with these definitions, (3.9) gives the following expression of W:

/3: PHLL,
~ . S1Azx
q = gHLL o (3.44)
~ SEAx
E=F
HLL + o

where the approximate source terms S? and S have been derived in Section 3.6 and are given by

SE:_QL+QR YR — YL

2 Az
g1 _2pLpr $R—¢L | E 1+<<pR—<pL>3 (349)
pL+pr Az Ax hr—hg ’

where ¢(y) = cos(gy)e_Qyz, and where ¢ satisfies

—s —s 2prR Y — —
(o) (ko) - (i =n)).

€= —_—
pL+pry—1

N =
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The components of §W have been derived in Section 3.5, and we have set

PR — PL PR — PL
op=—-- 1+ ——=
p 5 1/}( +thL>,

0g =0, (3.46)
_ 1 * \7Y -~ _ qN2 _ *\7Y - _ q~2
o= (P1)7 + (PR) <(pR) (E 2p’2> (vL) (E 2p}§>> ’

2= 201.P% <2E ~exp < (PS)HLL> (pr) + (P?z)”) .
PL + PR PHLL -1

Equipped with these expressions, we are ready to state our main result, summarizing all properties of the
resulting scheme.

where (;2 satisfies

Theorem 3.13. Let the time step At be given by (3.11) and assume that the initial data satisﬁeg\Wio € Q for
all i € Z. Then, the numerical scheme (3.12) with the approximate Riemann solver (3.43), where W is given by
(3.44) and SW is given by (3.46), satisfies the following properties:

1. consistency with the Euler system (2.1);

2. positivity preservation: for alln >0,

VieZ WreQ = VieZ Wieq;

3. entropy stability: for all smooth functions n satisfying (2.7), for alli € Z, for alln >0,

At
n+1 n+1 n n n n .
pin(si™) < pim(si) — Ax ((Pn(s)u)iﬂm - (PU(S)U)i—uz) )

4. well-balancedness:

VieZ, (W' W},) isan ISS = Vi€ Z, W =W/

7

Proof. We prove the four properties in order, using the results derived in the previous sections.

1. According to [33], the scheme is consistent as soon as the A-RS satisfies the integral consistency relation
(3.3), which holds by construction, as detailed in Section 3.2. Thus, the A-RS is consistent, and therefore
the numerical scheme (3.12) is also consistent.

2. We have to prove the positivity of the density and the pressure. A sufficient condition for the positivity
of the intermediate density is given by (3.29). It is satisfied due to Lemma 3.9, which yields p} > 0 and
PR > 0 in the A-RS, and thus p?“ > 0 in the numerical scheme. As a consequence, Lemma 3.7 can be

applied, yielding the positivity of the pressure p?“ > 0.

3. After [33], the entropy stability holds as soon as (3.19) is satisfied. However, following Theorem 3.5, this
relation is verified if the intermediate entropy of the A-RS is given by (3.28), which is the case for the A-RS
(3.43). This proves that the scheme is entropy-stable.

4. A sufficient condition for well-balancedness is given in Lemma 3.3, from which follow the sufficient conditions
(3.15) to be satisfied by W and W in the intermediate states of the A-RS. As shown in Sections 3.5 and 3.6,
these conditions are satisfied by construction, and consequently the numerical scheme is fully well-balanced.

Thus, all four properties have been proven, which concludes the proof. O
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4 A well-balanced higher order extension

Equipped with the first-order scheme described in Theorem 3.13, we now turn to the construction of a high-order
well-balanced extension. Since the first-order scheme does not require solving any non-linear system of equations,
we wish to preserve this property for the high-order scheme. Other strategies have been developed over the years
to produce high-order well-balanced schemes, but most of them require solving non-linear systems, see e.g. the
non-exhaustive list [13, 51, 11, 28]. To avoid an ill posed problem, i.e. multiple possible solutions associated to
solving non-linear systems, we follow the procedure described in detail in [4] and used e.g. in [41] for the shallow
water equations. Note that by adopting a strategy that circumvents non-linear iterative solvers, the associated
computational overhead is avoided.

Here, we briefly outline the procedure, which is based on the observation that, if the solution is steady, the
well-balanced scheme is exact, and as such it will be more accurate than any high-order scheme. As a consequence,
this procedure consists in computing the error between the solution and a steady solution, and using this error
to detect a steady solution and correct the high-order scheme. First, we introduce the uncorrected high-order
scheme, see [22] for further details. The scheme of order d + 1,d > 1, is based on the polynomial reconstruction

Wi (x) = W+ 11 (x — ay), (4.1)

where II7 is a polynomial of degree d, defined such that the reconstruction satisfies the following two relations

s 1

(@) = W(a, ") + O(Ac™)  and Ai/ T () d = W
T Ji 1

2

At this point we want to remark that is at times more convenient to reconstruct in primitive variables p, u, p.
Equipped with the reconstruction (4.1), interface reconstructions on the cell C; are given by

Wiri%,fzwzn(zi—i-%) and WhL + = ﬁ,—l(xi—o—%)v

while the high-order source term satisfies

[N

- 1 i
Sr =

P [ SOVt de O, (4.2)

1
2

The integral in (4.2) is computed with a quadrature rule of order d. Then, using the interface values W&l /2.4
and the high-order source terms S;, the scheme of order d reads

W-n+1 wnr — At

i T Ap (]:(Wﬂr%, Wn

L) - FOVE, W )) + A3 (4.3)
Note that the scheme (4.3) is high-order accurate, but not well-balanced. Therefore, we employ the indicator
from [4], to detect whether the current solution approximates a steady state. It relies on the verification of the

ISS property Definition 3.1 on all cells, thus the quantity

41 — 4i'
% +17<pz+1) (Wn7§01 (44)
1+1) (Wn)

vanishes if, and only if, (W}

' W) isan ISS. Thus o7, , is well suited as a steady solution detector. To allow for

a self adaptive correction, the high-order reconstructed interface values W i1/2,4 and source term discretization S”
are modified according to a parameter 6,4/, € [0, 1] yielding the cell average values in case of a steady solution,
thus resorting locally to the first-order well-balanced scheme. It is given by

WZL+2¢ (1 - 9:@9 Wi+ 0 Witi)2.+ (4.5)
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Therein, the indicator is based on the detector (4.4) and is defined by

J?Jrl
n — 2
9i+% - d+1° (4.6)
n o ( Az )
ol . —
e Oz‘+%
Note that 07, , , = 0 as soon as (W*, W, ,) is an ISS, and otherwise yields 6, , , =1 — O(Az). Thus, the
modified reconstruction given in (4.5) satisfies
n _ywr if (W, W) is an ISS,
ity Wity 1) + O(Az*')  otherwise,

which indeed shows that the scheme will be well-balanced. In (4.6), the quantity C’i"+ , is given by C&_l =0 in
2 2
the first time step n = 0 and

wnr, — wnrot wpr —wrt
Wi, finy I % il ifn > 1. (4.7)

n 1
Ciay =3 < Al At

The reader is referred to [4] for a discussion regarding the expression of
the choice of the parameter Cy in the numerical experiments.
Similarly to (4.5), the modified high-order well-balanced source term is defined as

n

/20 and to the following section for

0™, +67 o 8™, +6" .S,
= 1— 5 1+ 35 > i+5 i1t3 1—5 1—3
7_'71 — 1 _ 2 2 771 2 2 2 2 . 4.
Summarizing, using (4.5) and (4.8), the high-order well-balanced scheme reads
W; = Wit = Az (]:( i+i,— Wi+%,+) o ‘F(Wifé,f’wifémt)) + At ST (4.9)

To prevent spurious oscillations around discontinuities due to the high order reconstruction, the scheme (4.9)
is endowed with a slope limiter. Since this is merely modifying the reconstruction operator II? in (4.1) the
well-balanced property is not lost.

5 Numerical results

In this section, we perform numerical test cases to validate the theoretical properties of the first, second and
third order well-balanced schemes, denoted respectively by Po, PYVE and PY'E. The P}V® scheme uses the minmod
limiter, see for instance [19], and the SSPRK2 time integrator, while the P}y'E scheme makes uses the third order
TVD reconstruction from [13] and the SSPRK3 time integrator. Both Runge-Kutta schemes can be found for
instance in [30].

For all test cases, we consider the ideal gas EOS (2.2) with v = 1.4. Further, we will use the gravitational
potentials i (z) = (z — 0.5)?/2 and @3(x) = sin(x). Unless otherwise mentioned, the parameters A in (3.2) and
Cy in (4.7) are both set to 1.

5.1 Accuracy of the numerical schemes

To verify the experimental order of convergence (EOC) of the numerical schemes, we study an exact solution for
the Euler equations with gravity (2.1) taken from [37], which is a variation of the test introduced in [52]. The
analytical solution is given by

u(z,t) = up, (5.1)
p(x,t) = % — (z — ugt) + % cos(km(x — ugt)),
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L? error on p L? error on q L? error on E

- - - - N - - - - N T 1 - ®
16 64 256 1024 16 64 256 1024 16 64 256 1024

—— Py = P; —— PVB —o— P, —— P}VB

Figure 4: Analytical solution (5.1) with p(z) = 2: L? errors and EOC for the first, second and third order
schemes, with or without the high-order well-balanced correction.

where ug is a constant velocity, taken as uyp = 1 in the experiment. We take k = 5, which yields a highly
oscillatory solution. This test case is designed for a linear potential ¢(z) = x. The simulation is carried out on
the computational domain © = [0,2] up to a final time of t; = 0.1, on seven grids with N = 16 - 27 cells, where
j €{0,...,6}. We prescribe exact boundary conditions. In Figure 4, the L? errors are depicted with respect to
the number of cells. We recover the expected order of convergence for all schemes. Namely, we observe that the
high-order well-balanced correction does not negatively affect the EOC of the respective schemes.

5.2 Well-balanced test cases

To numerically verify the well-balanced property of the schemes, we compute the numerical solutions of a hydro-
static and a moving equilibrium.

5.2.1 Hydrostatic equilibrium
We consider the isentropic hydrostatic atmosphere (2.15) with Hy =1 and sy = 1, thus it is given by

N1 1/(v=1)
poa@) = (1-7220@) . male) =l u=0. (5.2
We use the two gravitational potentials ¢; and 9. The computational domain © = [0, 1] is discretized in 50 cells,
thus constitutes a very coarse mesh. Exact boundary conditions are prescribed for ¢, and periodic boundary
conditions are prescribed for ¢o. In Tables 1 and 2, the L? errors at final time ¢; = 1 are compared to a non-well-
balanced HLL solver for ¢; and ¢y respectively. All well-balanced schemes are able to preserve the hydrostatic
equilibrium at machine precision, whereas the HLL scheme, as expected, has a quite large error. Moreover, due to
the non-trivial contribution of @9 the error using the HLL scheme is much higher. This underlines the necessity
of well-balanced schemes.

5.2.2 Moving equilibrium

Next, a moving equilibrium is computed, characterized by the triplet go = 1, s = 0 and Hy = 5. The gravitational
potentials ¢1 and ¢ are considered. For each ¢, the initial conditions for p and E are obtained by solving the
nonlinear system (2.12) employing Newton’s method. The computational domain is given by Q = [0, 1], and
is partitioned in 50 cells. Homogeneous exact and periodic boundary conditions are prescribed for ¢; and s,
respectively. The L? errors at time ¢ = 1 are given in Tables 3 and 4 for ¢; and 9 respectively. Similarly to the
simulation of the hydrostatic atmosphere from Section 5.2.1, all well-balanced schemes are able to preserve the
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HLL Po PYVB PYVB

p 6.390-1073 2.658-1071°% 2.727-107'° 2436-1071°
g 5.002-107* 1.154-107'® 1.498.10~' 1.691-10"1'°
E 2289-1073 7.640-10~'5 7.640-10~1° 1.020-10"14

Table 1: Well-balanced test case hydrostatic atmosphere with ¢(z) = (z — 0.5)?/2.

HLL P, P}VB PYVB

p 1.109-107! 3.819-107% 2.620-10"'% 4.255-10"1°
g 1.898-1072 1.439-1071% 1.477-107' 1.522.1071°
E 7170-1072 7.536-107' 6.822-107'% 7.270-10715

Table 2: Well-balanced test case hydrostatic atmosphere with ¢(z) = sin(x).

moving equilibrium up to machine precision, whereas the HLL scheme yields quite large errors. This verifies and
illustrates the ability of the new well-balanced solvers to capture moving equilibria up to machine precision.

5.3 Perturbation of equilibrium states

As the main motivation behind the construction of well-balanced schemes lies in the resolution of small pertur-
bations around equilibria, the next two sets of test cases concern the performance of the novel fully well-balanced
solver on such flows. In particular, this allows the use of coarse meshes, as the solution is not polluted by back-
ground errors stemming from the resolution of the equilibrium state, which would then require a substantial grid
refinement to reduce the truncation error and make the perturbation visible.

In this section, we consider the quadratic potential ¢;, and the computational domain is given by 2 =
[0, 1], discretized using 50 cells, with inhomogeneous Dirichlet boundary conditions corresponding to the exact,
unperturbed steady solution. For all cases, we set Cyp = 1 for the P}V® scheme and Cy = 0.15 for the P}'® scheme.

5.3.1 Perturbations of a hydrostatic equilibrium

As a first example, we consider a perturbation around an isentropic atmosphere (5.2) taken e.g. from [16]. The
initial condition is given by

1\ 2
p(z,0) = prya(x), u(x,0) =0, p(z,0) = ppya(x) + Aexp (—100 (:c - 2) ) , (5.3)

where we set the amplitudes of the perturbations to be A = 10~* and 1072, where the latter is of the order of
the truncation error of the well-balanced solver. The difference of the numerical solution against the equilibrium
Weteady — Whum obtained with the novel well-balanced solvers at final time ¢ = 0.075 are depicted in Figure 5.
The top panels contain the results with an initial perturbation of amplitude 10~#, while the bottom ones display

HLL Py pWB PYB

p  5.569-107% 3.204-10"'° 2.897-10"'° 2.907-10"1°
g 1.129-107% 1.916-107' 1.727-10"' 1.803-10"1%
E 4.188-1073 7.742-107% 8970-107'° 6.764-10"1°

Table 3: Well-balanced test case moving equilibrium with ¢(z) = (x — 0.5)%/2.
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the results with the amplitude reduced to 10712,

HLL P, PYVB PyVB
8.9233-102 2.627-10" 3.607-10"'° 4.246-10"1°
g 2.0153-1072 1.877-10~' 1.727-10~1 1.922.10"15
E 6.718-10"2 9.930-10" 9.357-10"*% 9.607-10"15

Table 4: Well-balanced test case moving equilibrium with ¢(z) = sin(x).

visible and there are no spurious artifacts from the background atmosphere.

In both cases, we observe that the perturbations are clearly

psteady —p usteady —u psteady —p
4-107°
2-1071+
6-107° 2.1075 1
s 1-1074 ¢
3-10 0 > T
0 0 1
0 : > T _ 0 *
0 0.5 1 —2:107° 0 0.5
-3.107°
—4-1075+ —1-107%+
- PO - P\lNB I PXVB
psteady —p usteady —u psteady —-p
4-10718 |
2-10712
—13 |
6-10 2. 10—13 1
B 1-10712
3.10713 0 > T
0 0 1
0 X 13 | 0 .
—2-10 0 0.5
—3-10713 _
—4 . 10 13 1 _1 . 10—12 1
— Py — PWE — pB

Figure 5: Perturbation of a hydrostatic equilibrium. Top panels: perturbation with initial amplitude A = 107%.
Bottom: perturbation with initial amplitude A = 107'2.

5.3.2 Perturbations of a moving equilibrium

Next, a perturbation of the moving equilibrium is considered. The initial condition is given by

p(x,0) = po(x), q(x,0) = qo, p(x,0) = po(x) + Aexp (—100 (x — ;) ) ,
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where the equilibrium states are obtained from the triplet (qo, so, Hp) already introduced to build the steady
solution in Section 5.2.2. The numerical results are given in Figure 6 at the final time ¢ = 0.075, arranged
similarly to Figure 5. The perturbation around the moving equilibrium is once again well-captured and no
spurious errors are introduced from the background equilibrium. In comparison to the hydrostatic atmosphere
case from Figure 5, the perturbations are skewed towards the right and travel faster. This is due to a non-zero
positive background velocity.

Psteady — P Usteady — U Dsteady — P
4-1075 ¢
2-1071+
—5 1
6 . 10 2. 1075 ue
. 1-107* |
3-107°7 0 | T
0 0. 1 0
' X
0 ; > T
0 0.5 1 —2.107% ¢ 0 \j 0.5
~3.107% | 410 —1-107%
- PO N ]P)\INB N PgVB
psteady —p Usteady —u psteady —-p
1n0-13 1
4-10 0 1012 |
. —13 |
6-10 9. 10—13 1
1-10712 ¢
—13 |
3.10 0 | x
0 0. 1 . | |
0 | > o 13 0 0.5 1
0 0.5 1 21077 '
—3 . 10_13 T 74 . 10,13 1 —1 . 10_12 T
- I[DO - P\INB N ]P’;NB

Figure 6: Perturbation of a moving equilibrium. Top panels: perturbation with initial amplitude A = 107%.
Bottom: perturbation with initial amplitude A = 10712,

Another interesting test case concerns a moving steady solution perturbed by a wave stemming from a time-
dependent boundary condition. We consider again the moving equilibrium given by (qo, so, Hp), with the per-
turbation applied as a right boundary condition acting only on the velocity, which is given at x = 1 and t > 0
by

u(1,t) = 108 sin(8xt) (5.5)

instead of by the unperturbed equilibrium. The computational domain is given by [0, 1] using 512 cells and
the simulation is stopped shortly before the perturbation reaches the opposite boundary, at ¢ = 0.72. Similar
set-ups can be found in [24], motivated by the study of wave propagation in stellar atmospheres. The difference
between numerical results and the moving equilibrium are given in Figure 7, where we have set A = 5 to add some
diffusion to the scheme. In this case, the perturbation remains well-resolved. This further verifies the ability of
the numerical scheme to resolve small perturbations around hydrostatic and moving equilibria on coarse grids.
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Figure 7: Perturbation of moving equilibrium from the boundary.

5.4 Riemann Problems

As a final series of test cases, we consider three Riemann Problems, two classical ones for the Euler equations
without a source term, and one in presence of a gravitational field, far from an equilibrium.

In all these cases, the space domain is = [0, 1], and we prescribe homogeneous Neumann boundary conditions.
Moreover, the initial condition takes the form of a Riemann problem, i.e.,

Wy if x < xo,
W(ZL’, 0) = r . 0

Wgr if x > xg,
with the jump position ¢y = 0.5, and where the left and right states are given differently for each problem. In
each case, we take a grid consisting of 75 cells.

5.4.1 Sod problem

We first consider the standard Sod problem, which is a well-known benchmark for Riemann solvers. The initial
condition is given by
PL :1, pR:0.125, uy, :uR:0, pL = 1, pRZO.].. (56)

The gravitational potential is given by ¢ = 0. The results are given in Figure 8, in primitive variables p, u
and p at time ¢ = 0.1644. The first order scheme is diffusive, in particular over the contact and shock waves,
whereas increasing the order of the new well-balanced scheme increases the resolution of all waves. As is typical
for high-order schemes, small oscillations can be observed near the shock wave. However, all schemes are able
to correctly determine the shock position and amplitude. The numerical results are compared against an exact
reference solution obtained with an exact Riemann solver [47].

5.4.2 Double rarefaction
We then turn to a double rarefaction, whose initial data is

10 10
pL = pr =1, ULZ—?MR:?, pL =pr=1. (5.7)
This is a challenging problem, as it will lead to a near-vacuum state in the middle of the domain. We still take
the given gravitational potential ¢ = 0. The results are displayed in Figure 8 at time ¢t = 0.09. Despite the fact
that p and p are very close to zero in the middle of the domain, no negative values of p and p are observed. The

numerical results are compared against an exact reference solution obtained with an exact Riemann solver [417].

26



) 0.5

1

xT

0

0.5

— Py — PVB — PWB ---- reference

Figure 8: Riemann problem without a gravitational field influence: Sod problem displayed in primitive variables
p, u and p, at time ¢t = 0.1644 using 75 cells.
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Figure 9: Riemann problem without a gravitational field influence: double rarefaction problem displayed in
primitive variables p, v and p, at time ¢ = 0.09 using 75 cells.

5.4.3 Riemann problem in a gravitational field

The last Riemann problem is a Sod-like problem in the presence of a gravitational source term, given by ¢;. The
initial data is given in steady variables ¢, s and H, as follows:
sp, =0,sg = —log(0.75),

qL:0.5,qR=0, HLZG,HR:?). (58)

The results are displayed in Figure 10 at time ¢ = 0.2. This time, the equilibrium variables ¢, s and H are displayed
corresponding to the variables, in which the initial data is given. We observe that the solution generated by the
new well-balanced scheme accurately captures the arising shock and rarefaction waves. The numerical results are
compared against a reference solution obtained with the classical HLL scheme with a centered discretization of
the source terms on 2000 cells.
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Figure 10: Riemann problem under a gravitational field influence: modified Sod problem displayed in steady
variables ¢, s and H, at time ¢ = 0.2 using 75 cells.

6 Conclusions

In this paper, we derived a new numerical scheme to approximate weak solutions of the Euler equations with
a gravitational source term. The presented Godunov-type scheme is based on an approximate Riemann solver
composed of two intermediate states. It is constructed such that the scheme is consistent, positivity-preserving,
i.e., the positivity of density and pressure is preserved, and satisfies the discrete entropy inequalities. The
proof of these properties are summarized in Theorem 3.13 which relies on a main result of this work, given
in Theorem 3.5, where we showed that the specific entropy given by the HLL Riemann solver [33] satisfies a
decreasing principle. The remaining degrees of freedom in the approximate Riemann solver were exploited, on
the one hand, to incorporate the fully well-balanced property in the Riemann solver, and on the other hand, to
make the Riemann solver coincide with the well-known HLL Riemann solver in the absence of a gravitational
field. Thus, besides the above-mentioned properties, the new numerical scheme provably is fully well-balanced,
i.e., the scheme preserves moving equilibria and the associated isentropic hydrostatic equilibria up to machine
precision, as proven in Theorem 3.13. Further, we have shown a strategy allowing an extension of the first-order
Godunov-type numerical scheme to higher order accuracy, while preserving the fully well-balanced property of
the first-order scheme. The performed numerical test cases illustrated the theoretical results presented in this
work.

Acknowledgments. V. Michel-Dansac extends his thanks to ANR-22-CE25-0017 OptiTrust. The SHARK-FV
conference has greatly contributed to this work.
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