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ON THE SET OF NON RADIATIVE SOLUTIONS FOR THE
ENERGY CRITICAL WAVE EQUATION

RAPHAEL COTE AND CAMILLE LAURENT

ABsTrACT. Non radiative solutions of the energy critical non linear wave equa-
tion are global solutions u that furthermore have vanishing asymptotic energy
outside the lightcone at both ¢ — +oo:

A (Ve zull2 o3 1t+R) = 05

for some R > 0. They were shown to play an important role in the analysis of
long time dynamics of solutions, in particular regarding the soliton resolution:
we refer to the seminal works of Duyckaerts, Kenig and Merle, see [8] and the
references therein.

We show that the set of non radiative solutions which are small in the
energy space is a manifold whose tangent space at 0 is given by non radiative
solutions to the linear equation (described in [3]). We also construct nonlinear
solutions with an arbitrary prescribed radiation field.

1. INTRODUCTION

We consider solutions u : I x R — R (I interval of R) of the energy critical
semilinear wave equation in dimension 3 < d < 6:

(1) Ou = f(u),
with f(z) = +[z[?" 'z or f(z) = +a9 (if ¢ is an integer), where ¢ = 222 is the
H'-critical exponent. If u is a time dependent function, we denote @ = (u, d;u).

Denote # := H'(R%) x L?>(R%). For a time interval I C R, we define the spaces
W(I)=LYI,L*RY)) and N(I) = L'(I, L*(RY))
together with
X(I)={ue?, H R)) nW(I) : du € €I, L*(RY)},
with the natural norm
lullx(ry = llullg(r, 1 @ay) + 10cullzr, 2may) + llullw -

We now define the linear and nonlinear flows: if (ug,u1) € H, then €r(t) =
S1(t)(up,u1) is the solution of the linear wave equation

DUL :0,
ﬁL(O) = (’U,(),’U,1>.

Similarly, concerning the nonlinear equation, the problem is locally well posed for
data (ug,u1) in H and furthermore, if they are small in that space, the non lin-
ear solution is global and scatters linearly as t — +oo: see for example Strauss

(2)
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[20], Rauch [19], Pecher [I8], Ginibre-Velo [10] or Lindblad-Sogge [17] among oth-
ers. In that case, we will denote @(t) = S(t)(uo,u1) the solution to the nonlinear
wave equation ([Il) with initial data @(0) = (ug,u;1). We may write S, (ug, u;) and
S(ug, u1) to denote the space time function @y, and @ respectively.

For a space time function ¥ € X (R), we define its radiation energy outside a light
cone (of base R > 0) by

—
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provided that the limits exist.
If w is a solution to the linear energy critical wave equation (2]), due to finite speed
of propagation, the energy outside a light cone

2 2
IVull 2o+ r) + 10l 22504 1)

is decreasing as a function of ¢ > 0 and admits a limit as ¢t — +oo, for any R > 0
(and also as t — —00), and so its radiation energy is well defined for any R > 0. If
u € X(R) is a global solution to the non linear energy critical wave equation (2,
there is linear scattering, so that the radiative energy is well defined as well (this
is always the case for small data). See also [6] for the case of large data, global
solutions to (&) which enjoy an a priori H' x L? bound.

We say that a space time function ¢ € X (R) is non radiative if Eex r(U) = 0 for
some R > 0. Non radiative solutions play a crucial role as the main obstruction in
the energy channel method: this machinery was developed with great success, by
Duyckaerts, Kenig, Merle and collaborators, to understand the long time behavior
of solution to the radial energy critical non linear wave equation, in relation with
the soliton resolution conjecture. The classification of small radial non radiative
solutions of (Il) was addressed in [7},[I]; we also refer [B [8] and the references therein.
An important issue, raised in [I, Theorem 1.3], is to extend solutions which are non
radiative for some R > 0 (defined on the exterior light cone {|z| > t + R}), to
solutions which are non radiative for R = 0. All in all, we believe that a fine
understanding of these particular solutions might constitute a useful step as well in
the soliton resolution in the general case (without symmetry).

Our goal in this article is to give a description of an initial data which leads to non
radiative solutions @ to ().

We described in [3], for odd dimensions, the linear space Pr(R) of initial datum
(vo,v1) € H that give rise to a solution ¥ = St (vg, v1) to the linear wave equation
such that Fex r(7) = 0, in terms of the the Radon transform of the initial data
(vo,v1) and according to its decomposition in spherical harmonics: for the conve-
nience of the reader, we give further details in the Appendix [A] see in particular
@0). This was first done for radial data in odd dimension by [12], and in even
dimension in [14] (see also [2]), and it was extended to non radial data for odd
dimensions in [3] and later in even dimension in [13].

Let us define the operator 7 as follows: for a function v defined on R%, Tv is
a function of two variables (s,w), defined on R x S?~! by its (partial) Fourier
transform in the first variable s:

(3) Fsos(TO)(v,w) = co|u|d_;1 (€ yco+ e T 1,50)0(vw),
2



d—1 1
where 7 := ——m, ) = —F——,
4 2(2m)d-1

and © is the Fourier transform on R% of v:
VEERY,  9(¢) = /e—if%(x)dx.

The previous formula can also be expressed in term of the Radon transform R: it
is defined for f € S(R?) by

Rf:RxS ! SR, (s5,w)— / f(y)dy,
w-y=s

(with Lebesgue measure on the hyperplane {y : w -y = s}) and it can be extended
to f € L?(R?). Then there holds
T =ma(Ds)R  where mgy(v) := c0|y|% (e”ll,<0 +e*”1,,>0) .

In odd dimension, this relation simply writes:

(D)7 e

=2 9,

2(2m)d-1
We refer to [3] for details.
Our statement regarding the radiation of linear wave solutions is as follows. It is

closely related to the radiation field of Friedlander [9], see also Katayama [11] for a
related result.

Proposition 1.1 (Radiation field and concentration of energy on the light cone,
[8, Theorem 1.1]).  Let (vo,v1) € H, and T = Sr(vo,v1) be the linear solution to
@). Then as t — +oo, there holds the convergence in L?(R%)1+d

1 T -1
4 Vizv(t,r) — ————=(0sTvg — Tv <zt,—)x< >%0.
) Vuarlta) = g 0T = To) (el =65 ) < (o
Furthermore, one has
()
. 2 : 2 1
tl}IEoo HVUHL2(|;E|Z15+R) = t—l)ulloo HathLz(\m\Et-‘rR) = 5||85T’UO — TUl||%2([R,+OO)XSd71)-

The function d;Twvg — Ty in (@) is called the radiation field (at +o00) of ¥. Note
that changing v; to —v; and reversing time, we get the same result in negative time

(6)

. 2 . 2 1
S IVOlLe oz = dm 1000 5e 0z ) = 5105Tv0 + Tollgaa 400 xst-1):
so that

Eext,r(V) = ||68T’U0H%2([R,+oo)><§d*1) + ”T’U1||2L2([R,+oo)><§d*1)'

We want to define P(R) the (nonlinear) space of initial datum giving rise to non-
linear radiative solutions. More precisely, we denote
P(R) = {(uo,u1) : S(uo,u1) is defined globally on R and FEexs, g(S(uo,u1)) = 0}.
Our first result states that around 0 € H, P(R) is a submanifold of #H, whose
tangent space at 0 is Pr(R).
Theorem 1.2. Letd =3 or5. Let R > 0, and denote wg the orthogonal projection
on Pr(R) (in H).
There exists € >0 and a €* map

D BH(0,€> — H.
3



so that ® is a diffeomorphism to its image V = ®(By(0,¢)) C Bx(0,2¢) whose
differential at zero is the identity and satisfies

V(uo,u1) € By (0,¢), [[(uo,ur) — ®(uo, u1)lly < ||(uo, u1)ll3

V(ug,u1) € By(0,¢), 7R o ®(ug,u1) = mr(ug,ur).

Moreover, when restricted to Pr,(R), we have ® (Pr(R) N By (0,e)) =P(R)NV.
In particular, P(R) NV is a submanifold of H with tangent space at O equal to
PL(R). Moreover, (TRr)|p(r)nv 18 a chart from P(R)NV to Pr(R)N By/(0,¢) with
inverse P.

In particular, this result proves that there are a lot of nonlinear radiative solu-
tions, at least as many as the linear set Py, (R) which is actually a large space, see
Appendix [Al This description extends some results of [I] to the non radial case.

Simple non radiative solutions can be constructed as follows: it suffices to consider
a static solutions u(t,x) = u(z) for |x| > |t| + R, with —Awu = f(u). Such solutions
outside of a ball have been precisely described in our recent work [4] for analytic
nonlinearity (which is useful for () in dimension 3). The set P(R)**** of such
small solutions is also a manifold whose tangent set at 0 is the set Pr(R)*** of
linear solutions of Auz, = 0; but P(R)*** is actually a strict subset of P(R), by a
substantial margin: see Remark [A.1] for more precisions.

Pr(R)%* is also a subset of Pr(R), so we recover the inclusion P(R)**“! into
P(R) at the tangent space level. Yet, in [4], we give a more precise statement: the
nonlinear static solutions of P(R)**** “look” like the linear one Py, (R)***" at infinity.
In a suitable space Z, of analytic functions on S¢~! adapted to the operator A,
there exists a unique uy, € Pr(R)*"*" so that

= ur)()ll, — 0.

Moreover, the application u — wuy,, that appears as a kind of scattering operator is
a (local) bijection. It would be very interesting to obtain such precise description
for the nonlinear non radiative solutions.

Our second result is related to wave operator: it says that given any radiation field
F (as in (), there exists a unique nonlinear solution of (Il) with this prescribed
radiation field. This result already appears in the literature, in a form or another,
see below. The precise statement is as follows.

Theorem 1.3. Let 3 <d <6 and F € L?>(R x S4=1). Then, there ezist T € R and
a unique u € X ([T, +00) solution of the nonlinear equation [) so that, ast — 400,

1 _
V”“““aaP;FQﬂ“%)X(W@)%O in LA(R)H,

Furthermore, if || F'|| L2 xge-1) is small enough, one can choose T =0 andu € X (R)
is defined globally.

We refer to [16, Theorem 1.1] for a result with a similar flavor, for wave type
equations (with other nonlinearities) in dimension 3, but in different functional
spaces; see also [15].

Theorem is independent of Theorem [[.2] but relies on a linear scattering result
in X and on Proposition which ensures that the map giving the radiation of
(from a linear solution) is onto: this last result goes back to Friedlander [9] (see
also the appendix of [6]). Here, we provide a new proof based on formula (@), which
actually gives an explicit expression of the inverse.

4



2. PROOFS

The spaces W (I), X(I) and N(I) were chosen to satisfy the following Strichartz
and nonlinear estimates. For a constant independent of the interval I (or of t € R),
we have

1S2.(8) o u)lLx gy < € Nuto, )l
1 (0), Dru(0) |, < C llul gz

“+oo
H/ cos(7| D, |)h(T)dT <Clhllyg)
—o0 L2(R4)

“+o0
H/ cos(rID DR < Ol
oo L2 (R4)

+oo
@) || snenapncriar| < Clblyg.
oo L3 (RY)

VIl x (ft,+00y) T 1T@Bl3 < CHRI N (1,100
T sin((. — 7)| Dy
where v(t) = / sin((- —7)IDs]) h(r)dr.
¢ Dy |
The related Strichartz estimates can for example be found in [I7, Theorem 3.1], see
also [10]. Also notice that N is such that if h € N([A, +00)) for some A € R, then
(8) ||h||N([t,+oo)) —0ast— +00,

(and similarly in a neighbourhood of —o0). We will finally need the nonlinear esti-
mate

9) 1F () = F @)y < Cllu= vl Qullidy + 101G

It does hold in the cases considered for () since | f/(s)| < C|s|9~! and due to Holder
estimates. In fact, our proofs work in any functional setting that respects the above

conditions ([7)-(&)-(@).
Let us start by a a few observations related to the operator 7.

Definition 2.1. We denote:
Lig(R xS = {F e L*(R x S¥7Y); F(s,w) = —F(—s, —w),a.e.},
L2 (Rx S .= {FeL*Rx S, F(s,w) = F(—s, —w),a.e.}.

Lemma 2.2 (|3, Lemma 4.14]). Let d be odd. T defines an isometry from L*(R%) —
L?(R x S4=1) and is therefore an isomorphism to its range defined by
L2 (R xSY)  ifd=1[4],

R — even
ange(T) {Lgdd(R X ST if d = 3[4].

Similarly, 8T : H'(RY) — L2(S?! x R) is isometric and

L204(R xS if d = 1[4],
L2, (R xS ifd = 3[4]

even

Range(0sT) = {

We obtain the following corollary.

Corollary 2.3. Let d be odd and R > 0. There exists a continuous linear map
GL ¢ L*((R,400) x S¥1) s L2(R?) so that for any F € L*((R,+o0) x S471),
TGLF = F a.e. on (R, +0).
Similarly, there exists a continuous linear map G% : L*((R, +00) xS~ 1) — H*(R?)
so that for any F € L*((R,+o0) x S471), 9, TGYF = F a.e. on (R, +00).

5



Proof. We just prove the result for 7 and d = 1[4], the other cases being similar.
Since Range(T) = L2, (R x S?~!) is a closed subsets of the Banach space L?(R x

even
S%=1), we can apply the open mapping Theorem of Banach to define a continuous
inverse 7! from L?

2 (R xS%1) to L2(R?). Let F be the even extension of F €
L?((R,+oc0) x S?71) that is equal to zero on s € [~ R, R]. More precisely

F(s,w) = F(s,w) fors>R
F(s,w) = F(—s,—w) for s < —R
F(s,w)=0 for s € [~R,R).

X S7%). Defining =T~ ~, we obtain =F
2 en(Rx S, Defining GLF = T~1F btain TGLF = F
which satisfies the expected result. [l

It is clear that F e [?

Given a source term f, we can now construct a solution to the linear equation with
this source term, which is non radiative.

Proposition 2.4. Let d odd and X, N functional spaces satisfying [@) and (8.
Let h € N(R). There exists a continuous linear map T : N(R) — X (R), such that
for any h € N(R), u = Th is the unique element u € X (R) satisfying

(1) w is solution of Ou = h,

(2) EeXt7R(a) =0,

(3) mr(w(0)) = 0.
Proof. Step 1. We first look for u satisfying the hypothesis 1) and 2), but not
necessarily 3) We decompose @ = v + w where

o(t) _7/ Do h(r)dr,

so that Ov = h with morally 0 data at —oo and w solution of (Jw = 0 is to be
chosen later on. Notice that changing ¢ to —t in (7)), we get

sin((t — 7)[ D)
| / DD mar| <l
| Dz | H

— 00

QIIFYES

Using (&), this directly implies
. 2 2
(10) t_1>lr_noo(|\VvHLz(Rd) + 10| 2(ray) =

Also, by (@), there hold

vl x @) < C Ay -
Let us now estimate the exterior energy (outside a truncated cone) of ¥ as t — +oc0.
We write

o0 sin((t — 7)| Dy oo sin((t — 7)| D
v(t) :/ —((t|DI|)|D |)h(7‘)d7‘—/t —((t|Dz|)|D |)h(7')d7'

in(t[D,]) [T +% sin(r| D,
= sin(t| D[) D/ cos(7|Dg|)h(T)dT —cos(t|Dz|)/ sin(r| Dz |) |)h(7')d7'
|DI| — 00 —00 |DI|
o0 sin((t — 7)|Ds|)
— — " h(r)dr
/t |De|
sin(t| D,
(11) =: %UH_ + cos(t| Dz |)vot + 7(2).
In other words, ¥ = Sr.(vo4,v1+) + 7. We estimate using (7))
—+oo
12 ol = | [ eostriDaDiar| < Cllllg,
—oc 12(E4)

6



+oo
Josllin o = | | sin(riDaDhr)dr| < Clllygy
~oo0 L2(R1)
2 gin((- = 1) D))
Ilx = | [ G2 | <Ol
| D, .
] 2 gin((t — 7)|Da )
Ol = | [ OGP | < C bl ey
t z H
In particular, due to (&), we have
(13) tilm (||V7"||2L2(1Rd) + ||at7"||iz(Rd)) =0.

We will select (wp,w;) = (w(0),0,w(0)) the data at initial time for w, so that
w(t) = SL(t)(wo,wr). We can now compute the radiation of u in terms of (wp, wy)
and (vo4,v14). Indeed, for t — —oo, using (6l) and (I0), we have

tilm (||Vu||L2(|z|>|t\+R) + ||8tu||L2(|z|>|t\+R))

= im (1Y) 2gai4 r) + 1000 L2 (51014 1)

05T wo + Twl”%/Z([R,Jroo)XSd*l)'

Similarly, for t — +oo, @(t) = SL(t)(wo + vor, w1 + v14) + 7(t) so that using (I3)
and (@), we have

(Jm (||vu||L2(|x|>|t\+R) +[|0v| 7 » (>t +R))
= hm (||V(U +w)(t )||L2(\m\2\t|+R) + [10¢ (v + w)(t)HQL?(\z\}M-i-R))
= ||<9s7'(wo +004) = T(wi +014) |72 (R, +00) x50-1)-

Hence, summing up, we get:

-,

(14)  Eext,r() = ||(’) Two + Twil|L2([r,400) x5-1)
+ §||3s7(w0 +vo4) — T (w1 +v14) || L2([R,+00) xs59-1)-
We therefore look for (wg,w;) € H' x L? such that
(15) {asTwo +Tw; =0 on [R,+0) x ST a.e.
OsT (wo +vo4) — T (w1 +v14) =0 on [R,+0) x ST a.e.
Equivalently:

2Tw; = —Tviy + 0sTvos on [R,+00) x S41 a.e.
20sTwy = —0sTwvoy + Tvr4 on [R,+00) x ST a.e.

Due to Corollary[2.3] the previous equations can be solved with a continuous inverse.
To summarize, we finally define

1 1
(16) wy = §G}z(—7'vl+ +0sTvoy) and wy= 56’%(—857'1)04_ + To1y).

Then (wg,w;) solve the system (I3 and, thanks to Lemma and (I2)), satisfy
the estimates

[(wo, wi)lly < C|| T4 — 3sTUO+||L2({R,+oo)xsd—1)
<

Cllvill L2 ray + C llvotll g1 ray < C bl v r) -
7



Then we let & = 7+ Sy, (wo,w1) where ¥ is defined in (1)) and (wp,w;) is defined
in (I6). Then & = Ov = h and, in view of ([4), Eex z(@) = 0. Also, we have the
bound

[l x ey < ol x @y + lwllx @) < ClAlly@) + [1(wo, wi)lly, < ClIPl g, -

Step 2. Now that @ is defined, we simply let w = u—upg where g = Sp(7g (€(0), 0:1(0))):
indeed, ug is a non radiative solution, and solves (lur = 0. Also, regarding conti-
nuity of the map, we just need to write

l[urllx @) < Cllmr (@(0), 9:u(0))ll;, < [[(w(0), 0:u(0)ll5, < Cllullx @y < Cllhlln)
so that ||ul|x®) < C||hl|n(w). This finishes the existence part.

Step 3. Concerning uniqueness: let u; and us be two such solutions of the problem.
In particular, z = u; — uy satisfy:

(1) z is solution of Oz = 0,

(2) Eext,r(Z) =0,

(3) mr(Z(0)) = 0.
In particular, the first and second assumptions imply (2(0),9;2(0)) € Pr(R) an
therefore Z(0) = mr(Z(0)). Together with the third assumption, we infer (z(0), 0;z(
0 and therefore z = 0, and uy = us.

) =

0SS &

With Proposition 2.4] in hand, we can now prove the theorem.

Proof of Theorem [ For (ug,u1) € H, let @y, = Sr(ug,u1). We are looking for a
solution u of

(17) u=ur +T(f(u)).
Indeed, if u € X (R) solves (), then
Ou = O(T /() = f(u),

so that u solves (). To solve (M), given (ug,u1) € Pr(R) with ||(uo, u1)||u < €, we
use a fixed point argument on small closed balls B(0,¢) of X (R) for the map

G:r—=T(f(ur +71)).

Due to the continuity of T : N(R) — X (R) (provided by Proposition [2Z4]), and
using () and (@), we get for r,7 € X (R),

IG) I x @) < CIf (L +)lnwy < Cllur +rll5 @) < CE?+Irl%),
IG(r) =GN ix @ < ClIf(ur +7) = flur +7)ll v,
< Cllr =l (lur + rllwém -z, + 7l )
<Clr =7y @ + 1% + 1715 )
So, for & small enough, G admits a unique fixed point v in FX(R) (0,¢), the closed
ball of radius € in X (R). Furthermore
(18) vl x @ = IG@) x® < Cll(uo,u1)l3

Then u := uy, + v solves (). Also, by regularity of the Banach fixed point with
parameter, the map (ug,u1) — v is €* from By(0,¢) to X(R) (notice that the
nonlinearity is ¢!), with differential 0 at 0 € H, due to (I8). Finally,

7r(u(0), 9u(0)) = mr(uo, ur) + 7r(T(f (1)) (0), T (f(u))(0)) = 7R (uo, ua).

8



Therefore, the map

D : (ug,ur) — (u,Opu)(0),
(where u is as above) satisfies the first part of Theorem [[.2] up to possibly dimin-
ishing €.
Now, assuming (ug, u1) € Pr(R), we define & = S®(ug, u1), the associated nonlinear
solution. We have f(u) € N(R) due to (@) and as Fex,r(Sr(uo,u1)) = 0, the
radiation of u is well defined and

Eext,R('J) = Eext,R(T(f(u))v atT(f(u))) = Oa

so that u € P(R). So, we have proved ®(Pr(R) N Bx(0,e)) C P(R)NV.
Reciprocally, let (vo,v1) € P(R)NV. By definition of V', it can be written (vg,v1) =
D (ug, u1) with (ug,u1) € By(0,¢). Denoting @ = SP(ug, u1) = S(vo,v1), the asso-
ciated nonlinear solution, we have, by definition of ®, @ = Sy, (ug,u1) + T(f(u)). In
particular, as Eexy r(T(f(w)), 0, T(f(u))) = 0, we have

Eext, r () = Eext,r (S (1o, u1)).
Now we assumed (vg, v1) € P(R), 80 that Fex, r(¥) = Eext,r(S(vo,v1)) =0, and

Eext,r(St(ug,u1)) = 0.

Thus, (uo,u1) € PL(R) and (vo,v1) € ®(PL(R) N By (0,¢)).
The last statement of the theorem is only a rephrasing of the previous results in
terms of submanifolds in Banach spaces. O

Now, we turn to the proof of Theorem and begin by a Proposition stating that
the radiation operator is onto.

Proposition 2.5 (Friedlander [9]). The application
H — L*(R x S471)
(vo,v1) — 0sTvg — Tn
s a bijective isometry.

Proof. For the convenience of the reader, we provide a proof with an explicit inver-
sion formula in terms of Fourier transform. Formula () gives

Fss(0sTvg — Tor)(v,w) = co|1/|% (€ 1yco + e 1, 50) (ivd (vw) — 01 (vw)).

For the injectivity, we could compute directly that the application is an isometry,
see for instance [3| Lemma 2.1.] for a closely related computation. Here we can
directly check that 05T vy — Tv1 = 0 implies vy (vw) = 01 (vw) almost everywhere
in R x S9~1. Applying at (v,w) and (—v, —w), it gives (vg,v1) = (0,0).
For the surjectivity, given F € L2(R x S91), denote for simplicity F' = F,_,, F,
and define vy and v; by their Fourier transform as follows: for ¢ € R¢\ {0}, with

&€ = pw where p > 0 and w € S%71, we set

0 1 it —iT I
(&) = Yicop s (e F(p,w) —e " F(—p, fw)) ,
U 1 it —iT I
0(§) = T 2ep (6 F(p,w)+ e ""F(—p, —w)) .

Then for w € S*~!, we have for v > 0
Fsosv(0sTvg — Tor)(v,w) = cou% e (ivig (vw) — 01 (vw))

=cov T e (Ldﬂ (eiTF(V, w)— e TF(—v, —w))

2icor 2
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and if v <0,
d—1 . R R
Foosv(0sTvg — To1)(v,w) = colv| = €' (—i|v|oo(|v|(—w)) — D1 (|v|(—w)))
= c0|y|d_;16” —% (e”ﬁ(|u|, —w) — e‘”F(u,w))
2ico|lv| =
1
200|V|%
= F(r,w).
Hence there hold

(e”ﬁ(|u|, —w) + e‘”F(u,w)))

(0sTvg — Twy) = F.
We verify that (vo,v1) defined as above are indeed in H.

2 1 NN 1 /Jroo d71/ 2 (a 2
volls = —= ||| - [0o()||72 = —— o (pw dw d
ol = ey Il B0 = g [ 0 [ A o) do o

1 +oo
B 40(2)(271-)11 /0 /weSdl

2 1 N 2 1 /+oo d71/ N 2
= —— 01 ()|2s = dw d
ol = Gy Ol = g [ 0™ [ ()l o ap

( / /(76
402(27T)d §d—1
1 1

Finally, it is an isometry: indeed, W =1 and

. L 2
eTF(p,w) — e TF(—p, fw)‘ dw dp.

o . 2 . . 2
e F(p,w) — e ""F(—p, —w)‘ + e F(p,w) + e "F(—p, —w)‘

2

)

N 2 N
=2|F(p,w)| +2|F(=p,—w)

so that

ool + orllZe = — /M/
Vol U1 = —
H L 2m 0 wesSd—1
1 [t
:% 0 /weSdl

1 . 2
= — / F(p,w)’ dw dp:// |F(s,w)|” dw ds
21 Jr weSd—1 R JweSd—1

2
= [ Fllz2(rxsa1) - =

2 R 2
F(p,w)’ + ‘F(*p, *w)’ dw dp

. 2 ~ 2
F(p,w)’ + ‘F(*p,w)‘ dw dp

Proof of Theorem[L3. Step 1. We first construct the linear scattering state, that is
find (vo,v1) € H such that, denoting ¥, = S, (v, v1), as t — 400,

1 T -1 . 2 (mpdy1+d
19) Vi vp(t,x) — ———F | |x]| —t,— | X —0 in L*RHH4,
( ) t, L( ) ﬁlxl% <| | |$ ) <$/|$|) ( )
Due to Proposition 28] there exists (vg,v1) € H so that

F = (857'1)0 - T’Ul).

In view of (), we see that ¥z, = SL(-)(vo, v1) satisfies the expected asymptotic (I9).
10



Step 2. We now construct i, solution to () such that ||@— 7L (¢)||x — 0 ast — +oo:
this is simply the wave operator, and is standard. We provide some elements of proof
for the sake of completeness. We decompose (t) = U1 (t) + w(t) and write & as
solution of a fixed point problem. Let T € R to be chosen later: the Duhamel
formula on [t, 7] (for 7 > t) gives

e S 0 s
O(7) + w(r) = Sp(r — )(TL(t) + (t))+/t Si )(f( (5) )d-

vr(s) +w(s))
Notice that o7 (t) = Sp(t — T)0L(T); compose by Sr(t — 7) and let 7 — +o0: as
I1SL(t — T)W(T)||x = ||W(7)||% is meant to tend to 0, we arrive at the fixed point
formulation:

- _ = U == - - !
W(t) = Wi(t), where Wi(t) == /t Set =) (f(vL(sHv(S)))ds'

Let T € R to be fixed later, we work in small closed balls B(0,¢) of X ([T, +00)).
By (@) and (@), we have for ¥ € X ([T, +0)),

193 x(tr, 500 < CUF@L + 0w s0e) < C (LN 10y + 191,500y ) -
Similarly,

19T — W3 x (17, 100y) < CllF (vr +v) — flvr + 0)|[ v (7 400)

-1 -1 ~1q—1 ~
<C (||ULH3V([T,+OO)) + 10l (7,100 T+ HUH?/V([T,JFOO))) v = Bllw(7,+00))-

Let T be such that H'ULH;J/;(l[T,JrOO

fixed point & in B(0,¢), and @ = ¥, + @ answers the question. O

) < € be small enough, then ¥ admits a unique

APPENDIX A. DESCRIPTION OF THE SET P (R) OF LINEAR NON RADIATIVE
SOLUTIONS

In this section, we gather some results of [3] where a precise description of the set
Pr(R) was performed for R > 0. This corresponds to classifying the linear solutions
u that have vanishing asymptotic energy on the exterior light cone |z| > ¢t + R with
R > 0, that is

Eezt,R(u) = 0.
By finite speed of propagation, initial data which are compactly supported in |z| <
R obviously satisfy this condition. We will call this space

’CR,comp = {(u07u1) € Hl X LQ(Rd) : (u05u1)|{‘1‘>R} = 0} '

where the equality is in the distributional sense.

It turns out that these are not the only examples. We will now need some further
notation.

We denote (Yz)eem a countable orthonormal basis of spherical harmonics of Se-1,
Y, is the restriction to S?~! of a harmonic (homogeneous) polynomial. For short,
we will denote [ = [(¢) the degree of this polynomial.

The non radiative functions will be the following. Denote for k € N,

ap = —1l—d+ 2k + 2.

oy also depends on £, but here and below, we silence this dependence to keep
notations light. Then let

X
91 (@) = L{ja)>ry2|**Ye (m) '

Note that g, € L? if and only if oy, < —d/2. We introduce

NR.¢ = Span (g; for k € N such that ay, < —d/2)
11



Similarly, let

fule) = (7)) v(g) wwn

!
<%) Yy (%) for || < R.

Note that f, € H' if and only if a, < —d/2+ 1. Also, the value of f; in |z| < R
is not, very important; our choice allows to keep continuity and that the restriction
frl{jz|<r} is @ harmonic polynomial, so that f is orthogonal to (in H") to functions
with compact support in B(0, R).
Let

N.o = Span (fi; for k € N such that o, < —d/2+1).

For any ¢ € M, we note the space
Pg(R) = NIOZ,E X Nllz,é'

Remark A.1. For a fixed spherical harmonics Yy, only the value k£ = 0 corresponding
to ap = —I — d + 2 produces a solution of the stationary equation Au = 0, and
from [4] (in dimension 3), a nonlinear stationary solution defined outside a large
ball: via time invariance, this yields a curve (manifold of dimension 1) of solutions
stationary outside a light cone.

Theorem constructs a non radiative solution for all elements in Py(R), which,
except for those on the curve above, are not stationary outside a light cone.

One of the result of [3, Theorem 1.7] was the precise description of Pr(R) in odd
dimensions as follows.

1
1
(20) PL(R) = ICR,comp D @ PZ(R)
LeM

(the orthogonality is related to the natural scalar product of H' x L?).
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