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MODULI SPACES OF QUANTUM TORIC STACKS AND THEIR
COMPACTIFICATION

ANTOINE BOIVIN

Abstract. A toric variety is a normal complex variety which is com-
pletely described by combinatorial data, namely by a fan of strongly
convex rational (with respect to a lattice) cones. Due to this rationality
condition, toric varieties are (equivariantly) rigid since a deformation
of the lattice can make it dense. A solution to this problem consists in
considering quantum toric stacks. The latter is a stacky generalization
of toric varieties where the "lattice" is replaced by a finitely generated
subgroup of Rd (in the simplicial case as introduced by L.Katzarkov,
E.Lupercio, L.Meersseman and A.Verjovsky). The goal of this pa-
per is to explain the moduli spaces of quantum toric stacks and their
compactification.
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Introduction

Quantum toric stacks are a (stacky) generalization of toric varieties in-
troduced in [KLMV21] and [Boi20]. They are analytic stacks built from
the combinatorial data given by an "irrational" fan of cones, i.e. in any
finitely generated subgroup of Rn (and no more in a lattice of Rn in the
classical case). This construction is functorial and it induces an equiva-
lence between the categories of fans and the one of quantum toric stacks.

This permits to build moduli spaces of quantum toric stacks (it was not
possible with toric varieties due to the rigidity of the rationality condition
on the fan) by considering moduli spaces of fans.

The first goal of this paper is to precisely describe these moduli spaces,
pursuing the work of [KLMV21], when the combinatorics is fixed (in a
sense made precise latter, in subsection 2.1). We prove in subsection 2.2
that they are orbifolds described by the quotient of a connected open
semialgebraic subset by a finite group (the automorphism group of the
combinatorial posets). The inequalities describing these semialgebraic
subsets are given by signs of determinants coming from the combina-
torics (see subsubsection 2.2.2). Moreover, in subsection 2.4, we prove
the main feature of these moduli spaces: they are fine (in sense that each
of them admits a universal family described thanks to the quantum GIT
of [KLMV21]). In subsection 2.3, we compute some families of exam-
ples of such moduli spaces: the moduli spaces containing the projective
spaces of dimension d is the quotient of an orthant of an affine space by
an action of the permutation group Sd+1 and the moduli spaces contain-
ing toric surfaces are quotients of a contractible space modded out by an
action of a dihedral group.

The second goal of this paper is to describe a natural combinatorial
compactification (in the sense that we can extend the universal family in
a compatible way) of these moduli spaces: the boundary of such a com-
pactification comes from degeneracies of the initial combinatorics. In
subsection 3.1, this compactification is realized thanks to an embedding
of the previous semialgebraic subset in a Grassmannian manifold and by
extending the action of the finite group to this Grassmannian manifold.
Then, in subsection 3.2, we extend the universal family by studying the
degeneracies of the combinatorics occurring in the compactification. Fi-
nally, we provide explicit computations of all these degeneracies in the
two previous families of examples (see subsection 3.3). In particular, the
compactification of the moduli space of projective spaces of dimension d
arises as the quotient of a d-simplex in RPd.
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This work constitutes a first step towards the "toric big moduli conjec-
ture" which states that the moduli spaces of quantum toric stacks with
fixed combinatorics fit in a big moduli space of quantum toric stacks
with fixed dimension and fixed number of generators which can be com-
pactified (see [Boi23] for more details).

1. Convention and notations

1.1. Quantum fans and quantum toric stacks. In this subsection, we
recall the needed defintions and theorems on quantum toric stacks (see
[KLMV21] for the details of the constructions)

Definition 1.1.1. Let Γ be a finitely generated subgroup of Rd such that
VectR(Γ) = Rd. A calibration of Γ is given by:

• A group epimorphism h : Zn → Γ

• A subset I ⊂ {1, . . . ,n} such that VectC(h(ej), j /∈ I) = Cd (this is
the set of virtual generators)

This is a standard calibration if Zd ⊂ Γ , h(ei) = ei for i = 1, . . . ,d and I

is of the form {n− |I|+ 1, . . . ,n}

Definition 1.1.2. A quantum fan (∆,h : Zn → Γ ⊂ Rd,I) in Γ is the data
of

• a collection ∆ of strongly convex polyhedral cones generated by
elements of Γ such that every intersection of cones of ∆ is a cone
of ∆, every face of a cone of ∆ is a cone and {0} is a cone of ∆.

• a standard calibration h with I its set of virtual generators
• A set of generators A i.e. a subset of {1, . . . ,N} \ I such that the

1-cone generated by the h(ei) for i ∈ A are exactly the 1-cones of
∆

The fan is said simplicial if every cone of ∆ is simplicial (i.e. which can
be send on a cone of Cone(e1, . . . , ek) by a linear automorphism of Rd).
We note ∆(1) the cones of dimension 1 of ∆ and ∆max the maximal cones
of ∆.
With linear morphism which preserves inclusion of cones and calibra-
tion, the simplicial quantum fan forms a category denoted QF.

Every cone σ = Cone(h(ei1), . . . ,h(eidim(σ)
)) (isomorphic to Cone(e1, . . . , edim(σ))

by a linear morphism Lσ and note H a linear morphism described by a
permutation χ of {1, . . . ,n} such that χ(ik) = k for 1 6 k 6 dim(σ)) of a
simplicial quantum fan (∆,h,I) describe an affine quantum toric stack
(and, in particular, an analytic stack)

Uσ := [Cdim(σ) × (C∗)d−dim(σ)/Zn−d]

where the action of Zn−d on Cdim(σ) × (C∗)d−dim(σ) is given by the
following morphism

x ∈ Zn−d 7→ ELσhH
−1(0Rd ⊕ x) ∈ (C∗)n



4 ANTOINE BOIVIN

where E is the map

(1) (z1, . . . , zn) ∈ Cn 7→ exp(2iπz1, . . . , exp(2iπzn)) ∈ (C∗)n

In particular, with σ = 0, we get the quantum torus Th,I = [(C∗)d/Zn−d]
(which is a Picard stack) which is dense in all these quantum toric stacks.

Thanks to the stabily by taking faces and stabily by intersection, a
quantum fan (∆,h,I) define a diagram D : σ 7→ Uσ of affine quantum
toric stacks. Indeed, for every σ, τ ∈ ∆, we have

Uσ

Uσ∩τ

Uτ

open

open

Definition 1.1.3. The quantum toric stack associated to the simplicial fan
(∆,h,I) is the colimit X∆,h,I of this diagram i.e. the gluing of the quan-
tum toric stacks {Uσ}σ∈∆ along their intersection. With stack morphisms
which restrict on Picard stack morphism on torus, they form a category
denoted QTS.

Theorem 1.1.4. The correspondence (∆,h,I) ∈ QF 7→ X∆,h,I ∈ QTS is an
equivalence of categories.

This theorem permits us to study the moduli spaces of quantum toric
stacks with the one of quantum fans.

Theorem 1.1.5 (Quantum GIT). If (∆,h,I) is a simplicial quantum fan then
the quantum toric stack X∆,h,I is a quotient stack

X∆,h,I = [S (∆)/Cn−d]

where S (∆) is a quasi-affine (classical) toric variety given by the combinatorics
of ∆ :

(2) S (∆) =
⋃

σ∈∆max

Cσ(1) × (C∗)σ(1)
c
⊂ Cn;

and Cn−d acts on S by

t · z = E(k⊗ idC(t))z

where k is a Gale transform of h⊗ idR : Rn → Rd.

A Gale transform of h⊗ idR is a morphism k : Rn−d → Rn such that

0 Rn−d Rn Rd 0k h

is exact
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1.2. Notations. In these paper, we will use the following notations :
• Man (resp. Top ) are, respectively, the site of real manifolds (resp.

compactly generated topological spaces) with Euclidean cover-
ings;

• Poset is the category of partially ordered sets with non-decreasing
functions.

• SI (resp. Sn) is the group of bijections of I (resp. permutations of
n objects) ;

• Dn is the dihedral group on n objects ;
• Pσ is the linear isomorphism Rn → Rn associated to the permu-

tation σ ∈ Sn i.e. P = (δi,σ(j))16i,j6n.

2. Moduli spaces of quantum toric stacks

In this section, we study the moduli spaces of quantum toric stacks
with fixed combinatorics. For this, we firstly introduce combinatoric type
in order to give sense of the expression "fixed combinatorics". This per-
mits us to define the desired moduli spaces which are global quotient
stack of an open subspace Ω of a real affine space by the action of sub-
group of a permutation group of the rays the combinatorics. These space
Ω is in fact a connected semialgebraic subset whose equations are com-
pletely described by the starting combinatorics. Finally, we describe the
universal families over these moduli spaces.

2.1. Combinatorial type.

Definition 2.1.1. The combinatorial type of a fan (∆,h : Zn → Γ ,I) is the
poset comb(∆) of subsets I of {1, . . . ,n} such that Cone(h(ei), i ∈ I) ∈ ∆
ordered by inclusion.
Conversely, if D is a poset, the calibration (h,I) is said D-admissible if
there exists a quantum fan (∆,h,I) such that

comb(∆) ' D

Example 2.1.2. The combinatorial type of the fan of the projective plane
i.e.{
∆ = {(e1, e2,−e1 − e2, Cone(e1, e2), Cone(e1,−e1 − e2), Cone(−e1 − e2, e2)}

h : (x,y, z) ∈ Z3 7→ (x− z,y− z) ∈ Z2

is
comb(∆) = {{1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}}.

Since a cone σ = Cone(A) ⊂ Rd is simplicial if, and only if, for all I ⊂
A, the cone Cone(I) is a face of σ then we have the following statement:

Proposition 2.1.3. The property of being simplicial depends uniquely on the
combinatorial type of the cone.

Lemma 2.1.4. The correspondence comb : QF → Poset is functorial.
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Proof. The poset morphism induced by a quantum fan morphism (L,H) :
(∆,h,I) → (∆ ′,h ′,I ′) is defined as follows : let σI ∈ ∆. By definition
of fan morphisms, Lσ is contained in a cone τ ∈ ∆ ′. The minimal cone
for this property will be noted comb(L,H)(I). Hence, we have defined
a poset morphism comb(L,H) : comb(∆,h,I) → comb(∆ ′,h ′,I ′) (i.e a
non-decreasing map). �

2.2. Definition and properties of moduli spaces.

2.2.1. Definitions. By definition of D-admissible calibration (cf. defini-
tion 2.1.1), we get

Lemma 2.2.1. If h is comb(∆)-admissible, the data of a calibrated fan (∆,h,I)
is equivalent to the data of (comb(∆),h,I)

We can defined the moduli space of quantum toric stacks with fixed
combinatorics:

Definition 2.2.2. Let D be the combinatorial type of a fan of Rd, n >
Card(D(1)) and I ⊂ [[1,n]] \D(1). The moduli space of quantum toric
stacks given by fans of combinatorial type D and virtual generators I is
the quotient stack1 (over the site ManR) :

(3) M (d,n,D,I) := {h : Zn → Rd | (h(ei))i∈D(1) is D-admissible}/ '

where h ' h ′ if, and only if, there exists a fan isomorphism between the
fan induced by (D,h,I) and the fan induced by (D,h ′,I) (cf lemma 2.2.1).

Lemma 2.2.3. Let D be the combinatorial type of a fan of Rd which have a
simplicial cone of maximal dimension d, n > Card(D(1)) and I ⊂ [[1,n]] \
D(1). The stackM (d,n,D,I) is isomorphic to the stack

{h : Zn → Rd | h|Zd = idZd , (h,I) is D-admissible}/ '

or to the quotient of the subset Ω(D) of Rd(n−d) = (Rd)n−d (representing the
different generators h(ei), i > d) mod out by isomorphisms of calibrated fans
(L,H) such that the set I = {j | ∃i ∈ {1, . . . ,d}, ej = Hei} ∈ D verifies

Cone(L(h(ei)), i ∈ I) = Cone(e1, . . . , ed)

Proof. If (∆,h,I) has a simplicial cone σ = {v1 = h(ei1 , . . . , vd = h(eid)} of
maximal dimension then there exists a quantum fan isomorphisms (L,H)
which sends (∆,h,I) on a quantum fan which have a maximal cone
which is Cone(e1, . . . , ed). More explicitly, L = (v1 . . . vd)−1 : Rd → Rd

and H is given by a permutation τ ∈ Sn such that τ(ik) = k for all
k ∈ {1, . . . ,d}. �

Lemma 2.2.4. If D is simplicial then Ω(D) is a open subset of Rd(n−d).

1given by the stackification of the groupoid describing the equivalence relation
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Proof. Since the fact that d vectors of Rd are linearly independent is an
open condition then the fact to be D-realizable for a simplicial combina-
torial type D is also an open condition. �

Remark 2.2.5. The non-simplicial case is more complicated. Indeed, there
exists combinatorial types of (non-simple) polytopes which is not realiz-
able over Q but over an algebraic extension of Q (see [GKKZ03]). In these
cases, the realization space is not open. We will study the polytopal case
in subsubsection 2.2.3.

Theorem 2.2.6. Let D be the combinatorial type of a fan of Rd which have a
simplicial cone of maximal dimension, n > Card(D(1)) and I ⊂ [[1,n]] \D(1).
The moduli space of quantum toric stacks given by a fan of combinatorial type
D and with virtual generators I is isomorphic to the quotient stack

(4)
[
Ω(D)/AutPoset(D)× (Zn)J × GLJ(Z)×SI

]
where J := [[1,n]] \ (D(1) ∪ I) is a set of generators which is neither appearing
in the fan nor is virtual and SI is the group of bijections of I. The action
of AutPoset(D)× (Zn)J × GLJ(Z)×SI on Ω(D) is defined as follows : Let
h ∈ Ω(D), τ ∈ AutPoset(D), (αj)j∈J, A ∈ GLJ(Z) and σ ∈ SI. Let

H =

 Pτ (αi)i∈J 0
0 A 0
0 0 Pσ

 ∈ Mn(Z)

and L = (h(eτ(1)) . . .h(eτ(d)))−1. Then,

(5) (τ, (αj)j∈J,A,σ) · h = LhH−1

Proof. A quantum fan isomorphism is the data of two linear morphisms
(L : Rd → Rd,H : Rn → Rn) which respects the cones and the virtual
generators. Then, H can be decomposed by blocks :

(6) H =

(
H1 0
0 H2

)
where H2 : RI → RI is fully described by a permutation of I. Now,

it remains to us to describe H1. In the same way as [KLMV21, section
11.2], there exists a permutation τ such that L = (h(eτ(1)) . . .h(eτ(d)))−1

and H|D(1) = Pτ. More precisely, τ (and its inverse) must preserve the
inclusions of cones. Hence it is a poset automorphism. We deduce that
H1 is of the form

H1 =

(
Pτ B

0 A

)
Since H ∈ GLn(Z),

±1 = det(H) = det(H1)det(H2) = det(Pτ)det(A)det(Pσ) = ε(σ)det(A)ε(τ)

Hence, det(A) = ±1. We can conclude that A ∈ GLJ(Z). �
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Remark 2.2.7. Since an automorphism of posets preserves the 1-cones
then the group AutPoset(D) is a subgroup of Sn.

Corollary 2.2.8. The stack M (d,n,D,I) is an orbifold if, and only if, the
combinatorial type D is maximal (i.e. J = ∅)

Notation 2.2.9. In what follows, we will suppose that the combinatorial
type is maximal. Then we will omit the I in the notation (since I =
[[1,n]] \D(1)).

2.2.2. Semialgebraicity. The goal of this paragraph is to prove that Ω(D)

is a connected open semialgebraic subset of Rd(n−d) if D is the combina-
torial type of a simplicial fan.

Definition 2.2.10. Let D be the combinatorial type of a complete sim-
plicial fan of Rd with n generators. The determinant associated to this
combinatorial type is the map detD : Rd(n−d) → RDmax defined by :

∀v = (vd+1, . . . , vn) ∈ (Rd)n−d, detD(v) = (det(vi, i ∈ I))I∈Dmax

where v1 = e1, . . . , vd = ed.
We will note U(D) the (non-empty by hypothesis on D) open subset
det−1

D ((R∗)Dmax) of Rd(n−d).

In what follows, we will fix a combinatorial type D which will be
simplicial and all its maximal cones will be of cardinal d.

Remark 2.2.11. . Thanks to this hypothesis, Ω(D) ⊂ U(D)

Lemma 2.2.12. The map ϕD : U(D) → {±1}∆max defined by

∀v ∈ U(D),ϕD(v) =
(

det(vi, i ∈ I)
|det(vi, i ∈ I)|

)
I∈Dmax

is locally constant (i.e. constant on each connected component).

Proof. It comes from the fact that the map ϕD is continuous and the space
{±1}∆max is discrete. �

Proposition 2.2.13. The subset Ω(D) is a clopen subset in U(D).

Proof. Since D is simplicial then Ω(D) is an open subset of Rd(n−d) and
hence by the inclusion of remark 2.2.11, an open subset of U(D). Now
we prove that it is also a closed subset of U(D) :
Let (hn) be a sequence of Ω(D) which tends to h in Ω(D)∩U(D). Since
h ∈ U(D) then, for I ∈ Dmax (which are of cardinal d)

det(h(ei), i ∈ I) 6= 0

For all I ∈ Dmax, the cones σI = Cone(h(ei), i ∈ I) are therefore simplicial
cones. In the same way, the intersection properties are preserved thanks
to the fact h ∈ U(D). We deduce, thanks to proposition 2.1.3, that h ∈
Ω(D). It is conclude the proof of the closeness of Ω(D). �
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Hence, the space Ω(D) is an union of connected component of U(D).
Therefore, thanks to lemma 2.2.12, we get inequalities describing the con-
nected components of Ω(D).

Corollary 2.2.14. Let h0 ∈ Ω(D). The connected component of Ω(D) con-
taining h0 is given by the inequalities (in h) :

∀I ∈ Dmax, sign det(h(ei), i ∈ I) = sign det(h0(ei), i ∈ I)
where sign is the map R → {±1, 0} associated a real to his sign. The open Ω is
a semialgebraic set of Rd(n−d).

Proposition 2.2.15. If D is the combinatorial type of a complete simplicial fan
then Ω(D) is connected.

Proof. Since the sign of the determinant is fixed on the cone (e1, . . . , ed),
the other are fixed inductively as well i.e. if σ and τ are two maximal
cones which have an ntersection of dimension d− 1 then we can write
σ = Cone(v1, . . . , vd−1, vd) and τ = Cone(v1, . . . , vd−1, vd+1) where

sign(det(v1, . . . , vd−1, vd)) = −sign(det(v1, . . . , vd−1, vd+1))

�

2.2.3. Polytopal case. In the literature, the space which is more frequently
associated to a poset D is the space describing the vertices of a polytope
whose faces poset is isomorphic to D.

Definition 2.2.16 ([RGZ95]). Let P = Conv(p1, . . . ,pn) ⊂ Rd be a poly-
tope of Rd with n vertices and B = (p1, . . . ,pd+1) be a basis of the
affine space Rd. The realization space R(P,B) is the set of matrices
Q = (q1, . . . ,qn) ∈ Rdn such that

comb(Conv(Q)) = comb(P)

and qi = pi for i = 1, . . . ,d+ 1.

Remark 2.2.17. The obtained space by change of basis are "equivalent" (in
the sense of the end of the section)

Proposition 2.2.18 ([CFZ02]). Let D be the poset of faces of a (not necessarily
simple) polytope P ⊂ Rd with n vertices and B an affine basis of Rd (we will
suppose that the first point of B is 0). Pose P(P) thet set

P(P) := {(Q, v) ∈ R(P,B)× Rd | v ∈ Int Conv(Q)}

The map (Q, v) 7→ {vertices of Q− v} is an open immersion P(P) ↪→ Ω(D).

Remark 2.2.19. The retired v permits to the polytope to have 0 in the
interior.

Warning 2.2.20. The inclusion is always strict for n > d+ 1 even in di-
mension 2 i.e. even if every cones are generated by a face of a polytope,
it does not imply that the chosen generators by the calibration are the
vertices of a polytope (see figure 1).
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•

•

•

•

Figure 1. Counter-examples polytopal fan and calibrations

The end of this subsection will be dedicated to prove that the spaces
Ω(D) for D non-simplicial can be as wild as possible.

Definition 2.2.21 (stable equivalence). • Let V ⊂ Rn andW ⊂ Rn+d

be two semialgebraic subsets such that π(W) = V where π is the
projection Rn+d → Rn. Then V is a stable projection of W if W is
of the form

W = {(v, v ′) | v ∈ V ,∀i ∈ I,∀j ∈ J,ϕi(v) · v ′ > 0,ψj(v) · v ′ = 0}

where I and J are finite sets and the map ϕi et ψj are polynomial
maps Rn → (Rd)∗

• Two semialgebraic subsets V and W are rationally equivalents if
there exists a homeomorphism f : V →W such that f and f−1 are
rational maps.

• The stable equivalence is the equivalence relation on the set of
semialgebraic sets generated by the stable projection and the ra-
tional equivalence.

Remark 2.2.22. We can give a geometric interpretation to the stable projec-
tion : V is a stable projection of W if each fiber of the projection W → V

is the interior of a polyhedron whose coefficients equations are given by
polynomials on V .

Lemma 2.2.23 ([RG06]). Let V ⊂ Rn and W ⊂ Rm two stably equivalent
semialgebraic subsets.Then

• If k is a subfield of Q and if V ∩ kn = ∅ then W ∩ km = ∅
• V and W have "equivalent singularity structure". By example, V is

smooth if, and only if, W is smooth.

Theorem 2.2.24 (of universality of Mnëv,[Mnë88],1986). Every semialge-
braic subset V over Z is stably equivalent to the realization space of a polytope
of dimension d with d+ 4 edges.
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Theorem 2.2.25 (Richter-Gebert,[RGZ95],1994). Every semialgebraic sub-
set V over Z is stably equivalent to the realization space of a polytope of dimen-
sion 4.

Corollary 2.2.26. The field Q ∩ R is the smallest field where the 4-polytopes
can be realized.

This results show that the sets Ω(D) can contain very singular open
subsets and in order to realize some combinatorial type we need to order
in an algebraic extension of Q.

Remark 2.2.27. An important consequent of these results is the fact that
the polytopes realizing these combinatorial types are computationally
hardly to handle : floats are just rational representation. Therefore, the
approximation done by passing from reals to floats prevent the consid-
ered polytopes to have the good combinatorics.

2.3. Examples.

2.3.1. Projective spaces. Let n ∈ N∗ and Sn the combinatorial type with
(n + 1) rays and which maximal cones are the subfamilies with n ele-
ments of [[1,n+ 1]] i.e. the combinatorial type of Pn.

Lemma 2.3.1. Ω(Sn) = Rn
<0

Proof. We have the inclusion Ω(Sn) ⊂ Rn
<0 due to (−1, . . . ,−1) ∈ Ω(Sn)

(since Pn has this combinatorial type). Moreover, Ω(D) is a connected
subset of Rn

<0 (by proposition 2.2.15) so Ω(Sn) = Rn
<0.

�

Proposition 2.3.2. M (n,n+ 1,Sn) has the homotopy type of the classifying
space BSn+1 = K(Sn+1, 1) and its cohomology groups are :

H•(M (n,n+ 1,Sn), Z) = H•(Sn+1, Z)

Proof. Since Ω(D) → M (n,n + 1,Sn) is a Sn+1-fibration and Ω(Sn) is
contractile then

∀i > 0,πi(M (n,n+ 1,Sn)) = πi+1(G)

Since G is discrete then

πi(M (n,n+ 1,Sn)) =

{
G if i = 1
0 otherwise

i.e. M (n,n + 1,Sn) is homotopically equivalent to K(G, 1) = BG and
hence

H•(M (n,n+ 1,Sn), Z) = H•(BSn+1, Z)

Then, thanks to [Wei94, theorem 6.10.5], we can deduce that it is isomor-
phic to the group cohomology ring H•(Sn+1, Z) �
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Example 2.3.3. For n = 2, S3 = D3 and hence

Hk(M (n,n+ 1,Sn), Z) =


Z if k = 0
Z/2Z if k ≡ 2[4]
Z/6Z if k ≡ 0[4],k > 0
0 otherwise

Example 2.3.4 ([Kir13]). For n = 3, H•(M (3, 4, S3)) is the graded ring
described :

〈a,b, c,d | deg(a) = 2, deg(b) = 3, deg(c) = 3, deg(d) = 4,

2a = 2b = 4c = 3d = 0,ab2j = aj+1(c+ a2)j for all j > 1
〉

The computation of the group cohomology of the group Sn are not
known for n > 5 but since Sn is finite then the rational cohomology
group of Sn are easy to compute (see [Bro82, Chapter III : Proposition
10.1, Corollary 10.2]:

Proposition 2.3.5. For all n > 1,

Hk(M (n,n+ 1,Sn), Q) =

{
Q if k = 0
0 otherwise

2.3.2. Dimension 2.

Lemma 2.3.6. Let D be the combinatorial type of a complete fan of R2. Then D
is isomorphic to

(1, . . . ,n, (1, 2), (2, 3), . . . , (|D(1)|− 1, |D(1)|), (|D(1)|, 1))

Proof. The isomorphism is given by ordonning the generators of the 1-
cones by their argument (by identifying R2 and C). �

Notation 2.3.7. Note Cn the combinatorial type

(1, . . . ,n, (1, 2), (2, 3), . . . , (n− 1,n), (n, 1))

which is the combinatorial type of a complete fan with n generators in
R2.

Theorem 2.3.8. For all n > 3, the open subset Ω(Cn) is contractible.

Proof. By the inequalities of corollary 2.2.14, we have :

Ω(D) = {v3 = (a3,b3), . . . , v|D(1)| = (a|D(1)|,b|D(1)|) ∈ (R2 \ {0})|D(1)|−2 |

a3 < 0,b|D(1)| < 0, det(vi, vi+1) > 0 pour 3 6 i 6 |D(1)|− 1}

Consider now the image Ω ′ of Ω(D) by the map

π : (x1, . . . , x[D(1)|−2]) ∈ (R2 \ {0})|D(1)|−2 7→

(
x1

|x1|
, . . . ,

xD(1)|−2

|xD(1)|−2|

)
∈ (S1)|D(1)|−2.
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Since the cone are stable by the multiplication by a positive real number
then π|Ω(D) : Ω(D) → Ω ′ is a R

|D(1)|−2
>0 -fibration. We deduce that π|Ω(D) is

a homotopy equivalence. Examine now the space Ω ′ :
By construction, the open subset Ω ′ is given by the same equations as
Ω(D) :

Ω ′ = {v3 = (a3,b3), . . . , v|D(1)| = (a|D(1)|,b|D(1)|) ∈ (S1)|D(1)|−2 |

a3 < 0,b|D(1)| < 0, det(vi, vi+1) > 0 pour 3 6 i 6 |D(1)|− 1}

This conditions on determinants become conditions on angles thanks to
the following formula

det(u, v) = | sin(û, v)|

for u, v ∈ S1 (û, v is the angle between the two vectors). Moreover, we
know that that quadrant R2

>0 is already a cone of the fan. We deduce a
homeomorphism

Ω ′ '

(α2, . . . ,α|D(1)|) | 0 < αi < π/2 pour 3 6 i 6 |D(1)|− 1,
|D(1)|∑
i=2

αi = 3π/2


where α2 = ê2, v3, . . . ,α|D(1)| = ̂v|D(1)|, e1.
Since α|D(1)| depend on the other αi, we can project and hence we get a
homeomorphism between Ω ′ and the space(α2, . . . ,α|D(1)|−1) | 0 < αi < π/2 pour 3 6 i 6 |D(1)|− 1,π/2 <

|D(1)|−1∑
i=2

αi < 3π/2


This space is clearly contractible and hence Ω(Cn) is contractible. �

Proposition 2.3.9. Let n > 2. The automorphism group of Cn is the dihedral
group Dn on n points.

Proof. Thanks to the normal fan construction, an automorphism of posets
of Cn is the same as an combinatorial automorphism of a n-gon i.e. an
element of Dn. �

Corollary 2.3.10 ([Han93] theorem 5.3). Let n > 3 an odd integer. Then

Hk(M (2,n,Cn), Z) = Hk(Dn, Z) =


Z if k = 0
Z/nZ ⊕ (Z/2Z) if k ≡ 0[4],k 6= 0
(Z/2Z) if k ≡ 2[4]
0 otherwise

Moreover, the graded ring H•(M (2,n,Cn), Z) is isomorphic to the polynomial
ring

Z[a2,d4]/(2a2,nd4)

where a2 is a generator ofH2(M (2,n,Cn), Z) and d4 is a generator of Z/nZ ⊂
H4(M (2,n,Cn), Z)
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Corollary 2.3.11 ([Han93] theorem 5.2). Let n > 3 an even integer. Then

Hk(M (2,n,Cn), Z) = Hk(Dn, Z) =



Z if k = 0
Z/mZ ⊕ (Z/2Z)

k
2 if k ≡ 0[4],k 6= 0

(Z/2Z)
k−1

2 if k ≡ 1[4]
(Z/2Z)

k+2
2 if k ≡ 2[4]

(Z/2Z)
k−1

2 if k ≡ 3[4]

Moreover, the graded ring H•(M (2,n,Cn), Z) is isomorphic to the polynomial
ring

Z[a2,b2, c3,d4]/

(
2a2, 2b2, 2c3,nd4,b2

2 + a2b2 +
n2

4
d4, c2

3 + a2d4

)
where a2, b2 are two generators of H2(Dm, Z) = Z/2Z ⊕ Z/2Z, c3 is a
generator H3(Dm, Z) = Z2Z and d4 is a generator of Z/mZ ⊂ H4(Dm, Z)

2.3.3. P1 ×P2. Let S1 = {(1), (2)} and S2 = {(3), (4), (5), (3, 4), (4, 5), (5, 3)}
be the combinatorial type of, respectively, the projective line and the
projective plane. Note D the product combinatorial type D = D1 ×D2.
Hence, this is the combinatorial type of the fan of P1 × P2.

Lemma 2.3.12. Ω(D) is the set of ((a,b, c), (d, e, f)) ∈ (R3)2 such that

a < 0
e < 0
f < 0
bd− ae < 0
dc− af < 0

Proof. Same proof as lemma 2.3.1
�

We have a projection p : Ω(D) → Ω(D1)×Ω(D2) = R3
<0 defined by :

(a,b, c,d, e, f) 7→ (a, e, f)

Let (a, e, f) ∈ R3
<0. Then

p−1(a, e, f) ' {(b, c,d) ∈ R3 | bd− ae < 0,dc− af < 0}

Lemma 2.3.13. For all (a, e, f) ∈ R<0, πa,e,f : (b, c,d) ∈ p−1(a, e, f) 7→ d ∈
R is a homotopy equivalence of quasi-inverse d 7→ (0, 0,d).

Proof. Let d ∈ R. Then

π−1
a,e,f(d) = {(b, c) ∈ R | bd− ae < 0,dc− af < 0}

=


] −∞, aed [×] −∞, ade [ si d > 0
R2 si d = 0
]aed ,+∞[×]ade ,+∞[ si d < 0
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Since ae > 0 then (0, 0) is in every fiber of πa,e,f which is therefore ho-
motopic to {(0, 0)}.

�

We deduce from this

Proposition 2.3.14. The projection Ω(D) → R3
<0 × R defined by :

(a,b, c,d, e, f) 7→ (a,d, e, f)

is a homotopy equivalence of quasi-inverse (a,d, e, f) 7→ (a, 0, 0,d, e, f).

Corollary 2.3.15. The open subset Ω(D) is contractile andM (3, 5,D) has the
homotopy type of BAutPoset(D) = B(Z/2Z ×S3) = BD6.

In the same manner as proposition 2.3.2, we have :

Corollary 2.3.16. We have the following equalities

Hk(M (3, 5,D), Z) =


Z if k = 0
Z/2Z if k ≡ 2[4]
Z/12Z if k ≡ 0[4],k > 0
0 otherwise

2.4. Universal family. In this subsection, we will describe an universal
family of quantum toric stacks associated to M . The first step is the em-
bedding of Ω in a Grassmannian manifold. This embedding have two
consequences : the first one is the simplification of the action (5) of the
group G on the image of Ω and the second one is this induces a natural
compactification since the Grassmannian is compact.

We will begin some recall on Grassmannian manifolds:

Proposition 2.4.1. The space Gr(n− d, Rn) of subvector spaces of dimension
n− d of Rn verifies the following statements

• It is a compact differentiable manifold of dimension d(n − d) whose
charts are given by the open subsets {UI}|I|=d of vector spaces trans-
verse to RI⊕ 0 ⊂ Rn which are isomorphic to Rd(n−d) (we will note by
ϕI : UI → Rd(n−d) this isomorphism) ;

• The kernel map ker : Epi(Rn, Rd) → Gr(n−d, Rn), between the space
of linear epimorphisms and the Grassmannian manifold, is a GLd(R)-
fiber bundle. Dually, the image map ker : Mono(Rn−d, Rn) → Gr(n−
d, Rn), between the space of linear monomorphisms and the Grassman-
nian manifold, is a GLn−d(R)-fiber bundle.
Explicitly, for I = {i1 < . . . < id} a set of cardinal d (note Ic = {ic1 <

. . . < icn−d} its complementary), if we note EpiI(R
n, Rd) the open sub-

set of Epi(Rn, Rd) with epimorphism which restricts to an isomorphism
RI → Rd, the map ker restricts to a map EpiI(R

n, Rd) → UI '
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(Rd)n−d which is a trivial fiber bundle thanks to the section sEpi,I de-
fined by

(7)

∀(v1, . . . , vn−d) ∈ (Rd)n−d, sEpi,I(v1, . . . , vn−d) : x ∈ Rn 7→
d∑
k=1

xikeik +

n−d∑
j=1

yicj vi
c
j
.

In the same way, for I = {i1 < . . . < id} a set of cardinal d, if we note
MonoIc(Rn−d, Rn) the open subset of Mono(Rn−d, Rn) containing
monomorphisms k = (k1, . . . , kn) which corestricts to an isomorphism

(kic1 , . . . , kicn−d
) : Rn−d → RIc ,

the map im restricts to a map MonoIc(Rn−d, Rn) → UI ' (Rn−d)d

which is a a fiber trivial bundle thanks to the section sMono,I defined by
(8)

∀(w1, . . . ,wd) ∈ (Rn−d)d, sMono,I(w1, . . . ,wd) : x 7→ Rn−d 7→
n−d∑
k=1

xickeik +

d∑
l=1

〈x, vi〉 eil

• The following diagram commutes

(9)

EpiI(R
n, Rd)/GLd(R) UI ⊂ Gr(n− d, Rn)

MonoI(Rn−d, Rn)/GLn−d(R)

ker

im
Gale transform

'

''

Lemma 2.4.2. The morphism ϕ−1
[[1,d]] : Rd(n−d) → Gr(n − d, Rn) is an G-

equivariant open immersion for the action (5) at left and the action defined by,
for Vn−d a subvector space of Rn and (σ, τ) ∈ G,

(10) (σ, τ) · V =

(
P−1
σ 0
0 P−1

τ

)
V

Proof. Up to isomorphisms (given by (9)), it is the inclusion

EpiI/GLd(R) ↪→ Epi/GLd(R).

A quantum fan isomorphism is given by the following commutative di-
agram

(11)
Rn Rn

Rd Rd

h

L

H

h ′

where L and H are linear isomorphisms (verifying some properties on
the quasi-lattices).
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Since the morphism H sends the cones of ∆h on cones of ∆H ′ , it per-
mutes generators of the cones. So we can write it as (10) for a well-chosen
pair (σ, τ).

The morphism L is fully determined by the permutation σ and is equal
to the matrix Lσ of the action (5). By the diagram (11), we get the equality

ker(h ′) = H(ker(h))

(since L is an isomorphism). In other words, we have

ker((σ, τ) · h) = (σ, τ) · ker(h)

where the left action is the action (5). In other words, the morphism ι is
G-equivariant. �

We will note againΩ the image ofΩ by ϕ−1
[[1,d]]. Hence, we can interpret

M as a open substack of [GrR(n− d, Rn)/G].

Notation 2.4.3. In what follows, we will note [k] an element of the Grass-
mannian manifold seen as an equivalence class of morphisms Rn−d →
Rn.

By lifting this action with the section sMono,I, we get the following
statement :

Lemma 2.4.4. The action of G on the Grassmannian manifold comes from the
descent to quotient of the actions of G on Mono(Rn−d, Rn), defined, respec-
tively, by

(σ, τ) · k =

(
P−1
σ 0
0 P−1

τ

)
k

Proof. This comes from the diagram (11) and the fact that we will con-
sider the kernel of h and the image of k. �

The goal of the end of this section is to prove the following theorem

Theorem 2.4.5. The moduli stackM admits a universal family i.e. there exists
a stack morphism X →M whose fibers are quantum toric stacks of combinato-
rial type D.

Notation 2.4.6. For every I of cardinal n − d and every element [k] ∈
Ω ′ ∩UI =: ΩI, we can define an action of Cn−d on S :

t ·k z := E(sMono,I([k])(t))z

We can make this construction in family by considering the quotient

(12) XI = [S ×ΩI/Cn−d]

where the action of Cn−d on S ×ΩI is defined by

t · (z,k) = (E(sMono,I([k])(t))z,k)

In particular, X = X[[d+1,n]] = [S ×Ω/Cn−d].
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The projection on the second coordinate S ×ΩI → ΩI (which is Cn−d-
invariant) descend to quotient into a morphism

XI → ΩI

Lemma 2.4.7. Let I be a set of the form [[1,n]] \ σ · [[1,d]] where σ ∈ G. The
action of the group G on the Grassmannian manifold Gr(n − d, Rn) which
restricts on an action on ΩI.

Proof. Let σ ∈ G and [h] ∈ ΩI. The open subset ΩI is stable by G if, and
only if, for all τ ∈ G, the matrix of h◦τ|RIc is invertible. This is equivalent
to ask that the matrix of h ◦ τσ|Rd is invertible, which is always true by
definition of G (since the action of τσ ∈ G sends the cone Cone(e1, . . . , ed)
on a simplicial cone of dimension d). �

Remark 2.4.8. This is not true for a general I :
Let h : Z4 → R2 a morphism defined by :

h(e1) = e1, h(e2) = e2, h(e3) = −e1, h(e4) ∈ R 6=0 × R<0

Then [h] ∈ Ω{2,4} and (1 2 3 4) · [h] /∈ Ω{2,4}.
2

1
3

4

(1 2 3 4)

3

2
4

1

Since the end of this subsection, we will suppose I = {i1 < . . . < in−d}
is of the form [[1,n]] \ σ · [[1,d]].
This action extend on ΩI ×S by :

(13) σ · (k, z) = (σ · [k], (zσ(1), . . . , zσ(n)))

since σ ∈ G.

In what follows, we will study the behavior of this action with respect
to the action of Cn−d on ΩI ×S in order to make this action descends
to the quotient.

Firsty, we will see the relation with the section sMono,I :

Lemma 2.4.9. For all [k] ∈ ΩI and all σ ∈ G, we have :

(14) sMono,I(σ · [k]) = (σ · (sMono,I([k]))) ◦K−1
σ,I([k])

where Kσ,I([k]) = ((σEpi,I([k]))im(eσ(j)))16j,m6n−d ∈ GLn−d(R)

Proof. Let [k] ∈ ΩI, k = sMono,I([k]) and σ ∈ G. By definition, the mor-
phism σ · k = (kσ(1), . . . , kσ(n)) is in the orbit of σ · k ◦Kσ,I([k])

−1 which is
in the image of sMono,I (by construction of Kσ,I([k])). Consequently,

sMono,I(σ · [k]) = σ · k ◦Kσ,I([k])
−1 = σ · sMono,I([k]) ◦Kσ,I([k])

−1

�
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Proposition 2.4.10. For all [k] ∈ ΩI, z ∈ S , t ∈ Cn−d and σ ∈ G,

σ · (k, t · z) = (Kσ,I([k])t) · (σ · (k, z))

Proof. Let [k] ∈ ΩI, z ∈ S , t ∈ Cn−d et σ ∈ G. Then, if we note zσ the
point (zσ1 , . . . , zσ(n)), we have, thanks to lemma 2.4.9 :

(Kσ,I([k])t) · (σ · ([k], z)) = (Kσ,I([k])t) · ([kσ], zσ)
= (kσ,E(sMono,I([kσ])(Kσ,I([k])t))zσ)

= σ · (k,E(sMono,I([k])(t))z) = σ · (t · (k, z))

�

The matrices Kσ,I verify a cocycle collection of the form (40) :

Proposition 2.4.11. Let I be a set of cardinal n− d, σ, τ ∈ G et [k] ∈ ΩI.

(15) Kσ,I(τ · [k])(Kτ,I([k])) = Kστ,I([k])

Proof. By (14), for all [k] ∈ ΩI and all σ, τ ∈ G, we have :

(στsMono,I([k]))K
−1
στ,I = sMono,I(στ · [k])

= σ · sMono,I(τ · [k])Kσ,I(τ · [k])−1

= στ · sMono,I([k])Kτ,I([k])
−1Kσ,I(τ · [k])−1

By injectivity of k, we get

K−1
στ,I = Kτ,I([k])

−1Kσ,I(τ · [k])−1

By passing to the inverse the previous equality, we get the desired equal-
ity. �

We deduce from this two results, the theorem A.0.1 and the proposi-
tion A.0.2the following result:

Proposition 2.4.12. The action of σ on ΩI descend to quotient on an action on
XI.

Moreover, the projection XI → ΩI is G-equivariant. This descends to
quotient:

(16) XI/G→ [ΩI/G]

In conclusion, we get the universal family of theorem 2.4.5

Theorem 2.4.13. The projection

(17) X /G→ [Ω[[d+1,n]]/G] 'M

is the universal family of quantum toric stacks of combinatoric type D.
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3. Compactification

3.1. Compactification of moduli spaces. In this subsection,we will con-
struct a natural compactification of M i.e. describe a stack M which
contains M as dense open substack with a family X → M which ex-
tends the family (17).

Definition 3.1.1. Let X be a topological stack. Let A be a substack of X .
The closure A of A in X is the closed substack satisfying the following
universal property:
For all closed substack F of X containing A , there exists a monomor-
phism A ↪→ F making 2-commutes the following diagram:

A

A X

F

Thanks to the correspondance between the closed substack of [X/G]
and the G-invariant closed subset of X, we deduce

Proposition 3.1.2. Let A be a G-invariant subset of X and note A the G-
invariant closure ofA in X i.e. the smallestG-invariant closed subset containing
A. Then the closure of [A/G] is [A/G].

When G is finite (this will be the case in this paper), we have an explicit
description dof G-invariante closure :

Lemma 3.1.3. Let G be a finite group, X a topological space with a continuous
action of G and A a G-invariant subset of X . Then the G-invariante closure of
A in X is the closed subset ⋃

g∈G
g · Cl(A)

where Cl(A) is the closure of A in X.

Suppose X = [X/G] is a quotient differentiable stack and A = [A/G]

is an open substack X . Then the closure A = [A/G] of A in X (seen as
stacks over Top) can be seen as stack over Man if we consider the closure

A
j
↪→ X as the sheaf j∗X over Man i.e.

j∗X(U) =
{
f : U→ X | f(U) ⊂ A

}
and X = [A/G] as the quotient stack j∗X/G (cf. [Rom05]).

Definition 3.1.4. We call topological closure of the differentiable stack
A = [A/G] in the differentiable stack X = [X/G] the stack j∗X/G defined
over Man.
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Let Ω be the G-invariant closure of Ω in GrR(n− d, Rn).

Theorem 3.1.5. The space Ω is the connected closed semialgebraic subset of
Gr(n− d, Rn) (seen as real submanifold of Rn2

, cf. [BCR13, Théorème 3.4.4]).

Proof. Since the closure of semialgebraic set is semialgebraic (see [BCR13,
Proposition 2.2.2]), Ω ∩Ui is a semialgebraic subset of Ui ' Rd(n−d) ⊂
Gr(n− d, Rn) which can be (algebraicly) embedded in Rn2

. By taking
the (finite) union on the I, we deduce

Ω =
⋃
I

Ω∩Ui

is a semialgebraic subset.
The Ω is connected thanks to the connectedness of Ω (since we are in the
simplicial case, see proposition 2.2.15). �

More precisely, we have the following result:

Proposition 3.1.6. Let ε = detD(h) ∈ {±1}∆max with h ∈ Ω (this do not
depend of the choice of h in Ω). Then we have

Ω = {h = (hd+1, . . . ,hn) ∈ Rd(n−d) | ∀I ∈ Dmax, sign det(hd+1, . . . ,hn) = εI}

The closed subset Ω (embedded in P (
∧r

Rn) by the Plücker embedding) is a
connected component of
(18){

[pI] ∈ Gr(n− d, Rn) ↪→ P

(
r∧

Rn

)
| ∀I, J ∈ Dmax, sign(pIpJ) ∈ εIεJ

}
with equality if (18) is connected (here, sign(x) ∈ 1 if x > 0 and sign(x) ∈ −1
if x 6 0).

Remark 3.1.7. The sign which appear here are well-defined because the
change of representative λp ' p multiply the numbers by λ2 and hence
do not change the sign.

Proof. Note F the right hand side. It is a closed subset of P (
∧r

Rn).
Moreover, we have an injection

Ω ↪→ F

since {1,. . . ,d} is a maximal cone of D and the associated determinant
p1,...,d is 1 > 0. The other equations are immediately verified. �

3.2. Extension of the universal family. The goal of this subsection is to
extend the universal family (17) into a family over [Ω/G].
Note ΩI the intersection Ω ∩UI which is the closure of ΩI = Ω ∩UI in
UI ' Rd(n−d). The closed subspace ΩI \ΩI correspond to the config-
urations of vectors which is no more D-admissible because some cones
of D is no more strongly convex. For solving this problem, we will con-
sider the degenerated combinatorial types fromD i.e. combinatorial type
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where we have removed some cones which is not more strongly convex
for a calibration h ∈ Ω(D). More precisely,

Definition 3.2.1. Let D be the combinatorial type of a fan in Rd. A
degenerated combinatorial type of D is a sub-poset D ′ of D which have
the same 1-cones as D, which is stable by intersection (i.e. if σ, τ ∈ D ′

then σ∩ τ ∈ D ′), which satisfies

∀σ ∈ D ′,∀τ ∈ D, τ 6 σ⇒ τ ∈ D ′

(to abbreviate, we will say the poset D ′ is stable by taking the faces, by
analogy with the faces of a cone) and dont the maxima of the cardinals
of the elements of these two combinatorial types are equal.

Example 3.2.2. LetD be the combinatorial type of the fan of the projective
plane i.e.

D = (1, 2, 3, {1, 2}, {2, 3}, {3, 1})

Then the degenerated combinatorial type fromD are the following posets:

D ′
1 = (1, 2, 3, {1, 2}, {3, 1})

D ′
2 = (1, 2, 3, {1, 2}, {2, 3})

D ′
3 = (1, 2, 3, {2, 3}, {3, 1})

D ′
1,2 = (1, 2, 3, {1, 2})

D ′
2,3 = (1, 2, 3, {2, 3})

D ′
3,1 = (1, 2, 3, {3, 1})

These degenerated combinatorial type correspond to subfamilies of the
cones of ∆ where some cones are not strongly convex and hence we have
to remove them in order to have a fan. By example, for the combinatorial
type D ′

1, we get fans of the form (2).

{1, 2}

{3, 1}

Figure 2. Éventail associé à D ′
1

Lemma 3.2.3. A degenerated combinatorial type of a simplicial combinatorial
type is simplicial.

Proof. It follows from proposition 2.1.3. �

By the definition of S given in (2), we get :
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Lemma 3.2.4. If D ′ is a degenerated combinatorial type of D then

S (D ′) = S (D) \
⋃

σ∈D\D ′

(C∗)σ
c
× 0σ(19)

= S (D) \
⋃

σ∈D\D ′

Cσ
c
× 0σ(20)

Proof. The equality (19) comes from the definition of S . We deduce the
equality (20) from the (19) by using the stabily by D ′ by taking the faces
and hence, if σ /∈ D ′ then every cone containing σ is not in D ′. Then⋃

σ∈D\D ′

(C∗)σ
c
× 0σ =

⋃
σ∈D\D ′

⋃
τ�σ

(C∗)τ
c
× 0τ =

⋃
σ∈D\D ′

Cσ
c
× 0σ

�

Remark 3.2.5. The quantum toric stack obtained as quotient of S (∆ ′) can
not have the same properties as the quantum toric stack described in
Ω(D). In particular, if a generator of a cone tends to 0 then we lost the
compactness (since the fans are not complete any more) or if a 1-cone of
a cone tends to an other one cone then we get an non-separated stack
(cf. [GS14, Corollary 6.5 & Example 6.20]). We will example of this in
subsubsection 3.3.2.

Let h ∈ ΩI \ΩI and D ′(h) the maximal degenerated combinatorial
type such that h is D ′-admissible (i.e. the degenerated combinatorial
type from D where we have removed every non strongly convex cones).

Lemma 3.2.6. We have the following equality :

D ′(h) = D \ {σ ∈ D | dim Vect(h(ei), i ∈ σ) < |σ|}

Proof. The combinatorial type D ′ is obtained from D by removing the
elements I of D where Cone(h(ei), i ∈ I) is not strongly convex. Since D
is simplicial, this condition is equivalent to the fact that the dimension of
the space generated by the h(ei), i ∈ I is less than the cardinal of I. �

The fiber of the universal family over the point h has to be a quotient
of S (D ′(h)). Therefore we define :

(21) EI := {(h, z) ∈ Ω×S | z ∈ S (D ′(h)}

and

(22) EIJ := EI ∩ (UJ ×S ).

By using the equalities (20) and the one of lemma 3.2.6, we get

Lemma 3.2.7. EI can be be written as follows

EI = {(h, z) | ∀σ ∈ D, dim Vect(h(ei), i ∈ σ) < |σ| ⇒ (zi, i ∈ σ) 6= 0}
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We define an action of Cn−d on EI ⊂ UI ×S by :

(23) t · ([k], z) = ([k],E(sMono,I([k])(t))z)

The projection π : EI → ΩI is invariant and hence descend to the quotient
:

pI : XI := [EI/Cn−d] → ΩI

In order to glue the different families X I → ΩI, we will study the
behavior of the change of index of the section :

Lemma 3.2.8. Let [k] ∈ ΩI ∩UJ. Then

sMono,J([k]) = sMono,I([k]) ◦KJI([k])−1

where KJI([k]) = ((sMono,I[k])j(ei))i∈[1,n−d]],j∈J ∈ GLn−d(R)

Proof. We prove this in the same manner as lemma 2.4.9 �

Since the action of GLn−d(R) on Epi(Rn−d, Rn) is free, the matrices
(KJI([k])) satisfy cocycle condition:

Lemma 3.2.9. For all subset I, J,L ⊂ {1, . . . ,n} of cardinal n− d and for all
[k] ∈ UI ∩UJ ∩UL,

KIL([k]) = KIJ([k])KJL([k])

Thanks to theorem A.0.1, we deduce the following statement:

Proposition 3.2.10. The identity EIJ ⊂ EI → EIJ ⊂ EJ descends as a stack
isomorphism

(24) ΦI,J : XIJ :=
[
EI ∩UJ ×S /Cn−d

]
→ XJI :=

[
EJ ∩UI ×S /Cn−d

]
Moreover, for all I, J,L subsets of [[1,n]] of cardinal n−d, the composeΦI,JΦJ,LΦL,I
is 2-isomorphic to the identity.

The cocycles ΦIJ define transition maps between the XI. We can define
the following gluing:

X := colim
I,J


XIJ XI

XJI XJ

ΦIJ


Note E the union of EI i.e.
(25)
E = {(h, z) ∈ Ω×S | ∀σ ∈ D, dim Vect(h(ei), i ∈ σ) < |σ| ⇒ (zi, i ∈ σ) 6= 0}

The morphisms pI glue into a morphism

(26) p : X → Ω

The group G acts on E in the following way:

(27) σ · ([k], z) = (σ · [k], zσ)
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Lemma 3.2.11. The action of σ ∈ G send EI on Eσ−1(I).

Proof. Let k : Rn−d → Rn be a linear monomorphism and σ−1(i) ∈
σ−1(I). The σ−1(i)th component of σ · k = P−1

σ k satisfies

∀x ∈ Rn−d, (σ · [k])σ−1(i)(x) = xi

We deduce that if [k] ∈ UI then σ · [k] ∈ Uσ−1(I). �

Proposition 3.2.12. The action (27) descend in an action on X and the projec-
tion p : X → Ω is a G-equivariant map which descends as a stack morphism
:

(28) X /G→ Ω/G =:M

Proof. The second part of the statement is clear. We will now prove the
descent to quotient. For this, we firstly prive that every σ defines a stack
morphism XI → Xσ−1(I) for all I :
Let σ ∈ G, t ∈ Cn−d and ([k], z) ∈ EI. Then

σ · (t · ([k], z)) = σ · ([k], )
= (σ · [k],σ · E(sMono,I[k](t)z)) = (σ · [k],E(sMono,σ−1(I)(σ · [k])(t)zσ))
= t · (σ · [k], zσ) = t · (σ · ([k], z))

The morphism σ· is a Cn−d-equivariant morphism and which descend to
quotient.
Moreover, since this morphism sends EIJ on Eσ−1(I)σ−1(J) for all I and
J then the isomorphisms XI → Xσ−1(I) glue into an automorphism of
X . �

Theorem 3.2.13. The compactification M of M is the base space of a familly
(here, a smooth map where every fiber has the same dimension)

(29) X /G→M

of quantum toric stacks such that
• Over M , the fibers are the quantum toric stacks given by a fan of com-

binatorial type D ;
• Over M \M , the fibers are quantum toric stacks given by a fan of a

degenerated combinatorial type of D.

3.3. Examples.

3.3.1. Projective spaces. In this section, we will consider the combinatorial
type Sd of the projective space Pd.

Lemma 3.3.1. The right hand side of the equality (18) is equal to:

C =

{
[p0 : . . . : pd] ∈ Gr(1, Rd+1) = RPd | pi > 0,

d∑
i=0

pi = 1

}
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Proof. The closed subset F is given by the equations

∀i < j,pipj > 0

since the kernel of the morphism h : Rd+1 → Rd associated to a Sd-

admissible morphism h is generated by
(
−h(ed+1)

1

)
∈ Rd+1

>0 . Therefore

we have C ⊂ F. Let us prove the other sense of the inclusion :
Let [p] ∈ F. Up to taking a representative with an opposite sign, we can
suppose that, thanks to the equation of F, the pi are non-negative. Then∑d
i=0 pi is positive and:

[p] =

[
p0∑d
i=0 pi

: . . . :
pd∑d
i=0 pi

]
∈ C

�

By the lemma 3.3.1 and proposition 3.1.6, we get

Proposition 3.3.2. The space Ω(Sd) is equal to{
[λ0 : . . . : λd] ∈ Gr(1, Rd+1) = RPd | λi > 0,

d∑
i=0

λi = 1

}
Hence, the closed space Ω(Sd) is a d-simplex.

Proposition 3.3.3. We get the family Xd−1/Sd → Md−1 by projecting the
degenerated coordinates of the restriction (Xd/Sd+1)|Md\Md

→Md \Md.

Proof. A toric stack overMd \Md is obtained by at least one degeneration
i.e. is a quotient of an open subset of Cd \ {0}×C (up to the permutation
of the coordinates, we can suppose that the degeneration happened on
the last coordinate). Hence we can project:

(Xd/Sd+1)|M d\Md
Xd−1/Sd

M d \Md

�

3.3.2. Example in dimension 2. In this sub-subsection,we will suppose d =
2.
We can remark that if we stay in the same chart, we have three possibili-
ties of degeneration:

(1) vectors h(ei) becomes 0;
(2) two vectors h(ei) and h(ej), {i, j} ∈ D become positively depen-

dent;
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e2
•

e1
•
v •

v→ R<0e1

v→ R<0e2

S = C3 \ {0}

e2
•

e1

•
v

S ' C2 \ {0}× C

v→ 0

e2
•

e1
•
v S ' C2 × C∗

v→ 0

e2
•
e1v

Figure 3. Degeneration in dimension 2

(3) two vectors h(ei) and h(ej), {i, j} ∈ D becomes negatively depen-
dent.

The three following propositions describe what can be said for each case:
We will suppose, by simplicity, that the set of virtual generators is

empty since they do not change the situation.

Proposition 3.3.4. Let D be the combinatorial type of a complete fan of R2

and D ′ be the degenerated combinatorial type obtained from D when the vectors
h(ei), i ∈ I tends to 0. Then the obtained quantum toric stacks are no more
complete and is of the form

X ×
[
(C∗)I/CI

]
where CI acts on (C∗)I by the morphism E and X is described by the fan ob-
tained by restricting the calibration on ZIc ⊕ 0 and by deleting the cones which
contain the 1-cones generated by the h(ei), i ∈ I.

Proof. Without loss of generality, we can suppose I = {n− |I|+ 1, . . . ,n}.
The calibration h : Rn → R2 is identically zero on RI ⊕ 0. Consequently,
a basis of ker(h) is given by the concatenation of a basis of hRIc with the
vectors ei, i ∈ I. The morphism of the Gale transform is the transpose of
the map given by the matrix

(30)
(
v1 . . . vn−|I|−2 0

Id|I|

)
Then, the null vectors cannot be generators of 1-cones so, by definition,
the variety S is of the form

S ′ × (C∗)I
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The action of Cn−2 on S can be decomposed in two actions: the first one
on S ′ by the action given by (the exponential of) the basis of ker(h|RIc )

and the second one on (C∗)I given by (the exponential of) the identity. In
other words,

Xh,∆ = [S /Cn−2] = [S ′× (C∗)I/Cn−|I|−2 ×CI] = [S ′/Cn−|I|−2]× [(C∗)I/CI]

�

Example 3.3.5. We will begin with

D = {1, 2, 3, 4, (1, 2), (2, 3), (3, 4), (4, 1)}

When h(e3) tends to 0, we get the combinatorial type

D ′ = {(1, 2), (4, 1)}

Then
S (D ′) = Cx × C∗

z × C2
y,t \ {0}.

e2

e1

v4

v3 → 0

Proposition 3.3.6. Let D be the combinatorial type of a complete fan of R2

and D ′ the degenerated combinatorial type obtained from D when a couple
(h(ei),h(ej)) tends to a couple of the form (h(ei), λh(ei)), λ > 0. Then we
get a complete fan where the cone R>0h(ei) appears twice and hence has two
generators given by h : h(ei) and h(ej).

Example 3.3.7. On part du type combinatoire

D = {1, 2, 3, 4, (1, 2), (2, 3), (3, 4), (4, 1)}

When h(e3) tends to the half-line R>0h(e4), we get the combinatorial
type

D ′ = {1, 2, 3, 4, (1, 2), (2, 3), (4, 1)}
e2

e1

v4

v3

Remark 3.3.8. We keep the two cones since it is prescribed by the combi-
natorics and the calibration
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Warning 3.3.9. The obtained variety S is different than the one obtained
by keeping one generator. In the previous example, we have

S (D ′) = C2 × (C∗)2 ∪ C∗ × C2 × C∗ ∪ C × (C∗)2 × C

and if we keep one generator (and by defining the other one as virtual),
it is

(C3 \ {0})× C∗

(the quotient is a quantum projective plane with one virtual generator).
More precisely, we have the equality:

S (D ′) \ {C × (C∗)2 × 0} = [(C3 \ {0})× C∗] \ [0 × C∗ × 0 × C∗].

Proposition 3.3.10. Let D be the combinatorial type of a complete fan of R2

and D ′ be the degenerated combinatorial type obtained from D when a couple
(h(ei),h(ej)) tends to a couple of the form (h(ei), λh(ei)), λ > 0.

If the group Γpr :=
∑
k 6=i,j 〈w,h(ek)〉Z (where w ⊥ h(ei)) is of rank 1

i.e. there exists α ∈ Γpr, Γpr = αZ then there exists a flat toric morphism
X∆ ′,h → X

R>0, 1
α 〈h,w〉 of generic fiber a quantum projective line and the fiber

over
[
0/Zn−d

]
is a finite union of quantum projective lines.

Remark 3.3.11. • This proposition is the irrationnal counterpart of
the toric degeneration of [NS04].

• The condition on Γpr is necessary in order to ensure that the mor-
phism X∆ ′ → X

R>0, 1
α 〈h,w〉 is well-defined (since the image of the

generators of 1-cones in ∆ ′ have to be a integer multiple of a gen-
erator of R>0.

Proof. Up to compose by an isomorphism, we can suppose w = e2. The
considered morphism is the projection π2 : R2 → R, (x,y) 7→ y. This is
a fan morphism (∆,h) → (R>0,π2h : Zn → Γpr) if, and only if, for all
i ∈ ∆(1), π2h(ei) ∈ Nπ2h(e1). In this case, Γ is of rank 1. We can even
suppose, without loss of generality, that is generated by 1. In order to
compute the fibre, we will use the following cartesian diagram :

π2
−1(x) p−1([x/Zn−d])

S [S /Cn−d]

Spec(C) BZn−d

C [C/Zn−d]

π2
p

π2

x

p

The morphism S → C is flat (since it is non constant), we can deduce
that the morphism on the quotient is also flat.
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The fiber over a non-zero point is given by the cones R>0 ×0 and R60 ×0.
We have just to study the two cones containing them. Note v = (v1, v2)
the generator of the 1-cone which generates a cone with R>0 × 0. By
hypothesis, v2 ∈ N>0 and thus the morphism π2 is defined by

π2(z1, z2) = z
v2
2

So the fibre π2
−1(E(t)) is

(31) C × µv2E

(
t

v2

)
where µv2 is the group of v2th root of the unity. It remains to us to
examine the action of Zn−d. It is given by the morphism(

1 v1
0 v2

)−1

h =

(
1 −v1/v2
0 1/v2

)
h

This implies that the v2 lines of (31) are identified by the action. We get
the same result with the second cone. The transition maps glue these
two lines in a quantum projective line. The case of the fiber over 0 is
essentially the same. The only difference is that on the cone which is not
in the border, the fiber over 0 is two secants lines. �

Example 3.3.12. We begin with the combinatorial type

D = {1, 2, 3, 4, (1, 2), (2, 3), (3, 4), (4, 1)}

When h(e4) tends to the half-line R60h(e1) = R60e1, we get the combi-
natorial type

D ′ = {1, 2, 3, 4, (1, 2), (2, 3), (3, 4)}

e2

e1
v4

v3

Figure 4. Fan of combinatorial type D ′

The projection of the second coordinate is a toric morphism (as seen
in the previous proposition). In order to find the fiber of this toric mor-
phism, it suffice to décompose it in the following manner:

e2

e1
v4

v3 e2

e1
v4

π
1

Figure 5. Decomposition of the degeneration
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h(e3) = e2

h(e1) = e1

h(e2) = (a,b)

h(e4) = (c,d)

Figure 6. Chart U(1,3)

The first arrow is a blow-up of an equivariant map (when it exists)
and the second one is the projection of the product. Outside zero, the
fiber are quantum projective line and over 0, it is a quantum projective
line where we have replaced an equivariant point (0 or ∞) by an other
quantum projective line.

3.3.3. Example with 4 generators. We will suppose n = 4 and we will con-
sidere the following combinatorial type:

C4 = {{1}, {2}, {3}, {4}, {1, 2}, {2, 3}, {3, 4}, {4, 1}}

This is the combinatorial type of fans of Hirzebruch surfaces. We have
seen the degenerations of this combinatorial type in the examples 3.3.5,3.3.7
and 3.3.12. We will systematize this study in this paragraph.
We have three cases to study (The other is obtained by action of G) :

• the usual chart U(1,2) ;
• the chart U(1,3) ;
• the chart U(2,4) ;

The two last cases are treat in the same way (see figures 6 and 7). Indeed,

Ω(1,3) = Ω(2,4) = {((a,b), (c,d)) ∈ R4 | a,b > 0, c,d < 0}

as illustrated by the figures (6) and (7). We deduce that

(32) Ω(1,3) = Ω(2,4) = R2
>0 × R2

60.

We will now focus on Ω1,2. We know that Ω1,2 is contained in the closed

subset F of R4
a,b,c,d defined by


f1(a,b, c,d) := −a > 0
f2(a,b, c,d) := ad− bc > 0
f3(a,b, c,d) := −d > 0
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h(e4) = e2

h(e2) = e1

h(e3) = (a,b)

h(e1) = (c,d)

Figure 7. Chart U(2,4)

We can decompose F in the following way:

F =
∐

(ε1,ε2,ε3)∈{0,1}3
{(a,b, c,d) | ∀j, sign(fj(a,b, c,d)) = εj}

= Ω(D)
∐ ∐

(ε1,ε2,ε3)∈{0,1}3\{(1,1,1)}

{(a,b, c,d) | ∀j, sign(fj(a,b, c,d)) = εj}

It defines a stratification of F.

Notation 3.3.13. We will note the set {(a,b, c,d) | ∀j, sign(fj(a,b, c,d)) =
εj} by F4ε1+2ε2+ε3 (in other words, the binary representation of k (k ∈
{0, . . . , 6}) gives the sign of the fi for Fk).

Remark 3.3.14. If k = 4ε1 + 2ε2 + ε3 then the quantum toric stack asso-
ciated h ∈ Fi have ε1 + ε2 + ε3 + 1 cones (the +1 come from the cone
Cone(e1, e2) which is always here). More precisely, we remove the cones
which corresponds to i where εi = 0
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F0 a = 0,bc = 0,d = 0

b = 0, c 6 0

e2

e1
v3

v4

b = 0, c > 0

e2

v3 e1
v4

c = 0, b 6 0

v4

e2

e1

v3

c = 0, b > 0

e2

v4 e1
v3

F1 a = 0,bc = 0,d < 0

b = 0

e2

e1v3
v4

b > 0, c = 0

e2

e1

v3

v4

b < 0, c = 0

e2

e1

v3

v4

F2 a = 0,bc < 0,d = 0

b < 0, c > 0

e2

e1
v4

v3

b > 0, c < 0

e2

e1

v3
v4
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F3 a = 0,bc < 0,d < 0

b < 0, c > 0

e2

e1

v4
v3

b > 0, c < 0

e2

e1

v3

v4

F4 a < 0,bc = 0,d = 0

b = 0, c > 0

e2

e1
v4v3

b = 0, c 6 0

e2

e1
v3 v4

c = 0,b 6 0

e2

e1v4

v3

c = 0,b > 0

e2

e1

v3

v4

F5 a < 0,ad− bc = 0,d < 0

b > 0, c > 0

e2

e1

v4

v3

b < 0, c < 0

e2

e1
v3

v4

F6 a < 0,bc < 0,d = 0

b > 0, c < 0

e2

e1
v4

v3

b < 0, c > 0

e2

e1
v3

v4

We deduce:

Proposition 3.3.15. The closure Ω1,2 is equal to the closed subset F of the
beginning of the sub-subsection.

The equalities (32) and proposition 3.3.15 allow us to get the following
equality:

Theorem 3.3.16. The compactification Ω is equal to

{[a : b : c : d : e : f] ∈ Gr(2, 4) ⊂ RP5 | ef > 0,af 6 0,df 6 0,ad > 0,ae 6 0,de 6 0}
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Appendix A. Group action on quotient stacks

This appendix will be dedicated to the study of group action on quo-
tient stack which is not equivariant but verified a weaker assumption of
compatibility (as in proposition 2.4.10).

We will begin with a general statement on descent to quotient of
smooth map.

Theorem A.0.1. Let G be a Lie group acting on a manifold X. Let f : X→ X be
a smooth map such that there exists a smooth map K : X→ Aut(G) such that

(33) ∀x ∈ X,∀g ∈ G, f(g · x) = K(x)(g)f(x).

Then f descend in a stack morphism [X/G] → [X/G].

If K is constant equal to the identity morphism i.e. f is equivariant, it
is immediate : to each object over S of [X/G]

P X

S

mP

we associate
P X Y

S

mP f

(since f is equivariant, the map fmP is equivariant). We do the same
thing for morphism and we get a stack morphism [X/G] → [X/G] which
verifies

X X

[X/G] [X/G]

f

f

Proof. Firsty, we recall the universal property of the quotient of stacks
by a group action (cf. [Rom05, Proposition 2.6]) i.e. the equivalence of
categories

HomG−Stack(X, [X/G]triv) ' HomStack([X/G], [X/G])

where G − Stack is the 2-category of stacks with an action of G and
[X/G]triv is [X/G] endowed with a trivial G-action. Thank to this, it is
enough to prove that the map πf : X → [X/G] (where π is the projection
X → [X/G] ) is G-invariant i.e. we have the following 2-commutative
diagram :



36 ANTOINE BOIVIN

(34)
X×G X

[X/G]×G [X/G]

act

πf(πf,id)

pr1

By Yoneda, it is enough to prove that the fiber bundle (X×G)πfact ×πX→
X×G and (X×G)(πf,id)act×π X→ X×G are isomorphic in a compatible
way with the projection on X.
The first step of the computation of these fiber products is the computa-
tion of Xπf ×π X :

(35)
X×G X×G X

X X [X/G]

π

π

act

pr1

f

f×id

pr1
yy

The fiber product on the right is the classical result used in order to give
a presentation by a Lie groupoid of the quotient stack [X/G] and the
second one is the pullback of a trivial fiber bundle by the map act. In
what follows, we will note α the map defined by

∀g ∈ G,∀x ∈ X,α(g, x) = g · f(x)

We can compute the desired fiber product :

X×G×G X×G X

X×G X [X/G]

π

πf

α

pr1

act

y

act×id

pr1,2
y

(The right fiber product is given by (35) and the left one is the pullback
of the trivial fiber bundle by f) and

X×G×G X×G X

X×G [X/G]×G [X/G]

π

πf×id

π×id

pr1

pr1α×id

pr1,3
yy

The right fiber bundle is the pullback of the trivial fiber bundle by π and
the left one is given by (35).
Note m1 the map X×G×G→ X defined by

(x,g,h) 7→ α ◦ (act× id)(x,g,h) = h · f(g · x)

and m2 the map X×G×G→ X defined by

(x,g,h) 7→ pr1 ◦ (α× id)(x,g,h) = g · f(x).
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Note Φ the map X×G×G→ X×G×G defined by :

∀(x,g,h) ∈ X×G×G,Φ(x,g,h) = (x,hK(x)(g),h).

Then the diagram

X

X×G×G X×G×G

X×G
pr1,3pr1,2

Φ

m1 m2

'

commute. Indeed, the bottom triangle is clearly commutative and in
order to prove the commutativity of the second one, we use the following
equalities :

∀(x,g,h) ∈ X×G×G,m2(Φ(x,g,h)) = m2(x,hK(x)(g),h)(36)

= hK(x)g · f(x)(37)

= hf(g · x) = m1(x)(38)

The passage from the equality (37) to the equality (38) is done by the
equality (33).
We deduce that the diagram (34) is 2-commutative. That concludes the
proof. �

Now we will consider the case of this paper: Let X be a G-manifold
and H a Lie group acting on X such that for all γ ∈ H, there exists
Kγ : X→ Aut(G) such that

∀x ∈ X,∀γ ∈ H,∀g ∈ G,γ · (gx) = Kγ(x)(g)γ · x

Then for all pair (γ,γ ′) ∈ H2, we have :

(39) γ ′ ◦ γ(gx) = γ ′(Kγ(x)(g) · (γ · x)) = Kγ ′(γ · x)(Kγ(x)(g)) · (γ ′γ · x)

We can remark that the right hand side depend of γ and γ ′ but not of
their product. Thus, the descent to quotient of this group action is not
necessarily a group action.

Proposition A.0.2. Suppose

(40) ∀x ∈ X,∀g ∈ G, ∀γ,γ ′ ∈ H,Kγ ′(x)(Kγ(x)(g)) = Kγγ ′(x)(g)

Then the descent to quotient of the action of H on X is a group action on [X/G].

Proof. The condition on the identity element is clear by passing to quo-
tient the identity e · x = x (for all x) and the equalities (39), (40) (and the
proof of theorem A.0.1) give isomorphisms

∀γ,γ ′ ∈ H,∀x : S→ [X/G],γ ′ · (γ · x) ⇒ γγ ′ · x.

�
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