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Abstract – The acoustic behavior of a double annular resonator with flow is studied as a special case to
illustrate the possibilities, but also the difficulties, offered by flow on the acoustic performance of metamaterials.
Compared with the associated single resonator, the double resonator exhibits – in the lossless case – a transmis-
sion peak near the resonant frequency. This peak is associated with an evanescent out-of-phase coupling
between the two resonators and is known in literature as “Autler-Townes splitting”. In measurements with a
double resonator, this peak is strongly attenuated by viscous effects, to such an extent that it almost
disappears. When a flow is added, even a very small one, a gain is created and the peak reappears close to
the resonator frequency. As the average flow velocity increases, this gain can become sufficiently large for a
whistling to appear.
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1 Introduction

The filtering effect of a Helmholtz resonator at the wall
of an acoustic waveguide has been known for a very long
time [1, 2]. Furthermore, the effect of a flow in the waveg-
uide in the presence of a resonator has also been widely
studied because of the many practical applications of
such a device [3–5]. More recently, a variant where two
Helmholtz resonators located in the wall has been studied
[6–9]. When the two resonators are so close that they are
connected by the evanescent field, an analog of Autler-
Townes splitting (ATS) phenomenon appears [10]. This
creates a window of transparency in a frequency band
where sound waves are not supposed to be transmitted.
This effect should not be confused with acoustically induced
transparency, which is due to the destructive interference of
waves propagating in both directions between the two
resonators [8, 9, 11]. Many studies on this phenomenon
neglect the effects of flow and sometimes the effects of
viscosity. The lack of consideration for flow is all the more
strange as this type of system is often referred to as a
“ventilated barrier” [12, 13].

The present experimental study aims to take viscosity
and flow effects into account in a double Helmholtz
resonator. First, the ATS phenomenon is introduced, then
the effects of viscosity and flow are introduced. Experimen-
tally, a radical change in behavior is observed in the
presence of either viscosity or flow. In particular, the flow-
induced gain can be so large that whistling occurs. This gain

but also this whistling illustrate the new possibilities, but
also the difficulties, offered by the use of flow on the acous-
tic behavior of metamaterials.

2 Double Helmholtz resonator without
viscosity or flow

The investigated device is shown in Figure 1 and its
dimensions are given in Table 1. It consists of two identical
Helmholtz resonators separated by a plate of small thick-
ness s that is connected to two cylindrical waveguides.
The plate can be removed to form a single resonator with
the same resonant frequency as the previous two resonators.
The central hole of the plate has a diameter (31 mm)
slightly larger than that of the waveguides in order to
reduce the deviation and scattering of the shear layer by
the plate. In both cases, the device is geometrically fully
symmetric.

The difference in acoustic behavior between a single res-
onator and a double resonator is illustrated in Figure 2.
This figure is the result of a numerical calculation (using
COMSOL) without losses on the geometry given in Table 1.
A single resonator produces a relatively wide stop band cen-
tered on the resonant frequency. The main difference in the
case of a double resonator is the appearance of a narrow
transparency band near the resonance frequency.

As shown in [9], this double resonator problem is amen-
able to matched asymptotic expansion where the small
parameter is the reduced wavenumber k � 1 (k = 2pfR0/c0
with f the frequency, c0 is the speed of sound and R0 the*Corresponding author: yves.auregan@unv-lemans.fr
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inner radius of cylindrical waveguides that is used to scale
any distance). In the outer region (i.e. in the two cylindrical
waveguides), only plane wave propagation has to be con-
sidered and, without flow, the acoustic propagation can
be described by r2p + k2p = 0 where p is the dimensionless
pressure scaled by q0c

2
0 and q0 is the density. In the inner

region (i.e. in the tube close to the openings of size s of
the resonators), the problem to solve is incompressible
and it induces jumps in pressure and in velocity for the
outer fields.

Due to the complete symmetry of the problem without
flow, it can be decomposed into symmetrical and antisym-
metrical problems [14] (see Fig. 3). In the symmetrical
problems, the pressure is even in x: p(x, r, f) = p(�x, r, f),
the axial velocity is odd in x: u(x, r, f) = �u(�x, r, f) while
the radial velocity remains even: v(x, r, f) = v(�x, r, f).
Conversely, for the antisymmetric solution, p(x, r, f) =
�p(�x, r, f), u(x, r, f) = u(�x, r, f) and v(�x, r, f) =
�v(�x, r, f).

There is only one symmetric problem (Fig. 3b) that
induces an axial velocity jump while the pressure is the
same on both sides of the resonator. On the other hand,
there are two antisymmetric problems that induce a pres-
sure jump while the axial velocity is the same on both sides
of the resonator. In the first antisymmetric case (Fig. 3c),
there is no mean velocity entering the resonators. This
antisymmetric problem exists whether we are in the case
with one or two resonators. Note that this pressure jump
is often (but not always [15]) neglected compared to the
larger effect of the velocity jump for a single resonator.

Contrary to the other two solutions this second antisym-
metric case (Fig. 3d) exists only when there are two res-
onators. It corresponds to a motion passing from one
resonator to the other. Since there is no average velocity
in the waveguides, this motion is only weakly coupled to
the waveguides and can be considered a quasi-trapped
mode [16].

Following the approach introduced by Porter et al. [9],
the effect of both the simple or double resonator can be
described by two jumps. One is an axial velocity jump
linked to the symmetric problem,

u½ � ¼ Y s�p ð1Þ
where [u] = u1 – u2 where u1 (resp. u2) is the outer plane
wave axial velocity upstream (resp. downstream) being
propagated to the centre of the double resonator (x = 0)
and �p ¼ ðp2 þ p1Þ=2 the average pressure in the vicinity
of the resonator (p1 and p2 are the upstream and down-
stream outer plane wave pressures at x = 0). The second
is a pressure jump, linked to the antisymmetric problems,

Figure 1. Schematic of the annular double resonator. The flow is considered to be in the positive axial x-direction.
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Figure 2. Numerical computation of the transmission coeffi-
cient |T| for the single resonator (plate removed, in blue) and for
the double resonator (in magenta).

Table 1. Dimensions of the double Helmholtz resonator (see
Fig. 1).

R0 R1 R2 s e l

(mm) 15 18 38 2.5 0.5 15
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p½ � ¼ Za�u ð2Þ
only related to the average axial velocity �u ¼ ðu2 þ u1Þ=2.

From these two jump relations, it is possible to compute
the values of the coefficients involved in the velocity and
pressure jumps from the transmission coefficients T and
reflection R coefficients of this reciprocal and symmetrical
device (obtained either numerically or experimentally):

Y s ¼ 2
1� T þ Rð Þ
1þ T þ Rð Þ ; Za ¼ 2

1� T � Rð Þ
1þ T � Rð Þ : ð3Þ

The jump coefficients (Zs = 1/Ys and Za) numerically
obtained on the investigated devices are plotted in Figure 4.
A few remarks can be made about these curves. Firstly, as
expected, the Zs impedances for the single resonator and the
double resonator are very close. The small difference
observed at the highest frequencies is due to the small but
finite thickness of the plate. On the other hand, the Za coef-
ficient for the double resonator is very different from the
single resonator case. The general behavior (linear and
decreasing) of the coefficient is similar to that of the first
antisymmetric problem (Fig. 3c; nearly identical to the sin-
gle-cavity case), but the contribution of the second second
antisymmetric problem (Fig. 3d) is significant around
the resonance frequency. It was found during the computa-
tions that the shape and frequency position of this second
contribution is very sensitive to the exact geometry of the
intermediate plate (thickness, internal diameter). The
transmission peak observed in Figure 2 is at a frequency
f = 1489 Hz which is very close to the resonance frequency
at Za. Note that the frequency of zero impedance for Zs and
the frequency of resonance for Za are slightly different

because of the difference in the added mass between these
two cases.

3 Experimental results without flow and effect
of viscosity

The double resonator described in Figure 1 is mounted
between two measuring sections, upstream and down-
stream. Each measuring section consists of a circular steel
tube with rigid walls (inner diameter 30 mm) in which four
microphones are mounted. Two acoustic sources on either
side of the system produce two different acoustic states
and the four elements of the scattering matrix (transmission
and reflection coefficient in both directions) for plane waves
can thus be evaluated. A more detailed description of the
measurement technique can be found in [17, 18]. The mea-
sured transmission coefficient of the double resonator is
given in green symbols on Figure 5.

The measurement of the double resonator does not show
the transparency peak found in the simulation. This quasi-
disappearance is due to the viscosity, as demonstrated by
the numerical simulation in which thermoviscous effects
were taken into account in the resonator necks via the
equivalent impedance of the thermo-viscous boundary layer
[19] (black line in Fig. 5). So even a very small loss can have
a dramatic effect on acoustic behavior (the real part of Zs
which gives the losses is experimentally estimated at 0.007
for this device). This is all the more true as the quasi-
trapped mode responsible for the transparency peak is
poorly coupled to the waveguide, producing a very narrow
peak.

Figure 3. Sketch (a) and numerical simulations of the three incompressible interior problems (b–d). The colors are related to the
amplitude of the velocity and the black lines are the stream lines. (b) Symmetric problem. (c) Antisymmetric problem 1 (no mean
velocity in the resonators). (d) Antisymmetric problem 2 (no mean velocity in the waveguides).
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4 Effect of the flow on the double resonator

When an airflow is added into the waveguides and the
device, the most remarkable effect is that the double
resonator begins to whistle at low velocity values (above
13 ms�1) (see Fig. 6). The frequency of the whistling
remains relatively constant and is locked close to the reso-
nance frequency of the resonators. The Strouhal number
of appearance of the whistling is given by

St ¼ fR s
U c

¼ 0:29 ð4Þ

where fR = 1500 Hz is the resonance frequency and Uc =
13 ms�1 is the critical mean flow velocity where the whis-
tling appears. In contrast, the single resonator, obtained
by removing the plate, does not whistle over the whole
range of flow velocities studied (up to 30 ms�1).

This whistling is due to the interaction between the
acoustic wave and the shear layer created by the flow at
the opening of the resonator, which results in an exchange
of energy between the flow and the acoustics. This can lead
to additional dissipation or energy gain for the acoustics
[18, 20, 21]. In the following, only the case without whistling
will be studied (the mean flow velocity U is such asU< Uc),
as the concept of the scattering matrix becomes meaningless
when non-linear effects are present, as in the case of whis-
tling. The second noticeable point with flow is that the
expected transparency peak (which was not present with-
out flow due to the viscous effects in the neck) appears in
the presence of flow (see Fig. 7a). In this figure, note also
the difference between downstream propagation (T+, solid
line) and upstream propagation (T�, dashed line). This dif-
ference indicates a loss of reciprocity due to flow. In
Figure 7b, the convected reflection coefficients are shown:
Rþ
c ¼ ð1�MÞRþ=ð1þMÞ and R�

c ¼ ð1þMÞR�=ð1�MÞ
where R+ and R� are the upstream and downstream reflec-
tion coefficients where M is the Mach number defined as
M = U/c0. The advantage of using the convected reflection
coefficients is that they are directly related to energy losses
and gains in the system [18, 22]. For example, the fact that
Rþ
c and R�

c are greater than 1 for a certain frequency range
in Figure 7b means that the energy of the reflected waves is
greater than the energy of the incident waves for that
frequency range.

From the scattering coefficients T+, T�, Rþ
c and R�

c , it is
possible to construct the convected scattering matrix Sc by

1þMð Þpþ2
1�Mð Þp�1

� �
¼ Sc

1þMð Þpþ1
1�Mð Þp�2

� �
; whereSc ¼

Tþ R�
c

Rþ
c T�

� �

ð5Þ

Figure 5. Modulus of the transmission coefficient |T| for the
double resonator. Green symbols: experimental results, black
line: numerical simulation with losses, magenta line: numerical
simulation without losses.

Figure 6. Colormap of the noise level measured in the
upstream duct in the presence of flow as a function of flow
velocity end frequency. It shows the appearance of a whistling
above a flow velocity of 13 ms�1. The two insets are the noise
spectrum at 9 and 15 ms�1.

Figure 4. Jump coefficients Zs = 1/Ys (a) and Za (b) of the
single resonator (in blue) and of the double resonator (in
magenta). These results are numerically computed in absence of
viscosity. Continuous line: imaginary part, dashed line: real part
which is equal to 0 without viscosity.
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which links scattered waves pþ2 and p�1 to the incident
waves pþ1 and p�2 where the subscript 1 (resp. 2) indicates
the upstream (resp. downstream) value of the plane wave
being propagated to the center of the double resonator, the
superscripts + and � indicate the downstream and
upstream propagations. The two eigenvalues of the matrix
I� S�

cSc, where I is the identity matrix and the star stands
for the complex conjugate, correspond respectively to the
maximum and minimum energy dissipation that is possi-
ble in the device divided by the incident energy (a negative
value indicates an energy production) [22]. These eigenval-
ues are computed from the experimental values with and
without flow and plotted in Figure 8.

For the double resonator without flow (green lines), the
dissipation of the double resonator is between 0 and 5% of
the incident energy except for a bump around the resonance
frequency where the dissipation is between 5% and 22% of
the incident energy.

In the presence of flow for the single resonator (magenta
lines), several bumps in attenuation (440 Hz, 1230 Hz) and
in gain (890 Hz, 1730 Hz) appear. This is a rather classic
behavior resulting from the fact that, depending on the
ratio between the length of the aperture and the hydrody-
namic wavelength of the disturbance in the shear layer,
there is a positive or negative transfer of energy between
the acoustic and the flow [23–25]. This ratio is proportional
to the Strouhal number given by St = f 2s/U where U is the
mean flow velocity. For the dissipation bump this value is
equal to St = 0.17 and 0.48 and for the gain bumps
St = 0.35 and 0.68.

For the double resonator at the same flow velocity (blue
lines), the first dissipation bump is around 975 Hz showing
that the flow allows to dissipate up to 28% of the incident
energy. The maximum of this positive bump changes in
amplitude and frequency as a function of the mean flow
velocity U and the frequency shift of the maximum is such
that the Strouhal number St = fs/U = 0.19 is constant. For
higher frequencies, there is a rapid decay of the minimum
curve indicating a gain in the double resonator (up to
47%). This gain stops abruptly close to the resonance
frequency to produce again an important loss (energy dissi-
pation up to 74%). This narrow-band transition phe-
nomenon, occurring close to the frequency of the
transmission peak, is most likely due to the quasi-trapped
mode existing in the double resonator.

The description using two jump coefficients, as for the
case without flow, derives from the reciprocity and symme-
try of the device. In the presence of flow, reciprocity and
symmetry are broken and this description can no longer
be used. Velocity and pressure jumps then depend on both
average pressure and velocity values, and no simple model
has been found to explain the measured behavior. Further-
more, for such a geometry, numerical prediction of acoustic
behavior with flow is not well predicted by codes using the
linearized Euler model. For precise prediction of aeroacous-
tic behavior, highly accurate but demanding codes are
required, such as direct numerical simulation or large eddy
simulation [26].

5 Conclusions

When dealing with metamaterials, resonant systems are
often used. It is therefore particularly important to take
into account the effects of viscosity and flow (if it is appro-
priated) in sufficient detail. These two effects can signifi-
cantly alter the expected acoustic effects [27, 28]. In this

Figure 7. Modulus of the transmission coefficient (a) and of the
convected reflection coefficients (b) of the double resonator.
Magenta line: Numerical result without viscosity and flow. Blue
line: experimental results with flow (U = 11.5 ms�1, continuous
line in flow direction, dashed line against the flow)

Figure 8. Eigenvalues of the matrix I� S�
cSc. Double resonator:

Green U = 0, blue U = 11.5 ms�1. Single resonator: magenta
U = 11.5 ms�1. The solid line is the maximum value, while the
dashed line is the minimum value.
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paper, this is illustrated by the case of a double Helmholtz
resonator. The expected transparency band due to Autler-
Townes splitting disappears almost completely in experi-
ments due to viscosity, even though dissipation is rather
weak. When a low flow velocity is added, the transparency
band reappears experimentally due to the gain generated
by the flow. However, at slightly higher flow velocities, a
whistling is produced. The gain that occurs in acoustics
with flow can be used for some interesting non-Hermitian
effects, but it can also lead to difficulties in silencer design,
where the potential for whistling can make devices unusable
for sound attenuation.
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