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Abstract

The attitude tracking problem for a full-actuated rigid body in 3D is studied using a system model based on Lie algebra
50(3). A nonlinear homogeneous controller is designed to track a smooth attitude trajectory in a finite/fixed time. A global
settling time estimate is obtained, which is easily adjustable by tuning the homogeneity degree. The input-to-state stability
of the control system with respect to measurement noises and additive perturbations is studied. Simulations illustrating the

performance of the proposed algorithm are presented.
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1 Introduction

The problem of rigid body attitude control is well-
known in a variety of applications such as satellites,
robots, and aerial/underwater vehicles. There are three
commonly-used global mathematical descriptions of the
rigid body’s attitude (orientation): Special Orthogonal
Group SO(3), quaternion, Lie algebra so(3) (also known
as exponential coordinates or Chevalley’s coordinates,
see Chaturvedi et al. (2011)). Indeed, the manifold
SO(3) consists of all possible rotation matrices in 3D
space. The quaternion also represents the global orien-
tation of a rigid body but with an ambiguity, which may
cause an unwinding phenomenon in attitude control
Wen and Kreutz-Delgado (1991). Lie algebra so(3) is
a minimal (three parameters) representation that con-
tains ambiguities, as it was stated in Stuelpnagel (1964)
that any representation with three parameters cannot
uniquely represent the global orientation of a rigid body.

Based on the above mentioned three representations,
different attitude control techniques have been devel-
oped in the literature. Notice that a topological struc-
ture of the group precludes the existence of continuous
time-invariant feedback control for a global asymp-
totic attitude stabilization Bullo and Murray (1995);
Chaturvedi et al. (2011); Mayhew and Teel (2013).

* The material in this paper was partially presented at Eu-
ropean Control Conference 2022. Corresponding author Yu
Zhou.
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andrey.polyakov@inria.fr (Andrey Polyakov),
gang.zheng@inria.fr (Gang Zheng).
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Several switching-based algorithms of a global asymp-
totic/exponential attitude control design have been
developed for the system described by quaternions (see,
e.g., Mayhew et al. (2011);SO(3) group (see, e.g., May-
hew and Teel (2013), Lee (2015), Berkane et al. (2017))
and the Lie algebra s0(3) (see, e.g., Bharadwaj et al.
(1998) and Yu and Ding (2016)).

A non-asymptotic (i.e. finite/fixed-time) attitude con-
trol of rigid body has also been intensively studied in
the last decade. However, due to the topological con-
straint, non-asymptotic stabilization and robustness
analysis on the manifold SO(3) are not trivial. Thus,
most of non-asymptotic attitude control algorithms are
currently based on quaternion and Lie algebra so(3).
There are two approaches to non-asymptotic attitude
control design: direct Lyapunov methods (see, e.g., Zou
(2013), Huang et al. (2018), Chen et al. (2018), Zou
et al. (2020)) and homogeneity-based methods. The
direct Lyapunov methods provide an estimate of the
settling time but it involves a complicated Lyapunov
construction. Homogeneity-based methods simplify the
design of finite-time control because an asymptotically
stable homogeneous system with a negative degree is
finite-time stable. Several attitude controllers inspired
by the ideas of homogeneity can be found in the litera-
ture. They provide local ( Guo et al. (2019), Gui et al.
(2015)) and global (Du and Li (2012), Gui and Vukovich
(2016), Shi et al. (2018)) stabilization, and combined
with sliding mode algorithms in (Zhu et al. (2011),
Tiwari et al. (2015), Shi et al. (2017), Guo et al. (2019)).

The mentioned homogeneity-based finite-time global
attitude control design follows the idea of combining
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a negative-degree locally homogeneous feedback with
globally asymptotically stabilizing algorithm Hong et al.
(2001). The main drawbacks of this approach are the
absence of a settling time estimate, the sophisticated
Lyapunov analysis, and the impossibility of fixed-time
stabilization. The aforementioned observation moti-
vates us to develop a new homogeneity-based attitude
control.

Continuous homogeneous control systems in R™ have the
following advantages: finite-time and fixed-time conver-
gence rates, Bhat and Bernstein (2005), Andrieu et al.
(2008); local stability is equivalent to global one even in a
nonlinear case, Zubov (1958), Rosier (1992); homogene-
ity ensures robustness with respect to a larger class of
uncertainties Ryan (1995), Hong (2001), Andrieu et al.
(2008); an elimination of an unbounded peaking effect,
(Polyakov, 2020, Chapter 1) and a reduction of over-
shoots (Polyakov and Krstic (2023)).

The aim of this paper is to develop a homogeneous
attitude control on Lie algebra. However, the global
model on Lie algebra so(3) is a specific impulsive sys-
tem (Bharadwaj et al. (1998)). The jump behavior may
destroy the above mentioned advantages. There are few
studies on the impulsive homogeneous system and its
stability (e.g., Tuna and Teel (2006), Goebel and Teel
(2008), Forni and Teel (2010)), but they require the
scaling invariance of jump set (i.e., if the state in the
jump set, then the arbitrarily scaled state must remain
in the jump set). This condition is not satisfied in the
case of attitude control. This motivates us to study
a specific class of impulsive system that admits an
analysis based on the homogeneous implicit Lyapunov
function method Polyakov et al. (2015). To the best of
authors’ knowledge, no research has been done for this
class of systems before.

For homogeneous control design, the implicit Lyapunov-
function-based methods Adamy and Flemming (2004),
Korobov (1979) are well-developed for robust homoge-
neous finite/fixed-time stabilization of continuous-time
linear control systems (Polyakov et al. (2015), Polyakov
(2020), Zimenko et al. (2020)), this paper extends the
mentioned control technique to a nonlinear (impulsive)
system and applies it to an attitude control design. The
main contributions of our work are as follows.

e The homogeneous implicit Lyapunov function method
is extended to a specific class of impulsive systems such
that various convergence rates (finite-time, exponen-
tial or nearly fixed-time) can be assessed by a proper
selection of the homogeneity degree. An estimate of a
convergence time is given.

e A homogeneous attitude control for global attitude
tracking is developed using the implicit Lyapunov
function technique. The design procedure repeats the
linear control case but allows the tracking error to
converge to zero in a finite/fixed time or exponentially

dependently of the homogeneity degree. The conver-
gence time is estimated. The homogeneous algorithm
becomes the classical linear PD controller (see e.g.,
Bullo and Murray (1995), Yu and Ding (2016)) in a
particular case.

e Globally fixed-time stable attitude controller is de-
signed by a commutation of two homogeneous con-
trollers as in Polyakov et al. (2015). Robustness (
Input-to-State Stability) of the closed-loop system
with respect to various perturbations is studied.

A preliminary version of this work has been presented at
European Control Conference, Zhou et al. (2022), where
local homogeneous attitude control has been developed.
The present paper extends this local result to a global
homogeneous attitude controller. The paper is organized
as follows. The problem of attitude tracking is stated in
Section 2. In Section 3, some preliminaries about gener-
alized homogeneous stabilization and new results about
homogeneous stabilization of linear impulsive systems
are given. A homogeneous attitude tracking control is
designed in Section 4. The performance and robustness
of the developed control algorithm are demonstrated in
Section 5 in numerical simulations. Some properties of
SO(3) group and s0(3) algebra are given in Appendix.

Notation

R is the field of reals, Ry = {& € R: 2z > 0}; | - | is the
Euclidean norm in R™ ; 0 denotes the zero element of
a vector space; diag {\;}.—, is the diagonal matrix with
elements A\;; P > 0(< 0,> 0,=< 0) for P € R™*™ means
that the matrix P is symmetric and positive (negative)
definite (semi-definite); C(X,Y’) denotes the space of
continuous functions X +— Y, where X,Y are subsets
of normed vector spaces; CP(X,Y) is the space of func-
tions continuously differentiable at least up to the or-
der p; Amin(P) and Apax(P) represent the minimal and
maximal eigenvalue of a matrix P; for P > 0 the square
root of P is a matrix M = Pz such that M2 = P;
SO(3) C R3*3 is a special orthogonal group (see Ap-
pendix) and so(3) is the corresponding Lie algebra con-
sisting of the skew-symmetric 3 X 3 matrices; the map-
ping (-)" : R3  s0(3) is given by 2/ = [ w0 —1051] )
—zo 1
where x = 11,22, 73]" € R3, and (-)V : s0(3) — R? is
the inverse mapping to (-)"; Exp(-) = exp((-)") defines
a mapping from R3 to SO(3), Log(+) = (log())" defines
a mapping from SO(3) to R?, where exp and log are the
matrix exponential and the matrix logarithm, respec-
tively; KC denotes a class of continuous strictly increasing
positive definite functions Ry — R4 with a(0) = 0. KL
denotes a continuous function 5 : Ry x Ry — Ry, if,
for each fixed s, (-, s) € K and for each fixed r, 5(r, )
is strictly decreasing to zero. B"[r] = {& € R™ : |z| < r}
and B"(r) = {x € R": |z| < r} denote the closed ball
and open ball of the radius r on R™. 8C and C denote
the boundary and closure of an open set C € R"™. L™



denotes the function space that its elements are the es-
sentially bounded measurable function. For f € L,
| flloc =inf{c € R>p : |f(z)]| < c for almost every x}.

2 Problem statement

The dynamics of a fully-actuated rigid body rotation
motion is governed by the following nonlinear differential
equation (see, e.g. Bharadwaj et al. (1998)):

R=Ruw", t>0, R(0)=Ry, (1a)
W=J (~wxJuo+ M), w(0)=uwo, (1b)

where R(t) € SO(3) is the rotation matrix with respect
to the inertial frame, w € R3? is the angular velocity
expressed in body frame, J € R3*3 is the inertia matrix
with respect to rigid body’s mass center, M(t) € R3 is
the torque expressed in body frame (control input).

This paper investigates how to design a feedback con-
troller M that can ensure a global uniform finite/fized-
time attitude tracking, i.e.,

VRo€SO0(3),Vwy € R*, IT R, : R(t)=Rq(t),Vt>T,

where T is independent of Ry, wg in the fixed-time case.
For this purpose, this paper adopts the so-called implicit
generalized homogeneous algorithms (Polyakov (2020),
Zimenko et al. (2020)) to treat the global finite/fixed
time attitude trajectory tracking problem, since they
can ensure faster (finite/fixed-time) convergence, better
robustness, less overshoots.

3 Homogeneous Stabilization

In this section, we briefly recall some fundamental con-
cepts of generalized homogeneous control design.

3.1 Linear dilations in R™

By definition, the homogeneity is a dilation symmetry
Zubov (1958), Kawski (1991), Fischer and Ruzhansky
(2016), Polyakov (2020), and the dilation (see Husch
(1970); Kawski (1991)) in a normed vector space is a one-
parameter group d(s), s € R of transformations satisfy-
ing the limit property limg 4 [|d(s)z| = e¥>°,Vz # 0,
where || - || is a norm in R™. In the general case, the dila-
tion may not be a Lie (continuous) group. In this paper
we deal only with the linear (geometric) dilation in R™
which is defined as follows

+oo
p—3

=0

d(s) = e*Ca .= s € R, (2)

where Gq € R™*" is an anti-Hurwitz ! matrix being the
generator of the dilation d. A dilation d is monotone if

1A matrix Gq € R™*" is anti-Hurwitx if —Gq is Hurwitz.

s+ ||d(s)z]| is a strictly increasing function for any = #
0. It is worth noting that monotonicity of the dilation
may depend of the norm || - || in R™. Also, any linear
dilation in R™ is monotone Polyakov (2020) provided
that the norm in R” is defined as follows

|z|| = VaT Pz, PGq+GJ{P=0,P~0. (3)

The linear dilation introduces an alternative norm topol-
ogy in R™ by means of a homogeneous norm (see, e.g.,
Griine (2000)).

Definition 1 The scalar-valued function || - ||la : R —
[0,00) defined as ||0]|la = 0 and

lul|la = e*, where s, € R : ||d(—s,)z| =1,

is called the canonical d-homogeneous norm inR™, where
d is a monotone dilation in R™.

For any linear monotone dilation in R™, the canonical
homogeneous norm is continuous on R™ and locally Lip-
schitz continuous on R™\{0}. Moreover, it is differen-
tiable on R™\{0} :

Ollzlla _ x'dT (~1In|z|la) Pd(—In|z|a)
or ||x||d:deT(7lnHsz)PGdd(fln [[z]|la)z (4)

provided that the canonical homogeneous norm is in-
duced by the Euclidean norm (3). Below we use the
canonical homogeneous norm as an implicit Lyapunov
function for an analysis impulsive locally homogeneous
systems and define the d-homogeneous projector on the
unit sphere (Polyakov, 2020, p. 159) as follows

ma(r) = d(=In|[zlla)z, = #0. ()
Indeed, for any = # 0, by definition of the canonical
homogeneous norm, we have ||7q(x)| = 1.

3.2 Homogeneous Systems

Definition 2 Kawski (1991) A wvector field f : R™ —
R™ (resp. a function h : R® — R) is said to be d-
homogeneous of degree i € R if

f(d(s)x) = e"*d(s) f(z), (resp. h(d(s)z) = **h(x)),

Vr € R", Vs e R, whered is a linear dilation in R™.

Any d-homogeneous system
&= f(z),

is diffeomorphic on R™\{0} and homeomorphic on R™ to
a standard homogeneous system (Polyakov (2020)). The
following result is the straightforward corollary of the
Zubov-Rosier Theorem (Zubov (1958), Rosier (1992)).

t>0, z(0)=z€R" (6)

Theorem 1 Let a continuous vector field f : R™ — R™
be a d-homogeneous of degree u € R. The system (6)
s globally uniformly asymptotically stable if and only if
there exists a positive definite d-homogeneous function
V i R" [0, +00) such that V € C (R")NC* (R™\{0}),



V(z) < —pVith(z), Yz #0,p > 0. Moreover, the sys-
tem (6) is globally uniformly finite-time stable for p < 0;
globally uniformly exponentially stable for u = 0; globally
uniformly nearly fized-time stable for p>0.

More details about finite/nearly fixed-time stability and
their differences with respect to other stability concepts
are given in Definition 3 in Appendix.

4 Main results

In this section we design a global homogeneous attitude
control. First, we study the problem of homogeneous
stabilization of a class of impulsive systems. Then we
apply the obtained results to design global homogeneous
controller for an attitude control of rigid body, based
on the fact that system (1) can be re-formulated as an
impulsive system on Lie algebra so(3).

4.1 Homogeneous Lyapunov function for Impulsive
Nonlinear Systems

Let us consider the following impulsive system

{w' = f(t,x),

rz=Ilz",

x~ eC,
x~ €D,

(7)

where t > tg, z € R", f € C(R""!,R"), the matrix II €
R™*™ defines a linear reset map, =~ = limy,_,q- z(t+h),

C={z€R":g1(z) <0}, D= {xeRn a1zt } 8)
are subsets of R", g1, g2 € C*(R",R). Inspired by Hes-
panha et al. (2008), a solution of (7) is a right-continuous
function x satisfying the differential equation almost ev-
erywhere, belonging to C almost everywhere and having
left limits at each ¢ > ty. The following theorem pro-
vides a sufficient condition for the existence of solutions
and a finite/fixed-time stability analysis of the impulsive
system (7) by means of implicit homogeneous Lyapunov
function designed for the impulse-free system.

Theorem 2 Let C given by (8) be an open connected set
such that 0 € C, IID C dC\D,

91 f(t,2) <0, VYredC\D, VteR (9)
and for any r > 0 there exists v > 0 such that
90 (1) <0, L2 f(t,) < —v, Y2 €dDNB"[r], VteR.

10

Let the canonical homogeneous norm induced by the

weighted Euclidean norm (3) be a local Lyapunov func-

tion V(x) = ||x||la of the impulse-free system & = f(t,x)
satisfying

Grf(t,o) < —pV' (),

where € R and p > 0. If

Gqll = I1Gg, (12)

Vr € C\{0},¥t € R, (11)

y I PIly < 1, Vy € ma(D) (13)

then the closed-loop impulsive system (7) is

o uniformly finite-time stable for u < 0 and

2(t) = 0, ¥t > to + 120" vi(1) € €, vt € R;
o uniformly exponentially stable for up =10 and

lz()lla < lzbolla vt > ¢ Wa(ty) € C, Vto € R;

er(t—tg)

o uniformly nearly ﬁxed—time stable for u > 0,
z(t)|la<r, VE>to + -1, Vr>0,Vz(to) €C, Vig ER.

m"“ ’

Proof: Since f € C(R"*! R"), C is an open connected
set and D C OC, then for any initial value x(tp) €
C,tp € R the impulsive system (7) has a solution de-
fined as long as = ¢ 9C and |z~| < +o00. The condi-
tion (9) implies that for any ¢t € R and any y € dC\D,
the vector field f(¢,y) is oriented inside the open con-
nected set C, so dC\D is a repealing set of the system
(7). Hence, for any initial value z(ty) € C\D the system
H has a solution z(t) (belonging to C for t > ty) as long
asz~ ¢ D and |z~| < +oo. Similarly, the condition (10)
guarantees that for any y € 9D the vector field f(t,y)
is oriented inside the set C\{D}. So, for any initial value
2(tp) € C\D the system (7) has a solution x(t) (belong-
ing to C for ¢t > tg) as long as =~ ¢ D and |z7| < +o0.
Since ID C dC\D then IID N D = ) and there are no
multiple values at the instant of jump and the solution
enters in C after the jump, so it can be continuously pro-
longed till the next jump. Let t; with &k = 1,2, ... denote
time instances such that = (tx) € D. Let us prove that
the sequence t; does not have an accumulation point.
Suppose the contrary, txy — t* # 400 as k — +00
provided that z(t) is uniformly bounded ||z(¢)|| < r on
[to,t*]. Since the solution is continuous and uniformly
bounded between jumps, then due to continuity of f,
its derivative is uniformly bounded ||z(t)|| < p,Vt €
(tk, tr+1), where p = maxiet, ¢+],wepn(r) [ f (¢, )| Thus
O = & (thsr) — 2(ty) = [ @(7)dr — 0 as k — +o0.
By Bolzano-Weierstrass Theorem there always exists a
subsequence ty, such that = (ty,) — «* € DN B"[r] as
i — 4o0. In this case, Iz~ (t,) — [Mz* as i — +oo.
Since Iz~ (t,) = = (tk;+1) — Ok, and 6, — 0 as i —
+00 then Ilz* = 2™ 1= lim; 0 ¥ (t,) € DN B"[r].
Notice that * € 9D N B™[r], otherwise Ilz* = z** €
dC\D, but this contradicts to z** € D. The condition
(10) together with the continuity of f and the smooth-
ness of go imply that for a sufficiently small § > 0 we
have %—g;f(t,x) < —y/2for all x € (0D N B"[r])+B"[f],
where + denotes the geometric sum of sets. Moreover,
there exists i, € N such that for all ¢ > 4, we have
z(t) € z*+B"[0],Vt € (ty,,t,+1). Taking into account
g2(x(ty,) < 0 we derive ga(x™ (tr,41)) = g2(x(ts,) +

tt" i 892 #dt < 0. This contradicts to ™ (tx,+1) € D.

Therefore, any initial value x(tg) € C,to € R the system
(7) has a solution defined as long as ||z~ || < +oo.



For any z(ty) € C, due to the condition (11) and the

above explanations, the function ¢ — V' (z(t)) decreases

for t > ty as long as = ¢ D. On the one hand, since
k~k

d(s) = e%as =37 %7 then the identity (12) im-

plies that:

d(s)II =1Id(s), VseR. (14)

On the other hand, the Lyapunov function V(z) = ||z|/q
decreases during the jump if ||z]la < ||z~ ||a. The latter

is equivalent to H‘alcleltlid = ||[d(=In ||z~ [|a)z[la < 1and to

z'd"(—In||lz7||q)Pd(=In |z ||q)z < 1. (15)
Denoting s~ = In ||z ||q and using (14), we derive
deT(fs*)Pd(fs*)x:(H:E*)TdT(fs*)Pd(fs*)H:c*
—(27)"d" (=s") TPl (—s~)2~, a2~ €D.

(16)
Since ||[d(—s7)z"|la = 1 then d(—s7 )z~ € ma(D),
where 7q(D) is the d-homogeneous projection of the
set D on the unit sphere. It is well defined since 0 ¢ D.
Therefore, the condition (13) and the identity (16) im-
ply the inequality (15), or equivalently, ||z]la < |7 |la
for any = € D. The latter means that the function
t — V(z(t)) is monotone decreasing along any trajectory
z(t) of the system and the sequence t; of time instances
(of jumps) has no accumulation points (see the above
explanations). In this case, the inequality (11) holds
almost everywhere along the trajectory of the system
and the inequality V (z(t)) < V(0) — pfot VIith(z(r))dr
is fulfilled due to monotonicity of ¢ — V(x(t)). Hence,
we conclude that (—pu) =1 (V=H(x(t)) — VH(xg)) < —pt
for pp # 0 and V(z(¢)) <e 'V (xq) for u=0. The proof
is complete. (I

Notice that, the existence of a Lyapunov function in the
form of a canonical homogeneous norm is not a conser-
vative condition for the class of stable d-homogeneous
vector fields f (see, Polyakov (2020) for more details).
Theorem 2 can also be utilized for non-homogeneous vec-
tor fields, which are close to homogeneous in some sense.
Below, we investigate the stability of a specific impulsive
system, which is common in practice of attitude control.

Remark 1 If x € R?*", w € R", Gq = diag(g11,,g21,),
g1 > 0792 > 0; P = |:p111n plz[n:|;pi,j > 07 VZ,J € NS?}

pi2ln p22ln
I=[g I(i]’ C={zecR™:z'HHx <71}, D=
{x ER™:2"H'Hr =7,z Qx > 0}, where r > 0 is a

constant, and QQ = [I?l Ig] and H € R™ is an arbitrary

non-zero matriz, then II'D C dC\D and the conditions
(12) and (13) are fulfilled.

Proof: The identity IIT QII = —@Q implies that IID C
OC\D. On the one hand, for Gq = diag(g1 [, go1,) we
have Gqll=I1Gq4. On the other hand, if v = [z] 24 |" €
D, then 2'Qz = 2}z, = 2] x5 > 0. In this case, for
p11 > 0, p12 > 0, peg > 0, we derive

TT T T T
x 11" Pllx = p11x) ¥1 — 2p1221 X2 + P22ty T2 <

T T T T
P11T1 T1 + 2P1221 To + P2aTy T2 = 2 P

Since y € {m4(z),Vz € D}, according to the latter in-
equality, we have y 'IIT PIIy < y' Py. Then, the def-
inition of canonical homogeneous norm indicates that
lyll = ld(~n [lza)a] = 1, we have y TI" PTTy < 1.
Thus, we conclude that the condition (13) is fulfilled as
well. (I

4.2 Global Homogeneous Attitude Control

The linear dilations, as well as the generalized homo-
geneity, are introduced for normed vector spaces, there-
fore the SO(3) group does not admit a dilation in the
above sense. So, the homogeneity-based control cannot
be introduced directly for the model (1a). However, the
Lie algebra so(3) is equivalent to a vector space, so the
homogeneous control can be designed for a model ex-
pressed in terms of the exponential coordinates, which
will be discussed below.

4.2.1  Global Attitude Dynamics on Lie Algebra so(3)

Let us introduce an attitude tracking error
R, = RR} = ¢’ = Exp(6.) (17)

where Ry € C?% (R, SO(3)) represents a desired smooth
attitude trajectory and 6. € R3. For a given smooth
trajectory, the attitude error dynamics can be derived
in the exponential coordinates, and the relation between
0. and w, is (see, e.g., Chirikjian (2012))

0o = J we, (18)

where J,. = J.(6.) is the right Jacobian defined in (37),
we = Rg(w—wy) and wy = (RdTRd)v is the desired
angular velocity in body frame. The error 6, € B3[r] can
capture all elements of R., but the ambiguity appears on
the sphere {f. € R®:|f.| = 7}. The map from SO(3)
to s0(3) is a bijection when 6, € B3(r), to complete the
dynamics on B3[r] x R? a jump mechanism 6, = —0_
is introduced for [ | = m and 46| > 0 (see Appendix
or Bharadwaj et al. (1998) for more details).

Given a smooth attitude trajectory Ry, the global error
dynamics of (17) can be then formulated as an impulsive
system (Bharadwaj et al. (1998))

{éz (07 e+ Bu, ¢ ec,
§=1I¢, £ €D,

with &€ = [%], D = {¢ € B[x] xR® : ¢ HT HE = n°
and £'Q¢ >0}, C = B3(w) x R3, where H = [% 0],
B = [0,13] ", the matrices IT and @ are as described in

Corollary 1 with n = 3. Then u = w, denotes the virtual

(19)



stabilizing control that needs to be designed. Since (1)
is equivalent to (19), so the asymptotic stability of (19)
implies R — R4 and w — wg as £ — 0.

4.8 Homogeneous attitude control on s0(3)

As stated in the introduction, there is no continuous
time-invariant feedback control for global asymptotic at-
titude stabilization. The jump behavior of (19) reveals
this statement. A continuous feedback may generate a
discontinuous signal due to the state jump.

Theorem 3 Let

tnom = |€llg " Kd(=In[€]la)é,

be a d-homogeneous controller with u € [-1,1), K =
[~K1 —kol3], 0 < Ky € R33, ky > 0, the dilation
d(s) = e’%a s € R, the canonical homogeneous norm
induced by the Euclidean norm /&7 P¢ and

Gd: |:(1_6L)I3 Zi| , P= |:I3 6?1},0<6<m1n{€w 6} (21

e=[00.w]" (20)
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2(1 y,)2 g 2en 4(1612( )+k2,C: max )\max(J;l‘i’
@ ALK CAmaxt )T, 0e|<m

). Then the impulsive system (19) withu = Upem 5

€, =

J-

e globally uniformly finite-time stable for p < 0:

£(t) =0, vt = |[E0)q"/(—pp);

e globally uniformly ezponentially stable for p = 0:
1€@)]la < e P*[[€(0)]la, ¥t =0;

e globally uniformly nearly fized-time stable for p > 0:
[€Wla<r. V> =1z v >0

1 1

—_ 2€K1 Ek}g -

. 2 2
Amin (P [ eka 2k)2K1_175613j| P

= ,\max(Pl/zGdP’1/2+P*1/2GIP1/2)

(22)
Moreover, the selection

M=J [R]Unom— wjw+da| +wxJw  (23)
where wg= L (R] Ra)¥ = (R] Rq—(w))?)" € C(Ry,R?),
solves the finite-time attitude tracking problem for the
system (1a) and (1b) if p < 0.

Proof: For w, = Ry(w — wy) we derive

We = Rdw,;\ (w—wq) + Rag(w — wy)- (24)
Since wjwy = 0, then using (1b) and (23) we obtain
We = Upom and the dynamics of the closed-loop system
becomes (19) with ©u = upem,. The dilation d is monotone
since PGq+Gi P - 02(1 — p)I3—1e2(2—p)* Ky > 0,
P >0 K;! > 2 The latter inequalities hold for £ <
€,,. For the Lyapunov function candidate V(£) = ||{||a,
we have

d _ €7d " (—s¢)Pd(—s¢)é
a”f”d—Hf”dETdf(,SEprdd(fss)g7

Ve eC. (25)

Hence, using the representation

. p—1 T p—1
€TdT (mse) P (—se)é = |16 10| p [l 0
1€l g we lelly e

= |l€|3* V0] I we + ell€) P w] I e
207 (— N2 K0 — ENE"asee)

+wl K (el 2K19 — gl ke

= —el|€l|¥ 0] K0+ |i€llsw] (e —ha KT
+1€lZ# V07 (171 = (ke + D3 )
where s¢ = In||{||a, we derive
d se)Wod(—s —
Lllella= gy Sl emec (26)

—eK1 L(J7'- (5k2+1)13)

where Wy = -1 si . Taking into ac-
« el —kQK;
count the form of J ! glven by (37) we conclude
0 J  we = 0] we. (27)
Since J,-1 is bounded for || < 7, then
I€llg" e dT (—se)Wd(=s¢)é -
dt ||£|| — gTde( SE)(PGd-‘rGTP)d( 95)5’ 5 ecv (28)
where W = [:52;51; . 13_;521222][3(—1 and c is defined in the
1

statement of Theorem 3. Using Schur Complement we
derive W < 0if ¢ < €. Therefore, for ¢ < min {e,, €}, we
have P = 0, W < 0. Using the definition of the canonical
homogeneous norm, we obtain £'d " (—s¢)Pd(—s¢)€ =

1 and )

V< -plElg™, ¢ ec{o} (29)
In the view of Remark 1, to complete the proof by ap-
plying Theorem 2, we just need to show that conditions
(9) and (10) are fulfilled for ¢;(¢) = 6/6. — 7% and

g2(&) = wl 0. Indeed, for £ € IC\D we have go(£) < 0
and

D (e t) = 20] I we = 20] we < 0, € € IC\D
but for &€ € 9D we have g1 (&) = 0] 0. — 72 =0, g2(&) =
wl 0. =0, and

91 (g, t) =20 J  we =20 we =0, € € OD,

9 F(&, 1) =2w J  we +2)|¢ )57 0] Kd(—s¢)€, € € 0D,

10Je _ |We|2

For 6w, = 0, using (37) we derive w, J.~
wg (|€)€A\) We = wT‘lge Fwe = 0. Since 0f Kd(—s¢)é =

— €Nl 0 Kb — 1|€]| 3 k28] we, then
G f(et) =€l

Taking into account the equivalence of Euclidean norm
and the canonical homogeneous norm, we conclude that
for any Vr € R there exists v > 0 such that

G f(&,t) < —y, £€0DN B [r].

P9I K10, <0, ¢eoD.

The proof is complete. O



Due to the monotone decay of the Lyapunov function,
the states of the closed-loop system (23) and (19) will
eventually enter an invariant set (a neighborhood of the
origin). For any bounded initial condition, the system
trajectory state will have a finite number of jumps (see
the proof of Theorem 2). Clearly, for p < 0, finite-time
convergence to the origin is guaranteed but the settling
time depends on the initial states; for ;> 0 the algo-
rithm ensures a fixed-time convergence to a neighbor-
hood of the origin independently of the initial state of
the system. Using a commutation of the homogeneous
controller (as in Polyakov et al. (2015)), a global fixed-
time stabilization of tracking error at zero can be guar-
anteed. The nearly fixed-time controller in Theorem 3 is
a supporting result for the following fixed-time control
design.

Corollary 1 (Fixed-time stabilization) Let —1 <
M2<0<M1<1,K:[7K1 7k213],0<K1€
R3*3 ko € Ry and

wpor { l€llar™ Kd(=miglla,)é if €TPE>1,
I€lGE 2 Kd(=In |¢]la, )¢ if €TPE<T,

where the dilationsdy, ds and the canonical homogeneous
norms || + ||la,, | - lla, are defined as in Theorem 3 for
w = w1 and p = ps, respectively, but the matriz P is
defined as in Theorem 8 with ¢ € (0,min{e,, ,€,,,€}).
Then the impulsive system (19) with u = w sy s globally
uniformly fized-time stable:

VE() =0, Vt> L4 L

= —p2p2 pip1’

(30)

where p1 > 0 and pa > 0 are defined by the formula
(22) with u = p1 and p = pe, respectively. Moreover,
the selection of M in the form (23) replacing wpom with
Usyr Solves the fized-time attitude tracking problem for
the system (1a) and (1b).

Proof: Since ¢ P¢ = 1 (resp., < 1, > 1) is equiva-
lent to ||x]la, = 1 (resp., < 1,> 1) and it is equiva-
lent to ||z||a, = 1 (resp., < 1,> 1), then, in both cases
p = py and g = po, the unit ball {€ : ¢TP¢ < 1} is
a strictly positively invariant and globally uniformly at-
tractive set of the system (19) with the homogeneous
control (20). So, when &7 (t)PE(t) < 1 and p = py > 0,
due to the estimate V < —p, V¢ (see the proof of The-
orem 3) and the nearly fixed-time stability, any trajec-
tory of the closed-loop system (19) with (30) converges
to the unit ball in a fixed time independent of the initial
time. Namely, [[£(t)[la, < 1, ¥t > T1 = 1. The lat-
ter means that £ (£)P&(t) <1 for all t > T;. When the
state lies inside the unit ball, we have p = ps < 0. Ac-
cording to Theorem 3, the closed-loop system (19) with
(30) converges to zero in finite time. Thus, the system
converges to zero in a fixed time, and £(¢) = 0 for all

t>T+ 7[)2#2 independently of the initial state £(0). O

The switching control (30) combines two homogeneous

controllers Polyakov et al. (2015) to guarantee a global
fixed-time tracking. Since ||€|la, = |[€|la, = 1 for
€TP¢ =1 and d;(0) = dy(0) = I, then the control
Ufqe 1S continuous on {& : ETPE=1}.

4.4 Robustness analysis of homogeneous controller

Any control system is subjected to perturbations and
measurement noises in practice. In this case, it is impor-
tant to investigate its robustness in the sense of Input-
to-State Stability (ISS), Sontag (1989), Hespanha et al.
(2008). Below we also prove the so-called finite-time and
fixed-time ISS developed in Hong et al. (2010), Lopez-
Ramirez et al. (2020), Aleksandrov et al. (2022). Notice
that the noised measurement of R € SO(3) can be mod-
eled as follows ~
R =drR,

where R € SO(3) is a measured /estimated rotation ma-
trix, and dg € SO(3) models measurement noise on
SO(3). In this case, we derive

62 =log(drRR)) = log(R.) + log(dg) = 02 +log(dr),

i.e. the model of measurements in exponential coordi-
nates (on the Lie algebra so(3)) includes the noise in the
additive manner. So, the perturbed closed-loop attitude
control system can be modeled as follows

E=At+Bu(€ + 61)+0s,
§=H¢,

where A = 0"7-71}, & u, C,D are as before, §; =

0 0
[(log(dr)¥)T,d[]T € RS is a measurement noise,
Jo € R® is an exogenous perturbation and d,, € R? is
the measurement noise of the angular velocity.

Corollary 2 Under conditions of Theorem 3 (Corollary
1), the impulsive system (31) with u="=upom (W=Ufy) 1S

e locally ISS with respect to § = [6{ ,0 |7 € L>®(R,RY),
o (fized-time) ISS with respect to =[] ,85 | € A,

for i > —1, where A C L*>®(R,RY) is the set of pertur-
bations such that the system (31) is forward complete? .

Proof: Let the vector field f : R'® s RS be defined as

F(€,8) = € = A€ + Bupom (€ + 61) + 0o,

where £ € RS 51,0, € RS, § = (6] ,d9)" € R'2 For
V = ||€]|la we have

oV (z)

7|z=d(s)gd(5) = 68%7V£ #0,Vs € R. (32)

In this case, using the identity d(s)B = e*B we derive

2 The system is forward complete if all solutions of the sys-
tem exist globally in the forward time.



BV f(¢,8)= 2L F(€,0)+ 2 (F(£,6)— F(£,0)) =
TE1(6,0) + 5 (Bunom (& + 61) — Bunom(§) + 62) =
D F(£,0)+ Z5E (B(unom (§461) —ttnom (€)) +d(5)35),
where z = d(s)¢. The d-homogeneity of upom, gives
Uhom (y) = €~ 1T Uy (d(s)y), Vy € RS, Vs € R.
Taking s = —In||{|la we derive ||Bupom (€ + 61) —
Bupom (8)|| = ||€||1+M||Buh07n(z + d(=In|[{[la)d1) —

Bupom(2)]|, where z = d(—1n||€|la)§ belongs to the
unit sphere [|z| = 1. Since upom € CHRE\{0},R3),
then for ||[d(—1n||€]la)d1|| < 0.5, by using mean value
inequality we derive

B+ A(581) = Bunan2)] <
||Bf auhnm(y |y:z+>\d(5) $)61dA|| < C1lld(s)d1 ),
where s = —In[¢]la, C1 = supg 5y j<is | B2 -
Since Ca = sup,j=1 12X < 400 then
2
Te1(6,0) < FLf(€,0)+ VI " fld(=Tn [|€]la)dsll,
where ¢ = Cymax{Ci,1}. Irzlleheorem 3, it is

shown that 2Y f(£,0) < —pV for all ¢ € C. If

¢ € C, then |[d(—=In|¢lla)di| < Z,i = 1,2 imply
Gef(€,0) < —§V'Hr. Since |[d(~Inj¢lla)d;]| < f is
equivalent to ||[4C6;/p|| < ||€]la, then for £ € C we have

V(&) > 4Cs:/pll = V(§) < —BVITH(E).  (33)

In the case of the impulse-free continuous time system,
the latter implication guarantees that V' is an ISS Lya-
punov function (see, Sontag and Wang (1995)). Since C
is an open connected set and 0 € C, then for sufficiently
small perturbations and initial conditions, the system
(31) has no impulse, so it is locally ISS. Using the con-
tinuity of f and smoothness of V' we expand (33) to
¢ € C\D. In Theorem 3, it is shown that V(I1¢) < V(£)
for any ¢ € D. Hence, if the impulsive system (31)
has solutions (in the sense of Hespanha et al. (2008))
belonging to C almost everywhere, then the function
t— V(&(t)) with ¢ > 1 is strictly decreasing as long as

V(@) > M. Using conventional arguments
(see, Sontag and Wang (1995), Hespanha et al. (2008))
we derive ISS of the impulsive system. Moreover, from
(33) with g < 0 it follows the finite-time ISS (Hong
et al. (2010)), but the fixed-time ISS (Lopez-Ramirez
et al. (2020), Aleksandrov et al. (2022)) of the system
(31) with uw = s, follows from (33) with pe < 0 for
V(€) <1 and from (33) with g = py > 0 for V(§) > 1
The proof is complete. O

5 Numerical Simulation

A simulation of a quadrotor attitude tracking is created
in Simulink with the step size 0.001 sec. The model corre-

sponds to QDrone platform manufactured by Quanser:
J = 10~2diag(1.0,0.82,1.48) kg- m?. The initial states
are given by w(0)=[0, —1,0] "rad- sec™! and R(0)=

The parameters of the finite-time homogeneous con-
troller (20) are selected as follows: p = —1/3 and
Kpn = [-915,—513], Ga = diag(313,13), £ = 0.05,
P = [0({; Iy 000085311"3] Hence, we have p = 0.2985. The
parameters of the fixed-time homogeneoub controller
(30) are selected as follows: 3 = 0.1, pp = —1/3
and Kf:ct = [—9]3,—5]3], Gd1 = diag(0.913,13),
Ga, = diag(3I3,13), ¢ = 0.05, P = [o02, G00],
p1 = 0.3983, p2 = 0.2985. By uypn: and uyp,s we denote
the proposed finite-time and fixed-time homogeneous
controllers, respectively.

For comparison, we consider the finite-time controller
proposed in Shi et al. (2018), Shi et al. (2017)

uy = J; Vhpsign(0.)™ + kasign(we)®?,  (34)

where a; = a, aa = 2a/(1 + a), a € (0,1);
T = [z1,79,23)" € R3, sign(x)® [|z2|*sign(z),
\mg\aszgn(xg) |x3\0‘szgn(x3)]—r Since the tracklng error

system with u; is d-homogeneous with degree +1,

for a fair comparison, we select @ = 0.5 = aT—l =pu=
—1/3 to have the same homogeneity degree for both

controllers. The linear controller proposed in Yu and

Ding (2016): "y — kéﬂe K, (35)
is also utilized for comparison. The controller us cor-
responds to our homogeneous controller if p = 0. We
use the same gains for all controllers: K¢py = Kypr =
[kp,ka] = [kb, k] = [-9I3,—5I3] (the gain selection
takes into consideration that each element of torque is
bounded by [—0.5,0.5]). In all cases, the torque M is
given by (23).

The desired trajectory is generated by wg =[-0.2¢, —0.2¢+
3,75]—r and R, obtained by integration of Ry = Rdwg

with the initial condition Rq(0) = e([-0-1m0.95m,017)"

Two cases are studied by numerical simulations:

Case 1: no measurement noises or perturbations;

Case 2: the measurement noise J; is modeled by the
uniformly distributed random variables di and d,, sat-
isfying ||dr||cc < 0.05 and ||dy||sc < 0.05, but the addi-
tive perturbation is deterministic, state-dependent and
defined as 6, = [0,0.01 diag(2,2,1)w)] "

The simulation results are shown in Figs. 1, 2, and
3. The control energy E = ([3/ | M|dr)'/2 on the
time interval [0,¢7] is compared in Table 1. In the
disturbance-free case, as shown in Fig. 1, the system
with finite/fixed-time controls exhibits faster conver-
gence than the linear one. The proposed finite/fixed-
time homogeneous controllers u s, U, are faster than
u1. Moreover, Ufat demonstrates fastest convergence
but sy, requires less control energy (see Table 1). In
Fig 1, the chattering of u; is caused by numerical errors



of calculation of J! = J-1(6,) (see the formula (37)).
Fig. 2 illustrates the state-dependent jump and the de-
cay of the canonical homogeneous norm during the jump
with finite/fixed-time controllers. Measurement noises
and perturbations destroy the ideal asymptotic and
finite/fixed-time stability properties. However, in this
specific case, the finite/fixed-time controllers ¢, fay
and u; ensure higher accuracy than the linear controller
(see Fig. 3). Similarly to the disturbance-free case, the
homogeneous controllers sy, U respond faster than
the finite-time controller u;. Additionally, as shown
in Table 1. the proposed homogeneous controller u sy
consumes less energy providing better control quality
(faster response and/or better precision) than w;. The
proposed fixed-time controller can achieve fastest robust
tracking, but more energy consumption. For the finite-
time homogeneous controller, the settling time estimate
obtained in Theorem 3 gives 13.99 sec. This estimate is
rather conservative, but it is obtained for the first time
for the global homogeneous attitude control system.
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Fig. 1. The norm of the tracking error £ (Case 1).
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Fig. 2. The jump behavior under proposed homogeneous
controller (Case 1).

Table 1
The control energy E for t; = 4.

Ufnt Ufzt U1 U2
E(casel) 0.095 | 0.146 | 0.117 | 0.127
E(case2) 0.141 | 0.185 | 0.197 | 0.173

—Ufpt —— UL
= Upyr —— U
=2 R
0
0
8
—Ufpt — U
= Ufat U |
! %
0 Y ;i !
0 1 2 3 4

t(s)
Fig. 3. The norm of the tracking error (Case 2).

6 Conclusion

In this paper, a global attitude tracking control for a
fully-actuated rigid body is developed using various sym-
metries of the system. First, a rotation symmetry of
the system is utilized in order to derive an impulsive
linear system, which describes the rigid-body dynam-
ics on the Lie algebra so(3). Next, a dilation symme-
try (generalized homogeneity) is applied for finite/fixed-
time controller design. The control law is formulated
in terms of the canonical homogeneous norm being the
strict Lyapunov function of the closed-loop error sys-
tem. For homogeneity-based methods, a global estimate
of the settling time is provided for the first time. A global
fixed-time attitude control approach is designed using
a switching strategy, which offers global boundedness
of the settling time independently of initial conditions,
simplifying control tuning, providing better robustness.
Future research may focus on deriving of a better set-
tling time estimate and its tuning as well as on exploring
the issues of the digital implementation of the proposed
homogeneous controllers.
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Appendix

Let us recall briefly some results (see, e.g., Chirikjian
(2012) for more details) about SO(3) and s0(3). SO(3) :
{R € R*3 : RRT = I, det(R) = 1}, s0(3) : {X €
R3*3 : XT = —X}. The s0(3) consists of 3 x 3 skew-
matrices with the Lie bracket given by the commutator
[X1, X2] = X1 X2 — X2 X, where X7, X5 € s0(3). Since
any X € s0(3) can be uniquely represented by X = z”
with x € R3, then s0(3) is isomorphic to R?. Notice also
that for z € R® and R € SO(3) one holds Rz"RT =
(Rz)". The exponential map exp(-) is a surjective map
from s0(3) to SO(3). For X € so(3) the exponential



map is given by exp (X) = >0 (L (X)" € SO(3). Any
X € 50(3) (resp. any vector € R® : X = /) uniquely
defines a R = exp(X) € SO(3). For R € SO(3) :
trace(R) # —1, the exponential map exp(-) and its in-
verse map log(-) can be defined as follows:

R = exp(X) =T+ T X + 7 X

X =log(R) =557 (R—R")

where ¢ € (—m,m) is a solution of the equation 1 +

(36)

2cos¢ = trace(R). For trace(R) = —1 then there is
an ambiguity in the definition of X, since in this case
X = (d&7wy)", where y € R3? is a unique unit vector

(y "y = 1) satisfying Ry = y. In fact, SO(3) group in the
exponential coordinates has a correspondence with the
closed ball B3[r]. The transformation Log(-) = log(-") :
R3 — SO(3) is a bijection on B3(w). The ambiguity
appear on the sphere S3(m). The left Jacobian of the
group SO(3) is

J(x™) =1~

1—cos|z| A
ElEa

—1
TN =1+ Lt + (ﬁ -

|z|—sin |z] / A\2
+ EE ()7,
14-cos |z| AN2
2|x| sin |z] (l’ ) '

Hence, J,-! bounded for |6,| € [0, 7].

(37)

Definition 3 Efimov and Polyakov (2021) The origin
of the system &(t) = f(x(t)),t >0, x(0) =z, is said
to be

e globally uniformly Lyapunov stable if 3o € K such
that ||z(t)[| < a(|zoll), V> 0;

e globally uniformly asymptotically stable if it is glob-
ally Lyapunov stable and ¥Vr > 0,VR >r, 3T, gr > 0:
lzo| <R = |z(t)||<r, VE=T,.R;

e globally uniformly nearly fixed-time stable if it is
globally Lyapunov stable and ¥Vr > 0,31, > 0, such
that |x(t)|| <r Vt>T., Vao;

e globally uniformly finite-time stable if it is globally
Lyapunov stable and Vxo, IT,, € (0,+00), such that
z(t) =0, Vt > Ty ;

e globally uniformly fixed-time stable if it is globally
Lyapunov stable and 3Tynax > 0, such that z(t) =
07 vt > Tmax; va-

References

N. A Chaturvedi, A. K Sanyal, and N H. McClamroch.
Rigid-body attitude control. IEEE control systems
magazine, 31(3):30-51, 2011.

JT-Y Wen and K. Kreutz-Delgado. The attitude control
problem. IEEE Transactions on Automatic control,
36(10):1148-1162, 1991.

J. Stuelpnagel. On the parametrization of the three-
dimensional rotation group. SIAM review, 6(4):422—
430, 1964.

F. Bullo and R M Murray. Proportional derivative (pd)
control on the euclidean group. 1995.

C. G Mayhew and A. R Teel. Synergistic hybrid feed-
back for global rigid-body attitude tracking on so(3).

10

IEEFE Transactions on Automatic Control, 58(11):
2730-2742, 2013.

C. G Mayhew, R. G Sanfelice, and A. R Teel.
Quaternion-based hybrid control for robust global at-
titude tracking. IFFEE Transactions on Automatic
control, 56(11):2555-2566, 2011.

T. Lee. Global exponential attitude tracking controls on
so(3). IEEE Transactions on Automatic Control, 60
(10):2837-2842, 2015.

S. Berkane, A. Abdessameud, and A. Tayebi. Hybrid
global exponential stabilization on so (3). Automatica,
81:279-285, 2017.

S Bharadwaj, M Osipchuk, KD Mease, and FC Park.
Geometry and inverse optimality in global attitude
stabilization. Journal of Guidance, Control, and Dy-
namics, 21(6):930-939, 1998.

Y. Yu and X. Ding. A global tracking controller for un-
deractuated aerial vehicles: design, analysis, and ex-
perimental tests on quadrotor. IEEE/ASME Trans-
actions on Mechatronics, 21(5):2499-2511, 2016.

A.M Zou. Finite-time output feedback attitude tracking
control for rigid spacecraft. IFEEE Transactions on
Control Systems Technology, 22(1):338-345, 2013.

B. Huang, A. Li, Y. Guo, and C. Wang. Fixed-time atti-
tude tracking control for spacecraft without unwind-
ing. Acta Astronautica, 151:818-827, 2018.

Q. Chen, S. Xie, M. Sun, and X. He. Adaptive non-
singular fixed-time attitude stabilization of uncertain
spacecraft. IEEE Transactions on Aerospace and Elec-
tronic Systems, 54(6):2937-2950, 2018.

A. Zou, K. D Kumar, and A. HJ de Ruiter. Fixed-time
attitude tracking control for rigid spacecraft. Auto-
matica, 113:108792, 2020.

Y. Guo, B. Huang, S. Song, A. Li, and C. Wang. Ro-
bust saturated finite-time attitude control for space-
craft using integral sliding mode. Journal of Guid-
ance, Control, and Dynamics, 42(2):440-446, 2019.

H. Gui, L. Jin, and S. Xu. Simple finite-time attitude
stabilization laws for rigid spacecraft with bounded
inputs. Aerospace Science and Technology, 42:176—
186, 2015.

H. Du and S. Li. Finite-time attitude stabilization for
a spacecraft using homogeneous method. Journal
of Guidance, Control, and Dynamics, 35(3):740-748,
2012.

H. Gui and G. Vukovich. Global finite-time attitude
tracking via quaternion feedback. Systems & Control
Letters, 97:176-183, 2016.

X. Shi, Z. Zhou, and D. Zhou. Global finite-time atti-
tude stabilization for rigid spacecraft in the exponen-
tial coordinates. International Journal of Control, 91
(6):1325-1337, 2018.

Z.Zhu, Y. Xia, and M. Fu. Attitude stabilization of rigid
spacecraft with finite-time convergence. International
Journal of Robust and Nonlinear Control, 21(6):686—
702, 2011.

P M. Tiwari, S. Janardhanan, and M. Nabi. Rigid space-
craft attitude control using adaptive integral second
order sliding mode. Aerospace Science and Technol-



ogy, 42:50-57, 2015.

X. Shi, Y. Zhang, and D. Zhou. Almost-global finite-time
trajectory tracking control for quadrotors in the expo-
nential coordinates. IEEE Transactions on Aerospace
and FElectronic Systems, 53(1):91-100, 2017.

Y. Hong, J. Huang, and Y. Xu. On an output feedback
finite-time stabilization problem. IFEFE Transactions
on Automatic Control, 46(2):305-309, 2001.

S. P. Bhat and D. S. Bernstein. Geometric homogeneity
with applications to finite-time stability. Mathematics
of Control, Signals and Systems, 17:101-127, 2005.

V. Andrieu, L. Praly, and A. Astolfi. Homogeneous Ap-
proximation, Recursive Observer Design, and Output
Feedback. SIAM Journal of Control and Optimiza-
tion, 47(4):1814-1850, 2008.

V.I. Zubov. On systems of ordinary differential equa-
tions with generalized homogenous right-hand sides.
Izvestia vuzov. Mathematica (in Russian), 1:80-88,
1958.

L. Rosier. Homogeneous Lyapunov function for homo-
geneous continuous vector field. Systems & Control
Letters, 19:467-473, 1992.

E.P. Ryan. Universal stabilization of a class of nonlinear
systems with homogeneous vector fields. Systems €
Control Letters, 26:177-184, 1995.

Y. Hong. H, control, stabilization, and input-output
stability of nonlinear systems with homogeneous prop-
erties. Automatica, 37(7):819-829, 2001.

A. Polyakov. Generalized Homogeneity in Systems and
Control. Springer, 2020.

A. Polyakov and M. Krstic. Finite-and fixed-time
nonovershooting stabilizers and safety filters by homo-
geneous feedback. IEEETransactions on Automatic
Control, 2023.

S E. Tuna and A. R Teel. Homogeneous hybrid systems
and a converse lyapunov theorem. In Proceedings of
the 45th IEEE Conference on Decision and Control,
pages 6235-6240. IEEE, 2006.

R. Goebel and A R. Teel. Zeno behavior in homogeneous
hybrid systems. In 2008 47th IEEE Conference on
Decision and Control, pages 2758-2763, 2008.

F. Forni and A R Teel. Stability for a class of homo-
geneous hybrid systems by annular lyapunov analy-
sis. In 49th IEEE Conference on Decision and Control
(CDC), pages 3289-3294. IEEE, 2010.

A. Polyakov, D. Efimov, and W. Perruquetti. Finite-
time and fixed-time stabilization: Implicit Lyapunov
function approach. Automatica, 51(1):332-340, 2015.

J. Adamy and A. Flemming. Soft variable-structure con-
trols: a survey. Automatica, 40:1821-1844, 2004.

V.I. Korobov. A solution of the synthesis problem us-
ing controlability function. Doklady Academii Nauk
SSSR, 248:1051-1063, 1979.

K. Zimenko, A. Polyakov, D. Efimov, and W. Perru-
quetti. Robust feedback stabilization of linear mimo
systems using generalized homogenization. IEEE
Transactions on Automatic Control, 65(12):5429—
5436, 2020.

Y. Zhou, A. Polyakov, and G. Zheng. Homogeneous

11

finite-time tracking control on lie algebra so(3). Eu-
ropean Control Conference, London, UK, 2022.

M. Kawski. Families of dilations and asymptotic stabil-
ity. Analysis of Controlled Dynamical Systems, pages
285-294, 1991.

V. Fischer and M. Ruzhansky. Quantization on Nilpotent
Lie Groups. Springer, 2016.

L.S. Husch. Topological Characterization of The Dila-
tion and The Translation in Frechet Spaces. Mathe-
matical Annals, 190:1-5, 1970.

L. Griine. Homogeneous state feedback stabilization of
homogeneous systems. SIAM Journal of Control and
Optimization, 38(4):1288-1308, 2000.

J. Hespanha, D. Liberzon, and A. Teel. Lyapunov condi-
tions for input-to-state stability of impulsive systems.
Automatica, 44:2735-2744, 2008.

G. S Chirikjian. Information theory on lie groups.
In Stochastic Models, Information Theory, and Lie
Groups, Volume 2, pages 337-359. Springer, 2012.

E.D. Sontag. Smooth stabilization implies coprime fac-
torization. IEEFE Transactions on Automatic Control,
34:435-443, 1989.

Y. Hong, Z-P Jiang, and G. Feng. Finite-time input-to-
state stability and applications to finite-time control
design. SIAM Journal on Control and Optimization,
48(7):4395-4418, 2010.

F. Lopez-Ramirez, D. Efimov, A. Polyakov, and W. Per-
ruquetti. Finite-time and fixed-time input-to-state
stability: Explicit and implicit approaches. Systems
& Control Letters, 144:104775, 2020.

A. Aleksandrov, D. Efimov, and S. Dashkovskiy. De-
sign of finite-/fixed-time iss-lyapunov functions for
mechanical systems. Mathematics of Control, Signals,
and Systems, pages 1-21, 2022.

E.D. Sontag and Y. Wang. On characterizations of the
input-to-state stability property. Systems €& Control
Letters, 24(5):351-359, 1995.

D. Efimov and A. Polyakov. Finite-time stability tools
for control and estimation. Foundations and Trends®)
in Systems and Control, 9(2-3):171-364, 2021.



	Introduction
	Problem statement
	Homogeneous Stabilization
	Linear dilations in  Rn
	Homogeneous Systems

	Main results
	 Homogeneous Lyapunov function for Impulsive Nonlinear Systems
	Global Homogeneous Attitude Control
	Homogeneous attitude control on so(3)
	Robustness analysis of homogeneous controller

	Numerical Simulation
	Conclusion
	Acknowledgements

