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Abstract
We consider a last progeny modified branching random walk, in which
the position of each particle at the last generation n is modified by an i.i.d.
copy of a random variable Y. Depending on the asymptotic properties
of the tail of Y, we describe the asymptotic behaviour of the extremal
process of this model as n — oco.
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1 Introduction

Branching random walk (or BRW for short) is a particle system on the real line
constructed as follows. It starts from a single particle at position 0 forming the
initial generation 0 of the process. Each particle reproduces independently of all
others, by creating an identically distributed point process of children around
its position. We denote by U the set of particles in the branching random walk.
For all u € U, we write S, for the position of particle u, |u| for the generation
to which it belongs and wuy for the ancestor of u alive at generation k < |ul.
We only consider in the present article supercritical branching random walks,
satisfying the assumption

E(#{uel:|u=1}) > 1 (1.1)
Note that we do not make any assumption on the finiteness of #{|u| = 1}.
For all # > 0, we denote by x(f) = logE (Z\u|:1 eesu> € (—o0,00] the

log-Laplace transform of (the intensity measure of the reproduction law of) the
BRW. Assuming that x(f) < oo, we write

K (0)=E Z S, e05u=r0)
|ul=1
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whenever this integral is well-defined, irrespectively of the well-definition of s
in a neighbourhood of 6. If x'(6) is well-defined, we also write

K(0) =B | Y (Su—r(0))%" | [0, 00].

jul=1

Observe that by Lebesgue’s dominated convergence theorem, it is straightfor-
ward to verify that x’(6) and x”(6) indeed correspond to the first and second
derivative of k whenever this function is finite in a neighbourhood of . We
also remark that x”(f) = 0 implies that almost surely, all particles in the first
generation have the same position. We bar this degenerate situation from con-
sideration, by always assuming in this article that

VeeR, POEul=1:85,#x)>0. (1.2)

Branching random walks have been the subject of a large and still expanding
literature. One of the most studied features of this model is the asymptotic
behaviour of the position of particles at the right tip of the BRW. Biggins [7]
proved that the mazimal displacement M,, := max,|—, S, satisfies

lim M, = := inf @ a.s. on the survival event of the BRW,
n—oo 1 0>0
as long as there exists § > 0 such that x(f) < co. Addario-Berry and Reed [1]
(see also Bramson and Zeitouni [10]) showed that if there exists 6, > 0 such
that
Oor’ (60) — k(o) = 0, (1.3)

and additional integrability conditions hold, then setting m,, := nv — % logn,
the sequence (M, — my,) is tight, although Hu and Shi [13] proved that this
sequence exhibits almost sure fluctuations on a logarithmic scale. Aidékon [2]
proved the convergence in distribution of the centred maximal displacement
under close to optimal integrability conditions for a BRW satisfying (1.3).

In order to study the joint convergence in distribution of the first few right-
most particles, one can consider the so-called extremal process of the BRW,
defined as

Zp = Tom,, Xn,
where &, = Z|u\=n ds, is the empirical measure of the BRW and 7, is the op-
erator corresponding to a shift by = of the point measure. Madaule [17] proved

that under mild conditions, the extremal process Z, of the BRW converges
in law for the topology of vague convergence of point measure to a limiting
decorated Cox process Z.,. We refer to [20] for an overview of branching ran-
dom walks, and [18, 21] for background on decorated Cox processes and their
connections with branching particle systems.

We take interest in this article to the last progeny modified BRW, introduced
by Bandyopadhyay and Ghosh in [6], that can be constructed as follows: Let v
be a probability measure on R and (Y,,u € U) be a collection of i.i.d. random
variables of law v, which are independent of the BRW. This model is the family
of point measures defined for n > 0 by

En=Y_ 05,4v,-

|u|=n



In other words, in the process &,, the position of particles at the last step n in
the BRW are modified by the i.i.d. random variables (Y, |u| = n).

The asymptotic behaviour of &, can be described using the classical additive
martingales of the branching random walk. Let 6 > 0 such that x(8) < oo, the
process defined for n > 0 by

Wa(@) = 3 0Semnet®)

|u|=n

is a non-negative martingale called the additive martingale of the BRW. Assum-
ing that /() is finite, Biggins [3] obtained a necessary and sufficient condition
for the non-degeneracy of its almost sure limit W, () (with an alternative proof
by Lyons [15] based on a spine decomposition argument). More precisely, the
martingale (W,,(#)) is uniformly integrable if and only if

0k’ (0) — k(0) < 0 and E(W1(0)log, W1(0)) < oo, (1.4)

where log, (z) = logmax(z,1). If (1.4) does not hold, then W () = 0 a.s.
Alsmeyer and Iksanov [5] obtained a more general necessary and sufficient con-
dition for the non-degeneracy of Wu. () that does not depend on the well-
definition of &’'(0).

Let us observe that, by assumption (1.2), the function 6 — k(6) is a strictly
convex function, therefore 8 — 6r'(0) — k(f) is increasing on its interval of
definition. Consequently (1.4) implies that 8§ < 6y whenever this quantity is
well-defined.

Assume that the constant 6y defined in (1.3) exists. In this case, as men-
tioned above, the additive martingale W,,(6y) converges to 0 a.s. However, the
so-called derivative martingale defined for n > 0 by

Zn =Y (nK(0p) — S,)elo5umrnllo)

|ul=n

plays an important role for the study of extremes of the BRW. Assuming that
k") < oo, Aidékon [2] obtained necessary condition that Chen [l1] proved
to be sufficient for the convergence of the (signed, non-uniformly integrable)
martingale (Z,) to an a.s. positive limit Z,,. This necessary and sufficient
conditions is

E (W1 (90)(10g+ Wy (90))2) + E(Wl 10g+(W1)) < 00, (15)

where W, = 2 juj=1 (K" (0o) — S,) 4 ePoSu=r00) and z, = max(z,0).

Under some integrability assumptions on the reproduction law of the BRW,
Bandyopadhyay and Ghosh considered in [6] a last progeny modified BRW with
perturbation law v given by the Gumbel law of parameter 1/6. Assuming that
0r'(0) — k(0) < 0, they showed that

lim 7 &, =Yy inlaw for the topology of vague convergence, (1.6)
n—oo ~Mn

with )y a random point measure. On the one hand, if 0x'(0) — x(0) < 0, then

mgf) = n@ and the limiting point measure )y is a Cox process (i.e. a Poisson

point process with a random intensity measure) with intensity W, (6)e =% da.



On the other hand, if 0x'(8) — x(6) = 0, (1.6) holds with mt? = nk'(0) — 55 logn

and Yy a Cox process with intensity ﬁﬂZm(Q)e_em dz.

In [14], Kowalski obtained refined estimates on the position of the largest
atom in the last progeny modified BRW for a more general class of distributions
for v. The objective of the present paper is to recover the results of Bandyopad-
hyay and Ghosh under close to minimal conditions for the reproduction law of
the BRW or for the law v. More precisely, we prove that the convergence (1.6)
holds in a variety of cases for a well-chosen centring sequence (m?).

We endow the set of point measures on R with the topology of vague con-
vergence. For p a Radon measure on R and @ a non-negative random variable,
we denote by PPP(Qu) a Cox process with intensity Qu on R, i.e. conditionally
on @ a Poisson point process with intensity Qu.

We first consider a BRW satisfying the assumptions of [5, Theorem 1.3], and
prove the following result.

Theorem 1.1. Let 8 > 0 such that k(0) < co. We assume that (W,(0),n > 1)
is uniformly integrable. Let v be a probability distribution on R such that there
exists a constant L € (0,00) satisfying

v([x,00)) ~ Le™  as x — oo. (1.7)

1
Then, writing m,, = ] (nk(0) +1log L), the extremal process T_p,, E, converges
in law to a PPP(OW . (0)e~ % dx).

Remark 1.2. For the conclusion of Theorem 1.1 to hold, it is not necessary to
assume that x is finite at any point besides 6, or that x'(f) > —oo. Integral
conditions in [5, Theorem 1.3] are a necessary and sufficient condition for the
convergence in distribution of 7_,, &, to hold, assuming that (1.7) is satisfied.

Adding some extra integrability conditions on the reproduction law of the
BRW, we are also able to describe the asymptotic behaviour of the last progeny
modified BRW for any distribution v satisfying

v([z,00)) ~ L(z)e % as x — oo, (1.8)

where L is a positive regularly varying function at co. Let us recall that a
function L is called regularly varying at oo with parameter a € R if for all
A > 0, we have
L(A

lim M =A

T—r00 L(m)
A function is called regularly varying at oo if there exists such a parameter a.
We refer to the book of Bingham, Goldie and Teugels [9] for background on

regularly varying functions.

Theorem 1.3. Let 6 > 0 such that k(0) < co. We assume that (1.4) holds, and
that there exists 6 > 0 such that k(0 + ) + k(0 — J) < co. Let v be a probability
distribution on R such that there exists a regularly varying function L at oo with
index « satisfying (1.8). Then, writing

my, = n@ + %log L(n) and ¢ = (H(:) - /-@'(9)) ,

[0}

the extremal process T_,, En converges in law to a PPP(ci0W.(0)e=%% dx).



We now consider a situation in which v satisfies (1.8) with the parameter ;.
In this situation, a similar result can be obtained, assuming a stronger condition
on the function L and using a modified centring term for the extremal process.

Theorem 1.4. Let 6 > 0 such that k(0) < oo and k" () < co. We assume that
0k’ (0) — k(0) =0,

i.e. 8 =0p and that (1.5) holds. Let v be a probability distribution on R such
that there exists a regularly varying function L at co with index o € (—2,0)
satisfying (1.8). Then, writing

k(O 1 1
My = n—p +010gL(\/ﬁ)—2elogn
— 2 non e (&
and co = ) (2"(9)) F(2+1),

the extremal process T_m,, En converges in law to a PPP(CQGZOOe_Qw dz).

Remark 1.5. Theorem 1.4 also holds assuming that v satisfies (1.8) with L a

positive constant, using the same arguments as the one we use below. This

result therefore extends the previous estimate of Bandyopadhyay and Ghosh [0]
1

for v a Gumbel distribution with parameter e

Remark 1.6. We believe that up to adding a stronger integrability condition
on the reproduction law of the BRW, one could prove a result similar to The-
orem 1.4 assuming that v satisfies (1.8) with L a regularly varying function
with parameter o > 0. However, we predict a sharp phase correction around
a = —2, and that the limiting extremal process should resemble the one ob-
tained in forthcoming Theorem 1.7 if @ < —2.

Finally, if v satisfies (1.8) with 8 > 6y, then the asymptotic behaviour of &,
can be deduced from the asymptotic behaviour of Z,, the extremal process of
the BRW.

Theorem 1.7. We assume that the reproduction law of the BRW is non-lattice,
and there exists 6y > 0 satisfying (1.3). We assume that k" (0y) < oo and
that (1.5) holds. Let v be a probability measure such that there exist C > 0 and
0 > 0y verifying

v([z,00)) < Ce % for z € R. (1.9)
Then, writing

my, = nk'(6g) — % log n,

the extremal process T_n,, En converges in law to

Zézq‘,+ym (110)

€N

where (z;,1 € N) are the atoms of the limiting extremal process Z, of the BRW
and (Y;) is an independent sequence of i.i.d. variables with law v.



Theorem 1.7 follows as a direct consequence of the convergence in distri-
bution of the extremal process of the branching random walk of Madaule [17].
The condition (1.9) is used to ensure that the point process defined in (1.10) is
well-defined.

The rest of the article is organized as follows. We introduce in the next
section some estimates that allow us to study the Laplace transform of &,. We
then use the convergence of this Laplace transform to prove our main theorems
in Section 3.

2 Laplace transform of the last progeny modi-
fied branching random walk
To prove the convergence in distribution of 7_,,, &, to a limiting point measure

Z in law for the topology of vague convergence, it is sufficient to show that for
all continuous compactly supported function ¢, we have

lim (7, En, ) = (Z,9) in law,

n—roo

where we write (X,¢) = [¢dX. As a result, it is sufficient to prove the
convergence of the Laplace transform of 7_,,, &,, defined as

o €T = E(exp (—(7—m,En, QO>)) )

where 7 is the set of all non-negative continuous compactly supported functions,
i.e., to show that for each ¢ € T, we have

Jim E (exp (—(7-m, En, ) = E(exp (=(Z,¢))) - (2.1)
In the rest of the section, we introduce some methods and results allowing to
study this Laplace transform.
Let z € R and n € N. Using the independence between (Y,,,u € U) and the
BRW, we observe that

E(exp(—(m&’mcp))) =E|exp| - Z g¢($+5u)

|ul=n

= E (exp (— (72X, 9p)))

(2.2)

where we have set
Gp 1 T > —log/e‘“"(“'y) v(dy),

and we recall that &}, is the counting measure of the BRW at time n.

As mentioned above, applying Madaule’s theorem [17] to (2.2) immediately
yields Theorem 1.7. To prove Theorems 1.1, 1.3 and 1.4, we first show that
Max|y|—p Sy — My converges to —oo in probability (for m, the process defined
in each of these theorems), then study the asymptotic behaviour of g,(z) as
x — —oo. Let us first state the following generic lemma for BRW.

Lemma 2.1. If k(f) < oo, then lim, o max,|—p, .5, —nk(f) = —o0 a.s.



Remark 2.2. Recall that W,,(0) = 32,,,_,, e?5u=nr(0) i5 a non-negative martin-
gale, hence converges almost surely. As a result, using the bound

Wi (6) 2 =m0,
it is immediate that sup,,cy 0M,, — nk(f) < 0o a.s.

Proof. To prove that M, — nk(f) — —oo, we strengthen the bound of Re-
mark 2.2 with the following observation. The martingale (W (6)) converges
almost surely, therefore (W, (6)) is almost surely a Cauchy sequence.

Let x € R, we set A, := {limsup,,_,. OM, — nk(f) > x}. We define a
sequence (T},) of stopping times by Ty = 0 and

Tpi1 = inf{k > T, : OM;, — kr(6) > x}.

By definition, T;, is finite for all n on A,. We define A, ,, := {T,, < co}. Note
that A, € Fr, and Ay i1 C Agp for all n, and A, = (), oy Az,n, where (F,)
is the usual filtration of the BRW. We write r,, for the label of one individual
at generation T;, such that S, = My, , and we define

W, +1(0) = Z eOSuf(TnJrl)n(O)]l{u%rn} L BSr,—Tur(6) Zeexjfn(ex
|u|=Ty+1 jJEN

where u > v means that u is a descendant of v, and (X;,j € N) is a random
sequence with same law as (S, |u| = 1), independent of the BRW. In words,
we obtain W, 41(6) by replacing the offspring of an individual alive at position
Mt by an independent copy of that point process. It is therefore apparent that
W, +1(0) has, conditionally on Fr, , the same law as Wr, 1(6). Moreover, we
have that on A, ,,,

W2, 41(0) = W, 41.(6)] = 25 =Tt DO 7 05rs=5r) — 0%
JEN

> o= (0) |$7 S =Sma) _ 0%

jEN

with 7, being the jth descendant of individual r,. In particular, there exists
0 > 0 such that

E (L, (|Wr,1(0) = Wr,11(0)| A1) = 6P(Ap0) > 6 P(Ay).
On the other hand, we have
E (14, (Wr,41(0) = Wr,(0)| A 1)) = E (La,,, [Wr,+1(0) = Wr, ()| A1).
Therefore, we have
E (La,, (Wr,4+1(0) = Wr, (0)| A1) > 6P(A,)/2

for all n € N. As (W, (0)) converges almost surely as n — oo, we conclude by
dominated convergence theorem that P(A,) = 0.
To complete the proof, we observe that
P(limsup OM,, — nk(0) > —c0) = P(Ugen P(A_x)) = 0. O

n—roo



Lemma 2.1 is enough to conclude that max|,|—, Sy — m, — —oo under the
assumptions of Theorems 1.1 and 1.3. To obtain a similar result under the
assumptions of Theorem 1.4, we will use the tightness of

3
M, —nk'(0) + % log n,
proved under the assumptions!' of Theorem 1.4 in [19]. Using the above obser-
vations, the asymptotic behaviour of the Laplace transform of &, as n — co can
be obtained by studying the asymptotic behaviour of g, under assumption (1.8)
as r — —o0.

Lemma 2.3. Let v be a probability distribution satisfying (1.8). For all p € T,

we have
e—@x
lim 7)990(35) = /96_92(1 —e ¥ dz.

T——00 L(—;L'

Proof. Let ¢ € T. We observe that we can rewrite

go(z) = —log <1 - / 1 — e #H2) y(dz)) ;

and that y — 1 —e~?®) is continuous and compactly supported, i.e. an element
of 7. By the dominated convergence theorem, we have that

lim 1— e ?E) y(dz) = 0,

Tr—r—00

which implies
gyp(x) ~ /1 —e ¥ p(dz)  as z — —oo.

Therefore, it is enough to show that

: 670I —0z
mgriloo mw(z +2)v(dz) = /96 Y(z)dz (2.3)
for all ¥ € T to prove Lemma 2.3. We observe that for all a < b,

i 679w
1m
T——00 L(—x)

b
v(la—x,b—z)) =e 90— 70 = / e dz,

from which we deduce (2.3) by approximations, which completes the proof. [

To simplify the notation, in the rest of the article, we write for all p € T
and 6 >0

co(0) = /96702(1 — e %) dz.

We can then restate Lemma 2.3 as g, (z) ~ c,(0)L(—2)e’® as © — —oo under
assumption (1.8).

Similarly to Lemma 2.3, we observe that an upper bound for the right tail
of v implies a similar upper bound for g, as * — —oo.

1By [2, Equation (B1)], if " (6p) < oo then (1.5) implies [19, Equation (1.4)].



Lemma 2.4. Let v be a probability distribution satisfying (1.9). For allp € T,
there exists C' > 0 such that for all x € R,

go(x) < C'e.

Proof. Let ¢ € T, as ¢ is compactly supported, there exists B > 0 such that
©(z) =0 for all z < —B. Therefore,

e 9@ = /e‘“’(‘”“) v(dz) > v((—o0, —x — B)) > 1 — Ce?@tB),
As a result, we deduce that

limsupe g, (z) < lim —e " log (1 - C’ea<x+3)) = Ce%P,

T——00 T——00
Using that g, is bounded, the proof is now complete. O

To complete the proofs of Theorems 1.1, 1.3 and 1.4, it will be enough to
show that
Z 9y (Sy —my,) converges in probability,
[ul=n
and to identify its limit. This is mainly done using the so-called many-to-one
lemma (see [20, Theorem 1.1]), that we now state.

Lemma 2.5. Let 0 > 0 such that k(0) < oco. There exists a random walk
(T,,,n > 0) such that for all measurable non-negative function f, we have

E Z eGS'ufnn(e)f(Su“.H,Sun) :E(f(Tl""’T”))'

[u[=n

Moreover, E(Ty) = £/'(0) whenever this quantity is well-defined.

3 Proof of the theorems

We prove in this section our main theorems. We first consider the asymptotic
behaviour of &, below the boundary case, i.e. when 6 < 6y, assuming that
this quantity is well-defined. We then turn to the proof of Theorem 1.4, i.e.
assuming that § = 0y. Finally, we prove Theorem 1.7 in Section 3.3.

3.1 BRW below the boundary case

In this section, 6 is a fixed positive constant, and we assume that k() < oo and
(W, (0),n > 0) is uniformly integrable. We denote by W, (6) = lim,,—,c0 Wy ()
the almost sure limit of this martingale. We start by proving Theorem 1.1.

Proof of Theorem 1.1. Let ¢ € T, using Lemma 2.3, under assumption (1.7),
for all € > 0, there exists A > 0 such that for all x < —A, we have

|gp () — cw(Q)Leem’ < e, (3.1)



Observe that for all a,b > 0, we have [e=% —e~°| < |a — b| A 1 using that exp is
1-Lipschitz on R_. Therefore,

E (‘e—ﬁ_mnxn,gw _ e—w(e)wn(e)‘) < E (|(T—m, Xn, gp) — co ()W (0)| A1)

SE([ [ h(Su—mn)|AL],

|u|=n

where h,(7) = g,(x) — c,(0)Le®®, using that e ™ = [~te=mx(®) By (3.1),
we have

E | Lty <mn-ay | D ho(Su—mn)| A1] <eL™E(W,(0)),

[ul=n
hence

E (‘e*<7*"L"X’L’g*"> - e*C*"(G)W’L(Q)D <el ™' +P(M, >m, — A).

Letting n — oo, then € — 0, we conclude, by Lebesgue’s dominated convergence
theorem and (2.2), that

—c efSu—nr(8)
lim E (e—(T,mnEn,gw) — lim E (e ¢(9)Zm=n 05 0 )

n—oo n—oo

_E (exp (—WOO(G) / fe=0%(1 — e=#(2)) dz)> .

To complete the proof, it is then enough to observe that this limit is the Laplace
transform of the PPP(W,(0)e=% dz). O

Theorem 1.3 follows from very similar computations. We use the extra inte-
grability condition x(0+d) < oo to guarantee that under our stated assumptions,
M, —m,, almost surely decays linearly, and the condition (6 —J) < oo to control
the contributions of particles far from position m,,.

Proof of Theorem 1.3. We compute the asymptotic behaviour of the Laplace
transform of 7_,, &, using similar computations as for the proof of Theorem 1.1.
We recall that for all ¢ € T, we have

E (exp (—(Tm, &0, 9)) =B [exp | = Y go(Su—ma) | |,

|u|=n
= (20 _ )" KO _ o i
and that ¢; = ( ~5= —x'(0) ) . Let n > 0 such that 4n < = k'(0). Using

Lemma 2.3 and the regular variations of L at oo, we deduce that almost surely,
for all n large enough,

Sy (0) Y7 " Oy, o) <nm

1
=

(-

|ul=n
< D 9o(Su = ma)1{js, —nw 0)] <rn}
lu|=n
< (1= e~ ewe, (0) 3 T s, o)<y

1
[u[=n

10



Here we use the Uniform Convergence Theorem [9, Theorem 1.5.2], which states
that lim,_, .o L((A z)) = A® holds uniformly on compact subsets of (0,00). Note

that there exists » > 0 so that

[(1 - Cl?;oc n)lalv (1 - Cl?;oc ﬂ)f‘al] C [1 —rn, 1+ 7”77]~

1 1

Using Lemma 2.5, together with the law of large numbers, we observe that

lim E D 5T L s o)y | = lim P(|T, — E(T,)| > ) = 0.
|u|=n

(3.2)
Consequently, using the a.s. convergence of W,,(0) to W (), we deduce that
lim Z 693” nn(G)]]_{lS —nr/(0)|<nn} = W (0) in probability.

n—o00
[ul=n

Hence, we conclude that

P Z gap(Su — mn)]]‘ﬂsu*nﬁ'(@)lﬁnn}_ clcw(ﬁ)Woo(G) > rnclcw(G)WO@(G)

[u[=n

converges to 0 as n — oco. In order to show that Zm:n 9y (Sy —my,) converges
to ¢1¢4(0)Woo () in probability and complete the proof of Theorem 1.3, we now
show that

nh_)rr;o Z 9o (Su = Mn) 1|8, —n’(0)|>nny = 0  in probability. (3.3)

lul=

On the one hand, using that # — r(#) is C2 on (§ — 6,0 + §), and that
0r'(0) — k(0) < 0, we observe that ¥ — x(1)/9 is decreasing on [0, 0 + ] for §
small enough. Thus, by Lemma 2.1, there exists € > 0 such that

li_>m M, —n(k(0)/0 —e) = —c0  a.s.

As log L(n)/n — 0 as n — oo, we conclude that almost surely, for all n large
enough, M,, — m,, < —en/2. Therefore, almost surely, for n large enough

Z g&p — Mn ]]-{S —nk/(0)>nn}
lu|=
- Z gtp — My I]-{S —nk’(0)>nn,S,—my,<—ne/2}
lu|=n
eGSu—nﬁ(Q)
< 264/)(9) Z L(mn - Su)T]I{Su7nn’(9)>nn,5u7mn<fn6/2}-
|lul=n TL)

Therefore, using again [9, Theorem 1.5.2], there exists a constant C' depending
on ¢ and 7 such that almost surely, for all n large enough

Z gso(Su - mn)l{sufnn’(0)>nn} <C Z eosu_nn(e)]l{Suan’(9)>'m7}-

lul=n |u|=n

11



This, together with (3.2), implies that
nh_{rgo l; 9o (Su — M) 15, —nr(@)>nyy =0  in probability. (3.4)
With similar computations, we observe that for all B > 0, we have
nh_)rr;o Z 9o (Su — My ]].{S“_nﬁl(g)< ¥ 1{Sy—m,>-nB} =0  in probability.
e (3.5)

On the other hand, using that lim, ., 2! log L(x) = 0, we observe that for
all « large enough, we have

ggp(—w) < QCW(G)L(x)e*HI < 4090(9)67(975/2)“3.
Therefore, for all n large enough, we have

Z 9o (Su — M) Lis, —m.<-npy < 4ca(0) Z e0=0/DSummay o

[ul= lu|=n

< A, ()W, (0 — §)err(0=9)—(0=0)mn—onB/2

Using that W, (6 — §) converges almost surely, we observe that for B large
enough, we have

nl;rrgo Z 9o (Su —mn)l(s, —m,<—nB} =0  in probability. (3.6)
[ul=n
Consequently, combining (3.4), (3.5) and (3.6), we get (3.3), which implies
nh_)rréo|2 9o (Su —my) = c1¢,(0)Woo () in probability.

Using the dominated convergence theorem together with (2.2), we conclude that
for all for all p € T,

lim E (e%'r"""g"’w) = E (exp (—choo(H)cq,(@))) :

n—r oo

We can now complete the proof, observing that the right-hand side is the Laplace
transform of the PPP(c10Wo (0)e™%% dx). O

3.2 BRW in the boundary case

We turn in this section to the proof of Theorem 1.4. The proof follows a sim-
ilar scheme as the one used above, with the added introduction of a shaving
procedure. More precisely, for all A > 0, we set

Gn(A) ={|u| =n: S, <kr' )+ Ak<n},

the set of particles that stayed at all times below the line z — zx/(6) + A. Using
that lim,, o, M,, —nk'(f) = —oco a.s. we observe that almost surely, for A large
enough, we have G, (A) = {|u| = n}. In other words, writing

Sa = {sup M,, — nx'(0) < A},
neN

12



we observe that on the event S4, we have G, (4) = {|Ju| =n} for all n € N, and
that lima_, o P(SA) =1.

As a first step towards the proof of Theorem 1.4, we show that no particle in
Gn(A) above position m,, — en'/? contribute to the extremal process with high
probability, as soon as € > 0 is small enough.

Lemma 3.1. Under the conditions and notation of Theorem 1.4, for all B > 0,
we have

1it%limsupP(3\u| =n:8, >m, —en? S, + Y, >m, — B) =0.
e—

n—oo

Proof. We first recall from [19, Theorem 1.1], that

3
lim lim sup P(M,, > nx'(6) logn+ec 1) =o0.

e—=0 nooco B %
Letting a, = 3 (logn +log L (v/n)), we can rewrite this as

lim limsup P(M,, > m,, —a, +& ') =0.
E—r

n—roo

Moreover, we have lim 4o, P(S4) = 1. Therefore it is enough to prove that for
all A > 0 large enough,

- C Mp — Sy € [an —e Y en'/?] Y\
Ehﬁr\% hﬂS;(l}pP (Elu € Gn(A): S LY. >m. - B =0. (3.7)

Using the Markov inequality, we have

P (Hu € Gu(A) :my, — Sy € [an —5_1,5n1/2],5u +Y,>m, — B)

SE| Y L sicfan—e-tena(mn — B = 8u,00)
u€Gy, (A)

= 2B Z ]l{mnfsue[anfi’l,5n1/2]}L(mn - Su)ee(S“JrB*mn)
u€Gn(A)

for all n large enough, where we used the independence between Y and S, and
the fact that a, — oo, therefore we can apply (1.8) to m,, — S.
We then use the formula of m,, and the many-to-one lemma to compute

El Y 11{%_3“6[%_5,17€n1/2]}L(mn—Su)ee(su—mm
u€Gy (A)

L(m,, — Sy)

_ . 1/2 n u) 0S,—nk(0

=Bl 3L Sy T sty em)
u€G, (A)

Ly, —T),)
— n1/2 SOV TP ~
=n""E ( L(n'/2) {mnTnG[ansl,snl/z],Tj>A,j<n}> )

where Ty, = Ty, — k/(0) and M, = m, — ns’'(6). Let p € (0, + 2), we define
£z 2P *L(z). Observe that £ is a regularly varying function at oo with

13



index p > 0. Therefore, by [9, Theorem 1.5.2], for all § > 0, there exists N;
such that for all x > Nj,

£(A\x)

@

=\ < 0AY7P  for all A € (0, 2¢].

-

As a result, for all n large enough, we have

L(nl/Q) {anane[anfefl,enl/z],ijzfA,an}

~ f @
My, —

E _mn_-n 1T~ =~ I ]
nl/2 {mn—T,,,G[an—s n ],—sz—A,an}

~

~ T a=p
My — 4n
+oE ( nl/Q ) ]l{%n—ﬁe[an—e*l,enl/ﬂ,—ﬁ-Z—A,jgn}

IN

We now compute this quantity using the ballot theorem to the centred random
walk (—T;,) with finite variance.

Using e.g. [3, Lemma 4.1], there exist C' > 0 and h > 0 such that for all
n €N, a>0andb> —a, we have

a+1)An?)((a+b+1) Ant/?)
n3/2

P(-T, € [b,b+h],—~T; > —a,j <n) < o

Let v € (—=2,0). For all n large enough, we have

f ’Y
E ((m" B T”) l{%nﬁe[ana—l,sn1/2],ﬁ>A,j<n}>

|—5n1/2/h-|
< > (KR P(in, — Ty € [kh, (k+1)h],~T; > —A,j < n)
k=1
cnat 1) "
<= > E(A+kh+C'logn+1)
k=1

9 |—snl/2/h-|

20 (A + 1 ,
k=1

where C’ is chosen so that |m,| < C"logn for all n large enough. Decomposing
this sum for k£ < logn and k > logn, we obtain, for n large enough

A~ _ s /y - . A
E ((mn Tn) ]l{mnTne[an8175n1/2]7Tj>A7j<n}>

|—6n1/2/h1
2CRY(A+1)2(C'+h
< 2L D) | ogayrz 3 g
k=[logn]
K K!
< 372(10gn)7+2+ 37267””7/2“’
n n
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for some K., K,’Y > 0 since v+ 1 > —1. As a result, letting n — co, we obtain

lim sup P (ﬂu € Gn(A):

n— oo

L, —T,)
0B 1; 1/2 S LY PPN ~
< 2e hran—>sol<1>pn E < L(nl/Q) ]l{mnTnE[ansl,enl/Q]yTj>A,j<n}>

My — Sy € [an — e~ en'/?],
Su+Y,>m, — B

< 2P K et 4+ 2P0 K], g2t

Using that a > o — p > —2, we conclude that (3.7) holds, which completes the
proof. [

We now turn to the proof of Theorem 1.4.

Proof of Theorem 1.4. For any n € N and € > 0, we write

£ =Y s+ L5, con,—enria}-

lul=n

Using Lemma 3.1, together with the inequality |[e=® — e?| < |a — b| A 1, we
observe that for all p € T,

fmsuplimup B (¢~} — B (e (- 5000)

e—0 n—o00

< lim lim sup E ||2: P(Su+ Y =ma)lig s iy | AL =0, (38)
It is therefore enough to study the asymptotic behaviour of E (e*“*’"n Ep,@)

to identify the limiting distribution of 7_,,,, &,.
Let ¢ € T. Using the same computations as in (2.2), we have

E (exp (_<Tfmn§7(7,6)7 90)))
=E|exp | — Z gga(Su - m”)]l{SuSmn*E”UQ}
|lul=n

We study the asymptotic behaviour of Z\u|:n 9o (Su — mn)ll{su<mn_sn1/2} as
n — oo then ¢ — 0. By Lemma 2.3, we get that for all § > 0, for all large
enough n,

L(mn - Su) —nkK
(A=), O'/? 37 Zpimsoe ™ O g sy

L(m,, — Sy K
< a2 30 HETR SO .

[u[=n
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Recall that L is regularly varying with index a < 0. We use again [9,
Theorem 1.5.2], yielding
L(\x)
L(z)

(e

=0.

lim sup
TF0N>eg/2

As a result, for all 0 < § < ¢, for all n large enough, we have

(1 — 5)890(0)”1/2 Z b&é((mn _ Su)/nl/Q)eﬂsufnn(())

[u[=n

< Z ‘g‘p - Mn ]l{mnfsu>sn1/2}
|u|=n
(1 +(5 1/2 Z h m, — Su)/,'7‘1/2)eesu—vm(é)7
|ul=n

where b, 5 and he s are continuous functions satisfying for all z € R

(2% = 0) {4600} < b 5(2) < (2% = 6) ([ 00)
and (z® + 5)]1{[5,00)} < Eag( ) < (x4 5)]1{[5 8,00)}-

As a result, using a combination of [16, Theorem 1.2] and [, Theorem 1.1],
then letting § | 0 we conclude that

,}LH;O Z gSD - My ]]‘{m —Su >€n1/2}

[ul=n

2

- W ((\/"7 Rl) {Vw @) R >e }) in probability,

where (Ry,t € [0,1]) is a Brownian meander. Since Ry has Rayleigh distribution,
we observe that E ((R1)®) < oo. Now, letting ¢ | 0, we obtain by monotonicity
that

lim lim Z g<p — My ]]‘{m —5S, >en1/2}

e—=+0n—o0
|ul=n

= 2 co(0)Z E ((W.&)a) in probability.

K" (6)

Finally, we set

=\ rorm B (VFOR)) = g erren® e (3 +1).

We now conclude, by equation (3.8) that

E(e %(?7=) = lim lim E(e(T-mn &)
e—0n—oo

= lim E(e {T-mafn@)y,

n—oo

Identifying the Laplace transform of the PPP(co0Z,.e~% dz), the proof of The-
orem 1.4 is now complete. O
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3.3 BRW above the boundary case

We prove in this section Theorem 1.7 as a consequence of the convergence of
the extremal process of the BRW observed by Madaule [17]. Recall that by [17,
Theorem 1.1}, for all ¢ € T, we have

lim E (e%zmw)) - (e*<2w,¢)> ,
n—oo

where Z, is the limiting extremal process of the BRW, a decorated, randomly
shifted Poisson point process with exponential intensity. Moreover, [17, Propo-
sition 1.3] shows that for all § > 6, we have

lim E |exp | — Z 0 (Su—my) =E (e*<3m,ea>>’

n—oo
|u|=n

where eg : z + €. Using these two results and assuming (1.9), we show that
forall p € T,

lim E (e*@"’g”) =E (e*@w,gw)) ’

n—oo

which implies the convergence of the extremal process of the last progeny mod-
ified BRW.

Proof of Theorem 1.7. Let K > 0, we write xx a function in 7 such that
-k k) < Xk < Li—ak 2k
Let ¢ € T, using (2.2), we can write for all n € N,
’E (efmmnsn,m) _E (ef<zm,g@>) ’

_ ’E (e— Z|u|:n g¢(5u—mvl)> _ E (e—<zooag<p>)‘
< Ii(n, K) + Ix(n, K) + I3(K),

where we have set
Il(n7K) _ E (6_ Z|u|:" ng(Su_mn)> o E (e_ Z|u|:" XKng(Su—mn)>‘

12(7]/7 K) = |E (eZ|“|n XKgsa(Sumn)> _E (e(ZOO!XKg<P>)‘

L(K) = |E (e—<3w,xxg¢)) —E (6_<3w79w>)‘ i

Observe that xxg, € T. Therefore, by [17, Theorem 1.1], we know that
for all K > 0, lim, oo I2(n, K) = 0. Additionally, limg_, I3(K) = 0 by
Lebesgue’s dominated convergence theorem. To complete the proof of Theo-
rem 1.7, we now bound I (n, K) in n.
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Let 6; € (6, 0), using the inequality [e=® — e~?| < |a — b| A 1, we have

L(n, K)<SE ([ | > (1= xK)ge(Su—mn) | AL
|u|l=n
<E Z 9o (Su —mp)L{1s, —m, >k} | A1
|[ul=n
<E Z 9o (Su —mn) (s, —m,<—xy | A1
ul=
+E Z gg& — My ]]-{S —mp>K} A1 )

|u|=n

by sub-additivity of x — x A 1. We first observe that

E Zgws —ma) s, —mosxy | AL | <P(M, —m, > K),

ul=

which converges to 0 uniformly in n as K — oo, by tightness of (M,, — m,,).
Moreover, using Lemma 2.4, we have

E( | D 96(Su—mn)lis, m,< x} | A1

|u|=n

< E Cl Z EG(S“_m")ﬂ{SH_mRS_K} A1

|ul=n

Z e@(su_mn)]l{su_mng_K}

<C'E|1
{}: esusu—mn)SK}
lul=n [u|=n

+ P Z eel(su_mn) Z K

|u|=n

for an arbitrary 6, € (6o, 0). As a result

E Z 94,9 — My ]l{S —m,<-K} A1

lu[=n

S C/Ke—K(Q—el) + P Z eel(Su—mn) Z K

[u[=n

Using [17, Proposition 1.3], we observe that >, _, et (Su=mn)

distribution, thus is tight. As a result, we conclude that

converges in

lim sup I;(n, K) =0.
K—00 peN
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We conclude that

nh~>noloE (67<T—mngnvtp>> - E (ef(zm,gq;)) —E <exp ( Z oz + Yz)))

i€N
which completes the proof. O
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