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Phase transition of the consistent maximal displacement of
branching Brownian motion

Julien Berestycki * Jiaqi Liu T Bastien Mallein, * Jason Schweinsberg, *

June 6, 2024

Abstract

Consider branching Brownian motion in which we begin with one particle at the origin,
particles independently move according to Brownian motion, and particles split into two at
rate one. It is well-known that the right-most particle at time ¢ will be near v/2t. Roberts
considered the so-called consistent maximal displacement and showed that with high proba-
bility, there will be a particle at time ¢ whose ancestors stayed within a distance ¢t/ of the
curve s — /2s for all s € [0,t], where ¢ = (372)/3/y/2. We consider the question of how
close the trajectory of a particle can stay to the curve s — (v/2 +¢)s for all s € [0,], where
€ > 0 is small. We find that there is a phase transition, with the behavior changing when ¢
is of the order e=3/2. This result allows us to determine, for branching Brownian motion in
which particles have a drift to the left of v/2 + & and are killed at the origin, the position at
which a particle needs to begin at time zero for there to be a high probability that the process
avoids extinction until time ¢.

MSC: Primary 60J80; Secondary: 60J65, 60J25

Keywords: Branching Brownian motion, consistent maximal displacement

1 Introduction

The ordinary branching Brownian motion (BBM) starts with one particle at the origin. This
particle has an exponentially distributed lifetime with rate 1. During its lifetime, it moves
according to standard Brownian motion. The lifetime is independent of its position. At the end
of its lifetime, it undergoes dyadic branching. Each offspring independently repeats the above
process and the system goes on. Let N; be the set of particles at time ¢ and {Y,(t),u € N;}
be the set of positions of particles at time ¢. For u € N; and s € [0,t], we denote by Y, (s) the
location of the particle at time s that is the ancestor of the particle u € N;.

There has been long-standing interest in the extremal position of the particles in BBM. An
asymptotic expression for the median position of the maximal displacement was first given by
Bramson [4] in 1978. Let M; = maxyecn; Yu(t) be the position of the maximal particle at time
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t, and denote by m(t) the median position of M;. Using a connection between the maximal
displacement and the F-KPP equation, Bramson showed that as t — oo,

m(t) = V2t — 2\3/§logt + O(1).

Bramson’s proof was simplified by Roberts [17], who also proved that almost surely

i ,fMt—\/ﬁt 3 lims M, — /2t 1
11m in = — s 11m su = — .
t—r00 log t 2\/§ t*)oop log t 2\6

This second order almost sure limit result for the extremal position was first established by Hu
and Shi [§] in the discrete setting for branching random walks.

A natural follow-up question is how close can particles stay to the leading order of the maximal
displacement \/2t. This is called the consistent maximal displacement and has been studied in
different contexts by Fang and Zeitouni [5], Faraud, Hu and Shi [6], Jaffuel [10], Mallein [I3], 14]
and Roberts [18]. One way to characterize the consistent maximal displacement is to estimate the
smallest deviation of particle trajectories from the critical line s — v/2s up to time t. Equivalently,
we can give the particles a drift to the left of —v/2 and consider the smallest deviation of particle
trajectories from the origin. For w € Ay and p € R, let Y/ (t) = Y, (t) — pt, which gives the
particles a drift of —p. Define

Ly(t) = inf sup qu\/is.
o(t) = inf S (s)

While the maximal displacement differs from /2t on the scale of logt, the consistent maximal
displacement differs from v/2t on the scale of t%/3. Let ¢ = (372)/3/1/2. Fang and Zeitouni [5]
and Faraud, Hu and Shi [6] proved in the discrete setting of branching random walks, and Roberts
[18] stated in the continuous setting for ordinary BBM, that

Lo(t)

t—o0 ct1/3

=1 as. (1)

Furthermore, Theorem 2 in [I8] implies the stronger result that {L£o(t) — ¢t'/3};5 is tight.
For € > 0, we can also define, see Figure [I] for illustration,

L:(t) = inf sup —Yuﬁ"'s(s).

uEN: 5€0,4]
It is easy to see that for ¢ > 0,
L(t
lim () =1 a.s. (2)
t—oo et

Comparing equations and , we are interested in how the consistent maximal displacement
transitions from et to ct!/3 as e approaches 0 from above.
Let
w =273

Define the function F' : [0,00) — [0,00) by

F(u) = u — warctan <E> .
w
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Figure 1: Illustration of the definition of £.(t) with ¢ = 0.1. The path of a branching Brownian
motion is drawn in blue, with the path of the particle realizing the minimum in the formula for
L-(t) in red. The line s — (V2 + €)s — L.(t) is drawn in green, so —L.(t) corresponds to the
intercept of this line with the origin. Note that all trajectories in the branching Brownian motion
at time ¢ cross this line, with the red line being tangent.

Note that F'(u) = u?/(u?+w?) € (0,1) for all w > 0. In particular, F is strictly increasing, so the
inverse F~1(u) is well defined for all u > 0. The function F', up to scaling, appeared previously
in the closely related work of Simon [19]; see equations (3.32) and (3.33) in [I9]. Define

Li(t) = PP (%), (3)

and define 3
Lo(t) = L*(t) + —=log™ (£3/?1), 4
(t) a()+2\/§0g(€ ) (4)

where log™ (z) = max{0,log x}. The following theorem shows that L. (t) is a good approximation
of L.(t) until time O(s72).

Theorem 1. Let {t:}o<-<1 be a collection of times indexed by £. Suppose there exists a positive
constant Cy such that for all € € (0,1), we have

0 <t < (e (5)
Then the collection of random variables {L.(t.) — L:(t:)}o<e<1 is tight.

Roughly speaking, for small &, we have L.(t) ~ ct'/? when t < ¢%/2 and L.(t) ~ et when
t > e73/2. We will give more precise asymptotics for L. (t) in Section below. Theorem 1| thus
implies that for ¢ sufficiently small, the consistent maximal displacement behaves like Ly(¢), as in
the critical case when ¢ < ¢3/2, and grows linearly as in the supercritical case when ¢ > e3/2,
see Figure |2 That is, we see a phase transition in the consistent maximal displacement on the
time scale of e73/2. We can also see from that L (t.) could be replaced in the conclusion of
Theorem [1| by the simpler expression L*(t.) if =2 were replaced by £73/2 in 1’

The consistent maximal displacement problem can also be formulated in terms of BBM with
an absorbing barrier. Indeed, this is the setup considered by Jaffuel [I0]. Consider BBM with
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Figure 2: Illustration of the graph of ¢ — L.(t) at the different timescales.

absorption in which each particle moves as Brownian motion with drift —p, splits into two particles
at rate 1 and is killed upon hitting the origin. Kesten [9] first studied this model in 1978 and
delineated the regions where the process is subcritical, critical or supercritical. Kesten proved
that p = /2 is the critical value separating the supercritical case p < v/2 and the subcritical
case p > /2. We focus on the slightly subcritical case where p is slightly above the critical value
V2. Write p= V2+efor0<e< 1. Weuse P, to represent the probability measure of BBM
with absorption which starts from a single particle at « at time 0 and has drift —p. Let ¢ be the
extinction time.

To see the connection with consistent maximal displacement, note that £.(¢) < x means there
is a particle u € N such that —Y,Y2+¢(s) < z for all s € [0, ¢], which means that z+Y,/2t5(s) > 0
for all s € [0,t]. Therefore, if we consider a process starting from an initial particle at x such
that all particles have a drift of —(v/2 + ¢), the survival of the process until time ¢ is equivalent
to the condition that £.(t) < x. Let ¢ be the extinction time. We have

P(L(t) < z) = Py(C > ). (6)

The following theorem states that L.(t) is also the position where a particle needs to be at time
zero in order for it to have a good chance of surviving until time ¢.

Theorem 2. Suppose (@ holds. For every § > 0, there exist positive constants Co and C3 such
that for all e € (0,1),

Pr_(t)-cg(C > 1) <6 (7)
and
Pr_ (1) +qg(C < te) <. (8)

Theorem [2] is a reformulation of Theorem [I]in the setting of BBM with absorption. Indeed,
equation (6) implies that is equivalent to the statement that P(L.(t.) < L.(t.) — Cg) < 6,
and is equivalent to the statement that P(L.(t.) > L.(t.) + () < 6. Thus, Theorem
immediately implies the tightness in Theorem [1} and we will focus for the rest of the paper on
proving Theorem

In the critical case, the relevance of the curve c¢t'/3 was already apparent from the work of
Kesten [9]. Berestcyki, Berestycki and Schweinsberg [3] proved that in the case of critical drift,
ct'/3 is roughly the position where a particle needs to be located at time zero in order for it to
have a good chance of surviving until time ¢. Maillard and Schweinsberg later obtained a stronger



result; see Theorem 1.3 of [I2]. In the subcritical case p > v/2, it is obvious that particles need
to start from at least et in order to have descendants alive until time ¢. In the slightly subcritical
case, Theorem [2| shows that to have a good chance of survival until time ¢, the position of the
initial particle should be around ct!/? if t < ¢3/2 and around et when t > £73/2. Therefore,
£73/2 is the time scale when the slightly subcritical process transitions from critical behavior to
subcritical behavior. For ¢t > =2, the problem of obtaining tight estimates for the position where
a particle must start to have a descendant alive at time ¢ remains open.

Observe that one can also frame these results in terms of PDEs. More precisely, if one writes
u(x,t) = Py(¢ <t) then u satisfies the following boundary value problem:

2Yzxx

O = 102 u — pdyu + u(l — u)
u(0,t) =1Vt > 0 and u(0,2) = 0Vz > 0.

Then Theorem [2| above suggests that u(z,t) develops a front whose position will initially be at
ct!/3 before times of order e 3/2 while after times t > £~2 the position will be near et. The shape
of the front can be expected to be that of the usual critical travelling wave of the Fisher-KPP
equation. In the critial case p = v/2 the convergence u(ctl/ 3 4+ x,t) to the travelling wave was
proven in Theorem 1.3 of [12].

1.1 Main ingredients of the proof

In this subsection, we give an overview of the strategy of the proof. We will first introduce
some notation that will be used throughout the paper. For two collections of positive numbers
{zc}o<e<1 and {ye }o<e<1 indexed by e, if . /y. is bounded above by a positive constant, we write
e S ye. If limpa./y. = 0, we write z. < y.. We define z. 2 y. and z. > y. accordingly.
Moreover, the notation z. < y. means that x./y. is bounded both above and below by positive
constants.

We now define a function which is a perturbation of the function F' defined above. We define
F. :]0,00) = R by

2
F.(u) = u — warctan (g) — 4\3/561/2 log (ZQ n 1> ‘
Note that F.(0) = 0 and lim,_,c F.(u) = co. Also,
1 3
'(u) = 2 1/2
Fet) = M(“ RV “)

Because F!(u) < 0 for u < 2—\3/551/2 and F!(u) > 0 for u > Qiﬂal/z, we see that for each ¢ > 0,

there is a unique u > 0 such that F.(u) = t. Therefore, the inverse function F_1(¢) is well-defined
for t > 0, and we can define F 1(0) = limyjo F. '(t). For 0 <e < 1 and ¢ > 0, we define

L.(t) = e V2R (3%). (9)

Lemma [6] below shows that L.(t) and L.(t) differ only by a constant, so it is enough to prove
Theorem [2| with L. (t.) in place of L.(t.).

We will need to consider a modified process in which particles are killed not only when they
reach the origin but also when they reach an upper boundary. For 0 < s < t., define

H.(s) = Le(t: — s),



K.(s) = L%(t: — s).

To prove equation , we consider a process in which we kill particles both at the origin and at
H_(-). For the original process to survive until time ¢., either the modified process must have
particles surviving until ¢., or at least one particle must hit H.(-) in the modified process. By
Markov’s inequality, the probability that at least one particle hits H. () is bounded above by the
expected number of particles hitting H(-). Therefore, the key to proving is to estimate the
first moment of the number of particles hitting H.(-) in the modified process.

To prove equation , we consider the cases t. < e73/2 and €732 <« ¢, < 72 separately.
When t. < e3/2, the function Le(t.) is within O(1) distance of L*(t.). We first show that equa-
tion (8) holds with L.(t.) replaced by LZ(t.), which is Proposition (3| below. For this proposition
and the following one, we will fix a positive constant Cy > 2.

Proposition 3. Let {t:}o<c<1 be a collection of times indexed by €. Suppose for all ¢ € (0,1),
0 <t < e /2 (10)

For every 6 > 0, there exists a positive constant Cs that only depends on Cg and 6 such that for
all € sufficiently small,

To prove Proposition |3 we stop particles when they reach an upper boundary K.(-) and use
an argument similar to one in [3]. We use first and second moment estimates of the number
of particles hitting K.(-) to show that if a particle starts near L*(t.), then descendants of this
particle are likely to reach the upper boundary at a later time. Then descendants of those
particles are likely to hit the upper boundary again at a still later time, and so on. This leads
to a natural coupling with a supercritical branching process and establishes that the process is
likely to survive until time ¢..

When ¢73/2 « t. < e72, we use the curve H.(-) as the upper boundary. We show that if the
process starts with one particle near L.(t.), then the probability that at least one descendant of
this particle hits the curve H.(-) during a time interval that is O(¢~%/2) before time t. is bounded
from below by a positive constant. This result is stated precisely in Proposition 4] below.

Proposition 4. Let {t.}o<c<1 be a collection of times indexed by . Suppose for all e € (0,1),

e 3% < t. < G2 (12)

Fiz Cg/2 < u < XA < Gg—1. Consider the process which starts from a single particle at L.(tc)—1.
There exists a positive constant Cg that only depends on (J such that for € sufficiently small, the
probability that at least one particle hits H.(-) during the time interval (t. — \e=3/% t. — pe=3/2)
is bounded below by Cg.

Proposition 4] then implies that if the process starts from one particle well above L.(t.), the
probability that there is at least one descendant hitting the curve H.(-) during this time interval
is close to 1. Equation follows from this fact combined with Proposition The proof of
Proposition [ is based on first and second moment estimates of the number of particles hitting
H.(-).



1.2 Heuristic derivation of L(-)

We explain in this subsection how the curve LX(-) can be understood. We first consider a modified
BBM process in which particles move as Brownian motion with drift —p, and particles are killed
not only at the origin but also at some level K, which for now we take to be a fixed constant.
We call this process BBM in the strip. Denote by ¢X(z,y) the density for this process, by which
we mean that if there is one particle at x at time zero, then the expected number of descendants
of this particle in the set A at time ¢ is given by [, ¢%(z,y) dy. According to equation (12) in
[2], if s is large enough, then the density can be approximated by

2
X (z,y) ~ ?6(1_92/2—W2/2K2)Sepm sin <7;?)e_py sin <7;(Z'/> (13)

This formula indicates that after a sufficiently long time, the number of particles near y is
proportional to e *Y sin(my/K).

The density of BBM in the strip will give a good approximation to the particle configuration of
BBM with absorption if K is large enough that relatively few particles reach the upper boundary
but small enough that descendants of rare particles that drift close to the upper boundary do
not dominate the first moment calculations. These considerations require that we set K to be
close to where we expect the particle furthest from the origin to be located. Note that if we
place N particles independently according to the exponential distribution with density pe™*Y,
then the particle farthest from the origin will be located near (log N)/p. However, because the
exponential term in suggests that the number of particles decreases over time, the location
of the upper boundary needs to move closer to the origin over time. Writing p = v/2 + ¢, we
therefore replace the fixed constant K in by a function K.(-). We also let N(s) denote the
number of particles at time s. Differentiating (13| with respect to s and integrating over the
density to give an estimate of the total number of particles then yields the rough approximation

M®%@—f—y§@)Wﬂ

If we choose the curve K.(s) so that K.(s) ~ (log N:(s))/p, then

1 1 p? 2
Kl(s)~ ——N.(s)~ —[1—% — —+ . 14
(o)~ Ve 5 (1= - ) (14)

Consider first the critical case in which p = v/2. One can easily check that the solution to
this differential equation when Ky(t) = 0 is

Ko(s) = c(t — s)1/3.

which is the curve used for truncation in [3], 9, 12]. This calculation is consistent with the result
in the critical case that Ky(0) = ct'/3 is where a particle must begin to have a good chance to
have a descendant alive at time t. When & > 0, if we discard some small terms, the differential

equation ([14]) becomes

Kl(s) m —— —-



Dividing both sides by & + 72/(2v/2K.(5)?), then integrating from 0 to ¢ and making the change
of variables y = K.(s), we get

t K! 1 Kc(t) 2
P EtaEeE TR0 VR

Recalling that w = 273/47 and integrating, we obtain

—et = K.(t) — K.(0) — we /2 [arctan <61/2fa(t)> — arctan <€1/fo5<0)>} .

It follows that if K.(¢) = 0, then

(16)

1/2
K.(0) = et + we™ Y2 arctan <5KE(O)) .
w

Now, if we let F'(u) = u — warctan(u/w), then implies that F(e'/?K.(0)) = 3%t and
therefore K.(0) = e~'/2F~1(£3/2t), matching our definition of L*(t) in (3).

The above heuristics are accurate when t < e73/2. For t > £3/2, a finer adjustment is
needed. We will replace K. (-) by Hc(+) so that the curve will satisfy the result of Lemma 8| rather
than the result of Lemma [7 below.

Remark 5. One could also consider the asymptotics of £.(t) when ¢ < 0. In this case, it is
straightforward to see that L.(t) converges to a finite limit as t — oo. The heuristics leading to
(15) still hold when & < 0. Therefore, when € < 0, we derive

K (t) 2
= [y
=(0)

= wle| /% tanh ™! <KE(0)> — wle|Y2 tanh ™! (KEE?/Q> — K. (0) + K.(t).
wle wle

It follows that if K.(t) = 0, then
2K.(0
|5|3/2t _ wtanh_l <|5| ¥ E( )) _ ’€|1/2K€(0).

If we define the function G(u) = wtanh ™! (u/w) — u, then |¢>/?t = G(|¢|'/?K.(0)), and therefore
K.(0) = |e|"2G~1(|e]3/?t). We therefore conjecture that if we define L.(t) = |e|~/2G~1(|e]3/%t)
when ¢ < 0, then a result similar to Theorem [I| should hold for negative €. Note also that
limy 0o G~ (1) = w, which means that for t > |¢|%/2, we have L.(t) ~ |¢|'/?w. Indeed, it
was shown in [I] that for BBM with absorption with drift v/2 — ¢ for small §, the initial particle
needs to start near 7/ /4 for the process to have a good chance of surviving forever. Because
§ ~ —21/2¢, this corresponds to |¢| /2w in our parameterization. See also [7] for results on
branching random walks with a slightly supercritical drift. However, we do not pursue the case
of € < 0 further in this paper.



1.3 Organization of the paper

The rest of this paper is organized as follows. In Section [2| we consider two modified BBM
processes in which particles are killed not only at the origin, but also at a right boundary curve.
In the first process, particles are killed at either the origin or H.(-). In the second process,
particles are killed at either the origin or K.(-). We approximate the densities of the two modified
processes. In Section |3 we estimate the first and second moments of the number of particles
hitting the right boundaries in the two modified processes. Finally, in Section after proving
Propositions 3] and [d we give the proof of Theorem [2

To lighten the burden of notation, we will usually omit the subscript € in the notation that is
related to time. For example, we will write ¢ in place of t.. However, it is important to keep in
mind that we are considering a collection of processes indexed by € and the time ¢ does depend
on €.

2 Density with killing at the right boundary

2.1 Asymptotics for L.(t)

In this section, we record some asymptotic expressions for L.(t) which are useful for interpreting
the main results.

The case t < ¢ 3/2: Using the Taylor expansion of arctan(z) at x = 0, we get

F(u) = u — warctan ° —u—3—u—5+0(u7) as u— 0
B w/)  3w? Buwt '

Noting that ¢ = 3/3w?/3, we get after some algebra,
3
F~ ) = cul’? + gu +0®?) asu— 0. (17)

When t < e=%/2, equations (@) and (@) give L.(t) = e~ '/2F~1(%/2t) + O(1), which means

L.(t) = ct'/3 + gst + 033 + 0(1).

The first term dominates when ¢ < e 3/2. When ¢ < e71, the right-hand side simplifies to
ct'/3 + O(1), exactly as in the critical case when & = 0.

The case ¢t = \e3/2: In this case, we have
L.(t) = Y271 (\) + 0(1).

One can write this as L.(t) = A™Y/3F~1(A\)t1/% 4 O(1). One can then see that A"/3F~1(\) — ¢
as A — 0, and A"Y/3F1(\) ~ X2/3 as A — oo.

The case ¢ %/2 < t < e2: When u is large, we can use the identity arctan(z) + arctan(1/z) =
/2 for x > 0 to get

w2

F(u) = u — warctan (u) :u—%—i-f—k(?(u*g) as u — 0o.
w u



It follows that

Flu) = u+t “;l O,

We therefore have

_ W 3
Le(t)=ct+ —c 24 027 + —_logt(e%/%).
) =et+ (€27 + 55 gt (€
Note that the third term on the right-hand side is smaller than the second term but may be
larger than the fourth term.

The case t > ¢ 2: According to Theorem [1} we do not know that £.(t) is close to L.(t) when
t > 72, It remains an open question to find the correct value of £.(¢) in this case. We can easily
obtain upper and lower bounds. Consider BBM with drift —(1/2 + ¢). If there were no killing
at the origin, results of Bramson [4] establish that the right-most descendants of a particle at x

would be located near x — et — 2\% logt. Therefore, we must have

Lo(t) > et + 32 logt + O,(1)

2v2

because even with no killing at the origin, a descendant particle would not end up above the
origin at time ¢ if it started below the expression on the right-hand side. On the other hand,
suppose instead of killing particles at the origin, we kill particles at time s if they reach (¢t — s).
Then we have a translation of the problem in which the drift is critical and particles are killed at
the origin. The results on the critical case show that a particle must start out at et + ct'/3 4 O(1)
to have a good chance of having a descendant alive at time t. It follows that

L(t) < et + ct'/? +0,(1).
2.2 Properties of L.(t), L(t) and related functions
Note that F.(u) < F(u) < u for all w > 0 and all € € (0,1). Therefore,
u < F7l(u) < F7l(u) (18)
for all w > 0 and all € € (0,1). Furthermore, we have

lim ' F(u) = lim v 'F.(u) =1 (19)

U—00 U— 00

for all € € (0,1), and the convergence is uniform over ¢ € (0,1). Therefore, there exists u* > 0
such that F.(u) > u/2 for all u > u* and all € € (0,1), and therefore u < F-(u) < 2u for all
u > u*. This implies that when ¢ > u*5_3/2,

et < L(t) < 2et. (20)

10



-1/2,

Note also that if we write a = ﬁ then by applying the Fundamental Theorem of Calculus

and splitting up the integral based on Whether the integrand is negative or positive, we get

3a/2
F. (3@) :/ Fl(u) du
2 0

a 3a/2
:/ ;(UQ—CLU) du+/ ;(’Ug—au) du
0 a

w? 4 u? w? 4 u?
1 a 5 1 3a/2 5
SM/O(u —au)du—l—M/a (u” — au) du
=0.
Therefore, F-1(0) > 3¢ = %51/2, and so
L.(0) > i (21)
3 - 4\/§

The next result establishes that Le(t) and L.(t) differ only by a constant, which allows us to
use L.(t) in place of L.(t) in the remainder of the proof.

Lemma 6. We have

e A(F (u) = T (w) = log™ (u) + O(1),

2\f
where the O(1) term is uniformly bounded over all w > 0 and ¢ € (0,1).

Proof. Because F(F~(u)) = F.(F-!(u)) = u, we have

F(F~Y(u) = F(F-Y(u)) — 3 log (F_;(ZU)Q - 1). (22)

We now consider two cases. First, suppose u < u*. Write Z = F| 1(u"‘)2 + w?. Observe that for
all z < F-1(u*) and € € (0, 1), because € — F-(u*) is nondecreasing, we have

2 2 2

, T T x

= > > —

F'(x) 22+ w2 — F{l(u*)2+ 7"
Then, we have

F;l(u) .
F(F M w) = F(F~(u) = / Fl(z)de > — (F7'(w)® = F~'(w)?).
F_l(’l.t) 3Z

Note that for 0 < a < b, we have b® —a® = (b—a)(a? +ab+b?) > (b— a)b?. Therefore yields

/2 10g <F_:)(2“)2 + 1) > M(F—l(u) — F(u)).

3
4\@ 37

Rearranging this inequality, and then using that log(1 + x) < z for = > 0, we have

ety ety < 921 (FoMw)? 97
€ 12(F5 1( ) F 1( ))§4\@ Fg—l(u)zl g< w2 +1> 4\[&)2’
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which proves the result in the case when u < u*.
Now, suppose u > u*. By the Mean Value Theorem, there exists v € [FF~1(u), F-!(u)] such
that
F(F7 (u)) = F(F~H(w) = F'(0)(F7(u) — F~H(w).

Combining this result with , we get

—1 U 2
e V2(F (u) — F~Y(u)) = 4\@;(”) log (F wg ) + 1).

Because u < F.!(u) < 2u, we have

Ffl 2
log (Ew(;) + 1> =2logT u+ O(1).

Also, 1/F'(v) = 1 + w?/v? = 1 + O(u~2). Therefore,

SV ) = P w) = (14 O 2)2log u+ O(1) = 7= log* (1) + O(1),
which proves the result when u > u*. O
Equation implies that for all ¢ > 0, we have
Le(t) > Le (1) (23)
Also, by and Lemma @ for0<t< £73/2 we have

Le(t) = Lo () S 1. (24)

We next compute the first and second order derivatives of L} (t) and L.(t). We have

W2

(LYY (t) = 5(1 + F1(53/2t)2>7 (25)

P22 4 o
*\ _ o, 2.5/2
(LD)"(t) = —2w?e F1(23/20)5

Therefore, L*(t) is an increasing concave function on (0, 00) for every € > 0. By the Mean Value
Theorem, we have for all ¢ > 0 and 0 < s < t,

0 < (LI)(8)(t = s) < LZ(t) — Li(s) < (L2)'(s)(t — 5). (27)
For L.(t), we get for t > 0,

(26)

_ 2V/2e(w? + F-1(3/%1)?)

T 2V2FTL(e3/2t)2 — 36 2R (e

L//(t) o 855/2((4)2 + Fg_l(83/2t)2)(—351/2F€_1(€3/2t)2 _ 4\/§W2F€_1(53/2t) + 3(},}251/2) (29)
o (2V2F: 1 (3/24)? — 312 1 (e3/2))3 '

Given 0 < r < s and a nonnegative function f defined on an interval containing (r,s), we

define s 4
Tf(r, s):/r f(u)Qdu'

In the next two lemmas, we compute 7%¢(r, s) and 7= (r, 5).

LL(t)

(28)

12



Lemma 7. For 0 <r < s <t, we have
1
TKE(T, s) = E(Ka(r) —K.(s) —e(s— r))

Proof. After the change of variable z = F~1(%/2(t — u)), we get

|
K. —
0= | et

F=Ye32 (t—r
= 5_1/2/ e o dz
F=1(e3/2(t—s)) w2 + 22

e e )]

w w w
Note that 1
e
u=F(F ) =F"(u) —warctan< (u))
w
The lemma follows from the previous two equations. O

Lemma 8. For 0 <r < s <t, we have

1 ; =2
e (r,s) = E(HE(T) — He(s) —e(s — T)) B plog <H€ES;) .

Proof. By equation (28)), we observe that for 0 < u < ¢, we have

2V/2e(w? + E- N (32 (t — u))?) _ 2V2(w? +eH (u)?)

M) = = BTt ) — 3 PE P —w) 2V (w)? — BHo(u)

using that F'(e%/2(t — u)) = e'/2H_(u). As a result, for all 0 < u < t, we have

1 1, () 1 n 3 H.l(u)
=——H_(u) — —¢ .
H.(u)? w2 ° w2 2v/2w2 Ho(u)
Integrating u from r to s, the lemma follows, using that Mﬁ = % O

2.3 Estimating the density when particles are killed at K.()

Let f : [0,t) — [0,00) be some positive smooth curve. The function f could be either H. or
K.. Consider a BBM process with drift —(1v/2 4 €) in which particles are killed when they reach
either the origin or the right boundary f(s) at some time s. We denote by Eﬂc » the expectation
for the process which starts from a single particle at « € (0, f(r)) at time r. For simplicity, when
r = 0, we write E[{x as Eﬁ: . We denote by P,{ « and ng the corresponding probability measures.
For 0 < r < s <t, define q,{ s(x,y) to be the density of particles at time s that are descendants of
a particle at the location z at time r. To be more precise, for U a Borel subset of (0, f(s)), the
expected number of particles in U at time s which are descendants of a particles at x at time r is

/ ql ,(z,y)dy.
U
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Let pq{s(:r, y) be the density for the position of a single Brownian particle, without drift, at time
s when the particle starts from x at time r and is killed upon hitting either the origin or the
curve f(-). By the many-to-one lemma and Girsanov’s theorem, the density qﬂi s(x,y) can be
computed from pf}s (z,y). The proof of Proposition 5.4 in [12] gives us ways to estimate p{f’s (z,9)
and therefore qﬂi s(z,y). A key ingredient is the following lemma, which is Lemma 5.3 in [I2] and
was derived there from earlier work in [16] [I8]. Define

o
ws(z,y) =2 Z e mns/2 sin(nmz) sin(nmy). (30)
n=1
Lemma 9. Let 0 < r < s < t. Under E,f,z, we denote by {By}r<u<t the trajectory of the

Brownian particle started from x at time r when the particle is killed if it reaches either 0 or f(u)
at time u. Define

o — (f(r))m exp (f’(s)Bz _ 0B [ f"(w)B; du) |

f(s) 2f(s)  2f() ) 2f(w)
For any bounded measurable function g : [0, f(s)] = R, we have
f Tyt _ L Ty
Er,x [¢r,sg(35)} - f(S) /0 g<y)wa(r,S) (f(r)’ f(3)> dy.

In the rest of this subsection, we use Lemma |§| to estimate qff; (z,y). We estimate qu (z,y)
in subsection 2.4l

Lemma 10. For 0 <r <s<t, z € (0,K.(r)) and y € (0, K-(s)), we have for all € > 0,

1 T

K- _ O(eK:(1)+1/K(s)) Y 31
Drs (z,9) KE(T)1/2KE(3)1/2 e WrKe (r,s) ( > , (31)
5)
(3

2)
In particular, if (@) holds and s <t — Cy7 for some positive constant (g, then for 0 < r < s,
x € (0,K.(r)) and y € (0, K.(s)), we have

1 T

K. — p(ac—y)—\/ﬁa(s—r) Yy ) 33

dr s (.%', y) KE(T)1/2K5(8)1/2 € WrKe (r,s) <KE(T’) ’ K5(8)> ( )

Proof. First, we apply Lemma |§| to estimate pfg (z,y). The key is to approximate qbfg. Under

ET{{;, we note that 0 < B, < K.(u) for all u € [r,s]. By equations and 1' we have that
under EX:

T

and

1 2 X
K. — p(z—y)—(V2e+e2/2)(s—r)+O0(eKe (r)+1/Ke(s)) Yy
dr s (27, y) K. (T)1/2K5(8)1/2 € WrKe (r,s) <K€ (T‘) ’ KE(

KB K0B [ ICWDE
— — ————du
2U(s) | 2K(r) )y
KL(s)Fe(s)
2

1 w? 1 w? S P32 (t —u))? + w?
= 2<5K5(s) + Kg(s)> + <€K€(r) + ) +w252/T T ET T du. (34)

<

+

u




After the change of variable v = F~1(e3/2(t — u)), we get

s —1(.3/2(4 _ 2 \\2 2 F=1(3/2(t—r))
w2€2/ F= (et —u))* +w du:w2€1/2/ 12dvzuﬂ< L ) (35)
, F_1(£3/2(t — u))4 F1(e3/2(t—s)) U

Equations and imply that forall 0 <r <s <t

K BQ K 32 s K 32 1
5(5) s 6(T) ro_ s(u) udu' SgKE(T)_’_ ) (36)
2K (s) 2K.(r) r 2K (u) Kc(s)
Equation follows from Lemma |§| and .
Next, by the many-to-one lemma and the Girsanov’s theorem, we have
gKz (a,y) = &5 Te P2 K (4 gy = eplomn) (VRS2 Ry (37)

Here, the factor e*~" represents the expected number of particles at time s if there is no killing and
the process starts from a single particle at time r, and e=P*(s=r)/2+p(@=Y) i5 the Girsanov factor
which transforms Brownian motion with drift —p to ordinary Brownian motion. Equation

follows from and .

In particular, if t <e 32 and 0<r < s <t— Cpp for some positive constant Cpg, then by ,
we have for ¢ sufficiently small,

1 1
<
Kc(s) = e 12F-1(e3/2()p)

Moreover, by and , we have

eK (r) <eL.(t) < 1. (39)

<1. (38)

Therefore, we have | — e%(s —1)/2 4+ O(eK.(r) + 1/K.(s))] < 1 and follows from (32). O

For some choices of r,s and ¢, the infinite sum expression for ¢, s(x,y) can be simplified.
Define

Ji = ZnQe_WQ(”Q_l)t/Q.
n=2

Lemma 11. Suppose (@) holds. If r + CsK.(r)? < s for some constants Cg and s < t — (Jg,
then for x € (0, K.(r)) and y € (0, K.(s)), we have

1 T s
K. - pla—y)—V2K:(r)=K<(s)) g - y
dr s (x,y) KE(T)l/QKg(S)l/Qe S <K£(T)> sin <K£(5)> )

Proof. According to Lemma 5 in [2], for all 0 < r < s, z € (0, K(r)) and y € (0, K-(s)), we have

where

|D7‘,8($7y)’ < Jrke (r,s)"
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For s > r + (gK.(r)?, we observe that

(r, s) /K K(;>Qg, (41)

which implies that J_r.(rs) < Jgg. Lemma [11] u 1| follows from equations (33 , ., and (| ., and
Lemma [

Remark 12. Note that the density formula in Lemma is similar to the critical case. Define
Ko(s) = c(t — s)'/3. Consider the critical process where particles are killed when they hit either
0 or Ko(s) at time s. Let qfso (z,y) be the corresponding density. According to Proposition 12
in [3] or Proposition 5.4 in [12], there exists a constant Cy such that for r + Ko(r)? < s <t — (g,

1 T s
Ko - V2(2—y) = V2(Ko(r)~Ko(s)) i y
dr s (xvy) Ko(T)l/2K0(8)1/2€ S (KO(T)> s <K0(s)> ’

2.4 Estimating the density when particles are killed at H_(-)

Lemma 13. Supposet > 0. For 0 <r < s <t, z € (0,H(r)) and y € (0, H:(s)), we have for
all e > 0,

1 1/2 T Y
H. _ O(eHe(r)+1/He(s)+e|log(et/2H.(r))]) . (42
Prs (l‘,y) HE(T)1/2H5(3)1/26 WTHE(nS) <H€<T), HS(S)> ( )

In particular, if (3]) holds, then for 0 <r < s <t, z € (0,H-(r)) and y € (0, Ho(s)), we have

1 X
H. - p(r—y)—V2e(s=) S 43
qr.s (z,9) HE(T)1/2H5(5)1/26 Wrtte (r.s) <H5(T)’ Hs(5)> ' 43

Proof. The proof is essentially the same as the proof of Lemma The main difference is the
approximation of QSHE Under EH6

by _ZI—(IEB;_/MLZ‘
S‘H’ s)H.(s) ’H’ /|H” w)|Ho( ) »

We denote by I, I and I3 the three terms on the right hand side of equation . By equation
, we see that

V2e'2(w? 4+ EZH (32 (t — 5))?)

b 2V2F 1 (3/2(t — 5)) — 3e1/2 (45)
Note that for s < ¢, by , we have
PR - 0) 2 F0) 2 e (16)
Putting together and , we have
I < 51/2(w2 —|—Fg1(63/2(t —5))?) _ teHL(s) 47

- Fol(e32(t — s)) ~ H(s)
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Following the same argument, we get

L < + eHL(r). (48)

1
Hc(r)

To compute I3, we apply equation . Note that for 0 < r < u < s < t, the denominator in
is always positive by and thus |H/ (u)| is bounded above by

855/2(w2 + F5*1(53/2(t — u))2)(351/2F;1(53/2(t —u))? + 4\/§w2F;1(53/2(t —u)) + 3w251/2)
(2vV2F 1 (3/2(t — u))2 — 3e1/2F 1 (e3/2(t — )3 '

By , after making the change of variable v = F'(e%2(t — u)), for 0 < u < t we have

v > \9[ e1/2 and therefore 220 — 3e1/2 > %U. It follows that for 0 <r <u < s <t,

I5 = /212 /Fg_l(am(t_r)) 361202 + 4v/2w%0 + 3w2el/?
=V
’ FZ 1 (e3/2(t—s)) U(Q\/ﬁv — 361/2)2

T2 () FY (32 (t-r)) 1/2
58/ dv+€1/2/ U+§ dv
FoY(e3/2(t-s)) Y Fot(e3/2(t—s)) v

1

FADH (49)

Se ‘log (51/2H5(r)> ‘ +

Equation follows from Lemma |§| and equations , —.
Applying the many-to-one lemma and the Girsanov’s theorem, it follows from that

1
He(r)! /2 He(s)!/?

<o (F ) o0

In particular, if (5] holds, then for 0 < r < s < ¢, by and (39), we have eH.(r) < 1 and
elog(e'/?H.(r)) < 1. We also have 1/H.(s) < by . Therefore, we have

qffse (z,y) = oP(@—y)—(V2e+€?/2)(s—r)+O(eHe (r)+1/ He (5)+¢| log(e! /2 He (1))

-S040 (e + s e oste ) ) | <1

and equation follows from . O

Lemma 14. Suppose @ holds and t > 0. If r + CgH.(r)? < s for some constant Cg and s < t,
then for x € (0, H-(r)) and y € (0, H-(s)), we have

H.(r) o _ . T . Y
e () = 120 ooy -vaH () Hs<s)>sm< >Sm< ) ,
qT’,S ( y) HS(S)Q HE(T) Hg(s)

Proof. Applying equation in place of equation and Lemma |8 in place of Lemma, |7}, the
proof is a word-by-word repetition of the proof of Lemma O
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3 Number of particles hitting the right boundary

Consider a process in which particles are killed when they reach either the origin or the right
boundary f(-). For 0 < r < s < ¢, suppose f is a smooth function in the interval [0,s]. Let
R{ (r,s) be the number of particles that are killed at the right boundary f(-) during the time
interval [r,s]. This section aims to give first and second moment estimates of Rf*®(r,s) and
Ry#(r,s) following the argument of Lemmas 5.8 and 5.10 in [I2] and Lemma 16 in [3]. A key
input is the following lemma which shows that the rate at which the Brownian particle hits the
right boundary f(-) can be computed from the derivative of the density at the right boundary.
This result is well-known in the literature. Lemma [15]is adapted from Lemma 5.7 in [12].

Lemma 15. Under P#jg;, we denote by {By}r<u<s the trajectory of the Brownian particle started
from x at time r when the particle is killed if it reaches either 0 or f(u) at time u. Let T and
T be the hitting times of the right boundary f(-) and the origin respectively. Then forr < u < s,
we have

10

Pﬁjx(TJr <7 ,77 €du) = _§@p{’U($7y) du.

y=f(u)

We need two more results which compute integrals involving wy,(z,y). For a measurable set
S C Ry, define
du.
y=1

We denote by A(S) the Lebesgue measure of S. Lemma 7.1 in [I1] states that there exists a
universal constant Cjg such that for every x € [0, 1] and every measurable set S C Ry,

|I(x,S) — wA(S)sin(mz)| < Grmymin {x, Jins g sin(rz) min{1, \(S)}}. (51)
The following lemma is adapted from Lemma 5.1 and 5.2 of [12].

Lemma 16. For all x € (0,1) and y € (0,1/2], we have

1
/ ™2 sup wy(z,y)du = O (y(1 — ). (52)
0 y'€[0,y]

If s > (g for some positive constant C11, then for all x € (0,1) and y € (0,1/2],

/ ™2 gup wy(z,y")du = O (yssin(nz)). (53)
Cm y'€[0,y]

For all z € (0,1), we have

s, 1
/ e’ “/2/ wy(z,y)dydu = O(ssin(mz) + (1 — x)). (54)
0 0

Proof. Equation follows from equation (5.9) in [12]. Equation follows from equation
(5.8) in [12]. Equation is Lemma 5.2 in [12]. O
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3.1 Moment estimates of R *(r, s)

Lemma 17. Suppose (@) holds and s < t — (g for some positive constant (g. Then for 0 <
v<r<sandz € (0,K.(v)), we have

e Ko (v 2 . T x
Eg(; [Rf(f(r, s)} < eP(r—Ke(v) <7’K (r,s)sin <K (v)> + % (v)> .

Proof. By the many-to-one lemma, Girsanov’s theorem and Lemma we have

Efé [Rt =(r, S)] = / e”_”e_p2(“_”)/2+”($_K€(”))Pfg (T < 77,77 € du)

> du.  (55)
y=Ke(u)

Since the estimate of p[fg(z,y) in holds uniformly for all 0 < v < s < ¢, and y € (0, K-(s))
and the derlvatlve of pis (z,y) Wlth respect to y exists for all u € [r, s], it follows from Lemma

and equations (31)) and (| . ) that

5 1 2
K e — O(eKe(v)+1/Kc(s)) —e(u—v)/2+e(Ke (v)—Ke(u)+p(z— K (v))
Eyz [Rt (r, 5)} =€ / K v)l/ng(u)3/26

w2keay2f 10 z
X e ( 5 awaKs (v,u) (KE(U)7y>

Ift< e=3/2 and 0 <wv <r <s<t—(pfor some positive constant Cfz, then

s 19
_ [ juv = (=) /24 p(— Ko ()

y:1> du. (56)

’_52@_@)

T+ e(Ke(v) — Ko(w) + O <EKE(U) + Kj@))‘ <1

for all u € [r, s] by and (39). Therefore, we have for £ sufficiently small

1 22K
Ke € - r— Ks T4 (v,u)/2
E,; [Rt (r, 5)} = e K.(0)'2K (u )3/2 ot

« _12 v
20y 700 \ Kooy

Note that K.(v) > K.(u). After the change of variable z = 75 (v, ), by equation , we obtain

K. K. (z—Ke (v QTKE v,u)/2 10 x
Bl [t ] et [ - <‘2ay°"“€<vv’“> <K <v>’y> 1>d“
€ y=

y:1> du. (57)

(v, ) 10 x
_ oK ))/ o z/z( 19 ( 7y> )dv
TKe (v,1) 2 8 KE('U) y=1
< efle- Kf(”))( “(r,s sm( > (v)) (58)
and the lemma follows. O
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Fix 0 <a< g <1and (g > 0. Choose (Jg large enough such that

1

Let A, g be a positive constant such that

G (2°CR\' [ 2fmax{Calm  \’
Aaﬁzmax{l_ﬂv( a ) ’<c((1—a)1/3—(1—ﬁ)1/3)> } (60)

We claim that for t satisfying and for t > A, g, if € is sufficiently small, then

at < Bt <t— g (61)
CREK-(0)? < at, (62)
TKS (Oét, ﬁt) > maX{C@? C{EI} 2 2qﬂz|’]TK€ (0,ct) " (63)

Indeed, equation is straightforward. When ¢ > 1/e, equation is obvious. When t < 1/,
because A, 5 > (2¢2(g)?/a, equation follows from . To prove , we first note that by

©2.

K at
c t) > > (R
It follows from |j that 20/, x- (0,0r) < G- When ¢ < e73/2 by Lemma we have
1 Bt — at 8 —a
— Ko(at) > 5 (at, pt) > = t.
2 (at) > 7% (at, Bt) > K(o)? ~ PSR o))"
Thus
K (at, Bt) = e71/2 (64)

and holds trivially. When t < ¢=3/2, according to equation 1) Lemma and the fact that
t1/3 > et, we have

T (at, Bt) = S5 ((1— @) = (1= V) + O(et) 2 555 (1= )V = (1= B)2)21 (65)

and equation follows.

Lemma 18. Suppose @) holds and t > A, 3. Then for x € (0, K.(0)),

EXe [Rt S(Oﬁf,ﬁt)} = 75 (at, Bt) sin ( i

) oPla—Ke(0)
K.(0)

Proof. We apply equation with v = 0,7 = at and s = ft. Since K. (at) < K.(u) < K.(ft)
for all u € [at, Bt], we get
>du.
y=1

o L B 10 T
Ej [Rt E(at,ﬁt)} x ePlo—Ke(0)) , W‘f © )/2< T gy e (K(O)’y>
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After the change of variable z = 75<(0, u), by equation , we obtain

EK- [Rth (at, Bt)} < ePla—K:(0) (WTKE (at, Bt) sin (Kt?0)> + G/ K- (0,at) SID (KZ(QCO)) ) (66)

and

e [ RE (at, ﬂt)} > o) (mKs (at, Bt) sin <;(‘”O)> — G - (0,01 SN ( Kif0)> > (67)

The lemma follows from , and . O

Lemma 19. Suppose @) holds and t > Ay 3. Then for x € (0, K.(0) — 1),

B [RI (a1, 61)°] < K=(0)sin ( K”f0)> Plz—Ke(0),
13

Proof. We use a standard second moment estimate. It is noted, for example, in the proof of
Lemma 16 in [3] that we can write RX®(uy,u2)? = RX*(uy,ug) + 2V, where Y is the number
of distinct pairs of particles that hit H.(-) during time (uj,u2). If a branching event happens
at time s and location ¥y, then on average there will be EKE [RKS (u1 V s,u2)]? number of pairs
of particles that hit K.(-) during time (u1,us) and have the1r most recent common ancestor at
time s. Therefore, using Lemma [17]and the fact that 75 (s, 8t) < K.(s)/w? for all s € [0, 3t] by
Lemma [7] we have

BE- [Rt (at, Bt) } < EX [RE:(at, Bt +2/ﬂt /KS(S a5 (2, y) (EKy [Rt s(s,ﬁt)D2dyd8

[
[

< EEe | Rl (at, Bt]
Bt rK:(s) Ty )
x sin? [ ——— | e2PW=K() gyds
/ / a0 (2 ) Ke(o)* (Ks<s>> ’
o Y ap-Ke) gy 6
+ ¢ (x, e P YT Rels s.
[ [ e y (68)
By Lemmas [7] and
K. . < : m p(z—K:(0))
Ef [Rt (at, 575)} < K.(0)sin ( i (0)> e . (69)

We divide the first double integral in into two pieces, denoted I; and I, depending on
whether 0 < s < (gK(0)? or (gK(0)? < s < Bt. We do the same thing to the second double
integral and get I3 and Iy. We are going to bound I, I, I3 and I, separately.

We start with I1. By equations (25) and (27), we have for 0 < s < Cgk(0)?,
9 w?
K.(0) - K. <eCgK:(0)“ (1 . 70
A0 - 500 < i 0F (14 i ) o

Note that eCgK.(0)> = CsF~1(3/%t)2. Therefore, if t < ¢~3/2, then from , we have

0< K.(0) — Ko(s) < 1. (71)
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If t < €3/2 then by (62)), we have F~1(e3/2(t — GgK.(0)?)) > F~1(%/%(1 — a)t), and then
and ((70) imply that (71]) still holds. We thus have for all 0 < s < OgK.(0)? and y € (0, K.(s)),

an (5715) o (372

Then by Fubini’s theorem, we have

K.(0) GgKe(0)?
< 2 2 (Y 20(y—K-(0)) K.
I < K. (0) /0 sin (Kg(O))e /0 qo.5 (7, y)dsdy. (72)

We adapt Lemma 4 in [3] to obtain an upper bound for fOOEKE(O)Q qéf; (z,y)ds. Consider the
process where particles move as Brownian motion with drift —p and are killed upon hitting
constant boundaries 0 or K.(0). For x € (0,K.(0)), we denote by ¢i(z,y) the density of the
process at time s which starts from a single particle at x at time 0. Correspondingly, we denote
by vs(z,y) the density of Brownian motion (without drift) in the strip [0, K(0)] started from a
single particle at x. By the many-to-one lemma, Girsanov’s theorem and equation (51) in [2], we
have for all s > 0 and z,y € (0, K.(0)),

] o] p(z—y) —
/ q;k (x’ y)dg = / ep(z_y)_(\/i€+€2/2)svs (.’E, y)dS < 2e x(KE (O) y) ) (73)
0 0 K.(0)

Note that go s(z,y) is bounded above by ¢} (z,y) and for 0 < z < K.(0) — 1,

< K.(0) sin( i ) (74)

K(0) K.(0)

It follows from (72)—(74) that for 0 < z < K.(0) — 1 and ¢ sufficiently small,

K:(0) K.(0) —

I < 2K, 2 p(x—ZKE(O))/ PY i 2 my € yd
1 S eK(0)% , o (KE(O)) K.(0)

C T e Ke(0)

K.(0)
T
<K in [ == | erlz—K:(0)) 7
< K:(0) sin (Ka(0)>e (75)

Similarly for I3, by equations , , and Fubini’s theorem, we get

1 KE(O) QEKS(O)Q
I3 < e~ 20K (0) / yPe*y / ¢: (x,y)dsdy
K07 ; : ()
t o) [0 2
S 0)5° : /0 y e’ (K:(0) — y)dy
€
= T p(z—K-(0))
K. (0)
T
< ; p(z—K:(0))
< K(0) sin (Ka(0)> e . (76)
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For I, by Lemma we have

25 . / . s i () s (05
X Ks(s) sin? (%)e%(y Ke9) gy ds
= Kg((l))l/QGp(x_KE(o)) sin ( Kt?0)> /CZKE(O)Z K.(s)3/2e PK=(5) /OKE(S) ePY sind ( %?(Js) ) dyds
= W@P(Z—KE(O)) sin (}gf@)) /q:; E (1)3/2d -

After the change of variable z = F~1(%/2(t — s5)), since t < e7%/2, we see that

Bt 1 F1(e3/2(1—-CgK-(0)2))  ,1/2
/ Tods = / s
K- (0)2 Ke(s) F=1(3/2(1-B)t) w? + 2

F=1(e3/2(1—CgK<(0)?))
- 8_3/4/ Zl/QdZ
“1(e3/2(1-p)1)
= K (Cg=(0)")*? — K. (602 (78)
By and , we have
Ko (GgR:(0)*)%? o (T A _
< ZE € p(z—K:(0)) Y )\ < _0Y ) oele KS(O)).
I, < K.(0)1/? e sin (Ke(O)) < K.(0) sin K.(0) e (79)
Similarly, for I4, by Lemma [11{ and equation , we have
Bt Kc(s
plz—y)—V2(Ke(0)~K<(s)) g T ; Ty
It < / / 1/2K s )1/26 sm(KE(O)>sm (Ka(s)>
2/) y—Ke(s
X —d ds
K(sp2
1 T Bt 1 Ke(s) Y
= P K(0) gipy / e’”KE(S)/ y?elY sin ( —— ) dyds
K.(0)!/2 <K5(O)> dgK-(0)? K.(s)%? 0 <Ks(5))
1 T pt 1
—— O / S
K. (0)!/2 <K€(0)> cgk. (0)2 Ke(s)3/?
TE
<K in [ == ) er(z—K:(0))
< K-(0) sin <KE(O)> e (80)
Finally, Lemma follows from equations , , , , and . O

Using the first and second moment estimates in Lemmas [I§ and [I9, we can control the
probability that particles hit the curve K.(-) during the time interval [at, St].

Corollary 20. Suppose @) holds and t > A, pg. There exist positive constants Ci2 and Ci3
such that for x € (0, K.(0) — 1) and e sufficiently small,

T

Cra=(0) sin (K(O)> ere=K0) < pl= (R (at, Bt) > 0) < CgK.(0)sin <th0)

) pPla—K=(0))
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Proof. We first observe that 75¢(at, 8t) < K.(0) by Lemma |7l According to Lemma we have

P (RtKE (at, Bt) > o) < EX- [R,:KE (at, Bt)] < K.(0)sin ( tho)) ePle= KD (81)

On the other hand, we have 75¢(at, 3t) > K.(0) by equations , and . By Lemmas
and [19] and the Cauchy-Schwarz inequality, we have

EE[R (at, Bt))? ) T (o—K.(0))
K. - x . x—K:(0
P, (Rt (at, Bt) > 0) > K sz(at,ﬁt)Q] 2 K.(0)sin (KE(O)> el . (82)

Corollary [20| follows from and . O

3.2 Moment estimates of R/*(r,s) and proof of Proposition
Lemma 21. Suppose (@ holds. If 0 < v <r < s <t, then for x € (0, H.(v)), we have

B [l )] 5 ettt o0 et <THE (r,5)sin (I%)

+ min {H:”(v) Tyt (4 SID <H7TZ))> min {1, 77 (r, s)}} >

Proof. The proof is essentially the same as the proof of Lemma[I7] By doing the same calculations

as —, applying instead of , and Lemma [§| instead of Lemma |7, we get
) du.
y=1

_ * H.(v) _2_n. 10 x
H. H, z—H:(v € T vau)/2
E, [Rt (7, S)] = el ( ))/r 5(u)36 (vu)/2 <— i—waHg(wu) <E[5(v)’y>
(83)

Note that H.(u) > H.(s) for all » < u < s. After the change of variable z = 7= (v, u), we get

_ H.(v) THEws) 10 x
E{){; [R “(r,s ] S ep(a: H.(v)) e / e z/2( _ -~ Y dz. 84
& (R ne) H(5) oo 20y \ (o)) |, 59
The lemma follows from equations (51)) and (84]). O

Suppose holds. Fix (g/2 < p < A < (g— 1. Let
u =t— e 3/2 and Ug =t — ;1,5_3/2.

In the next two lemmas, we are going to estimate the first and second moments of the number of
particles hitting H.(-) during the time interval (u;,u2) when the initial particle starts out at the
position z close to H.(0). Note that when we write x = H.(0) — O(1), this means the position z
of the initial particle depends on €.

Lemma 22. Suppose (19) holds. Then for x = H.(0) — O(1),

Ef‘g [Rfs(ul,uQ)} = 1.
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Proof. We first apply Lemma with v =0, r = u1, s = ug and x = H.(0) — O(1), and get

Bl [Ri (w1, u)| S Iza((f;) sin ( H?@) (7= (ur,u2) + Tz - (85)

By Lemma [§| and equation , we have
e (uy up) < He(uy) = e V2F7YA) + 0(1) < e V2 < H(up). (86)

Also, by equation , we observe that for e sufficiently small,

H t—Ae3/2 1 (A+1)e%/2 1 1/2
" N R du=<e /*. (87
T ( ,U1) a K—(A+1)6—3/2 Hz—:(u)2 v= /)\5—3/2 (5*1/2F71(€3/2U) + 0(1))2 ! ) ( )

It follows from , , and that

Ef‘f [Rflg(ul,ltg)} S 1.

For the lower bound, we apply equation . Note that H(u) < Hc(up) for u; < u < ug.
After doing the change of variable z = 7(v, u) and applying , we get for v = H.(0) — O(1),

B H.(0) [T70u) 19 .
H. | pH: > p(z—H:(0)) e ™z/2 [ _ - 2 _—
EI [Rt (ula u2):| ~ € HE (u1) LHS (07u1) e 2 8y wz KE(O) ) y y:1 dZ
H_.(0) ) T ) T
> € H. —
2 o (u) <7TT (u1,us)sin <HE(O)> O/ - #. (0,u7) SID. <H€(0)> ) (88)

By doing the same calculations as , we have

e (uy,ug) > e7V? < Ho(w). (89)

By equations (87)-(89), we have for z = H.(0) — O(1)

H.(0
Efs [Rfs(uhuz)] 2 -(0) THe(ul,ug)sin (Hﬂm > = 1.

Lemma 23. Suppose (19) holds. Then for x = H.(0) — O(1),
EH: [Rt E(ul,uQﬂ <1.

Proof. The proof is similar to the proof of Lemma 5.10 in [12]. We use standard second moment
estimates as in . Fix a positive constant Cy4. Letting ug = u; — (g/e, we get

E [Rf[s(ul,wﬂ < Bl [3516(“17“2)} +2 0“3 OHE(S) a0 (2,y) (Es,ng [Rfa(ul,m)]ydyds
u2 Ha(s) 2
+ 2/ / qé{;(az,y) (Efzj {Rt 5(57u2)]) dyds. (90)
us 0
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Next, we obtain upper and lower bounds for (EgyE[Rfs(ul,uz)])Q when 0 < s < wug, and
(Efyf [R=(s,u9)])? when ug < 5 < ug. When 0 < s < uz, by Lemma [21 we have

2 - He(s)* . Ty 2
H, H. < 2p(y—Hc(s)) 7€ 2 H. 2
(ES’y [Rt (uq, UQ)D <e . (1)? sin <H5(S) 7 (uq, ug) (1 + J_H. (s,u1)> .

We note that for 0 < s < ug and ¢ Sufﬁciently small,

(s,u1) / C =1,
RO STt e 2Cm)?
< 1. Therefore, using , we have for all 0 < s < ug,

which implies that J m. (5.,) S
2 () T (w1, u2)? o (m(He(s) —y)
(Esilyj [Rt E(Ul,UQ):|) S 62P(y He( ))Wﬂa(s)Q sin2 <I{E(S)>
< VIO (H (5) — ). (91)

When us < s < ug, by Lemma we have

2 _ Y T
EH[ He D < 20— He()) [ _(6)2 sin?
( sy [T (s,us) <e <(s)”sin H(s)
By equation (23)) and Lemma |7} we see that for ug < s < ug,

He (s, u9) < 75 (uz, ug) < Ho(u3) =< e Y2 < H.(uy).

HE(

2
s, uz)) n er(y*Ha(s))L.
H(uz) He(u2)?

Also, for us < s <wug and 0 <y < H(s), we have

Yy He(u?))
Ho(u) = H.(us)

Combining the above three equations, we get

2 —H.(s . m(H:(s) — vy
(25 [t (o) ) s oo 100 (s (T ) 1)
S PO ((Ho(s) —y)* + 1) . (92)
By equations —, we obtain

Eff {ng (ul,u2)2} < EHE |:RtI{E(’U/17’U/2):|

H:(s)
/ / qO s (xz,y)e 2p(y*H€(S)) ((Ha(s) — y)2 + 1) dyds.

By Lemma ﬂ and equation (|4 , we have

EX: [R (w1, uz)? e ePla=y)—V2es, v Y
e [1u ; 1/2H (s)1/2 709 \ H.(0)" H.(s)
X

em He(s >> ((H (s)—y) )dyds+0( )

= 1.

e He(s o (V2+€) (H(0)— He(s)) —/2es
H.(0) 1/2H (5)1/2

x erilels ))w v (0,5) (Hg(o)’ Hsy(S)) ((He(s) = )* +1) dyds + O(1).

26



Note that e(H.(0) — H:(s)) < eH:(0) < 1 by (20), and wy(1—2z,1—y) = wy(z,y). Using Lemma[§]
and equation (89), after the change of variable z = H.(s) — y, we have for z = H.(0) — O(1),

E[ [Rfl (U17U2)2}

uz  He(s) H, (0) 2_H T z
< —2e\F) mirHe(0,s)/2 1_ 2 1 {)e P2 1.
N/O /0 Hg(s)Qe WrHe (0,5) ( H.(0)’ H€(3)> (2 + 1)e "*dzds + O(1). (93)

Denote the double integral as I. If t < e=3/2, then H.(t/2) < H.(0). If t > 2u*c=3/2, then by
(20), we have H.(0)/H.(t/2) < 4. Therefore, we can choose a positive constant Cfy such that

Jm < e and w <1 (94)

8Cm He(t/2)* —
When ¢ < ¢73/2, we see that GrgH.(0)? < t/2. When t > u*c3/2 by and , we have
GrpH-(0)? < Gm(2¢t)? < 40pGot < t/2. Therefore, for all ¢ satisfying , we have

t

uy := QrgH. (0)? < 5 (95)

Write I = I; + I, where I7 is the portion of the double integral for which 0 < s < uy and Iy is
the portion of the double integral for which ug4 < s < us. In the following, we estimate I; and I
separately.

For I;, we start with the change of variable u = 79¢(0,5s). Letting h(u) be the value such
that 7= (0, h(u)) = u, we can divide I; into two pieces by writing

THS(O,U4) 5 HE(U4)/2 T 2
I, = H.(0 / e’ “/2/ 22+ 1)e P2, (1 , >dzdu
=0 ) A H(0)" Bo(h(w)

THe (0,u4) ) Hc(h(u)) T P
+ H.(0 / e u/2 22+ 1)e Pw, (1 — , > dzdu
0 ), s & TV H.(0)" H.(h(w))

=: I + Lo (96)

We use equation to upper bound Ir;. Note that h(7=(0,u4)) = ug, s0 if 0 < u < 7H (0, uy),
then h(u) < ug. Therefore, when 0 < z < H.(u4)/2 and 0 < u < rHe (0,usq), we have

z z 1
H.(h(w) = Ho(u) = 2 (97)
Also, by ) 2
Ch:ﬂ < THS (0,U4) = /() H;U)de < Hs(t;g;)z < 1. (98)

Therefore, by , , and along with Tonelli’s theorem, we have for x = H.(0) — O(1),

He(ua)/2 T .
I < HE(O)/ (22 + 1)6_’”/ e™ U2 sup Wy <1 - ,y) dudz
0 0 y€[0,2/He (us)] H:(0)
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We use equation to upper bound I12. After the change of variable y = z/H.(h(u)), apply-
ing , we get

A (us)/2 THe (0,u4) 2/ 1
Lo < H(O e He(us / e /wu<1— )ddu
. «0) 0 0 H(0)’ Y

3 3

Since H.(uy) =< H.(0) > e~ /2, we have

Iy < 1. (100)

It follows from , and (100) that
L <1, (101)
Similarly, for Is, by doing the same calculations in — , we have

(0,u2) ) H:(u2)/2 7 p
— miu/2 2 —pz -
& Hg(o)/fmm,u@ ‘ /0 S (1 Ha<o>’HE<h<u>>>dZd“

mHe(Ou2) He (h(u)) T P
+ H.(0 / e’ “/2/ 22+ 1)e Pw, <1 — , > dzdu
O S o e &Y H.(0)" Ha(h(u)

He(u2)/ mHe(Ou2) x
< H.(0) (22 4+ 1)eP? e 2 sup wy (1= ——=,y | dudz
H. (0
0 G ye[0,2/ H (us)] =(0)

+ H (0)46—H5(u2)/2 /THS (07U2) e7r2u/2 /1 w <1 _ L y) dydu
3 u 9 .
THe (0,u4) 0 HE(O)

It follows from and that

Len He(u2)/2 . . -
2 < 5(0)/0 (z +1)e™ ( ) Ouz sm(Hg(0>

+ H.(0)%e H=(u2)/2 ( “(0, U2)Sm< 7T( )> HjO)>

We observe that after the change of variable v = F~1(u),

H. < Ke < 1/2/ du — 1/2/ dy — — 71/2 102
77 (0,ug) < 77¢(0,u) <€ = Ton u=-¢e T ra? v QwE (102)

Using also the fact that H.(ug) = e~ /2, we have for z = H.(0) — O(1)

[e.e]
I, < H.(0)sin <m> / (22 +1)ze~P2dz + o(1) < 1. (103)
HE(O) 0
Finally, the lemma follows from (93), (101)) and (103). O

Proof of Proposition [l Suppose holds. By Lemmas and and the Cauchy-Schwarz
inequality, we have for = H.(0) — 1 and ¢ sufficiently small,

(B[R (u, w)])? o

Ei"*[R{ (u1,u2)?] "~

and the proposition follows. O

PIHE (Rt E(ul,uz) > 0) >

28



4 Proofs of main results

4.1 Proof of Proposition

In this section, we prove Proposition 3| We first show that if a particle starts from L¥(¢) at time
0, the probability that at least one descendant of this particle will survive until time ¢ is bounded
from below. Next, we can find a large constant Cfg such that if the process starts from a single
particle at LX(t) + (fg, there are a large number of offspring with positions above L(t) after
O(1) time. Each of them will have at least one descendant alive until time ¢ with some nonzero
probability. Taking the number of particles into consideration, the process will survive until time
t with very high probability and equation follows. A crucial step in the proof of equation
is the following lemma, whose statement and proof are very similar to Proposition 20 in [3].

Lemma 24. Suppose (@) holds. Consider the process which starts from a single particle at
x = K.(0) = L(t). There exist positive constants A1 and Cis that only depend on Cg such that
for sufficiently small €, if t > Am, then the probability that there are particles alive at time t is
bounded below by (rg.

Proof. We claim that it is sufficient to show that there exist positive constants Ag and Cig that
only depend on (g such that if ¢ > Am, then for € sufficiently small, the probability that there are
particles hitting K.(s) for some s € [t — Aq, t — Ag/3] is bounded below by (rg. To see this, note
that a particle that hits K.(s) for some s € [t — Aq,t — Ap/3] has a probability that is bounded
away from zero of surviving until time ¢.
We prove this claim by relating the probability that there are particles hitting K.(s) for
s € [t — Am,t — Ap/3] in the slightly subcritical BBM with absorption to the survival probability
of a time-inhomogeneous Galton-Watson process. To begin with, we set up constants that will be
used in the construction of the Galton-Watson process. Set aw = 1/3 and 5 = 2/3. Let Al)3,2/3
be the constant defined in with « = 1/3 and 8 = 2/3, and let (g be the constant defined
in Corollary For every y > 0, consider BBM started with a single particle at the origin where
particles move as Brownian motion with drift —/2 and are absorbed at the level —y. We denote
by N(y) the number of particles that are killed upon hitting —y. We further denote by N¢(y) the
number of particles that are absorbed at the level —y before time £. According to equation (5.4)
n [15], there exists an almost surely positive random variable W with an infinite expectation
such that almost surely
lim yeiﬁyN(y) =W. (104)

Y—00

According to equation (104)), we can choose positive constants y, £&; and M large enough that

25/30.)2
and 4
—V2y > -
E [ye (Ngg(y) A M)} > o (106)
Finally, we choose a positive constant Am large enough that
y° 3/2 25\
A > max 6*3,&]]4' Aiyz2/3, 4 + & o+ <c> . (107)
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Now we construct the Galton-Watson process. We use a sequence of sets (T, )nen to record
the times at which particles hit the right boundary K.(-) in each generation of the branching
process. We define (T},)nen inductively. Let Tp = {0}. In the n-th generation of the process,
we have T, = {tn1,tn2, ..., tn.m, }, which means there are particles hitting K.(t,;) at time ¢, ;
fori =1,...,my,. Fori=1,...,my, if t,; > t — Ag, then ¢,; € T,,11. Otherwise, we keep
track of the descendants of the particle that hits K. (t,;) at time ¢, ; until either time ¢, ; + &,
or until particles hit K.(t,;) —y — e(r — t,;) for some t,; < r < t,; + n. Note that for all
tng <1 <tn;+&m by and , we have for ¢ sufficiently small,

Ke(tm)—y—s(r—tn,i)2Kg(t—Am)—y—s&anA&]/g—y—sﬁj]>0.

We denote by [, ; the number of times at which descendants of the i-th particle hit the curve
K (tn;) —y —e(- —tn,i) before time ¢, ; + &g, and we denote by (7 j)j=1,...1,, the corresponding
sequence of times. For j =1,...,1,,; A M, if one of the descendants of the particles that hits the
curve at time ry, ; ; proceeds to hit the curve K.(-) at some time v € [ry, ;. + (t —70,4.5)/3,Tnij +
2(t — rp,i;)/3] afterwards, we put the smallest v at which this happens into the set T;,4;. For
every n, define Z,, = |T,,| to be the number of elements in the set T),.

Next, we are going to control the first and second moments of Z;. When n = 0, we see that
my = 1 and to1 = 0. For simplicity, we omit the first and second indices in the subscript. That
is, we write r; =191 j and | = lp,1. For j =1,...,1 A M, let I; be the indicator of the event that
the j-th particle that reaches K.(0) —y — er; at time 7; < &g has at least one descendant that
hits the curve K.(-) between times r; + (t — r;)/3 and r; + 2(t — r;)/3. Then we have

INM

Zy=)Y I (108)
j=1

We can compute the expectation of I; using estimates in Section Define G to be the o-field
generated by (7;)j=1,..iam. Recalling that = K.(0), we have

t—r; 2(t—rj)
E.(I;|9) :pf_ey_m (Rt_rj ( . i . j ) >0)

and t —r; > Am—&n> Ay/32/3 by (107). It follows from Corollarythat for x = K.(0), t > Ag
and ¢ sufficiently small,

2K (r;) sin <7T(x V- 677)) eP(weri—Ke(r))—ey=v2y

Ks(rj)
< Ex(lj|g)
< (K. (Tj) sin (71’(-%}; ZéT—')ETj)> ep(x—erj—Ks (rj))—ey—\/iy' (109)
elTj

To evaluate the upper and lower bounds in (109), we first observe that the function g(r) =
x —er — K.(r) is an increasing function of r. Therefore, if ¢ is sufficiently small, then for all

T < 4n,
1

eP@—erj—Ke(rj))—ey » opg(0)—ey » (110)
- -2
For the upper bound, by , , and (107), if € is sufficiently small, then for all r; < &g,
w? w4y w?

P @~ e - e Y
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Thus if € is sufficiently small, then for all r; < &g,

eP(@—erj—Ke(rj))—ey < W’/ (112)
Next, we obtain upper and lower bounds on the sine function in (109)). Since the function g(r) is

increasing, we get

(I en)) _ g (T 7y —ate) o

-9(0) my
K Ky

Y
For the other direction, we first claim that 0 < w(y — g(r;))/K:(r;) < 7/2. Indeed, by (105)) and
(111)), we have for all r; < &g and ¢ sufficiently small,

rly—g(r) .
Kery) 2Ry~ (114)

Moreover, by and ([107)), we have for all r; < g and ¢ sufficiently small

Yy Yy s

K@ = clAn-@ P =2

From the fact that sin(z) > 2z /7 for 0 < « < 7/2 and equation (114]), we have for all r; < &g
and ¢ sufficiently small,

i <mf_<gf_>)) - (W(yfi(igj))) S A} (115)

m(y — g(r;))
Kz—:(rj)

<

It follows from equations (109), (L10]), (112), (113]), and (115) that for all j = 1,...,] and €
sufficiently small

%ﬂye‘ﬁy < E,[Ij|G] < Grgme”™ /< ye V. (116)

Observe that [ has the same distribution as Ngy(y). As a result, by (106]), (108) and (116]), we
get for t > Ap and ¢ sufficiently small,

B,[21] > %E [ye*ﬁy(zv@(y) A M)] > 9. (117)
For the second moment, by the definition of Z;, we get for all ¢,
E.[Z}) < M*. (118)

For Ap<t < £73/2, consider a Galton-Watson process with the offspring distribution

Let ¢« be the extinction probability of this process and ¢, = sup{q;« : A1 <t < 20 —3/2}.
According to Lemma 19 in [3], by (117]) and (118)), we have for all ¢ > Aq and ¢ sufficiently small,

2(E.[Z1] - 1) 2

1—qs > ZW’

T By [Z1(Z1 - 1))
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which gives that

1—q > (119)

M2
Finally, we connect the supremum extinction probability g. with the probability that there are
particles hitting K.(s) for some s € [t — Aq, t — Am/3]. Define

@ = lim P(T, = 0).

n—oo

Note that 1 — ¢; is indeed the probability that there are particles reaching K.(s) for some s €
[t — Am,t — Am/3]. It was shown in the proof of Proposition 20 in [3] that

gt < gx. (120)

Equations (119) and (120 imply that for ¢ > Aq and e sufficiently small, the probability that
there are particles hitting K.(s) for some s € [t — Aq,t — Ag/3] is bounded below by 2/M? and
the lemma follows. O

Now we have all the ingredients to prove Proposition

Proof of Proposition[3. If t < A, then equation is obvious. We only consider the case when
t > Ag. Let § > 0. Choose a positive integer C7 large enough that

0
(- @ < . (121)
Consider BBM started with a single particle at the origin where particles move as Brownian
motion with drift —/2 and are absorbed at the level —y. Recall that N¢(y) denotes the number
of particles that are absorbed at —y before time . According to (104), we can choose positive
constants & and (g large enough that for € sufficiently small

N S

P (Ngg(Cls— e) < ) < 5 (122)

We denote by N the set of surviving particles at time ¢ and {X[(t),u € N/} the set of
positions of particles at time ¢ for BBM with absorption and drift —p. One can couple the
subcritical process with drift p > /2 with the critical process such that for every u € NY| there

exists v € j\/'t‘/5 satisfying X5 (s) = XY2(s) —es for all 0 < s < t, and
NP ={ue ./\/;‘/Q,Xf(s) —es >0 for all s < t}.

Equation implies that for every e, if the subcritical BBM with absorption starts with a
single particle at LX(t) + (g, then with probability at least 1 — /2, the number of particles
hitting LX(t) + ({2 — s) for some s € [0,&s] is at least (. By Lemma each of them has
probability at least (g of surviving until time ¢. Combining Lemma [24{ with equations and
, if t > Amq, we have for ¢ sufficiently small,

Pryy 1o (¢ < 1) < (1 - Gm) @ + P (Ng(Gg — e&) < Crp) < 0.

and equation follows. O
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4.2 Proof of Theorem [2

Proof of equation @ By Lemma |§|, it is enough to prove the result with L.(¢) in place of L.(t).
Choose a constant G > 0. If t < 1, then L.(¢) < 1, and so equation ([7)) is obvious. It is therefore
enough to consider the case when t > Cp. We first consider the case when (e =3/2 <t < Qe 2.
Recall that g < 1/(8CH). Let

Uyqg = ChIIHE(O)27 Us = t— %@5_3/25 Ug = t— Chv

noting that the definition of u4 was previously given in . Using , we have for ¢ sufficiently
small,

t
Uy < 5 < us < Ug. (123)
We divide the particles alive at time ¢ into five subsets according to the time at which particles
hit the curve H.(-) or K.(-). Recall that we denote by N/ the set of surviving particles at time

t and {X[(t),u € N} the set of positions of particles at time ¢. By (24)), there exists a constant
C1g such that

He(us) — Gy < Ke(us) (124)

Define

Dy ={3u e Nf : X!(s) > H.(s) for some s € [0, uy]},

Dy ={Ju e N\ Dy : X(s) > H.(s) for some s € (ug,us)},

Dy = {Fu € Nf'\ (D1 U Dy) : X{(u5) > He(us) — (i},

Dy ={Fue NI\ (D1 UDyUDs): X(s) > K.(s) for some s € (us,ug|},

D5 = {j\/;p#m}\(DIUD2UD3UD4).
We observe that

Pr_)-cg(C > 1)

5
<Y Pry-cp(Di)
=1

H.(us)

<Ef o [Rfa(o,m)} + B [Rfla (u4,lL5)] + /H . Cmqgfgs(LE(t) — G, y)dy
eU5)—

He(us)=Cm K K
+ /0 Qs (Le(t) — G y) By, {Rt “(us, Uﬁ)} dy + Pr_()-ay(Ds)
=L+ 1L+Is+ 14+ I5. (125)
We first estimate I;. By Lemma 21| and the fact that sin(nz) = sin(r(1 — z)) < w(1 — z) for
0 < x <1, there exists a positive constant C'ig such that

o H=(0) 2 (g
I < Oge qum <7-H (O,U4) HE(O) + 1> .

By Lemma we see that 77¢(0,us) < H.(0)/w? and thus

_ s H.(0
I < Cige "2 (ff”+1> Hg((u4))'
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If t > 2u*e3/2, then by and 1| we have for ¢ sufficiently small,

H.(0)

HE(’LL4) =4

< 2¢et
~ et/2
If t =< €3/2, then by and , we have H.(0) = ¢ /2 and thus uy = !, which implies
that H.(0)/Hz(usa) = Lo(t)/Le(t — ug) — 1 as € — 0. Therefore, for e sufficiently small,

I) < 4Qme "% (”{gﬂ + 1) . (126)

For I, note that by reasoning as in , we get 7H¢(0,u4) > Grg. Therefore, it follows from
Lemma [21) along with and (102)) that for e sufficiently small,

I < qme—p%ia((% (7% (1, 08) + T ) sin (1;((13))

< ﬂCﬁg(]ze_pqz'Kius) (77 (ua, us) + Jepg)

IN

_ 1 T
mCmle pqmg—mp—l(qm/g) <%5 2+ Jem)

< _m0mCa —rCig (127)

e

T WP (G/2)

For I3, we apply Lemma Since eH.(0) < 1 by and H.(us) < ¢~ /2, we have for e
sufficiently small,

H:(u
I < HE(O)er(LE@)cm)ﬁ(Ha(c))Hs(%))Sm( m(h ) / e Sin( Ty >dy
H.(us) H.(0)) JH. (us)~Cig H. (us)
H:(0) _ (g - O v (TGO
- o~ pClzte . (0)+VEH. (u5) —p(He(us) crm>sm<
= H.(us)? Ho(0) H.(us)
<1 (128)

For I, by ({124]) and Lemmas 14| and there exists a constant Co such that for € sufficiently
small,

I < £(0)  p(Le(t)-Cla-v)~VE(H. (0)~H. (u)) Sin< )Sin( y )
v<am [ 17.00) ) " \ He(w)
x ePy—HKe(us)) (TKS Us, U sin( it > + >d
(us, ug) K- (us) Ko(us) ) %

7CoCm elus) Ty . Ty
< pCateHe (0)+pCrm | K- /
e T (us, ug) ; sin ~un) sin K-(us) dy

HE(U5)2

Kc(us)
Y . Y
+ S d
/0 Ko(us) (Hs(u5)> y)

< ;qugg e~ Pt eHeO)HpCm (1 Ke (45, ug) K (us) + K (us)).
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Note that eH.(0) = eL.(t) < eL(C1e72) < 2C; by (20). Also, we have 75 (us,ug) < %6*1/2
23)). Therefore, for € sufficiently small,

by (102), and H.(us) > K.(us) = e /2F~1(Cy/2) by {

mCaCim T
I < pCat20mtpCry ( ° —1/2 4 4
4= Kc(us) ¢ <2w€ + )

7T2
< wF—Cl?O(zI/ﬂz)e_qu%pqm' (129)

For I5, by Lemma [T4] there exists a constant Ca; such that for € sufficiently small,

H.(ug) "
agA gt (Le(t) — Ciy y)dy

HE(UG)
_ %m6p(LE(t)_qz)_\/i(HE(o)—HE(UG)) sin <I;Tq’21 > /0 eV sin <H7Ty > dy
€

TC2021 <1, (0)+v2H. (ug) ,—oC:
< ese s\ue)emp2, 130

Because eH.(0) < 1 by and H(ug) < 1 by and (24)), it follows from (12F))-(130) that

for every 0 > 0, we can choose (Jg large enough so that holds for ¢ sufficiently small.

We next consider the case when (g < t < C@s_?’/ 2. By Markov’s inequality, the probability
that the process survives until time ¢ is bounded above by the sum of the expected number of
particles hitting K.(-) before time ug and the expected number of particles alive at time ug. We
thus have

K K Helus)
P%@cﬁ<>wsz%zy%{msmmw]+é atls, (Le(t) — G ) dy. (131)

€

It follows from that there is a positive constant Cyo such that when (g < t < Cge=3/2, we
have L.(t) — L:(t) < gz We may choose (g > 2Cgg. Then L.(t) — Cg < K.(0) — Gg/2. By
Lemmas [7] and for sufficiently small &,

[R{{E (07u6)j| < eP(Le(t)=Co—K<(0)) (TKE (0, ug) sin (W(ng({z)(o) C'z)) N LE_(;Q(O)@)

< e P2/ <7TC; + 1> : (132)
w

K.
ELln-ag

Because ug > H.(0)?, the second term in can be bounded as in . Therefore, for any
0 > 0, we can choose (g large enough that holds for all € sufficiently small.

Finally, we prove equation @ for all ¢ satisfying . Suppose does not hold true. Then
there exists § > 0 such that for all n € N, we can find 0 < &, < 1 with

Since 0 < €2t., < (Jp, we can find a subsequence {&,, }3°, such that te,, < Cg, or C@sﬁ:’m <

te,, < QJJE;,f, or (g < ten, < (@52,5’/2 for all k, and also (|133]) holds with n replaced by ny. This
contradicts the arguments above and equation @) follows. O
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Proof of (§). By Lemma @ it is enough to prove the result with L.(¢) in place of L.(t). When ¢
satisfies , equation follows from Proposition 3| and equation (24]). When ¢ satisfies ,
we choose a positive integer Cos large enough that

o

(1 - Gglm) & < 5

By using the same argument as the proof of Proposition 3|, we could choose constants (Jg and &3
large enough that for e sufficiently small,

P (Ng(Cg+ 1 - eq@) < Cma) < g

This implies that if the process starts with a single particle at L.(t) + (fg, then with probability
at least 1 — 0/2, the number of particles hitting L.(t) — 1 4+ (g — s) for some s € [0,&g] is
greater than (fgg. By an easy coupling argument, the probability of survival until time ¢ can only
decrease if we move these particles to L.(t) — 1. By Proposition 4| and Lemma each of them
hits the curve H.(-) during the time (t — Ae=3/2,t — ue=3/2) with probability at least (fg, and
once it hits the curve H.(-) in the last O(¢73/2) time, it will survive until time ¢ with probability
at least (. Therefore, we have for € sufficiently small,

Pr.yrag(¢ > 1) < (1 - Oglm) B + P (Ng(Cg+ 1 — &) < Ggg) < 6

and equation follows.

Finally, for all ¢ satisfying , equation can be argued in the same way as equation @
Suppose does not hold true. Then there exists § > 0, such that for all n € N, we can find
0 <ep <1 with

Pr (te)4n(C < 1) 26 (134)

Since 0 < €2t., < (q, we can find a subsequence {g,, }3, such that le,, satisfies either
or (12)), and also (134) holds with n replaced by ng. This contradicts the proof above and
equation follows. O
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