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Explicit Large Image Theorems for Modular Forms

Nicolas Billerey and Luis V. Dieulefait

August 16, 2018

Abstract

Let k and N be positive integers with k ≥ 2 even. In this paper we give general
explicit upper-bounds in terms of k and N from which all the residual representations ρf,λ
attached to non-CM newforms of weight k and level Γ0(N) with λ of residue characteristic
greater than these bounds are “as large as possible”. The results split into different cases
according to the possible types for the residual images and each of them is illustrated on
some numerical examples.

Introduction

Let f be a newform of weight k ≥ 2, level N ≥ 1 and trivial Nebentypus whose Fourier
expansion at infinity is given by f(τ) = q +

∑
n≥2 anq

n, with q = e2iπτ and τ in the complex
upper half-plane. We denote by K the number field generated by the coefficients an and by O
its ring of integers. Given a prime ℓ, we shall denote by ρf,ℓ the ℓ-adic representation attached
to f by Deligne :

ρf,ℓ : Gal(Q/Q) −→ GL(2,O ⊗Z Zℓ).

The decomposition O ⊗Z Zℓ =
∏

λ|ℓOλ where the product runs over prime ideals in O of
residue characteristic ℓ, in turn produces for each such λ a representation ρf,λ with values
in GL(2,Oλ) where Oλ is the completion of O at λ. Composing it with the reduction map
GL(2,Oλ) → GL(2,Fλ), where Fλ is the residue field of λ, finally gives rise to a representation
ρf,λ which is unique up to semi-simplification.

Let us denote by Gλ the image of ρf,λ. Using results of Carayol ([Car86]), Ribet proved
in [Rib85, th. 2.1] the following theorem (for a definition of forms with complex multiplication
see [Rib77] or Def. 3.1).

Theorem (Ribet, 1985). Assume that f is not a form with complex multiplication. Then for
almost all λ (i.e. all but a finite number) the following assertions hold :

1. the representation ρf,λ is irreducible;

2. the order of the group Gλ is divisible by the residue characteristic of λ.

As explained in [Rib85, §3], this theorem implies that for almost all primes ℓ, the image Gℓ

of ρf,ℓ is as “large” as possible. Namely, if for simplicity f does not have any inner twist
(see [Rib77] for a definition), the following equality holds for all but finitely many ℓ :

Gℓ =
{
x ∈ GL(2,O ⊗Z Zℓ) | det(x) ∈ Z

∗(k−1)
ℓ

}
,
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where Z
∗(k−1)
ℓ denotes the group of (k − 1)-th powers in Z∗

ℓ .
This theorem is a generalization of [Rib75] on the case N = 1, which itself extends pioneer

results of Serre ([Ser73]) and Swinnerton-Dyer ([SD73]) on the the case N = 1 and K = Q.
Although these latter results provide a precise characterization of the prime ideals for which
one of the assertions above fails, the general theorem of Ribet is however non-effective.

The main goal of this paper is to give an effective version of Ribet’s theorem, that is a
general explicit set of prime numbers depending the weight k and the level N such that each
representation ρf,λ with f newform in Sk (Γ0 (N)) and λ of residue characteristic away from
this set satisfies the conclusion of Ribet’s theorem.

Before describing our main results, we mention that among the special cases covered are
a generalization to arbitrary square-free levels of a result of Mazur ([Maz77]) on the so-called
Eisenstein primes for weight 2 and prime level modular forms and an explicit version of Serre’s
theorem on the surjectivity of Galois representations attached to elliptic curves over Q due to
Kraus ([Kra95]) and Cojocaru ([Coj05]).

Let us denote by P(ρf,λ) the projectivization of ρf,λ and by P(Gλ) its image in PGL(2,Fλ).
For simplicity, we shall say that λ is exceptional if it belongs to the finite set of prime ideals
for which one of the assertions of Ribet’s theorem does not hold. According to Dickson’s
classification of subgroups of PGL(2,Fλ) ([Ser72, Prop. 16]), if λ is exceptional (we warn the
reader that in the literature, the term “exceptional” sometimes refers to the last situation below
only), then we have :

(i) either ρf,λ is reducible;

(ii) or the image P(Gλ) in PGL(2,Fλ) is dihedral;

(iii) or P(Gλ) is isomorphic to A4, S4 or A5.

In each case, we thus provide a divisibility relation or an upper-bound in terms of k and N
satisfied by the residue characteristic ℓ of λ. A general bound can therefore be obtained by
combining the results of the three situations. The last case is the simplest one. Namely we
prove :

Theorem (Thm. 4.1). If P(Gλ) is isomorphic to A4, S4 or A5, then either ℓ | N or ℓ ≤ 4k−3.

In the second case we give a general upper-bound together with a much finer result in the
square-free level case that imply the following :

Theorem (Thm. 3.1). Assume P(Gλ) to be dihedral. If f does not have complex multiplication,
then we have

ℓ ≤
(
2
(
4.8kN2(1 + log logN)

) k−1

2

)g♯
0
(k,N)

,

where g♯0(k,N) is the number of newforms of weight k and level Γ0(N). Besides, if N is square-
free, then either ℓ | N , or ℓ ≤ k, or ℓ = 2k − 1.

The first case is by far the most complicated one and we refer the reader to Theorems 2.1,
2.2, 2.3 and 2.4 for precise and complete statements. Nevertheless, these results combined
with those mentioned in this introduction yield to (slightly stronger versions of) the following
theorems in the particular but important cases where N is square-free and N is a square
respectively.

Theorem (Square-free level case). Assume that N = p1 · · · pt where p1, . . . , pt are t ≥ 1 distinct
primes, is square-free, and λ is exceptional. Then, we have :
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1. either ℓ ∈ {p1, . . . , pt};cc

2. or ℓ ≤ 4k − 3;

3. or ℓ divides

{
gcd1≤i≤t

(
lcm

(
pki − 1, pk−2

i − 1
))

if k > 2
lcm1≤i≤t (p

2
i − 1) if k = 2

.

Theorem (Square level case). Assume that N = c2 is a square, f does not have complex
multiplication and λ is exceptional. Then, we have :

1. either ℓ | N

2. or ℓ ≤
(
2 (4.8kN2(1 + log logN))

k−1

2

)g♯
0
(k,N)

, where g♯0(k,N) is the number of newforms

of weight k and level Γ0(N);

3. or there exists a primitive Dirichlet character ν : (Z/cZ)× → C× such that :

(a) either ℓ divides the norm of pk − ǫ−1(p) for some prime p | c;
(b) or ℓ divides the numerator of the norm of Bk,ǫ/2k

where c0 divides c, ǫ : (Z/c0Z)
× → C× is the inverse of the primitive Dirichlet character

attached to ν2 and Bk,ǫ is the k-th Bernoulli number attached to ǫ.

Apart from (iii) which is slightly different, the main idea in proving the results of the paper
is to interpret situations (i) and (ii) above in terms of congruences between modular forms. In
the case of reducible representations ρf,λ, the original form f is then shown to be congruent
modulo ℓ to a suitable Eisenstein series whose construction depends on the weight and level.
The theory of modular forms modulo ℓ of Serre and Katz enables us to interpret this congruence
as an equality. The desired bound then follows from a careful study of the constant term of
these Eisenstein series at various cusps. Besides, in the case of dihedral projective image, the
congruent modular form is a specific twist of the original form f . In that case, the upper-bound
follows from those of Sturm and Deligne.

Ghate and Parent recently addressed the question of whether the residual Galois represen-
tations attached to rational simple non-CM modular abelian varieties have “uniform” large
images (see [GP, Question 1.2] for a precise statement). A positive answer to their question
would follow from the existence of an upper-bound for exceptional primes in the weight 2 case
of Ribet’s theorem depending only on the degree [K : Q] (and not on the level N). While we
are in contrary working with a fixed level, their work is still quite relevant for us.

The first section of the paper is devoted to classical facts about modular Galois representa-
tions and their local behaviors. The next three sections deal with cases (i), (ii) and (iii) above
respectively. Finally some numerical examples illustrating our results are presented in the last
section.

Acknowledgments. The first named author is indebted to Mladen Dimitrov, Filippo Nuccio,
Nick Ramsey and Panagiotis Tsaknias for helpful conversations. Gabor Wiese deserves special
thanks for his constant support and advice as well as for invaluable comments and sugges-
tions. Part of this work was done when N.B. was a postdoc at the Institut für Experimentelle
Mathematik in Essen. He is grateful to his members for a pleasant and stimulative working
environment.
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1 Preliminaries

For simplicity, we shall write ρ and ρ for ρf,λ and ρf,λ respectively. We further denote by ρss

the semi-simplification of ρ. In this section, we also assume ℓ ∤ N .

1.1 Local decomposition at Steinberg primes

Let p be a prime dividing N exactly once. We shall write p‖N . Under this assumption, the
ℓ-adic representation ρ has a unique one-dimensional subspace unramified at p and the action
of a Frobenius at p on it is given by multiplication by the Fourier coefficient ap.

We now give a description of ρp which is defined to be the restriction of ρ to a decomposition
group Gp at p. For any x ∈ O, let us denote by λ(x) the unramified character of Gp that maps
a Frobenius element to x (mod λ). Langlands has proved that ([LW12, Prop. 2.8])

ρp ≃
(
µχ

k/2−1
ℓ ⋆

0 µχ
k/2
ℓ

)
(1)

where µ = λ(ap/p
k/2−1) is quadratic since ap = ±pk/2−1 ([Miy06, Th. 4.6.17]). In particular,

if Frobp ∈ Gp is a Frobenius element at p, then the roots of the characteristic polynomial of
ρ(Frobp) are ap (mod λ) and pap (mod λ).

1.2 Classification of degeneration cases

Let N(ρss) be the Artin conductor of ρss. It was proved by Carayol that N(ρss) is a divisor of
N ([Car86]). Moreover Carayol ([Car89]) and Livné ([Liv89]) have (independently) classified

the so-called degeneration cases, that is when ep
def
= vp(N) − vp(N(ρss)) > 0 for some prime p.

They proved that when ep > 0, we are in one of the situations described in the table below.

vp(N) b+ 1 ≥ 2 1 2
vp(N(ρss)) b ≥ 1 0 0

ep 1 1 2

Table 1: Classification of the degeneration cases

It moreover follows from their classification that in the first and third cases, p satisfies
certain congruences modulo ℓ. Namely we have the following proposition.

Proposition 1.1 (Carayol-Livné). Assume ep > 0 and vp(N) ≥ 2. Then we have p ≡ ±1
(mod ℓ).

1.3 Local description at ℓ

Assume 2 ≤ k ≤ ℓ+1. Let Gℓ be a decomposition group at ℓ and Iℓ its inertia subgroup. Then
Deligne and Fontaine ([Edi92]) have respectively proved that

• if f is ordinary at λ (that is if aℓ 6≡ 0 (mod λ)), then ρ|Gℓ
is reducible and

ρ|Iℓ ≃
(
χk−1
ℓ ⋆
0 1

)
;
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• if f is not ordinary at λ, then ρ|Gℓ
is irreducible and

ρ|Iℓ ≃
(
ψk−1 0
0 ψ′k−1

)

where {ψ, ψ′} = {ψ, ψℓ} is the set of fundamental characters of level 2 (loc. cit., §2.4).

The following lemma is immediate.

Lemma 1.1. Assume ℓ > k.

1. The image of χk−1
ℓ is cyclic of order n = (ℓ− 1)/ gcd(ℓ− 1, k − 1) ≥ 2. In particular, we

have n = 2 if and only if ℓ = 2k − 1. Moreover, if ℓ > 4k − 3, then n > 5.

2. The image of ψ(ℓ−1)(k−1) is cyclic of order m = (ℓ+1)/ gcd(ℓ+1, k−1) ≥ 2. In particular,
we have m = 2 if and only if ℓ = 2k − 3. Moreover, if ℓ > 4k − 5, then m > 5.

2 Reducible representations

2.1 Preliminaries: Gauss sums and Bernoulli numbers

Let ψ : (Z/fZ)× → C× be a primitive Dirichlet character of modulus f ≥ 1. The Gauss sum
attached to ψ is defined by

W (ψ) =

f∑

n=1

ψ(n)e2iπn/f .

Lemma 2.1. We have |W (ψ)| = √
f . Moreover, as an algebraic integer, the norm of W (ψ) is

a power of f .

Proof. The first part of the lemma is [Miy06, Lem. 3.1.1]. Let σ be a Q-automorphism and
m ∈ Z such that σ(e2iπ/f ) = e2iπm/f . Then, by loc. cit., we have :

σ(W (ψ)) =

f∑

n=1

ψσ(n)e2iπnm/f = ψσ(m)W (ψσ)

and thus |σ(W (ψ))| = |W (ψσ)| = √
f . This completes the proof of the lemma.

The Bernoulli numbers attached to ψ are defined by :

f∑

n=1

ψ(n)
tent

eft − 1
=
∑

m≥0

Bm,ψ
tm

m!
.

In particular, if ψ is the trivial character, Bm,ψ is the classical Bernoulli number Bm, except
when m = 1 in which case B1,ψ = −B1 = 1/2. The following proposition is a well-known result
of van Staudt-Clausen.

Proposition 2.1 (van Staudt-Clausen). Let m ≥ 2 be an even integer. The denominator

of Bm is
∏

p−1|m

p where the product runs over the primes p such that p− 1 divides m.

The Bernoulli numbers are also related to certain special values of the L-function L(s, ψ)
attached to ψ. More precisely, we have the following proposition ([Was97, Ch. 4]).

Proposition 2.2. Assume ψ to be even. Let m ≥ 2 be an even integer. Then, we have

L(m,ψ) = −W (ψ)
Cm
fm

· Bm,ψ−1

2m
6= 0, where Cm =

(2iπ)m

(m− 1)!
.
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2.2 Statement of the results

Theorem 2.1. Assume ρf,λ to be reducible. If v2(N) = 2 or v2(N) ≥ 3 is odd, then either ℓ
divides N , or ℓ < k − 1, or ℓ = 3.

Put c = max{d ≥ 1; d2 | N}. The following result is a generalization of Ribet’s [Rib75,
Lem. 5.2] on the level 1 case to higher levels.

Theorem 2.2 (main result). Assume ρf,λ to be reducible. Then one of the following assertions
holds :

1. the prime ℓ divides N or ℓ < k − 1;

2. the level N is a not square and there exists an even Dirichlet character η : (Z/cZ)× → C×

such that for every prime p dividing N with odd valuation vp(N), we have

(a) either vp(N) ≥ 3 and p ≡ ±1 (mod ℓ);

(b) or vp(N) = 1 and ℓ divides the norm of either pk − η(p), or pk−2 − η(p).

3. the level N is a square (i.e. N = c2) and one of the following holds :

(a) either there exists a prime p such that vp(N) = 2 and p ≡ ±1 (mod ℓ);

(b) or there exists a primitive Dirichlet character ν : (Z/cZ)× → C× such that for
ℓ > k + 1 we have :

i. either ℓ divides the norm of pk − ǫ−1(p) for some prime p | c;
ii. or ℓ divides the numerator of the norm of Bk,ǫ/2k

where c0 divides c and ǫ : (Z/c0Z)
× → C× is the inverse of the primitive Dirichlet

character attached to ν2.

Note that these two results give an effective bound for ℓ in terms of N and k unless k = 2
and N = p1 · · ·ptc2 where p1, . . . , pt are t ≥ 1 distinct primes not dividing c, and c is odd or
divisible by 4. In the square-free level case (namely when c = 1), we however have the following
theorem whose first part is an immediate corollary of Thm. 2.2 and whose second part follows
from a generalization of a result of Mazur on the weight 2 and prime level case (cf. [Maz77]
and [MS76, Prop. 1]).

Theorem 2.3 (square-free level case). Assume ρf,λ reducible and N = p1 · · · pt where p1, . . . , pt
are t ≥ 1 distinct primes.

1. If k > 2, then one of the following assertions holds :

(a) either ℓ divides N or ℓ < k − 1;

(b) ℓ divides the following non-zero integer

gcd
(
lcm

(
pki − 1, pk−2

i − 1
)
, 1 ≤ i ≤ t

)
.

2. If k = 2 and ℓ ∤ 6N , then the following assertions hold :

(a) for any 1 ≤ i ≤ t with api = −1, we have pi ≡ −1 (mod ℓ);

(b) we have (ap1, . . . , apt) 6= (−1, . . . ,−1);

(c) if (ap1, . . . , apt) = (+1, . . . ,+1), then ℓ divides the non-zero integer
∏t

i=1 (pi − 1).
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We point out that Ribet already proved (but did not publish) the second part of this theorem
as well as “converse results” (see the notes [Rib10] on his homepage).

The last theorem of this section deals with the cases not covered by the previous results.

Theorem 2.4. Assume ρf,λ reducible. If k = 2 and N is of the form N = p1 · · · ptc2, where
c 6= 1, p1, . . . , pt are t ≥ 1 distinct primes not dividing c, and c is odd or divisible by 4, then :

1. either ℓ | N ;

2. or ℓ < k − 1;

3. or there exists a prime p such that vp(N) = 2 and p ≡ ±1 (mod ℓ);

4. or there exists a primitive Dirichlet character ν : (Z/cZ)× → C× such that for ℓ > 3 we
have :

(a) either ℓ divides the norm of p2i − ν2(pi) for some 1 ≤ i ≤ t;

(b) or ℓ divides the norm of p2 − ǫ−1(p) for some prime p | c;
(c) or ℓ divides pi − 1 for some 1 ≤ i ≤ t;

(d) or ℓ divides the numerator of the norm of B2,ǫ/4

where c0 | c and ǫ : (Z/c0Z)
× → C× is the inverse of the primitive Dirichlet character

attached to ν2.

2.3 The Eisenstein series E

Assume ℓ ∤ N . For simplicity, let us denote ρ for ρf,λ and assume ρ to be reducible. The
semi-simplification ρss of ρ is the direct sum of two characters ǫ1 and ǫ2. Each of them may be
decomposed as a product νiχ

αi

ℓ with νi is unramified at ℓ and 0 ≤ αi < ℓ− 1 (i = 1, 2). Using
that ρss has determinant χk−1

ℓ , we get α1 + α2 ≡ k − 1 (mod ℓ− 1) and ν2 = ν−1
1 .

Let us further assume that ℓ + 1 ≥ k. Using the results of §1.3, one sees that {α1, α2} =
{0, k − 1} and thus

ρss ≃ ν ⊕ ν−1χk−1
ℓ , (2)

with ν ∈ {ν1, ν2}. Moreover, according to Carayol’s theorem of §1.2, the conductor c of ν
satisfies :

N(ρss) = c
2 | N. (3)

In particular, N(ρss) is a square dividing N .
Let ν be the Teichmüller lift of ν. We may identify it with a primitive Dirichlet character

modulo c. From now on, assume that :

1. either k > 2;

2. or, k = 2 and c 6= 1.

Under this assumption, we may consider the Eisenstein series in Mk (Γ0 (c
2)) whose Fourier

expansion is given by :

E(τ) = −ϑ(c)Bk

2k
+
∑

n≥1

σνk−1(n)q
n,

7



where

ϑ(c) =

{
1 if c = 1
0 otherwise

, σνk−1(n) =
∑

0<m|n

ν(n/m)ν−1(m)mk−1

and Bk is the k-th Bernoulli number. Note also that our notation E differs from the nota-
tion Eν,ν−1

k of [DS05, Ch. 4] by a factor 2 : Eν,ν−1

k = 2E .
The following proposition gives the constant term of the Fourier expansion of E at the

various cusps of Γ0(c
2).

Proposition 2.3. The Eisenstein series E is defined over OL where L is the field generated
by the values of ν, unless c = 1 (and k > 2) in which case E is the classical Eisenstein series
Ek(τ) = −Bk/2k +

∑
n≥1 σk−1(n)q

n of weight k and level 1. Let s = u/v with gcd(u, v) = 1,
v | c2 and u (mod gcd(v, c2/v)) be a cusp of Γ0(c

2) and let γ ∈ SL(2,Z) such that γ∞ = s.
Then the constant term Υ of E|kγ is independent of the choice of such a γ and satisfies :

Υ 6= 0 ⇔ v = c.

In that case, we have :

Υ = −ν (−u)
(

c

c0

)k
W ((ν2)0)

W (ν)

Bk,(ν2)−1

0

2k

∏

p|c

(
1− (ν2)0(p)p

−k
)
,

where (ν2)0 is the primitive character associated to ν2 of modulus c0 | c. Moreover, if c > 1,
then E|kγ ∈ OL

[
1
c2

]
(µc2)[[q

1/c2 ]] where µc2 is the group of c2-th roots of unity.

Proof. The proposition is immediate when c = 1. Assume therefore c > 1. Then by construction
the Fourier expansion of E has coefficients in OL and therefore E is defined over OL [1/c

2] (µc2)
([Kat73, §1.6]).

Let s = u/v as in the proposition be a cusp of Γ0(c
2) (for the description of a set of

representatives of the cusps of Γ0(c
2), see [Iwa97, Prop. 2.6]) and γ ∈ SL(2,Z) such that

γ∞ = s. The last assertion follows from the q-expansion principle and the fact that the Fourier
of E at ∞ has coefficients in OL ([Kat73, Cor. 1.6.2.]).

Since k is even, the constant term of E at s is well-defined (i.e. does not depend of the
choice of such a γ). Put

γ =

(
u β
v δ

)
∈ SL(2,Z) and G =

CkW (ν)

ck
E, where Ck =

(2iπ)k

(k − 1)!
. (4)

The constant part of G|kγ is then given by the following sum (see [DS05, Ch. 4] and [Sch74,
§ VII.3] for a justification in the weight 2 case; the factor 1/2 comes from our normalization
for E) :

Υ0 =
1

2

c−1∑

i,j,l=0

ν(ij)ϑ
(
icu+ v(j + lc)

)
ζ ciβ+(j+lc)δ(k),

where the bar means reduction modulo c2,

ϑ(n) =

{
1 if n ≡ 0 (mod c2)
0 otherwise

, ζn(k) =
∑′

m≡n (mod c2)

1

mk
,

and the primed summation notation means to sum over non-zero integers.
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Assume Υ0 to be non-zero. Then, there exist i, j, l ∈ {0, . . . , c− 1} such that

ν(ij)ϑ
(
icu+ v(j + lc)

)
6= 0.

In other words, gcd(ij, c) = 1 and icu+ v(j+ lc) ≡ 0 (mod c2). It follows that vj ≡ 0 (mod c).
But j is co-prime to c by assumption. So, v ≡ 0 (mod c) and u is invertible modulo c. The
congruence i ≡ −(j/u)(v/c) (mod c) follows easily and therefore, we have :

ν(ij) = ν

(
−vj

2

uc

)
= ν

(
−j

2

u

)
ν
(v
c

)
6= 0.

So, gcd (v/c, c) = 1 and since c | v and v | c2, we get v = c.
Conversely, assume v = c > 1. Then, gcd(u, c) = 1 and on one hand, we have :

icu+ v(j + lc) ≡ 0 (mod c
2) ⇐⇒ i ≡ −j/u (mod c)

and on the other hand :

ciβ + (j + lc)δ =
1

u
(uciβ + (j + lc)uδ)

≡ 1

u
(−vjβ + (j + lc)(1 + βv) (mod c

2)

≡ 1

u
(j + lc) (mod c

2).

Combining these two facts, we find that :

2Υ0 =
c−1∑

l=0

c−1∑

j=0
gcd(j,c)=1

ν(−j2/u)ζ j+lc
u (k)

= ν(−u)
c−1∑

l=0

c−1∑

j=0
gcd(j,c)=1

ν
(
j2/u2

) ∑′

m≡(j+lc)/u (mod c2)

1

mk
(5)

= ν(−u)
c−1∑

j=0
gcd(j,c)=1

∑′

m≡j/u (mod c)

ν2(m)

mk

= 2ν(−u)
∑

m≥1

ν2(m)

mk
= 2ν(−u)L(k, ν2),

where ν2 is viewed as a character modulo c. Let (ν2)0 be the primitive Dirichlet character
attached to ν2. It is an even character modulo c0 | c and we have :

L(k, ν2) = L
(
k, (ν2)0

)∏

p|c

(
1− (ν2)0(p)p

−k
)
. (6)

Applying Prop. 2.2 to ψ = (ν2)0 and m = k, we get :

L(k, (ν2)0) = −W
(
(ν2)0

) Ck
ck0

Bk,(ν2)−1

0

2k
6= 0. (7)
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According to Eq. (5)-(7) together with (4), when v = c, the constant term of the Fourier
expansion of E at s is thus the non-zero algebraic number :

Υ =
ck

CkW (ν)
Υ0 = −ν(−u)

(
c

c0

)k
W ((ν2)0)

W (ν)

Bk,(ν2)−1

0

2k

∏

p|c

(
1− (ν2)0(p)p

−k
)
,

as claimed.

2.4 Proof of Theorems 2.1 and 2.2

Assume ρ reducible with ℓ ∤ N and ℓ+ 1 ≥ k. We keep the notation of §2.3. In particular, we
have (cf. (2) and (3))

ρss ≃ ν ⊕ ν−1χk−1
ℓ , (8)

where ν is a character of conductor c such that c2 | N . So, in particular, we have c | c.
Assume that v2(N) = 2. Then, v2(c) = 1 and c is odd since there is no primitive Dirichlet

character modulo twice an odd integer. Therefore, we are in a degeneracy case at p = 2 as
described in §1.2. By Prop. 1.1, we have 2 ≡ ±1 (mod ℓ), namely ℓ = 3.

If N is not a square, let us consider a prime p dividing N with odd valuation vp(N). Once
again, we necessarily are in one of the degeneration cases. If vp(N) ≥ 3, then by Prop. 1.1, we
get p ≡ ±1 (mod ℓ). This completes the proof of Thm. 2.1.

Assume now that for some prime p, we have vp(N) = 1 and let us denote by η the Teichmüller
lift of ν2. Since c is a divisor of c, we may identify η with an even Dirichlet character modulo c.
Comparing the restriction to a decomposition group at p of ρss given by (2) with the local
representation given by (1) we get the following equality between sets of characters of Gp :

{
ν, ν−1χk−1

ℓ

}
=
{
µχ

k/2
ℓ , µχ

k/2−1
ℓ

}
,

where µ = λ(ap/p
k/2−1) is the quadratic character defined in §1.1. We thus are in one of the

following situations :

1. Either ν = µχ
k/2
ℓ and then ν2 = χkℓ . Applying this equality to a Frobenius element at p,

we get that ν2(Frobp) = pk (mod ℓ) and therefore ℓ divides the norm of pk − η(p).

2. Or ν = µχ
k/2−1
ℓ and then ν2 = χk−2

ℓ . Again we have ν2(Frobp) = pk−2 (mod ℓ) and we
conclude as before that ℓ divides the norm of pk−2 − η(p).

It remains to prove Thm. 2.2 when N is a square, namely when N = c2. Assume first
that c 6= c. Then we are in a degeneracy case as described in §1.2 for some prime number p.
Moreover, N(ρss) = c2 is a square and therefore we have vp(N) = 2 and vp(N(ρss)) = 0. By
Prop. 1.1, it follows that p ≡ ±1 (mod ℓ).

In other words, if for every prime p dividing N with valuation 2, we have p 6≡ ±1 (mod ℓ),
then c = c, N = c2 and there is no degeneration at all. Assume now that we are in this
situation. Since the space of weight 2 and level 1 modular forms is trivial, it follows that either
k > 2, or k = 2 and c 6= 1. Therefore we may consider the Eisenstein series E of §2.3. Let M
denote the compositum of K and L (the field generated by the values of ν).

Lemma 2.2. The Eisenstein series E is a normalized eigenform for all the Hecke operators at
level Γ0(N). Moreover, there exists a prime ideal L above ℓ in the integer ring of M such that :

ar ≡ ar(E) (mod L), for all primes r 6= ℓ.
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Proof. The fact that E is a normalized eigenform for all the Hecke operators at level Γ0(N)
follows for instance from [DS05, Prop. 5.2.3]. Moreover by isomorphism (8) there exists a prime
ideal L above ℓ in the integer ring of M such that :

ar ≡ ar(E) (mod L), for all primes r ∤ ℓN.

If now r is a prime dividing N , then r2 | N and ar = 0 ([Miy06, Th. 4.6.17]). Besides,
ν(r) + ν−1(r)rk−1 = 0. Hence ar = 0 = ar(E). This proves the lemma.

Let now Θ be the Katz’ operator on modular forms over Fℓ whose action on q-expansions
is given by q d

dq
(denoted Aθ in [Kat77]). Assume ℓ > k + 1. Then the constant term of E

at ∞ is non-zero only if c = 1 and k > 2. In that case it is −Bk/2k which is ℓ-integral by
Prop. 2.1. We denote by f and E the modular forms over Fℓ obtained by reduction modulo L
of f and E respectively. Lemma 2.2 implies that Θ(f) = Θ(E). Moreover Katz has proved
that if ℓ > k+1, then Θ is injective ([Kat77, Cor. (3)]). Under this assumption, it thus follows
that the Eisenstein series E becomes cuspidal after reduction.

If c = 1 we immediately get that ℓ divides the numerator of Bk/2k as stated in the theorem.
Assume therefore that c > 1. Then ℓ divides the numerator of the norm of the constant term
of E at each cusp of Γ0(c

2), namely by Prop. 2.3 :

Υ = ±
(

c

c0

)k
W (ǫ−1)

W (ν)

Bk,ǫ

2k

∏

p|c

(
1− ǫ−1(p)p−k

)
,

where ǫ : (Z/c0Z)
× → C× is the inverse of the primitive Dirichlet character attached to ν2.

By Lemma 2.1, the prime divisors of the norm of W (ǫ−1) /W (ν) divide N and therefore are
co-prime to ℓ. The same obviously holds for c/c0. Therefore we eventually get that ℓ divides
the norm of either pk − ǫ−1(p) for some p dividing c (and thus c) or the norm of the numerator
of Bk,ǫ/2k. This completes the proof of Thm. 2.2.

2.5 Proof of Theorem 2.3

As already mentioned, the first part of Thm. 2.3 is a direct corollary of Thm. 2.2. So, let us
assume k = 2 and ℓ ∤ 6N . By the reasoning at the beginning of §2.3, we may write :

ρss ≃ 1⊕ χℓ, (9)

where 1 is the trivial character of Gal(Q/Q). In particular, we have c2 = N(ρss) = 1, hence
c = 1. Let now p ∈ {p1, . . . , pt} be a prime dividing N . By §1.1, the local representation ρp
at p semi-simplifies to :

λ(ap)⊕ λ(ap)χℓ. (10)

Comparing (9) and (10) we get the following equality between sets of characters of Gp :

{1, χℓ} = {λ(ap)χℓ, λ(ap)} .

If moreover ap = −1, then the character λ(ap) is non-trivial and therefore, we must have
λ(ap) = χℓ as characters of Gp. In other words, p ≡ −1 (mod ℓ). This proves assertion (2a) of
Thm. 2.3.

Before proving the next two assertions, note that we precisely are in the excluded situation
of §2.3, namely k = 2 and c = 1. For that reason, we cannot use the Eisenstein series E as in
the proof of Thm. 2.2 (cf. §2.4).
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To circumvent the lack of weight 2 level 1 Eisenstein series, it will be more convenient to
directly work with modular forms over Fℓ. Let E2 be the reduction modulo ℓ (recall that ℓ ≥ 5)
of the classical series E2 in characteristic 0 defined by :

E2(τ) = − 1

24
+
∑

n≥1

σ1(n)q
n.

Viewed as a modular form over Fℓ of level N (which is co-prime to ℓ by assumption), E2 has
filtration ℓ+ 1 ([Ser73]). Put :

E ′ =




∏

p|N

(apUp − pId)



E2.

The following proposition summarizes the main properties of E ′.

Proposition 2.4. As a modular form over Fℓ, E
′ is a well-defined normalized eigenform for

all the Hecke operators at level Γ0(N) such that :

{
TrE

′ = (1 + r)E ′ for all prime r ∤ N
UpE ′ = apE

′ for any prime p | N.

Moreover E ′ has filtration 2 unless (ap1(f), . . . , apt(f)) = (−1, . . . ,−1) when it has filtration ℓ+
1. The constant term of its Fourier expansion at infinity is given by :

a0(E
′) =

{
(−1)t+1 (p1−1)···(pt−1)

24
if (ap1(f), . . . , apt(f)) = (+1, . . . ,+1)

0 otherwise.

Proof. By the commutativity of the Hecke algebra, E ′ is a well-defined modular form over Fℓ of
level N . Let r be a prime not dividing N . Since TrE2 = (1+r)E2, we get that TrE

′ = (1+r)E ′,
as claimed.

Let u 6= 1 be an integer dividing N . We denote by E2,u the reduction modulo ℓ of the
classical characteristic-0 Eisenstein series E2,u ∈ M2 (Γ0 (u)) defined by :

E2,u(τ) = E2(τ)− uE2(uτ) =
u− 1

24
+
∑

n≥1

( ∑

0<m|n
u∤m

m
)
qn. (11)

If p is a prime divisor of N , recall that we have :

UpE2 = E2,p + pE2;

UpE2,u =






E2,p + (1 + p)E2,u − E2,pu if p ∤ u
E2,p + pE2,u/p if p | u and p 6= u
E2,p if p = u.

So, let p be a prime divisor of N . We have :

(apUp − pId)UpE2 = ((apUp − pId))(E2,p + pE2)

= p2(ap − 1)E2 + (ap − p+ pap)E2,p.
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If ap = +1, then we get (apUp − pId)UpE2 = E2,p = (apUp − pId)E2 which is the desired result.
On the other hand, if ap = −1, then, by the assertion (2a) proved above, we have p ≡ −1
(mod ℓ) and the previous equality between forms over Fℓ thus gives :

(apUp − pId)UpE2 = −2E2 + E2,p = −(apUp − pId)E2.

To finish the proof, it now remains to compute the filtration of E ′ and the first two terms of its
Fourier expansion at infinity. Let s = ♯{1 ≤ i ≤ t | api(f) = +1}. If 0 < s < t, we may assume
without loss of generality that :

N = p1 · · · ps · ps+1 · · · pt with

{
Upif = f for all 1 ≤ i ≤ s
Upif = −f for all s+ 1 ≤ i ≤ t.

By induction on t, we prove that :

E ′ = δ(s=0)2
tE2 +

∑

(k,l)∈{0,...,s}×{0,...,t−s}
(k,l)6=(0,0)

(−1)k+1
∑

1≤i1<···<ik≤s
s+1≤j1<···<jl≤t

E2,pi1 ···pik ·pj1 ···pjl

where

δ(s=0) =

{
1 if s = 0
0 otherwise

and the condition 1 ≤ i1 < · · · < ik ≤ s or s + 1 ≤ j1 < · · · < jl ≤ t is empty if s = 0 or
s = t respectively. From this equality it follows the assertion on the filtration. Moreover an
easy computation using Newton’s binomial theorem and (11) proves the assertions on the first
two Fourier coefficients.

Let us now finish the proof of Thm. 2.3. According to (9) and the previous proposition, we
have :

an(f) = an(E
′) for all prime-to-ℓ integers n,

where f denotes the modular form over Fℓ obtained by reduction of f modulo λ. Since ℓ ≥ 5 >
k+1 = 3, Katz’ theory ([Kat77, Cor. (3)]) actually shows that f = E ′. Thus E ′ has filtration 2
and we cannot have (ap1(f), . . . , apt(f)) = (−1, . . . ,−1). Moreover, the constant term of E ′ at
infinity must vanish and when (ap1(f), . . . , apt(f)) = (+1, . . . ,+1), this gives the congruence
stated in the theorem.

2.6 Proof of Theorem 2.4

Assume ρ reducible with ℓ ∤ N and ℓ+ 1 ≥ k. As in § 2.4, we have

ρss ≃ ν ⊕ ν−1χℓ (12)

where ν is a character of conductor c such that N(ρss) = c2 | N . So, in particular, we have c | c.
If c 6= c, then we necessarily are in a degeneracy case as described in §1.2, with ep = 2 at

some prime divisor p of c. Therefore, vp(N) = 2 and by Prop. 1.1, we have p ≡ ±1 (mod ℓ).
We can thus assume, from now on, that c = c. Let us denote by ν the Teichmüller lift of ν,

viewed as a primitive Dirichlet character modulo c.
Let 1 ≤ i ≤ t. Comparing the restriction to a decomposition group at pi of ρ

ss with the local
representation given by (1) we get the following equality between sets of characters of Gpi :

{
ν, ν−1χℓ

}
= {λ(api)χℓ, λ(api)} ,
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where λ(api) is the quadratic character defined in §1.1.
Assume that for some 1 ≤ i ≤ t, we have ν = λ(api)χℓ (again, as characters of Gpi). Since

api = ±1, it then follows that ℓ divides the norm of ν(pi)
2 − p2i .

From now on, we will therefore assume that ν = λ(api) for every 1 ≤ i ≤ t. It then follows
that ν(pi) = api (mod ℓ). Since c > 1, we may consider the Eisenstein series

E(τ) =
∑

n≥1

σν1 (n)q
n ∈ M2

(
Γ0

(
c
2
))

introduced in §2.3. This is an eigenform for all the Hecke operators at level Γ0(c
2).

2.6.1 The Eisenstein series E ′

Put

E ′(τ) =

[
t∏

i=1

(Upi − piν
−1(pi)Id)

]
E(p1 · · · ptτ) ∈ M2 (Γ0 (N)) ,

where Upi denotes the pi-th Hecke operator acting on M2 (Γ0 (N)). In expanded form, we have :

E ′(τ) = E +
t∑

j=1

(−1)j
∑

1≤i1<···<ij≤t

pi1 · · · pijν−1(pi1 · · · pij )E(pi1 · · · pijτ). (13)

As before let us denote by L the field generated by the values of ν and by M the compositum
of L and K. The following lemma is crucial.

Lemma 2.3. The Eisenstein series E ′ is a normalized eigenform for all the Hecke operators
at level Γ0(N). Moreover, there exists a prime ideal L above ℓ in the integer ring of M such
that :

ar ≡ ar(E
′) (mod L), for all primes r 6= ℓ.

Proof. The Eisenstein series E ′ is clearly normalized and since ℓ is co-prime to N , this is an
eigenfunction for the Tℓ-operator acting on M2 (Γ0 (N)). By isomorphism (12) and assumption
ν(pi) = api (mod ℓ), 1 ≤ i ≤ t, there exists a prime ideal L above ℓ in the integer ring of M
such that :

ν(r) + ν−1(r)r ≡ ar (mod L), for every prime r ∤ ℓN

and ν(pi) ≡ api (mod L) for any 1 ≤ i ≤ t. Let r be a prime. If r does not divide ℓN , then E ′ is
a Tr-eigenfunction with eigenvalue ar(E

′) = ν(r) + ν−1(r)r which is congruent to ar modulo L.
If else r divides c (and thus N), then E ′ is a Ur-eigenfunction with corresponding eigenvalue
0 = ar. Finally, if r = pj ∈ {p1, . . . , pt}, then we have

(
UpjE ′

)
(τ) =




t∏

i=1
i 6=j

(Upi − piν
−1(pi)Id)


 ·

(
U2
pj
− pjν

−1(pj)Upj
)
E(p1 · · · ptτ).

Besides, according to [Shi94, Rk. 3.59], we have :

(
U2
pj
− pjν

−1(pj)Upj
)
E(p1 · · · ptτ)

= (ν(pj) + ν−1(pj)pj)E( ̂p1 · · · ptτ)− pjE(p1 · · · ptτ)− pjν
−1(pj)E(p̂1 · · · ptτ)

= ν(pj)
(
Upj − pjν

−1(pj)Id
)
E(p1 · · · ptτ),
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where ̂p1 · · ·pt =
t∏

i=1
i 6=j

pi. This equality proves that E ′ is a Upj -eigenfunction with corresponding

eigenvalue ν(pj) and the congruence ν(pj) ≡ apj (mod L) eventually completes the proof of the
lemma.

2.6.2 Constant term at 1/c and end of the proof of Theorem 2.4

Since E ′ vanishes at ∞, we compute its constant term at another specific cusp, where it is
non-vanishing, namely 1/c. Put

γ =

(
1 0
c 1

)
∈ SL(2,Z).

We postpone the proof of the following proposition to §2.6.3.

Proposition 2.5. The constant term of the Fourier expansion of E ′|2γ is the non-zero algebraic
number in OL[1/c

2](µc2) :

Υ′ = −ν(−1)

(
c

c0

)2
W ((ν2)0)

W (ν)

B2,(ν2)−1

0

4

(
t∏

i=1

(
1− p−1

i

)
)

·




∏

p|c

(
1− (ν2)0(p)p

−2
)


 ,

where the second product runs over the primes and (ν2)0 is the primitive Dirichlet character
associated to ν2 of modulus c0 | c.

Using this proposition, we now complete the proof of Thm. 2.4. Let Θ be the Katz’ operator
on modular forms over Fℓ whose action on q-expansions is given by q d

dq
(denoted Aθ in [Kat77]).

Assume ℓ > k +1 = 3. Lemma 2.3 implies that Θ(f) = Θ(E) where f and E ′ are the modular
forms over Fℓ obtained by reduction modulo L of f and E ′ respectively. Moreover Katz has
proved that if ℓ > 3, then Θ is injective ([Kat77, Cor. (3)]). Under this assumption, it thus
follows that the Eisenstein series E ′ becomes cuspidal after reduction.

Put ǫ = (ν2)−1
0 . By Prop. 2.5 and using the assumption c = c, we therefore have that ℓ

divides the numerator of the norm of :

Υ′ = ±
(
c

c0

)2
W (ǫ−1)

W (ν)

B2,ǫ

4

(
t∏

i=1

(
1− p−1

i

)
)

·



∏

p|c

(
1− ǫ−1(p)p−2

)

 .

By Lemma 2.1, the prime divisors of the norm of W (ǫ−1) /W (ν) divide N and therefore are
co-prime to ℓ. The same obviously holds for c/c0. It thus follows that either pi ≡ 1 (mod ℓ)
for some 1 ≤ i ≤ t or ℓ divides the norm of either p2− ǫ−1(p) for some p dividing c or the norm
of the numerator of B2,ǫ/4. This completes the proof of Thm. 2.4.

2.6.3 Proof of Proposition 2.5

Let us first introduce notation as in the proof of Prop. 2.3. Put :

G =
C2W (ν)

c2
E, where C2 = −4π2

and similarly

G′ =
C2W (ν)

c2
E ′.
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For simplicity, we shall denote by i the elements of

N = {(i1, . . . , ij) such that j ∈ {1, . . . , t} and 1 ≤ i1 < · · · < ij ≤ t}.

If i = (i1, . . . , ij) ∈ N , we put :

pi = pi1 · · · pij and ai = api1 · · · apij .

Let v = (cv, dv) ∈ (Z/c2Z)2 of order c2. Following [DS05, §4.6], define

Gv
2(τ) =

1

(cvτ + dv)2
+

1

c4

∑′

d∈Z

1
(
cvτ+dv

c2
− d
)2 +

1

c4

∑

c 6=0

∑

d∈Z

1
(
cvτ+dv

c2
− cτ − d

)2 (14)

where the primed summation notation means to sum over non-zero integers. For any i ∈ N
and any v ∈ (Z/c2Z)2 of order c2, put

G
v,pi
2 (τ) = Gv

2(piτ) and Gpi(τ) = G(piτ).

According to [DS05, §4.2] and the definition of E (cf. §2.3), we have

G =
1

2

c−1∑

i,j,l=0

ν(ij)G
(ic,j+lc)
2

and therefore

Gpi =
1

2

c−1∑

i,j,l=0

ν(ij)G
(ic,j+lc),pi
2 . (15)

Lemma 2.4. Let v = (cv, dv) ∈ (Z/c2Z)2 of order c2. The constant term of G
v,pi
2 |2γ is

Υv,i = ϑ(cvpi + dvc)

(
1

pi

)2

ζdv/pi(2)

where the bar means reduction modulo c2,

ϑ(n) =

{
1 if n ≡ 0 (mod c2)
0 otherwise

, ζn(2) =
∑′

m≡n (mod c2)

1

m2
,

and the primed summation notation means to sum over non-zero integers.

Proof. We first compute G
v,pi
2 |2γ using (14). We find :

(
G
v,pi
2 |2γ

)
(τ) =

1

(cvpiτ + dv(cτ + 1))2
+
∑′

d∈Z

1

(cvpiτ + dv(cτ + 1)− c2d(cτ + 1))2

+
∑

c 6=0

∑

d∈Z

1

(cvpiτ + dv(cτ + 1)− c2(cpiτ + d(cτ + 1)))2
.

In other words, we have
(
G
v,pi
2 |2γ

)
(τ) = A +B, where

A =
1

((cvpi + dvc)τ + dv)2
+
∑′

d∈Z

1

((cvpi + dvc− c2dc)τ + dv − c2d)2
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and

B =
∑

c 6=0

∑

d∈Z

1

((cvpi + dvc− c2(cpi + dc))τ + dv − c2d)2
.

Since gcd(pi, c) = 1, we may assume without loss of generality that 0 ≤ cvpi + dvc < c2.
Therefore the constant term of A is given by :

ϑ(cvpi + dvc)
1

d2v

and the one of B by :

ϑ(cvpi + dvc)
∑

c 6=0

∑

d∈Z
cpi+dc=0

1

(dv − c2d)2
.

Therefore, the constant term of G
v,pi
2 |2γ is :

Υv,i = ϑ(cvpi + dvc)
∑

c∈Z

∑

d∈Z
cpi+dc=0

1

(dv − c2d)2
.

Note that if ϑ(cvpi + dvc) = 1, then dv 6≡ 0 (mod c2) since v is of order c2. A change of variable
yields :

Υv,i = ϑ(cvpi + dvc)
∑

c∈Z

∑

d∈Z
cpi+dc=0

(c,d)≡v (c2)

1

d2

and thus

Υv,i = ϑ(cvpi + dvc)
∑

d6=0
d≡dv (c2)

pi|d

1

d2
= ϑ(cvpi + dvc)

∑

m6=0
m≡dv/pi (c2)

1

(pim)2
.

Finally we get Υv,i = ϑ(cvpi + dvc)/p
2
i · ζdv/pi(2) as asserted.

Using this lemma and formula (15), we are now able to compute the constant term of Gpi|2γ.

Lemma 2.5. The constant term of Gpi|2γ is

Υi = ν(pi)
1

p2i
·Υ0, with Υ0 = −ν(−1)W

(
(ν2)0

) C2

c20

B2,(ν2)−1

0

4

∏

p|c

(
1− (ν2)0(p)p

−2
)
,

where (ν2)0 is the primitive Dirichlet character associated to ν2 of modulus c0 | c.

Proof. The proof of this lemma is quite similar to the proof of Prop. 2.3. According to (15),
we have :

Υi =
1

2

c−1∑

i,j,l=0

ν(ij)Υ(ic,j+lc),i

and thus by Lemma 2.4 :

Υi =
1

2
· 1

p2i

c−1∑

i,j,l=0

ν(ij)ϑ(icpi + c(j + lc))ζdv/pi(2).
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This yields to :

Υi =
1

2
· 1

p2i

c−1∑

l=0

c−1∑

j=0
gcd(j,c)=1

ν

(
−j

2

pi

)
ζdv/pi(2)

=
1

2
· 1

p2i
ν(pi)ν(−1)

c−1∑

l=0

c−1∑

j=0
gcd(j,c)=1

ν
(
(j2/pi)

2
) ∑′

m≡(j+lc)/pi (c2)

1

m2

=
1

p2i
ν(pi)ν(−1)L(2, ν2).

Let (ν2)0 be the primitive character associated to ν2 of modulus c0 | c. We have :

L(2, ν2) = L
(
2, (ν2)0

)∏

p|c

(
1− (ν2)0(p)p

−2
)
.

Applying Prop. 2.2 to ψ = (ν2)0 and m = k, we get :

L(2, (ν2)0) = −W
(
(ν2)0

) C2

c20

B2,(ν2)−1

0

4
6= 0

and thus

Υi = − 1

p2i
ν(pi)ν(−1)W

(
(ν2)0

) C2

c20

B2,(ν2)−1

0

4

∏

p|c

(
1− (ν2)0(p)p

−2
)
,

as claimed.

Let us now complete the proof of Prop. 2.5. With the notation introduced at the beginning
of this paragraph and Eq. (13), we have :

G′|2γ = G|2γ +
∑

i∈N

(−1)♯ipiν
−1(pi)G

pi|2γ.

Therefore, according to Prop. 2.3 and Lem. 2.5, the constant term of G′|2γ is :

Υ0 +
∑

i∈N

(−1)♯ipiν
−1(pi)Υi = Υ0



1 +
∑

i∈N

(−1)♯ipiν
−1(pi)ν(pi)

1

p2i



 = Υ0

t∏

i=1

(
1− p−1

i

)

where (ν2)0 is the primitive character associated to ν2 of modulus c0 | c. Prop. 2.5 now follows
from the normalization E ′ = (c2/(C2W (ν)))G′.

3 Dihedral representations

3.1 Preliminaries: twisting and CM forms

Let M be an integer, F (τ) =
∑

n≥1 an(F )q
n ∈ Sk (Γ0 (M)) and ψ be a Dirichlet character of

modulus f ≥ 1. Define :

(F ⊗ ψ)(τ) =
∑

n≥1

an(F )ψ(n)q
n.

The following result is a special case of [Shi94, Prop. 3.64].
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Lemma 3.1. With the notations above, assume ψ to be a quadratic primitive Dirichlet char-
acter. Then F ⊗ ψ belongs to Sk (Γ0 (lcm(M, f 2))). Moreover, if F is a normalized Hecke
eigenform for the Hecke operators {Tp}p∤M , then F ⊗ ψ is a normalized Hecke eigenform for
the Hecke operators {Tp}p∤fM with corresponding eigenvalues {ap(F )ψ(p)}p∤fM .

We take the following definition for CM forms ([Rib77]).

Definition 3.1 (CM forms). Assume that ψ is not the trivial character. The form F has
complex multiplication (or, F is a CM form) by ψ if ap(F ) = ap(F )ψ(p) for all p in a set of
primes of density 1.

3.2 Statement of the result

Recall that

P(ρf,λ) : GQ

ρf,λ−→ GL(2,Fλ) −→ PGL(2,Fλ),

where GQ = Gal(Q/Q) and put P(Gλ) = P(ρf,λ)(GQ).
The following result is a generalization to arbitrary weights and fields of coefficients of a

theorem on the surjectivity of Galois representations attached to elliptic curves over Q inde-
pendently proved by Kraus ([Kra95]) and Cojocaru ([Coj05]). In particular, it implies that in
the case of dihedral projective image, ℓ is explicitly bounded in terms of k and N .

Theorem 3.1. Assume that Assume P(Gλ) dihedral. If f does not have complex multiplication,
then we have

ℓ ≤
(
2
(
4.8kN2(1 + log logN)

) k−1

2

)[K:Q]

.

Besides, if N is square-free, then either ℓ | N , or ℓ ≤ k, or ℓ = 2k − 1.

Remarks.

1. The integer [K : Q] is bounded from above by the dimension g♯0(k,N) of the new subspace
of Sk (Γ0 (N)). A closed formula in terms of k and N for g♯0(k,N) as well as asymptotic
estimates can be found in [Mar05].

2. When N = 1, the result goes back to Ribet (see the proof of (ii) p. 264 and the remark
after Cor. 4.5 of [Rib75]). Moreover, our argument for the case of arbitrary square-free
level is a combination of tricks from [Rib85] and [Rib97].

3. A newform of square-free level and trivial Nebentypus is automatically non-CM (see
e.g. [Tsa12, §4]).

3.3 Proof of Theorem 3.1

Assume ℓ ∤ N and P(Gλ) dihedral. Then P(Gλ) is an extension of {±1} by a cyclic group C
and every element of Gλ which does not map to C has trace 0. Hence, we may consider the
following quadratic character :

ǫλ : GQ

P(ρf,λ)−→ P(Gλ) → {±1}.
Let Lλ be the number field cut out by P(ρf,λ) andKλ/Q its quadratic sub-extension fixed by the

kernel of ǫλ. The extension Lλ/Q has Galois group isomorphic toP(Gλ) while C ≃ Gal(Lλ/Kλ).
Clearly, ǫλ is unramified outside ℓN . The following proposition describes more precisely the
ramification set of ǫλ.
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Proposition 3.1. Assume ℓ ∤ N .

1. Let p 6= ℓ be a ramified prime for ǫλ. Then p2 | N .

2. Assume ℓ > k and

(a) either f is ordinary at λ and ℓ 6= 2k − 1;

(b) or f is not ordinary at λ and ℓ 6= 2k − 3.

Then, ǫλ is unramified at ℓ.

Proof. Let p be a prime dividing N exactly once. By §1.1, we know that the inertia subgroup Ip
at p acts unipotently in ρ. Since Gλ has prime-to-ℓ order, it follows that Ip acts trivially. So ρ
and, hence, ǫλ are unramified at p. This proves the first part of the proposition.

Assume now ℓ > k. Let Iℓ be the inertia group of a decomposition subgroup at ℓ and recall
that ℓ ∤ N . We prove that ǫλ is unramified at ℓ under conditions (a) and (b) in turn.

(a) Assume that f is ordinary at λ and ℓ 6= 2k − 1. By §1.3, we have

ρ|Iℓ ≃
(
χk−1
ℓ ⋆
0 1

)
.

But Gλ has prime-to-ℓ order and therefore ⋆ = 0. In particular, P(ρf,λ)(Iℓ) is isomorphic

to the image of χk−1
ℓ which is, by Lemma 1.1, cyclic of order (ℓ−1)/ gcd(ℓ−1, k−1) > 2.

Therefore, it has to be included in C and hence ǫλ is unramified at ℓ.

(b) Assume that f is not ordinary at λ and ℓ 6= 2k − 3. By §1.3, P(ρf,λ)(Iℓ) is isomorphic

to the image of Iℓ under ψ
(ℓ−1)(k−1) where ψ is a fundamental character of level 2. By

the assumption ℓ 6= 2k − 3 and Lemma 1.1, it is therefore cyclic of order (ℓ+ 1)/ gcd(ℓ+
1, k − 1) > 2. We conclude as before.

Assume N to be square-free and ℓ > k. Then, by the above proposition, Kλ is the unique
quadratic extension of Q ramified at ℓ only and ℓ ∈ {2k − 1, 2k − 3}. The case ℓ = 2k − 3
however does not occur. This is proved in [Die12, Lem. 3.2]. Hence Thm. 3.1 in the square-free
level case.

Assume now that N is any integer not divisible by ℓ, and that ℓ > k satisfies ℓ 6= 2k − 1
and ℓ 6= 2k − 3. We may identify ǫλ with a Dirichlet character. Let us denote by c its
conductor. It is co-prime to ℓ by the above proposition. We then have c = |DKλ

| where DKλ

is the fundamental discriminant of the quadratic field Kλ fixed by the kernel of ǫλ ([Neu99,
VII. §11]). In particular, if Kλ = Q(

√
D0) with D0 square-free, then c = D0 or 4D0 depending

on whether D0 ≡ 1 (mod 4) or not. If moreover, ℓ > 2k − 1, then by the proposition above,
c2 | 24N . Put g = f ⊗ ǫλ. By the Lemma 3.1, g ∈ Sk (Γ0 (2

4N)) and for any prime p ∤ 2N , g
is an eigenform for the Tp Hecke operator with corresponding eigenvalue ap(g) = apǫλ(p). Let
D′

0 = ε
∏

3≤p|N p be the product of all odd primes dividing N with a sign ε ∈ {±1} chosen

so that D′
0 ≡ 3 (mod 4). Then 4D′

0 is a fundamental discriminant and the Kronecker symbol
ψ = (4D′

0/·) is a primitive quadratic Dirichlet character of modulus 4D′
0 ([Coh07, Th. 2.2.15])

precisely ramified at the primes dividing 2N . Put :

f̃ = f ⊗ ψ and g̃ = g ⊗ ψ.
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Since (4D′
0)

2 | 24N2, it follows from Lemma 3.1 that f̃ , g̃ ∈ Sk (Γ0 (2
4N2)) and for any integer n,

we have : {
an(f̃) = anψ(n)
an(g̃) = anǫλ(n)ψ(n).

(16)

Since f is assumed to be non-CM (in the sense of Def. 3.1), we have f̃ 6= g̃ and by [Mur97,
Th. 1], there exists an integer

n ≤ 4k

3
N2

∏

p|2N

(
1 +

1

p

)
≤ 2kN2

∏

p|N

(
1 +

1

p

)
(17)

such that an(f̃) 6= an(g̃). According to (16), it follows that we have :

ψ(n) 6= 0, an 6= 0 and ǫλ(n) = −1.

From the condition ǫλ(n) = −1, we deduce that there exists a prime divisor q of n together with
an odd integer t such that qt | n but qt+1 ∤ n and ǫλ(q) = −1. If q = ℓ, we are done in bounding
ℓ in terms of k and N . Assume therefore q 6= ℓ. The multiplicativity of the Fourier coefficients
of f gives that aqt | an and hence (since t is odd) that aq 6= 0. Besides, since ǫλ(q) = −1, the
image under ρf,λ of a Frobenius at q has trace 0 modulo λ. In other words, ℓ divides the norm
of the non-zero algebraic integer aq. Applying Deligne’s estimate on the Fourier coefficients
of f and its Galois conjugates by Q-automorphisms, we get that :

ℓ ≤ NK/Q (aq) =
∏

σ:K →֒C

|σ(aq)| ≤
(
2q(k−1)/2

)[K:Q]
. (18)

Besides, using [RS62, (3.27)] and inequality (17), we get the following estimate for q :

q ≤ 4.8kN2(1 + log logN). (19)

The theorem follows from (18) and (19).

4 Projective image isomorphic to A4, S4 or A5

The following result is proved in a different way in [Rib85].

Theorem 4.1. If P(Gλ) is isomorphic to A4, S4 or A5, then either ℓ | N or ℓ ≤ 4k − 3.

Proof. Assume that ℓ ∤ N and ℓ > k. Then, by §1.3, P(Gλ) has a cyclic subgroup given the
image of inertia at ℓ. In the case of ordinariness, this cyclic subgroup is isomorphic to the image
of χk−1

ℓ which has order > 5 if ℓ > 4k − 3 by Lemma 1.1. If else f is not ordinary at λ, then it
has order (ℓ+ 1)/ gcd(ℓ+ 1, k − 1) which is also > 5 if ℓ > 4k − 3.

In any case, if ℓ > 4k − 3, then P(Gλ) has an element of order > 5. This rules out the
possibility for P(Gλ) to be isomorphic to A4, S4 or A5.

5 Numerical examples

In this section we give some examples illustrating the theorems of the paper. All the computa-
tions were performed on SAGE ([S+12]).
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5.1 Reducible representations

Before dealing with examples, let us first recall that for the representations ρf,λ, irreducibility
is equivalent to absolute irreducibility.

5.1.1 Square level case

Fix (k,N) = (6, 81). The new subspace in S6 (Γ0 (81)) is 18-dimensional and splits into 5
Galois conjugacy classes labeled 81.6a,. . . ,81.6e in SAGE ([S+12]). According to Theorem 2.2,
the prime ideals λ such that ρf,λ is reducible for some newform f ∈ S6 (Γ0 (81)) have residue
characteristic ℓ in {2, 3, 5, 7, 43, 1171}. Let us first show that 2, 3, 7, 43 and 1171 are indeed
the residue characteristics of some prime ideals λ for which ρf,λ is reducible for the specific (up
to Galois conjugacy) modular form f labeled 81.6c. We have :

f(τ) = q + αq2 + (α2 − 32)q4 +

(
−1

4
α3 − 9

4
α2 +

25

2
α + 54

)
q5 +O(q5),

where α is a root of X4 + 3X3 − 84X2 − 72X + 792.
Let us denote by K the number field generated by α. We call ν the primitive Dirichlet

character modulo 9 sending 2 on ζ3, where ζ3 is a primitive third root of unity and L = Q(ζ3).
Since ν has order 3, we have ǫ = ν with the notation of Thm. 2.2. Moreover we have B6,ν/12 =
(751ζ3 + 1172)/3 which has norm 3−1 · 7 · 43 · 1171.

Then we more precisely show that for each ℓ ∈ {2, 3, 7, 43, 1171} there are prime ideals λℓ
and pℓ above ℓ in O and Z[ζ3] respectively such that ρssf,λℓ ≃ ρE,pℓ where E is the following
Eisenstein series

E(τ) =
∑

n≥1

σν5 (n)q
n = q − (31ζ3 + 32)q2 + (1023ζ3 + 31)q4 + (3124ζ3 − 1)q5 +O(q5).

Such an isomorphism is proved to hold by checking that for all integers n up to the Sturm
bound (which, here, equals 54) we have a congruence

an ≡ an(E) (mod Lℓ),

for some prime ideal Lℓ above ℓ in the integer ring of the compositum KL. For instance, if
ℓ = 43, we can take

L43 = (43, α + ζ3 − 6) .

Therefore we have ρssf,λℓ ≃ νℓ ⊕ ν−1
ℓ χ5

ℓ where

νℓ : GQ ։ (Z/9Z)×
ν→ Z[ζ3] ։ Z[ζ3]/pℓ

is ν modulo pℓ viewed as a character of GQ. For each ℓ as above the corresponding ideals λℓ
and pℓ are listed in Table 2 (as given in SAGE).

Let us now see what happens for the remaining prime, namely ℓ = 5. For the specific
newform above with coefficients field K, we have 5O = λ5λ

′
5 where λ5 = (5, α + 4) and

λ′5 = (5, α3 + 4α2 + 3). Then λ5 and λ′5 have inertia degree 1 and 3 respectively. Besides, if
Frob2 denotes a Frobenius at 2, the characteristic polynomial of ρf,λ5(Frob2) and ρf,λ′5(Frob2)

is X2 − αX + 25. Such a polynomial being irreducible modulo λ5 and λ′5 as one checks, we get
that ρf,λ5 and ρf,λ′

5
are both irreducible.

For each pair (f, λ) where f is a newform in S6 (Γ0 (81)) and λ is a prime ideal in O above 5
we give in Table 3 the smallest prime number p 6= 3, 5 and ≤ 100 for which the characteristic
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ℓ λℓ pℓ

2 (2, α3/36 + α2/4− 7α/6− 7) (2)
3 (3,−α3/36 + α2/12 + 7α/6− 7) (2ζ3 + 1)
7 (7, α3/36 + α2/12− 5α/3 + 2) (3ζ3 + 1)
43 (43, α3/36 + α2/12− 5α/3− 20) (7ζ3 + 6)
1171 (1171, α3/36 + α2/12− 5α/3− 586) (39ζ3 + 25)

Table 2: Congruence primes for f and E

f K = Q(α) λ p

81.6a α2 + 3α− 30 = 0
(−6α + 25) 2
(−6α − 43) 7

81.6b α2 − 3α− 30 = 0
(−6α − 25) 2
(−6α + 43) 7

81.6c α4 + 3α3 − 84α2 − 72α+ 792 = 0
(5, α+ 4) 2

(5, α3 + 4α2 + 3) 2

81.6d α4 − 3α3 − 84α2 + 72α+ 792 = 0
(5, α+ 1) 2

(5, α3 + α2 + 2) 2

81.6e α6 − 171α4 + 7128α2 − 432 = 0
(5, α2 + 1) ∅

(5, α2 + 3α+ 3) 7
(5, α2 + 2α+ 3) 7

Table 3: Smallest prime p 6= 3, 5 and ≤ 100 such that ρf,λ(Frobp) acts irreducibly

polynomial of ρf,λ(Frobp) is irreducible. Therefore all the representations ρf,λ are irreducible
unless perhaps if f is the form 81.6e and λ = (5, α2 + 1). But this latter representation is also
proved to be irreducible by noticing that the eigenvalues of ρf,λ(Frob2) and ρf,λ(Frob19) in Fλ
are {3β, 3β} and {2β + 1, 3β + 1} respectively where β is the image of α in Fλ (since if it were
reducible, we would have ρssf,λ ≃ ǫ1 ⊕ ǫ2 where both ǫ1 and ǫ2 factor through (Z/45Z)×). This
eventually proves the following proposition.

Proposition 5.1. Let (k,N) = (6, 81). Then there exists a newform f ∈ S6 (Γ0 (81)) together
with a prime ideal λ in O such that ρf,λ is reducible if and only if ℓ belongs to {2, 3, 7, 43, 1171}.

5.1.2 Square-free level case

Fix (k,N) = (4, 11). The new subspace in S4 (Γ0 (11)) is 2-dimensional and generated by one
Galois orbit labeled 11.4a in SAGE ([S+12]). Let f be a representative of this Galois orbit. We
have

f(τ) = q + αq2 + (−4α + 3)q3 + (2α− 6)q4 + (8α− 7)q5 +O(q5),

where α is a root of X2 − 2X − 2. The field K = Q(α) is the coefficients field of f . According
to Theorem 2.3, if ρf,λ is reducible then λ has residue characteristic ℓ in the set {2, 3, 5, 11, 61}.
For each prime ℓ in {2, 3, 5, 11, 61} we give in Table 4 the smallest prime p 6= 11, ℓ and p ≤ 100
such that the characteristic polynomial of ρf,λ(Frobp) is irreducible.

Therefore all such Galois representations are irreducible except perhaps ρf,(2α−1) and ρf,(α−9).
These latter representations turn out to be reducible and we have

ρssf,(2α−1) ≃ χ11 ⊕ χ2
11 and ρssf,(α−9) ≃ 1⊕ χ3

61 ≃ ρE4,61.

This eventually proves the following proposition.
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ℓ 2 3 5 11 61
λ (α) (α− 1) (5) (2α− 3) (2α− 1) (α− 9) (α + 7)
p 3 2 2 2 ∅ ∅ 2

Table 4: Smallest prime p 6= 11, ℓ and ≤ 100 such that ρf,λ(Frobp) acts irreducibly

Proposition 5.2. Let (k,N) = (4, 11). Then there exists a newform f ∈ S4 (Γ0 (11)) together
with a prime ideal λ in O such that ρf,λ is reducible if and only if ℓ = 11 or ℓ = 61.

5.2 Dihedral representation

In this section we discuss an example of dihedral projective representation attached to some
specific newform. The new subspace in S2 (Γ0 (1888)) has dimension 58 and is split into 16
Galois orbits. Among them let us consider the newform f (up to Galois conjugacy) labeled
1888.10a whose first terms in its Fourier expansion at infinity are

f(τ) = q +
1

2
αq3 +

(
− 1

16
α4 +

3

2
α2 − α− 2

)
q5 +O(q6)

where α is a root ofX5+6X4−20X3−128X2+48X+320. The prime 5 is definitely smaller than
the bound given in Thm. 3.1 (namely 3476092007703911714679 in this case) and one proves that
there is mod. 5 representation attached to f which has dihedral projective image. Namely, let
us consider the prime ideal λ = (5, α/2) above 5 in O. Then one checks that the representation
ρf,λ is isomorphic to ρE,5 where E is the rational CM elliptic curve of conductor 32 given by the
equation y2 = x3−x. Since 5 ≡ 1 (mod 4), one knows by the theory of complex multiplication
that ρE,5 has image included in the normalizer of a split Cartan subgroup of GL(2,F5). The
same conclusion for ρf,λ thus follows.

5.3 Projective image isomorphic to A4, S4 or A5

As an illustration of Thm. 4.1, we report here on an example due to Ribet ([Rib97, Rk. 2,
p. 283]) and recalled in [KV05, Ex. 3.2, p. 244] (we warn the reader that the term “exceptional”
therein refers to a modular representation with projective image isomorphic to A4, S4 or A5).
The new subspace in S2 (Γ0 (23)) is 2-dimensional and generated by one Galois orbit labeled
23.4a in SAGE with coefficients field K = Q(α) where α is a root of X2 + X − 1. Let λ
be the unique prime ideal above 3 in O. It is shown in loc. cit. that the corresponding
projective representation has image isomorphic to A5 and that the field cut out by its kernel is
the A5-extension of Q given as the splitting field of the polynomial X5 + 3X3 + 6X2 + 9.

Several other examples may also be found in loc. cit. such as a mod. 19 representation of
projective image isomorphic to S4 attached to the unique cusp form of weight 6, level 4 and
trivial Nebentypus. The authors also discuss an effective procedure that given a newform f and
a prime ℓ determines whether some mod. ℓ representation attached to f has projective image
isomorphic to A4, S4 or A5.
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