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HEAT FLOW IN A PERIODICALLY FORCED, UNPINNED
THERMOSTATTED CHAIN

TOMASZ KOMOROWSKI, STEFANO OLLA, AND MARIELLE SIMON

ABSTRACT. We prove the hydrodynamic limit for a one-dimensional harmonic
chain of interacting atoms with a random flip of the momentum sign. The system
is open: at the left boundary it is attached to a heat bath at temperature 7_,
while at the right endpoint it is subject to an action of a force which reads as
F+ ﬁ]’f(n%), where F > 0 and F(t) is a periodic function. Here 7 is the size of
the microscopic system. Under a diffusive scaling of space-time, we prove that the
empirical profiles of the two locally conserved quantities — the volume stretch and
the energy — converge, as n — +o0, to the solution of a non-linear diffusive system
of conservative partial differential equations with a Dirichlet type and Neumann
boundary conditions on the left and the right endpoints, respectively.

1. INTRODUCTION

In the thermodynamics theory of energy transport there is an important distinc-
tion between the mechanical work done into the system and the heat, i.e. the thermal
energy exchanged with the external heat bath. Our goal is to investigate the emer-
gence of such a difference from a microscopic dynamics where the energy transport
is diffusive. On the microscopic scale we make a distinction between the mechanical
energy, that is concentrated on the long waves (low modes), and the thermal energy,
distributed on the short waves (high modes). We consider a one-dimensional finite
system where the bulk of the dynamics has a chaotic mechanism (in the present case
a random flip of the sign of the velocities) which transforms the energy from the
low modes, corresponding to the mechanical energy transport, to the higher ones,
transporting the thermal energy. At the two boundaries of the system the energy is
exchanged with various mechanisms. On the left endpoint there is a heat bath at
temperature 7", modelled by a Langevin random dynamics. On the right, a time de-
pendent deterministic force is applied. This forcing is periodic and contains different
frequencies: low frequencies whose corresponding work contributes to the exchange
of the mechanical energy, while the higher frequencies exchange the thermal energy,
but in a very different way with respect to the action of a heat bath.

More precisely, the bulk dynamics is given by an unpinned chain of harmonic
oscillators perturbed by the wvelocity-flip stochastic mechanism: each particle flips
the velocity sign at independent exponential times. The energy is conserved in the
bulk, but since the chain is unpinned and the random mechanism acts only on the
velocities, also the volume is conserved. After a diffusing scaling of space and time,
the macroscopic energy density and the volume stretch at the point w € [0,1] at
time ¢ > 0, denoted by e(t,u) and r(t,u), respectively, evolve in the bulk according
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to the diffusive system:

oyr(t,u) = %(%ur(t,u),
i L (1.1)
Oe(t,u) = E(%u(e(t,u) +or (tu)).

To the solution of (1.1) one can assign the corresponding evolution of the tempera-
ture profile (or twice the termal energy) defined by T'(¢,u) = e(t, u) - 37 (¢, u)?, which
is given by
BT (1) = =0T (b ) + o (Gur(t ) (12)
t yu) = 47 uu y U 2’}/ ul U, U . .

The diffusive system (1.1) or (1.2) is a special case of the general diffusive evolution
for systems with multiple conserved quantities (see [O1119]).

The heat bath (at the left endpoint) and the work performed upon the system (at
the right endpoint) affect the macroscopic boundary conditions for the equations
(1.1) and (1.2). Since the chain is unpinned, we have r(t,0) = 0. Besides, the heat
bath fixes the temperature at v = 0, resulting in the Dirichlet boundary condition:
T(t,0) = e(t,0) = T_. The effect of the forcing on the other boundary is more
complex, and constitutes the main result of the paper. As we have already mentioned
the forcing acting on the right endpoint is time dependent and periodic. It has a
slow part varying on the macroscopic time scale, and a fast part evolving on the
microscopic scale, namely it reads:

Foult) = F(t) + %f(n%). (1.3)

Here F (t) is a smooth periodic function of period 6 and null average. The factor
1/y/n is a necessary scaling in order to have a finite effect on the macroscopic time
scale. In what follows we shall assume, with no loss of generality, that F' is constant
in time. This establishes the boundary condition for the stretch: r(¢,1) = F.
Moreover, the total work done by the force at the macroscopic time t is given by

W(t) = % Ji (0ur)(5,1) ds + W, (1.4)

where r(t,u) is the solution of (1.1) with the boundary conditions r(¢,0) = 0,7(¢,1) =
F, and W@ is the contribution coming from the fast fluctuating part F and it is
expressed by (2.26). This yields the boundary conditions for the energy evolution,
or the temperature profile T'(¢,u), at u = 1:

Ia
oue(t, 1) =W'(t) = o Our(t,1) + W@, or 0,T(t,1)=W¢. (1.5)
Y

In other words, %6ur(t, 1) is the contribution to the mechanical energy, while W&
is the contribution to the thermal energy (or heat), due to the work performed
by the fluctuating part of the force. According to (1.2), the mechanical energy is
transformed, in the bulk, into the thermal one at the rate %(aur(t,u))?

The result discussed above has been announced (without proof) in [KLOS23].
The present paper contains its rigorous proof, under certain condition on the initial
distribution of the system. The usual condition on the initial probability distribution
is that the relative entropy with respect to the equilibrium distribution is bounded
by the size n of the system, see Assumption 2.7. We need to supplement it with an
assumption about the distribution of the thermal component of the potential energy,



which states that the latter should not concentrate too much on the lower modes,
see Assumption 2.8. This hypothesis does not follow from the usual entropy bound,
see Remark 2.9. It is not clear to us whether the assumption is indeed necessary for
the proof of the diffusive hydrodynamic limit in case of more conserved quantities,
besides the energy. On the other hand, the hypothesis is satisfied by local Gibbs
measures, which are natural initial conditions, see Remark 2.10.

Dynamics of harmonic oscillators perturbed by a conservative noise has recently
been a subject of intense study by many authors, see [BBJ*16] and the references
therein. In particular, a chain of unpinned harmonic oscillators with a stochastic
perturbation not conserving momentum has two conserved quantities evolving in the
same diffusive time scale (see [O1119] and the references therein). The hydrodynamic
limit has been studied in [Ber07] and [KOS18] in the case of periodic conditions, with
two different types of noises. Open system with Langevin heat baths attached to
the boundaries have been studied in [BO05, KOS20, KOS21]. In [KOS21] we have
considered the case when heat baths at different temperatures are attached at the
boundaries, while only a constant forcing F' is present at the right endpoint. In that
situation, the presence of the heat bath at temperature T, at the same right point

imposes a local equilibrium, with temperature T,. Consequently, in [KOS21] the
—2

boundary condition is of the Dirichlet type, precisely e(t,1) = % +T',. The situation
considered here is quite different. The temperature at the right extremity of the
chain is not fixed and this results in the emergence of the inhomogeneous Neumann
boundary condition given in (1.5). The case of a pinned chain in presence of the
periodic forcing has been studied in [K1.O23a] (stationary state) and [KLO23b]
(nonstationary initial condition). The pinning destroys the translation invariance
of the system and only the energy keeps conserved by the dynamics. Consequently,
there is no mechanical component of the energy. The only work that affects the
system is performed by the fluctuating force with the microscopic time period.

We now outline the contents of the paper. In Section 2 we formulate the model
and present the main results, that are shown in the following sections. In Sections
3-5 we prove the results concerning the evolution of the mechanical energy and
the work performed by the forcing. In Sections 6-9 we consider the evolution of
the thermal energy. Similarly to [KLO23b], in this part our strategy is based on
the full resolution of the covariance matrix of the momenta and stretches of all
particles of the chain. It should be noted that this method has been used for the
first time in [RLLO0O4] to describe the energy distribution in the non-equilibrium
stationary state in a harmonic crystal. Due to the fact that in that case there is
no randomness in the bulk present, the total energy grows proportionally to the
size of the system. Contrary to the case considered in [KL.O23b], the spectrum of
the unpinned chain does not have a spectral gap. As a result the resolution of the
covariance matrix is technically much more challenging here. It results in the already
mentioned additional Assumption 2.7 on the initial distribution. In particular we
need to show that this hypothesis is maintained at any positive macroscopic time,
see Corollary 8.9. Finally, in the Appendix section we present some technical results
concerning the spectral analysis of discrete gradient and divergence operators, as well
as some auxiliary facts dealing with the resolution of the aforementioned covariance
matrix.



2. DEFINITION OF THE DYNAMICS AND RESULTS

2.1. Description of the model. The configuration of the system is described by

(rap) = (rla <o Ty POy - - apn) € Qn = R" x RnJrla (21)
where r = (ry,...,7,) and p = (po, ..., pn) correspond to the inter-particle stretches
and particle momenta. The total energy of the chain is given by the Hamiltonian:

Ho(r,p) = ) E(x,p), (2.2)
z=0
where the microscopic energy per atom at any x € {0,...,n} is given by
2 12
E(r,p)=—"=+-2 2.3
(rp)="+ (2.3)

with the convention here and in the following that ¢ :=0,7,,1 :=0.

The microscopic dynamics of the stretch/momenta process {(r(t),p(t))}is0 is
given in the bulk by:

drm(t) = (pm(t) _px—l(t))dt7
dpm(t) = (rx+1(t) - Tx(t))dt - 2pz(t7)sz(ﬁyt)7 r=1,...,n-1

The atom labelled z = 0 is in contact with a Langevin thermostat at temperature 7",
while atom x = n is subject to a time-dependent force. Therefore at both boundaries
we have

(2.4)

dpo(t) = ri(t)dt — 2ypo(t)dt + \/4yT_dw_(t)

drn(t) = (pn(t) ~—Pn-1 (t))dta (25)
dpn(t) = (fn(t) - rn(t))dt - 2pn(t_)dNn(7t)
Hereinabove, {N,(t) ;  =1,...,n};0 are independent Poisson processes of intensity

1, while {w_(t)}+0 is a standard one dimensional Wiener process, independent of
the Poisson processes. These processes are defined over a certain probability space
(E,8,P). Moreover, the parameter v > 0 regulates the intensity of both the ran-
dom perturbations and the Langevin thermostat!, while 7_ > 0 is the thermostat
temperature. Finally, the time-dependent force F,(t) is assumed to be a smooth,
f-periodic, with 6 > 0, and it is of the form

Folt)=F+Fo(t), where Fo(t):= % F(O), (2.6)
040

with w = ZF. We suppose moreover that F,(t) is real valued, so F(-t) = F*(¢), and
that the decay of the Fourier coefficient is sufficiently fast (e.g. exponential) so that
F,, is continuous and also

Cr =Y |F(£)] < +oo. (2.7)
££0
Throughout the paper, we will shorten notation by introducing the discrete gradient
and divergence operators V : R* - R™*! and v* : R**! - R acting as follows (see
Section A.2 of Appendix for some properties of these operators)

Vz = Gr+1 ~ Ga, for g = (917 cee 7971) €R",
V*fm ::fx_fz—la forf:(f07"'7fn)€Rn+1’

with the convention gy = g,1 =0 and f_; = fo.

(2.8)

We have chosen the same parameter in order to simplify notations, but it does not affect the
results concerning the macroscopic properties of the dynamics.



Note that {(r(¢),p(t))}i0 is a Markov process on €2, with the time-dependent
generator G, which we decompose in three parts as follows:

gt = -At + ")/Sﬂip + 2")/5_, (29)
where
A= Z V'’ PrOr, + Z V720, + Fun(t)0p,- (2.10)
z=1 z=0

In addition, for any f: €2, - R bounded and measurable function,

i 2) = 3 ((.p7) - F0.p) (2.11)

where p® is the velocity configuration with sign flipped at the x component, .e. p* =
Py, - - -»Py), with p) = p,, for any y # z and pj, = —p,. Furthermore,

S_:=T_05 = polp,- (2.12)

One can easily verify that the microscopic energy currents {j,.+1;¢ = -1,...,n}
which satisfy:

gtgx = jx—l,x - jx,m+17 for any r = 07 . (213)

are given by
=P ()41 (t) ifz=0,..,n-1,
Jeani(t) =2y (T - p2(t)) if = -1, (2.14)
~Fn(t)pn(t) if x =n.

We assume that the initial distribution of stretches and momenta (r(0),p(0)) in €,
is random and distributed according to a probability measure p,. We then denote
by p,(t) the probability measure on 2, of the configuration (r(t),p(t)) evolving
according to (2.4)—(2.5). Finally we denote by E,, the expectation with respect to
the probability measure P, =, ® P.

We decompose the configurations as

re(t) =1 (8) + 70 (t),  pa(t) = pu(t) + D, (1), (2.15)

where
r(t) = (ri(t),....mu(t)) =E,, [r(D)],
P(t) = (Bo(1), .. Pu(1)) :=Ey, [P()],

while r/(t),p’(t) corresponds to the fluctuating parts of the dynamics. We adopt
the convention that ro(t) = To(t) = r{(t) = 0. Finally, for any measurable f:Q, - R
and ¢ > 0, we introduce the following time average in the diffusive scale:

=7 f E,.[f(r(n%s),p(n?s))]ds, (2.17)

provided that the integral on the right hand side makes sense.

(2.16)

2.2. Formulation of results. Let us first formulate two main assumptions.

Assumption 2.1 (Initial bound on the averages). We assume that there exists
H >0 such that

Z( 20)+p2(0)) <H,  n=12,.... (2.18)

Furthermore, initially, the average profile of stretches approximates a continuous
function — the initial stretch profile ro(-). Namely:



Assumption 2.2 (Initial stretch profile). We assume that there ezists a continuous
function ro: [0,1] > R such that

lim L > (7.(0) - ro(%))Q = 0. (2.19)

n—>+oo n, =1

2.2.1. Macroscopic evolution of stretch and mechanical energy. Let us define the
microscopic mechanical energy as

gmech(4) = — (pw(t)+ 2(#)),  x=0,....n. (2.20)

Under the assumptions formulated in the foregoing we obtain the following macro-
scopic limits:

Theorem 2.3 (Limit of stretch and mechanical energy). Assume Assumptions 2.1
and 2.2. Then, for any continuous test function ¢ :[0,1] > R,

lim —Zcp( )‘x(n2t) :[Olr(t,u)w(u) du (2.21)

n—+o0o n,

and,

lim — ng( )EmeCh(nzt) / o(t,u)5r?(t, u)du, (2.22)

n—>+oo n,

where r(t,u) is the solution of the following heat equation with the Cauchy-Dirichlet
boundary condition:

1
Or(t,u) = —0Ouur(t,u t,u) e Ry x (0,1),
er(t,u) = > (t,u),  (t,u) eRyx(0,1) (2.23)
r(t,0) =0, r(t,1) = F, r(0,u) =ro(u).
Theorem 2.3 is proved in Section 4.

2.2.2. Macroscopic work. Let W, (t) be the average work done by the force in the
diffusive time scale, namely:

1 tn?
Walt) =~ f Fo(5)P, (5)ds. (2.24)
0
Observe that, with our notation (2.17), we have W,,(¢) = =nt{(jn ns+1)-

Theorem 2.4. Under Assumptions 2.1 and 2.2 we have, for any t >0,

ial t
lim W, (£) = W(t) = — [ @rys 1y s+ wer, (2.25)
n—>+00 2*}/ 0
with
Q= 2 -_— 1. .
W= SO (ke[ (226)

Here w — \Jw is the branch of the inverse of z — 22 such that Re/w > 0, when
w e C N\ (—00,0].

The proof of Theorem 2.4 is given in Section 5.
Remark 2.5. Since (0,r)(s,1) = F, as s — oo, the macroscopic work satisfies

—2
lim —W(t) = £
t—+00 t 27

+We,



Remark 2.6. Notice that when v — 0 we have

2
w

¢— ; FOP V4~ (tw)?,

in agreement with the calculations for the deterministic dynamics (i.e. v = 0) in
[GKLO24].

2.2.3. The macroscopic limit of the energy functional. In order to obtain the macro-
scopic energy profile, we need two additional assumptions: 1) on the initial entropy
and 2) on the initial stretch fluctuations.
In order to introduce them, let us define vy (dr,dp) as the product Gaussian
measure on {2, of zero average and variance T_ > 0 given by
e=€o/T- n  o=E/T-

V2rT- ;o1 2nT.

Let f.(t,r,p) be the density of p,(t) with respect to v . We can now define the
relative entropy of u,(¢) with respect to vr. as

H, (1) = [2 Fa(t)log fu(t)dvr.. (2.28)

Assumption 2.7. We assume that the initial measure y, is such that f,(0) is of
the C? class of reqularity on €, and there exists C >0 such that,

H,(0) <Cn, n=12.... (2.29)

vr (dr,dp) = g7 (r,p)drdp where g1 (r,p) = (2.27)

Assumption 2.7 implies the following initial bound on the energy: there exists
C > 0 such that
E,.[H.(0)]<Cn, n=12,... (2.30)
Here H,(t) = H,(r(t),p(t)) (recall (2.2)). Indeed, the entropy inequality, see
e.g. [KLL13, p. 338], gives

B (1)) = [ (L &)5O)dv

< é {log(fﬂn exp{%é)(pi +T§)}dVT) + Hn(o)}

for any t > 0 and a > 0. Hence, we obtain (2.30) choosing « € (0,7-1).

(2.31)

We need a further assumption on the initial condition, that involves a weak decor-
relations of the initial stretches r,(0). Define (recall (2.15))

()= ryt), z=1,....n and q5(t) = 0. (2.32)
=1

Assumption 2.8. We assume that

lim — ZEM [(¢:(0))"] =0 (2.33)
Remark 2.9. Assumption 2.8 implies that the potential energy should not concen-
trate too much on the lower thermal modes (this will become more precise in the
estimate (8.42) below). The entropy bound (2.29) by itself does not prevent such
concentration. In fact finitness of the initial energy (that follows from (2.29)) im-
plies only that

supn— Z]Eun [(qz(O)) ] < 400.

n>1

7



We will need to prove that (2.33) is maintained by the dynamics at all times. This
15 the goal of Proposition 8.8 below.

Remark 2.10. Note that Assumption 2.8 is satisfied by the local Gibbs measures,
whose density (with respect to the Lebesque measure) takes the form

efgo/Tf n efgz/Tz

V2rT- 33 2nT,

where (T) ez is a bounded sequence of positive numbers. Indeed, under this distri-
bution r1(0),...,77(0) are independent, centered Gaussian random variables, and
E[q,(0)?] = ¥y T, < nmax, T,.

(2.34)

The macroscopic behavior of the energy profile is given by the following:

Theorem 2.11 (Limit of total energy). Suppose that Assumptions 2.1, 2.2, 2.7,
and 2.8 are in force. Assume furthermore that there exists a continuous function
(the initial energy profile) eg : [0,1] = (0,+00) such that, for any continuous test
function ¢ :[0,1] > R,

lim —ng( ) M[Sx(O)] - v/Oleo(u)gp(u)du. (2.35)

n—-+oo n,

Then for any continuous ¢ :[0,1] >R and any t >0,

lim —ng( ) B, [e00)] = [ L e(tu)p(u)du, (2.36)

n—+o0o n,

where e(t,u) is the solution of the initial-boundary value problem

oe(t,u) = uu(e(t u) + 17“2(25 u)) (t,u) e R, x (0,1),
— (2.37)
e(t,0)=1T., owe(t, 1) =W'(t) = %%r(t, 1) + W€, e(0,u) = ep(u),

and W (t) is the macroscopic work given in Theorem 2.4, while r(t,u) is the macro-
scopic stretch profile as in the statement of Theorem 2.5.

We conclude this section by stating a last result on the macroscopic thermal
energy behavior. Let us define the macroscopic temperature (or thermal energy)
profile T'(t,u) := e(t,u) — 3r2(¢,u). From (2.23) and (2.37) it satisfies the following
initial-boundary value problem

1 1
T =—0. T — ? Ry 1
at (t’u) 47&uu (t,u) + 27 (aur(ta u)) ’ (t7u) € X (O’ )’ (238)

T(t,0)=T., 0, T(t,1)=W®  T(0,u) = To(u).

Remark 2.12. The quantity %(ﬁur(t,u))Q appearing in (2.38) represents the local
rate of conversion of the mechanical energy into the thermal one, i.e. a gradient of
the volume stretch generates a local increase of the thermal component of the energy.

Let us now define, for any t >0 and £ =0,...,n,

ENt) = (7"5:(275))2 + (p;(;))z. (2.39)



Theorem 2.13 (The limit of thermal energy and equipartition). For any continuous
test function ¢ :[0,1] > R and any t >0, we have

hHlJ;§:¢(%)EMi "(nt)] = JclT(au)¢00du. (2.40)

In addition, for any compactly supported, continuous function ® : R, x [0,1] > R

. 12 T
Jim =5 [ (0B, [t
.1 & x ,
V%%;Ag@ﬂMMMMW¢MD

Both Theorems 2.11 and 2.13 will be proved in Section 7 modulo several technical
results which will be shown in Sections 8 and 9.

3. EVOLUTION OF THE AVERAGES IN DIFFUSIVE SCALING

This section contains some results on the averages (¥(t),p(t)). They are obtained
thanks to an explicit resolution of the system of equations satisfied by the averages.
We start with the following:

Proposition 3.1. We assume Assumption 2.1. There ezists a constant C = C(vy) >
0 such that, for anyn>1, any t >0, we have

(i) (Control of 2 norms)

n 1
Y pa(t)<Cn, and Z[ p2(n%s)ds < C(t+ ) (3.1)
z=0 =0
and
Y T2(t) < Cn. (3.2)
z=1
(#7) (Boundary behavior)
t t
[ e« S| [ el < S @y
0 n 0 n
and furthermore, for any t >0
1 [t —
lim (7, )¢ = lim n f Tn(n?s)ds = F. (3.4)
n—oo n—oo 0

The proofs of (3.1) and (3.2) are presented in Sections 3.2 and 3.3, respectively.
The proof of (3.3) and (3.4) is given in Section 3.4. We start with some preliminaries.
The strategy of the proof consists in solving explicitly the dynamics satisfied by the
averages in terms of Fourier transforms. Indeed, from (2.4)-(2.5) we get

dré(t) =v'p,(t), x=1,...m,
dp it) (3.5)
pét = Ve (t) = 29D, (1) + 6unFu(t),  =0,...,n,

with the convention 7y = 0 and 7,,,; = 0. We denote by ¢,, the Kronecker delta
function, namely 6., =0, if x # y and J,, = 1. Its generator can be written in the
form

Gi=A +7S (3.6)



where
A= Y VB0 + Y Ty, + Faop, 5= 23 By
z=1 =0 z=0

System (3.5) can be rewritten in the matrix form

d (T(t) T(t)

— [ _ =-Al_ L(t)e, . )

dt (p(t)) (p(t) + Falt)e, (3.7)
Here A is the block matrix of the form

._ On -Vv*
A= [_v ] dml] , (3.8)

where V and V* are the matrices corresponding to the discrete divergence and
gradient operators, see (2.8), defined as:

101 0 0 _11 (1) 0
0 -1 1 0 .
v* — . .. n, v = . 6 n+1, (3 9)
-1 1 0 : . _'1 1
0 0 -11 0 - - 0 =1
n+1

and 0, Id,;1 are the n x n-null and (n+1) x (n+1)-identity matrices respectively.
In (3.7) the column vector e, ,, of size 2n + 1 is given by

(epn)z = Ooni1a,s x=1,...,2n+1. (3.10)
The solution of (3.7) is therefore

) 1) o

3.1. Homogeneous evolution and key lemma. Let us define the homogeneous
term as

(Z((g):e—m (;((%))) with  §(t) e R, 5(t) e R™1. (3.12)

We first obtain an immediate bound on the ¢2-norm of the averages for the homo-
geneous term:

Lemma 3.2 (¢2-norm bound).
iozi(t) - iyi(t) < 253(0) + i?i(())). (3.13)

Proof. This follows immediately by taking the time derivative of the mechanical
energy:

% (gzi(t) + é@i(t)) = 4y zi%zi(t) <0.
0

Now, let us introduce the respective Fourier transforms of y and z in the two

__________ » defined in (A.1) and (A.2), namely:

71(t) Zo(t)
yio=| + |. z@®= : |
Un(t) Zn(1)

10



where
n

7i(t) = z T (D6 (x), and F(t) = Yz (0)v;(2),

z=0
Solving the systems of equations for the Fourier transforms, that arises from (3.5),
a direct computation detailed in Appendix A.2 (see (A.9) and (A.10) in particular),

leads to the following system: for j=0,...,n
d?z;(t) dz;(t) -
djtz + 2’)/ (]it + )\]Zj(t) = 0, (314)

with the initial conditions
dz; _ _ _ _
0 = APTHO -2950), F0) =50, (3.15)

where \; is the square eigenvalue (see (A.11))

\j = 4sin® <2(i:_1) ) (3.16)

The characteristic equation of (3.14) takes the form A? + 29\ + \; = 0, which yields
two solutions —A; ., where

A=y E\72E -
Note the following important relations:
NaNic =X, Nt Ao=2y, AN =LA =22, (3.17)
Re ), >0 Re ). > 7, ol <y + V2 +4 (3.18)
Solving (3.14) we easily obtain: first, for j = 0,...,nsuch that \;, # \;_ (i.e. A\; # 7?)

—~ —_ >\j7+e_>\j,+t — )\j7_6_)\j’7t . 1/2 e_>‘j,—t _ e_>\j7+t
0= AX; 0 Avy (3.19)
T(t) =7 12 et et Ajre Nt =\ e At :
PO O T

Next, if 42 = A; for some j, then X;, = \;_ = . To avoid a complicated notation,
by convention, we shall interpret the above formulas as 0/0 symbols, remembering
that A\; . = A;_ + A)X; and A)N; — 0. This leads to

%) = (1= 7B (0) +7t75(0) )",

(1) = (L4 1)75(0) = 7t (0) )e .

In what follows we shall repeatedly make use of the following estimate, which we call
the key lemma. It enables us to understand the behavior of the quotients appearing
in (3.19) when n goes to infinity.

(3.20)

Lemma 3.3 (Key lemma). There exist constants ¢,C > 0, depending only on v,
such that, for anyn=1,2, ...,

() <Red;- <N | <C(£)", j=0,....n. (3.21)
Therefore, for any q € [0,+00), there ezists constants C,c >0, depending only q and
v, such that, for any t>0 and any j=0,...,n,
_ e—A)\jt
AN;

e—Aj,,t

|7 <C (L) e, (3.22)
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Moreover, since from (3.18) we have \; = |\j .+ \j_| < C(y)A; -, an analogous estimate
holds also when |\; |7 is replaced by Af,

Proof. Recall first the standard inequality 2z /7 < sinz < x that holds for = € [0, 7/2].
Note that

2
y o A

Aj-| = <C )
| Ji= | |/\]+| Re)\j’_;. v (7)(71)
where we used (3.18) in the second inequality. Moreover,
A 481n2( )
Re);_=Re~L = 2(2 D Re )+ > c(v)(2 )
Ajir |)‘J,+|

where we used once again (3.18). This proves (3.21).
Now, let us prove (3.22). Note that A\, is either real non-negative, or purely
imaginary, therefore Re A\; > 0. We distinguish two cases:

o If ReA); > /2, then, using the crude estimate |1 - e 2% <2 and A); > /2
we may bound the left hand side of (3.22) by

7—1|>\j7_|q e—Re)\j,_t
and from (3.21) we conclude that (3.22) holds.

o If 0 < ReA); < /2, then in that case we get a better lower estimate than
(3.21), more precisely we can write Re\;_ =~ - sRe A); > v/2.
We now use the estimate |1 — e ?| < |z| valid for Rez 0, and we note that
[te=i-t| = te"ReXi-t. We therefore obtain that the expression on the left hand
side of (3.22) can be estimated by

I\ _|Tte 2 < O\ | e, with C., = sup {te"/*}. (3.23)
20
This together with (3.21) implies (3.22) (since j/n <1 and taking ¢ = v/4).
O

From now on, the constants C' > 0 which appear in the statements and proofs
may depend on v, F, Cz, T_, namely the parameters of the model. Unless explicitly
stated, they do not depend on ¢ > 0 nor on n.

The rest of the section is dedicated to the proof of Proposition 3.1. Therefore, we
will always assume that Assumption 2.1 holds, which implies that the right hand
side of (3.13) in Lemma 3.2 is of order O(n).

3.2. Control of the /?>-norm of momenta averages. Here we prove (3.1), for
the momenta. Let us compute explicitly the momenta averages.
We use the first equation in (3.19) to write the decomposition

Zi(t) = Li(¢) + IL;(¢) + 11L;(¢), (3.24)
where L;(¢) :=p;(0) e+t and
1 — e BNt 1 — e~ ANt

() = =2y B3 (0) e M, () = A2 7(0) et Ny
J J

Then, using (3.11) and (3.24) (or (3.19)) in order to express e~4*, we obtain, after a
direct calculation,

P.(t) =7, (1) + 1P (1) + Hgf(t) + ng'g(t). (3.25)

12



where Z,(t) can be explicitely written by taking the inverse Fourier transform of
expression (3.19), and besides

1 (t):=F i by (n)h; (x)e it

1 _ e—A)\]’t

T
ML) = = P 3 0y () 0) g
x,1 \/— & J J (€M)2 N Qz&w

I(p) t i J, +e‘>‘a,—t(1 — e~ANt)
0 fe% ( )Z%(n)w’(:ﬁ) INVIZZEDYN

We recall the notation fw = 279%
Let us now start the proof of Proposition 3.1, beginning with (3.1).

Proof of (3.1). Recall (3.25), and let us start with the first contribution, namely let
us estimate Y.o_,|Z,(n2s)[>. Note that we cannot use the previous bound obtained
in Lemma 3.2, instead we need to improve it. Recall the decomposition of Z;(t)
given in (3.24). From the Parseval identity, we are going to bound in a more refined
way the following three terms:

2L)E, Y M(Ps)P, Y HL(n?s). (3.26)
=0 3=0 =0
First of all, using the fact that Re A, , > 7, and Parseval identity, we can write
> L (n?s) = Z(@(O))Ze‘m“j’*”% < Z(E’(O))Qe‘"’”% = Zﬁi(o)e‘w%‘ (3.27)
7=0 3=0 Jj=0 z=0
Therefore, from Assumption 2.1, we get
Y L(n?s)P <Hn, s>0 (3.28)
=0
and, for t > 0,
tn t 2 2 ﬁ
[ omms)Pds< [y g0y ds - z 20)(1-e ) <~
0 j=0 0 z=0 mn

Note that both estimates (3.28) and (3.29) are exactly of the needed order to prove
(3.1). We will now proceed in the same way for all the other contributions. We have

(3.29)

, 11— —A)\anS 2

DL = 4 B0 Pl

(3.30)
<C Z(}?}(O))2 (%) ¢*s  from the key Lemma 3.3, (3.22).
=0

Therefore, from Assumption 2.1 and the fact that (%)4 e~”s < 1, we obtain again
that " [IL;(n?s)[> < Cn and, integrating in time

Ati|11j(n25)|2 ds < Zn: (7;(0)) ( )2 1- e—cht) <<
j= 520

Q

n

Similarly, invoking again Lemma 3.3, namely (3.22) with \; instead of \;_, we write
ST (n28)2 < C S (75(0))2 (£) e (3.31)
=0 j=1

13



and from this point we estimate as before obtaining
n t n C
Y |II;(n*s)P < Cn  and / Y I (n?s)]* ds < —.
i=0 0 j=0 "

The remaining contributions coming from the right hand side of (3.25) are treated
in a similar way: first, using once again the Plancherel identity and the key Lemma
3.3 (with ¢ =0), we get

n o 1-— 7A)\jn25 2 _on '
Y IP(2)P = F Y gi(n) e | <CF 4 (n)e™
x=0 7=0 i 7=0
—2
CF & _ -
<—— e (3.32)
7=0

where we have used the fact that ¢3(n) < C/n. The bound ¥;_, 1P (n2s)|2 < Cn
comes easily. Integrating in time, we obtain

f Z|1<p) (n?s)[? ds<_{t+z_(1 _qzt)}

Then, we have

C(t+ 1)

Z f(@)(eizwn% — e,
0 Aj = (w)? + 2iw(l)y

> () = - 3 uin) (5.3

j=0

Note that |A; — (£w)? + 2iw(£) 2 > 4y2(fw)?, and |eion’s — e=Xi-ns| < 2. and recall
P3(n) <C/n from (A.6). Therefore we may write

CC%

> 1Y) < (X IFO) - (5.3

0

where C'r was defined in (2.7), and the bounds in this case become trivial. Finally,
we use once again (3 22) with ¢ = 0, together with the fact that |)\;,| < C' and
liw(l) + \j+| > Re Aj+ >, and we obtain

7/\j,_n2$(1 _ e*A)\]’nzs) 2

Zm‘p’(n 5) zw%n) S F (1)

P (10w + \j 1) AN,
<(ZIFO) Lume=< < Sutne (@5

0

and it is treated similarly to (3.32). Hence, summing all the contributions, the proof
of (3.1) easily follows. O

3.3. Control of the /?-norm of the stretches averages. Now, let us do the
same procedure for the stretch averages, and prove (3.2). From (3.11) and (3.19),
we get

2

(1) = Ta(0) + Y () + 10, (1))- (3.36)

m=1

14



We can write 7,(t) explicitly taking the inverse Fourier transform of the second
identity in (3.19). Furthermore,

et -1

1)(1) —szj(n 05 (¥) —7— NCE

]

1- e—A)\jt
1) = F ¥;(n)g;(x) A2
( ) Z /\;/f A)\j

and

1/2 (e~Po-t — gitwt)

(M) (4Y = n T
IIx,l(t) T \/_;)f(f) ij( )¢J( o (EW)Q + 22&,{)7’
11(7") t F(t )\1/2 et
e D S

We claim the following: there exists a constant C' > 0 such that, for any n=1,2,...
and t >0,

n

SUF(t) < c( i (72(0) +72(0)) + nfz). (3.37)

z=0

Then, from Assumption 2.1, this concludes the proof of (3.2).

It remains to prove (3.37), using (3.36). The first contribution coming from 72 (t)
can be directly estimated using (3.13), and this gives the first term in the right hand
side of (3.37). Then, by the Plancherel identity we have

n

r —2 & wQ(n) . x __9
YR =F v Mot 1 ¢ S l)zcot2(2(n11)) CFn,

z=1 7=1

where we used the expressions of A; given in (3.16) and 1;(n) given in (A.1), together
with the crude bound |e=%-t — 1| < 2. Likewise, using the Plancherel identity and
then the key Lemma, estimate (3.22), together with |A; .| > Re ;. >, we get

n

Z (T)(t)|2 _22

z=1 7=1

¢2( ) 1/26_ it 1— et |?
|>‘J | A;

CCF Y 42(n) (1) ™ < OF,
j=1

where in the last estimate we used the fact that ¢7(z) < C/n from (A.6) and we
have simply bounded % and e~*t by 1. Therefore this contribution is smaller than
the previous one. The last two estimates are very similar to the ones conducted
for Hfﬁ (t) and Hgg (t) (see (3.33) and (3.35) in particular) in the previous section.
More precisely, we easily get (using the bounds |\; — ({w)? + 2ilwy|? > 4v2w?(¢) for
any £+ 0 and \; <4):

F(0)(e-Mt - eitest 2
;) Aj = (bw)? + 2ilwy
i@b m(TIEO)) < % (3.38)

J=1 140

SR =L i A2 (n)
=1 j

SIQ3
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and from the key lemma, namely (3.22) but bounded crudely by C, plus (3.18), we
obtain similarly

)\1/2 )\1'/2 6_)‘j’—t(1 _ e—A)xjt) 2 C
1) (1)? 2( ( i <=,
Z' (1) = zw (n) Z(:)]:( )z&u+)\]+ AN; n

Those last two estimates are smaller than the previous ones, in particular smaller
—2
than C'F"n, therefore we conclude the proof of (3.37). O

3.4. Estimates at the boundaries. Finally, we investigate the behavior at both
boundaries, and we prove in this section the second point (i) of Proposition 3.1,
namely (3.3) and (3.4).

We first prove (3.3) for = = n, the proof for = 0 is analogous. Using formula
(3.25) we can write

B, (1) = Po(t) + Pe(t) + Pu(t) + Pay(t), (3.39)
where
Po(t) = 2%(7@)'5]-@) 2 (1) (3.40)
S e
Pp(t)=F Z V3 (n)e A (3.41)
Pp(t) = \/_ #Zg F(l)ilw Z 1/J2(n) ( ?ZW)Z +/\;@Zw (3.42)
Pa(t) = il )

N #z:,]fw)zw?( n) ](im TR (3.43)

It is quite clear that the contributions coming from F) and P5 are the biggest ones:
in fact, thanks to the extra term 1/y/n in front of the sums in (3.42) and (3.43), and
using the fact that Y |.7-= (0)| < oo, we will see that the last two terms always have
a smaller order. Let us start with the contribution coming from Fy, and use the
decomposition of Z;(¢) given in (3.24). We can bound by the triangle inequality,

t 2 S ~ t “X; .n?s -\ nQSe_A)\jnzs_]'
[0 Po(n”s)ds S;)Wj(n)ﬂpj(oﬂfo {|€ o |+|>\j,—|’e " AN ’}ds

A/\jn23 -1 ‘

* YT O) J R e v

We use the key Lemma 3.3 in both terms containing quotients, and then we integrate
over s. For the first term in the first integral we use the fact that Re\;, > v and
then integrate over s. Finally, the right hand side can be estimated by

ds.

c3 OIS+ (£) 12 +OZ|¢j(n)||r](0)| j 1-eot

n J?
n 2, , 1/2 2 1/2 1/2
<%(§¢?(n)) (;)(13}(0))2) + n(2¢j(2 )) (Z( (0))) (3.44)

7=1

thanks to the Cauchy-Schwarz inequality. Using the initial bound (2.18), and also
P3(x) < C[n, we can estimate the whole right hand side of (3.44) by C/n (with C
independent of t).
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The other estimates are quite similar. In order to bound | fot Pr(n%s)ds|, we use
the key Lemma 3.3 and integrate over s (and also recall that A\o_ =0), then we get
it is less than, or equal to

| |F|Z¢2() cf; <C(;f*) for any t € [0,t,].

Finally, the last two estimates are even smaller, thanks to the fact that @/sz(n) <Cln:
for instance, integrating over s we can write
> IFO)

U Pu )| < 725

and similarly for | [ Py,(n2s)ds|. Estimate (3.3) then follows.

eiﬁwnzt -1 ‘ C

<
n2lw | n32

Now let us show (3.4). We integrate both sides of (3.5) for x = n and obtain

% (5, (n°t) ~ 7,(0)) = % fon " Fu(s)ds - % fon C(Fa(s) + 295, (s)) ds.  (3.45)
We have
L " £ (s)ds — 1T (3.46)

7 s he=e
Note that, from (3.1)

" 1/2
pGeol < Sren) <ova

z=0

Therefore, formula (3.4) follows directly from (3.3), (3.45), (3.46). O

4. STRETCH AND MECHANICAL ENERGY: PROOF OF THEOREM 2.3

4.1. Macroscopic evolution of the stretch. Now we have all the ingredients at
hand to prove the first convergence result, namely (2.21).

Let Mk[0,1] be the space of signed measures m on [0, 1], whose total variation
|m|[0,1] is bounded by a constant K > 0, endowed with the topology of weak con-
vergence. The space is metrizable and compact. Given t, > 0, we consider the space
C ([0,t,], Mk[0,1]) endowed with the corresponding uniform topology. Define

&t0)= -2 ()t (@1)

By Assumption 2.1 there exists a finite K > 0 such that & € C ([0,t.], Mx[0,1])
— the space of all continuous functions from [0,¢,] into Mk[0,1]. Since the lat-
ter is compact under the weak topology, the compactness of the sequence {£7} in
C ([0,t,], Mk[0,1]) follows from a bound on the modulus of continuity in time, by
an extention of the Ascoli-Arzela Theorem, see e.g. [Kel75, p. 234]. This in partic-
ular implies compactness of the sequence of the empirical measures corresponding
to {T.(nt); te[0,t.],2=0,...,n}. In what follows we identify the limit.
Let C[0,1], resp. C*[0,1] for a positive integer k (or k = o0), be the space of all
continuous, resp. k (or infinitely many) times continuously differentiable, functions
n [0,1]. Let ¢ € C%[0,1] be such that ¢(0) =0 = ¢(1). Denote in the following
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Op 1= (%) Note that ¢y = 0 = ¢,,. Then, by the integration by parts,

6010) - 60.0) =1 [ 3 00 (B(0%) ~Pua (%)) ds
= (4.2)

tn-1 t
—on [ 3 (et =) Bulnt)ds +ngn [, (n*s)ds
0 12 0

Since ¢, = 0, the last term equals 0. Recall the evolution equations (3.5). Then, for
z=0,...,n—-1 we can write

[ s = o [ (i) 7)) ds - 5 (020 -50)- (43

Substituting into (4.2) we obtain

tn—1

6(1.0) -6 0.9) == 5= [ 5 Tou (Fons (%) - 7o) ds
(4.4)

: % Z Vs (Ba(n?t) = 1,(0)) + 04 (1),

where the expression o,(t) means that sup,,jlon(t)] = 0, as n — +oo for any
t. > 0. Since

n-1 n-1
Z Vg (Fx+1 - Fz) == Z A@sz + v@n—IFm (45)
z=0 x=1
we have
tn—1 t
f:z(tv 90) _5:1(0790) - / Z n2A90xrx(n S) ds - % f T“n(ngs) ds
Y 0

(4.6)
Z nVe, (9, (n°t) = 1,(0)) + on(t).

272

By approximating nVe, ~ ¢’ (%) and n2Agp, ~ " (%), with all errors controlled
unifomly by (3.1) and (3.2) from Proposition 3.1. Using the limit obtained in (3.4)
for the boundary term we conclude that

1 t 1 _
tim [€1(.0) - 10.0) - 5 [ (se)ds|+ P (WFr=0. (47

This corresponds exactly to the weak formulation of (2.23).
The bound of the modulus of continuity in time follows by a similar argument.

4.2. Macroscopic evolution of the mechanical energy. Now we prove the con-
vergence of the mechanical energy density stated in (2.22). Let ® € C([0,1]) be
continuous. By Proposition 3.1, (3.1), we already know that for any ¢ >0

% i q)( )px(n2t) — 0, (4.8)

=0

so we have only to prove that
L T2/ 2 ! 2
Sy o(Z)Re) — [ et uydu, (4.9)
ni= \n n—oo J

We start with the following:
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Lemma 4.1. There exists a constant C' such that, for any n=1,2,... and t >0,
n—-1 ¢
ny. [ (V7.)? (n?s)ds < C. (4.10)
z=0 <0

Proof. From (3.5) we obtain

1d
S ST = VT (0P (1) - 2 () (411)
for x=0,...,n—1. In addition we also have
1 1 d
P, (n’t) = —V7,(n’t) - —p,(n*t). 4.12
P(nt) = 5V (n%1) - 5 OB (n%) (412

Substituting from (4.12) for p,(n?t) into the first expression on the right hand side
of (4.11) we obtain: for z =0,...,n-1

(R (n2)) = v (20 S, () - 2y () = 2. (wa3)
27 27y dt 2dt
Summing up over x and integrating in time we obtain
nnz_:l ft (Vrgc(an))2 ds = l%/tV@(n%)Ep (n%s) ds
= Jo n = Jo ds™*

n—1 t
+49°n )’ ./0 p2(n?s)ds +
=0

3=

2(@5@%) SR(0).
. (4.14)

By Proposition 3.1, see (3.1), the second and third terms on the right hand side of
(4.14) are bounded. The only term in question is the first one.
After the integration by parts in time and using (3.5) we conclude that it equals

—nnZ: fo tﬁx(nzs) VV'D,(n%s) ds + %g(vm(n%)@(n%) - V7, (0)5,(0)). (4.15)

Using first the Cauchy-Schwarz inequality and then (3.1)—(3.2) from Proposition 3.1,
both terms in (4.15) are bounded uniformly in ¢ and n. Hence (4.10) follows. O

Define ?i(:t) :[0,400) x [0,1] - R as the function obtained by the piecewise linear

interpolation between the nodal points
(%,Fx(n2t)), x=0,...,n,
of the piecewise constant function 7™ : [0, +o0) x [0,1] - R, given by
1

Tz(n?t), for any ue[%=

7 (t,u) = {

By convention we let 7o(n?t) = 0. Let H'[0,1] be the completion of C*(0,1) — the
space of smooth and compactly supported functions — in the norm

Tn(n?t)  for any we[211].

||90||%{1[o,1] = ||90H%2[o,1] + HSDIH%z[oJ]a peC(0,1).
As a consequence of Lemma 4.1 above we obtain the following.

Corollary 4.2. For any t >0 we have

t
sup f
n>1 J0O

T

2
(S")”Hl[o,l]ds < +00. (4.16)
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Moreover,

(4.17)

lim sup

¢
g / Tint (s u)ds—f r(s,u)ds| =
n=H0 uef0,1] 170 0

and there exists a constant C' >0 such that, for any n>1, ue[0,1], ¢t >0,

/ G 7 (s, u)) ds < Cu. (4.18)
Proof. 1t is easy to see that
P () —F(")(t,-)H;[O’l] 3(n+ 52 Z (Foa () -7(1))’,  n>1 (4.19)

Estimate (4.16) is a direct consequence of (4.10). Using (4.19) we also get

lim f [F82(5.) =7 (5, [0y ds =0, £>0, (4.20)

n—>+00

From the convergence (2.21) proved in Section 4.1 above we know that the sequence
fot 7 (5, u)ds weakly converges in L2[0,1] to [y r(s,u)ds for each t > 0. From (4.16)

and the compactness of Sobolev embedding of H'[0,1] into C[0,1] in dimension 1
we conclude (4.17).
Besides, by the Cauchy-Schwarz inequality we get
-1 2 -1
(7,)*(n?s) = (Z VFy(n2s)) <z Yy (Vﬂ,(n%))2
y=0 y=0
and (4.18) follows from (4.10). O
We are now ready to prove (4.9). In light of (4.19) it suffices only to show that

fo D (u) (P (8. 0) ) du — [0 LD (u)r (L w)du (4.21)
for any ® € C([0,1]). For 6 >0 let us define
0 () = [Oéfi(rﬁ)(t +s,u)ds.
(n.5)

We have that r?(¢,-) converges weakly to r@(t,-) = =L [2r(t + s,-)ds, when
n — +oo, for any ¢ > 0 and ¢ > 0.

In fact, using (4.10) and the Cauchy-Schwarz inequality, together with (4.16), we
have that for any t >0, n=1,2,...

n, C
PG g < 5 (4.22)

which implies that ") (¢,u) converges to r(®(t,-) uniformly in u € [0,1], as n —
+00, for each ¢t > 0 and 6 > 0. This in particular entails the strong convergence of
F9(t,))2 to (r®(¢,-))? in L'[0,1]. We can write therefore

fo & (u) (7 (¢, ) ) du - fo LD (u)r(t, u)du
Sliﬁfip ./(; ®(u) (7 f:té)(t,u))zdu—f01<1>(u)(r(5)(t,u))2du
/01<I)(u)(r(5)(t,u))2du—A1®(u)r2(t,u)du,

the first term on the right hand side being equal to 0.

lim sup
n—»>+oo

+
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Since 7(t,u) is the strong solution of (2.23), it is regular and r(®)(¢,u) converges
to r(t,u) pointwise, and strongly in L?[0,1], as § - 0. Since d > 0 is arbitrary,
therefore (4.21), thus also (4.9), follows. O

5. ASYMPTOTICS OF THE WORK FUNCTIONAL: PROOF OF THEOREM 2.4

In this section we prove Theorem 2.4. The total work done in the macroscopic
time scale is defined by (2.24), and we decompose it into

Wa(t) = Wt () + Wik(1), (5.1)

where

2t

Wkt = [ Fp,(s)ds, Wgh(t):%fontfn(s)g‘an(s)ds. (5.2)

We compute the limits of both terms in (5.2) in the following two propositions,
which straightforwardly imply Theorem 2.4.

Proposition 5.1 (Macroscopic mechanical work). For any t >0,

lim Wmeeh () = f (8ur)(s,1)ds. (5.3)

n—oo

Proof. By the same calculation done for (4.3) and (4.4) (using (3.5)), we have

/ P, (n%s) —% i g (Fo(n?t) -7,(0)) + %fotm(n%)ds

xr=

(5.4)

”z (B.(n%) ~.(0)) .

27n2

By (3.1) the last term is negligeable. Using (3.4) and Theorem 2.3 with ¢(u) = u,
we obtain

t 1 F
lim n [ P, (n%s)ds = f w(r(t,u) —r(0,u))du+—t
n—co  Jo 0 2y

1t 1 F
=— f ds f ud?r(s,u)du + —t
2v Jo 0 2y

1t 1 1t F
= ——f dsf Our(s,u)du + —f dsdr(s,1) + —t (5.5)
2~y Jo 0 2~y Jo 2y

1 t 1 t F
=__f r(s,l)ds+—f Our(s,1)ds + —t
27y Jo 2y Jo 2y

1 t
=— / Our(s,1)ds,
2v Jo

since r(s,1) = F (recall (2.23)). O
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Proposition 5.2 (Macroscopic thermal work). Recall the decomposition (3.39) for
the average momentum p,,. We have

1 n2t —
lim p Fu(s) Zn(s)ds =0 (5.6)
n—o0 0
1 n2t —
lim — Fo(s)Pr(s)ds=0 (5.7)
1 n’t —
lim - F(8)Pap(s)ds =0 (5.8)
n—00 0
1 n2t —
lim - Fo(8) Py (s)ds = tW€, (5.9)
n—o0 0
where W has been defined in (2.26). These four limits imply that
lim W (¢) = tW@. (5.10)

Proof. First of all, (5.6) follows easily from (3.20). Let us go on with (5.7). This is
equal to

il 2 — eliw(0)=2; n?t | _ oliw(0)-X;+)n?t
3/227(6 Z¢( )( —— - ) (5.11)
n?? i3 = AN Aj - —iw(l) A+ —iw(l)
Let us define, for any a € R, and A, B € C,
1-eAa 1-¢Ba
d,(A,B) = - 5.12
(A,B)s= - - (512
Invoke the following straightforward identity:
(I)a A B 1- -Aa —Aa(,—-(B-A)a _ 1
(4,B) _ c eo(e ) (5.13)

B-A4 __AB ' B(B-A4)
We use it with A = \;_ —ilw, B = )\, —ilw and o = n?*t. The first contribution on
the right hand side reads
(iw(f)f)\]-y,)n%

3/2 2‘7: g)sz( ) — (lw)? -

£+0

2ilwy

and from the exact same estimates that we already used in the previous proofs, see
for instance (3.38), we easily get that this contribution vanishes, as n - +oo. The
remaining part is treated similarly invoking the key Lemma 3.3, and we conclude
that this term vanishes as n — oo. This ends the proof of (5.7).
We now proceed with (5.8). Recall formula (3.43) for Py,(¢). We have
n2t
1 [ R Pa)as =1 @) + 19 (1)

n
where

n () (N [1—eMien®t] N _[1 - e i)
I (1) = 3/22}'(6 oo - (5.14)
{0 =0 J

ilw — )\j,+ b — )‘j,—
and
1 ¢2( ) o[1 - el x0n?t)
I(dp) - ’
n,2 (t) n Z# f )f(ﬁ) Z (’L&U /\]7+)(iw(€’) _ /\j,+)

Mg [1 = el 2s ]

" o~ 3 (i (0 - Aj’_)}. (5.15)
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The proof proceeds along the same lines as previously: there is a way to decompose
the terms which appear inside the brackets on the right hand sides of (5.14) and
(5.15), so that to make the quotient (1 - e*A’\ﬂth)/A)\j appears. Then we apply the
key Lemma 3.3. All the estimates are standard ones, reminiscent to the proof of
estimate (3.3). In the end one concludes that both I(dp )(t) and I(dp )(t) vanish as
n — oo. This concludes the proof of (5.8).

It remains to prove (5.9). Recall (3.42) for the definition of Py(t). We have,
similarly

1 n?t _
~ fo Fu()Pp(s)ds =195 (1) + 1D (1),
where
19D () = £ S| F(0)[2i0 j
" 2 e#o| (O wgz:(:) Aj = (bw)? + 2ilwy’
1 =~ lw(1 — eittwrtwn®ty o V2 (n)
19D (#) = — OF( j '
" () n’ MZ’;‘O HOHE) lw-lw oA - (bw)? + 2ilwy
v

It is straightforward to argue that Igé)(t) vanish as n - oo. Concerning I;{é)(t),
thanks to the fact that F(-¢) = F*(£), we have
7 (2_5 O)COSQ(Q(nH))

>

=0 (4 sin? (%) - (lw)? ) +4(lw)?~?

(1) = 4vt2(€w) F(o)p— —

Therefore
oo ~ 1 cos? (Z)du
tim 199 (1) = 89 3 () FOP [ Z)e
nokee =1 0 (4sin® (Z¢) - (tw)?)” + 4(fw)??
We now need to prove that last expression equals (5.9). Observe that
1 1

1
(4sin® (Z2) - (lw)? ) + 492 (lw)? __QVWKIml4SiH (%) - (&U)2+22’Y€w:|

Using contour integration one can show that

[1 cosQ( )du 1 - 4+ )\

0 4sin®(Z¢) + A 4 A

for any complex valued A such that Im A > 0. Using the above formula for A =
- (&u)2 + 2vilw, when /¢ is a positive integer, we get

K = 4
Q: 2 _—
W 2221 |F(0)] &uRe\/(g e

1274w

(5.16)

which is the expression (2.26) for W&. O

6. ENERGY BOUNDS FROM ENTROPY PRODUCTION

Before turning to the proof of the convergence for the total energy profile, in this
section we provide a few important preliminary results. Recall that p, is the initial
distribution of the momenta and stretches. We show that the macroscopic energy
functional stays bounded in the macroscopic time. Recall the notation #,, for the
total microscopic energy introduced in (2.2) and the initial bound (2.29).
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Theorem 6.1 (Energy bound). Under Assumptions 2.1, 2.2, 2.7, there exists a
constant C' > 0 such that, for anyt>0 andn=1,2,...,

E,. [Ha(n?t)] < Cn(t +1). (6.1)

Proof. Taking the time derivative of the relative entropy H,, defined by (2.28) we
have

2N _ .2 2 2 2 (8p0fn(n2t))2
LH, (%) = n fﬂ Fu(n)0y, fa (1) dvr. = 2T fﬂ AT I

+n2y fﬂn Jn()Saiplog fr(t) dvp .

Since the last term on the right hand side of (6.2) involving S, is negative, we have

H, (n’t) + T_n® fot ds o % dvr.

<H,(0) +n? —/Ot ,7-",1(1125)d3/;2 Opy [n(n?s) dvg. (6.3)

S H,(0)+ Ti JA " F(n28)p, (n2s) ds = HL(0) + %’m

By the assumption (2.29) on the initial entropy and Theorem 2.4 which gives the
limiting work, we therefore obtain the entropy bound

H, (n?*t) < Cn(t+1), nx1,t>0. (6.4)

Then, as we did already for the initial time in (2.31), we use the entropy inequality
and from (6.4) we conclude that:

E,. [Hn(n2t)] = /S;n (g)gx)fn(th)duT_

< é{log([ﬂn eXp{%g)(pi + Ti)}dw) + Hn(n2t)}

for any ¢ > 0 and a > 0. Hence for any « € (0,7-!) we can find C, > 0 such that

(6.5)

1
E..[Ha(n?)] < =(Can+ H,(n?t)),  t20, (6.6)
o
and (6.1) follows. O
From the proof of Theorem 6.1 (see (6.3)) we also obtain the following:
Corollary 6.2. There exists C' >0 such that, for any n and t > 0:

T f s @Dg’(‘;ﬁ:) duT_<@. (6.7)

Finally, we give an important corollary about the boundary behavior:

Corollary 6.3 (Current estimate and boundary temperature). For anyt, >0, there
exists C' = C(t,) >0 such that, for any n and t € [0,t,],

[ - B o)) ad < (63)
and C
sup i jx 12(n? s)]ds (6.9)

.....

24



Proof. Recall that the time derivative of the microscopic energy is a local gradient,
see (2.13). We conclude that the total energy evolves in time according to the
equation

E,. [Hn(n2t)] =E,, [’HH(O)] +2yn? /(;t (T, -E,. [p%(n%)]) ds+nW,(t). (6.10)

Thanks to Theorem 6.1, see the energy bound (6.1), and Theorem 2.4 about the
limiting work, we conclude (6.8).
Let us now prove (6.9). Using once again the local gradient (2.13) we conclude

that
t t
‘/ jz_l,m(TLQS)dS—f Jexs1(n?s)ds
0 0

Hence, by the boundary estimate (6.8) and the energy bound (6.1) we have

‘fot]EMn[jm’Hl(n%)]d niZi: M[E (n?t) + & (O)] ¢ g

S
and (6.9) follows. O

- Lenn -£.0)

7. THE MACROSCOPIC ENERGY EQUATIONS

The main goal of this section is to prove both convergences (2.36) and (2.40)
asserted in Theorems 2.11 and 2.13. Using the current identity (2.13), one can easily
see that an important quantity which needs to be controlled is ((j; z+1 )¢, where (-}
has been defined in (2.17). This is why we start with some preliminary computation,
which gives an adequate fluctuation-dissipation relation. Then, we sketch the proof
at the end of this section, and postpone the proofs of intermediate technical results
to the forthcoming sections.

7.1. Covariance matrix and fluctuation-dissipation relation. Recall the fol-
lowing notations, for the fluctuating parts of the configurations:

ri(t) =1 (t) = 7.(t), x=1,...,n,
plL(t) = p.(t) =D, (¢), x=0,...,n. (7.1)
We introduce the block covariance matriz:

SO St
S(t) = [S(P»T)(fz) SO ((f))]

where
SO = (B [ (07 0)])
-
SO(r) = (B L (9(0)])
Similarly to (2.17), we use the notation

()= [ S(ns) ds

We rewrite the time average of expression (2.14) in terms of the second moment
matrix S®") and of the work functional, as follows:

Gt )e = ~(SED 0 = (BT =0,.,n-1, (7.4)

Srp) (1) = (EM [T;(t)ply(t)])xﬂ n n

and  S®N(t) = (S(T’p)(t))T. (7.3)
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and at the boundaries

<<jn,n+1>>t = —%Wn(t), <<j—1,0>>t =2y (T - <<Pg>>t) . (7-5)

Finally, the time average of the microscopic density of thermal energy E.(t), see
(2.39), is given by

(€= 5 (920 (52).). (76)

The main result of this section is the following:

Lemma 7.1 (Fluctuation-dissipation relation). We have

«ng?l»t = —%Vux(t) + V. (1), for any x=0,...,n-1, (7.7)
where
(1) = (€D + U820+ UL+ USE N w=0.m
Vi(t) = %Eun[V;(O) V)], =01,
with . .
Vi= 5 (27501P + PraiToer + Dals) + ZL(T;+1)2' (7.8)

By convention rq = 0, <<Sérl) Yt =0 and <<S7(l ,)Hl)) 0. Moreover, for any t > 0 there
exists C'= C(t) >0 such that

ZIV ()<

Proof. We use the following straightforward fluctuation-dissipation decompositions
of the energy current: for x =0,...,n -1 we have

C
— =1,2,.... 7.9
~ =12 (7.9

: 1 e e
Jzx+1 = _EVUm + gt‘/jr s (710)

with U¢:= &, + %(rme +Dp_1Dz) + VP27 Here the convention at the right extremity
reads 7,1 = F,,. Relation (7.10) also holds with the centered quantities, namely

1 — = —e
“DaTar1 = ——VU, + GV, (7.11)
4y

with U and V° be defined as U¢ and Ve, but with every r and p replaced with 7
and p. From (7.10), its centered version, and (7.4), we conclude (7.7).

Besides, (7.9) is a direct consequence of the energy bound (6.1) given in Theorem
6.1 together with the control of ¢2 norms of averages, given in (3.1) and (3.2) from
Proposition 3.1. U

7.2. Limit of the energy functionals. Consider now the evolution of the energy
distribution functional

Glpt) = % io%Eun [E:(n?t)], (7.12)

where ¢ : [0,1] - R is continuous and ¢, = ¢(%). By a standard approximation
argument it is enough to consider test functions ¢ € C*°[0,1] such that

suppp” c(0,1), ©(0)=0 and ¢'(1)=0. (7.13)
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The above implies that there exists u, > 0 such that
@' (0)u, u € |0, u,
o) =17 0,w.) (7.14)
30(1)7 ue(l_u*al]'

From equation (2.13) we get

fe(gp,t) 66(9070) =T Z 909[: ]:c x+1>>

Hence, summing by parts, and then using (7.4) and (7.5), plus the fact that g =0,
we obtain

5781(90’ t) - 55(% O) = tnzg) nvgpﬂﬁ«jx,z%l»t - ntwn <<jn,n+1>>t

n—1
==ty (nVpa) (ST ) -t 2 (R ) (B Tast )i + (L)W (2).
x=0
(7.15)
Recall that W, (t) converges to W (t), as n — +oo (from Theorem 2.4). This takes
care of the last term.

Let us focus on the second term on the right hand side. Using the second equation
of (3.5) and then performing the integration by parts (in time), we can rewrite

(.7 = ATt = s T

1 _ 1 _ d’f’x_,.l 1
= _<<VT$T$+1>>t + «px dS >>t + 2,}/”215

2y
[7.(0)7241(0) = B, (n*)T0a (n*t) ].

(D2 (0)7041(0) = B (0*1) 71 (n?1)

2yn?

%«@ VB ) +

1, _ 1
= zlz +

27y N 2yn?t
We use this decomposition to express the second term of (7.15). Then

n—1

—t > (nV@e){(DoTar1)e = Bu(t) + Co(t) + Dy (t) (7.16)

z=0

where

B,(t) = —% g(nwx)«vmm»t

Calt) =~ ’gmwxx@m»t

Dy (1) = - (nV02)[P2(0)7041(0) = Bo (n*t)Tiia (n*) ].

Let us consider each of these contributions separately. We start with B,,(¢). Using
the identity (Fos1 —Tu)Tur1 = 5(Touy = T2) + 2(Tya1 — T1)? we rewrite it as

—% g(nwx)«v(?i)»t - % g(nv%)«(vﬂﬂt.

Using (4.10) we conclude

t Z(an@x) (Vi) )i =n Z Ve f (V7)) (n?s) ds — 0. (7.17)
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Performing the summation by parts we obtain
1 n-1 t
-— > (nVe¢,) / vr2(n?s) ds
4’7 z=0 0

1 n-l t e t
- Y (n*Ap,) / 72(n?%s) ds - Y fn-1 f 72(n’%s) ds
L= 0 vy Jo

1 rt 1
—>—/ ds/ " (u)r?(s,u)du (7.18)
n—oo 47 0 0

from (4.9) together with (7.14) for the boundary term (note that we have nvy,,_1 =0
for n large). Above, r(t,u) is the solution to (2.23). Therefore the limit of B, (t) is
given by (7.18). From the Cauchy-Schwarz inequality (applied twice) and (3.1), we
bound

C, (1)) = ‘%E(nwz) fo 5. (n25)VF. (n2s) ds

1/2
<

<Cle']le <

% (7.19)

nel o 1/2
Z f ]_oi(nzs)ds
z=0~0

Therefore C,,(t) vanishes as n - +o00. Finally, by Proposition 3.1, we also have

n—1 t
> [ @ - (n8)ds
z=070

D, (t) = -

2 (7e1(0)5,(0) = Toar (R*8)D, () ) —— 0.

22 & oo

It remains to deal with the first term on the right hand side of (7.15). We use the
fluctuation-dissipation relation given in (7.7). Then we perform the summation by
parts, and use the estimate from (7.9). Doing this, we obtain that this term is equal
to

_{‘z;(nv%) (ST, = znwm(um(t))mn(l)

47 Z(TLQA%)U (t) +—(nV<,01)U1(t) ——,y(nwn 1) Un(t). (7.20)

As before we know that nVy,,_1 =0 for a sufficiently large n.

In order to treat the first two terms on the right hand side, we state the following
important result, which will be proven in Section 9, after preliminary work done in
Section 8.2.

Theorem 7.2 (Local equilibrium and boundary moments). For any ¢ € C[0,1]
compactly supported in (0,1), we have

lim — Z o Sipx:)h =0, foranyhe{-1,0,1,2}, (7.21)
n—00 n
lim — Z (S Sipggﬂ =0 (7.22)
n—00 n
lim — Z vz 5'9(62+1 =0, (7.23)
n—o00 n
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Moreover, at the boundaries:

Jim (ST ) =T, Tim (S5, = (7.24)
Tim n (S5 ) =0, (7.25)
ggg«sf? de=To  lim(SiY)e=0. (7.26)

Let us show how to use Theorem 7.2. By its definition (recall Lemma 7.1), U; ()
can be fully expressed in terms of the covariance matrix as

1 T T ,T
Uy (t) = §(<<51(ﬁ) D+ (ST Do+ (ST + (S5 D) + 7 SE e
As a consequence of (7.24)—(7.26), we are able to conclude that
t 1
1 (et (t) ~—— @' (0)T.
¥ n—>00 47

From the definition of U, (¢) and the fact that
Lo

5 =& ——pw—iTm, (727)
we write
# (0 Us(1) = L (1) + L, (1)
where
(1) = o S A ) ({6~ 572D - 572
(1) = 47%1 ;<n2m>( (S, 1) + 58P0+ A(SE).).

As a direct consequence of Theorem 7.2, we conclude that II,,(¢) vanishes as n — +oo.
The limit of I,(¢) is easier: the first contribution involving (&,)): will allow us to
close the limit equation satisfied by £¢(,t), while the remaining part can be handled
thanks to the previous sections: from (4.8) and (4.9) we easily get

1 t 1 t
L) -5 [ e 9)ds o~ [ e (s, uds

Summarizing the entire argument we have proven that:
. 1 t 144
tim [1(0.0) - 6100 - - [ €5 )]
1
f ds f du " (u)r?(s,u) + 90,(0)_7 +e(H)W(t), (7.28)

87

which identifies the limit as the solution of the initial-boundary value problem (2.37).
The compactness of the sequence {£¢} in C ([0, . ], Mk ([0,1])) follows by the same
argument as for {£}, and this concludes the proof of Theorem 2.11. O

Let us conclude this section with the outline of the proof of Theorem 2.13. First
of all, the convergence (2.40) is obvious thanks to Theorem 2.11, the decomposition
(7.27) and the fact that we already know the limit of the fields (4.8) and (4.9). The
second convergence result (2.41) follows from an equipartition result stated below:
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Proposition 7.3 (Equipartition). For any ¢ € C[0,1] compactly supported in (0,1)

we have
n

lim — 3 oo ()2 - ((r)2)] = 0. (7.29)

Proposition 7.3 will also be proved in Section 9.

8. EVOLUTION OF THE COVARIANCE MATRIX AND CONSEQUENCES

8.1. Resolution. In this section we state and solve the system of equations satisfied
by the covariance matrix defined in (7.2).
From (2.4)-(2.5) and (3.7) we get the following system of equations

dri,(t) = V' p,(t)dt, (8.1)
dp;(t) = V?";(t)dt - 27p;;(t_)dt + 2(1 - 6x,0)px(t_)dj\7m(7t) + 5;B,0 47T—d'&7—(t)

for 2 =0,...,n. Here {N,(t) := N,(t)-t; z =1,...,n} are independent martingales.
Furthermore, we define

VAT 0 0 ... 0

_ n n+ln . _
E(p)—[onm+1 D(p)], with D(p) = (3 (:) 2{92 (:) . (82
0 0 0 ... 2p,

The column vector solution X'(t) = [r'(¢),p’(t)]" of (8.1) satisfies
¢
X'(1) = e 4K (0) + f e A3 (p(s-))dM(s), t30. (8.3)
0

Here A is defined by (3.8) and (M(t)),s, is (2n+1)-dimensional column vector
martingale

dM(s) = 0,.. .,0,dw_(s),dN; (vs), .. .,d]vn(vs)]T.
Recall definition (7.2) for the covariance matrix S(t¢). From (8.3) we easily get
1d

E&S(t) =-AS(t) - S(t)AT + 4722(]32(15)), (8.4)
where
T 0 0 . 0
0 0 0 E,.[p?] 0 e 0
=000 -[o, Db 2=l 0 0T w0
0 0 0 .. E..[p?2]
After time averaging as in (2.17), we obtain the following central equation:
A(S)e+ (S)he AT = 4y ((p?)e) + R(n*t). (8.5)

where

o meo) g

R(t) = %]Eun [5(0) - S()] = (Rw)(t) R®)(¢)

Remark 8.1. Note that the error term R(n?t) can be roughly estimated from the
energy bound (6.1) given in Theorem 6.1. One can easily get that: for any n > 1,

any t >0,
E R (n2t)| < —C 1 E Q 8.7
Sl;p | :p+£,x(n )| € - + ik e{p,r,pr,rp}, (8.7)
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where the summation in the first variable is understood in the modulo sense.

The matrix equation (8.5) which is of the form AX + X AT =T, with A given by
(3.8) and I' being some fixed data, can be explicitely solved using the Fourier basis
(A.1) and (A.2). The computations are quite involved but straightforward, and in
order to make the presentation clearer we postpone some details to Appendix B.

Since t > 0 is fixed, in order to simplify the notation we write in the following
R = R (n2t), S = S@(n2t) and (S@) = (S),, and similarly for other
quantities. First, let us define, for 5,5/ =0,....,nand £,¢'=1,...,n

SEP = (00 (STPY ), BT = (0, (5P o), (8.8)
J

St = (06 (S) de), s“’) (W5, (S®) ).
Analogous definitions of R}O;? can be made for the entries of R. We also let
S0 = (60, SV ), SRV (07 = (0, SOO (P o), (89)
Sea(nt) = (60, SO() gu), BEN(0) = (5, 8P (n) i),

Finally, let us define (recall the right hand side of (8.5)):
Fyy(t) = 3 i)y )y () + 45 (0)¢p (-, 5,5 =0, (8.10)
y=1

The main technical result of this section gives the explicit formular of any quantity
of the form S,ECZ), as a linear combination of (£} ) and of all the R,(f k), for 5 €

{p,r,rp,pr}. Namely:

Lemma 8.2 (Resolution of the covariance matrix). For any j,j' =1,...,n and any
ae{p,r,rp,pr} we have

55 =0 AN Esh s X EPOGANED. (8.11)

Be{p,r,rp,pr}

where the functions ©, and = ( ) are defined as follows: let us introduce the sym-
metric function 6(c,c') = (c— c’)2 +8y2(c+ ') =0(c,c), and define

O,(c,c) = %, O,(c,c') = %,
O,.(c, ') = % O,,(c:") = B, (¢, ), (8.12)
and also, when o =3,
=0 (¢, ') = 29(c+ c’)’ =0 (e, ') = 29(8y2 +c+ c’))
0(c,c) 0(c,c’)
=60 (¢, ) = Q?ch) =0 (e, ) = EE (¢ ), (8.13)
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and when o # (3,

4~/ cc!
H(p)(c CI)_’_‘(T)( 701): yvee

0(c,c")’
E(T,P)(C C,) _ E(p,r)(c C,) _ _47\/00’
T T (e )
=(p) N — _=(rp) N _ \/E(C - C’)
=y (e¢) === e ) 9(c,c")

= (e ) = =B (e, ) =2 o),
=00 (o ) = ~Z0) (¢ oy = YL+ 872)
P (C C ) - =pr (C7C ) - Q(C, C,) ’
=P (e, ) = -0 (e, ) = 2PV 0). (8.14)
When either j =0, or j' =0, formula (8.11) is still valid. When both j = j' =0, then
by convention, we let ©,(0,0) =1, =2(0,0) = 4% and ©,(0,0) = 2(0,0) = 0 for
all o # p, and all 3.

8.2. Consequences of the resolution.

8.2.1. Estimates on the kinetic energy.

Proposition 8.3. For any t > 0 there exists C' = C(t) >0 such that, for any n>1,

Z;: (P2 - (P21)e) <= and  sup (p2)i <C. (8.15)

n z=0,...,n

Proof. The proof is divided into four steps: first, we express (p2); thanks to the
resolution (8.11). Then, we obtain an intermediate result which is formulated in
Lemma 8.4 below. Finally we show how to prove (8.15).

STEP 1 — From (8.11), and inverse Fourier transforms, we have

(S22, = z May (20 + (T2 = (p2):) Ma + €22(2), (8.16)
where
Mgz 3 0,00 Aoy (2 () () (517)
and o
b= Y Y EPO AR (0 (). (8.15)

J,3'=0 Be{r,p,rp,pr}

It has been shown in [KLO23a, Appendix A] that

Y Myy=> My,=1 and M,,>0 forallz,y=0,...,n. (8.19)
=0 y'=0

Recall that (p2)), = ((5552 Y + (p2):. By Proposition 3.1 and Corollary 6.3, see the
boundary estimate (6.8), we conclude that for each ¢ > 0 there exists C' > 0 such
that, for any n > 1,

(8.20)



From (8.20) we infer therefore that
(#2): = zMw (e + pa(t) +2(2), (8:21)

where p,(t) satisfies: for any ¢ > 0 there exists C' > 0 such that, for any n > 1,

sup Y Joa(s)| < = (8.22)

SE[Ot =0

STEP 2 — We now prove an intermediate result:

Lemma 8.4. For any t >0 there exists C' = C(t) >0 such that, for anyn > 1,

TLZ_;(«pi))t ~ () < %x_sou.?n((pi»t. (8.23)

Proof of Lemma 8.4. The following lower bound on the matrix [M,,] comes from
[KLO23a, Proposition 7.1] (see also [BLLO04]): there exists ¢, > 0 such that, for any
n> 1, and any (f,) € R**1,

n n-1
2 oy = Mey) oo > e 3 (VE)™ (8.24)
T,Yy= x=

Multiplying both sides of (8.21) by (p2)):, summing over = and using (8.24) together
with estimate (8.22) we immediately obtain: for any ¢ > 0 there is C'> 0 such that

5 (2 (20" <C SO+ O30

where
Fu(t) = Zt(p)(t) (P

We now claim that there is C'= C(t) > 0 such that
C
u(t) < sup (pi). (8.25)

From last estimate and (8.22), we immediately conclude the proof of Proposition
8.3. Let us prove the claim. Recall (8.6). We can rewrite §,(t) as

() = 5n(0,1) = Fn(n’t, 1), (8.26)
where (see (8.9))
Sulst) === > Y EPANTD(a (), s

225”, =0 Be{r,p,rp,pr}
a; i ({p ) = Zd}j )y x)«px»

We show in Appendix that the matrix [ ¥, "(p)()\j, A )S(B)(s)]

definite (see Lemma B.1, (B.10)), since it is the Fourier image of a covariance matrix.
Therefore we can use the following estimate which can be found e.g. in [MOA10,
Hlg, p. 340].

WV
)

is non-negative

’I

Lemma 8.5. Suppose that A and B are two symmetric m x m matrices and A is
assumed to be non-negative definite. Then

|Tr(AB)| < Tr(A) Slﬁ) |BE - €| (8.27)
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By (8.27) we have
Buls 1) = T L IET 00255 ()] laer (7))

S—Tr(%:[ =0 (0, )s(m(s)])suyl[a”“ )Je-¢el. (828)

First, note that

sup [aj i ((p*)e)]é-€ = sup 3 SN 60 () (1) (P2 = sup 3 B P(2)

l¢l=1 I€1=1 2=0,5"=0 |&]=12=0

with &, := Yio¥j(x)E;. Therefore we have

sup [a;((p*)e)]€- € < sup(p7). (8.29)

Since u(p) 4 198 B=p,rand E (p) %@5, B =pr,rp, by Lemma B.1 we get

Tr(;[E(p)(%&f)@ﬁ?(s)])<2(i (s) + z $0(5)) < ARy, [Ha(5)]- (8.30)

Combining (8.28) with (8.29) and (8.30) we get
Sn(s,t) < 5
n

From (8.26) and using the energy bound (6.1), the claim (8.25) follows.

STEP 3 — Using the triangle and then Cauchy-Schwarz inequalities we conclude

sup (2 < e+ |02 - G2

_ 0) 172
po t+\/_{Z::( px+1>>) } . (8.31)

Denote D,, := ¥ (((px» ((p§:+1>>t)2. We can summarize (8.23) and (8.31) as follows:
for any ¢ > O there exists C' > 0 such that

C
Dn < — sup «pazc»t?

z=0,...,n

up (B2 < (B8 + VD < (e O v O s 2) L (832)

for all n > 1. Thus the second estimate of (8.15) follows, which in turn implies the
first estimate of (8.15) as well. O

We end this section with two important corollaries.

Corollary 8.6. For any t >0 there exists C' = C(t) >0 such that, for any n > 1,

n

C
sup |[(papo )| < ISYER Z r2p0 )i < Cnt/2. (8.33)

z#0 z=1

34



Proof. We only prove the estimate for the momenta average, as the argument for
the mixed momenta-stretch average is similar. Note that for x # 0, integrating by
parts in py we get

AtEun[(pxpo)(nzs)]ds= -1 _/Otds ‘/anxfn(nQS;r,p)épOgT_(r,p)drdp (8.34)

=T ftdsf POy fu(n?s)dvr

=T / ds/ P fn 1/2 &pOfn(n S)d vr .

1/2( 28)

The absolute value of the utmost right hand side can be estimated using the Cauchy-
Schwarz inequality by

{[ E,.[p2(n*s)]d } {[ f apofizf;sj) dVT}l/QS%, (8.35)

by virtue of (6.7) and (8.15). Then the first estimate of (8.33) follows. The argument
for the second estimate of (8.33) is similar, except that in the first part of (8.35) we
need to keep the summation over x and then use the energy bound (6.1). U

Finally, we give a last consequence of the kinetic energy estimate which will be
used in the forthcoming section.
Using the definition of Fj j(t) (see (8.10)) and the trigonometric identity

ey () = (1= 20) (1 - @)”2[%8(”0’ )2+ 1))

2 2 2(n+1)
m(j-7)(2y+1)
o (LS )]
we can write,
(Fie=(1- 2 (-2 [5G- 56+ 0] 30
where, for j =-2(n+1),...,2n+1,
802 = g Seon (S Do g eon (qpts)- (837

By another elementary trigonometric identity we have also

=, . 1 9 T )
507) = 2(n+1) Sln(2(n+1)) Zsm( ) )t n+1 COS(?(TL+1))
(8.38)
, 1 6, (0)V )+ g cos (3 )
V23 (n+1) sin (gt ) ot n+l  \2(n+1)
Corollary 8.7. For any t, >0 there exists C >0 such that
2n+l
> BOI<C,  tefot.], (8.39)
j=—2n-2
Proof. Since F(2n+2-7) = -F(—j) and F(j - 2n-2) = -F(j), we have
2n+l n .
2 BI=2 X O
j=—2n-2 j=—n-1
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Since

' 1
‘ J <§7 J=-"n,. ,TL+1,
2(n+1) sm(2(n+1))
and defining
1 & .
b= > i)V (0} ), (8.40)

V23(n+1) sin(Q(;ril)) y=1

we have

(n+1)12 n

Co932 Z ¢J(y)( >> )|
In consequence, using the Plancherel identity
n+l n+1

2 2P33\—Z[ ]’ <c.

j=-n

|7 Pl <

by virtue of (8.15). Hence, by Cauchy-Schwarz inequality

> OBGI<2T+ Y|Pyl

j=—n-1 j=-n-1

2, 1 1/2
<2T_+21/2{ Z j*P2 } {Z(,+1)2} <C
=0 (J

j=—n-1

O

8.2.2. Consequences of Assumption 2.8. Recall that the Fourier transforms of the
fluctuation fields read as

7(1) = z Gy(@)p(t) and T(E) = z b;(x)rL ().

Recall also the position functional which has been defined in (2.32). We have the
relation

T)(n2s) = X\, 7 (n?s). (8.41)
Therefore, by (8.41) there exist ¢, C' > 0, absolute constants, such that

n2 Z i:: zn: «(Tj\j De < CHQJZZ <<(7:;3 >>t

j=1
We now prove the following technical bound, which will imply the extension of
Assumption 2.8 at positive time:

(8.42)

Proposition 8.8. For any t, >0 there exists a constant C = C(t,) >0 such that for
anyn 21, forany j=1,...,n,

B [T (m0))*] 0(1 N Eun[(?’}(O))Q])

J? 7

te[0,t.]. (8.43)

Proof. Recall the definition of Fj; in (8.10). From (8.11), and several easy compu-
tations when the functions in (8.12)—(8.14) are evaluated at ¢ = ¢/: for instance we
have ©,(A;,A;) =1 and
- - 1 - -
= (g A) = 2P (O, 0) = e = (s Ag) = E (O, ) = 0,
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we get the following system (writing for short E for E, ): for any j=1,...,n

B 007 = B0 - 3 g B0 - o ),
E[7(nt)*] = Fi(t) - —Q%E[ﬁ](n%)?] - %(% ¥ )\l)jt [7 (nt)?]
n2\/_ dt E[p; (n* )75 (n*t)], (8.44)
d

B[P} (n*t)7(n*t)] = - (75 ()],

2\/_dt

Let us shorten notation and use the energy bound (6.1), and also the fact that
¥2(y) < C/n, in order to write the following: for any ¢ >0,
Ei(0) =E[E5;(n*0] = R GIEF (O] + g O)T- <Ot e ). (345)

Summing the two equations of (8.44) sideways we get: for j=1,...,n,

i E e e« Gl (e s (1) o) |

= —n?(E[(7,(n*))?] + E[(7} (n*))*]) + 2 Fj(t). (8.46)
Let us turn to the proof of (8.43). Starting from (8.46), we first integrate in time

and then drop the first term on the left hand side (bounded from below by 0). This
yields:

) 2, ? o [Tt~ 2 \N\2 (2 \\2
B (500 () ") | < [ Bla s Bl s s
+2n2f0tﬁj(s)ds+cj, (8.47)

where
¢ - E[(ij(m () 27;(0)) ] + EI@0))7]+ 3-ELT0)))

Below we sum and subtract
2a? + 2b%, and we get

ﬁf)}(n%) and use the standard inequality (a + b)? <

LRI P0)] < o ELF0P0)7] + 21@[(%@;@%) (1) o) ]

CE(@ 0]+ [ Fi(s)ds+ G,

from (8.47). Using the Cauchy-Schwarz inequality and estimate (8.45) to bound
the first and second term on the right hand side respectively and the fact that
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2 2 .
CZ < )\j < ¢k for universal constants, we conclude that

L EL(7 (n1))?]

C’ZE pL(n?*t))*] + Cn?
J?

cw_5§§21+cgﬁumm»%«dm»ﬂ

Dividing both sides by n? and using the energy bound (6.1) we conclude (8.43). O
We now give some asymptotics of the functionals involving positions.

Corollary 8.9. Under Assumption 2.8 for any t >0 we have

lim —3 Z E,. [(qz) (n2t)] = (8.48)

n—+oo n,

Pmof. From (8.42) and (8 43) for any k€ (O 1) we can write

Z (4:)*)e <O Z o 2 ()
=0 n;3 n j=nf+1 (8.49)
n" K 7.(0))? '
<0M4+012 Mué<»]+€;
n 4 J ner
By Assumption 2.8 and (8.42), we conclude (8.48). O
Proposition 8.10. For any ¢ € CQ[O 1] such that supp ¢ c (0,1) we have
lim — Z wu{azph e = 0. (8.50)

n—+oo n

Proof. Define
— . 1Z . (TJx — . 12 Tjx
(O) = — _— (e) = - —_—
P (7) n;_oﬁsoxsm(ml), ) n;_oﬁwaOS(ml)- (8.51)

Since ¢ € C?[0,1] and suppp c (0,1), by [KLO23a, Lemma B.1] there exists C' > 0

such that o
W) ¢ —— el 1= 8.52
QD ] N -\ ) j € ) L 6,0 )

where y,, is a 2(n+1)-periodic extension of the function x,(j) = (1+7)A(2n+3-7),
for 7=0,...,2n+1. We can write

%i¢x<<9;p6>>t -2y (i- %)mco (2(2‘11))>\_1/25(”’)()\],)\ NP ().
(8.53)

Using the decomposition (8.11) we can rewrite

—Z% Grode =T+ Y. Ly

Be{r,p,rp,pr}

where
2 n n 70\ 1/2 g’
In=ﬁjz_;];0(1— Z 0) 608(2(n+1))/\ 1/2@7«;:()\;7)\ I Ja»t@(o)(J)
24 & 510\ 12 mJ —1/2~<rp) (870
In,ﬁ—ﬁjz_;]go(l— 5 ) 008(2(n+1)>/\- (g, i) B0 ().



We can write, recalling (8.36) and the definition of ©,,, (see (8.12))

n i0\1/2 dy(Ajr = A
Z (O)(])Z(l__)<1_ 2) ()“_)‘j:;§+8’72(/\)j+>‘j’)

XCOS(Q(W 1))[S(J i +5G+]
Hence
Ll< §H¢@ON,éélﬂﬁj—fﬂ+@0+jw]<—:

by virtue of (8.39) and (8.52).
Since the estimates for terms I,, g are similar to each other, we demonstrate them
for I,,,. Then,

2 n
=—3tj§=:so(°>(1) Z(

)1/2 APy =2y +892)
APLOG = A2 + 8920 + 0]

X COS(

2(n+ ))(E[(ﬁ'f’})(o)]—E[(?}?})(n%)]).

Since (mj/n)? > \; > 2(j/n)? for j =1,...,n, there exists C' > 0 such that
AP =+ 892 . Cwy
APIOG = A2 487200 + )] a2+ (7))

for 7,7 =1,...,n. This in turn leads to an estimate

n

1< E3 00 3 [{E 002 (E1 007
- {EL (e)2))

1/2

(B[ (2021} ]

By the Cauchy-Schwarz inequality

A

n

Z

1/2

(E[(7)(n2s))2]}"

i(n*s))*1}

SIH

1
\n

{iﬁgﬁ@@ﬂF?fHWWUEK(nﬁﬂﬁg@ﬂ)

Gj'=1 J2(3")? Gi'=1
for any s € [0,¢]. Using (8.52) we can estimate the right hand side by

n 7 (n2s))21) /2 n 1/2
c[i £ HEER L SEemar) - —o

J

as n — +oo, by (8.49). This ends the proof of (8.50). O

9. PROOF OF EQUIPARTITION AND LOCAL EQUILIBRIUM

In this section we prove both Theorem 7.2 and Proposition 7.3, which were used
in Section 7 in order to identify the limit. Let ¢ € C2[0, 1] be compactly supported

in (0,1). Recall that we have introduced the notation ¢, = @(£).

n
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9.1. Proof of Proposition 7.3. We prove the equipartition result. Similarly to
(2.32) the position functional (not recentered) is given by

=Z7‘y, r=1,...n, and qo = 0. (9.1)
We have
1 & 9 1 & 9
Gi| — Z Pz (szCc + '7%5) = Z P (pz + Qe Vry —pxpo—QVpro),
;) 220
As in the proof of Lemma 7.1, see (7.11), a similar identity can be written for the
time evolution of the averages, namely the same above sums but with p,, g,, and 7,

instead. Therefore, we can write the following relation for the recentered quantities
(namely ¢, r’, pt, recall (7.1)), which is obtained after integrating in time:

3|'—‘

3 el (Tt~ Gt - 2ot

- SB[l ()0 - (et +2 (£F) ), (92)

We now use the identity V(q¢,r.) = (r.,,)? + ¢, Vr, valid for z = 1,...,n -1, and
summing by parts we obtain

—Zsox[ (02D = (1) Ne] =

| —

Z:L: (V*@u)(durs) i o((Phpb)e—2v(d,pb )

1
n

(n?t) = (Phdh +7(d})?)(0)].

\/ 3

n3t Z 0By, [ (bl +7(d})?

Thanks to Corollary 8.6, proved below, which estimates the contribution from
{(pzpo)e, together with a Cauchy-Schwarz inequality similar to (7.19) for the contri-
bution coming from the {(p,p,):, we can prove directly

lim — Z% PePo)e = 0.

n—oo n

By Proposition 8.9,

n—>+oo n,

: 1 & W]
lim 5 3, [(£)P0P0] =0 and  lim 5% o (alak). =0
z=0
This also gives the bound

5 ol () ()] <

z=0

||s0||oo( 5,01 (n%)]) (ni émunkqgmm])z,

which therefore vanishes as n — +oo (recall the energy bound (6.1) and also Propo-
sition 3.1 in order to bound the first term on the right hand side). Similarly,

<11 (3 §<<<r;>2>>t)é (5 3w@r) . o3

which, from the same reasons, vanishes as n — +oco. This concludes the proof of
equipartition as stated in Proposition 7.3. U

N =

‘% é(v*%) QT Ne| <
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9.2. Proof of Theorem 7.2. We start with the case i =0, which the easiest one.
We have r,p, = —jp-12 + %gtrg and similarly 7,p, = -7,p,_1 + %gﬁi forx=1,...,n.
In consequence

1 & 1 &
E;Oso LDl e 5;)% [

- Y el e+ g Y0000 - (O] (94

The second and third terms on the right vanish, as n - +o0, by virtue of the current
estimate (6.9) and the energy bound (6.1). Using the Cauchy-Schwarz inequality
together with estimates (3.1) and (3.2) we conclude that also the first term vanishes.

Let h € {-1,1,2}, and by convention in the following, the boundary quantities out
of {1,...,n} vanish. One can check directly that:

TePz+h = _qgchhv*px + TzPo + gt (Tquchh) 5
and similarly for the average quantities. Hence,

- Z QOLB sz:c+h = Z 9033 rzpm—h Z Pz Qx+hV*p;3>>t
T 2=0

+_Z;)SD$ ach 2 3tz¢z [ qé+h)(n2t) (qua:+h)(0):|'
’ (9.5)

The first term on the right hand side vanishes with n - +oco as in (9.4).
Estimate (8.33) combined with estimates (3.1) and (3.2) imply that

Concerning the second term we have

n

L 2ol = [ 3 30 i T U T

) ( )1 S (O Ay ){[E@(a‘—j’)—@(jw')]cos(%) (9.6)

N =1

0 0 (22

The fact that it vanishes, as n - +o00, can be argued as in (8.53).
Concerning (7.22), note that

gt (psz+1) = _4")/pxpx+1 + (7”3;+1 - rx)p:m—l + (raz+2 - 70:1:+1)pa:a

and, taking into account (7.21), (7.22) follows;
Concerning (7.23), it follows from the relation

Gi(paTs) = P2 =12 = DaPuo1 + Tos1Ta — 2YPuT s

recalling the previous results (7.21) and (7.22), and the equipartition result (7.29).
For the boundary identities, the first one in (7.24) is a consequence of the decom-

position
(D) = (B0 = (1) = (w5)e) + (PE): - (DD

plus the kinetic energy bound obtained in Proposition 8.3 for the first term; the
boundary estimate (6.8) for the second term; and the control of the average (3.1)
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for the last term. The second limit follows from (4.2), (6.7) and a simple integration
by parts.
About (7.25), note that

r . _ . _ 1
(S0 = = (o) = (B de + (ra(pr = po) e = (o) = (BoTa e + (G D))
. _ 1
= (o, ) = (PoT1 e + ﬁEun [ (n*t) =1 (0)]
that tend to 0 from Proposition 3.1 and Corollary 6.3.
To prove the first of (7.26), notice that G,(r1po) = 7% + p1po — PZ — 2yr1po. Hence,

%Eun[(poﬁ)(n%) = (Por)(0)] = (i) = (p3)e + (pop1)e — 2vpors)e,  (97)

and the first of (7.26) follows from (7.24) and (7.25).

We finally prove the second of (7.26). We have Gi(rip1) = rire — 13 + p3 — p1po —
2vp1r1. Hence,

1
B [ (1) (07) = (p1r1)(0)] = {rori e+ (e = (e = (popr e = 29(par e (98)

The second of (7.26) then follows from (7.24), (7.25) and the first of (7.26). O

APPENDIX A. FOURIER COEFFICIENTS. GRADIENT AND DIVERGENCE
OPERATORS

A.1. Orthonormal basis. We introduce two orthonormal basis in the respective
spaces R™! and R”, which are used in our assumptions, and in several proofs.
Let us define

. 2_60,j 1/2 7Tj(2l’+1) -
Q/JJ(JT) .—( 1 ) COS m s ZL',]—O,...,TL. (Al)
and
2 \'?  (jrx .
(bJ(I) = (m) Sln(m), xr,] —1,...,71. (A2)

,,,,,,,,,, ., constitute orthonormal basis of R"*! and
R™, respectively. Given two sequences g = (go,.--,9n) € R™ and f = (f1,...,fn) €
R™ we define their respective Fourier transform as

g; = 2@0]-(30)950, j=0,...,n (A.3)
fj;:i@(gg)fx, i=1....n. (A4)

Then, the inverse transforms are given by

gx=2'gvj1/zj(x), x=0,...,n
j=0

n (A.5)
fa:=2fj¢j($), z=1,...,n.
j=1
In the proofs, we regularly use the fact that:
C
Vi(x) < —, with C' > 0 a universal constant. (A.6)
n
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A.2. Gradient and divergence operators. Let I, := {0,...,n} and take a func-
tion f:1, - R. Then, it can be represented as a vector in finite dimensional space,
and its divergence V* : R**! - R” is defined as follows:

fo Ji=Jo
f=1: and Vf= :
fn fn_fn—l

so that V*f, = fo — fo-1, forany x =1,...,n.
The gradient operator V : R® — R"*! assigns to each vector

(51
5 g2 — g1
g=1: a vector Vg = :
9n 9n — gn-1
—0n

so that Vg, = gz41 — g, for any x € {0,...,n}, with the convention gy = g1 = 0.
The matrices corresponding to the divergence and gradient care given by (3.9).
Note that VT =-v*, i.e. forany f:{0,...,n} >Rand g:{1,...,n} >R,

Recall the vectors 1, j =0,...,n and ¢;, j = 1,...,n defined in (A.1) and (A.2).
We have the following orthogonality relations: for x,z’,5,7' =0,...,n,

kiw(xm 2) = o )y () = 5,0
0

S

(A.8)
Z (x)gbk 595,1’7 y)¢j y)
and the following identities:
(V'U))e = -\ 0;(x),  wj=1...n (A.9)
(Vo)e = N us(x),  w=0,...,n,5=1,....m, (A.10)
where
el A2 Jm
Aji=4sin (2(n+1))' (A.11)
Define also
Anfr=VV" fa, x=0,...,n, (A.12)
Apg, :=V*Vz, r=1,....n
It follows from (A.9) and (A.12) that
Apd; = NPV = =Ny, Aty = =NV, = -\ (A.13)
i.e. 9j, Nj, j=1,...,nand ¢;, \j, 7 =0,...,n are the eigenvectors and corresponding

eigenvalues of Ap and Ay, respectively.
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APPENDIX B. RESOLUTION OF THE COVARIANCE MATRIX

B.1. Explicit resolution. Here we prove Lemma 8.2, which gives the full resolution
of S](j,) . Equation (8.5) leads to the following equations on the blocks defined in (7.2):

[(50m)]" =(s0m), (S0 = sE) + RO, (B.1)
and moreover
V(SO + 2507 + SV = RO,
(SOYV* + 2SO -7 (S) = BOD,
“TUSTPY + (ST = yDa((B2)) - 11SP) + R,
With the notation (8.8) for the Fourier coefficients, we get for j,j' =1,...,n:
NS < AP )
AP S S <R
S S S <R

1/25(rp) 1/23(mr) _ il alp) | pp)
—)\j Sj’j, — )\j, Sj’j, = 47((Fj,j,>> - 475].,]-, + Rj’j,.

(B.2)

The above equalities also hold when j = 0, or j’ = 0, provided we let To(n?t) = 0.
This system of equations takes the form

/2 y1/2 a(r) (r,p)

AT A 0 2y S \ R
/2 \1/2 a(p) ()

AT AT 2y 0 S Ry

1/2 12 || sk.r o R

0 4y N2 NPSED [ 49(F ) + R
1/2 12 || ap) R

0 0 A )\-/ Sj’]" \ Rj»j/

J J

A long but straightforward linear algebra resolution leads to (8.11).

B.2. Matrix II(I") and its properties. Consider a non-negative definite symmet-

ric block matrix
N A R | R
T w0 [P o0

Let T be its Fourier transform obtained as in (8.8). Define the matrix TI(T")
(D)= Y, 0.0 AT = 3 6,00, AT

73"
t=p, T L=pr,Tp

with ©,(\;, \;) given by (8.12).

J,7'=0,...,n

Lemma B.1. The matriz TI(T") is non-negative definite. There exists C' > 0 such
that
Tr [TI(T)] < 2Tr [T']. (B.3)
Proof. Consider the stationary solution of the system of equations
dug(t) = Vo, (O)dt + dwl”(t),  2=0,...,n, (B4
A, () = Vug (£)dt - 2yv, (£)dt + dwP (1),  2=0,...,n, '

where W (¢) = [wér)(t), w1, w(()p)(t), e ,wép)(t)]T is a 2n+2-dimensional Brow-
nian motion with the covariance matrix I'.
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Let u(t) = [uo(t), . ,un(t)]T and v(t) = [vg(t), e ,vn(t)]T. The process Y (t) =
[u(t),v(t)]" is Gaussian of zero mean, given by

t
Y(t) = f cACDAW (), 30, (B.5)
with the matrix A given by (3.8). Its covariance matrix C'
O Cluw)
C= lc(v,u) C' ) ] ) (BG)

where

0 = (B[u, (1), (1)])
) = (Efva (v, (1)])

satisfies equation

- OO0 = (Elua(tye,(0])

T, Y=Y,y n z=0,..., n,y=0,..., n

) _ (o))
o and C'% = (C ’ ) ) (B.7)
AC +CAT =T, (B.8)
Let us define the matrix C' as a block matrix, whose respective entries are given by
Oy = (s, COP ), O += {0y, OO )
C7) = (65,00 gy1), Ch) 1= (1, C® 1)y
Repeating the argument made between (B.1) and (B.2) we have for 7,5’ =0,...,n:
124(0rmp) _ _y\12a(r) | 75(r)
A Gl = =N 0 + U
172 ~(r) ~(pr) | \1/275(p) _ 13(r.p)
NG A 2y AT =T

~ ~ ~ (B.9)
1/2 ~(r) (r.p) 1/2 ~(p) _ 13(pr)
Ay GG+ 2G5+ AT =1
1/2 ~(r.p) 12 ~5(pyr) _ ~(p) | 1)
_)\] Cj;j/ - )\]l ijj’ - _470.]’]/ + ijj”
which leads to
Y= =Py AT G =0, m, (B.10)
vel
where ¢ € {p,r,rp,pr}. Since
—() _ %@L, for v =p,r,
- —%@L, for v = pr, rp
in the particular case ¢ = p we get
~ ]_ =( ]_ =(
Cir= 1 2 O - = 5 s AT (B.11)
Y V=p,r Y V=pr,rp

for j=0,...,n, j=0,...,n. Therefore [@VJ(};?] = %H(I’) is non-negative definite as
a Fourier image of a covariance matrix. Note that

TY(H(F))ZZ PIRCHEYRINED I R H TN N

j=01=p,r J=0¢/=pr,rp
We have
O,(\,A) =1, 0<0O,(N\;,A) <1 and ©,,.(Aj,A;)=0,,(7;, ;) =0.
The estimate (B.3) then follows. O
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