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ABSTRACT

We study a theoretical and algorithmic framework for structured prediction in the online learning
setting. The problem of structured prediction, i.e. estimating function where the output space lacks
a vectorial structure, is well studied in the literature of supervised statistical learning. We show that
our algorithm is a generalisation of optimal algorithms from the supervised learning setting, and
achieves the same excess risk upper bound also when data are not i.i.d. Moreover, we consider
a second algorithm designed especially for non-stationary data distributions, including adversarial
data. We bound its stochastic regret in function of the variation of the data distributions.

1 Introduction

Online learning is a subfield of statistical learning in which a learner receives a flow of data generated by an environ-
ment (Cesa-Bianchi and Lugosi, 2006; |Orabona, 2023; |[Hazan, 2023). The learner has to learn from the flow of data,
and adapt to the data which could be non-stationary or adversarial. More formally, at each time step ¢, the learner
receives a context x; € X from which he makes a prediction Z; = fi(x;) € Z. His prediction is then compared to
the true label y; € ), which is observed. The learner than pays an error A(Z;, y;) measured by a known loss function
A : Z x Y — R. The goal of the learner is to minimise his regret

T

Rr = Z Az ye) — A () ye) 1)
t=1
where f(z;) € argmin, . zA(z,y:). The inputs z; and labels y; are generated sequentially by the environment and
could be adversarial. This could model the change of behaviour of a customer or an evolution of the environment
such as climate change. Note that in our framework, unlike the standard regret definition in online learning, the
learner’s performance is compared to the best function f; at each round, similar to the approach used in dynamic
regret (Herbster and Warmuth, [1998).

When the output space contains a vectorial structure, statistical learning provides many algorithms with statistical
guarantees. However more and more applications involve an output space which lacks a linear structure, such as trans-
lation (Lacoste-Julien et al!, [2006), image segmentation (Forsyth and Ponce, 2002), protein folding (Joachims et all,
2009), ranking (Duchi et al.,[2010). These problems are often referred as structured prediction problems, because the
output space may be represented for instance as a sequence, a graph, or an ordered set. In practice, an ad hoc method
is designed to solved each of these problems and is most of the time based on surrogate methods and empirical risk
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minimisation. If they achieve good results in practice, they however lack generalisation and are not built in order to
have good theoretical guarantees.

We consider the structured prediction framework of Implicit Loss Embedding (ILE) (Ciliberto et all, [2020), in which
the loss is of the form A(z,y) = (¥(z2), ¢(y)) for some unknown and infinite dimensional feature maps ¢ : Z — H
and » : Y — H into an unknown RKHS # (see Definition [l). Such an assumption is satisfied by most losses
for rich enough feature maps and used in the practical applications detailed above. (Ciliberto et all, [2020) study this
framework in a statistical supervised learning setting and provide a general algorithm for general problems including
discrete outputs and manifold regression. Their algorithm comes with statistical guarantees on the excess risk when
data are i.i.d. only.

In the context of prediction of arbitrary sequences, the closer works to ours are (McMahan and Orabona, 2014) and
(Pacchiano et al.,2018). On the one hand, (McMahan and Orabona,2014) analyses a loss written as an inner productin
a Hilbert space A(z,y) = (z, ¢(y)). However, they assume that the action space Z is itself a Hilbert space H which
thus has a vectorial structure, contrary to the setting we consider. On the other hand, [Pacchiano et al! (2018) also
considers a loss expressed by a kernel with full information and partial feedback, but they do not consider contextual
information x; and require prior knowledge of the kernel feature maps ¢ and ¢, which we do not need.

Contributions Our work is the first to study structured prediction in the framework of prediction of arbitrary se-
quences.

We first introduce a new algorithm, called OSKAAR (Algorithm[T)) and inspired by the work of (Ciliberto et al!,2020)
in the statitical framework. Given a RKHS G from X to # associated to a kernel of the feature space k : X x X — R
and a regularization parameter A, OSKAAR achieves a regret upper-bound (Theorem[2)) of ordeﬂ'_l]):

Rr $\/T(de(N) +minLr(g),  where Lr(g anxt el + Migll

where deg () is the effective dimension (I3) that measures the size of the RKHS and L7 (g) measures how the RKHS
g is able to interpolate features of the data. In particular, if there is a function g* € G that perfectly models the features
(p(yt))s, ie. g*(x+) = w(ye) for all ¢, noting that degr(X) < T/, the above result yields a regret bound of the order
of O(T3/ 4). However, such an assumption is strong even for i.i.d. data, and the above bound might be linear in T in
the worst-case. in the worst-case scenario. This is not surprising, as the learner’s performance is compared to the best
possible baseline arg min_ . zA(z, y¢) at each time step, which is generally unattainable.

To weaken the above assumption, we also prove the following expected regret bound for OSKAAR (Theorem3):

1) S T + min Lrlg), - where [Zm 2~ Bl + Aol

where the expectation is taken with respect to the possible randomness of the data (x4, y;). In the context of arbitrary
sequences, the two above results exactly match. Yet, the assumption that there exists some ¢g* such that g*(z;) =
E[@(y:)|x¢] for all ¢, is much weaker in general than assuming g*(x:) = ¢(y;) since random variation of (y;) are
not considered. Such an assumption is weak in the i.i.d. statistical framework and standard in the analysis of Kernel
Ridge Regression (Caponnetto and De Vitd, |2007; ISteinwart and Christmann, [2008). It corresponds to assuming that
the data distribution lies in the RKHS. In particular, we show that our analysis allows to recover (up to a log factor)
the optimal rate of [Ciliberto et al/ (2020) in the i.i.d. setting, by designing an estimator fr that satisfies the excess risk
upper-bound:

el Afr(@),y) = A(f (@), )] ST+ T2/ log(671)  wp. 1-0.
Our estimator fT is constructed via a careful online to batch conversion to face with two challenges: the loss A(z,y)

being non-convex in z standard online to batch conversion techniques that use f7 = Et , [ are not possible here; our
result holds with high-probability which is challenging to obtain with such techniques (van der Hoeven et all, 2023).

The above result still hold under the assumption that ¢*(z;) = E[p(y:)|z:] for all ¢ for some ¢g*, which is weak
for stationary data but strong in our framework of arbitrary sequences. Our third contribution aims at relaxing this
assumption. We design a second algorithm, referred to as SALAMI (Algorithm[2)), that achieves under the assumption
that there exists g; € G such that g} (z;) = E[p(y:)|z:] for all ¢:

O(Vg/oTs/%) it A = Vg /11/3

Elfir] _{ OV /*T3/4%y it A=V, /2T1/2 7 @

'The symbol < is a rough inequality that neglects contants and logarithmic factors.
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where Vj and Vg are two different measures of the non-stationarity of the sequence (g} ):

T T
Vo=1+> Yo #gi1} and  Vg:=|gilo+ > lgr —gillg-

t=2 t=2

Paper outline In the next section, we recall the setting of the problem and the background on the /LE definition.
In Section we introduce our first algorithm Online Structured prediction with Kernel Aggregating Algorithm
Regression (OSKAAR) and the algorithm from the batch setting. In section we bound the regret of our algorithm.
In Section ] we recover the convergence rate from the batch setting without stochastic assumption. And in Section
we introduce our second algorithm Structured prediction ALgorithm with Aggregating Mixture (SALAMI) for non-
stationary data and bound its stochastic regret. The details of the proofs can be found in appendix. Moreover, in
Appendix[C and [El we provide bounds in high probability for both the stationary and the non-stationary settings.

2 Problem Setting and Background

We recall the setting and introduce the main notations used throughout the paper. We then discuss the limitations of
the previous works. We denote by X', ) and Z respectively the input, label and output spaces of the learning problem.
We denote by A : Z x ) — R the loss function, which measures the error between a prediction in Z and a true label
in ). Having two different spaces ) and Z allows to consider applications where the outputs do not match the labels
such as ranking (Duchi et al!,2010).

Framework 1: Online learning framework
with contextual information
for Each time steptin1...T do

Get information z; € X

Compute the prediction

2 = ft (.I't) ez

Observe the label y; € )

Getloss A(Z,y) € R

Update predictor f;11
end

Online Learning Framework Our online framework is for-
malised as a game between a learner and an environment, see
Framework [Tl At each time step ¢ > 1, the user receives a con-
text z; € X, computes a prediction Z; = fi(x;) € Z based on
the current context x; and the history (1, y1,. .., Tt—1, Yt—1)-
The true label y; € ) is then revealed to the learner, which
incurs a loss A(Z;,y:). In this framework we are in the full
information setting. That is to say that observing the label y,
enables the learner to compute the loss A(z,y;) forall z € Z.

The online learning setting allows us to also work with adversarial or non-stationary data, i.e. data that are not i.i.d.
This could model a change of the environment. Throughout the paper we consider a loss A : Z x ) — R that admits
an Implicit Loss Embedding (ILE), see Definition[T] with feature maps 1), ¢, and a Hilbert space H.

Definition 1 (ILE (Ciliberto et al., 2020)). A continuous map A : Z x Y — R is said to admit an Implicit Loss
Embedding (ILE) if there exists a separable Hilbert space H and two measurable bounded maps 1y : Z — H and
@Y — H, such that for any z € Z and y € )Y we have

A(z,y) = (¥(2), o(¥))u €)
and ||o(y)||n < 1. Additionally, we define ca = sup,¢ z ||1(2)||n-
In particular we do not assume that the loss is convex or differentiable. The metric to evaluate the performance of a
learning algorithm is the regret defined as
T

Rr =Y AlZuy) — Af7 (@), 91) “)

t=1

where f(z;) € argmin,c zA(z, ;) is used as the baseline. Taking the optimum inside the sum as we do is stronger
than taking the optimum of the sum as is usually done.

Structured Prediction This is the most general setting in supervised learning. We say that a learning problem is
structured if we have one of the following conditions (Vila, 2022):

* The loss is different than the 0-1 loss : A(z,y) # 1[z # y].
* The size of the output space is exponentially larger than the natural dimension of the output elements.

The first condition implies that some pairs of outputs and labels are closer than others. For instance, two sets that differ
by only one element should be closer to each other compared to sets with an empty intersection. The second condition
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characterizes a space of sequences, where the cardinality is exponential in the size of the dictionary used to build the
sequences. The following spaces and losses are structured:

Subsets of [k] := {1, ..., k} with the negative F1 score A(z,y) = —2|zNy|/(|z]| + |y|)

Ordered elements: Z = ) = ([k], <) with A(z,y) = |z — y|

Sequences of k elements of a dictionary D with the Hamming distance A(z,y) = ||z — yllo

Ranking, Information Retrieval: the goal is to predict an ordered list of documents or web pages from x € X
a query in a search engine. The output space Z is the space of permutations and the label space ) contains
scalar scores representing the relevance of each document for the query (Duchi et all,2010).

Note that we do not assume to have a vectorial structure in the output or the label space.

Standard Approach The classical learning approach, in the supervised learning setting, is Empirical Risk Minimi-
sation (ERM) (Devroye et all, [2013). The expected risk is estimated by the empirical risk, and f,, computed as its
minimiser. The underlying idea is that f,, should approach f* as size of the sample n grows. The estimator f, is
defined as follows

1 n
fn = arg }Igg o ; A(f(xi),yi) (5)

where F is a class of function and an hyper-parameter of the method. When the loss A is convex and the output space
Z has a vectorial structure ERM becomes an efficient strategy for a large family of spaces /. However this strategy
presents some limitations (Ciliberto et al!,[2020):

* Modeling. If we do not assume to have a vectorial structure on the output space Z, it is not clear how to
design a suitable function space F. For instance, given f1, fo : X — Z, there is no guarantee that f; + fo
takes values in Z as well.

* Computations. If the function space F is non-linear or the loss in non-convex, solving ERM can be chal-
lenging. Most approaches, such as gradient descent, are based on the regularity of the loss or the optimisation
domain.

Existing results in the batch statistical framework We briefly recall the main results from Ciliberto et al. (2020).
The authors introduced the ILE assumption (see Def.[I)) and studied learning problems that satisfy this definition in the
supervised learning setting. The mathematical constructs introduced in this definition, such as the feature maps ¢, ¢
and the Hilbert space H, are used solely for analysis purposes and algorithm design. Notably, they are not required for
making predictions. An important feature of their work, which we also achieve, is that our online algorithms do not
need prior knowledge of v, ¢ and H.

Let (x;,y;), be a sample of i.i.d. data. Ciliberto et all (2020) consider the ERM estimator g,, : X — H that learns
the features (y) as

MRS
ga = argmin = > llo() — () 3 + Aloll3 ©)
‘ i=1

over a known kernel space G. Choosing a kernel space gives us a closed form solution and strong algebraic properties
to analyse the algorithm. Moving the problem to the feature space #, enables us to enjoy the vectorial structure of H.
The authors then define the predictor f,, : X — Z as an optimisation problem using g,, as follows

n

fn(@) = argmin(y(2), gn(x))n = argmin p | ai(2)A(z,4:), @
i=1
where «; are coefficients obtained by resorting to the representer theorem. Let £ and R be the expected risk of
fn: X = Zand g, : X — H respectively and f* and g* be their respective minimizers. (Ciliberto et al. (2020)
show that the excess risk of f,, is controlled by the one of g,, enabling them to carry out their analysis. The following
comparison inequality and convergence rate are derived:

E(f) ~€f) S VR ~ Rlg) <O (n~*log (57))  wp.1-

where < does not take into account multiplicative constants independent of n and 4.

Limitations of previous works This work is limited to the batch statistical framework with i.i.d. data. However
some applications involve a flow of data; or data generated by non-stationary distributions including adversarial data.
Our work is the first to study structured prediction in the setting of arbitrary sequences.
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3 A General Algorithm for Online Structured Prediction

In this section we introduce our algorithm OSKAAR (Online Structured prediction with Kernel Aggregating Algorithm
Regression) and bound its regret.

3.1 Introducing our Algorithm: OSKAAR

To simplify notations, we may denote ©(y:) by ¢ € H. We recall that the feature map ¢ : ) — H is constant over
time, the index ¢ in this notation denotes only the variation of y; over time.

Algorithm 1: OSKAAR — Online Structured prediction with Kernel Aggregating Algorithm Regression

Input: A > 0,kernel £ : X x X - R

for Each time steptin1...T do
Get information z; € X
Update 8t (z) = (K¢ + M)~ v (z) where K, and v; are defined after Eq. (I0)
5 = argmin.e 2 (6(2), go(w) = argminzez YL B (20) Az, )
Observe ground truth y; € Y
Get loss A(Z,y:) € R

end

We introduce our first algorithm, see Algorithm[I] which is inspired by the learning procedure of (Ciliberto et al! (2020).
However, we use a variant of Kernel Ridge Regression that has a different regularisation which is crucial in the context
of arbitrary data, Kernel Aggregating Algorithm Regression (KAAR), see (Gammerman et al! (2012); Jézéquel et al.
(2019). At each time step ¢ € [T'], we compute §; : X — H as follows

t—1
g = arg{]neigZHg(ws) = @slli + Algllg + llg(ze)ll3, , ®)
) s=1

where G is a VRKHS with feature map ¢ such that sup, . v ||¢(z)|| < k < oo, see Appendix [Al for more details. And
ft is defined as an optimisation problem with respect to g, as in the batch setting

t—1

fe(x) == argmin(y(2), g () = arggéiEZBi(w)A(z,ys), )
s=1

z€EZ

where the coefficients ¢ come from the representer theorem, and are defined as follows
BH(x) = (K¢ + M) o) (10)

with K; € R*** the Gram matrix defined by (K;); ; = k(z;,x;), and v (z) € R* defined by (v(z))s = k(z, xs).
Thus, at each time step ¢, the prediction is computed by

t—1
2= filay) = arggéhzl;ﬂz(:ct)A(z,ys). (11)

Hence, we note that, as in the supervised learning setting, the mathematical objects 1, ¢, H introduced in the definition
of ILE are not needed to make a prediction. We only need the knowledge of the different labels y, in order to compute

A('v yS)
3.2 Regret Bound of OSKAAR

We start our analysis by proving a comparison inequality, see Lemmal[Il It extends any bound on the empirical risk
of (§:); to a bound on the regret of (f;);. We can therefore carry out the analysis on (§;); for which we have a closed
form solution and lies in a space with algebraic assumptions.

Lemma 1 (Online Comparison Inequality). Ler (fi): and (g1 )+ be defined as in @) and (8) respectively. Then we have

T
Ry < 2eaVT\| Y [loe = gelae)l 3 (12)

t=1
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Compared to (Ciliberto et all (2020), our online comparison inequality does not provide an upper bound with respect
to a global minimiser g*. The baseline is not reflected in the right hand side of this inequality. Finding a comparison
inequality which controls the regret with respect to a baseline in the same class of functions than our estimators is
left for future works. However, this result still shifts the problem into the feature space which possesses a lot more
algebraic properties. It allows us to derive the regret bound of Theorem[2l The regret bound is expressed with respect
to the effective dimension deg(\) (Rudi et all, [2016; Zadorozhnyi et al!, 2021)) defined by

der(N) := Tr(K (K + A)™1) VA >0 (13)

where K € RT*T is the Gram matrix at time T". The effective dimension measures the complexity of the underlying
RKHS based on a given data sample. It is a decreasing function of the scale parameter A and deg(A) — 0 when
A — 0o. And when A — 0 it converges to the rank of K. Moreover it is always upper bounded by deg(\) < x2T/\.
We obtain the following regret bound.

Theorem 2 (Regret Bound of OSKAAR). Let (i) be defined as in Q). Then for all A > 0 and T > 1 we have

2
Ry < 2cA\/:F\/1og (e + e“AT) deg(N) + min Lr(g) (14)
g

where Li(g) := Y2 llps — g(xs) I3, + Allgl[g for every g € G.

The proof of this statement is postponed to Appendix [Al In the worst case scenario, if ¢; is a Rademacher variable,
mingeg L (g) is linear in T yields a linear regret bound. This is due to the fact that we are comparing our model
to the best possible z € Z at each time step, which is much too rich and linear regret is unavoidable in the worst
case. On the other hand, if there is a function g* € G that perfectly models the features (¢; ), i.e. g*(x) = ¢, for all
t, by taking A = \/_/Hg Il and bounding the effective dimension by degr(A) < 2T/, we obtain Ry < O (T3/4)
However, the assumption Zt lg* () — ¢el|3, = 0 is too strong for adversarial data and even for i.i.d. data with
white noise. These considerations motivate the study of the expected regret in the next section and the cumulative risk
in Appendix[C

Computation time At each time step £, we need to compute the vector 3¢ (z;) € R!. Thus the per round complexity
is of O(t?). If the kernel satisfies the capacity condition des(A\) < (T'/A)? for 3 € [0, 1] (see Appendix [D.T), using
a method based on Nystrom approximation (Jézéquel et all, 2019), it is possible to recover the same regret with a
computational complexity of O (deg(A)*/ 1 =2).

4 Stochastic Regret Bounds

In this section, we generalize the results from the supervised learning setting in (Ciliberto et al! (2020). We achieve
the same convergence rate as in the batch statistical framework, although our results hold without stochastic assump-
tions. We are now interested in bounding the expected regret E[ Ry |, where the expectation is taken over the possible
randomness of the data (z1,y1, ..., 27, yr). Note that the data are still generated sequentially and can be adapted to
the player, in particular they can be adversarial and follow Dirac distributions. Note that the data are still generated
sequentially and can adapt to the player, meaning they can be adversarial and follow Dirac distributions. Taking the
expectation helps to avoid the noise inherent in the data and enables us to obtain results closer to|Ciliberto et all (2020)
by replacing ; with to E[¢;|2:] in our result. We study the same algorithm (OSKAAR) as in the previous section, see
Algorithm[Il We obtain the following regret bound and its corollary proved in Appendix[Bl

Theorem 3 (Expected Regret Bound). Let (f;); be defined as in (9). Then, forany g* € G, A\ > 0and T > 1, we have

T
> _llg* (@) — Elelad] 3,

t=1

E[Ry] < 2eaVT | deg(N) log (e + 25T ) + Alg*[3 + E (15)

Corollary 4 (Expected Regret Bound). With the same assumptions than TheoremB] with X\ = /T. Assume that there
exists g* € G such thatIE[Zt g™ (@e) — Elpe|xe]||3,] = 0. Then, we have

E[Ry] < 20AT3/4\//~;2 log (e + enQ\/T) +lg*|2 =0 (T3/4\/1ogT) . (16)

Our assumption on g* is similar to the one done to obtain the convergence rate in[Ciliberto et al! (2020). It is a common
assumption in Kernel Ridge Regression theory (Caponnetto and De Vitd, 2007; ISteinwart and Christmann, 2008). We
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are assuming that there exists a function g* € G, such that for all ¢t € [T'] we have ¢g*(x;) = E[p:|z,]. That it to say,
g* interpolates the expectations of the data. Up to the log factor, we retrieve the same bound in the online setting as
in the supervised setting, and without assuming that the data are i.i.d. Specifically, we make no assumption on the x;,
generalizing existing results that assume i.i.d. inputs.

High probability regret bound In Theorem[3]and Corollary @l we bound the expectation of the regret. The expec-
tation is taken over the whole data, including the whole history at each time step. Moreover a bound in expectation
does not necessarily imply a bound in high probability. It is however possible to obtain a bound in high probability on
the cumulative risk, defined as

Z By [A(f(we),ye) = A (), 90)] (17)
where at each round the expectation is taken with respect to the randomness of the next output y; only and not with
all past data x1,y1,...,%¢—1,%—1,x¢. Computing such bounds requires more recent mathematical tools such as

van der Hoeven et all (2023). In Appendix [} we prove a regret bound in high probability using a slightly different
estimator.

High probability excess risk bound In Appendix[C.I] we demonstrate that, when data are i.i.d., our previous results
enable the design of a batch estimator fp from the online predictors, yielding the following bound on the excess risk.
With probability 1 — ¢

E.y[A(fr(z),y) — A(f*(x),y)] <O (T‘l/“\/log(T) + T_l/zx/log(é—l)) .

A standard online to batch conversion would have aggregated the predictors ( f;): by setting f; = Zil ft- However,
this is not possible here because the output space Z is not convex. To design fr, we thus aggregate the feature
estimators (g ) into a unique function g7, which is used to construct f7. This construction requires recent technical
tools (van der Hoeven et al., 2023). To sum up, our algorithm generalizes the supervised learning setting, achieving
the same convergence rate up to a log factor. Moreover, our algorithm can learn from a stream of data, allowing
sequential updates as data arrive step by step, instead of relying on a batch of data available from the start.

5 Non-Stationary Online Structured Prediction

In this section, we introduce SALAMI (Structured prediction ALgorithm with Aggregating Mixture), see Algorithm 2]
an algorithm designed to handle non-stationary data distributions, including adversarial data. The non-stationarity we
consider is on x — E[¢;|x] rather than on the baseline (f;*):, which is already non-stationary throughout the paper.
We compare the feature predictors (§;); to a non-stationary baseline (g;); € GT. This approach allows us to address
data with a changing distribution over time, including adversarial data. Note that we handle general data distributions,
including Dirac distributions. As the data distributions change, earlier data may become outdated. Therefore, we need
to modify our previous predictor, which considers all past data equally. We treat predictors with different starting
times as experts and use an expert selection algorithm to create a mixture of them. See Algorithm[2]for details.

In the previous section, we assume the existence of some fixed function g* € G such that g*(x;) = E[p;|z;] for all ¢,
which is weak when x — E[p;|z] is stationary. However it is not satisfied when the data distribution is non-stationary
or even arbitrary. In this section, we assume that for each time step ¢ € [T, there exists a function g; € G such that
g7 (z¢) = E[p:|a¢]. This is a very weak assumption, as we can choose a different function ¢; for each time step.

5.1 Regret Bound

In order to bound the regret, we define two quantities that measure the non-stationarity of the sequence (g;): the
continuous variation Vg and the discrete variation V{, defined as follows
T

T
Vg :=llgillg + Y _llgr —g;4llg  and 1+ 1[g; #g74]. (18)
t=2 t=2

We obtain the following regret bound.
Theorem 5 (Expected Regret in a Non-Stationary Environment). Assume that there exists (g;) a sequence in G such
thatIE[Zt gt (@) — Elpe|xe]|3,] = 0. Then, Algorithm2run with X > 0 and n = 1/2(ksup||g|lg + 1)? satisfies

OVg/°T3/%) ifx = V5 /213

Pl = { O(V1/4T3/4) ifA =V, /2112 )
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In Appendix[D] we prove this statement and precise the constants and log terms in the bounds. Therefore our method
obtains a sublinear regret with variations Vg, Vo up to T'. As expected we obtain a loss of performance when facing
non- statlonary data distributions compared to the stationary case in Theorem[dl With discrete distribution changes, the
rate O(T3/ %) is unchanged compared to the stationary setting as soon as the number of changes remains constant.

Calibration of A A limitation of Theorem[3]is the required knowledge of V; or Vg to tune the learning rate A > 0.
First, note that setting A\ = Q(7"'/3) always yield a regret of order O(7/°), but at the cost of a worse dependence on
the variation V. Second, our algorithm can be easily adapted to calibrate A automatically, by combining experts gg_’\t)
(see Eq.2T]and the algorithm details in the next section), indexed by both the starting time s and an hyperparameter ),

with X\ chosen from a logarithmic finite grid.

Refined regret bounds under the capacity condition A standard assumption when learning on RKHS is the capac-
ity condition that assumes the existence of some 3 € [0,1] and @ > 0 for which degr(\) < Q(T/A)? for all A > 0.
This assumption is weak since it is always verified for 5 = 1 but smaller values of 3 yield improved computational
complexity for the algorithm (see for instance Jézéquel et al. (2019)) and improved regret guarantees. We further
discuss this assumption and provide a refined regret bound in Appendix [D.1] In the particular case of the Gaussian
kernel, the effective dimension statisfies der(A\) < (log (T/ /\))d (Altschuler et all,[2019), where d is the dimension of
the input space X'. In this case, our result leads to the regret bound

E[Rr] = O(T**Vg* (A + 1)1/4) (20)

which improves the generic rate of Theorem[3lfrom O(T5/ %) to O(T?’/ 4). In this case, the extension to non-stationarity
comes at no cost in the regret rate as soon as Vg does not grow with time. More details are provided in Appendix[D.1}

5.2 Algorithm Design

We detail below our algorithm SALAMI. Let (g;) be the unknown sequence satisfying the assumption of Theorem 3
We start from the observation that if one could identify breaking times (¢;)1<;<7 at which the sequence g; changes,
one could restart OSKAAR (Algorithm[) at each ¢;, considering that g; is fixed from ¢; to ;41 — 1. The high-level
idea of SALAMI is to learn these restart times through a meta-aggregation procedure that combines estimators §s.; of
the sequence g/, indexed by s = 1,...,t, each assuming that (g;) is fixed from s to ¢; defined by following the KAAR
estimator starting in s

t—1

Jsit 1= arggleigZII% = g(@)l3 + Algllg + g7 2D

For each ¢ € [T, the feature predictor §; of SALAMI is then defined as a convex combination of gs.+ for 1 < s < ¢.
Formally, SALAMI learns a probability vector p; € Ap and defines

T
TSR AC I 22)

The next part of the algorithm is how to choose the weights p:(s). To do so, this is done by using the exponentially
weighted average forecaster (EWA) w; € A, which needs a small adaptation to deal with the fact that §,.; only
produces predictions for ¢ > s. Following the idea of |Gaillard et all (2014) for sleeping experts, this can be done by
defining the auxiliary losses

= . {ft(fis:t) ifs <t

. _ 2
ly(s) = 0(G0) if 5 > ¢ where  {i(g) = [lor — g(@) || %-

That is by assigning the loss of the algorithm itself ¢;(g;) to all expert that are inactive. The weights p;(s) are then
defined as: p1(1) = 1 and for ¢t > 1:

wy(s)
pe(s) = —/—— where we (k) o exp < nYy L ) (23)
S wi (k) Z
for some learning rate 17 > 0. Finally, SALAMI defines the predictor fr: X = Zas:
filw) = argmin((2), g1 (2))u- (24)



A PREPRINT - JUNE 17, 2024

Computational complexity Note that in its current form, SALAMI needs to consider an increasing number of ex-
perts §s.; over time, which increases the per-round space and time complexities of OSKAAR by a factor of O(t). How-
ever, this problem can be addressed by using more sophisticated intervals than [s, ¢] as done in [Zhang et all (2017);
Gyorgy et all (2012); Daniely et al. (2015), which reduces the overhead in complexities to a factor of O(log t). Extend-
ing our work to such intervals is straightforward, but we have chosen to restrict ourselves to intervals [s, ¢] to simplify
the understanding of the algorithm.

Algorithm 2: SALAMI — Structured prediction ALgorithm with Aggregating MIxture

Input: A\ > 0, exp-concavity constant 7 of (¢;);, kernel k : X x X — R
for Each time steptin1...T do
Get information z; € X
for Each expert sinl...t do 1
| Compute g = argminyeo X2 - — oo + Mgl + (el
en
for Each expert sin1...T do

Compute EWA wy(s) o< w;_1(s) exp(—nly(s)) where £;(s) =

Compute p:(s) {wt(s) ifs<t
end Oifs >t

Compute the aggregate predictor §; = Zstl e(8)gs:t

Compute the prediction 2; = fi(x:) = argmin,ez (¥ (2), §:(x+))n
Observe ground truth y, € Y

Getloss A(Z,y) € R

li(gs:t) if s <t
gt(gt) ifs>t

end
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APPENDIX

A Proof of Theorem 2 Regret Bound of OSKAAR

We first introduce some additional notations on kernels. Let k : X x ¥ — R be a positive semidefinite kernel, and F =

span{k(z,.)|x € X'} its associated RKHS. We denote by ¢ : X — F the feature map ¢(z) = k(x,.). We assume ¢
to be bounded by ||¢(x)||z < k < oo. For more details on RKHS see|Aronszajn (1950); Berlinet and Thomas-Agnan
(2011). We may now introduce the following operators:

¢ S F—=REst feF— ((op(xs), )i,

« SFiRY = Fostov=(v)l, = Sh_ vig(x)

d Ct S*St F = F

« We have that C; = !, é(5) ® ¢(xs)

* K; = 5,57 is the empirical kernel matrix

* Ay = A+ A for any symmetric linear operator A, where [ is the identity and A € R

For the space of function G : X — H we choose an vector-valued RKHS G = H ® F (Micchelli and Pontil, [2004;
Alvarez et al.,12012), which is a direct generalisation of scalar-valued RKHS.

We define L, for ¢t € [T] in a more general setting and rewrite it using Hilbertian operators

+(9,9¢) legs 9(@)l3 + Algllg = I1H* — 29" S{ H, + (g, Crag)

where Hy is the vector (g7, ..., g;) € H'. And we denote by L (g) the application L¢(g, »(Y:)), where (V%) is the

vector (¢1, ..., @) € Ht. We define the following functions
Jt+1 = argrqneiél Li(g) = C;;St*w(Yt) ) 25
ger = argmin Li(g) + g(zi) I3 = CRh A STe (V) (26)

Ji+1 is directly used in the definition of the algorithm, while g;; is only used in the proof of its regret.
We recall and prove the results from in Section 3.2

Lemma 1 (Online Comparison Inequality). Let (fi): and (g1 )+ be defined as in @) and (8) respectively. Then we have

T
Ry < 2caVT | > |l — ez, (12)
=1

Proof. We add and subtract two terms.

W

Ry =) A(fi(ze),y:) — A7 (%), ye)

~~
Il
-

I
M=

(W(fe(xe)), 00) — (W(fe(2e)), ge (1))

(W (fe(0)); g (20)) — (S (1)), Ge(e))
WU @), Ge (@) — WU (1)), 00)

(W(fe(ze)), 00) — (W(fe(2e)), ge (1))
HW(f (@), ge (1)) — W (fF (20)), 1)
(WD(fe(xe)) = b(fi (@), 0t — Ge(21))

~~
Il
-

Mo EM%

~
Il
-

11
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where the inequality comes from the definition of f;. We now apply successively Cauchy-Schwartz and Jensen’s
inequalities to conclude the proof.

P(fi(@e) = DS @)l - loe = Ge(ae) [

HM’%

T
< 2ca Z llor — Ge(ze)||n

t=1

T
< 2eaVT Z llor — Geae) |13

t=1

We bound the regret of the KAAR estimator. We generalise the proof of Jézéquel et al! (2019) to vVRKHS.

Lemma 6 (General Regret KAAR Estimator). Let (hy)L_, be bounded vectors in H such that ||hi||% < B < oo for
allt € [T). Let Hr € HT be the vector (hy, ..., hr). Let A > 0, and let us define the KAAR predictors as follow

t—1
g = argr;leigZHhs — g(zs) |3 + Algllg + lg(ze) 3
s=1

Then we have
) er?T
> llhe = ge(w)[I3, < B log (e - T) deg(A) + min Ly (g, Hr). 27)
t=1 :

Proof. We follow and adapt the proof of Theorem 9 from Jézéquel et al! (2019) to vector RKHS without Nystrom
approximation. We start by adding telescopic terms.

T
> N = ge(ae) 13,
t=1

he — Ge(zo)ll3; — Lr(gr+1, Hr) + Lr(grs1, Hr)

Il
B

&
Il
s

Il
B

(17t — Ge(ze) 13 + Li-1(ge, Hi—1) = Li(ges1, He)| + Lo (grs1, Hr) .

&
Il
=

Let Z(t) = ||h: — gt(xt)”; + Li—1(ge, Hi—1) — Li(gt41, He), and let us study its terms separately.
Note that (gi+1, Ci2gi+1) = H;‘StCtT/\lCt,\ng = H;Sigt+1.
Therefore Ly(gi41, Hr) = | Hell> = (9e+1, Crages)-
Let us focus now on ||hy — g¢(z¢) |2 = [|he]|? — 2(he, §e (1)) + (G (¢), G (¢)). Note that
(he, ge(@e)) = A*(b(xt)ht
=7 (S{Hy — S{_1Hi—1)

Z‘(Ct Agt+1 — Ct 1,7G¢)
<At, Ot,AgtJrl - Otfl,)\gt>

and
(Ge(xe), ge(xe)) = (G, d(xe)(D(20), §e)) = (G, [O(x) @ D(24)]ge) = (Gt (Cex — Cr—1,0)Ge) -

Therefore we obtain

[he = Ge(zo)[|? = [hell® = 2(ge, Cengir — Cie1.ge) + (G, (Cex — Ci1,2)3e) -

12
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Thus by putting everything together, we get

Z(t) = =2(gt, Ceagt+1 — Ce—1.29t) + (Gt, (Cexn — Ce—1,3)G¢) — (9¢, Ce—1,739¢) + (gt+1, Ce xge41)
= (Gt — gt+1, Ce A (Gt — gex1)) — (Gt — 96, Ce—1.2(Gt — 9¢))
< (Gt = Gt+1, Ce A (Gt — ge41)) -
Now note that we can factorise
91— 911 = Co 3 St Hyy — Cy 3 S;Hy = —Cyp ) ()
We thus bound Z(t) by
Z(t) < (p(zt)he, Ctjfb(ft)hﬁ = [|he]|* (@ (1), C;§¢($t)> < B*(¢(zy), C';;gb(xt)} .

Finally, we proved that

T T
> ik — gla) Z O o(x)) + Lr(gr1, Hr) .
t=1 t=1
We conclude the proof by using Propositions 1 and 2 of Jézéquel et al. (2019). O

We now prove our main result from Section[3.2}
Theorem 2 (Regret Bound of OSKAAR). Let (f1): be defined as in Q). Then for all X > 0 and T > 1 we have

2
Ry < 2cA\/T\/1og (e + e“AT) deg(X) + min Lz (9) (14)
: m

where Li(g) = X! _, llps — g(x)|[2, + AllglI3 for every g € G.

Proof. We apply the two previous lemmas and obtain

T
Rr = ) A(filwe),ye) — AF7 (@), pe)

(Lem.[I)

T
< 2eaVT | D lle(ye) = gelo)ll3
t=1

(Lem.[8) 2T
eg 2eaVTy [log (e + %) degr(X) + rnelél Lr(g)
g

where B =1 > SupyeyH%’(y)HH- -

B Proofs of Theorem 3land Corollary 4t Stochastic Regret Bounds in Expectation

In this section, we prove the results from Section @l We will denote by F;_; the filter (x1,y1,...,2+). We start by
introducing the following comparison inequality. It is an equivalent to Lemma [Tl for the expected regret. It allows to
control the expected regret with respect to E[p:|x¢].

Lemma 7 (Comparison Inequality in Expectation). For any sequence of measurable functions (g; : X — H):. For
allt € [T], let fy : X — Z be defined by f(x) = argmin,e z((2), G.(x))2. Then we have

T
E[Rr] < 2eaVT,| > Ellge(xe) — Elpelzi]12,]. (28)
t=1

Proof. We follow the proof from Lemmal[Iland get
EIA(fe(xe), ) — A (@), )] < E[(D(fe(ze)) — ©(ff (21)), ge(ae) — @) -

13
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Remember that ¢, := ¢(y;) depends on y;. Now note that

E[(@(fe(zt)) — (fi (@), Elpt|ze] — )] = (b (fe(ar)) — ¥ (fi (@), E[E[pt|24] — 1))
= (W(fe(x1)) — V(i (@), E[Ey, [E[pr|z4] — @i Fr-a]]) =0

since we condition on z; in the expectation. Thus

E[A(fe(we), ye) — AU (@), y2)] < B[ (fe(ze)) — DS (20)), Ge(we) — Elopr|2])] -

We now apply successively Cauchy-Schwartz inequality and Jensen’s inequality as in the proof of Lemmal[lland obtain

T
E[A(fe(x1), ye) — AU (2),90)] < QCAﬁ\I > Elllge(ze) — Elgelae] 3] - 29

t=1
It concludes the proof. O

We now recall and prove the expectation of the regret bound.
Theorem 3 (Expected Regret Bound). Let (f;): be defined as in Q). Then, for any g* € G, A > 0 and T > 1, we have

E[Rr] < 2caVT, | d $ sN)1og (e + 25T ) + Ag*||% + E an zt) = Elpiled] I3, |- (15)

Proof. We apply Lemmal[7] then add and subtract a term to get
E[A(fi(@e), ye) — A7 (@), )]

T

< 2eaVT\| D Ellge(z:) — Elpela:)|3,]

t=1

T
=2caVT\ | Y Elllge(xe) — Elge|zi]l3, — g™ (x:) — Bloele]lI3, + llg* () — Elgez]|13,].
t=1
‘We bound the difference between the first two terms.

ZE 19e(e) — Eloelzellz, — llg™ (we) — Elpelad] 3]

T

= D BBy, [19e(ze) — Elpulzd I3, — 9" (x0) — Elpelze] 15| Fer]]
t=1

Now note that
By, [19¢(x) — @¢l*|Feo1] = Ey, [|e(ze) — Eloe|ze]|* + [lor — Bl |lze] 1?1 Fe-1]
_2]Eyt[<E[SDt|xt] — o1, Elpt|zs] — ge(e))| Fe—1]

= Ey, [|ge(z1) — Elgpelz]||* + llpe — Elge|ze] |2 Fei]
since we condition on x;. The same equality holds for g*. Therefore we obtain

ZE 19e(e) — Elelzellz, — llg™ (we) — Elpelad] 3]

Elllge(z) — @ullF, — llg* () — @illF]

I
[M]=

~~
Il

E

> Nge@e) = el — g™ (1) — <Pt|%a1

1 =
~+
!

<E [deff()\) log (e + #) + AHQW%}

= desr(A) log (e + @) + Allg* |1

where the inequality comes from Theorem[@l It concludes the proof. o

14
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Corollary 4 (Expected Regret Bound). With the same assumptions than TheoremB} with \ = /T. Assume that there
exists g* € G such thatIE[Zt g™ (@e) — Elpe|xe]||3,] = 0. Then, we have

E[Ry] < 2cAT3/4\//-;2 log (e + enQﬁ) +lg*|2 =0 (T3/4\/1ogT) . (16)

Proof. We bound the effective dimension by deg(A) <

E[Rr] < 2ch/T\/“ZTT log (e + 5L ) + Alg°l13

By choosing A\ = /T, we get

E[Rr] < ZCAT3/4\//£2 log (e + enz‘\/f) +1g*112-

C Stochastic Regret Bounds in High Probability

In this section we aim to retrieve the results from the supervised learning framework (Ciliberto et all, 2020) in the
online learning setting. For all time step ¢, we define the filter 7;—1 = (21, ¥1,.-.,%t—1, Y11, ¢ ), and we denote by
E,[.] the expectation E,, [.|F;—1]. We are now interested in bounding the cumulative risk (Wintenberger, 2024)

Z]Et (fe(xe), ye) — AUfF (), ye)] - (30)

Taking the expectation in y; will avoid considering the noise of the random variables (y;); and allow us to obtain closer
results from|Ciliberto et al! (2020) by bounding with respect to E[¢:|x:] instead of ;.

We use the proof of Theorem 1 ofivan der Hoeven et all (2023), which allows to bound the cumulative risk in the feature
space with high probability using a regret bound for an exp-concave loss. Moreover, [van der Hoeven et all (2023)
enables us to aggregate our predictors into a unique function fr and bound its cumulative risk in high probability,
which is a setting similar to the supervised learning study. In order to apply this theorem, we need to modify our
feature predictor g; : X — H and define it using a shifted version of the losses

t—1
G = argr;leigZH%g(ws) +39s(ws) = wsll3 + Mgl + 3llg(o)ll3, - 31
s=1

The predictor f; : X — Z is then defined as follows

t—1
filer) = arg min(u (=), (@) = argmin 3 Bu()A(,5). (32)
s=1

As previously, we do not require the knowledge of v, ¢ and H to make a prediction.
We first introduce a comparison inequality. It is an equivalent to Lemma[dl for the cumulative risk.

Lemma 8 (Comparison Inequality for Cumulative Risk). For any sequence of measurable functions (§; : X — H);.
Forallt € [T], let f, : X — Z be defined by f(x) = argmin,c z(¥(2), G (x))x. Then we have

T
ZEt (fe(@e)sye) = AT (@), 9e)] < 2eaVTy | D Eelllge(we) — Eloelz]lI3,]

t=1
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Proof. We recall the notation ¢; = ¢(y;), which therefore depends on y; in the expectation. We start by adding and
subtracting two terms

Ee[A(fe(xe), ye) — AL (1), ye)]

= E[(Y(fe(me)), 1) — (D (24)), p1)]

= E[((fe(x1)), 1) — (D(fe(1)), Ge (1))
W (fe(ze)), ge(@e)) — (D (fi (@), Ge(ae))
WO (1)), ge(@e)) — (WD (f (@), o0)]

S E@(fe(xe), i) — o (felxt)), ge(xe))
WO (1)), ge(@e)) — (W (f (@), 1))

= E[(Y(fe(me)) — Y (f (24)), Ge2e) — 1)

where the inequality comes by definition of f;. Now note that

Ee[((fe(we)) — o (ff (24)), Elpe|2e] — )] = (b (fe(@e)) — (fi (24)), Ee[Elpe|e] — pe]) = 0
since we condition on x; in [E;. Thus
Ee[((fe(2e)) — o (ff (24)), Ge(ze) — 1)

=Ee[(@(fe(ze)) — (fe (20)), Ge(ze) — Elipe|2])]

FE (W (fe(2e)) — 0(ff (24)), Elpe|ze] — 1)

=E:[(Y(fe(ze)) — o (f (20), Ge(ze) — Elgpe|ze])] -
We now apply successively Cauchy-Schwartz inequality and Jensen’s inequality.

T

Z]Et (fe(@e)) = O(f7 (20)), de(xe) — Elgelae))] < 2ea Y Belllge(ws) — Elpt|z][1]

t=1

T
< 2eaVT | > Billlgs(we) — Elie|w]|13,]
O

Letn = 1/2(ksup||g||g+1)? be an exp-concavity constant of the loss £;(g) = ||g(z¢)—p+||3,. Letm = 2(ksup||g||g+
1)? be such that £(g) — £(¢’) < mforall g,g' € G. We define

v = 4max(%, m) (33)
as in the Theorem 1 oflvan der Hoeven et al. (2023).
We bound the cumulative risk of our algorithm, see Theorem[9l Compared to our previous result Theorem[2] we obtain
a bound in high probability. We now use g* € G to model (Elp¢|z]), instead of (). This difference allows us not

to consider the noise of the random variables x; — ;. It also allows us to be closer to the framework of|Ciliberto et al.
(2020) that compares a model g € G with the optimum and conditional expectation x — fy o(y)dp(y|z).

Theorem 9 (Average Cumulative Risk). Let (f;); be defined as in (32). Let § € (0,1] and v = 8(ksup||gllg + 1)%

With X = /T and assuming that there exists a function h € G such that for all t € [T, h(z;) = E[p|z;] , we have
with probability 1 — §

T
= S EIAG ) ) — AU )]
t=1

< 2cAT1/4\/¥ log (e + e’fTﬁ) +2[|g* |12 + 2eaT Y2\ /2y log(6— 1)
=0 (T*1/4\/1og(T) + Tﬁl/zx/log@*l)) .

The assumption we do on h is the same that the one that is done on g* to obtain the convergence rate in
Ciliberto et all (2020), and is a common assumption for Kernel Ridge Regression (Caponnetto and De Vita, 2007;
Steinwart and Christmann, 2008). Up to the log factor, we retrieve the same bound in the online learning setting and
without assuming that the data are i.i.d. Therefore our result is more general than the original result in the batch
statistical framework, however we are using T different functions to predict the outputs. In Theorem[IQ] we provide a
similar result with a single estimator obtained by aggregation.
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Proof. Step 1: Controlling the regret of (f;) by the regret of (g;). Applying Lemmal[§] we obtain

ZEt (fe(xe),ye) — Aff (1), y1)]

T
< 2eaVT, | > Bell|gi(@) — Elioe|z]|13,]
=1

=2caVT | > Ee[lge(z1) — Elgelzi |12, — llg* (@) — Bloelad I3, + llg* (xe) — Eleoe|2e][13,] -

Now note that
Ei[l|ge(ze) — 0ull?] = Eelllge(we) — ElpeladI” + llor — Elpe]a]]|?]
—2E[(Elpt|ze] — o1, Elpe|ze] — Ge ()]

= Eq[l|ge(we) — Elpelzd]|* + lloe — Elpela] (1)
since we condition on z; in E;. The same equality holds for g*(z;). Thus

ZEt[Hﬁt(iEt) — Elgptlad|)® = lg* () — Elge ][]

T
Z [1ge(xe) = @ell® = llg™ (ze) — el

Step 2: Bounding the regret of the shifted KAAR estimator. We note that

t—1
g = argmin > " 39(xs) + 595 (v) = @3+ Allglg + Hllg(we) I3
) s=1
t—1

= argmin £ 3 llg(zs) + g (2) = 205l13 + Mollg + Fllg () I3
) s=1

t—1

= arggleigZHg(:vs) +gs(@s) = 20415 + 4Xllgl3 + llg(ao)l3, -

Thus the function g; aims to estimate 2¢, — §s(s) with a regularisation parameter 4\. We apply Lemmal6land bound
2ps — gs(xs) forall s € [T7,

1205 = gs(s)llae < 2ll@sll + [|9s(@s) ]| < 24 (o)l Sugl\gllg <2+ ffsugllgl\g =:B.
ge ge

We get

T
ZHQQt(mt) —2¢[|3, < B*log (
t=1

We divide by 4 on both sides and obtain

efiiT) defr(4A) + min

T
D llg(ae) + gelxe) — 2413, + 4Mgl3
t=1

> llge(ze) — eull3, < B log (e + e’;;iT) dege(4N) + iy Lr(g). (34)

Step 3: Applying [van der Hoeven et al. (2023) to bound in high probability. We apply Theorem 1 of
van der Hoeven et al! (2023) to obtain with probability 1 — 4,

ZEt (fe(2e),ye) — Af7 (1), y1)]

T

1/2
<2eAVT < derr(42) log ( “ T) +29log(67") + 2Mlg* 12 + D llg* (2) — E[wtlthQ) (35)

t=1
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where 7 is defined in Eq. (33) and B = 2 + s sup,¢l|gllc. We bound the effective dimension by degr(A) < i and
obtain ‘
* B2g2T em 2T *(]2 1/2
ZEt (fe(@)s ) = AU ), w0)] < 2eaVT (EE T log (e + 251 ) +29105(071) + 271912
By choosing A\ = /T we get
ZEt (fe(@e),ye) — Af (1), )]
<20A\/_(B"‘Flog(e—i—EN ‘F)+2710g( D+ 2vT g7 )

O

C.1 Aggregating into a Unique Predictor

In this section, we build a unique predictor and we consider that the data (x;, y;); are i.i.d., in order to be as close
as possible from the supervised learning framework. As the output space Z does not have a vectorial structure, we
cannot aggregate the (f;);. Indeed, let f, /' : X — Z, there is no guarantee that f + f’ takes values in Z as well.
Therefore we build a unique predictor f7 from the T already computed feature predictors (g;);. We build an aggregate
gr : X — H defined as the average of the g;,

T
= 3> (36)

t=1

HIH

and define the predictor fr : X — Z with respect to g7 as follows

Jr(z) = argmin(y(2), gr () - (37)

z€EZ

We bound the excess risk of the predictor fr.
Theorem 10 (Excess Risk). Let f* : X — Z be a measurable function and v = 8(k supl|gllg + 1)%, with A = /T
and assuming there is a function g* € G such that E,E,[| g*(z) — E[p(y)|z]||?|x] = 0. Let fr be defined as in (BT)
and let § € (0, 1]. With probability 1 — §, we have
Eey[A(fr(2),y) — A (), )]
< 2cAT1/4\/¥ log (e + “Tﬁ) +2)1g%|I2 + 2caT /2 /27 1og (6 1)

=0 (T*1/4\/1og(T) + Tﬁl/zx/log@*l)) .

Proof. We follow the proof of Lemmalg] with the difference that at the end we apply Jensen’s inequality with respect
to the expectation to obtain a comparison inequality

18
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We now apply Theorem 1 fromlvan der Hoeven et all (2023) using Step 2 of the proof of Theorem [0

Eoy[A(fr(2),y) — A (), )]
x 1/2
= 2ca (EoEy[llgr(z) — Elp(y)l2]lI” - [lg* (=) — Elp(y)l2]l|* + ||g () —Efp (y)|w]|\2|fv])
* * 1/
=2ca (ExE gr(@) - eW)I? = 19" (@) — e@)1? + 9" () — Elp(w)la]||]) "
* 1/2
= 2ca (Exyllgr(2) = eW)I” = llg™ (@) — @)II°] + EoEy[llg" (= ) Elp(y)la]|?|2])
2T 1/2
B dun(4n) log(e+ < )+2A||q 12 +2+log(57 ) . ,
< 2ea 7 + E:Ey[llg" (=) — Elp(y)]a]]|"]x]
B? ex*T *|2 -1 1/2
B deni(47) log (e + 25 ) + 2719713 + 2710g(571)
= 2CA
T
where B = 2 + rsup,.¢llgllg- Upper-bounding the effective dimension by der(4)) < =T
gives the desired result. O
D Proof of Theorem [5: Dealing with Non-Stationary Data in Expectation
We define m € Nsuchthat 1l = ¢ <t9 <--- <t,,41 =T + 1 and such that
tip1—1
> gt~ giallo < -2 foralli € [1,m], (38)
t=t;+1
That is to say that the variation of (g;); is small between t; and t;y; — 1. Note that the sum
> Zt”tl_HHgt gi_1llg does not take into account the norms of ||g;, — g/, _1||lg fori € [2,m]. AsinlRaj et al.

(2020), we define an approximation (g;,.,,, ,)i*; € G™ of (g;)+ with only m changes through the 7' time steps that
occur between ¢; and ;1. Itis an hypothetlcal forecaster with m restart times. Formally we define

t1+1 1 t1+1 1

Guitiys = argmin > Jlg = g7l = Z g (39)
7/

t=t;

and by g: we denote gy, forall t € [t;, tit1 — 1].

Tt
We bound the dynamic regret of the KAAR estimator, see Proposition It is expressed with respect to the time
dependent effective dimension degr(\, s — r) defined as

detr( Ny s — 1) i= Tr(Ks—ys—r(Ks—ys—r + A7) YA >0, (40)

where K, € RE=r=1x(s=7=1) jg defined by (Ks—rs—r)ij = k(@riiz1, Triyj—1).

Proposition 11 (Dynamic Regret of KAAR). Let (§:); be defined as in and let (g}); € GT. Let m € N be defined
as in 38). Letn = 1/2(ksup||g|lg + 1)%. Then we have

> Ngelen) = @ill3, = llgi (z0) — el

< ml"gT + log (e—l— = T) Zdeﬁr (M tig1 — i) + Am Inax||gt I3 + 4“;/19T =: Rr(A\,m).
=1
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Proof. Step 1: We add two intermediary terms. We introduce two new terms in the sum and bound the differences
separately.

T m tiy1—1
D lge(we) = @ell3e = Mgz @) =ellze =Y > Ngelwe) = eell — llgi (xe) — w213
t=1 i=1 t=t;
m tiy1—1
= Z Z 9e(2e) = @ell3y = 1Gt.:4(ze) — el (41)
i=1 t=t;

Hgest(@e) = @ellz = 1Feisees (26) = @ell3
HGesstirn (@) = el — 197 (22) — @ull3,
Step 2: Bounding the first difference. For all £* € [T and all s € [T], we prove that

52

Z (ft (ZPt(Mﬁk:t) - ft(fik*:t)) 1[k* <t] < log & . (42)
k=1

t=1 n

The proof is based on the proof of EWA applied to Z;. Let W, be the normalisation constant of w;.
K
W52+1 Zexp ( nzé )
k=1
K So2— 1 ~
( 7 Z 0s( ) exp(—nls, ())

ws, (k) exp(=nls, (K))

M=

I
I

2

=
I

1

K
S WSQ exXp <_77€SQ <Z Ws, (k)gk:52>>
k=1

where the inequality comes from Jensen’s inequality and n-exp-concavity of /,,, and where we define

~ gk:tifkgt
gkt = A .
g itk >t

Now note that

K
wa (k) Gh:s, = Z Ws, (K)Gr:sy + Z Ws, (K)Js,
k=1

k<so k>s2

= Z Wsy (k) Z Dso (k)gk:52 + Z Ws, (k)g 2

k<so k<so k>so
= s, Z Ws,y (k) + Z Ws, (k)
k<so k>s2
= g52'

Thus by induction we obtain

W52+1 S Wl exp <_nzgs(gs)> S KGXP <_nzgs(gs)>
s=1 s=1
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where the right inequality is obtained by choosing to initialise w; as the uniform probability over the K experts. We
now compute a lower bound of W, 1,

K So

W82+1 = Zexp <_nzgs(k)>
k=1 s=1

exp <—nzzgs(k*)>

= exp <—ni€s(§k*:s)1[k* < ]+ £s(9s)1[K" > 8]) :

By taking the log we obtain the desired result.

Y]

Step 3: Bounding the second difference. We have that
ti+1_1
> Nge(@) = eell3 = gects s () — il
t=t;

< defe(N, tiy1 — ti) log (e + eﬁ(tfiﬁt)) + M| Gesctin 1
This is a generalisation of Theorem[6] with a late starting point.
Step 4: Bounding the third difference. We bound the third term of the sum using the following derivation.
Gt (@0) = ll3 — g7 (22) — el%,
= —||g (z) — gti:tm(ﬂ?t)Hi + 201 = Grati 1 (T0)s 97 () = Grootiyr (1)),
<2 H<Pt - fiti:tiﬂ(iﬂt)HH Hgf(%) - fiti:tiﬂ(wt)HH
<4k Hgf = Gtitiga Hg

We bound the norm by
ti+1_1
”g;K _gti5ti+1||g = gf - ,51“%151 Z Js
s=t; g
tip1—1
- ti+3*ti Z g:_gs
s=t; g
tig1—1
< tmmw 2 o —aille
s=t;
max {lgy — sllg

T s€[tirtir1—1]

where the first inequality comes from Jensen’s inequality. We now separate the max in two terms at time step ¢, and
use a telescopic sum.

a i < a *_ = + a -
Seﬂtfgifﬂ]]llgt gsllg < Seﬁg’t)il]]”gt 9sllg Se[[tgtilflﬂl\gt sllg
t S
= _nax Z .= Gr1|| + max Z *_ G
s€[ti t—1] T:SHQT I et 1] r:t+1gr gr—1
t S
< ax Z = Gr—1]|l + max Z *_ g
_seﬂti;t—l]]r:s_’_l”gr gr= se[[t+1,ti+1—1]]T:t+ngT gl
ti+1_1
= > lor— gl
r=t;+1
<Vg/m
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We may now sum to obtain

m tiy1—1

4“2”91& _gt”Q - 4’12 Z ”gt gtiiti+1”9

i=1 t=t;

m ti+1—1

< 4&2 Z Vg/m

i=1 t=t;
m

= 4/<5Vg/m2ti+1 — ti
=1

= 4xVgT /m.
Step 5: Putting everything together. We obtain
D lae(xe) = eillz = llgg (@) — eell3
m e,‘i}2 o K
< =T 4 1og (e 4+ 25T ) 3 de(A, tigs — ¢ +AZ||gt st |2+ 22T

=1

We conclude by noting that

5 tip1—1 tiy1—1
Hgtitti+1||g - tz+1 o ; gt S t1+1 t; ; Hgt ﬂt?}1+1 1]]HgtHg
where the first inequality is by Jensen’s inequality. O

We recall and prove our main result from Section 3

Theorem 5 (Expected Regret in a Non-Stationary Environment). Assume that there exists (g;) a sequence in G such
thatIE[Zt g (@) — Elpe|ze] |13,] = 0. Then, Algorithm@ run with X > 0 and n = 1/2(ksup||g|lg + 1)? satisfies

A 1/6 5/6\ Y\ _ 1/ —1/391/3
IE[RT]={O( ) A=V T (19)

O( 1/4T3/4) ifA= V0—1/2T1/2
Precisely if \ = ngl/3T1/3, we have

[V;/STU%*W‘*] log T /2
E[Rr] < 2caVT K
+ (Vg2/3T4/31€_2/3 + T)l/2 (I€2 log (e + ef<a2(V2/3T4/3 23 4 T)1/2) + mﬂaﬁﬂgt ||g)

5/3y,1/32/3
+4rP3V T

andif A = V071/2T1/2, we have

Volog T
E[Ry] < 2CA\/T\/ 0 ;g +log (e 1 en? /TVO) K2\ TV + TV, .ﬂ@xﬂlléti:tmllé-
1€ Vo

Proof. Step 1: Controlling the regret of (f;); by the regret of (§;):. From Lemma[7] we have

T T
Z (fe(@e), A(ft*(xt)ayt)] < 2eaVT\| D Ellge(z:) — Elpdlad][3,] -
p— t=1
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We add and subtract a term and then follow the proof of Theorem[3]

T
E Z A(ft(xt)a yt) - A(f;(%),%)]
t=1

T
< 2eaVT\| Y Elllge(ze) — Elpelz]ll}, = llg; (20) = Eloelz] |3, + 97 () — Eleli]|3,] -
t=1

We now apply Proposition [I1] to obtain

T

ZHQ?(%) — Elpt|z]1I3, (43)

t=1

E[R7] < 2caVT | Rr(\,m) +E

where Ry (A, m) is as in Proposition[TTland is defined as

Rr(\,m) = % + log (e + %) Zdeff(A,tiJ,_l t;) + Am mangt 1 + 4KVQT
i=1

K2(t;

Case 1: Continuous variations. We bound the effective dimension by deg(\, t;11 — t;) < %t) Thus we can

bound the sum by > | der(\, tit1 — t;) < k*T/\ and obtain

Rr(X,m) < % + log (e—|— %) &>T +Am IgaXHgtHQ + 4n1‘7/19T'

We choose A = /T'/m and get
Rr(A,m) < % +log(e + ex*VTm)k*VTm + VTm mﬁ)ﬁ”g?”é + %.
te[T
We choose m = [V;BT”%’Q“] and get

(V;/3T1/3n72/3—| log T
n

+ (Vg2/3T4/3I{2/3 +T)1/2 (mQ 10g(e+ef$2(ng/3T4/3m72/3 —|—T)1/2) + m[%)ﬁ]'g:'é) )
te

Rr(\,m) < + 453V P

. X T ¥ X
We conclude by noting that Vg = [|g7llg + >2¢—llg; — gi-1llg < (2T — 1) supllgllg.

Case 2: Discrete variations. In the case of discrete distributions data variations there is no more need to approximate
the data distributions (g; ); by the hypothetical forecasters (gy,.¢,. , )i- Thus the third term of the sum in Eq. &I is not

necessary. And we can replace Ry (A, m) by R%(\, Vp) defined as

Vo Vo
2
+log (e + e”AT) Z deft(A, tiy1 — ti) + )\Z|‘gti:ti+1 lIg-
i=1 i=1

Weabound the effective dimension by degr(, ti41—t;) < M Thus we obtain Zyzol dest( N\, tiv1 —t;) < 2T/ X
an

Rr(\ Vo) =

VologT
Ui

VologT
R%()\, Vo) < o0 log + log (e + @) ’ﬁTT + AV, .Ien[[é‘l/X]]Hgti;tHJ@. (44)
i€[Vo
By choosing A = /T /V}, we get
0 Volog T 2 2 - 2
Ry (M Vo) < T +log (e+ex/TVy ) 5TV + TV, _Ien[[z‘m/xﬂ||gti;ti+l||g. 45)
i€[Vo

Finally we bound the expected regret by

VologT
E[Rr] < 2CA\/T\/% + log (e + er24 /TVO) K2/ TVy + TV, mﬂz{mfxﬂ”@ti:ti“ 2.
1€ Vo

We now note that Vy < 7' to conclude the proof. o
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D.1 Refined Regret Bounds

Capacity Condition There exists § € [0, 1] and @ > 0 for which

B
deit(N) < Q ( ) ,VA > 0. (46)

When the kernel is bounded the condition above is always satisfied for 3 = 1. Indeed we can always bound the
effective dimension by degr(\) < "ﬁTT Moreover if the eigenvalues of the covariance operator C' decay polynomially
0i(C) < e¢j H, forc> 0, > 1and j € N, then the capacity condition is satisfied with @ = c and 3 = —1/u. Using
this bound we may derive a refined bound of the expectation of the dynamic regret.

Assuming that the capacity condition holds, and that there exists (g;) a sequence in G such that

T B =B B+é 1 =(B+1)
E {thlﬂgf(xt) —]E[cpt|:vt]||%_[} = 0. Then choosing A = THA+1mbB+1 and m = [VBJ“ ThA+2x B+2 —‘ leads

to the following bound on the expected regret

E[Rr] =0 (V5 T206+2) | . 47)

Indeed using the capacity condition, we bound the effective dimension by deg(\, ti41 — ;) < @ ( Lt ) . Using
Jensen’s inequality, we then derive

B

Zdeff/\twrl—t <QZ<”1 >
_ om Z <z+1 )5

X 0\’

i+1 7 U

<on (057t )

i=1

B
:leiﬁ <§> .

RT(A7m) S % +10g (€—|— @) le—ﬁ (%)ﬁ + Amgﬁzﬁ]”g:”é + 4/{7\2ng

‘We obtain

B -8
We choose A = T'8+1m B+1 and obtain
mlogT ﬁ % 2 % ﬁ 4I€VgT
Ry (A,m) < e+ m AT Qlog (| e+ ex*mB+1T + m{?ﬁ]”gt”g o
T

1 =B+
TB+2 i~ BF2 —‘andobtain

B+l
We choose m = {VQBH

B+l 1 —(B+D)
VQB+2Tﬂ+2H B+2 ]logT 2643 L g+1
+ 4k FF2 VT T

Rr(A,m) < [

n

1 2843 B
(VB+2T/3+2/<;/3+2 +T5+1) <Q log (e—i—em B+2 VIBJFQTBJr2 +eT/3+1) + m{%}”gt ||Q>

We note that the variation Vg = g%l + 31—, l9; — g7_1]lg = O(T) to conclude.

Gaussian kernel oreover, in the case of the Gaussian kernel we can bound the effective dimension by
degr(N) < (1og (%)) (Altschuler et all, 2019) where d is the dimension of the input space X, to obtain a smaller

regret. By choosing m = /VgT /(X + 1), we obtain
ElRr] = O (T*/ Vg (A + 1)1/1). (48)

In this particular case, if we choose a constant ), we retrieve the power 73/ from the stationary case.
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E Dealing with Non-Stationary Data in High Probability

In this section we deal with non-stationary data distributions as in Section [5] however we bound the cumulative risk
in high probability instead of bounding the expected regret. As in Appendix [C| we define the feature predictor on a
shifted version of the losses in order to apply Theorem 1 of lvan der Hoeven et al. (2023), see Algorithm[3l We define
the loss /; as

te(g) = ||s — ge(@e) — Sg(an)|)5, - (49)

We recall the definition of the filter 7,1 = (x1,¥1,...,%¢t—1,%:—1,%¢) and the notation E;[.] that stands for
By, [|Fi-1]-

Algorithm 3: SALAMI — Structured prediction ALgorithm with Aggregating Mixture — for the high probability
setting

Input: )\ > 0, exp-concavity constant 7 of (¢;);, kernel & : X x X = R
for Each time steptinl...T do

Get information z; € X

for Each expert sin1...t do

. . t—1 . 2
Compute Js:¢ = argmingeg ., [|¢s — 59s(xs) — 59(xs) ||, + Mgllg + Zlla(ze)ll3,
end
for Each expert sinl...T do

gt(gs:t) lfS S t

0(Ge) if s >t

Compute the probability using EWA w;(s) o< wy_1(s) exp(—nly(s))
we(s)if s <t

Oifs > 1

Compute the auxiliary loss £;(s) = {

Compute the probability p;(s) {

end
Compute the aggregate predictor §; = Z;F:l D(8)Js:t
Compute the prediction 2, = f;(x;) = arg min. ez (¥(2), §: (1))

Observe ground truth y; € Y
Get loss A(Z,y:) € R

end

The only difference with Appendix [Dlis the definition of the experts. We shift the losses by % Js(xs),

t—1

~ . ~ 2

ot = argmin > [los = 30.(20) — oo 3 + Moll3 + (el (50)
85=81

where g5 are the aggregate functions defined as in Appendix[D] see Algorithm[3 The predictor ft and the prediction
2, are computed as an optimisation problem in function of §;(z;)

2= fo(xy) = argrzréigw(z),gt(xt))ﬂ. (51

Analysis We now analyse the regret of this algorithm.

We introduce the following technical lemma, which bounds the cumulative risk of the feature predictors by the regret
in high probability using Theorem 1 ofvan der Hoeven et al| (2023).

Lemma 12 (Dynamic Cumulative Risk of the Feature Predictors). Let (g1): be defined as in Algorithm[Bl m € N be
defined as in (38), any sequence (g;); € GT and § € (0,1]. Let Rr(\,m) be defined as follows

T

N % N 2
> Nge(@e) — eell3e — 1395 (20) + 3du(xe) — @if;, < Rr(A,m). (52)
t=1

Let v be defined as in Eq. (33). Then with probability 1 — ¢

T
Y Elllge(we) = eellFe = llgi (@) — eell < 2Rr(A,m) + 2v1og(5Y). (53)
t=1
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Proof. Let us recall the notations of lvan der Hoeven et al. (2023) in order to apply the Theorem 1 of their paper. Let
/; denote the shifted loss as in|van der Hoeven et al. (2023)

Ui(g) = b (L9 + L31) = || 29(@e) + Lae(ze) — o5, (54)

We defined Ry (A, m) such that
T
Z l(g7) < Rr(Am)

with the only assumption on (g;); that they are functions in the space G. Using the convexity of 7, we use Jensen
inequality

C(Egnq.[9]) < Egnq, [E(Q)]u

where (@), are some distributions over G, and by convexity of the space G we have that E;¢, [g] € G. We derive
the following inequality

T T
Z Q"‘Qt Z QNQt[ ]) < RT(/\vm)

We now remark that the proof of the Theorem 1 oflvan der Hoeven et al! (2023) can be applied with a non-stationary
baseline (Q;); instead of (). This concludes the proof. O

We use this lemma and a comparison inequality to bound the cumulative risk of the predictors.

Theorem 13 (Expected Regret in a Non-Stationary Environment). Assume that there exists (gf) a sequence in
G such that E Zt 1H9t (z¢) — Elpe|x]||3,] =0. Let 6 € (0,1). Then, Algorithm Bl run with A > 0 and
n = 1/2(ksupl|gllg + 1)? satisfies with probability 1 — §

O (V3/°T5/5 + T2\ flog(5-1) ) if A = V; /3TY/3

E[Rr]={ .
[Fr] O (VA T3/4 4 T2, log(6-1) ) if A =V, /P211/2

(55)

Precisely, let +y let be defined as in Eq. (33), if A = Vg_l/ *T1/3 we have

ZEt ft (), ye) — AU (), ye)]

1/2
[V;/BTU?’K*WS—‘ log T /

n
< 2eaV2T | + (Vg/PT*3572/% 4+ T)12 25 Nog (e+ e (VP —2/3+T)1/2) :

+ (1 + wsupllgllg) #¥/3Vg > T3

2/3 — * —
+ (V5T 1) malgf |+ log(07)

and if A\ = ‘/0_1/2T1/2 we have

ZEt ft we),yt) — AL (24), ye)]

1/2
< %A /_2T(Vo 17c7)gT T B2N21.6rTVo log (e+ ex®VTVy \leVo) + TV, m;fiXHgti:tHlHQ +710g(5_1)) _
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Proof. Step 1: Controlling the regret of (f;); by the regret of (g;):. From Lemmal[8] we have

ZEt ft ), ye) — A(ff (20), y1)]

T
< 2eaVT, | D Bell|gs(x) — Ele|z]|3,]

=2caVT\| Y Eulllge(we) — Elgelad |13 — g7 (z0) — Elpelzd] 3, + llgi (20) — Elpelz]l13,]

=2caVT ZEt[HQt(It) —@ullF, = llgi (@) — @el3)] + Eelllgf (20) — Elge|ae]]|3,]-
We may now apply Lemma[I2]to obtain

ZEt ft ), y) — A(ff (1), ye)]

< 2eaAVT, | 2Rr (A, m) + 2ylog(6—1) + ZHgt z¢) — Elpe|@] |13, (56)

where Ry (A, m) is defined as

m

m lo 2 er? - * K su K
Rp(A\,m) = %L 4 B log (e + 4AT) > denr(4X tigr — 1) + Amgﬂaﬁ”gt 12 + trsuplolio)VoT
=1

and comes from Proposition [Tl for shifted losses.

Case 1: Continuous variations. We bound the effective dimension by deg(4X, ti11 — t;) < % Thus we can
bound the sum by > | deg(4\, tig1 — t;) < k2T /4) and obtain

RT(A,m) S mlng B 10g (8+ er T) kT 2T + )\mggaX”g ||2 (1+l€sup‘lng)I€VgT.

We choose A = /T'/m and get
RT(/\,m) < mlogT 4 B2 B log (6-‘1- Tm) ,.;2‘/4Tm + 'Tm mﬁ”g:”é + (1+Hsup|lz||g)anT'
te
We choose m = {V5/3T1/35*2/3] and get

V§/3T1/3n’2/3] log T
7

+ (V5/3T4/3H_2/3+T)1/2 (;q B? log (€+ er? (V2/3T4/3 _2/3+T)1/2) + max|gt|g)

Rp(hm) < | 1 (1 + nsupllgllg) 5PV T

We conclude by noting that Vg < (27 — 1) sup||g]|g-

Case 2: Discrete variations. In the case of discrete distributions data variations there is no more need to approximate
the data distributions (g; ); by the hypothetical forecasters (gy,.¢,. , )i- Thus the third term of the sum in Eq. @I is not
necessary. And we can replace Ry (), m) by R%-(\, Vp) defined as

RO\ Vp) =

VologT
0 ng 1 B o (e+ er T) Zdeff (AN, tip1 — t;) +>\legtl tia llg-
i=1
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We bound the effective dimension by degr (4, t;11—t;) < w Thus we bound the sum by 22/201 defr(4AN, tip1—
ti) < k2T /4) and obtain

RO Vo) < W 4 BT log (o4 45T ) + AV max g e, 3 (57)
% 0

By choosing A = /T /V;, we get

2 .2 2
R§(\, V) < YolosT . BT jog (o 4 22u TV ) 4 /T, e T X (58)
i€[Vo

We then bound the cumulative risk using Step 1.

ZEt ft (), ye) — A (), ye)]

< 2CA\/2T\/V0 e T 4 BTG og (e + T ) 4 /TV, e |G I3 +v1og(67)
i€[Vo
We now note that Vy < T to conclude the proof. O

E.1 Refined Regret Bounds

In this section we assume that the capacity condition holds and we derive refined bounds of the cumulative risk.
For more details about the capacity condition see Appendix Assuming that there exists (g;) a sequence in
B

G such that E {ZtT:ng;‘(:vt) —]E[cpt|:vt]|\%} = 0. Let§ € (0,1]. Then choosing A\ = TA+ImB+1 and m =

Bl 4 —(B+1)
[VQB Y2TBv2 g T2 —‘ leads to the following bound on the expected regret with probability 1 — §

~ _1 2843
ZEt (fe(@e),ye) — A(f:m),yt)]—o(v;”“w—zwz)+T1/2flog(a1>). (59)

B
Indeed using the capacity condition, we bound the effective dimension by degr(4\, ;41 — ;) < Q (%) . Using
Jensen’s inequality, we then derive

m m B
tivn —ti
D de(dNtin —t) <Q> (%)
=1 i=1
m B
- 1 (i1 — 1
- Qm; m ( 7B >
N )
i+1 — i
=Qm (Z W)

i=1

T ﬂ
=Qm'~ ﬁ(4)\> .

2 S
RT()\,’ITL) < mlng + %ml—ﬁ (%)'Blog (€+ eZiT) "‘/\mgﬁngﬂ@ + (1+msup\7\gHg)anT'

‘We obtain

B =B
We choose A = T'8+1m B+1 and obtain

, A B 2,8 B 1
Rp(\,m) < miosT y (Lhnswplglo)tVoll oy BT 75+ (% log (e + %mBHTﬂ“) + max lg; ||g>
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Bl 1 —(p+D)
We choose m = {VgﬁJr Th+2, B+2 —‘ to obtain

B+l 1 —(B+1)

’VVQ T2pBt2, B2 ]logT 2648 Lo B+l
Rr(Am) < : + (1 + wsuplgllg) & 72 VI T
2643 _B_ 2 1
1 g+l -1 B 2,-8 B+2 v A2 p B2 Lr B+
+ (Vgﬁ“TBH KBF2 + Tﬁ+1) (QB’T‘l log (e +e” e ) + rél[%]llgt ||g)

. * T * *
We conclude by noting that Vg = [|g7llg + >2;—ll97 — g7-1llg < (2T — 1) supl|g|[g.
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