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THE KINETIC FOKKER-PLANCK EQUATION IN A DOMAIN:
ULTRACONTRACTIVITY, HYPOCOERCIVITY
AND LONG-TIME ASYMPTOTIC BEHAVIOR

KLEBER CARRAPATOSO AND STEPHANE MISCHLER

ABSTRACT. We consider the Kinetic Fokker-Planck (FKP) equation in a domain with Maxwell
reflection condition on the boundary. We establish the ultracontractivity of the associated semi-
group and the hypocoercivity of the associated operator. We deduce the convergence with
constructive rate of the solution to the KFP equation towards the stationary state with same
mass as the initial datum.
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1. INTRODUCTION
In this paper, we consider the Kinetic Fokker-Planck (KFP) equation, also called the degenerated
Kolmogorov or the ultraparabolic equation,
(1.1) Of+v-Vof —A,f —divy(vf)=0 in U
on the function f := f; = f(t,-) = f(t,z,v), with (t,z,v) € U := (0,T) x Q x R%, T € (0, +o0],
Q C R a suitably smooth domain, d > 3, complemented with the Maxwell reflection condition on
the boundary

(1.2) V-f =B+ f =1 =) Sy f+1P7+f on T_,
and associated to an initial condition
(1.3) f(0,2,v) = fo(z,v) in O:=QxR%

Here I'_ denotes the incoming part of the boundary, . denotes the specular reflection operator, &
denotes the diffusive reflection operator (see precise definitions below), and ¢ : 9Q — [0, 1] denotes
a (possibly space dependent) accommodation coefficient. More precisely, we assume that Q :=
{x € R% §(z) > 0} for a W2°°(RY) function § such that |6(z)| := dist(x, dQ) on a neighborhood
of the boundary set 9Q and thus n, = n(z) := —Vd(x) coincides with the unit normal outward
vector field on 9. We next define % := {v € R% £ v -n, > 0} the sets of outgoing (%) and
incoming (X7) velocities at point z € 02, then the sets

Y ={(z,v);z €00 veXi}, Ti:=(0,T)xXg,
and finally the outgoing and incoming trace functions v+ f := 1pr,~vf. The specular reflection
operator . is defined by
(1.4) (ZLg)(x,v) == g(z,Vav), Vav:=v—2ng(ny - v),
and the diffusive operator Z is defined by

(15) (99)(a,0) = AWT(@), Fa) = [ glaw) (ns - w)do,

+
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2 K. CARRAPATOSO AND S. MISCHLER

where ./ stands for the (conveniently normalized) Maxwellian function
(1.6) A () = (2m) "D exp(—Jv]?/2),

which is positive on R? and verifies M = 1. We assume that the accomodation coefficient satisfies
1 € Wh(9€). For further references, we also define the (differently normalized) Maxwellian
function

1 1 9
(1.7) fool,v) = ﬁﬂ(“) = WGXP(*M /2),

which is positive on O and verifies || foo|/z1(0) = 1. The elementary (and well known at least at
a formal level) properties of the Kinetic Fokker-Planck equation are that it is mass conservative,
namely

(1.8) () = (fo), Vt>0, with (h) = /O hddy,

it is positivity preserving, namely f; > 0 if fy > 0, and f is a stationary solution.

The aim of this paper is twofold:

(1) On the one hand, we prove the ultracontractivity of the semigroup associated to the evolution
problem (1.1)—(1.2)—(1.3) by establishing some immediate gain of Lebesgue integrability and even
immediate uniform bound estimate.

(2) On the other hand, we prove the convergence of the solution to the associated stationary
state, namely f: — {(fo))foo as t — oo, with constructive exponential rate in many weighted
Lebesgue spaces.

These results extend some previous similar results known for other geometries or less general
reflection conditions. For both problems, we adapt or modify some recent or forthcoming results
established in [7, 12] for the Landau equation for the same geometry as considered here. In that
sense, the techniques are not really new and the present contribution may rather be seen as a
pedagogical illustration on one of the simplest models of the kinetic theory of some tools we
develop in other papers for more elaborated kinetic models. We also refer to [10, 22, 11] for further
developments of these techniques for related kinetic equations set in a domain with reflection
conditions on the boundary.

For a weight function w : R? — (0,00) and a exponent p € [1,00], we define the associated
weighted Lebesgue space

LY = {f € LigeR?); [[fllzz, = [l fw]l s < o0}
Our first main result is an ultracontractivity property.

Theorem 1.1. There exist some constructive constants v >0, 8 € (0,1), C; > 1, C3 > 0 and a
class of weight function Wy such that for any exponents p,q € [1,00], ¢ > p, any weight function
w € Wy and any initial datum fo € LP(O), the associated solution f to the Kinetic Fokker-Planck
(KFP) equation (1.1)—-(1.2)—(1.3) satisfies

Cat

e
(1.9) 17 Ollzs, < Cromrslfoll iz, Ve >0,

We will show that the set 20; contains at least some exponential functions. In the whole space
Q = R% such a kind of ultracontractivity property is a direct consequence of the representation
of the solution thanks to the Kolmogorov kernel, see [33], as well as [31, 8] for related regularity
estimates. Some local uniform estimate of a similar kind for a larger class of KFP equations in
the whole space has been established [47, 13, 2] by using Moser iterative scheme introduced in
[43, 44], from what some Gaussian upper bound on the fundamental solution may be derived, see
[46, 34, 4]. In [23], the same local uniform estimates (as well as the Harnack inequality and the
Holder regularity) has been shown for a still larger class of KFP equations in the whole space by
using De Giorgi iterative scheme as introduced in [15]. We also refer to [1] for a general survey
about these issues and to [50, 51, 35, 3, 32] for additional results on the KFP equations in the
whole space. In [29], a gain of regularity estimate has been established by adapting Nash argument
introduced in [45], see also [49, 24, 39] for further developments of the same technique.

In [19], an ultracontractivity result similar to ours is obtained for the KFP equation in a domain
with specular reflection at the boundary by an extension argument to the whole space (used first in
[26]) and then reduces the problem to the application of [47, 23]. In [52] some kind of regularity up
to the boundary is proved for the KFP equation with inflow or specular reflection at the boundary
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using the extension argument of [19] and some appropriate change of coordinates. See also [48],
where some similar results are established for the KFP equation with zero inflow.

We are next concerned with the longtime behavior estimate. We start by establishing a hypoco-
ercivity result. For that purpose, we define the operator

(1.10) Lfi=—v-Vyf + A, f +divy(vf)
and we denote by Dom(.%) its domain in the Hilbert space H := L?(u~'dxdv) endowed with the
norm || £l = [lp="/2fl| .

Theorem 1.2. There exists a scalar product ((-,-)) on the space H so that the associated norm ||-|||

is equivalent to the usual norm || - |3, and for which the linear operator £ satisfies the following
coercivity estimate: there is a positive constant A € (0,1) such that
(1.11) (=2 £, 1) = AfIP

for any f € Dom(.%) satisfying the boundary condition (1.2) and the mass condition {(f) = 0.

The result and the proof is a mere adaptation and simplification of the same hypocoercivity
estimate established in [7]. This last one is inspired, generalizes and simplifies some previous
results established in [25, 9], see also [16, 20, 30, 27, 28, 49, 18] and the references therein for more
material about the hypocoercivity theory.

We deduce from the two previous results the announced exponential convergence result.

Theorem 1.3. There exists a class of weight functions s such that for any weight function
w € Wa, any exponent p € [1,00] and any initial datum fo € LP(O), the associated solution f to
the KFP equation (1.1)—(1.2)—(1.3) satisfies

(1.12) 178) = §fod foclln, < Ce™ || fo — (fod focllir, VE20,

for the same constant X € (0,1) as in Theorem 1.2 and for some constant C = C(w).

It is worth emphasizing that the set 205 contains some exponential functions and some polyno-
mial (increasing fast enough) functions. The case p = 2 and w = u~'/? is an immediate consequence
of Theorem 1.2. The general case is then deduced from this particular one thanks to Theorem 1.1
and some enlargement and shrinking techniques introduced and developed in [24, 39, 40].

Let us end the introduction by describing the organisation of the paper which is mainly dedicated
to the proof of the above results.

In Section 2 we establish some growth estimates in many weighted Lebesgue spaces on the
semigroup associated to the KFP equation (1.1)—(1.2)—(1.3). We do not discuss the existence and
uniqueness issues about solutions to the KFP equation and the construction of the associated
positive semigroup which will be discussed in detail in the companion paper [10]. We however
emphasizes that solutions to the KFP equation must be understood in the renormalized sense as
defined in [17, 38] so that the associated trace functions are well defined, see [38, 10, 12] and the
references therein. We thus rather focus on the (a priori) estimates by exhibiting suitable twisted
weight estimates for the solutions to the KFP equation (1.1)—(1.2)—(1.3) and its dual counterpart.

Section 3 is dedicated to the proof of Theorem 1.1. The strategy mixes Moser’s gain of integra-
bility argument of [44] and Nash’s duality and interpolation arguments of [45]. Tt is also based on
a twisted weight argument which is somehow slightly more elaborated than the one used in the
previous sections. In Section 4, we prove Theorem 1.2 and Section 5 is dedicated to the proof of
Theorem 1.3

2. WEIGHTED LP GROWTH ESTIMATES

This section is devoted to the proof of a first and somehow rough set of growth estimates in
some convenient weighted LP spaces for solutions to the KFP equation (1.1)—(1.2)—(1.3) and the
associated semigroup that we denote by the same letter S whatever is the space in which it is
considered. It is classical that we may work at the level of the evolution equation and the associated
generator or at the level of the associated semigroup. We will do the job at both levels.

As announced, we will not bother with too much rigorous justification but rather establish
a priori weighted Lebesgue norm estimates from what we may very classically deduce the well-
posedness of the Cauchy problem (1.1)—(1.2)—(1.3) and also deduce the existence of the associated
semigroup. The solutions of the KFP equations would have to be understood in a appropriate
renormalized sense, but again we will not bother about this important but technical point and
we will freely make the computations as if the considered functions are smooth and fast enough
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decaying at infinity. Because the KFP equation conserves the positivity, the associate semigroup
is positive and we may thus only handle with nonnegative functions. All these issues are discussed
in the companion papers [21, 10, 12] for more general classes of KFP equations and we thus refer
to these works for more details.

We now introduce the class of weight function we deal with. We denote by € the operator
(2.1) Cf = A, f +divy(vf),

which is nothing but the collision part of the Kinetic Fokker-Planck operator involved in (1.1). We
observe that for f,w:R% — R, and p € [1,00), we have

_ 4(p—1
(2.2 [ @npiora =222 [ 9, rupp+ [ ifpora,
with
— — 1 |Vuw|2 2 % 1 Vow
(2.3) wwwyp(v).2<1p> 2 +<p1> ” +<1p>dv~ o

see for instance [21, Lemma 7.7] and the references therein. We define 20 as the set of radially
symmetric nondecreasing weight functions w : R? — (0, 00) such that

K = Ky i= max Sup Wy < 00.
P=1,00 cRd

It is worth noticing that w := (v)*e¢l*l" with k € R and s > 0, satisfies
w(v) ~ (O = sClo* i s >0,

[v|— o0

4 ki os—o,

|[v|—00 p/
so that w € 20 when
s€(0,2), or s=2 and (<1/2, or s=0 and k> 0.

On the other hand, we may check

1 1 1 1 2
(2.4) W g-141/0,p(V) = —= <1 - 5) v|? 4 <— += - —> d,

q p q pq
so that for the limit case w = .# ' € 20, since then @ 41, = 2d/p. We finally define
(2.5) Wo:={weW;1Sws A", w'], wdlv € LYRY}.

Proposition 2.1. For any weight function w € Wy, there exist kK > 0 and C > 1 such that for
any exponent p € [1,00] and any solution f to the KFP equation (1.1)—=(1.2)—(1.3), there holds

(2.6) Ifelley, < Ce™ | follrn, V=0,
and we write equivalently

(2.7) Sc(t): LP — LP . with growth rate O(e™), Vt > 0.

We start recalling the following classical estimate based on very specific choices of the weight
functions, so that Darrozés-Guiraud type inequality [14] may be used.

p

Lemma 2.2. For any p € [1,00], the semigroup Sg is a contraction on LY, i

Proof of Lemma 2.2. We fix p € [1,00), 0 < fo € L” _,,,,, and we denote by f = f(t,z,v) > 0

the solution to the Cauchy problem associated to (1.1)—(1.2)—(1.3). We compute

ld (072 Sy - p—1 1—17_1 P yl=pg .
s [ = [@npra - [ Gpratrn,

IN

1
| @t = [ P
o pPJs,
1
o | A0S 41D Y A ),
3

where we have used the Green-Ostrogradski formula in the first line, we have thrown away the first
term coming from (2.2) in the second line, we have split the boundary term into two pieces and
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we have used the boundary condition on its incoming part in the second and third lines. For the
last term we have

(1= S 71 f 41974 fY ol g o

DI

< / (L= (e fYPt Pl -] + / s FYP g o

_ >
< / D ATl + /6 e

where we have used the convexity of the function s +— sP in the second line and we have used
both the change of variables v — V,v in the last integral (which transforms ¥_ into ¥, with unit
Jacobian) and the normalization condition on .# (see (1.6)) in the third line. Observing next that

(W f)P = (/E (’Y+f////)///|nm-v|dv)p

x
+

IN

/ (Y4 f ] AP M|y - v| dv,
x5

thanks to the Jensen inequality (also called Darrozeés-Guiraud’s inequality in this context!), which
is true because of the normalization condition on .#. We have thus established

{1 =) f + 1Dy [ AP g 0] < / (V4 )Pt | -0,
T T

from which we obtain
d
E/ fpﬁl—p S p/ w//[71+1/p1pfp.%1_p.
16) 1)

Coming back to (2.4), we observe that

1 1 2 1
w//[71+1/p,p(’l)> = —— (1 — Z_j) |’l)|2 + 1_) (1 — 1_j> d S 0,

from what we immediately deduce that S, is a contraction on L” ., , when p € [1,00). We get

the same conclusion in L%, , by letting p — oo. (|

We extend the decay estimate to a general weight function in a L! framework by using an
appropriate modification of the initial weight. That kind of moment estimate is reminiscent of
L' hypodissipativity techniques, see e.g. [41, 24, 6]. Our mutiplicator is inspired from the usual
multiplicator used in order to control the diffusive operator in previous works on the Boltzmann
equation, see e.g. [5, 37, 38, 6]. For further references, we define the formal adjoints

(2.8) L =0V, +€", € g:=A,9g—v-Vyug.

Lemma 2.3. Let w : RY — (0,00) be a radially symmetric nondecreasing weight function such
that w € W and M w|v| € L} (R?). There exists k > 0 such that we have

Sc(t) : LYw) — L' (w), VYt >0,
with growth estimate O(e"?).

It is worth emphasizing that with a very similar proof we may establish the same growth rate in
L? for p € (1,00), but we were not able to reach the limit exponent p = co because our estimates
blow up as p — oo.

Proof of Lemma 2.3. Without loss of generality we may suppose that w > 1. We split the proof
into two steps.
Step 1. For 0 < fy € L*(w), we denote by f = f(t,x,v) > 0 the solution to the Cauchy problem
(1.1)—(1.2)~(1.3), so that f(t) = S, (t) fo.
We introduce the weight functions
wa(v) == xa(v) + (1 = xa(v))w(v),
with xa(v) := x(|v|/A4), A > 1 to be chosen later and x € C*(Ry), 1jp1] < x < 1[,9), and next
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with ¢ :=v/{v) and ¥ := 0/(v). It is worth emphasizing that
(2.9) 1<wy<w and cAw< loa<w<? swa,

with ¢4 € (0,00). We write

210 4 gam [ 125 [2ran e

We first compute separately each contribution of the boundary term

B::—/’yf&nzn):quLBg,
b
with

B = - / i fwalng - v] + / (1= ) Frif + 1D fywalns o]
oy >

1
By, = ——/ vf (ng -v)2.
2 /s
Making the change of variables v — V,v in the last integral involved in Bj, we get
B = f/ vy fwa |ng - vl +/ Dy fwa|ng - vl.
We then define

(2.11) Ki(wa) := Mwy (g V)4 dv,
Rd

which is finite by the assumption on w, so that
/ 1t Dyrfwalng -v| = / (K (wa)y+ f.
oy o0
Since w4 > 1, we then obtain
B, < / L(K1(wa) = D)ys f.
o0
On the other hand, denoting

(2.12) Ko = » M (ng - 9)% dv € (0,00),

which we observe is independent of x, we have

*/Z'Yf(”m'ﬁy < /Z+L@’Y+f(”z'@)2Ko/mL7+Nf.

Recalling (2.9) and observing that wa — 1 a.e. when A — oo, we get Kq(wa) — K1(1) =1
as A — oo thanks to the dominated convergence Theorem of Lebesgue and the normalization
condition on .#. We may thus fix A > 1 large enough in such a way that

1
Kl(WA) — 1 — §K0 S 0,

and the contribution of the boundary is nonpositive.

Step 2. For the contribution of the volume integral, we write
Lo=Cw+EC [xall —w)]|+E [ng - 0] +v-Vi(ng - 0),
where we recall that the adjoint Fokker-Planck operator ¢* is defined in (2.8). Because w € 20,
we have
Cw < wy 1w < Kw,
for some k1 € R. On the other hand, because y 4 has compact support and because of the regularity
assumption of {2, we have
C*[xa(l —w)] + € [ne 0] +v-Va(ng - 0) < ko,

for some ko € Ry. Coming back to (2.10), we deduce that

/qu/fw

with k := 2K1 + caks. We immediately conclude thanks to Gronwall’s lemma and the comparison
(2.9) between w and @. O
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We establish now a similar exponential growth estimate in a general weighted L' framework for
the dual backward problem associated to (1.1)—(1.2)—(1.3), namely

—0ig=v-Vog+%*g in (0,7)x O,
(2.13) V49 =RZ -9 on (0,7)x %4,
9(T) = gr in O,

for any T € (0,00) and any final datum gy. The adjoint Fokker-Planck operator €* is defined in
(2.8), and the adjoint reflection operator Z* is defined by

A g(x,0) = (1= 0)Fg(x,0) +197g(x),
with
D*g(x) = ;/\//g(:c) = /]Rd gz, w) A (w)(ng - w)_ dw.

Again, we do not discuss the very classical issue about well-posedness in Lebesgue spaces for these
problems nor the possibility to approximate the solutions by smooth enough solutions, which is
useful in the following argument. Consider f a solution to the forward Cauchy problem (1.1)—
(1.2)—(1.3) and g a solution to the above dual problem (2.13). We compute (at least formally)

Lt@e = [ poo+ [ ' [ @sa+ s
= /Ofog(O)/OT/O(%szngvamg)dS

- /Ofog(o)—/OT/x(v-n)vagds

— /o Jog(0) — /OT/E+(0 ) (ve f) (@ _g) ds
+/OT/E v - n|(Zvs f)(v-g) ds,

by using the Green-Ostrogradski formula and the reflection conditions at the boundary. From the
very definition of #Z and Z*, we then deduce the usual identity

(2.14) /O f(T)gr = /O fog(0),

or equivalently that g(t) = S% (T — t)gr. We observe now that for a weight function w, we have
(2.15) Cw ™t =w iy 0o

We then define 91 the class of weight functions m : R? — (0,00) such that w = m~! € 2. In
particular, because of (2.15) and the definition of 20, there exists ’ € R such that

(2.16) Em < K'm.
We also define
(2.17) No:={m e, A4 <m, mve L'(RY)}.

Lemma 2.4. For any weight function m € Ny, there exists k € R such that
St (t): LL, — L., O(e).

More precisely, there exists C > 1 such that for any T > 0 and any gr € L}, the associated
solution g to the backward dual problem (2.13) satisfies

(2.18) lg(0)l[s, < Ce™ gz La,-

Proof of Lemma 2.4. Without loss of generality we may suppose that m > .#. For T € (0, 00)
and 0 < g7 € L., we denote by g = g(t,z,v) the solution to the backward dual Cauchy problem

m?

(2.13). We introduce the weight functions

_ 1 -
(2.19) ma = xa# + (1 —xa)m, m::mAf§(nm~v)///,

with the notations of Lemma 2.3. It is worth emphasizing that

(2.20) M <my <m and czlm < %mA <m< %mA,
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with ¢4 € (0,00). Similarly as in the proof of Lemma 2.3, we compute

d
—— | gmag = /g(%mA)—f—/vgmAnz-v
dt Jo o )

/ g (Fma)+ / (1= )P yg + gl malng - o] — / _gmalng o,
16) oy b

where we have used again the Green-Ostrogradski formula in the first line and the reflection
condition at the boundary in the second line. We deduce

d
G [ama = [ gmn- | w_gmA|nm-v|+(/ m(nz-vndv)/ Lty glng o],
dt Jo o ) R 5

by making the change of variables v — V,v on the outgoing part ¥, of the boundary (which is in
fact the incoming part of the boundary for the backward dual problem). Since my > .#, we have
established a first estimate

d
G Lama < [ o@ma+ [ uEima) - 0-gns ol
(@] O _

with now
Ki(ma) ::/ ma (ng -v)pdv—1, as A — .
Rd

On the other hand, with the same notations as in the proof of Lemma 2.3, we have
d ~ ~
— [ gt (n,-v) = /g%(///(nzv))—/ g%ﬁ-Dmnmﬁ—/vg%(nm-ﬁ)Q.
dt Jo o o >

For the last term, there holds

/ gl (ng - D > / (D y—g)(na - 0)° M
) il

Y]

< /f(m-@)i) [ wtrgina o,
R4 >

which implies a second estimate

4 gM (ng -v) < / g‘ﬁ(///(nz-ﬂ))—/ g%ﬁ-Dmnmﬁ—Ko/ LMy g|ng - v,
dt Jo o o 5

with now

(2.21) Ky := M (ng - 0)% dv € (0,00).

Rd
Choosing A > 0 large enough such that Ki(m4)—1— %KO < 0, the contribution of the boundary
is nonpositive and we obtain
d
i ),

< n/gﬁ%
O

for some k € R, by arguing similarly as during the proof of Lemma 2.3 and in particular using
(2.16). By the Gronwall’s lemma, we then deduce

(2.22) g0 z1my < €T llgr |l s

from which we immediately conclude to (2.18). O

gin < /Og[%m—l—%[)m(///—m)]—l—(ﬁ[nz-ﬂ///]—U-Vm(nm-ﬁ///)]

We may now come to the proof of the main result of this section.

Proof of Proposition 2.1. For fo € L2°, let us define f(t) := S»(t)fo the associated flow. Because
of the duality identity (2.14), for any g; € Ll _,, we have

w—1s

L@ = [ 59 < ol o)l -
Together with (2.18), we deduce
[ 10 < Mol O

Taking the supremum on g; over the unit ball of L*(w™!), we thus conclude that
If)llzz < Ce™| foll e
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for any fj, which is the desired estimate (2.7) when p = co. The estimate (2.7) for p = 1 has been
established in Lemma 2.4. We then conclude to the estimate (2.7) for any p € [1,00] by using a
standard interpolation argument. 0

Remark 2.5. The conditions on the weight function w in the statement of Proposition 2.1 are not
optimal but they are more than enough for our purpose. As a matter of fact, we may observe that
- Lemma 2.2 gives an estimate on S, in L' and in L%, 1;
- Lemma 2.3 gives an estimate on Sz in L} from w =1 and up to w = .# 1 {v)~4717¢ £ > 0;
- Lemma 2.4 gives an estimate on S} in L}, from m = (v)=4717¢ ¢ > 0, and up to m = .,
and thus an estimate on Sy in L from w = (v)?*17¢ ¢ > 0, and up to w = .Z L.

3. ULTRACONTRACTIVITY: PROOF OF THEOREM 1.1

3.1. An improved weighted L? estimate at the boundary. The DeGiorgi-Nash-Moser the-
ory tells us that for parabolic equations some gain of integrability estimates can be obtained by
elementary manipulations when evaluating the evolution of functions f? for ¢ # 1. That kind of
regularity effect is also called ultracontractivity. More recently, a similar theory has been devel-
oped for the Kolomogorov equation in the whole space, see in particular [47, 23]. Our purpose is
to generalise these techniques to a bounded domain framework. In the present framework and in
order to be able to deduce next (by interpolation) the same kind of regularity effect in the border
L} space, we first consider ¢ < 1. Let us observe that for ¢ # 0 and f a positive solution to the
KFP equation (1.1), we may compute

1—
O+ Vaf = Vg = adf? - 8, g~ 45Dy, 2

Multiplying the equation by ®9 := ¢?m? with ¢ € (0,1), ¢ € D((0,T)), and integrating in all the
variables, we obtain

1 1 1-—
(3.1) - /(vf)‘@qnz v = / ATt = 4%/ Vo (f2)2? +/ fi®im,
q.Jr qJu q u u
with ¢ :=(0,T) x O, T := (0,T) x 2, T € (0, 00),
(3.2) TV := -0,V —v -V, ¥
and @ := w, 4 is defined in (2.3). Alternatively, defining
(33) TZ: 8t+v-Vm
and recalling that € has been defined in (2.1), we may write
fq _ pqg—1 _ pqg—1
7'? =f[ T =17,
so that
1 1
_/(Vf)qq)q”r '”Jr_/ A :/fq’l(‘gf)q)q,
qJr qJu u

from what we deduce (3.1) with the help of (2.2)-(2.3).

We now establish a key new moment estimate on the KFP equation (1.1)—(1.2)—(1.3) which
makes possible to control a solution near the boundary. The proof is based on the introduction of
an appropriate weight function which combines the twisting term used in the previous section and
the twisting term used in [21, Section 11], that last one being in the spirit of moment arguments
used in [36, 42].

Proposition 3.1. Let g € (0,1) and m : R? — (0,00) be a radially symmetric decreasing weight
function such that mTa lv| € LY(R?). There exists C = C(q,m,Q) > 0 such that for any nonneg-
ative solution f to the KFP equation (1.1)~(1.2)—(1.3) and any test function 0 < ¢ € D((0,T)),
there holds

Y
[l s [ 9, mpe <c [ pmto + @)
u u u

where m is a modified weight function such that m S m S m and @ = ws q is defined in (2.3).



10 K. CARRAPATOSO AND S. MISCHLER

Proof of Proposition 3.1. We fix ¢ € (0,1) and we introduce the modified weight functions
(3.4) m = xa "+ (1 — xa)m4,

for A > 1 and with the notations of Lemma 2.3. We next introduce the function

q q

A ~q._,q _ M4 ~ ., My

7 :=pTm?, mi:=mj — Tnm-v—i— 1D/

where D = sup ¢ is half the diameter of €2, so that in particular an estimate similar to (2.20) holds.
From (3.1), we have

6(z)Y%n, -7,

(1-4q) /212 o *
st /u IV, (f2)72| / (/)1 @, - /u ST

(3.5)
= / FUT5 W *Q/ qu)qw+/ T 99,
u u u
where T = =0, Ty = —v - V3, @ = Wy, 4 and
1 - md _
Uyg = @imY (1 i -v) , Wy i=f 4D{4/25(:E)1/2n1 ..

We now compute each term separately.
Step 1. For the second term at the left-hand side of (3.5), we observe that

- [prmtng o= [ eupyimbins ol + [ op)imbje o
b > il
and, using the boundary condition together with the fact that the map s — s? is concave, we get

/E (1= S ruf + 1Dy fY m g - o]

> / (1= (P f)im g - o] + / o DA g - o).

Removing the contribution of the specular reflection thanks to the change of variables v — V,v as
in the proof of Lemmas 2.3 and 2.4 and using the Holder inequality in order to manage the term
involving K5, we therefore obtain

- [apmmine o = [ - - [ e,

- oy

> (K (ma) — Ka(ma)l™) /6 )

with
9
Ki(ma):= [ #Im%(n, -v)_dv < +oo, Ko(ma):= [ my *(ng-v)rdv < +oo.
R R

On the other hand, we have
Ny - 0)2 —
Lot > kyma [y
with

Ko(ma) = 1. MM (ny - 0)2 do.

Both together, we obtain

- / ()i, v > [Ko(ma) + Ki(ma) — Ka(ma)'™] /6 )

Observing that my — M17" when A — oo, we deduce that Ki(ma) — Kl(///%_l) =1,
Ka(ma) — Ksf %71) = 1 and Ko(ma) — Ko %71) > 0 as A — oo, thanks to the inte-
grability condition made on m and the dominated convergence theorem of Lebesgue. We may thus
choose A > 0 large enough in such a way that

(3.6) Ko(ma) + K1(ma) — Ka(ma)' ™9 > 0.

Step 2. In order to deal with the third term at the left-hand side of (3.5), we define ¢ := §(z)'/?n, 0.
Observing that (v)yp € L>®(0), V¢ € L>°(0) and
1 1

257 (@ me)” +6(@) %0 - Danad,

va7/):
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we compute

1 1 1
7/quTQ*\IIB: 4D1/2/ufququ4{§W( )’ +0(@)" %0 Danyd }

We may now conclude. Because of (3.6), we may get rid of the boundary term, and together with
the last inequality, we get

l—q 14/212 54 1 4,979 1 5)2
4T/u|vv(fm) 2 +W uf‘PmA W(nzv)

1 ~ _ _
< —/ fimbev - Va(ng -v)—q/ f%qmqw—/ fAm2 0"
4 u u u
1
—m/uquoqmi (@)!/20 - Dyng

< Coua [ Jrmtle )t +Ca [ frmtjone
u u
where we have used that § € W2°°(Q) and Q is bounded. O

Using an interpolation argument, we may write our previous weighted L? estimate in a more
convient way where the penalization of a neighborhood of the boundary is made clearer. In order
to do this, we use the following interpolation estimate.

Lemma 3.2. We set := (2(d+ 1))~!. For any function g: O = R, there holds

(3.7) /5ﬂ~/ o 80 + [ 1Vilate

Proof of Lemma 3.2. For n,{ > 0, we start by writing

2¢-2 g 9’
/og v /oaTnlm-v)»W +/057n1|nz.u|ga< =11+ T,

For the first term, we have

2 (ng - v)? 2 (e v)?
Ty S/Og Lin,0)2>52¢ “sac52y S/Og S22

by choosing 2¢ + 2n = 1/2. For the second term, we define 2* := 2d/(d — 2) the Sobolev exponent
in dimension d > 3, and we compute

/95_277 (/]Rd(@>g)2*)2/2* (/Rd <”>_d1|nz.u|§5<)2/d

< /6_2n+2</d/ IV, ((v)g) %,
Q R

where we have used the Holder inequality in the first line and the Sobolev inequality in the second
line together with the observation that (v)~¢ € L*°(R; L}(R?~!)). Choosing 2¢/d = 21, we get
n = (4(d+1))~! and we conclude to (3.7). a

1>

IN

Gathering the estimates of Proposition 3.1 and Lemma 3.2, we immediately obtain the following
result.

Proposition 3.3. Let ¢ € (0,1) and m : RY — (0,00) be a radially symmetric decreasing weight

function such that mT™s |v| € LY(R?). There exists C = C(q,m,$) > 0 such that for any nonneg-
ative solution f to the KFP equation (1.1)~(1.2)—(1.3) and any test function 0 < ¢ € D((0,T)),
there holds

f4 m4

[ Simer<C [ o]+ (@ )e,
where B := (2(d+ 1)) and @ := w@,,-1 4 is defined in (2.3).

By particularizing the choice of m, we obtain a first boundary penalizing weighted L' — L4
estimate which will be convenient for our purpose in the next steps.

Proposition 3.4. For any q € ((d+1)/(d + 2),1), for any nonnegative solution f to the KFP
equation (1.1)=(1.2)—~(1.3) and any test function 0 < ¢ € D((0,T)), there holds

F e opiea 1)
u (Sﬁ (’U>2+(d+2)‘Z(1_Q) - ¥ Wi.e(0,T) LY(U)>

with C = C(q,d, Q) >0 and = (2(d+ 1))~ defined just above.
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Proof of Proposition 3.4. We choose m := (v)~(#+2{1=9) and we observe that m%%v) € L' and
Wm-1,4 € L. From Proposition 3.3, we thus get

[ o
| 55 rarmaamy < Clelwimomn | FH) 70

On the other hand, using the Holder inequality, we have

[ rasmocan< ([ 5Y oo ([ o),

and the last integral if finite because (d + 2)g > d. We conclude by just gathering the two
estimates. ]

3.2. A weak weighted L' — LP estimate. Taking advantage of a known L' — LP estimate
available for the KFP equation set in the whole space and thus in the interior of the domain, we
deduce a downgrade weighted L' — LP estimate. We define

(3.8) Ws = {w: R — (0,00); wo == w/(v) €W, [Vwolwy '(v) ™' € L®(RY)}.

Proposition 3.5. Assume thatp € (1,1+1/(2d)), a > p and w € Ws. There exists some constant

C=C(Q,p,a,w) € (0,00) such that any solution f to the KFP equation (1.1)—(1.2)—(1.3) satisfies
< CTYPHA=UP) ol oo (0,1 | Feo | 1 )

Lr(U)

for any 0 < 9 € D((0,T)) and any T > 0.

Proof of Proposition 3.5. For x € D() such that 0 < x < 1, we define 0 < f := fpxwo, which is
a solution to the equation

(3.9) wa%aa/f’

f F F Vo _
atf+v'vzf*Avff(’U+2 ww()) V,Uf:F
0
set on (0,7) x R x R, with
f vv vv 2 Av
F .= wa(‘P/X+(pU'vwX)+f(d—v wo +2| ‘*210| wo)
wo 5 wo

Because wgy € 2, we have

Fy < fwo()(|¢'Ix + I Vax]) + foxwori,-

From [4, Theorem 1.5] for instance and because |Vwo|wy ' < (v), we know that

~

t
f < / ths *F+S dS,
0

where x = %, , stands for a convenient convolution operation and K, is the Kolmogorov kernel

defined by
Cl 302 T 9 CQ 2
K, (x,v) = g OXP (—?x—im | | C; > 0.

T t
R

HK”LP( 0,T]xR2d) ||F+||§1([0,T]xR2d)’

We next compute

IN

||f|‘€p([07T] xR2d)

IN

and because 1 < p < 1+ 1/(2d), we find

_ 1-2d(p—1
||K||ip([o,T]XR2d) = Ck,pT =,

As a consequence, we have

(3.10) Ifewoxllze@y S Crllellwree lxlwrellfwllLrw),

with Cp ;= T1/p+2d(1=1/p)

Step 2. We define Q. := {x € Q| §(z) > 27*} and we choose x; € D(Q) such that 1o, , < yi <

1g, and 27| xk|lwr.~ < 1 uniformly in & > 1. We also denote Uy, := (0,T) x Qi x RY. We deduce
from (3.10) that

| fewollLo@y, ) S 25 Crllelwrsonllfwliie), YVk=>1.
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Summing up, we obtain

5 (o fwo)’ = / 5° (o fuon)P
/Z/{ ; U411 \Uk
s St [ (o)
k U1
< ZQk(pfa)cgﬂsﬁﬂﬁvlm||fw|\§1(u)
k

S Cg”@”gvl,oo(o,T)HfWHil(u)a
because a > p, what is nothing but (3.9). O
3.3. The L! — L" estimate up to the boundary. We start with a classical interpolation result.

Lemma 3.6. For any exponent 0 < ro <r; < oo, a,f > 0,0 <0 <1 and any weight functions
o; U — (0,00), there holds

—0 0
lgllzs < Ngllizo llalzy:
with 1/r:= (1 —0)/ro + 0/r1 and o := ot~ %a?.

We include the very classical proof because the statement is usually written assuming rather
1 <rg<ri < oo, but that last restriction is not needed.

Proof of Lemma 3.6. We write

( / fw)l/r

(/(faO)T(l_”)(fol)m) 1/r

(/(fao)ar(l—g))l/aT (/(fal)“'”’)l/alr

thanks to the Hélder inequality with a := = = 1+ %% > 1. We conclude by observing that
ar(l —0) =ry and a'rf = ry. O

IN

We are now in position of stating our weighted L' — L™ estimate up to the boundary which is the
well-known cornerstone step in the proof of DeGiorgi-Nash-Moser gain of integrability estimate.

Proposition 3.7. There exist an exponent r > 1 and some constantsn > 0, 6,q € (0,1) such that
any solution f to the KFP equation (1.1)-(1.2) satisfies

1
(3.11) lofellray < CT NGNS o Il oy

for any weight function w € W3 and any test function 0 < ¢ € D((0,T)), with w* := w’{v)~* and
C=C(d,Quw).

Proof of Proposition 3.7. From Proposition 3.4, we have
1 1
17557 (0)2/ (@2 (1=q)

1/a=1y| 4| 1/4
o) <CT H(P |‘W1,DO(O7T)wa||L1(u)7

for some exponent g € ((d+1)/(d+2),1) and with 3 := (2(d+1))~!. Together with Proposition 3.5
and Lemma 3.6, we deduce that
1
|feoller < CT e 3 < I fel s,
for any 6 € (0,1) with
1 1-6 ¢ 50/p w?

g Tp 0T 50 ank e/ @i a0

and
n:=(1-0)(1/¢—1)+6(1/p+2d(1—1/p)),
where we recall here that p € (1,1+ 1/(2d)) and o > 1. We first choose
__ Bla
Bla+afp

in such a way that §2¢/P~(1=0)8/a = 1. Because 0 > 61 € (0,1)asqg > land r =1, — 7, as
q — 1 with

0=10,:

1 6
—=1-6+ =<1,
P

Tx
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we may choose ¢ € ((d+1)/(d + 2),1) large enough in such a way that r > 1. We finally observe
that 2/q + (d +2)(1 — q) < 4 so that o > wF. O

3.4. The L' — L? estimate on the dual problem. We consider the dual backward problem
(2.13) for which we establish the same kind of estimate as for the forward KFP problem (1.1)-(1.2).
We define

(3.12) M = {m:Rd—>(0,oo) m e L'(RY), ma#~" € LYRY),

—2—-2¢

[V |? n |Amy|

my := m(v) satisfies < (v)? for £ =0, 1}.

my my
Proposition 3.8. There exist some exponent r1 > 1 and some constants n; > 0, g € (0,1) such
that any solution g to the dual backward problem (2.13) satisfies
1
(3.13) H<pg< E slzman S T 1w omylomll ),

for any weight function m € 9y and any test function 0 < ¢ € D((0,T)), with C = C(d,Q,m).
Proof of Proposition 3.8. The proof follows the same steps as for the proof of Proposition 3.7 and
we thus repeat it without too much details.

Step 1. Boundary penalizing L' —L? estimate, ¢ < 1. From [21, Lemma 7.7] or a direct computation,
we have

Alg—1
(3.14) /(%*g) gitm? = —%/Ivv(gm)wl2 +/gqm%,
with ¢* defined in (2.8) and
1 VU 2 2 Av d VU
(3.15) p:2<1—>| 7’;' +<—1)—m+—+v- .
q) m q m g m

Considering a solution g to the dual backward problem (2.13) and ¢ # 1, we may write

(3.16) T*% =g T g = g7 6"y,

with 7* defined in (3.2). Let us fix an exponent ¢ € (0,1). For a weight function m € 9 satisfying
(3.17) milo| € LY(RY), (m.a~)™ |v| € LH(RY),

we define the modified weight function m by

md :=m! 1—|—ln -5——1
A 4" 4D1/2

6(z)Y%n, -5) )
where similarly as in (2.19) and with the same notations, we have defined
m = xal + (1 —xa)m?, A>1.

Multiplying the equation (3.16) by ®? := ¢%m? with ¢ € D(0,T), and integrating in all the
variables, we obtain

1 1
——/(vg)q@qnz v+ —/ 9'T 1 =/gq‘1(‘5*g)¢q
q u u

with 7 defined in ( ). Together with (3.14), we thus deduce

1 1
D)1/ |2 4 /(vg)q‘ﬁqn =, / gIT 1 —/gq@qp,
u

with p = p~ . In order to deal with the second boundary term at the LHS, we first set

(3.18)

Ki(mf) := » ming -v < oo, Ky(mb):= /}Rd(%_qmi)ﬁ(nz V)= < 00.

We next observe that

[ogmingo = [ gAY )~ [ t-gymin o)

Y

/ o (F(m) — Ka(m%)'0) (1_g )",
o0
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where we have used the concavity of the function G — G?, we have removed the contribution of
the specular reflection in the first line, and we have used Hélder’s inequality

/ gm0 < (o) [y o 0)-)

1—q

in the second line. On the other hand, we have
412 512
q q(nx~v) / * q q(nx~v)
Lorms Pt 2 [ gy e

> / Ko(m%) (7—g )",
onN

Y

with

1
Ko(mY) := = mY (ng - )% dv € (0,00).
4 Jra
Both estimates together, the contribution of the boundary is bounded by below in the following
way

/E (hg) g - v > /6 (o) + () = (a(m)) ') (g )

Because
lim Ko(m) + Ki(m) — (Ka(m%))! ™ = Ko(.a) > 0,
—00

we may choose A > 0 large enough in such a way that Ko(m%)+ Ki(m%) — (Ka(m%))179 > 0. We
may then proceed exactly as in the proof of Proposition 3.1, and we obtain
~ Ny -’IAJ)2 ~ CQ

/gqmq((;qu+/IVv(gq/Qm‘”2)I2soq < ﬂ/gqmq[laﬂoql +¢p-)]-
As in Proposition 3.3 and with the help of the interpolation Lemma 3.2, we deduce
gq m4 q CQ /
I < U119, 4 Yo
57 " S 7= | IO+ e el
for the same 3 := (2(d + 1))~!. Finally, arguing similarly as in the proof of Proposition 3.4 with
the help of a last Holder inequality for handling the left-hand side term, we get
g9 m4
37 (v)?
for some constant C' = C(q,2) > 0.

Step 2. Weak weighted L' — LP estimate, p > 1. Consider again a solution g of the dual problem
(2.13), 0 < ¢ € D((0,7)), 0 < x € D(Q) and a weight function m : R? — (0,00) such that
mo := m(v)~2 satisfies

(3.19)

(3.20) ! < OT [ |wrme lgmip- )t/ (o) D Da) g,

2
|V " | Amy| <

(v)2.

m3 mo

We set g := gpxmo and we easily compute

— _ _ \% mo _

*atgfv'vmngvg+(2 - - ) V.9 =G,
0
with )
V,m A,m V,m
G::§[2| U20| — 0y 220 gmg(8 4 v - V) (9X).
my mo mo

Proceeding as in the proof of Proposition 3.5, we get first

191l e rasry < CT™[|@llwres [Xllwr [lgmll Lr @),

for any p € (1,1+ 1/(2d)) and with 72 := 1/p+ 2d(1 — 1/p). By interpolation, we then conclude

m «
(3.21) ||9<PW5 /pHLp(u) < CT™||ollwrs |lgm| 1wy,

for any a > 1 and some constant C = C(a, Q,m) > 0.
Step 3. Weighted L' — L" estimate, r > 1. We consider a weight function m € 9 so that
my = m/(v)?* satisfies the condition (3.17) with ¢ € (d/(d + 1),1) as well as

Vmq|? A
| m21| + | m1| 5 <’U>2.
mi mq
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From Step 1 applied to m1, we find

g m . 1
HWW@HLQ(W < CT™ | i lgmll ooy

with 1 := 1/q — 1. We observe that m satisfies the requirement of Step 2 because m € ;. We
may thus use the above estimate together with (3.21) and the interpolation Lemma 3.6, in order
to get

1
lgeollLra < CT e 34 llgmll 1wy,
with
1 B 1—-60 0 . m
T q + ;’ 7= (v)20+E+2/0)(1-0)
and

n:=(1-0)(1/qg—1)+06(1/p+2d(1—1/p)),
where we have fixed

B/a
pe(,1+1/2d), a>1, 6:=—"L
( /(2d)) Blq+afp
For g € (d/(d +1),1) large enough, we find o > m/(v)® and r > 1. O

We finally deduce a slightly modified weighted L' — L" estimate which will be more convenient
for our purpose in the last step that we present in the next section. We define

(3.22) Ny = {m € No; m? e Ny, m3/2<v)_4 S mo}

Proposition 3.9. There exist some exponent r > 1 and some constants n > 0, g € (0,1) such
that any solution g to the dual backward problem (2.13) satisfies

m3/2 g
(3.23) leg Tz leran ST s e ) l9mll oy

for any weight function m € My and any test function 0 < ¢ € D((0,T)), with C = C(d, Q,m).

Proof of Proposition 3.9. From the interpolation Lemma 3.6 (which is nothing but the Cauchy-
Schwarz inequality in that case), we have

m3/? m? 1/2 1/2
IIwQWIILr(u) < HWWIILrl(u)H@gmHLl(u),

with r > 1 defined by 1/r = 1/2+ 1/(2r1) and r; > 1 defined in Proposition 3.8. We conclude
with = n;/2 by using (3.13) with the weight function m? and by observing that m? < m since
m is a radially symmetric decreasing function. O

3.5. Conclusion of the proof. We now conclude the proof of Theorem 1.1 in several elementary
and classical (after Nash’s work) steps.

Proof of Theorem 1.1. We split the proff into four steps.

Step 1. Take w; := w € Wy NWs such that w, := wf = w?{v)~* € Wy, where r > 1 and 0 € (0, 1)
are defined in the statement of Proposition 3.7. We first claim that there exists ;1 > 0 and k1 € R
such that

(3.24) TSc(T) folles (0) < eanHfO”Li)l(O)a VT >0, Vfye Ll (0).
We set fi := Sz (t) fo. On the one hand, from Proposition 2.1 with p = r, we have

T T T
Sl s [ e T, di
T T/2 ks

T
S T [ heo(t/ D, .
0
with o € C2((0,2)), 1121 < ¢ <1, p? € Whe for any ¢ € ((d+1)/(d + 2),1). On the other
3.7

hand, thanks to Proposition applied with ¢(t) := ¢o(t/T) and next to Proposition 2.1 with
p =1, we deduce

T s TK T 1 r/ 4 "
Sloeliz, 5 e Trms 1) ( [ 1A, )
0

1.r T K " r
s ([ ),
0 w1

A
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from what (3.24) follows with vy :=1/r —n — 1/q and any k1 > 3.

Step 2. Take my := m € Ny so that m,. := m3/2(v>_4 € Np, where r > 1 is defined in the statement
of Proposition 3.9. We now claim that there exist v5 > 0 and k2 € R such that

(3.25) T|Sz(T)gollLr, (0) S 6”2T|\90|\L}n1(0)7 VT >0, Vg €L,, (0).
We repeat the argument presented in Step 1. We set g; := S} (t)go. On the one hand, from the

dual counterpart of Proposition 2.1 with p = r’ and next from Proposition 3.9, we have

T T < reT 4 T
Slorlliz. < & [ lowpolt/T)IE,, dr
0

1yr r v
S ermTTTn(1+ _) /Q(/ ||gt||L1 dt) ,

T 0 m1
where ¢ is the same function as above. We conclude to (3.25) thanks to the dual counterpart of
Proposition 2.1 with p = oo (which is nothing but Lemma 2.4).
Step 3. Take w a weight function such that m; := w=! € My. The dual counterpart of (3.25) writes
(3.26) T([Sc(T) follLee_(0) S ™| fol Ls. (0), YT'>0,Vfye L (0),
with wee 1= my*, s = 1 € (1,00) and ws := m;'. Interpolating (3.24) and (3.26), for any
1 < p < g < oo, we obtain

CaT
[S(T) follrs, < Clm”fO”Lipa VT >0,V fo€ L (0),

with v := max(v1,v2)(1—1/r)~1, Cy > max(k1, k2), Co > 0, and the interpolated weight functions
wp and wy.

Step 4. In this final step, we exhibit some weight function w such that estimate (1.9) indeed holds,
so that 20 is not empty! We define

w = edlvl’,
We clearly have w € 205 N 2W; and w’(v)~* € Wy with § € (0,1) defined in the statement of
Proposition 3.7 from the very definitions (2.5) and (3.8), so that (1.9) holds with p = 1, w1 = w,
q =r and w, := w’ whatever is 6, € (0,6).

We now define
12 +v|

&= eil .
We also clearly have m := @~ € Ny, m3/2(v)~* € Ny from the very definition (2.17) and m? € 9
from the very definition (3.12), so that @~ € My from the very definition (3.22). We may thus
write (3.25) and next (3.26) with m = @~!. Observing that the associated weight functions W,
and @, satisfy w?/1'0 < & = Gy and @, = @*/?(v)* < w, we have established that (1.9) holds with
p =5 wWs =w ¢=00and W := w”% We conclude that (1.9) holds with the choice w and
6 := min(#;,9/16) whatever is 1 < p < ¢ < co by the same interpolation argument as in Step
3. U

4. HYPOCOERCIVITY: PROOF OF THEOREM 1.2

We adapt the proof of [7, Theorem 1.1]. We start introducing some notations and recalling
some classical results about the Poisson equation. For any convenient function or distribution
£: 0 — R, we define u := (—A,) 1€ : Q — R as the associated solution to the Poisson equation
with Neumann condition. More precisely, for any 7; € L?(Q), (m1) = 0, we define u € H, with
H = {u € HY(Q), (u) = 0}, as the solution of the variational problem

(4.1) /Vﬂrvzw:/{wmfvzw-ng}, Yw e H,

Q Q
which is indeed a variational solution to the Poisson equation with Neumann condition
(4.2) —Agu=m +divyne in Q, ng-(Vyu—12)=0 on ON.

It is well-known that the above variational problem has a unique solution thanks to the Poincaré-
Wirtinger inequality and the Lax-Milgram Theorem, that

2
(4.3) lullm @) S Inillz2).
=1
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holds true and that the additional regularity estimates
(4.4) lull o0y S lullmz) < Imll2 )
holds when 7, = 0. We define
H = L*(u tdvdx), Ho:={f € H; (f) =0},

where p is defined in (1.7) and (-)) in (1.8). We next define the new (twisted) scalar product ((-,-))
on Ho by
((fa g)) = (fa g)’H + E(VI(*AI>71@)’,]‘9)L2 + E(Vz(fAz)ilygajjﬂLza

with & > 0 small enough to be fixed later, L? := L2(Q) and where the mass oy and the momentum
jr are defined respectively by

on(x) = olh](x) := (h), jn(x) = j[h)(x) := (hv), (H):= y H{(z,v)dv.
For any f € Hy, we next decompose
(4.5) f=nf+1"
with the macroscopic part 7f given by
mf(z,v) = or(x)p(v),

and we remark that

(4.6) IF15 = 105+ I f 15 I f 15 = llogll7e-
as well as
(4.7) loflie < I fllaes Ndrllee S llae < N f 1l

It is worth emphasizing that

(Vo (=A2) " 0f, i) 2] Vo (=A2) " opllz2llifll 22

<
< Nosllzzlf e S 113

from the Cauchy-Schwarz inequality, (4.4) and (4.7). Denoting by || - ||| the norm associated to the
scalar product ((-,-)), we in particular deduce that

(4.8) [l S MANS 1V f € Ho.

We finally define the Dirichlet form associated to the operator .Z defined in (1.10) for the twisted
scalar product

Df:==(=£1.F), [ €Ho.

More explicitely, we have
D[f] = D1lf] + D2[f] + Ds[f],
with
Dilf]:= (=L f. /). Dalf] = e(Valdy 0y, L )12, Dslf] = e(ValA; 0l L f] )1,

and we estimate each term separately. For simplicity we introduce the notations 2+ := Id — 2,
where we recall that 2 is given by (1.5) and 0H, = L*(X4;pu ' (v)n, - vdvdo,). It is worth
emphasizing that because f € Dom(.%), the trace functions 4 f are well defined. We refer the
interested reader to [38, 21, 12] and the references therein for a suitable definition of the trace
function for solutions to the KFP equation.

We estimate the first term involved in the Dirichlet form D.

Lemma 4.1. For any f € H, there holds

1
(=Zf, D = 1B+ 51IVU2 = 0D 71 FlFn,
Proof of Lemma 4.1. Recalling (1.10) and (2.1), we write

On the one hand, we recall the classical Poincaré inequality

||h — <h,LL>||L2(H) < vah”LQ(u)a Yhe L2(udvd:c),
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from what we classically deduce

—6f fu = - / divy (4, (f/ 1)) f /o dvde
(@)
- / IV (/1) P dv d
(@)

Y

/O /i () Pudvdz = || 3,

The second part of the estimate has been proved during the proof of [7, Lemma 3.1]. |

We recall the identity established in [7, Lemma 3.2].

Lemma 4.2. Let ¢ : R = R. For any = € 09, there holds

/ dp()vf(x,v)ng -vdv = (V)e(x) Py f g - vdv
Rd

=3

+ [ 1000) = oV} (1= @) 2 v f s v

+

+ [ () - o0 9 fs v

+

We estimate the second term involved in the Dirichlet form D.

Lemma 4.3. There is a constant Cy > 0, such that
_ . 1
(VoAb or, 312 )iz 2 Slleslze - Coll fH13 = ColleZt Vs fli3pe, . V[ €H.
Proof of Lemma 4.3. We repeat the proof of [7, Lemma 3.8]. Writing
i =5l-v-Vafl =5l
where we have observed that ¢'nf = 0 and j[€g] = j[g], and denoting u := (—A,) 'os, we have
(7VIU7][$f])L2 = (8I1u7 8Ij /d ’Ui’l)jfd’U) L2 + (vxuaj[fL])LT
R
On the one hand, using the Green formula, we may write
(amu, Ou; / vivjfdv)Lz =A+ B,
Rd
with
A= —(896].811.1;,/ vivjfdv)LZ, B:= / Op,un;(x) </ ViU; 'yfdv) do.
Rd o0 R4
Thanks to the decomposition (4.5), we get
/ vv; f dv = 6505 +/ v, f dv,
Rd Rd
and hence
A= (—-Ayu,0f)r2 — (amjamu,/ Ui’l)ij' dv) 2
Rd
- ||QH%2 — (O, 0z, u, /d ijfJ- dv)rz,
R
since —A,u = g by definition of u. Using (4.4), we have
S I DZull 2l 13

S logllzall £+,

’(@J@mlu,/ ’Ui’UjfL d’U)Lz
Rd

from what it follows, thanks to Young’s inequality,

3
A= Zlesllz: = CllF* I
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We now investigate the boundary term B. Thanks to Lemma 4.2, we have
B = / Vet vy fng vdvdo,
b

= Vou - vu(2) P vy f g - vdvdo,
Xy

+ / Vot - [v = Voul(1 = o(x) Py f g - vdv do,
pans

+ Vit [ = Vvl Dyg fng - vdvdoy,
Xy

=: By + By + B3,

and we remark that
v = Vv = 2n,(n, - v),
so that
Vaeu - [v— Vev] = 2V u - ng (ng - v).
We therefore obtain Bs = Bz = 0 thanks to the boundary condition satisfied by u in (4.2). On the
other hand, the Cauchy-Schwarz inequality and (4.4) yield
1/2
|B1| < [Vaull 2 ooy llomll 2210254 Fllon,
S llellz2le@ vy fllow, -

Similarly as for the term A, we last have

|(Vau, () o] S NVaull2llilf T2 S logllzellF Il
where we have used the estimate (4.4) and twice the Cauchy-Schwarz inequality. The proof is then
complete by gathering all the previous estimates and by using Young’s inequality. O
We finally estimate the third term involved in the Dirichlet form D.
Lemma 4.4. There is a constant C3 > 0 such that
(VoAT 0l 2l 5p) 12 = =Csll f 1%
Proof of Lemma 4.4. From (1.10), (2.1) and ¢[% f] = 0, one has

o[ZLfl=o]-v -V.f] = fdivm/ vf dv=—divy jy.

Rd
On the other hand, we also classically observe

Jf g = /'yflwnmdv
]Rd

(.
+(1ﬂ){/E

and using the very definition of v, f and .# in (1.5) and (1.6) in the second integral and the change
of variables v — Vv in the last integral, we see that both contributions vanish and we thus obtain
the zero flux condition

(4.9) Jrme =0.

Yif v ngdv — /21 ///(v)'m v - nz|dv}

Yaf v ngdv — / Ypf oV |v- nm|dv},
e

x
+

Now let us define

wi=(=A0) " o[ Lf] = (—As) 7 (= diva jy)
the unique variational solution to (4.2) with Neumann boundary condition associated to the source
term & = o[ Z f] = divna, 2 := —j¢. From the variational formulation (4.1), we have

Hmw;:féwfnmm

:/jf.Vmudz—/ jf'ande:/jf~VIudz,
Q 0 Q
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where we have used the Green formula and finally (4.9) in order to obtain the last equality. We
deduce

[Vaoullzz S ligllze-
thanks to the Cauchy-Schwarz inequality, and thus
[(=Vaou, j)re| S Vaullzzllislee S llirllZ.
We conclude thanks to (4.7). O

We are now able to conclude the proof of Theorem 1.2.

Proof of Theorem 1.2. Let f satisfy the assumptions of Theorem 1.2. Observing that \/¢(2 —¢) > ¢
since ¢ takes values in [0, 1], and gathering Lemmas 4.1, 4.3 and 4.4, one has

(25,00 2 W B+ 3 IV =09 F e,
1
te(5lorls — €2+ ColFH I, ~ Call Ve — 0714 fll, ).

Choosing 0 < € < 1 small enough, we get

(~2F. 1) = 6 (IF 413+ lorlle) + KIVuU2 = )P v+ flla,

for some constants , s’ > 0. We thus obtain (1.11) by using the identity (4.6) and the equivalence
(4.8) of the norms || - || and ||| - |||- O

5. ASYMPTOTIC BEHAVIOR: PROOF OF THEOREM 1.3

We repeat the proof of [24, Theorem 3.1] and [39, Theorem 1.4], so that we just sketch the
arguments.

Proof of Theorem 1.3. We introduce the splitting
Af i= Mxr(v)f, Bi=2 - A,

with xz(v) := x(v/R), x € D(R?), 15, < x < 1p,, and some constants M, R > 0 to be fixed
below. We denote by S the semigroup associated to the modified KFP equation associated to the
partial differential operator B and the same reflection condition (1.2). We define

(5.1) Wy :=w € Wy; sup limsupw,,=:k"<-1;,
p€E[l,00] |v|—o00

where we recall that @, , is defined in (2.3). In particular, w := (v)Fel’l" € 93, if s = 2 and
¢ € (0,1/2), orif s € [0,2), or if s =0 and k > d + 1. By repeating the proof of Proposition 2.1,
for any x > k*, we may find M, R > 0 large enough such that for any w € 25, we have

sup  sup (ww,p(v) — Mxr(v)) < (K" +K)/2,
p€E[l,00] vERE

and thus there exists a constant C' = C(w) > 0 such that
(5.2) 158 follzz, < Ce™ N follrz, V=0,
for any fo € LP, 1 < p < co. By repeating the proof of Theorem 1.1, we also have

ent
(5.3) 155(t) follz=, < Ct—l,||f0||L5, Vi>0.
Recalling the definition of total mass ((-)) in (1.8), we define
g :=g— (ghn

and

Sy :=11Sy = Sell = I1S £II.
Iterating the Duhamel formulas
Sy = Sp+SgAx Se
Se = Sgp+ SgxASp,

where * stands the time convolution between operator defined on R with support on R, we deduce
that

(5.4) Sy =WIl+ Wy =S,
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and
(5.5) So =TIVi + S « Wa,
with

n—1

Vii=> (SpA)Y * S, Wi:=(SgA)™, Wa:=(ASp)™,

j=0
where we use the shorthand U*° := Id, U*U+1) .= UxU*. Both estimates (5.4) and (5.5) together,
we obtain
(5.6) S =Va+ Wi Sg Wa,
with

Vo := Vi1l + Wy « 11V

For any k > k* and n € N, we deduce from (5.2) that
(5.7) IV2(t) foll 2, < Ce™ | foll e, ¥t >0,

For any xk > k*, we deduce from (5.2) and (5.3) (see [24, 39] as well as [40, Proposition 2.5]) that
we may find n € N* such that

(5.8) W1 () foll Lz,
(5.9) HW2(t)f0||Li7

IN

CeRtHf()HLz(#), Vit >0,
ce™ || follpz, Vit =>0.

IN

1/2

We also recall that from Theorem 1.2, we have

(5.10) 182 foll L= _

We

L <Ce M folle . VE>0.

1/2

1/

conclude to (1.12) by just writing the representation formula (5.6) and using the estimates

(5.7), (5.8), (5.9) and (5.10). 0
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