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BLOCH FUNCTIONS WITH WILD BOUNDARY BEHAVIOUR IN CN

STÉPHANE CHARPENTIER, NICOLAS ESPOULLIER, RACHID ZAROUF

Abstract. We prove the existence of functions f in the Bloch space of the unit ball BN of
CN with the property that, given any measurable function φ on the unit sphere SN , there
exists a sequence (rn)n, rn ∈ (0, 1), converging to 1, such that for every w ∈ BN ,

f(rn(ζ − w) + w) → φ(ζ) as n → ∞, for almost every ζ ∈ SN .

The set of such functions is residual in the little Bloch space. A similar result is obtained
for the Bloch space of the polydisc.

1. Introduction and statements of the results

Our purpose is to show the existence of functions in the Bloch space of the unit ball and
of the polydisc of CN that carry a quite erratic non-tangential boundary behaviour.

Throughout the paper, we will denote by D := {z ∈ C : |z| < 1},

BN := {z = (z1, . . . , zN) ∈ CN : |z|2 := |z1|2 + . . .+ |zN |2 < 1}
and DN := D × . . . × D (with N ≥ 1) the open unit disc of the complex plane C, the open
unit ball and the polydisc of CN , respectively. The notations T, SN and TN will stand for
the unit circle, the unit sphere and the distinguished boundary of DN . Without possible
confusions, we shall indifferently denote by | · | the modulus of a complex number and the
euclidean norm in CN .

Given a domain D ⊂ CN , we denote by H(D) the Fréchet space of all functions holomor-
phic in D, endowed with the topology of locally uniform convergence. For f ∈ H(BN), the
radial derivative of f is defined by

R(f) =
N∑
k=1

zk
∂f

∂zk
.

The Bloch space B(BN) of BN consists in all functions f holomorphic on BN such that

sup
z∈BN

(1− |z|2)|R(f)(z)| < ∞.

Endowed with the norm ∥f∥B(BN ) := |f(0)|+supz∈BN
(1−|z|2)|R(f)(z)|, it is a Banach space.

In particular, a function f ∈ H(D) belongs to the Bloch space B(D) of the unit disc provided
that sup|z|<1(1− |z|2)|f ′(z)| < ∞. We then define the Bloch space B(DN) of the polydisc as
the subspace of H(DN) consisting of those f for which

sup
z∈DN

N∑
k=1

(1− |zk|2)
∣∣∣∣ ∂f∂zk (z)

∣∣∣∣ < ∞.

The quantity ∥f∥B(DN ) := |f(0)| + supz∈DN

∑N
k=1(1 − |zk|2)

∣∣∣ ∂f
∂zk

(z)
∣∣∣ is a norm that turns

B(DN) into a Banach space.
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The little Bloch spaces B0(D), B0(BN) and B0(DN) of the unit disc, the unit ball and
the polydisc, respectively, are defined as the closure of all polynomials in the corresponding
Bloch space. For any N ≥ 1, B0(BN) coincides with the space of all functions f in H(BN)
such that

lim
|z|→1−

(1− |z|2)|R(f)(z)| = 0.

It is known that a similar assertion fails for B0(DN), N ≥ 2 [27]. When the context will
be clear, we will refer to a function in one of the Bloch spaces introduced above as a Bloch
function. For equivalent definitions of these spaces and their classical properties, we refer
the reader to [29, Chapter 3] and [26, 27].

The search for Bloch functions with irregular radial boundary behaviour is a rather clas-
sical topic. In the unit disc, it is rather easy to build a function in B(D) with finite radial
limit at no point of T. Indeed, the lacunary series

∑
k z

2k is a Bloch function that has finite
radial limits at no points of T, by a tauberian theorem due to Hardy and Littlewood [16]. In
passing, by Plessner’s theorem, this implies that the image by such functions of almost all
radii in D is dense in C. In the unit ball of CN , proving the existence of Bloch functions with
radial limits at no point of SN is far more involved. Ryll and Wojtaszczyk introduced the
so-called Ryll-Wojtaszczyk homogeneous polynomials in order to build a function in B(BN)
with infinite radial limits at almost every point of SN [24]. Later, using modifications of
those polynomials by Aleksandrov [1], Ullrich built a function f ∈ B(BN) such that for every
ζ ∈ SN , |f(rζ)| → ∞, as r → 1 [28]. Note that, by [4, Theorem 3], for any function f in
B(BN) with finite radial limit at no point of SN , there exists a dense set of points ζ in SN

such that |f(rζ)| → ∞ as r → 1.

The main contribution of this note is to prove that quasi-all functions in B0(BN) or
B0(DN) (where quasi-all should be understood in the sense of Baire category theorem) carry
an even more erratic non-tangential boundary behaviour, near almost every point of SN or
TN . We recall that a subset of a separable Fréchet space is said residual if it contains a dense
countable intersection of open sets. Let us denote by mN the normalised Lebesgue measure
on SN and by σN := m1 × . . .×m1 the normalised Lebesgue measure on TN .

Main theorem. Let (rn)n be a sequence of real numbers in (0, 1), converging to 1 as n → ∞.
(1) There exists a residual subset of B0(BN) consisting of functions f that satisfy the

following property:

(QBN
) :

Given any mN -measurable function φ on SN , there exists a sequence (nk)k, nk ∈ N,
such that for any w ∈ BN and mN -a.e. ζ ∈ SN ,

f(rnk
(ζ − w) + w) → φ(ζ) as k → ∞.

(2) There exists a residual subset of B0(DN) consisting of functions f that satisfy the
following property:

(QDN ) :
Given any σN -measurable function φ on TN , there exists a sequence (nk)k, nk ∈ N,
such that for any w ∈ DN and σN -a.e. ζ ∈ TN ,

f(rnk
(ζ − w) + w) → φ(ζ) as k → ∞.

Similar results were already stated in other spaces of holomorphic functions. For example,
Bayart proved (1) where the Bloch space B0(BN) is replaced with the Fréchet space H(BN),
or by any little growth space H∞

w,0 of the ball [5]. Given a (continuous) weight function
w(t) : [0, 1) → (0,+∞) with w(0+) = 0, let us recall that the growth space H∞

w consists of
all functions f holomorphic in BN such that

sup
z∈BN

w(1− |z|)|f(z)| < ∞.
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The space H∞
w,0 can be defined as the closure of set of polynomials in H∞

w , and it can be
checked that it coincides with the set of those f for which w(1− |z|)|f(z)| → 0 as |z| → 1.
Since there exist weights w for which H∞

w is contained in all Bergman spaces Ap, p ≥ 1,
the space ∩p≥1A

p contains a (lot of) function(s) satisfying the property (QBN
). In [10], an

extension of this result to H(D), where D is a pseudoconvex domain of CN , is obtained.
We observe that in the space H(D), it is known [9] that quasi-all functions satisfy a much
stronger property. Finally, we mention that our theorem answers Question 5.7 in [11].

Let us now comment on the proof. The above statement typically falls within the theory of
universality [6, 14], and it is now well-understood that most of results of this kind follow from
a Baire category argument and eventually reduce to a suitable simultaneous approximation.
The general idea is that, if we are given a (reasonable) separable Fréchet space X continuously
embedded in H(BN) (the strategy is the same for the polydisc), in order to build a function
f in X with some prescribed boundary behaviour mN -a.e. on SN , it is enough, roughly
speaking, to find a function f in X that simultaneously approximates 0 in X and any given
continuous function on some large subset of SN . We point out that simultaneous polynomial
approximation in spaces of holomorphic functions is an independent active topic of research.
We refer to the seminal thesis work of Khrushchev [18] and to the recent paper [22] (see also
the references therein).

Following this strategy, in order to prove the assertion (1) in our main theorem, we will
prove a slightly more precise version of the following simultaneous approximation lemma
(see Lemma 2.1 ).
Lemma (Simultaneous approximation in the Bloch space of the ball). For any ε > 0, any
g ∈ B0(BN), and any function φ continuous on SN , there exist a measurable set E ⊂ SN ,
with mN(E) ≥ 1− ε, and a polynomial f such that

∥f − g∥B(BN ) ≤ ε and sup
z∈E

|f(z)− φ(z)| ≤ ε.

A similar statement will be proved for DN (see Lemma 2.5). For any holomorphic function
space X on BN , that contains polynomials, if the set of all polynomials is dense in X and
contained in the pointwise multipliers of X, then proving the above lemma reduces to the
case where g = 0 and φ = 1. Now, a general approach to simultaneously approximate 0 in
X and 1 on a large subset of SN consists in selecting the approximant f as equal to P ◦ I,
where P is a polynomial (usually given by Oka-Weyl theorem - or Runge’s theorem in C) that
simultaneously approximate uniformly 1 on arbitrarily large proper compact subset of SN and
0 in a compact subset of BN , and where I is an inner mapping chosen so that P ◦I is small in
X norm, and so that it transports the approximation property of P on (another) large subset
of SN . For example, in [5], the author made use of a similar simultaneous approximation
result for H∞

w,0, that was due to Iordan [17]. Therein, the polynomial P is chosen using a
Mergelyan’s type result for the ball [15], and the inner mapping is zΦk(z), z ∈ BN , where ϕ
is any inner function vanishing at 0, and the power k large enough (depending on the weight
w).

This approach is followed by Limani [22, Section 4.2], who basically proves the above
lemma for N = 1. The main difficulty consists in showing the existence of an inner function
I such that ∥P ◦ I∥B is arbitrarily small, which essentially reduces to the existence of an
inner function I with arbitrarily small Bloch norm. It turns out that this can be achieved
using a deep result of Aleksandrov, Anderson and Nicolau [2]. We mention that this allows
Limani to prove the existence of so-called Menshov universal functions in the Bloch space of
D, answering a question posed in [7]. We also refer to [19, 20] for results of a similar nature
in other Banach spaces of holomorphic functions on D.
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In order to prove our simultaneous approximation lemma for the Bloch space of the ball,
a first difficulty is that one does not have a proper Mergelyan’s theorem, and the second
one is that inner functions are usually much more difficult to construct. However, a com-
bination of simple geometric ideas, that served already in [10], and a partial generalisation
of Aleksandrov-Anderson-Nicolau’s result, due to Doubtsov [12], will allow us to obtain the
main theorem.

Let us say a few words on the case of the polydisc, which slightly differs from the case
of the ball (N ≥ 2). Indeed, the only mutlipliers of B0(DN) are the constant functions [3,
Corollary 3.6] and thus we cannot directly follow the strategy described for BN . However,
this can be overcome working in the unit disc and building our approximating polynomials
as a product of polynomials of one variable.

The paper is organised as follows: the second section is dedicated to the results of simul-
taneous approximation in the Bloch space of the ball and the polydisc. The proof of our
main theorem is presented in Section 3. A final section is devoted to commenting briefly on
possible extensions and variations.

Notations. The notation A ≲P B shall be used when there exists a positive constant C,
depending on the parameter P , such that A ≤ CB. If the constant C does not depend on
any parameter relevant in the context, we shall simply use the symbol ≲.

2. Simultaneous approximation in the Bloch space

For any compact set E in CN , we will denote by C(E) the Banach space of all continuous
functions on E, endowed with the supremum norm, denoted by ∥ · ∥∞,E.

2.1. Simultaneous approximation in the Bloch space of the ball. In this part, our
aim is to prove the following approximation lemma.

Lemma 2.1. Let ε > 0, let L be a compact subset of BN , let g ∈ B0(BN), and let φ ∈ C(SN).
There exist a set E ⊂ SN with mN(E) ≥ 1− ε and a polynomial f ∈ B0(BN), such that

(i) ∥f − g∥B < ε;
(ii) ∥f − φ∥∞,E < ε.

Since the polynomials are dense in B0(BN), it is enough to prove the lemma for g = 0,
upon replacing φ by φ−Q, with Q close to g in B0(BN). The proof is based on two results.
The first one is geometric and follows immediately from [10, Lemma 3.6], for e.g.

Lemma 2.2. Let ε > 0 and let U be a domain in CN such that U ∩ SN ̸= ∅. There exists a
measurable subset E of U ∩ SN such that:

(i) mN(U ∩ SN \ E) < ε;
(ii) for any compact set L ⊂ BN , the set E ∪ L is polynomially convex.

The second one deals with the existence of inner functions in the ball with a specific
behaviour at the boundary. It is a combination of two results by Aleksandrov-Anderson-
Nicolau [2] and Doubtsov [12].

Theorem 2.3. Let η > 0 be fixed. There exists a non-constant inner function I : BN → C
such that

(1− |z|2)|RI(z)|
1− |I(z)|2

< η, z ∈ BN .

In particular, ∥I∥B < η.
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Proof. Let us fix η > 0. Let µ be a pluriharmonic probability measure such that the slices
µζ are uniformly symmetric and singular for all ζ ∈ SN . Such measures exist, by Corollary
2.3 in [12]. Then define the non-constant singular inner function

Θ(z) = exp

(
−
∫
SN

(
2

(1− ⟨z, ζ⟩)n
− 1

)
dµ(ζ)

)
.

Then, again by [12], one has

lim
|z|→1

(1− |z|2)|RΘ(z)|
1− |Θ(z)|2

= 0.

In particular, there exists a positive constant M < ∞ such that

(1− |z|2)|RΘ(z)|
1− |Θ(z)|2

≤ M, z ∈ BN .

By Theorem 1 in [2] applied with ϕ(t) = ηt/(2M), there exists an inner function g : D → D
such that

(1− |w|2)|g′(w)|
1− |g(w)|2

≤ η

2M
, w ∈ D.

Let us set I = g ◦ Θ. Then I is a non-constant inner function on BN such that, for any
z ∈ BN ,

(1− |z|2)|RI(z)|
1− |I(z)|2

=
(1− |z|2)|g′(Θ(z))||RΘ(z)|

1− |g(Θ(z))|2
≤ η

2M

(1− |z|2)|RΘ(z)|
1− |Θ(z)|2

< η.

□

We are now ready to prove Lemma 2.1.

Proof of Lemma 2.1 with g = 0. Let ε > 0, let L be a compact subset of BN , and let φ ∈
C(SN).

First, by uniform continuity of φ, there exist open domains U1, . . . , Ul in CN , pairwise
disjoint, with Uj ∩ SN ̸= ∅ for any j, and complex numbers c1, . . . , cl, such that
(a) mN(SN \ (U1 ∪ . . . ∪ Ul)) ≤ ε/5;
(b) |φ(z)− ck| ≤ ε/2 for any z ∈ Uk ∩ SN and any k ∈ {1, . . . , l}.

Now, applying Lemma 2.2 to each Uk, we choose a compact set F ⊂ SN ∩ (U1 ∪ . . . ∪ Ul)
with σ(F ) ≥ 1 − ε/4, such that F ∪ {0} is polynomially convex. Since the continuous
function equal to 0 at 0 and to ck on Uk, k ∈ {1, . . . , l}, extends holomorphically to an
open neighborhood of {0} ∪ U1 ∪ . . . ∪ Ul, the Oka-Weyl theorem (see [25], e.g.) ensures the
existence of a polynomial Q such that

|Q(z)− φ(z)| < ε/2, z ∈ F.

Let also P be a polynomial such that

(1) |P (0)| < ε

2∥Q∥∞,BN

and |P (z)− 1| < ε

2∥Q∥∞,BN

, z ∈ F.

Let now I be given by Theorem 2.3 for some η > 0 whose value will be fixed later. We
define the mapping J : z = (z1, . . . , zn) 7→ I(z)z = (z1I(z), . . . , znI(z)), z ∈ BN . It is clear
that J is an inner mapping from BN to BN that vanishes at 0. Now, a simple calculation
shows that

R(P ◦ J)(z) = (R(I)(z) + I(z))
n∑

i=1

zi
∂P

∂zi
(J(z)),
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Hence, since P is a polynomial, we get for any z ∈ BN ,

|R(P ◦ J)(z)| ≤
n∑

i=1

∣∣∣∣∂P∂zi (J(z))
∣∣∣∣ (|I(z)|+ |R(I)(z)|)

≲P |I(z)|+ |R(I)(z)|.
Moreover, as it is well-known,

|I(z)| ≲ ∥I∥B(BN ) log(
1

1− |z|2
), z ∈ BN .

Then for any z ∈ BN ,

(1− |z|2)|R(P ◦ J)(z)| ≲P (1− |z|2)|R(I)(z)|+ (1− |z|2) log( 1

1− |z|2
)∥I∥B(BN ).

By Theorem 2.3, the function P ◦J belongs to B0(BN), and one has ∥I∥B(BN ) < η. Therefore

(1− |z|2)|R(P ◦ J)(z)| ≲P η

(
1 + (1− |z|2) log( 1

1− |z|2
)

)
, z ∈ BN ,

hence (1− |z|2)|R(P ◦ J)(z)| ≲P η, z ∈ BN .

We set f = Q.(P ◦ J). Using the fact that the multiplication by Q is a bounded linear
operator on B0(BN) [29, Theorem 3.21], and upon choosing η small enough, we deduce by
the previous that

(1− |z|2)|R(f)(z)| < ε/2, z ∈ BN .

Moreover, since J vanishes at 0, by (1), we have |f(0)| < ε/2. All in all we have proven the
inequality ∥f∥B(BN ) < ε.

To finish the proof, observe that, by (1) and the definition of Q, for any z ∈ J−1(F ) ∩ F ,
we have

|f(z)− φ(z)| ≤ |Q(z)||(P (J(z))− 1)|+ |Q(z)− φ(z)| < ε.

Since J = Iz, with I inner, Loewner’s lemma (see [23, Example 14.2]) implies

mN(J
−1(F )) = σ(F ) ≥ 1− ε/4,

hence mN(J
−1(F ) ∩ F ) ≥ 1− ε/2. We set E = J−1(F ) ∩ F .

To finish, it remains to explain why f can be chosen as a polynomial. To do so, let us
recall that H∞ is continuously embedded into B0 and that ∥fr − f∥B → 0 as r → 1 for any
f ∈ B0, where fr denote the dilate of f defined by fr(z) = f(rz), z ∈ BN [29]. Therefore,
we may choose r ∈ (0, 1) close enough to 1 and approximate fr by a polynomial uniformly
on BN , to get our conclusion. □

For η > 0, we will denote by Iη : BN → BN any inner mapping given by Theorem 2.3, and
let Jη(z) = I(z)z, z ∈ BN . The following corollary is a straightforward consequence of the
proof of Lemma 2.1.

Corollary 2.4. Let d ≥ 1, ε1 > 0, ε2 > 0 and let φ ∈ C(Sn). There exist two polynomials
P and Q such that, for any η > 0, there exists a compact set E ⊂ SN , with mN(E) ≥ 1− ε̃2,
such that, if we set f := Q(P ◦ Jη), then the following assertions hold:

(1) |f(0)| < ε1;
(2) ∥f∥B(BN ) < η + |f(0)|;
(3) ∥f − φ∥E,∞ < ε1.

In the next paragraph, we shall use this corollary to obtain a simultaneous approximation
lemma for the polydisc.
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2.2. Simultaneous approximation in the Bloch space of the polydisc. We shall prove
the following Bloch simultaneous approximation lemma for the polydisc.

Lemma 2.5. Let ε > 0, let g ∈ B0(DN) and let φ ∈ C(TN). There exist a set E ⊂ TN with
σN(E) ≥ 1− ε and a polynomial f , such that

(1) ∥f − g∥B(DN ) ≤ ε;
(2) ∥f − φ∥E,∞ ≤ ε.

Proof. Since the polynomials are dense in B0(DN), we may assume that g is identically equal
to 0. Let ε, L, and φ be fixed as in the statement. By the Stone-Weierstrass Theorem, there
exist M > 0 and functions φj,l ∈ C(T), j = 1 . . . , N and 1 ≤ l ≤ M , such that

∥φ− (φ1,1 . . . φN,1 + . . .+ φ1,M . . . φN,M)∥∞,TN < ε.

We shall use Corollary 2.4 to approximate each product φ1,l . . . φN,l, 1 ≤ l ≤ M , by some
suitable polynomial. Let us fix l = 1 and set

C :=
N∏
j=1

(∥φj,1∥∞,T + 1),

Let also ε̃ > 0 whose value will be fixed later. We apply Corollary 2.4 to each φj,1, 1 ≤ j ≤ N ,
with d = 1, ε1 = min(1, ε

2M
, ε
CNM

) and ε2 = ε̃. This gives us N pairs of polynomials
(Pj,1, Qj,1), 1 ≤ j ≤ N , such that if we fix an η > 0 satisfying

(2) η <
ε

2NM max1≤k≤N sup(z1,...,zN )∈DN

∏
j ̸=k |fj,1(zj)|

,

there exist compact sets Ej,1, 1 ≤ j ≤ N , with σ1(Ej,1) ≥ 1 − ε̃, such that setting fj,1 :=
Qj,1(Pj,1 ◦ Jη), we have:

(i) |fj,1(0)| < ε
2M

;
(ii) ∥fj,1∥B(BN ) < η + |fj,1(0)|;
(iii) ∥fj,1 − φj,1∥∞,Ej,1

< ε
CNM

.
Furthermore, as explained at the very end of the proof of Lemma 2.1, we may and shall
assume that each function fj,1, 1 ≤ j ≤ N , is a polynomial.

Now, we define the polynomial f1 of N complex variables by

f1(z1, . . . , zN) := f1,1(z1) . . . fN,1(zN),

and the compact subset E1 := E1,1 × . . . × EN,1 of TN . We shall check the following two
assertions:
(a) ∥f1∥B(DN ) < ε/M ;
(b) ∥f1 − φ1,1 . . . φN,1∥∞,E(1) < ε/M .
First, notice that |f1(0)| < ε/(2M), by (i). Moreover, by (ii) and the choice of η, for any
(z1, . . . , zN) ∈ DN ,

sup
z∈DN

N∑
k=1

(1− |zk|2)
∣∣∣∣∂f1∂zk

(z)

∣∣∣∣ = sup
z∈DN

N∑
k=1

(1− |zk|2)
∣∣f ′

k,1(zk)
∣∣∏
j ̸=k

|fj,1(zj)|

≤ ηN max
1≤k≤N

sup
(z1,...,zN )∈DN

∏
j ̸=k

|fj,1(zj)| <
ε

2M

which gives (a).
Next, by (iii), for any z = (z1, . . . , zN) ∈ E1, we have

|φ1,1 . . . φN,1(z)− f1(z)|



8 STÉPHANE CHARPENTIER, NICOLAS ESPOULLIER, RACHID ZAROUF

≤
N∑
j=1

|f1,1(z1) . . . fj−1(zj−1)(fj,1(zj)− φj,1(zj))φj+1,1(zj+1) . . . φN,1(zN)|

≤ ε

CNM

N∑
j=1

(∥φ1,1∥∞,T + ε) . . . (∥φj−1,1∥∞,T + ε)∥φ1,1∥∞,T . . . ∥φj−1,1∥∞,T

≤ ε

CM

N∏
j=1

(∥φj,1∥∞,T + 1) =
ε

M
,

whence assertion (b).
Further, we repeat the previous argument for the other products φ1,l . . . φN,l, 2 ≤ l ≤ M .

At the end, this provides us with M polynomials f1, . . . , fM and M subsets E1, . . . , EM such
that, if we set E := E1 ∩ . . . ∩ EM and f := f1 + . . .+ fM , then

(1) ∥f∥B(DN ) < ε;
(2) ∥f − (φ1,1 . . . φN,1 + . . .+ φ1,M . . . φN,M))∥∞,E < ε.

Moreover, upon choosing ε̃ small enough, we may assume σN(E) ≥ 1 − ε. The lemma is
proven, since ∥φ− (φ1,1 . . . φN,1 + . . .+ φ1,M . . . φN,M)∥∞,TN < ε. □

We note that Lemma 2.1 and Lemma 2.5 coincide when N = 1.

3. Wild Bloch functions in the ball and the polydisc

As it has been said in the introduction, showing the existence of functions with universal
boundary behaviour reduces to proving simultaneous approximation. It turns out that this
fact is a quite general one in the theory of universality [6]. For the seek of brevity, we shall
present an abstract result that, combined with Lemma 2.1, will immediately imply our main
results.

Let (X, dX) be a Fréchet space and let Y be a separable topological vector space, metrizable
with a translation-invariant metric dY . Let also Tn : X → Y , n ∈ N, be continuous linear
maps. We say that the sequence T := (Tn)n is universal if there exists x ∈ X provided the
set {Tn(x) : n ∈ N} is dense in Y . More generally, we will say that a family Ti∈I of sequences
(T i

n)n, i ∈ I, of continuous linear maps from X to Y , is universal uniformly with respect to
i ∈ I, if there exists x ∈ X such that, for any ε > 0 and any y ∈ Y , there exists n ∈ N such
that

sup
i∈I

d(T i
n(x), y) < ε.

We denote by U(T ) the set of all universal vectors for T and by U(Ti∈I) the set of all vectors
that are universal for Ti∈I , uniformly with respect to i ∈ I. The following theorem is a very
small improvement of a particular case of [6, Theorem 27],

Theorem 3.1. Let Ti∈I , be a family of sequences (T i
n)n, i ∈ I, of continuous linear maps

from X to Y . Assume that there exists a dense subset G of X such that, for any x ∈ G,
there exists y ∈ Y such that (T i

n(x))n converges to y, uniformly with respect to i ∈ I. If the
following two conditions hold:

(1) For every ε > 0 and every y ∈ Y , the set {x ∈ X : supi∈I dY (T
i
n(x), y) < ε} is open

in X;
(2) For every ε > 0 and every y ∈ Y , there exists n ∈ N and x ∈ X, such that

dX(x, 0) < ε and sup
i∈I

dY (T
i
n(x), y) < ε,

then U(Ti∈I) is residual in X.
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Proof. Even if it is very similar to some part of that of [6, Theorem 27], we include it here.
We first prove that (2) implies the following apparently stronger property:

(2)′ :
For every ε > 0, y ∈ Y, w ∈ X, there exist n ∈ N and x ∈ X such that
dX(x,w) < ε and supi∈I dY (T

i
n(x), y) < ε.

Let ε > 0, y ∈ Y, w ∈ X be fixed. By assumption, there exists w0 ∈ G, v ∈ Y and N ∈ N,
such that dX(w,w0) < ε/2 and supi∈I dY (T

i
n(w0), v) < ε/2, for any n ≥ N . By (2), there

exists n ∈ N and x0 ∈ X such that dX(x0, 0) < ε/2 and supi∈I dY (T
i
n(x0), y − v) < ε/2,

where n can be chosen with n ≥ N . Then, setting x = x0 + w0 ∈ X, since the metrics are
invariant by translation, we get dX(x,w) < ε and supi∈I dY (T

i
n(x), w) < ε.

To conclude, let us fix a dense sequence (yl)l in Y . We observe that

U(Ti∈I) ⊃
⋂
k,l∈N

⋃
n∈N

{x ∈ X : sup
i∈I

dY (T
i
n(x), yl) <

1

k
}.

Now the proof follows by the Baire Category theorem. Indeed, every set
⋃

n∈N{x ∈ X :
supi∈I dY (T

i
n(x), yl) <

1
k
} is open and dense in X, by (1) and (2)′, respectively. □

3.1. Wild Bloch functions in the ball. We shall see that Lemma 2.1 implies that (2)
in Theorem 3.1 holds, for suitable choices of X, Y , and T . In the whole subsection, let
X = B0(BN) be the little Bloch space of BN , and let Y be the space L0(SN) of all (equivalent
classes of) functions mN -measurable on SN (with identification of two functions that coincide
off a set of m-measure 0), endowed with the translation-invariant metric

d(g, h) =

∫
SN

min (1, |g − h|)dmN .

We recall that a sequence (gn)n in L0(SN) converges in measure to g ∈ L0(SN) if and only
if every subsequence of (gn)n has a subsequence that converges mN -a.e. to g on SN . In
particular, this implies that the set P of all polynomials is dense in L0(SN).

Let us fix a sequence (rn)n, rn ∈ (0, 1), converging to 1. For w ∈ BN , let us define Tw as
the sequence (Tw

n )n where

Tw
n :=

{
B0(BN) → L0(SN)

f 7→ f(rn(· − w) + w).

Note that if L ⊂ BN is compact then, by uniform continuity, the set

{f ∈ B0(BN) : sup
w∈L

d(Tw
n (f)(z), f0) < ε}

is open, for every f0 ∈ B0(BN), every ε > 0 and every n ∈ N. In particular, condition (1)
of Theorem 3.1 is always satisfied in this setting. The same argument shows that for every
P ∈ P , the sequence (Tw

n (P ))n converges to P ∈ L0(SN), uniformly with respect to w ∈ L.
In order to apply Theorem 3.1, it thus remains to check condition (2). The latter is a

consequence of Lemma 2.1. Indeed, fix ε > 0 and φ ∈ L0(SN). By Lusin’s theorem, every
measurable function on SN can be approximated mN -a.e. by continuous functions, so we
can assume that φ ∈ C(SN). We can now apply Lemma 2.1, with g = 0, to get a compact
set E ⊂ SN , with mN(E) ≥ 1− ε/2, and a polynomial f ∈ B0(BN) such that

∥f∥B0(BN ) < ε and ∥f − φ∥∞,E < ε/2.

Since f is uniformly continuous on BN , the second inequality implies the existence of some
n ∈ N such that

sup
w∈L

∥Tw
n (f)− φ∥∞,E < ε/2
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To see that condition (2) of Theorem 3.1 holds, it suffices to observe that

sup
w∈L

d(Tw
n (f), φ) = sup

w∈L

∫
SN

min
(
1, |T i

n(f)− φ|
)
dmN

≤ sup
w∈L

∫
E

min (1, |Tw
n (f)− φ|) dmN +mN(SN \ E) < ε.

By Theorem 3.1, we deduce that the set U(Tw∈L) is residual in B0(BN). Now, considering
an exhaustion (Ln)n of BN by compact sets, we obtain that the set⋂

n∈N

U(Tw∈L)

is residual in B0(BN). Using again that a sequence (gn)n in L0(SN) converges in measure
to g ∈ L0(SN) if and only if every subsequence of (gn)n has a subsequence that converges
m-a.e. to g on SN , we deduce that the previous implies the assertion (1) of the main theorem,
announced in the introduction. More precisely,

Theorem 3.2. Let (rn)n be a sequence of real numbers in (0, 1), converging to 1. There
exists a function f in B0(BN) with the following property (QBN

): given any m-measurable
function φ on SN , there exists a sequence (nk)k of integers such that for any w ∈ BN and
mN -a.e. ζ ∈ SN ,

f(rnk
(ζ − w) + w) → φ(ζ) as k → ∞.

The set of such functions is residual in B0(Bn).

3.2. Wild Bloch functions in the polydisc. Similarly to the previous subsection, we
will now derive from Lemma 2.5 and Theorem 3.1 a way to exhibit a large set of function
in B0(DN) with universal boundary behaviour. We set X = B0(DN) , Y = L0(TN), that
is the space of all (equivalent classes of) functions σN -measurable on TN (with equivalence
relation identifying two functions that coincide off a set of σN -measure 0), endowed with the
translation-invariant metric

d(g, h) =

∫
TN

min (1, |g − h|)dσN .

As recalled in Subsection 3.1, a sequence (gn)n in L0(TN) converges in measure to g ∈ L0(TN)
if and only if every subsequence of (gn)n has a subsequence that converges σN -a.e. to g on
TN . Thus the set P of all polynomials is dense in L0(TN).

For a sequence (rn)n, rn ∈ (0, 1), converging to 1 and w ∈ BN , let Tw be the sequence
(Tw

n )n where

Tw
n :=

{
B0(DN) → L0(TN)

f 7→ f(rn(· − w) + w).

For L ⊂ D compact, let us write LN = L × . . . × L (N times). By uniform continuity, the
set

{f ∈ B0(DN) : sup
w∈LN

d(Tw
n (f)(z), f0) < ε}

is open, for every f0 ∈ B0(DN), every ε > 0 and every n ∈ N. Thus condition (1) of Theorem
3.1 is valid in this setting. For the same reason, for every P ∈ P , the sequence (Tw

n (P ))n
converges to P ∈ L0(TN), uniformly with respect to w ∈ LN .

Therefore we may apply Theorem 3.1, whenever we have proven that condition (2) holds
true as well. This is where Lemma 2.5 comes into play. First, Lusin’s theorem ensures that
we may assume that φ ∈ C(TN). Then, if ε > 0 and φ ∈ C(TN) are given, Lemma 2.5
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applied with g = 0, provides us with a compact set E ⊂ TN and a polynomial f ∈ B0(DN)
such that σN(E) ≥ 1− ε/2 and

∥f∥B0(DN ) < ε and ∥f − φ∥∞,E < ε/2.

By uniform continuity of f on DN , we get from the second inequality the existence of some
n ∈ N such that

sup
w∈LN

∥Tw
n (f)− φ∥E,∞ < ε/2.

Next, observe that

sup
w∈LN

d(Tw
n (f), φ) = sup

w∈LN

∫
TN

min (1, |Tw
n (f)− φ|) dσN

≤ sup
w∈LN

∫
E

min (1, |Tw
n (f)− φ|) dσN + σN(TN \ E) < ε,

which is condition (2) of Theorem 3.1.
Finally, Theorem 3.1 tells us that the set U(Tw∈LN ) is residual in B0(DN). Let (Ln)n be

an exhaustion of D by compact sets. Then (LN
n )n is an exhaustion by DN of compact sets

and, by the Baire theorem, we conclude that⋂
n∈N

U(Tw∈LN
n
)

is residual in B0(DN). We derive the following theorem.

Theorem 3.3. Let (rn)n be a sequence of real numbers in (0, 1), converging to 1. There exists
a function f in B0(DN) satisfying the following property (QDN ): given any σN -measurable
function φ on TN , there exists a sequence (nk)k of integers such that for any w ∈ DN and
σN -a.e. ζ ∈ TN ,

f(rnk
(ζ − w) + w) → φ(ζ) as k → ∞.

Moreover, the set of such functions is residual in B0(Dn).

Note that Theorem 3.2 and Theorem 3.3 gives the same statement when N = 1.

4. Further extensions and variations

4.1. Weighted Bloch spaces. Let ω : (0, 1) → (0,+∞) be a non-decreasing weight (that
is ω(t) → 0 as t → 0+). The weighted Bloch space Bω(D) associated with ω is defined as the
space of all functions f holomorphic in D, such that

∥f∥Bω(D) := |f(0)|+ sup
|z|<1

1− |z|2

ω(1− |z|)
|f ′(z)| < ∞,

and the little weighted Bloch space B0,ω(D) as the closure of all polynomials in Bω(D) or,
equivalently, as the closed subspace consisting of all f such that

1− |z|
ω(1− |z|)

|f ′(z)| → 0 as |z| → 1−.

Further, we can also define the weighted Bloch space of DN as the Banach space of all
functions f ∈ H(D) that satisfy

∥f∥Bω(DN ) := |f(0)|+ sup
|z|<1

N∑
k=1

1− |zk|2

ω(1− |zk|2)

∣∣∣∣ ∂f∂zk (z)
∣∣∣∣ < ∞,

and the little Bloch space B0,ω(DN) as the closure of the set of polynomials in Bω(DN).
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Thus, replacing Theorem 2.3 by [2, Theorem 5.2], we may obtain a version of Corollary
2.4 for N = 1, with Bω(D) instead of B(D), and then obtain the same statement as Lemma
2.5 for B0,ω(DN). The same lines as those leading to Theorem 3.3 in Subsection 3.2 may
finally lead to the following improvement.

Theorem 4.1. Let ω be a non-decreasing weight such that, for some ε > 0, the function
ω(t)/t1−ε is decreasing. If ∫ 1

x

ω(t)2

t
dt = +∞,

then there exists a residual set of functions in B0,ω(DN) satisfying the property (QDN ) (see
Theorem 3.3).

Interestingly, the integral condition in the previous result is sharp. Indeed, Proposition 1.1
in [13] shows that if

∫ 1

x
ω(t)2

t
dt < +∞, then every function in Bω(D) has radial limits almost

everywhere. Since the latter result holds true for the unit ball BN as well, it is natural to
wonder whether Theorem 4.1 also holds for B0(BN), N ≥ 2 (for some weight function ω
defined on BN).

4.2. Cluster sets of Bloch functions along curves. For ζ ∈ SN , let us say that a
(continuous) path γ : [0, 1) → BN terminates non-tangentially at ζ if γ(t) → ζ as t → 1,
and there exists a compact set L ⊂ BN such that for any t ∈ [0, 1), γ(t) belongs to the set

{r(ζ − w) + w : w ∈ L, 0 ≤ r ≤ 1} .
In Subsection 3.1, it is shown the existence of a residual set of functions f with the property

that, given any ε > 0, any φ ∈ C(SN) and any compact set L ⊂ BN , there exists n ∈ N and
1− ε < r < 1, such that for mN -a.e. ζ ∈ SN ,

sup
w∈L

|f(r(z − w) + w)− φ(z)| < ε.

Since for any path γ terminating non-tangentially at some ζ ∈ SN , one has γ([0, 1)) ∩
{r(ζ − w) + w : w ∈ L} ̸= ∅, for any r ∈ [0, 1) large enough, we immediately deduce the
following corollary.

Corollary 4.2. There exists a residual set in B0(BN) consisting of functions f that satisfy
the following property: there exists a set E ⊂ SN , with mN(E) = 1, such that for any path γ
terminating non-tangentially at a point of E, the cluster set of f along γ is maximal - that
is the set f(γ([0, 1))) is dense in C.

This result complements the fact that, for every function f in B(BN), there exists a dense
set of points in SN at which f admits (finite or infinite) radial limit [4]. For N = 1, since
every Bloch function is normal, it turns out that every radial limit of a non-constant function
in B(D) is also a non-tangential limit [21]. In contrast, we recall that there exists a residual
set in H(BN) of functions having a maximal cluster set along any path terminating at a point
of SN , with finite length [10]. For the case of the disc, the assumption with finite length can
be dropped (see [8] or [9]).

A formulation of Corollary 4.2 for the polydisc could be naturally formulated. For the
sake of brevity, we do not do it here and leave it to the interested reader.
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