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applications to model calibration
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Abstract

We propose a discrete time formulation of the semi martingale optimal transport problem
based on multi-marginal entropic transport. This approach offers a new way to formulate and
solve numerically the calibration problem proposed by [19], using a multi-marginal extension of
Sinkhorn algorithm as in [6, 11, 7]. In the limit when the time step goes to zero we recover,
as detailed in the companion paper [9], a semi-martingale process, solution to a semi-martingale
optimal transport problem, with a cost function involving the so-called specific entropy introduced
in [14], see also [13] and [3].

1 Introduction

Applications of Semi Martingale Optimal Transport (SMOT) in finance have been the object of several
recent studies ([25], [19], [20] amongst others). This framework is particularly well adapted to the
problem of model calibration: Find a diffusion model that is compatible with observed option prices.
SMOT is the stochastic version of Dynamic Optimal Transport (DOT), that was introduced by [5], as
a generalization of OT where transport is achieved by a time dependent flow minimizing the kinetic
energy.

While the theoretical aspects of these problems are now well understood, the numerical implemen-
tation remains challenging.

In the meantime, a stochastic relaxation of static (i.e. not dynamic) optimal transport, known
as Entropic Optimal Transport (EOT), has shown to be solvable very efficiently, by the so-called
Sinkhorn algorithm (see [24] for a review). Interestingly, while there is equivalence between the Static
OT problem and its dynamic version, the Entropic regularisation of OT can also be seen either as a
static problem, or as variant of the DOT adding a constant volatility diffusion to the governing model,
this dynamic problem is known as the Schrédinger problem, see [21].

From a mathematical perspective, all problems (DOT, SMOT and EOT) can be seen as a variant
of the same problem: find a process described by the SDE

dXt = Mt dt + oy th,
the induced probability P on the space of continuous paths, with distribution constraints of the form

of moment constraints Ep[1);(X¢,)] = ¢;' , and minimising a Lagrangian

Ep

/ " Fluno?) dt] = F(P). 1)
0

INote that prescribing the whole distribution is equivalent to prescribing enough moment constraints



Classical DOT [5] corresponds to the particular case F' = |u|? if 0 = 0, +00 otherwise.
The Semi-Martingale Transport will handle general forms of F', as long as it is convex with respect

to (u,0?).

Classical Entropic OT [21] corresponds to the particular case F' = |u|? if 0 = & where 7 is constant,
400 otherwise. It is also one of the formulations of the Schridinger’s problem , i.e. minimizing
the relative entropy (aka Kullblack Leibler divergence) of P: KL(P|W%), with respect to the Wiener
measure W5 (with a given constant volatility @), under initial and terminal conditions on the law
of X;—¢ and X;—p. Thanks to the properties of the relative entropy, Classical EOT in its static
formulation can be solved very efficiently by the Sinkhorn’s algorithm.

A general approach (see [4] for a review) is a time discretization that leads to a so-called Multi-
Marginal OT problem . In this setting the minimization is performed over the law P" (h is the time
step) of a vector-valued random variable whose marginals represent densities at each time step. In this
paper, we use this time discretization method and an entropic penalization to solve problem (1): We
minimize the sum of a discretized form of F in (1), F5,(P") (by taking the obvious discrete versions of
p and o) and the discrete time relative entropy regularization KL(P"|WZ).

The drawback of minimising an energy in the form KL(P|W5) is that by essence the minimizer is
constrained at 0 = @ and cannot satisfy constraints on u (for instance y = 0 or p = r, the interest rate)
familiar in finance, since y is precisely the only degree of freedom used to comply with the distribution
constraints. We propose to overcome this issue by considering a proper scaling of the discrete relative
entropy and its convergence property : if P* a sequence of Markov chains converging to the law of a
diffusion P with (possibly local) drift p and volatility o then

T _2

2
. hitihy oL g _. a
}111{(1%)/1 KL(P"|W3) Ep[ .= 1 —log — dt| =: S(P|W5), (2)

or in short S(o|7).

The "specific relative entropy" S defined above has been introduced in [14] see also [13] [3].

It is shown in [9] that minimizers of F3,(P") + h K L(P"|WZ) converge in the limit A N\, 0 to a
diffusion process P minimizing the modified cost

Flu,0?) + S(P|Ws).

For h > 0 we recover a Multi-Marginal EOT, and a discrete Markov chain that can still be used for
simulations.

The interest of this approach is not only theoretical: classical methods to solve (1) involve max-
imizing the dual problem through gradient ascent or primal-dual approaches. These methods imply
solving a fully non-linear Hamilton-Jacobi-Bellman equation at each iteration ([5], [23], [18]).

Our approach by Multi-Marginal Sinkhorn’s algorithm, extending [6] and [7], computes the same
object with the usual convergence guarantees of classical EOT [10] [12].

This paper describes the dual formulation of the problem in the context of local volatility calibra-
tion, the associated Sinkhorn algorithm and its practical implementation, with numerical examples.

2 Martingale Optimal Transport for model calibration

The continuous formulation of (Semi-)Martingale Optimal Transport was introduced in [25], and ex-
tended for multiple calibration applications as presented in the survey [19]. We are interested here in
the one-dimensional formulation of this problem, for the calibration of a local volatility in space and
time using a finite number of discrete constraints.

Let Q = C([0,T],R), T > 0 be the set of continuous paths, and P the set (or a convex subset of)
probability measures on ).



The input of the calibration problem is a set of discrete constraints indexed by i € Z := {1,..., N.}
described by (7;, ¢;, G;)iez where for each i the triplet (7;, ¢;, G;) is maturity, price and payoff function
of an observed derivative price on the market.

We will seek for an element P € P such that

Bp[Gi(X+,)] = ci.

As an example, calibrating a set of call options at a fixed maturity 7" would lead to G;(z) = (x — K;)™,
where K is the strike of the i-th option, and 7; = T for all . Moreover, we assume that there are only
a finite set of maturities 7; and thus the set Z can be partitioned as Z = |, Zx, Zp :== {i € Z,7; = t1},
where tj is the k-th distinct maturity in the set of constraints.

To formulate the problem as a constrained minimization problem on P, we restrain our search to the
set PY C P such that, for each P € P°, X € Q is an (F,P)-semimartingale on [0, 1] given by

X, =Xo+ AP+ M7, (X)y=(MF)=BF, P-as., tec0,1],

where MY is an (F,P)-martingale on [0, 1] and (A%, BY) is F-adapted and P-a.s. absolutely continuous
with respect to time. In particular, P is said to be have characteristics (u,0?)(PP), which are defined
in the following way,

A, dB

Ta T @
Note that (u,0?) is F-adapted and determined up to dP x dt, almost everywhere. We now let
F(t,z,a,b) be convex with respect to (a,b) for every (¢, z), and seek for

T
V = inf Ep / F(t, X¢, p,0?) dt, (CMOT)
PeP 0

In the calibration case we alsos impose Xy = zg € R (i.e. Xy ~ d,,) as the derivative price is known
at time 0.

At this stage, the processes u,o are very general and can be generally path-dependent, however,
as showed in [17], they can be chosen as local processes, i.e. functions of (¢, X;) only: indeed, for
any choice of p, o, there exists a local version u(t, z), o(t, ) that preserves the constraints (i.e. option
prices) and that can only reduce the cost (CMOT). The minimization problem can therefore be reduced
to X; solutions of the stochastic differential equation:

dXt = /,L(Xt,t) dt + O'(Xt7t) dBt, (SDE)

where B; is a standard Brownian motion.

The function F' can be decomposed into a sum of model constraints Fj,., calibration constraints
F,. and regularization F, components:

e Model constraints: for instance, if we want to impose that the underlying X; follows a pure
diffusion model, i.e. p = 0 this can be imposed by choosing F,,. as :

0 ifp=0
Fmelir) = {Jroo otll;terwise.
(or a soft version).
e Calibration constraints expressed as
0 if B[Gi(Xy,)] = e
+o00 otherwise.

Fcc(Xt) = {

(or a penalisation of the constraint).



e Regularization/model assumptions: F,. helps enforce qualitative properties of the model. We
might want for instance o to be close to a prescribed guess &, which can be enforced by choosing
F as a penalty function of the form F(0?/52), for instance Loeper [22] uses

F:(Jf&)2

(which is convex in o2 and is linked to the Bass martingale problem), or in [19] they use

F.(c%) =ua (Zi)p +b (Zj) B +c (3)

with p,q,a,b > 0 and ¢ € R such that F is convex with minimum at ¢ = &. It is also a barrier
as o2 goes to 0.

In this paper we choose

F.(0?) = S(0]7).

with S defined in (2). As explained in the introduction it allows to discretize (in time) the
problem as a multi-marginal EOT problem. It is again convex with minimum at ¢ = & and a
barrrier as 02 goes to 0 but unlike (3) it is sublinear as o +o0o. This difficulty is discussed in

19]-

3 Discretisation into a Multi-Marginal Martingale Transport

3.1 Notations

We will discretize our problem in time, replacing the interval [0,7] with a regular grid of Ny + 1
timesteps t,, = kh for k € {0,..., Ny} =: K", where h := T/Nr is the time step. We impose that all
the calibration times 7; are included in the grid, i.e. 7; = tj, for some k; € Kch.

Instead of functions ¢t — w(t), we consider their discrete path counterparts, which are n-tuples
(wo,---,wny) € RV?HL for k€ K" in which wy, corresponds to the value of the path at time ¢.
Instead of RN7, we denote by X, the space of values that wy, can take, and by Q" := Hi]\foXi the space
of discrete paths.

An element (t — w(t)) € Q is hence replaced by a n-tuple (wp,...,wn,) € Q" with wy € A}, for
ke K"

We are hence searching for a probability measure P* on Q. We denote (Xj)rexn the canonical
process of P" on Q. We will denote by P} := X;#P" the marginal law of P" at timestep k € K", and
by ]P’Z’l = (X, X;)#P" the joint law of time steps k € K" and [ € K".

We note K", = k € K \ {i} the set of timesteps except timestep 4, and dz_; = H,Chi dzg, which

allows to write the marginal law ]P’Z as IP’Z = / P"(zy,dz_) and joint laws in a similar fashion.

Similarly, we note dz; j = Hi::i dxy.

We note pg the initial marginal of our process, which is imposed, Xg ~ pg. It may or may not be
a Dirac in our case.

We denote by P" the reference measure 0@’1 that we will use to regularize the problem. We will
denote by (Y)exnr the canonical process of P on Q. Tt’s law is determined by a Euler-Maruyama
discretisation of the continuous reference process :

Yig1 = Yi + i(Yi, kh) b+ (Y, kh) b2 Zy,, Yk e K"y, Yo ~ po.

We write ’PEM the set of probability measures on Q" whose canonical process Y} can be writen as a
Euler-Maruyama discretisation as such, with puy = u(Y%, kh) and o = (Y, kh).



For any probability measure P* € P(Q") and P € P(Q"), we note KL(P"|P) = Epn [log (j%:i) - 1]

the Kullback-Leibler divergence between P" and P* if P* <« P. By convention, if P" & P!, we set
KL(P"Ph) = +occ. _
For two continuous diffusion processes P with volatility ¢? and P with volatility 2, we note

S(c?7%) = Ep [/gz —1—log (g—z) dt} the specific entropy between P and P. For any two dis-
crete probabilities in Pfy,, we will denote S”(P"[Ph) = Epn [h S aiTi? —1—1log (:jfz)] the discrete

specific entropy between P" and ﬁ, which is a Riemann sum discretizing the continuous specific
entropy.

3.2 Discrete drifts and diffusions coeflicients

As opposed to the continuous-time approach, which uses Markovian projections of the processes, and
as such the variable being optimised are functions representing the drift and volatility, in this discrete-
time approach, we will directly optimise on P*. In order to justify the choice of moment variables in
the discrete problem, we first consider Euler-Maruyama discretization of a diffusion process. Let a
diffusion process X; with drift u and volatility o, following the SDE :

dXt = [,L(Xt, t) dt + O'(Xt, t) th
Consider the Euler-Maruyama time discretization of the process:
X = X+ w(XP kh) h+ o(X], kh) Y2 2,

where Yk € {0,...,Nr} := K", Z} is a standard normal random variable, of which we note P the
law. We have P* € P}, .
For such a process, we can compute the following quantities from conditional expectations :

Br(r) = - E[Xpp1 — Xy | Xp = 2] = p(z, kh), (4)

ag(z) =

S

E[(Xks1 — Xi)? | Xp = 2] = p(z, kh)? h 4 o*(x, kh) P o?(z, kh). (5)
—

These variables are computed from the law P and are the discrete counterpart of the drift and volatility
of the continuous process. They can hence be used to compute the discretisation of F(t, X, 1, 0%).

A more general framework is to consider a variable by : X — R defined by taking the conditional
expectation of a general function B : (X, X) — RX depending on two consecutive timesteps :

bi(z) = %E[B(Xk,X;Hl) | Xy = a].

The vector formed with variables 8 and «aj can be computed as such by using the function

_ | ¥ =X)
We might alternatively want to control other types of moments, such as the skewness or the kurtosis
of the process. For this reason, we will consider a general function B and the corresponding b in the

following, and not specifically 8 and ay.

3.3 Specific relative entropy
We give a formal derivation of the Specific Entropy (see [14] [13] [3]).



The Kullback-Leibler divergence between two normal laws N (u1,0%) and N (u2,03) is equal to :

1 2 RY 2
KL (i, o) W, of) = 5 (0520 1o ().

2 o 5

Consider two diffusion measures P and P defined by the following SDEs on their respective canonical
processes X and Y :

dXt = /J(Xt,t) dt + O'(Xt,t) th, X() ~ Po, (6)

We can discretize on a grid of step h as law P"* and Pr using the Euler-Maruyama discretization from
previous section, giving their respective canonical processes X" and Y :

X = X+ (X kh) b+ o(XP kh) B2 Zy, Yk € KM, XE ~ po, (8)
Vi =Y Al kh) h+ (Y kR Y2 Zy, VR € KM Y ~ po. (9)
Noting pk(z) = p(x,kh), ox(z) = o(x,kh), and i, (x) = Az, kh) and 74(x) = o(z, kh), we can

conclude the transitions laws ]P’Z’k 41 and P ;.1 are normal laws, and the Kullback-Leibler divergence
can then be decomposed as follows :

h KL(PHPR) =h Y07 / KL(N (1 ()P, 03 ()2 0) [P i) i (dee)
Nr—1 or(z)?h )=, (z))h)? or(x)%h
B /( L) It (o) T DN 1 g (;i&»gzh)) pu(de)
Nr—1 or(z)? ()= (z))%h or(z)?
e /( e L) @'y _ o (E:Ez;)) pu(de)

P S(0%[) == %/]EP;L [g—z —1—log (%2)] dt

(10)

More generally, it is shown in [9] that the discrete Kullback-Leibler Divergence allows to control the
approximation of the volatility of the discrete process (5). This motivates to use the specific entropy
as a regulariser of the continuous problem, because it is linked to a natural discretization in terms
of the Kullback-Leibler divergence, and entropy-regularized optimal transport is a thoroughly studied
problem.

3.4 Discretisation

We will now use the previously defined tools to discretize the continuous problem (CMOT) in time, in
the case of a specific entropy regularizer, since it has a natural discretization in terms of the Kullback-
Leibler divergence.

We first directly discretize (CMOT) in time as a Riemann sum and using (10) and the variables S
and oy, defined in equations (4) and (5), we obtain :

Nt

ZF(t, Xk,ﬁk}(Xk:)a Ozk(Xk))

k=0

T JR—
Ep / (F + 8)(t, X¢, p,0?)dt| ~ h Epn + h KL(P"|Ph)
0

where S the specific entropy introduced in section 3.3.
We can hence formulate our discretization of Problem CMOT as :

Nt
inf h Epn |y F(t, Xy, B(Xx), a(Xg)) | + hKL(P"[PP) (11)
Preph o




where P” is the set of probability measures on n-uplets respecting the constraints, that is :
Ph = {Ph € P(RVNT), s.t. Xo#P" = pg and Vi € Z, Epn [Gi(X,,)] = ¢}

We emphasize the fact that while P"* solution of this problem is a measure that respects the initial
condition and the price constraints similarly to the continuous problem, it is not obvious that it is a
discrete diffusion Markov chain, as we used in the previous informal derivation. This is discussed in
[8].

We will generalize this problem in the next section to allow for more general constraints on the
marginals and the model prices, and we will then find its dual problem using Fenchel-Rockafellar
duality.

4 Duality

We first recall the Fenchel-Rockafellar theorem and hence the form of the primal problem we aim to
formulate.

Theorem 4.1 (Fenchel-Rockafellar). Let (E, E*) and (F,F*) be two couples of topologically paired
spaces. Let A : E — F be a continuous linear operator and At : F* — E* be its adjoint. Let
F:E* >R and G: F* — R be two lower semicontinuous and proper convex functions. If there exists
P € F* such that G(P) < +oc0 and F is continuous at AP, then :

sup —F*(—®) — G*(A®) = inf F(ATP)+G(P),
ek Per*

and the inf is attained. Moreover, if there exists a mazximizer ®* € E, then there exists P* € F*
satisfying A®* € 9G(P) and ATP € —0F*(—®*).

We note the primal problem :

V= min F(AP) + G(P), (PRIMAL)
C+
and the dual :
D :=sup —F*(—P) — G*(AD). (DUAL)
PEE

We will define their corresponding objects in the next sections.

4.1 Primal problem

In this part, we will formulate a generalization of the problem (11), in a standard form compatible
with the Fenchel-Rockafellar duality. We will first introduce the variables that we will control, and
then define the primal problem.

We aim to define the objects corresponding to the primal problem, that is F, G and the linear
operator Af. The operator A will include variables of interest that we will control. We will define
these variables in the following remark.

Definition 4.1. For each timestep k, we define the following variables :
vp(dz) = X #P" (dz)
1
bela) =+ Bay | [BOSE XD ) | X = o

gi = ]Elpgi [Gi(Xn)]~

and We define At as the following linear operator :
At B =P = FF = (@0, P(A)) X (@07, M(X)) x RE
Ph — AT]P)h = (l/k7 kalmgi)



vy, representing the marginal laws of P?, are linear with respect to P*, as they are a projection
on a basis vector. g; are the model prices at the calibration times and are also linear with respect
to P", since they are the expectation of a function of the state at a given time. b, are general
variables corresponding to moments defined as the conditional expectation of a function B between
two consecutive timesteps as mentioned in section 3.2. Since they are a conditional expectation, they
are not linear with respect to P". For this reason, we instead consider the product v4b; that is linear
with respect to P, as is done in the classical and martingale optimal transport [5] [25]. Indeed, this

product is equal to:
1
vkbk(z) = 7 Epr o\ (@) [B(x, X))

which is linear with respect to P" as a simple expectation with respect to a projection.
Next, we define our function G as the scaled Kullback-Leibler divergence between P* and a reference
measure P", as it is the only function in our problem that depends on the measure itself.

Definition 4.2. We define G the following functional :
G:Pe F* — hKL(P[Ph).

Finally, F will be a functional of the variables defined in remark 4.1, and will be a sum of convex
functions of these variables, as presented for the continuous case at the end of Section 3.2. These
functions may be regularization, soft, or hard constraints.

Remark 4.1. Let us say we want to impose a variable x to be close to a target x.
A hard constraint is of the form :

F(x):{o if x = xg

+o00  otherwise

Some example of soft constraints are :
o F(z) =C(z — x0)? : the quadratic penalty
o F(z)=xlog(xz/xg) + x — xg : the Kullback-Leibler divergence

We want to keep the formulation of our problem general and be able to express at least problem
(11) in this framework. We hence want to be able to express :

e The constraint Xo#P" = §,,, but more generally we will consider any constraint on the marginals
of P", leading to the definition of a term Fnarg = ZkN:TO M, (vi) which is a sum of convex, ls.c.,
potentially null functions of the marginals.

e The constraint Epn[G;(X;,)] = ¢i, but more generally we will consider any constraint on the
model prices, leading to defining a term Fprices = Zficl C;(g;) which is a sum of convex, l.s.c.,
potentially null functions of the model prices.

Npr—1

e The constraints on moments of the process lead to the definition of a term Finom = > 150 Fmom,k (Vk, Vibi)
that is a sum of perspective functions of the marginals and the product of the marginals and the
moments.

which leads to the following definition of F :
Definition 4.3. We define F the following functional :

]:(Va b7g) = fmarg + From +]:prices

Nr—1 Nt N¢
= Y Fmomk (Wi, vibi) + > Mi(vi) + > Ci(gi)
k=0 k=0 i=1



Remark 4.2. Problem (11) may be retrieved from problem the problem we built with Fpom k(Vi, Vibi) =
h Epr [F(vby /b)), Yk, My and C;, Vi € T hard constraints and M, = 0, Vk # 0, and by taking by, to
be the vector of variables B, and oy, as explained at the end of section 3.2. This function Fpom,k 15
then a perspective function and is well studied in the theory of convex optimization.

4.2 Dual

In order to apply the Fenchel-Rockafellar duality, we need to compute the Legendre transforms of F
and G, and the adjoint operator of Af.

Lemma 4.1. G*, the Legendre-Fenchel transform of G is given by :
G*: F=C(Q") — R
f = hEgr(exp(f/h))

Proposition 4.1. The Legendre transform of F is given by :

F(Gur b0, Ag) = 3 i0f M (G0, — ) + FE (¥, 60)
k

Nc
+> G (Mg + M, (bun,) (F-dual)
=1

Proof. We first notice that the expression of F is separable in k and i and that g; can be separated
from (v, vibr). We can then rewrite the function as :

Np—1 Nc

Flv,wb,g) = > Filve,vbe) + > FP(9:) + My (vay) (12)
k=0 =0

where :

Fir (i, vkbi) = Fnom,k (Ve vicbi) + My, (vi,)
Flgi) = Ci(gi).

The Legendre transform of 77 are the Legendre transform of C; and the Legendre transform of F} is
given by :

Fi* (6w, dp) = sup ¢uv + ¢pb — Fi-(v,b) — My(v)

v,b
= sup inf (V' = v) + G+ oo — Fp(v',0) = My ()
v,V b
= inf sup (¢, — V)V + dpb + Y1/ — ]-',i(u’, b) — My (v)
v,V b

= infsup(g, — v = Mi(v) +supy/ + dub — F (v, b)
v v'b
= inf M (9, — ) + Ff (1. 60)

We can conclude by summing over k and ¢ the separable parts. O

We are particularly interested in the case Fi, (v, vibi) = hE,, (F(vibg/hvy)) where F' is a convex
function, so Fy, is a perspective function. This is because it is a direct discretisation of the continuous



problem. For this case, we first find the Legendre-Transform of Fj coordinate-wise :
]:l:((bl/v (bb) = SulI)D ¢VV + (Zsbb - ]:k(yv b)

= sup ¢,V + ¢pb — hvF (b/hv)
v,b

=sup ¢,V + hv (sup ou(b/hv) — F(b/hu))
v b

= sup ¢,v + hvF*(¢yp)

= sup (¢, + hE"(¢p)) v

_ {0 if ¢, + hF*(¢y) < 0

+o00 otherwise

We can hence obtain the Legendre-Transform of F} defined above as :
Fir(bv, dn) = iﬁf M (oy = ) + FL (¥, dv,.)

The dual of F is given by the following simpler expression :
F* (0 b Ag) = Y M (b, + hF™* ()
k

Nc

=+ ZO:(/\%) + MK/’T(QS”NT)

i=1

Lemma 4.2. The adjoint operator to AT is given by :

A D = (bu,, Goys Ag,) = ED hu, + Blar, ws1) b,
k
+ ZGl(le)Agl

Proof. We can easily check that (A®,P") = (&, ATP"). O

As customary in optimal transport, through the Monge-Kantorovitch dual formulation , optimal
solutions (but for non-optimal constraints) can be obtained from the dual potentials. Thus, by con-
structing a maximizing sequence of the dual problem, we hope to find a sequence of measures converging
to a solution of the primal problem. This is the approach we follow in this work.

Proposition 4.2. Let ®* = (¢5, ¢5, ;) be a solution of DUAL. Then ®* induces a measure Pho*
through

dph> AT
ar P\ )

P"* is the optimal solution of (PRIMAL) for the constraints functions M, C' that are finite under P"*.

Proof. The first optimality condition is given by :

AD* € hdpn.. KL(P"*|Ph)
which leads to :
Ad* =hlo (dph’*> (13)
&\ apr

10



Definition 4.4. Let A; ;11 the transitional part of A given by:
Aii1 (i, Tig1) = B(wi, Tig1) by, (24),

Let ¥, ¥¢ potential functions computing the forward and backward influence :

i—1
A — —>\
Vi (w;) = log (/ Po H exp (k;H + G + A - Gk) PR hi1 dw[o,iu)
NT 1

Y (z;) = log (/ H exp ( BEL o fups + Mg - G/H—l) kkt1 dx[iJrl,NT])

and let Kk the vector of Lagrange multipliers and CT;: the vector of their corresponding payoff functions
associated with timestep k:

Ak = (Agi)iezk

One interesting property of this formulation is that the Markovianity of the solution directly arises
from the structure of the linear operator A.

Proposition 4.3. Let P"* an optimal solution of (PRIMAL). The following properties hold true :
e [ts joint density with respect to the reference measure is given by :
AP (6, i) = exp(¥(3:) + v, () + A; - Gi(:)
+ A iv1(zi, iv1)/h
+ Mot - Gip1 () + buy s (Tign) + ¥y (i) dPP

From the form of its transition density, and the Markovianity of the reference measure, we deduce
that it is Markovian.

e Jts marginal are given by :
vi = B () = exp(uf (@r) + b, (@) + & - Gi(an) + v (1))
Proof. In Appendix .1 O

Proposition 4.4. The quantities ¥, 1¢ can be computed iteratively using the following updates :
u Akt o 77 S
warl = IOg (/ €xXp (7/1 + h+ + ¢ + A Gk k k41 dxk
i =1 d4 DALk L gn L XF LG ) BE L d
Vi1 = log exp | ¥ + —n + O, + Ak Gr ) Py_q  dag

with Y = log po and 1/1§iVT =
Proof. Let i € K and x; € X;. We can compute the following integral :

( 2 H exp k k+1 + ¢yk + Ak Gk) k41 d$[07i1]>

( ( P H exp ( Rkl Ou,, + Ak - Gk> K k41 dZ‘[QJg])

oo (2!
e f o (i

i—1 h

+¢m, 1+Az 1-Giz 1)IFD dxz 1)

LA -G 1)P sdzi— 1)

11



A symmetric reasoning can be done for 1¢.

5 Sinkhorn algorithm

In order to numerically solve the dual problem, we propose to use an extension of the Sinkhorn
algorithm. The Sinkhorn algorithm is a well-known algorithm to solve optimal transport problems. In

order to do such numeric computations, we need to discretise our problem in space as well.

5.1 Algorithm
We first describe the principle of the algorithm.

We initialise the dual potentials ¢,,, ¢, and Ak as 0 which corresponds to being equal to the

reference neasure, and we then iteratively the following updates :
¢t = arg ming infy —M (—¢ — o) — Fj (¢, —¢s)
hEPh {exp( wntl L+ A7 G+ z/)g’")
AP = arg ming —Cf(—A) — hE]ph {exp( wntl ontl 4 A-Cr+ wz,n)}

(;S”H = arg ming infy —M} (=, — V) — F} (¢, —¢)
— h B[ + o + AT G A (0) + )]

and for the last marginal :
¢”+1 = arg ming —My,_(—h¢)
~ hEg— [exp( wntl g AT GNT)}
A = arg miny —CF(—A) — h Egri— [exp(¢“ ntl qb""'l +A- GNT)}

(SK1)

(SK2)

In practice, before each step we compute every downward ¢, iteratively as described in the previous

section. The pseudocode algorithm is described in Algorithm 1.

Algorithm 1: Function Definitions for UpdatePsiUp and UpdatePsiDown

1 Function UpdatePsiUp(yy, ,, ¢y, , AL, ]P)Z,k-&-l’ Ty Tht15 Py s 1)
2 begin
3 Compute Ay jy1 = (Thy1 — k)b, (k)

4 return log (f exp (1/}};“ + M + oy, + AR (7;:) ﬁk,kﬂ dxk,l)

s Function UpdatePsiDown(¢§ 1,¢Vk,AZ,ﬁk_17k,xk,xk_1,qﬁbk,h)
¢ begin
7 Compute Ag_1 ;= (Tk — Th—1) b, (Tk)

8 return log (f exp (1/1,?71 + w + o, + A CT,;) ﬁk_u,c dzk>

We describe the pseudo-code of the Multi-Marginal Sinkhorn algorithm in Algorithm 2.
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Algorithm 2: Sinkhorn algorithm for problem DUAL
Input: Number of timesteps N7, support of each space Xg“

Input: Stopping tolerance e, reference measure P
Input: Initial potentials qb?,k, q[)gk, A9
Result: Numerical solution of problem DUAL

1 ¢u ¥+ log po;

2 1/1 NT +— 0

3 for n <+ 0to N do

4 | for k+ Ny —1to0do B
5 L U’Zﬂ +— UpdatePsiDown( gl o, AP, PhY;
6 | for k<« 0toNr—1do
7 <Z)ﬁ:-1 < SolveMarginal(¢} , bk’ AR, wd", Ph)
8 An+1 < SolvePrices(¢? e ¢bg g n7 ¢Z " ]P")~
o d)"“ + SolveDriftVol(¢/+1, ¢bk, A"+1 g By,
10 waﬁl — UpdatePSlUp(wa;'_l ¢n+17 ¢n+1 An+1 IE”h)
11 ¢n+1 < SolveMarginal(¢y,, , A}, Ynn, 1/)7\,27 Ph);
A 7 d,n
12 AN';l — SolvePrlces((z)melT’ 7 1/}NT7 p&n IP’h)
13 e — I 24| P
max H(b" ”OO )
14 if €maz < € then
15 L return ¢, U;

16 return ¢, U;

The functions SolveMarginal, SolvePrices and SolveDriftVol are functions that solve the mini-
mization problems in (SK1) and (SK2), and might have different implementations depending on the
structure of the problem.

In order to provide a numerical implementation of the method, we provide multiple details in the
next sections.

5.2 Truncation in space

First, we need to truncate the support so that it has a finite width. We take advantage of the fact that
our reference measure P" is a diffusion measure and that its density tends quickly to 0 as we move
away from the mean. We want to create an interval for each marginal v, that contains most of the
mass. Because the marginals are not known beforehand, we instead propose to truncate on 7y, the
marginals of the reference measure P,

First, in the case of a reference measure with constant drift and volatility, for each timestep t; =
kh ¢=0.,..., Np, we restrict the computational domain to

Yk: [mk—évk, mk+5vk]
where :

-mip =mo+h Zf:om is the mean of the k-th marginal, where mg is the initial mean of the
reference measure.

- dv; is a multiple of the standard deviation of the reference measure: vy = \/vZ + h Zf:o 772 where

vg is the standard deviation of the initial marginal of the reference measure. For a sufficiently
large 0 (in general § = 5) we expect P! the solution to be negligible outside of X}, i.e. the mass
transported by the drift (small as we are solving soft martingale constraint problems) and the
diffusion further than the enlarged domain is negligible.

13



When the reference measure has a non-constant drift and volatility, we can use the same truncation
as above, but with the maximum in space of the drift and volatility.

5.3 Discretisation

On this compact supports, we discretize the potentials on a regular grid. We can hence represent the

potentials ¢,,, ¢, , as vectors ngd“” of size Ny, and Ny, x d respectively. We can also represent the

quantities ¥y, qpk as vectors 1, dg:, ,‘j’dw of size Nx,. The integrals can be replaced by discrete sums

over the grid A} 4z For clarity, we will drop the superscript dz in the following and keep the notations
with integrals as they can be used interchangeably.

An important parameter is the space discretisation step dz. We want to choose it so that the
transition law P; ;41 is non-zero on enough points. To ensure this, we want :

dzr < Kﬁi\/ﬁ

which links Ny, to Np, for a constant K to be determined which ensure the minimum of points in the
width of the kernel.

5.4 Multiscale Strategy

Because the complexity of algorithm 2 scales with the number of timesteps N, it can be interesting
to start with a coarse time discretisation and to refine it iteratively.

One way to do so is presented in [8] and consists in interpolating the potentials ¢p, and using them
as initialisation for the next level of discretisation.

Here, we propose an alternative method, which consists in using the result of optimization at a
coarse scale as the reference measure for a finer scale. This is done as such :

1. Solve the problem at a scale h =

2. Interpolate the obtained volatilities ak(x t) for a new scale h' = N, — with N7 > Np timesteps.

Multiple interpolation technique can be used, in our case, we use Unbalanced Optimal Transport
Barycenters. We then obtain a new reference measure IE”h .

3. h="h, Ny = N, and return at step 1 if the desired scale is not reached.

We can, for instance, start with Np equal to the number of calibration steps.

5.5 Anderson Acceleration

Entropic Sinkhorn iterations are known to converge slowly when the regularization parameter € — 0.
Since one Sinkhorn iteration ®*+1 = 5(®*) is a fixed-point iteration, in order to accelerate convergence,
we propose to use Anderson acceleration [2] [26]. We consider our variable ® as a variable of dimension
Ng and denote g(®) = s(®) — @ is the residual of the Sinkhorn iteration. In particular, given a vector
of my, iterates ®F = (PF=mr 1 . ®F) we denote G = {g(®")}r = {s(®*) — @*}, the vector of
their residuals. We compute the next iterate ®**! as a combination of the mj, previous iterates as a

solution to the following problem :
min HGaHg (AA)
aeA(m
where A(my) = {v € R™ > v; = 1}. The idea is that by first-order approximation, ||g(®F, a)|l ~
||Gal|2. The new iterate is then given by ®*1 = s(®k )~ s(®% «) by first order approximation.
The problem (AA) is reformulated with the followmg linear least square problem as suggested in
[2] [26]:
min |Gy — gil[2 (AA-LS)

'YERnLk_l
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where G = (gk — k=1 -+ Gh—matl — gk,mk) € RNex(me=1) with g, = g(®*) € RN*. This provides

a solution to (AA) as: a = (1 — Yme—1 Yme—1— TVmp—2 --- Y2—T 'yl).
We can then rewrite the iterate ®¥11 ag :

k k—1
OHHL = 5(®F Ja= D ais(®) =s(@")+ D yi(s(@) — 5(9))
i=k—my i=k—my
Noting d®* = (% — @*=1 .. @k-mrtl _ pk=mr) ¢ RNex(mi—1) the matrix of iterate differences,
we can rewrite the iterate ®F+1 as :
PFL = 5(®F) + ddFy
= 0F + g — (G + d2¥)y (AA-iter)

The problem (AA-LS) is a linear least square problem that can be solved efficiently. We solve it
by solving the linear system ngfy = ngk since the Gram matrix GTG can be easily computed. To
avoid cases where G7G is ill-conditioned, we add a ridge regularization term e/ to the Gram matrix,
where € is a small positive constant. When ¢ — 0, the solution of the linear system converges to the
solution of (AA-LS), while when € — oo, the solution of the linear system converges to 0 and hence
the steps become simple Sinkhorn iterations.

To avoid convergence problems, we also employ a safeguarding mechanism as described, for instance,
in [15] to enhance the stability and performance of the Anderson acceleration technique. At each
iteration k, an accelerated candidate ®*2°° is generated using iteration (AA-iter). To assess the
quality of this candidate, we compare its residual g(®*2°) with the residual of the last accepted
iterate g(®*). Specifically, we impose a safeguarding condition:

lg(@ 1<) |1z < 7]l g(@")]2 (14)

Here, 7 is a tolerance parameter. If the condition is met, the accelerated candidate ®*2°° is accepted
for the next iteration. Otherwise, the candidate is declined, and the algorithm proceeds without
acceleration for that step.

Finally, similarly to what is done for Sinkhorn algorithm, we stop the algorithm when the [°° norm
of the residual is below a given tolerance estop.

6 Application: Local volatility calibration

We want to minimize over martingale positive process, hence we are interested in the process of the
form X; = log S; where S; is a martingale diffusion process:

dsS;

?t = U(St,t),th.

Applying Ito’s lemma, in terms of X; = log S;, we obtain the following SDE:
1
dXt = —50'2(Xt7 t) dt + O'(Xt, t) th

As noted in article [19], in terms of the characteristics of the SDE u and o2, this reads:
2u(z, kh) = —o*(z, kh),
Using our defined variables 8 and «y in Section 3.2 equations (4) (5), this can be written as

261@ = — 0.
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Notice however that both equations are not exactly equivalent due to the first-order term p? h appearing
in equation (5).

Instead of the variables 8 and «, we will use the variable by, corresponding to the choice B(X,Y) =
1 —¢e¥Y=X. We compute by, :

1
bi(x) = EE[l — eXrr1= Xk | X, = x]
:l 1 E[eXk_eXkJrl ‘X}CZZC]
h eXr
— L B[Sy — Siar | X =1l
_hSk k k+1 k= T,

which directly corresponds to an at martingale constraint on the process S;. This is the moment we
will consider in this application and the above strategy method is easily applied.

We penalize this variable with F a soft penalization F' = cpapl| - |22 with a constant penalization
parameter cpare. This is to overcome the convex ordering problem mentioned in [1] when working on
a discretized grid: the discrete approximation on a grid of continuous measures in convex order might
not be in convex order.

For the price constraints, let ¢; € R™ be an observed price, we use the soft constraint C; a convex

function with minima in ¢;, for instance, C; = %( —c;)?. We use the payoff function g;(x) = max(0, e* —

K;) for a call option with strike K, and g;(z) = max(0, K; — e®) for a put option with strike Kj.
For the first marginal constraint, we propose using a hard constraint My = ¢,, whose dual is
(Duos o), With pig = dlog 5, -

Finally, we obtain the following problem:

V= i&fz hE,, [F (b)) + h KL(P"[P")

+ tuo (Vo) + Z Ci(9i)

=1

and in its dual form :

N¢
D= sup J(¢) f Eo[éve] + Z Cr(Ag,)

¢V01¢bk7>\gi i=0
A ms )
+ hEPh{eXp (Wﬂ ’

under the constraints ¢,, = hH*(—¢p,), Yk ¢ {0, N1}, ¢y, = 0.
The first equation of the Sinkhorn system (SK1) becomes :

Ho = /Ph(a?m dz_o)
= exp (9§ (o) + duy (o) /h + ¥ (20)),
which can be solved using classical Sinkhorn iteration as :
$uo = —h(9g + 1§ —log(ko))-

We derivate our functional J with respect to ¢, to obtain the following optimality equation :

OZEPh

ko k+1

(1= e =X0) 4 hH (=, (1)
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The expression of the Hessian is simple as well, as it is diagonal.
In a similar fashion, we can obtain optimality equations for A; :

0=—C;'(—\i) + Epnlgf ], Vi € {0, Ny — 1}

We can compute the Hessian which is this time of size |Icg|.

To optimize on these two variables, we can perform a Newton method.

The calculation of the derivatives on ¢y, is of complexity O(Nx, x N, ,), while the other deriva-
tives are of complexity O(Nx, ). The computation of 1" and ¢ are of complexity O(Nxy, x Nx, )
Hence, the complexity of the whole algorithm is of complexity O(Np x max N?ka)'

At the coarsest scale, the reference measure is chosen to match the ATM price at the calibration
time. Hence, given the ATM volatility opg(F,7;) for all calibration time (7;), where F' is the forward
price, we set our reference volatility to be 7a(z) = oi5(F, 70)m0 and 73 (z) = o (F, i) — 771 (z) for
allie{l,...,}.

6.1 Numerical results

Here, we first generate prices using a parametric local volatility surface. The local volatility surface
that we choose is the SSVI surface as presented in [16]. We choose the at-the-money implied total
variance for the money to be 6; = 0.04t. We choose a power-law parameterization of the function ¢
described in [16] as ¢(#) = n0~*. The at-the-money total implied variance is then

ohs(k.T) = 2 (14 p6 0k + Gk + 9P + (L~ 7))

where k is the log-moneyness log(K/F). The parameters are chosen as n = 1.6, A = 0.4 and p = —0.15.
The resulting surface is shown in Figure 1. We produce prices using the Black-Scholes formula.

We select five times in which we will calibrate the model on generated prices : t € {0.2,0.4,0.6,0.8,1.0}.
On time 7;, we select the calls with strikes K € {So+1+4k;} and the puts with strikes K € {Sy—1—4k;}
for k; € {0,1,...,N¢;}, with No = (5,7,9,10,12). We calibrate less points for the earlier maturities
as mass is almost nonexistent far from the at-the-money price at these maturities.

We perform the multiscale strategy described in Section 5.4 with up to Ny = 81.

We choose the constant cpare = 1 x 10* as the penalization term for the martingale constraint.

We implement the algorithm in Python using the PyKeops library.

The program runs in approximately 10 minutes on a V100 GPU with 24GB of GDDR5 memory
and an Intel Xeon 5217 8 core CPU with 192GB or DDR4 RAM.

We show the convergence curves %E 1theklast scale Ny = 81 in Figure 2. Figure 2a shows the L2
Prtl_o

: "] :

martingale error at each iteration. Figure 2c shows the L? norm of the price errors Y, [|¢;—E(G(X+,))

by iteration for every scale. Different scales are separated by a dashed line.

Finally, Figure 3 shows the calibration results at each time. For each of the calibration times,
we show the reference implied volatility, the calibrated implied volatility, and the implied volatility
generated by the forward diffusion process with the same number of timesteps and the volatility of the
solution.

at each iteration. Figure 2b shows the L? norm of the
[

norm of the relative iterate errors
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Proof of Proposition 4.3

First, we separate the sum of \j, per timesteps using the values defined above :

N¢ Nt N¢ Nt N N
D A Gilwi) =YY A LrmkGilwi) = > A - Gilan)
=0 k=0 i=0 k=0

We can rewrite the operator A as a sum :

Nr—1

A(@m, P, Ag) = Z Ap g1 (Th, Trg1) + A -Gr+ Gy, (Tk)
k=0

+ ¢mNT (INT) + ANT : GNT (INT)

where only consecutive timesteps are grouped together. In particular, for a given k, we can separate
this sum into three parts :

A(Gms ps s Ag) = Dt (Th, Thr1) + Ar - Go(@n) + Gy (k)
+ Mgy Grog1(Teg1) + Gy (Tht1)

+ AR (xr) + Afy (Trg1)

where A¥ and A¢ are given by :

k—1
Af(xg) = Z A ir1(xi, xigr) + Ai - Gi(@) + o, (24)
1=0
Np—1
Af(xy) = Z Ajiv1(ziy mig1) + N1 - Gig1(23) + Gy (Ti1)-
1=k

We further note :

Apet1 (T, Thg1) = Ap g1 (Th, Tho1) + Ar- CTI:(Q%) + Gy (1)

+ Akt Gt (Th41) + Py (Tht1)

for simplicity.
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Given that P" is separable in the same fashion, we can compute the joint probability between steps
kand k+1 as :

Py (Th, 1) = /Ph’*(dl‘[o,kq],Ik,$k+17d$[k+2,NT])

Nt
u A d
= /E(A”A““Mk“)/hﬂo [T B dzop—ndepre Ny

i=0

k—1
= (/ B/ pg H ]P’?,mdw[o,k—u)

=0

A hiph
X e kkt+1/ Phk,k+1

Nt
4 -
X (/ elki1/h H PZ¢+1dm[k+2,NT]>

i=k+1
= exp(Vf () + Dk k1 (@h, Trr1) /1 + Yy (@r1))PR gy (28, Tg)

Similarly as in the previous proof, we can compute the marginal as:

PZ’*(xk) = /}P’h’*(dm_k,xk)

Nt
u rudang d
- /6(Ak+¢mk(IkHAk.Gk(zkHAk)/hPO HPZi-Q—ldI[O,k—l]d‘r[k-&-Q,NT]

=0

k—1
= (/ eAZ'/hpO H IP)Zi-‘rldx[ka_l])
=0

% ePmy (@) FAL-GE (1) /h

Nt
% </eAZ/fLH]}DZi+1d$[k+17NT]>
i=k

= exp(Y}(z1) + bmy (1) + Ar, - Gi(wr) + Ui (zx))
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(c) Calibration at time 0.6. (d) Calibration at time 0.8.
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(e) Calibration at time 1.

Figure 3: Calibration results.
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