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Abstract

We study the structure at infinity of transfer matrices with time-
varying coefficients. Such transfer matrices have their entries in a skew
field F of rational fractions, i.e. of quotients of skew polynomials. Any
skew rational fraction is the quotient of two proper ones, the latter forming
a ring Fp, (a subring of F) on which a “valuation at infinity” is defined.
A transfer matrix G has both a “generalized degree” and a valuation at
infinity, the sum of which is the opposite of the “defect” of G. The latter
was first defined by Forney in the time-invariant case to be the difference
between the total number of poles and the total number of zeros of G
(poles and zeros at infinity included and multiplicities accounted for). In
our framework, which covers both continuous- and discrete-time systems,
the classic relation between the defect and Forney’s left- and right-minimal
indices is extended to the time-varying case. The exact model-matching
problem is also completely solved. These results are illustrated through
an example belonging to the area of power systems.

Keywords: defect, model matching, time-varying, transfer matrix
AMS subject classification 93B25, 93N10, 93C05

1 Introduction

Linear time-varying (LTV) systems, i.e. systems with time-varying coefficients,
are encountered in many application fields ([8], Chapter 9). The transfer matrix
of an LTV continuous-time system was defined by Fliess [16]. The coefficients of
such a transfer matrix belong to a skew field F' of skew rational fractions since
the system coefficients do not commute with the derivation. This formalism
was extended in [4] to LTV continuous- and discrete-time systems in a unified
approach that will be followed in the sequel. This extension brings into play
a “generalized derivation” which reduces to the usual derivation operator a —
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da/dt in the continuous-time case and to the “finite difference operator” a (t) —
a(t+1)—a(t) in the discrete-time case (where a is any system coefficient). The
non-commutativity between the system coefficients and the above generalized
derivation involves a “commutation rule” (see (2) below) which was introduced
by Ore [34]. There result computations on skew polynomials which, although
they are generally more complicated than in the linear time-invariant (LTT) case
(where only usual polynomials are involved), can be implemented using existing
softwares, e.g. MAPLE’S ORETOOLS or ORE_ ALGEBRA packages [29].

In the LTT case, it is well-known that, taking into account the poles and zeros
at infinity, the total number of poles of a rational transfer function is equal to
the total number of its zeros. This is no longer true for a rational transfer
matrix G (with several rows and/or columns): the difference between the total
number of poles and the total number of zeros of GG is a non-negative integer,
called the defect of G and denoted by def (G). This notion was introduced by
Forney [17] and sightly generalized by Kung and Kailath [28] (see also ([23],
Section 6.5.4)). As was shown in [28], by Verghese [44], and by Verghese, van
Dooren and Kailath [45] (see also ([23], Theorem 6.5-11)), def (G) is the sum of
the left- and right-minimal indices of G (those indices were introduced in [17],
generalizing the classic Kronecker indices of matrix pencils).

In control theory, proper transfer functions play a prominent role since a
controller is practically realizable only if its transfer function is proper. Proper
transfer functions g = n/d, i.e. those such that deg (g) := deg (n) —deg (d) <0,
where n,d are polynomials and d # 0, form a subring Fy,. of the field F of all
transfer functions. A transfer matrix is called proper if its entries are all proper.
The “exact model-matching problem” consists, given two transfer matrices A, B,
to determine whether there exists a proper transfer matrix H such that HA = B
or AH = B (H is the transfer matrix of the post-compensator in the first case,
and of the pre-compensator in the second case) [47] (see also [17], [28] and
[23]) and, when the answer is positive, to parametrize explicitly all these proper
transfer matrices H.

For the reader’s convenience, notations, conventions and background are re-
called in Section 2. The notion of proper transfer matrix is extended to the
LTV case in an obvious way (an LTV system with a proper transfer matrix is
called a proper system, and an intrinsic characterization of such systems was
given in [14]; see also [35]). The structure of the ring F,, and the properties
of proper transfer matrices are studied in Section 4. Using the notions of “gen-
eralized degree” and of “valuation at infinity” of a matrix with entries in F,
introduced in Sections 3 and 4 respectively, the defect of a transfer matrix and
its relation to Forney’s left- and right-minimal indices are extended to the LTV
case in Section 5. The exact model-matching problem is completely solved in
Section 6. The solution H and its parametrization are similar to those given by
Marinescu [30] but with the important difference that in [30], H and the para-
meter on which it depends are assumed to be matrices with entries in a ring of
formal skew power series whereas our solution H has its entries in F),, which
is much more natural. In addition, we do not assume that A and B are full
column- or row-rank as in [30], thus our solution H depends on two parameters



(instead of one in [30]) which are matrices with entries in F,,,. All results are
constructive. The calculation of the defect def (G) and that of the solution H
to the model matching problem in the LTV case are illustrated in Section 7
through an example belonging to the area of electric power systems.

2 Notation, conventions and background

2.1 Notation and conventions

The list of notations

Z

N, N*
RX

(a)
U(R)
M, (R)
GL, (R)
M =g N
tor (M)
Q(R)
col {Ai}i<1<n

K, 1k
a, d
A =K]|s;a,0]

F=K(s;a,0)
diag {nihgigk

deg ()
F,,

degr (G)
~R

a | b, alb
~R

deg det
cokergr (o A)

degy (G)

below is followed by some explanations when necessary.

Equal by definition

Surjection

Set of all integers,

Set of all non-negative integers, of all natural integers
Set of nonzero elements in a ring R

Two-sided ideal generated by an element a in a ring R
Group of units in a ring R

Ring of n x n matrices with entries in a ring R

Group of unimodular n X n matrices with entries in R
Isomorphic R-modules M, N

Torsion submodule of an R-module M

Quotient skew field of an Ore domain R

Matrix composed of the submatrices A; (1 =1,...,n)
arranged in column (the submatrices Ay, ..., A, all
having the same number of rows)

Commutative field, identity map of K

Automorphism, a-derivation of K ((1))

Ring of skew polynomials with coefficients in K and
indeterminate s equipped with the commutation rule (2)
Quotient skew field of A = K [s; a, 6]

Matrix (not necessarily square) with nq, ..., ny

on its main diagonal and zeros elsewhere

Dimension over K of an A-module M

Degree of a skew rational fraction g € F ((6))

Subring of F consisting of proper skew rational fractions
(Definition 2)

F-degree of a matrix G € FP*™ (Definition 3)
Equivalence of matrices (Subsection 2.2)

Total divisor, divisor (Subsections 2.2, 4.1)

Similarity (Subsection 2.2)

Determinantal degree (Subsection 2.3)

Cokernel of the right multiplication by a matrix A
with entries in R

Generalized degree of a matrix G € FP*™ (Definition 9)



degis (G) Generalized degree of G relative to zeros
degh; (G) Generalized degree of G relative to poles

Voo Valuation at infinity ((28), (35))

o Normed uniformizer of v, (i.e. ¢ =s71)

< Normal subgroup (Subsection 4.3)

a2 (G) Degree of the zero at infinity of G (Definition 21)
a2, (G) Degree of the pole at infinity of G

def Defect (Definition 26)

Recall that a matrix V' € 9, (R) is said to be unimodular if it has an inverse
V=1 em, (R). In the sequel, all R-modules (where R is a ring) are left mod-
ules. “Principal ideal domain” means “left and right principal ideal domain”,
“Ore domain” means “left and right Ore domain”, “Fuclidean domain” means
“left and right Euclidean domain”, etc., and all these rings are noncommutative
except when explicitly stated.

In what follows, K is the field of system coefficients. An a-derivation § of
K is an additive map § : K — K such that for any a,b € K,

(ab)® = a®b® + a®b (1)

where a is an endomorphism of K, a® := «a(a) and a® := § (a) is the “gen-
eralized derivative” of a with respect to time (see (3), (5)). In the two cases
considered in the sequel (i.e. the continuous-time case and the discrete-time
case), a is an automorphism commuting with §. Besides, A = K [s; a, 4] is the
ring of skew polynomials with coefficients in K and indeterminate s, such that
the following commutation rule holds ([12], Section 8.3):

sa = a“s+a’, (2)

as explained below. The ring A is then an Euclidean domain, thus a principal
ideal domain, and so an Ore domain ([12], Sections 0.8, 0.10). Therefore, it
admits a left quotient skew field F := Q(A) = K (s;, ) (of left fractions
d~'n) which coincides with its right quotient skew field (of right fractions n’d’~!)
where n,n’,d,d € A,d,d # 0. This formalism is classic in mathematics since
Ore’s seminal paper [34] and was used in [4], [5] (see also [50]) to unify the
continuous- and discrete-time cases as we will now briefly explain.

1. Continuous-time systems: For such a system, the time ¢ belongs the real
line and (K, d) is a differential field ([26], Section 1.1). The field C () of ra-
tional fractions with complex coefficients and the field M of meromorphic
functions, both equipped with the usual derivation d/dt, are typical differ-
ential fields [49], [20], [21]. So are also the field Pioe,m (m € N*) of locally
convergent Laurent series in the variable 2!/, z := ¢t~1 and the field of
locally convergent Puiseux series Pioc = |U,,,>1 Ploc,m, equipped with the
derivation d/dt = —z2d/dz. For any m € N*, C(t) G Pioc,m & Pioc & M.
Each element of C (¢) (resp. M) is a smooth function in the complement
of a finite (resp. discrete) subset of R, and each element of Py, is a smooth
function in an interval of the form (7, +o00) for 7 > 0 large enough. The



field Py, was introduced in [9] for stability study of LTV continuous-time
systems. The Leibniz rule % (ab) = ab+ab is a particular case of (1) with
a=ad, b=1b% and

o =1k, a®:=da/dt (3)
Since ¢ is not induced by a, it is called an “outer derivation”. Further,
the indeterminate s acts on a signal w according to

sw = dw/dt (4)

If K =C(t) (resp. K= M), a signal is a smooth function in the comple-
ment of a finite (resp. discrete) subset of R [49], [20], [21]. If K = Py, a
signal is a smooth function in an interval (7, +00) of the real line for 7 large
enough [9]. The Leibniz rule d/dt (aw) = adw/dt+ aw can also be written
s (aw) = a (sw) + a®w which yields the commutation rule sa = as + a°,
identical to (2) with « satisfying the first equality of (3).

2. Discrete-time systems: For such a system, the time ¢ belongs to Z and
(K, ) is a difference field ([43], Definition 1.1). The case where K = C (t)
(resp. K =Pj,c) was considered in [10] (resp. [33]) for stability study of
LTV discrete-time systems. The automorphism a and the a-derivation &
are defined according to

a® () =a(t+1), a®{t):=at+1)—al(t) (5)

hence 4 is the “inner derivation” a— 1k and (1) holds true, as easily seen.
Further, s acts on a signal w according to sw (t) =w (t + 1) —w (¢). Such
a signal is a sequence defined in an interval (7,+00) NZ of Z for 7 large
enough [10], [33]. We have s(aw) (t) = a(t+1)w(t+1) —a(t)w(t) =
at+1)(wit+1) —w(®)+(a(t+1)—a(t)) w(t) which yields the com-
mutation rule (2).

The transfer matrix of an LTV system (either in the continuous- or discrete-
time case) has its entries in F. In the LTT case, &« = 1k, d =0 and A =K [s],
F = K (s), respectively the ring of usual polynomials and the field of usual
rational fractions with coefficients in K and indeterminate s.

A nonzero skew polynomial f € A = K|[s;a,d] is of the form f =
Socicn fist = Y g<icn S'f1 where the coefficients f;, f/ are uniquely deter-
mined and f,, f, # 0. This skew polynomial has degree deg(f) = n, and
deg (0) := —oc0. If g € F := K (s; ¢, d) , there exist skew polynomials n,n’, d, d’
(d,d" # 0) such that g = d~'n = n/d’~! and the degree of g is

deg (g) = deg (n) — deg (d) = deg (n') — deg (d'). (6)

Lemma 1 The map deg : F — Z U {—c0} has the following properties (where
g,h eF):

(i) It is surjective and deg(g) > —oo if and only if g # 0.

(ii) deg (gh) = deg (g) + deg ().

(ii1) deg (g — h) < max {deg (g) , deg (h)

(iv) Equality holds in (i) if deg (g) # deg (h).



Proof. Properties (i), (ii) are clear and (iii), (iv) can be proved as in ([2], p.
IV.20, Proposition 1). m

Definition 2 The subring of F consisting of all proper skew rational fractions,
i.e. of those fractions g such that deg(g) < 0, is denoted as Fp,.

Let G € FP*™. Extending a notion introduced by Forney [17] for p x 1
or 1 x m matrices with entries in K [s], we define below the Forney degree, or
F-degree, of G :

Definition 3 The F-degree of G € FP*™ g
degp (G) :=max {deg (gi;) : 1 <i<p,1 <j<m}
where g;; is the entry with indices (i,j) of G.

Lemma 4 (i) degp : FP*™ — Z U {—o0} is surjective and degp (G) > —oo if
and only if G # 0.

(i1) If G, H € FP*™  then degp (G — H) < max {degy (G),degp (H)}.

(i1i) Equality holds in (ii) if degp (G) # degp (H) .

(i) If G € FP*™  H € F™*4 then degp (GH) < degp (G) + degp (H) .

(v) If g€ F, H € FP*™ then degp (gH) = deg (g9) + degp (H) .

Proof. (i) is a consequence of Lemma 1(i), considering a matrix whose entries
are all zero except perhaps that with indices (1, 1).
(ii) Let G = (gs5), H = (hij) . For any pair of indices (4, j),

deg (gij — hij) < max{deg(gi;),deg (hi;)}
< max {max {deg (gr,1) , deg (hx,1)}}

hence the inequality stated.
(iii) If degp (G) > degp (H), there exists a pair of indices (7,7) such that
degr (G) = deg (g:5) > deg (hg) for all pairs of indices (k,[) , hence

degp (G — H) = max {deg (g — hia)} = deg (9;5) = degp (G)

(iv) For any pair of indices (3, j),

deg (Z gilhlj) < mlaxdeg (garhij) < mlaxdeg (gar) + mgxdeg (hi;)
1

and the inequality stated follows.
(v) is obvious. m

Remark 5 The inequality in Lemma 4 (iv) is not an equality in general, even for
diagonal nonsingular matrices, as shown by the example where G = diag {s, 1},
H = diag {1, s}, hence GH = diag {s, s}. Nevertheless, degp is a degree on the
polynomial algebra M, (A) ([2], Chapter IV, Section 1.2)).



Put o = s~1. Then (2) can equivalently be written

ao = 0a® + 0a’o & oa = aPo + 0aP%o B=a™t) (7)
and S := K |[[o; v, §]] denotes the ring of skew formal power series with coeffi-
cients in K and indeterminate o equipped with the commutation rule (7). This
is an Ore domain and its quotient skew field is the field of skew formal Laurent
series denoted as L := K ((0; ¢, 8)). Any nonzero element f of L is of the form

f=> fio' =) o'f 8)

i>k i>k

where the coefficients f;, f! are uniquely determined and fx, f;. # 0; f belongs to
S if and only if £ > 0. Since o = s~ !, through its series expansion any element
of F,, is identified with an element of S, hence F,, C S and F C L. Further,
the element f in (8), where fi # 0 (or equivalently f; # 0), belongs to A if
and only if £ < 0 and the index 7 varies from k to an integer [ < 0, and then
deg (f) = —k, thus A C L. Since F is the smallest skew field containing A, this
implies F C L. To summarize:

A c F cC
U

wn Ct

F,, C

2.2 Normal forms of polynomial and rational matrices

Let R be a principal ideal domain and N € RP*™ be a matrix of rank r > 0
over Q (R). The following is classic ([12], Chapter 8): There exist unimodular
matrices U € GL, (R), V € GL,, (R) such that
UINV = diag{ey,...,e,,0,...,0} (9)
S

(in other words, N is equivalent to S, and we write N ~g S) where e; € R
(t=1,..,7)and fori =1,...,7—1, e; is a total divisor of e; 1, written e; || e;41,
which means that there exists an invariant element ¢ (i.e. ¢ # 0 and the equality
Re = eR holds) such that e;|cle;+1 (“|” meaning “divides”). These elements e;
are uniquely determined up to similarity, i.e. if €} (i =1,...,7) are other such
elements, then R/Re; 2r R/Re}, written e; ~g e}. The matrix S on the right
hand-side of (9) is called a Jacobson-Teichmiiller normal form of N. f R = A
(A = K |[s;a, d]), similarity e; =g ¢; implies deg (e;) = deg (e}) since

dimk {R/Re;} = deg (e;) (10)

([12], Section 8.4).

If A = K/[s| (case of constant coefficients), all nonzero elements of A are
invariant so that e; || e;4+1 if and only if e;|e;+1, the polynomials e; (i =1, ...,7)
are uniquely determined up to associates and can be assumed to be monic, and



S is the usual Smith normal form of N. Let G = d~'N € FPX™ be a nonzero
transfer matrix where d # 0. Then

UGV = diag {n1/dy, ...,n,/d,,0,....,0} (11)

where n;/d; = e;/d, the rational fraction n;/d; is irreducible and n;,d; are
monic (¢ =1,...,7). The matrix on the right-hand side of (11) is the McMillan
normal form of GG, and the transmission poles and zeros of the system with
transfer matrix G (also called the McMillan poles and zeros of G) are the roots
of the d;’s and the n;’s respectively (multiplicities accounted for) in an algebraic
closure of K.

2.3 The determinantal degree degdet

Let R be a skew field and A € M, (R). The Dieudonné determinant det (A)
of A is zero if A is singular and, if not, belongs to the abelianization R*% =
R*/D(R*) of the multiplicative group R*, where D (R*) = (R*,R*) is the
derived subgroup of R* ([13], Section 9.2).

Let F = K (s;¢,0) and A = K [s; «, ]. The following results are proved in
[39]:

1. If a € FX, then deg (a) depends only on the class @ of a in F*%°, therefore
the function det : F* — Z induces an epimorphism of abelian groups

deg : F*% 7 (12)

2. Let us extend the group epimorphism degdet := deg o det : GL,, (F) -
Z to M, (F) by putting degdet (A) = —oo if A is singular; then the
mapping degdet : M, (F) — Z U {—oo} is surjective and degdet (AA") =
degdet (A) + degdet (A") (A, A" € M, (F)).

3. For n =1, degdet = deg.

4. The restriction of degdet to 9, (A) is a surjection onto N U {—oc}.
Furthermore, if A € M, (A), then degdet(A) > —oo if and only if
A is regular (over F), i.e. if the A-module cokera (eA) (where (oA) is
the right-multiplication by A) is torsion, and in that case degdet (A) =
dimgk {cokera (eA)}; if A is singular (over F), there exists a free A-
module F' # 0 such that cokera (eA) = F @ tor (cokera (eA)), thus
dimg {cokera (eA)} = 4o00. Therefore, degdet (A) is finite if and only
if dimk {cokera (eA)} is finite. The matrix A € M, (A) is unimodular if
and only if dimgk {cokera (eA4)} =0, i.e. degdet (A4) = 0.

If G e FP*™ and M € My, (R) (k < min(p,m)) is a submatrix of G, then
det (M) € R*® U {0} is called a minor of order k of A. The k-th compound
matrix G*) of G is the matrix of dimension (2) X (7;), all entries of which are

minors M;; of order k of G, written in lexicographic order by rows and columns.



If G € FP*™ G” € F™*1 and k < min{p,m,q}, we have the generalized
Cauchy-Binet identity

(G/G//)(k') — Gl(k)G//(k) (13)
([11], Theorem 5.2).

3 Generalized degree of a transfer matrix

3.1 The LTI case

Assume that F = K (s) and let G € FP*™ be a transfer matrix. If G # 0,
consider its McMillan normal form (11). We put

degl, (G) = Zdeg(di)a deg?w(G)ZZdeg(m) (14)

degy (G) = deghy (G) — deg}, (G) = degdet (diag {ni/di}, e, ) (15)
Further, if G = 0, we put deg,,; (G) = —oc.

Definition 6 deg,, (G) (resp. degh, (G), resp. degh, (G)) here above is called
the generalized degree (resp. the generalized degree relative to poles, resp. the
generalized degree relative to zeros) of G.

Note that degh, (G) is the McMillan degree da; (G) of G if this transfer
matrix is proper ([23], p. 466) and that deg,,; (G) = deg (G) when p = m =1
(see (6)), which justifies the notation. As shown in Theorem 11 below, the
generalized degree enjoys some properties of a usual degree, as do deg (Remark
5) and 0,/ ([23], p. 466), but, contrary to degr and dps, not all of them (Remark
12). Using the following lemma we will be able to extend (14) and (15) to the
LTV case in the next subsection.

Lemma 7 Let D;'N; (resp. N,.D;') be any left- (resp. right-) coprime fac-
torization over A of G € FP*™  assumed to be of rank r > 0. The generalized
degrees degl,, degh, in (14) satisfy the equalities

degh, (G) = dimk {cokera (eD;)} = dimk {cokera (eD;)}, (16)
deg?; (G) = dimgk {tor (cokera (eNN;))} = dimgk {tor (cokera (eN;))}(17)

Proof. 1) Let U"'GV be the McMillan normal form on the right
of the equality (11). With N; = diag{ny,...,n,,0,...,0} V=1 D, =
diag {dy, ..., d, 1,...,1} U, D;'N; is a left-coprime factorization of G over
A and we have cokera (eD;) o @P)_, cokera (ed;), tor (cokera (eN;)) =a
@._, coker (en;) from which the first equality of (16) and that of (17) fol-
low since dimk {cokera (ed;)} = deg(d;), dimgk {cokera (en;)} = deg (n;) by
(10). The other equalities are established similarly.



2) If D7 'N; (resp. N,.D; ') is another left- (resp. right-) coprime factoriza-
tion of G over A, there exist unimodular matrices U € GL, (A), V € GL,, (A)

such that [ D; N, | =U[ D; N | (resp. col{D,.,N,.} = col{D,, N,} V),
thus cokera <0Dl> >~ cokera (eD;) and cokera (0N1> A cokera (oNV}) (resp.
coker o (ODT> A cokera (oD,) and cokera <0Nr> > cokera (eN,)). m

3.2 The LTV case

Let F =K (s;,0) and A = K [s; ¢, 8] # K [s]. The generalized degrees deg,,,
degh;, degh, can no longer be defined by (14) and (15) since the McMillan
normal form of a matrix G € FP*™ does not exist.

Let us recall the notion of state-space system according to Fliess [15] (see
also ([6], Sections 1.6 and 2.1) where the connection — here a duality — between
Fliess’s approach and the behavioral approach is detailed). A linear system
over A is (described by) a finitely generated A-module M = cokera (e R) where
R = (r;;) € A?*. Denoting by w; the canonical image of the i-th element w; of
the canonical basis of A'** in the quotient M = A'** /A'9R we have Rw = 0
where w = col {w; }, ., and M = [w],, i.e. M is the A-module generated by
the w;. So, M is determined up to isomorphism to be the A-module [w], where
the column w satisfies the relation Rw = 0 (and no additional nonredundant
onel). A control for such a system is a column u of m elements u; such that
[u] o is a free submodule of rank m of M and the quotient module M/ [u], is
torsion; an output is a column y of p elements y; such that [y], is a submodule
of M. The triple (M, u,y) is called a linear control system ([8], Definition 851)
(or a linear dynamics in Fliess’s terminology [15]). Consider the F-vector space
M :=F @5 M and let 0;, §; be the canonical image of u;, y;, respectively, in
M@G=1,...,mj=1,.,p),ie @& =1®u,, ¥i =1®y;. Then {ay,..., 0} is
a basis of M , hence there exists a unique F-linear mapping G such that y = Gt
where § = col{y,},.;.,, @ =col{ui},;,,, and G is the transfer matrix of
(M,u,y) [16]. The control system (M, u,y) is controllable if and only if M is
free, and is observable if and only if M = [u,y], [15]. As shown in the latter
reference, the control system (M, u,y) has a state-space representation of finite
order n

sx =Ax+ Bu, y=Cx+ Du (18)

AeMm,(K), Be K™ C e KP" D e AP*™. The order of this system
is n = dimk {cokera (o (sI;, — A))} = dimg {M/ [u], } since M = [x,u], . Be-
sides, (18) is a state-space realization of G if and only if G = C (sI,, — A)_1 B+
D and as usual, the state-space realization (18) is minimal if and only if it is
both observable and controllable.

The following result generalizes that of Kalman [24] regarding Statement (i),
and ([46], Section 4.1, Theorem 49) regarding (ii):

IStrictly speaking, the module M is then said to be determined by generators w, and
relations {Zl<i<k riw; 1< < q} ([37], Section 3.1, p. 106).
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Theorem 8 Let G € FP*™ be a transfer matriz of rank r > 0, and Dlel
(resp. N.D; 1) be any left- (resp. right-) coprime factorization of G over A.
(i) dimg {cokera (oD;)} is the order of any minimal state-space realization of
G.

(i) We have

cokerp (oD;) 224 cokera (oD,), tor (cokera (eN;)) =a tor (cokera (oN;))
(19)
therefore the invariant factors of D; coincide with those of D, up to similarity,
and likewise the nonzero invariant factors of Ny coincide with those of N, up to
stmalarity; hence

dimgk {cokera (eD,)} = dimgk {cokera (eD;)}, (20)
dimgk {tor (cokera (eN,))} dimg {tor (cokera (eN;))}. (21)

Proof. (i) From the above, the linear control system (M, u,y), of order n, is
observable if and only if y, u satisfy a relation of the form

Dly = Nlu (22)

(and no additional nonredundant relation is satisfied, so that M = [u,y],),
D, € M, (A) is regular (since M/[u], is torsion) and N; € AF*™; then,
G=D/ 1Nl. This observable system is controllable if and only if [ D, —N; ]
is right-invertible (freeness condition of M), in other words D; 'N; is a left-
coprime factorization of G over A. We have M/ [u], =a cokera (eD;), thus
n = dimgk {cokera (eD;)}.

Conversely, if D, LN is a left-coprime factorization of a transfer matrix G,
there exists a controllable and observable linear control system (M,u,y), of
order n, with module M = [y,u], where y,u are linked by the only nonre-
dundant relation (22), and whose G is the transfer matrix. Thus, M/ [u], =a
cokera (oD;) and n = dimg {cokera (eD;)}, which proves (i).

(ii) Let the linear control system (M, u,y) be controllable and let &, be a
column, the entries of which form a basis of M. This system has a representation
of the form

D,§, =u, N:&. =y (23)

The column &, is called a partial state ([23], Section 6.4.1), and D, is regular
square. Thus M/ [u], =a coker (oD,). This controllable system is observable if
and only if N, D;-! is a right-coprime factorization of G over A (in other words,
M = [Y7 u]A)

Conversely, if N, D! is a right-coprime factorization of the transfer matrix
G, there exists a controllable and observable control system (M,u,y), with
module [£,,u], and output y where &,,u,y are linked by the only relations
(23), and whose G is the transfer matrix, hence M/ [u], =4 coker (eD,). Thus
the first isomorphism of (19) as well as the equality (20) are proved.

Let the control system (M, u,y) be controllable and observable. From (22),
M/ [y] =a cokera (eN;). From (23), M/ [y] = [€,,a] , where the entries of the
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column &, (resp. 1) are the canonical images of the entries of the column &,
(resp. u) in the quotient M/ [y]; hence we have

M/ [y] =a cokera (' [ gr 7(} }) >~ cokera (oNN,.)

which proves the second isomorphism of (19) and the equality (21). m
We are led to the following definition of the generalized degrees deg,,, degh,
and deg%, which, according to Lemma 7, generalizes (14) and (15):

Definition 9 Let G € FP*™ be a matriz of rank r and, if r > 0, let Dlel
(resp. N,.D; 1) be a left- (resp. right-) coprime factorization of G over A. We
put

degh; (G) = dimk {cokera (oD,)} = dimk {cokera (¢D;)}, (24)
degh; (G) = dimk {tor (cokera (eN,))} = dimg {tor (cokera (eN;))}(25)

ifr >0 and
degy, (G) = { degis (G)_—ogiei?%[ LG(; #r>0 (26)

The generalized degrees degh, (G), degh, (G), deg,, (G) are further detailed
in the following lemma:

Lemma 10 Let G € FP*™ be a matriz of rank r > 0.
(1) There exist U € GL, (A), V € GL,, (A) such that

L (G o
e) {0 0]

where G € GL, (F).

(ii) Let D™'N be a left-coprime factorization or ND~' be a right-coprime
factorization of G over A. Then degh; (G) = degdet (N) = deg}, (G)
and degh; (G) = degdet (D) = degh, (G), hence degy, (G) = degy, (G) =
degdet (G) .

Proof. (i) There exist G’ € FP*" and G’ € F"*™ both of rank r, such that G =
G'G", as a consequence of ([1], Chapter II, §10, Proposition 13). Let N'D’~!
(resp. D”"~'N") be a right- (resp. left-) coprime factorization of G’ (resp. G”)
over A. There exist U € GL,, (A), V € GLy, (A) such that UN” = col {N’,0}
(resp. N"V~t=[ N” 0 ]), choosing for N € M, (A) (resp. N” € M, (A))
a column (resp. row) Hermite form of N’ (resp. N”') ([32], Section II1.6). Thus
UGV~ = col {N,0} A[ N” 0 ] where A = (D"D')~" € GL, (F). We get

UGV~ = [ g 8 } where G = N'AN" € GL,. (F) .

12



(i) Let D~'N be a left-coprime factorization of G over A. Then
L _[D'N o D o] '[N 0
1_ _
var=[ 7% 5]=[0 7] % 6]

and this is a left-coprime factorization of UGV ~! over A. Thus D~'N where

D 0 V0]
D—U[O I], N—[O O_V

is a left-coprime factorization of G over A. Hence degh, (G) = degdet (D) =
degdet (D) = degh; (G) and degh; (G) = dimk {tor (cokera (eN))} =
dimk {cokera (eN)} = deg?; (G), thus degy, (G) = degy, (G). Since G =
DN, degdet (G) = degdet (N) — deg det (D) = degy (C_}) — degk, (G) =
degy, (G) . o B

The case where G = ND~! is a right-coprime factorization of G' over A is
similar. m

Statements (i), (ii) of Lemma 1 are extended to the matrix case in the
theorem below with deg changed to deg,,:

Theorem 11 (i) The mapping deg,, : FP*™ — ZU{—o0} is surjective.
(it) If G € FP*7 G € F™*™ are two matrices of rank r > 0, then deg,; (G'),
degy, (G) are both > —oo and deg,; (G'G") = degy; (G') + degy, (G).

Proof. The proof of (i) is identical to that of Lemma 4(i).

(ii) As shown using elementary operations, there exist U € GL, (A), V €
GLy (A) such that UG’ = col {G',0}, G"V~' = [ G 0 | where G',G" €
GL, (F), thus

G'G" 0

Vel -1 __

e[ 0]

and by Lemma 10, degy, (G’'G") = degdet (G'G") = degdet (G') +

degdeg (G”) = degy; (G') + degy, (G”). m

Remark 12 Property (iii) in Lemma 1 does not extend to the matrixz case with
deg changed to deg,;, as shown by the following example:

[s 1]-[0 1]= [s 0]

deg, (G)=0 deg ) (H)=0 degy (G—H)=1

3.3 Irreducible polynomial matrices

Let us study irreducible polynomial matrices in the sense of ([23], p. 378) in
the case where A = K [s; a, 8] . First note that the restriction of the mapping
deg,, to AP*™ is a surjection onto NU {—oo}.
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Lemma 13 Let H € A™*? be a matriz such that tkg (H) =1 > 0. The follow-
ing conditions are equivalent:

(i) deg,, (H) = 0.

(ii) (eH) : A" — AYXP s q split monomorphism.

(iii) For any y € (FY*"H) N AP if & € F*" is such that

y=xzH (27)
then x € A1XT.

Proof. First note that deg,, (H) = deg%, (H) and that the equality kg (H) = r
means that (e H) is a monomorphism.

(i)<(ii) : If deg,, (H) = 0, then the quotient module cokerp (e H) of A1*P
is torsion-free, thus free since A is a principal ideal domain, therefore the
monomorphism (eH) is split. Conversely, if the monomorphism (eH) is split,
cokera (oH) is torsion-free and deg,, (H) = 0 by (25).

(ii)<>(iii) : (ii) means that f := (eH) : AT*" — A1XP admits a retraction
([1], Chapter II, §1, Proposition 15), i.e. there exists g = (o.J) : A1XP — AIXT
such that go f = 1a1x-, and since g o f = (eHJ), this means that H is right-
invertible over A, i.e. (iii) holds true. m

Definition 14 A polynomial matric H € A"™P of rank r > 0 is said to be
irreducible if the equivalent conditions of Lemma 13 are satisfied. An irreducible
matriz K € A™*" of rank r > 0 is likewise defined, replacing (27) (where z,y
are rows of r and p elements respectively) by y' = Kx' (where ©',y’ are columns
of m and r elements respectively).

4 Structure and valuation at infinity of a trans-
fer matrix

4.1 Valuation at infinity of a rational fraction and struc-
ture of F,,

As in the case where F = K (s) ([2], p. IV.20), the mapping
Voo : F— ZU{+0}:g— —deg(g) (28)

is a discrete valuation on the skew field F = K (s; @, d). The valuation ring of
F, i.e. the set of all elements g € F such that v (g) € NU {400}, is the ring
F,, of proper skew rational fractions. An element v € F,,,. is a unit if and only
if Voo () = 0 and v (s71) =1, thus 0 := s~' is a normed uniformizer of v
([3], Chap. VI, §3, Definition 3). It follows that oF,, = F,,0 = (¢) (where (o)
is the two-sided ideal in F,, generated by o) is the unique maximal left ideal
and the unique maximal right ideal in F,,, and that every nonzero element g of
F,, can be written in the form

g=vok ="', k=v,(g9), v,v €U(F,) (29)
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As a result, F,, is a local principal ideal domain ([12], section 0.5), ([3], Chap.
VI, §3, n°6) and two elements of F,, are similar if and only if they are associated.

Further, by (29), every nonzero element of F,,. is invariant and if n,n" € F,

nllnenin even) <ve (). (30)

More generally, if g, ¢’ € F*, we write

919 e ve(g) <ve(d) (31)

and notice that if yy, ..., p, € Z,

Voo (ged {01, ... oM }) = min {py, ..., s, } - (32)

Likewise, considering the element f of L := K ((0;,d)) defined by (8),
let oo (f) =min{i €Z: f; #0} =min{i € Z: f/ #0} if f # 0 and D, (0) =
+o0; then Do, : L — Z U {400} is a discrete valuation on the skew field L and
S := K[[o; a, d]] is the valuation ring of L. The connection between F,, and S
is clarified by the following lemma:

Lemma 15 The ring S is the completion of Fp, in the (0)-adic topology. In
particular, U (Fpr) idmmﬁmmn U(S)NF.

Proof. Let f =3, fio" be an element of S. Then f\ =Y ., fio® belongs
to Fp, for any A > 0 and (fy) — f as A\ — 400, thus F,, is dense in the
complete ring S in the (o)-adic topology which is the topology determined by
Voo ([3], Chap. VI, §5, n°1), ([18], §1.3). Let v € F; then v € U (F,,) if and
only if v (v) = 0 which is equivalent to Do (v) =0, 1i.e. v € U(S). m

4.2 Equivalence of matrices over the ring of proper trans-
fer functions

Let R be a principal ideal domain. The Jacobson-Teichmiiller form S of
N € RP*™ (see (9)) can be obtained using a finite sequence of elementary
and secondary row and column operations ([12], Section 8.1). Recall that ele-
mentary row operations are defined as follows where A € RP*™ is the matrix
obtained from N at any step:

1. Replace the row [; of A by I; + Al; (i # j, A € R); this is equivalent to
left multiplying A by the matrix B;; (A\) = I, + AE;; € GL, (R) where
E;; € M, (R) is the matrix whose all elements are zero except that with
indices %, j which is equal to 1;

2. Replace the row I; of A by vl; where v € U (R); this is equivalent to left
multiplying A by the matrix A; (v) = diag{l,...,1,v,1,...,1} € GL, (R)
where v is at the i-th place;

3. Exchange [; and I; (i # j); this is equivalent to left multiplying A by a
permutation matrix P;; € GL, (R).
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The matrices B;; (A), A; (v), P are called elementary matrices. Elemen-
tary column operations are likewise defined (with p changed to m and left mul-
tiplications to right ones). The following result generalizes Corollary 1 of [42]
where F = K (s) (see also ([40], Corollary 3.10)):

Lemma 16 Every nonzero matriz N € F)X™ can be reduced to its Jacobson-
Teichmdiller normal form using a finite number of elementary row and column
operations. Thus the group GL, (Fp,.) is generated by elementary matrices
Bij ()\) WAV (’U) s ,Pij € GL, (Fpr) ()\ S Fpr, vel (Fpr)) .

Proof. According to ([25], Theorem 5.1), to prove the first statement for any
N € FpX™, it is sufficient to prove it for 1 x 2, 2 x 1 and 2 x 2 matrices. Let
N = a ay ] € F. 2 There exist units v; € U(F,.) and integers n; € N
such that a; = v;0" (i =1,2). Using a permutation of columns, we are led
to the case where n; < ny. Then N ~g [ ol 0 ] where the equivalence
is obtained using two additional elementary column operations. Likewise, any
2 x 1 matrix is reduced to its Jacobson-Teichmiiller normal form using three
elementary row operations and any 2 X 2 matrix is reduced to its Jacobson-
Teichmiiller normal form using a finite number of elementary row and column
operations.

As a result, if N € GL,, (F,,), there exist matrices U,V € GL,, (F,,), each
of them being a finite product of elementary matrices, such that U"'NV =
I, thus N = UV 1, which proves that the group GL,, (F,,) is generated by
elementary matrices. ®

Note that the statement of Lemma 16 is still true if F,,. is replaced by any
discrete valuation ring, for example S (and as is well known, it is true if Fy, is
replaced by any Euclidean domain, for example A).

Corollary 17 Let k € Z and U € GL,, (Fp,). There exist matrices Uy, Uj, €
GL,, (F,,) such that Uo* = o*U},, okU = Ujo*.

Proof. We prove this statement for £ = 1 since the result for k arbitrary
then follows by induction. By Lemma 16, it is sufficient to prove the stated
property for elementary matrices. The case where U = P;; is trivial. If U =
A; (v), v € U(Fp), then there exists vi € U (Fp,) such that Uoc = gA; (v1)
by (29). If U = Byj(\) = I, + AEj;, then Uo = 0B ()\0‘ +)\60> by (7),

where Bj; ()\0‘ +)\60) € GL, (Fpr). So, in the three cases, Uoc = oU; for

some U; € GL,, (Fp,), and this is still true for any U € GL,, (F},). Likewise,
oU = Ujo for some U] € GL, (F,,). =

As a consequence of the structure of the ring F,, and of Corollary 17, we
obtain the theorem below which improves ([7], Proposition 2) and generalizes
to the case where F = K (s;r,d) Theorem 2 of [42] (see also ([40], Theorem
3.13)) where F = K (s) .

Theorem 18 Let G € FP*™ be a transfer matriz of rank r. We have

G ~r,, Y :=diag{o", ... o",0,...,0}, p; =V (") €L, p; < iy
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i.e. there exist matrices Uy € GL, (Fy.), V € GL,, (Fp,) such that ¥ =
Uk_lGV, Equivalence ~x,,. 1is obtained using a finite number of elementary
row and column operations.

Proof. There exists an integer £ > 0 such that N = oG e Fgfm and there
exist matrices U € GLy, (Fp,), V € GL,, (F,) such that U"!NV is a Jacobson-
Teichmiiller form of N which, by (29), can be assumed to be

U™'NV =diag {o71,...,077,0,..,0}, v, =V (07) €N, 7; <74

By Corollary 17, U 'o ¥ NV = (a*Uy) ™' NV = (Uo*) " NV = 6 FU 1NV,
hence U,;lGV = diag{a“fl_k',...,o"’r_k,o,...,0} which proves the statement
with y; =v, — k. m

The key difference with ([7], Proposition 2) is that the equivalence ~g is
replaced by ~¥,, .

4.3 Extension of the valuation at infinity to transfer ma-
trices

Let G € FPX™_ A nonzero minor of G is an element of the abelianization F*¢? of
the multiplicative group F* (see Subsection 2.3). The following result improves
the one given in ([8], lemma 1061):

Lemma 19 We have D (F*) < U (Fp) (i.e. the derived group D (F*) is a
normal subgroup of U (Fpy)), thus the canonical epimorphism of groups ¢ :
F* — F*X% js given by vo' — 0o’ where i € Z and v is the canonical image of
v € U(Fypy) in the quotient group U (Fp,) /D (F*).

Proof. The derived group D (F*) consists of all commutators (z1,z3) =
(1’2361)71 (z1x2) of elements xq1,z9 € F*. If 21,20 € F*, then vy (z122) =
Voo (21) + Voo (22) = Voo (2221), thus v ((@1,22)) = 0 and (z1,22) € U (Fpr),
which proves that D (F*) is a subgroup of U (F,,). In addition, if v € U (F,,)
and 21,22 € FX, we have v (z1,22) = (vav™' vaav™t) v, hence D (F*) <
U(F,). m

For any i € Z and any © € U (Fp) /D (FX), we put v (00°) := i and call
this integer the valuation at infinity of vo*. This applies when vo* is a nonzero
minor m of G and, if m = 0, v, (m) := +o00. Let v;0" € F* (i =1,2) and
write D101 | Dao*2 if and only if py < py (compare with (31)). This combined
with (32) yields the following lemma :

Lemma 20 Assume that r = rkg (G) > 0 and let g be an integer such that
1 < q <r. Then with the notation in Theorem 18

Zui = min {vo, (M) : m € {minors of order q of G}} (33)
i=1
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Proof. Let N = o*G € FPX™ be as in the proof of Theorem 18 and
diag {e1, ..., e, 0,...,0} be its Jacobson-Teichmiiller form where e; = o*i. One
has the relation

H e; = ged {m : m € {minors of order g of N}} (1<q<r) (34)
1<i<q

classic in the commutative case and still valid here (although A is a noncommu-
tative) by (30) and the proof of ([22], Theorem 3.9). The equality (33) follows
immediately. m

Assuming rkk (G) = r, we put as in ([23], Section 6.5.3, (30a)):

+ooifr=20 (35)

Vo (G) = { min {v« (m) : m € {minors of order r of G} if r > 0}
so that, by Lemma 20, v, (G) = >\, p1; if r > 0. Note that for a full rank
square matrix G, Vs (G) = Vo (det (G)). We modify ([7], Definition 2) as
follows, using the terminology in ([23], Section 6.5.3):

Definition 21 Let G € FP*™. The matriz ¥ in Theorem 18 is the McMillan
normal form of G at infinity and {u; : ¢ = 1,...,7} is the set of structural indices
of G at infinity. If there existsi € {1,...,r} such that u; > 0 (resp. p; < 0), then
G is said to have a zero (resp. a pole) at infinity and w2, (G) := max;.,. >0 {1}
(resp. wB (G) : max;.,, <o {—p;}) is the order of this zero (resp. this pole) at
infinity; furthermore, d2,(G) =32, Somi (resp- d5 (G) = 325, o (1))
is the degree of this zero (resp. this pole) at infinity. If G has no zero (resp.
no pole) at infinity, then w% (G) and d2, (G) (resp. wB (G) and d%, (G)) are
defined to be zero.

As a consequence, if G # 0
Ve (G) = d2, (G) — d, (G) (36)
The following definition is adapted from ([41], Definition 3):

Definition 22 A transfer matriz G € FLX™ is called left (resp. right) biproper

if it has a left (resp. right) inverse G=1 (resp. G—T) which is proper. It is called
biproper if it is left and right biproper.

The properties of the valuation v, extended as above to FP*™ are detailed
in the theorem below :

Theorem 23 (i) A transfer matric G € FP*™ s proper if and only if
d2 (@) = 0 and this implies v (G) > 0.

(i1) Let G' € FP*™ and G € F™*9. Then Voo (G'G") < Vo (G') + Voo (G”)
with equality if G’ and G" are both of rank r = m.

(111) Let G',G" € FP*™. Then Voo (G' + G") > min{vo (@), Ve (G7)} with
equality if Voo (G') £ v (G”).
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(iv) Assuming that G has a left inverse G=1 (resp. a right inverse G™1), then
Voo (G7E) = =10 (G) (resp. Voo (GTF) = —voo (G)), G™F (resp. G7) is
proper if and only if d2 (G) = 0, and G is left (resp. right) biproper if and
only if &%, (G) = 0 and d5, (G) = 0, which implies v (G) = 0.

Proof. (i) is clear.
(i) Thus, assuming rkx (G'G"”) = r and taking k = r

v (G'G") = rmjn {Voo ((G’G”)g))} — Inljn {Voo ((G'(7‘)G"(7‘)) A ) }
" 2 ij
min o (65} + min {wo (6]}

%] 2}

IA

with equality if rkg (G') = rkg (G”) = m since in that case r = m and there
exists among all products of minors (G' (m)gqr (m))ij at least one term which is
the product of factors, each of them with minimal valuation at infinity.

(iii) Let G € FP*™ G # 0. There exists a nonzero matrix Gy € KP*™
such that G = Goo¥>~) + O, (U(”w(GH‘l)) where O, (O'(V‘X’(G)—H)) c
FP*™ is a matrix, all entries of which belong to the ideal generated by
oW=(@+) in F,.. With this notation, if G',G” # 0, there exist nonzero

matrices G, Gj € KP*™ such that G’ = Gga"“(G,) + Opm (g("m(al)*l))7
G’ = Ggg"oc(c//) + Opm (g("N(G”)“)). If voo (G') < Voo (G”), then G €

Op.m (a("w(f’”)“)) and veo (G + G") = voo (). T v (G') = vao (G”) =1,
we have Voo (G' + G") = nif GH+ G # 0 and v (G' + G) > nif GH+Gy = 0.

(iv) If G has a right inverse G~—F, then by Theorem 18 there exist integers
p; € Z (i =1,...,p) such that G ~g, [ diag{o*i},,c, 0] and GF ~p
col{diag {a‘“i}lgigp,O}, thus v (G7F) = —vs (G). In addition, G~ is
proper if and only if y;, < 0 (1<i<p), ie. d% (G) = 0; and G is right
biproper if and only if u; = 0 (1 <i<p), ie. di (G) =0 and d5% (G) = 0.
The rationale is similar when G has a left inverse G=7. m

Remark 24 1) In the case where F = K (s), statements (i), (ii) in Theorem
23 are classic ([36], Theorem 4), ([44], Section 1.5.6), ([23], Section 6.5.4).

2) In ([41], Definition 6) and ([40], Section 1.2, Definition 1.1), the “degree”
of a nonzero matriz G € K [s]P*™ is the mapping degy, such that degy (G) =
—Vo (G). Consider the matrices

1 0 s 1 s
Hl[o 1 o]’ Hz[o 1}

Then degy, (H1) = 1, degy (H2) = 0 whereas degy,; (H1) = 0 and degp (Ha) =
1, hence degy, coincides neither with degp nor with deg,, -

3) Some errors can be found in the literature: the transfer matric G =
diag {s,1/s} is not biproper although v (G) = 0; in addition, with G' =

19



diag {1/s,0}, G” = diag{1,1/s}, we have Vv (G') = Ve (G") = 1 and
Voo (G'G") = 1 < Voo (G') + Vo (G"); last, G = N,D;! where N, =
diag{1,0}, D, = diag{s,s*}, so degy (N,) = 0, degy (D,) = 3 and
degy (D,) —degy (N;) =3 > voo (G'). These examples contradict respectively
Propositions 5, 6 and 7 of [41] which are identical respectively to Propositions
3.81, 3.80, 3.82 of [40]. The two last examples also show that the inequality in
Theorem 23(ii) is not an equality in general if the rank condition specified in
that statement is not satisfied.

5 Defect of a transfer matrix

5.1 Forney’s predictable property

Recall that a polynomial matrix H is said to be row reduced (or row proper)
if the coefficient matrix of the highest degree term in each row of H is full
row rank. This definition, classic for a matrix over K [s] ([23], p. 384), ([48],
Definition 2.5.6), is still valid for a matrix over A = K [s; a, 4].

Lemma 25 Let H = col{h;}, ,., € AP be a matriz such that tkg (H) =
r>0. o

(i) For any x € AY" let y = xH as in (27). Then H is row reduced if and
only if Forney’s “predictable property” holds, i.e.

degp (y) = Jnax, {deg (z;) +m;}, m; = degp (hy)

(i) If H is row reduced, then d2, (H) =37 ;< ;-

Proof. Statement (i) is a part of Forney’s “Main Theorem” ([17], p. 495); its
proof is identical to that of ([23], Theorem 6.3-13).

Statement (ii) follows from the equivalence H ~p,_diag {s":},_,_, obtained
using elementary column operations (with elementary matrices whose entries
belong to F,). W

5.2 Definition and elementary properties of the defect
We let F = K (s;,6) and A = K [s; a, d].
Definition 26 The defect of G € FP*™ s def (G) := — (degy; (G) + Voo (G)).

By (26), (36), def (G) = degh, (G) + d& (G) — (degh; (G) + d% (G)), which
shows that, roughly speaking, def (G) is the difference between the total number
of poles and the total number of zeros of GG, as in the LTI case. The following
result generalizes the “product formula” (see [17], Appendix, p. 518):

Lemma 27 If G € GL, (F) (r > 0), then def (G) = 0.
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Proof. The equality def (G) = 0 is clear when r = 1 and the result follows
when r is any positive integer by applying this equality to g = det (G). m

The following result is classic when F = K (s) ([23], p. 461); it is extended
here to the case where F = K (s; ¢, §):

Lemma 28 Let G € FP*™ be a matrix of rank r > 0. There exist matrices
G' € Fr>X7 G" € F™*™  both of them of rank r, such that G = G'G", and we
have

def (G) = def (G") + def (G") (37)

Proof. There exist matrices U € GL,, (F), V € GL,, (F) such that ([1], Chapter
I1, §10, Proposition 13)

I, 0

-1 o
U GV—[O 0

} =G=Ucol{[,,0}[ I, 0]V~! (38)
G’ G

Thus deg,, (G) = deg,,; (G') + deg,; (G”) by Theorem 11(ii), and (37) follows

by Theorem 23(ii) and Definition 26. m

5.3 Minimal polynomial basis of the left- or right-kernel
of a rational matrix

This notion is classic and due to Forney [17] for a matrix G € FP*™ when
F = K (s) and its properties are well explained in ([23], Section 6.5.4) in that
case. We consider below the case where F = K (s; at, 9).

The left F-vector space kerp (G) is the space of those rows x € F**? which
are such that G = 0; kerp (oG) is of dimension p — r where r = rkg (G) . Let
z=[x - =z | € FP;since A is an Ore domain, the z; (i =1, ..., p) have
a left common denominator d, thus z = d~ 'z’ where 2/ = A*?P and 2'G = 0.
Therefore, kerp (¢G) admits a basis consisting of p — 7 elements of AP, and
called a polynomial basis of the left-kernel of G. We write kerg (6G) N A1XP =
kera (eG). A polynomial basis of the right-kernel of G, i.e. of kera (Ge) =
{y € A™ : Gy = 0}, is likewise defined.

For the reader’s convenience, let us recall the construction of a minimal
polynomial basis: Among all nonzero x € kera (eG), let hy be one of minimal
F-degree 7,. Then, among all = € kera (eG) which are A-linearly independent
of hy, let hy be one of minimal F-degree 15 (7, > ;). Continuing this way we
obtain p — r rows h; and a matrix H = col{hi},;, , € AP=7)%P of rank
p —r over F. These rows hi, ha, ..., hy—, have F-degrees ny <1y < ... < Np—r
and constitute a basis B of kera (oG). This polynomial basis is called minimal
since the F-degrees n, (i =1,...,p — r) are minimal. As shown in ([23], p. 456),
whose rationale is still valid, the set {n,, ...,np_7.} is (contrary to H and to
the minimal basis 8) uniquely determined by G, and we recall the following
definition:

Definition 29 (i) {n,,...,n,_, } is the set of left minimal indices of G. The set
of right minimal indices of G is likewise defined (with rows replaced by columns
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and kera (G) by kera (Ge)).

(ii) Given a polynomial basis B' = {h},...h, .} of kera (¢G), the inte-
ger ' = Y V" degp (k) is called the order of B’ (or of the matriv H' =
col{hi} i<, ). The order of a polynomial basis of kera (Ge) is likewise de-
fined.

Thus, a polynomial basis is minimal if and only if it has minimal order. The
following result generalizes ([23], Theorem 6.5-10).

Lemma 30 Let G € FPX™ be a matriz of rank r > 0 and H € AP=7)%P (resp,
H' € A™*("=7)) be a matriz, the rows (resp. the columns) of which form a
basis B (resp. B') of kera (6G) (resp. kerp (Ge)). The following conditions
are equivalent:

(i) The polynomial basis B (resp. B') is minimal.

(ii) The matriz H (resp. H') is row- (resp. column-) reduced and irreducible.
(111) The basis B (resp. B') has minimal order.

Proof. The rationale is made for H and applies to H' by symmetry. It is
identical to the proof of ([23], Theorem 6.5-10) (using Lemmas 13 and 25(i)),
with one exception: that (i) implies that H is irreducible, which is a part of
(1)=(ii).

So, let us prove that if H is not irreducible, then B = {hq,..., h,_,} is not
minimal. Assume that the monomorphism (eH) : A**(P=") — A1XP is not split.
Then the module M = cokera (eH) contains a torsion element Z # 0 and Z is
the canonical image in the quotient M = AP /AT (P=") H of an element z # 0
of A1¥P. There exists a nonunit o € A such that az = 0, thus ax € imp (e H)
and there exist elements \; € A (i =1,...,p — ) such that az = Y 7_| \ih;.
Since azG = 0, we have G = 0 and = € kera (oG). There exists at least one
index i € {1,...,p — r} such that \; # 0. Among all h; for which \; # 0, let h;
be a row with highest F-degree 7;. We get degp (z) = n; — degp (o) < n; by
lemma 4(v), thus, replacing h; by « in the basis B, we obtain a new basis B of
kera (oG), and a new matrix H, the j-th row of which has F-degree n; < nj,
5o ‘B is not minimal. m

The following lemma was obtained by Verghese ([44], section 1.5.8) from a
result due to Forney ([17], Theorem 3) when F = K (s). We show that it is still
valid when F = K (s; «, 9):

Lemma 31 Let G € FP*7 be a matriz of rankr > 0 and H = col {h;}, ;,, , €
FP=7xP where {h; :i=1,....p —r} is a basis of kerg (6G). Then def (H) =
def (G).

Proof. After a permutation of the rows of G if necessary, one can as-
sume that the r first rows of G are linearly independent over F. Then
G = col{R,W} where R € GL, (F) and W € F(P=")*"_ Ag a consequence,
GR™' = col{I,,Y} where Y = WR™' € F»=")*"_ Therefore, HGR™* = 0
where H = [ Y —-I,., ] and, since rkg (H) = p—r, the p—r rows h; of H form
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a basis of kerp (¢G). We have def (H) = degh, (Y) = def (GR™!) = def (G) by
lemmas 27 and 28. In addition, if H' € F(®~")*P is another matrix, the p—r rows
h); of which form a basis of kerg (8G), there exists a matrix L € GL,_, (F) such
that H' = LH. We have as above def (H') = def (H) + def (L) and def (L) = 0.
|

The theorem below is the main result of this section. It generalizes to the
case where F = K (s; e, §) Theorem 2.1 of Kung and Kailath [28] and Theorem
3 of Verghese, van Dooren and Kailath [45] (see also ([23], Theorem 6.5-11)),
obtained when F = K (s).

Theorem 32 Let G € FP*™ be a matrix of rank r > 0, and {771,...,771,77,}

(resp. {p1s..c Pm_r}) be the set of its left (resp. right) minimal indices. We

have
m-—r

p—r
def (G) =Y mi+ > p; >0
i=1 =1

Proof. As in (38), let G’ € FP*" G” € F"*™ be two matrices of rank r
such that G = G'G”. Let B = {h;:1<i<r} be a minimal polynomial
basis of kera (6G’) = kera (G) and H = col{h;},;c, € AP~*P. We
have def (G') = def (H) by Lemma 31. In addition, according to Definition
26, def (H) = — (degy; (H) 4+ Voo (H)) where v (H) = d2 (H) — d° (H) =
— P 'n; by Lemma 30, Definition 14 and Lemma 25(ii). By Lemmas 13 and
30, and again Definition 14, deg,, (H) = degh, (H) — degh, (H) =0—-0 =0,
thus def (G') = Y_¥_1'n,. By a similar rationale, we get def (G”) = Zy:lr P>
and the result follows by Lemma 28. =

6 Exact matching problem
Again, F = K (s;a, 9).

6.1 Exact left model-matching

Given two nonzero transfer matrices A € FP*™ and B € F?7*™_ the problem
considered below is the following:

1. To determine a necessary and sufficient condition for a post-compensator
to exist with transfer matrix H € F?*P such that

HA=DB (39)

2. Assuming that this condition is satisfied, to determine a necessary and
sufficient condition for this compensator to be proper, i.e. H € FixP.

This problem was treated when F = K (s) by Wang and Davison [47], by
Forney ([17], Section 8), and by Kung and Kailath [28] ; the two latter authors
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gave a nice solution; see also ([23], pp. 462-464). The solution of [28] was
extended to the case where F = K (s;,d) by Marinescu and Bourles [31],
nevertheless with S instead of F,., which is artificial. We show below that this
change of ring is not necessary.

Lemma 33 (i) There exists H € F1*P satisfying (39) if and only if
tkr (4) =1k (G), G :=col{A, B} (40)

(ii) Assuming that the necessary and sufficient condition (40) is satisfied, let
r = 1kp (G), and let G = col {A,B} € FPtoxr e Fr<™ both of them of
rank r, be such that G = GQ. The set $ of all transfer matrices H € FI*P
satisfying (39) is parametrized as follows:

H={(B+X)(A"+Y): X €eF" XQ=0,Y eF*? YA=0} (41)
where A™L is a left inverse of A.

Proof. (i) Putting H = col{H;},.;c,, B = col{Bi},;,, then (39) is
equivalent to H;A = B;, i = 1,...,q. There exists H; € F'*P such that
H;A = B; if and only if the row B; belongs to the F-vector space F1XPA,
i.e. kg (col{A, B;}) = rkg (A). The necessary and sufficient condition (40)
follows immediately.

(ii) By Lemma 28, there exist matrices G and @ as indicated. Since r =
rkp (AQ) < rkg (A), we have rkg (A) = r and A has a left inverse. Given a
left inverse A=F € F™*P of A, Z is a left inverse of A if and only if A=A = Z A,
which is equivalent to YA = 0 where Y = Z — A=, thus the set of all left
inverses of Ais {A™F+Y :Y e F”*?, YA =0}. Condition (39) is equivalent
to (Hf_l— B) @ = 0 which can be written HA — B = X, XQ = 0. Let X be
such that by the first of these two equalities holds and put H = H’ (f_l_L + Y)
where YA = 0. Then

H((A'+Y)A=B+X=>H =B+X=H=(B+X) (A *+Y)

Conversely, let H = (B + X) (f_l_L + Y) where YA = 0 and XQ = 0. It follows
that col {I,, H} A = col {A, B+ X} = G +col {0, X} whence col{],,, H} AQ =
GQ =col{A,B} and HA=DB. m

The following theorem is the main result of this section. The necessary and
sufficient condition and the parametrization provided improve those in ([31],
Theorem 1) and ([30], Proposition 4), respectively. In these references, it is
assumed that p = r, which is no longer the case below.

Theorem 34 (i) There exists a matriv H € FXP satisfying (39) if and only if
(40) holds and v (A) = v (G).

(ii) There exist matrices G = col {A, B} € FEFOX and Q € ™, both of
them of rank r = rkg (G), such that G = GQ. If the necessary and sufficient
condition in (1) is satisfied, the set ) of all transfer matrices H € F4XP satisfying
(39) is given by (41) where the conditions X € F1*" andY € F™*P are replaced
by X € FJ " and Y € F [P respectively.
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Proof. Let % 8 be the McMillan normal form at infinity of G where A =
diag {o#i},,., (Definition 21). Then we have (38) where U € GLptq (Fpr),
V € GL, (Fp), so G = GQ with G = G/, Q = G and G ~p,, col{I,0},
Q~r,, [ A 0], hence vo (Q) = Voo (G) by Theorem 11(ii).

As in the proof of Lemma 33(ii), let H = (B+ X) (A~% +Y) where G =
col {4, B} ~p,, col{I,,0}, XQ =0 and YA = 0. Let us show that H is proper
if and only if X and A~L +Y are both proper. This condition is obviously suffi-
cient. To prove that it is necessary, let us assume that H is proper. Since HA =
B+ X, X is proper. In addition, col{l,, H} = (G +col{0,X}) (A~F+7Y)
where G + col{0, X} ~p,, col{I,,0}, hence vy (G +col{0,X}) = 0. Thus
by Theorem 23(ii) we have 0 = vy (col{l,, H}) = v (A~L +Y) and, since
AL 1Y is a left inverse of A, voo (A™L 4+Y) = —v (A) by Theorem 23(iv).
Since A is proper and v (A) = 0, A is left biproper and A~ 4+ Y is proper.

As shown here above, A~L'+Y is proper if and only if vo (A) = 0. Since A =
AQ, by Theorem 23(ii) we have Vo (A) = Voo (A) +V (Q) = Voo (A)+r o (G).
As a consequence, Voo (A) = Voo (A)—voo (G) and A5 +Y is proper if and only
if oo (G)—Voo (A) = 0. Thus, the latter condition is necessary and sufficient for
any left inverse A=L of A to be proper. Assuming that A=% is proper, A=l +Y
is proper if and only if Y is proper too. ®

6.2 Exact right model-matching

The problem considered below is the following: given two nonzero transfer ma-
trices A € FP*™ B € Fm*4

1. To determine a necessary and sufficient condition for pre-compensator
with transfer matrix H € F;*? to exist such that

AH =B (42)

2. When this necessary and sufficient condition is satisfied, to determine a

parametrization of all solutions H € F;*? to this problem.

See [38] in the nonlinear case. We note that H € F};*? is a solution to (42)

if and only if HT AT = BT. Thus Theorem 34 yields immediately the following
result :

Corollary 35 (i) There exists a matriz H € F),;*9 satisfying (42) if and only
ifrkp (A) =1kp ([ A B ]) andve (A) =vo ([ A B ).
(i) If this necessary and sufficient condition is satisfied, there exist matri-
ces [ A B ] € F;f(mﬂ) and @ € FP*"  both of them of rang r, such that
[ A B]=Q[ A B . Theset$ of all matrices H € F}, x4 satisfying (42)
is parametrized as follows :

H={(AF+Y)(B+X): X€F, QX =0,Y e Fj*" AY =0}

where A~ is a right inverse of A.
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Remark 36 With a diagonal or block-diagonal matriz B, the above ex-
act model-matching problems become decoupling problems by post- or pre-
compensation [19]. In the case of time-varying coefficients, all solutions H with
entries in the ring S to these decoupling problems were obtained by Marinescu
([30], Section 5) when A is full column- or row-rank. Using Theorem 34 and
Corollary 85, it is easy to improve the results in [30] in such a way that the
solutions H be obtained with entries in the ring ¥y, of proper transfer matrices,
without assuming A to be full column- or row-rank. The details are left to the
reader.

7 Example: application to a FACTS

7.1 Description of the system

The electric circuit in Figure 1 represents the so-called m-model of a hight-
voltage transmission system. Such a model is used for simulation and control of
electric power systems ([27], p. 236) and to represent a Flexible Ac Transmission
System (FACTS) to control the power flow on a transmission line ([27], p. 650).
It is assumed that the resistance R is negligible, the inductance L depends on
time in an affine way (L = L (t), L =const.) in order to adapt the impedance
of the transmission line while the load and the network topology are changing,
and the capacitances Cq,Cs are constant. Put u = (i4,i5) = (u1,u2) and
y=(V1,V2) = (y1,y2). By (4), the system equations can be written

C’k.syk. = ’ik (k = 1, 2)
Y1 — Y2 = Ls (u1 —i1)
U — Uy = le +i2

The system has a symmetry and its equations are invariant under substitution
(yla Y2, ila i27 Cla 027 Uy, ’UQ) — (y27 Y1, i27 Z.17 027 Cla —Uus2, _ul) . Let
D . = (Cl + Cy + LCngs + LC’10252> S
Ny : =14LCys+ LCks® (k=1,2)

Using the commutation rule (2) with K = C(¢), @ = 1k, one obtains the
following expression for the transfer matrix A of the control system with input
u and output y :
A [ DN, D! }
D'  —-D7'N;

(this expression corrects those given in [31] and ([8], Section 10.6)).

7.2 Defect

Consider the transfer matrix G of the control system with input » and output 31,
ie. G=D7'[ Ny —1].Since [ No =1 | ~a [1 0] and deg(D) =3,
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Figure 1: Electric circuit

we have by Definition 9 deg}; (G) = 0, degh, (G) = 3 and deg,, (G) =0—-3 =
—3. In addition, G ~p,, [ 0 0 |, so by Definition 21 dZ_ (G) =1, d& (G) =0,
and by (36) v (G) = 1. According to Definition 26, def (G) =3 —1=2.

Let F = K(s;1k,d/dt). Obviously, kerp (éG) = 0. Let us calculate
kerp (Ge). A vector x = col {z1, 22} € F2*! belongs to kerg (Ge) if and only if
[ N2 —1 ]z =0, thus kerp (Ge) is the K-vector space with basis col {1, N2}
which has F-degree deg (N3) = 2. Therefore, p; = 2 and def (G) = p; as ex-
pected from Theorem 32.

7.3 Exact right model-matching

Using elementary operations (Lemma 16) and the commutation rule (7), one
obtains A ~p,  diag{c,o} which is the McMillan normal form at infinity of
A (Definition 21). This calculation is greatly facilitated by the fact that every
element of F), is of the form (29). Likewise, with B = diag {k;/s"'}, ., , We
can easily check that vos ([ A B |) =voe (A) if and only if n; > 1 (i =1,2).
By Corollary 35, this is the necessary and sufficient condition for a matrix H €
My (Fpr) to exist such that the equality (42) holds. The physical interpretation
of this condition is clear. In this case, A is invertible over F, thus H = A~ 'B
is the unique solution to the problem.
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