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Abstract

Stein Variational Gradient Descent (SVGD) is a widely used sampling algorithm
that has been successfully applied in several areas of Machine Learning. SVGD
operates by iteratively moving a set of n interacting particles (which represent
the samples) to approximate the target distribution. Despite recent studies on the
complexity of SVGD and its variants, their long-time asymptotic behavior (i.e.,
after numerous iterations k) is still not understood in the finite number of particles
regime. We study the long-time asymptotic behavior of a noisy variant of SVGD.
First, we establish that the limit set of noisy SVGD for large £ is well-defined. We
then characterize this limit set, showing that it approaches the target distribution
as n increases. In particular, noisy SVGD provably avoids the variance collapse
observed for SVGD. Our approach involves demonstrating that the trajectories of
noisy SVGD closely resemble those described by a McKean-Vlasov process.

1 Introduction

Sampling is a fundamental task of machine learning, at the core of Bayesian inference and gener-
ative modeling. Mathematically, the task of sampling can be formulated as the task of generating
samples, i.e., random variables, from a given (or learnt) probability distribution 7. This task can be
achieved by means of a sampling algorithm that iteratively generates the samples, which are meant to
asymptotically approximate the target distribution.

The question of the convergence in distribution of the samples to the target 7 is therefore of primary
interest in the theory of sampling. This question has been investigated by several works in the sampling
literature, with precise convergence rates for some sampling algorithms such as the celebrated
Langevin algorithm, see [9] for an overview.

Stein Variational Gradient Descent (SVGD) [18]] is an algorithm to sample from a target distribution
7 whose density w.r.t. Lebesgue measure is known up to a normalizing factor and written in the form

m(z) o< exp(—F(z)), where F:R?—R. e

SVGD (and its variants) is an alternative to the Langevin algorithm that has been successfully applied
in several areas of machine learning, see [[15, 20} 23| 26, |31} 34, |35]] among others. For example, the
SVGD dynamics can be seen as a "kernelized" version of the probability flow ODE used in generative
modeling [8,129]]. The SVGD algorithm takes the form of an interacting particles system of n particles.
The empirical distribution of the n particles at time k, denoted 1}, is meant to approximate the target
m when the number of iterations k is large.

Preprint. Under review.



1.1 Related works

Several works have investigated the convergence of SVGD, i.e., the convergence of uj! to 7.
Most of these works have considered the hypothetical regime n = oo, called the population limit [[16}
24,127, 130]. More precisely, in the population limit, [[16} 27, [30] showed that for every k& > 0,

C
ZLstein (MEOHW) < E7 2)

where C' > 0 is a constant and Z.;, denotes the Stein Fisher Information, a discrepancy between the
current iterate 3° and the target 7. The convergence in distribution of SVGD to the target 7 can be
deduced, in the population limit, by letting & — oo in (), see [27].

More recently, some works have considered the finite number of particles regime n < oo [6} [11}
1419} 28]]. More precisely, in this regime, one can show that SVGD approximates its population
limit provided that % is small enough [16} [17, 21}, 28]]. Combining this fact with (2)), [6, 28] showed
that Zgein(uf||m) < C'/k, where C' > 0 is a constant, provided that & is small enough (e.g.,
k < loglog(n) in [28]). Because of this upper bound on k, the convergence of SVGD, in the finite
number of particles regime, cannot be deduced by letting k — co.

Indeed, SVGD does not converge to the target when n < oco. Because the iterates of SVGD are
discrete measures with a finite support of n points, whereas the target 7 has a continuous density w.r.t.
Lebesgue. Therefore, we ask the following question.

What does SVGD converge to (i.e., when k — o0) in the finite number of particles regime (i.e., when
n < o0 is fixed)?

To the best of our knowledge, this question remains unanswered except in the particular case where 7
is a centered Gaussian distribution, see [19, Theorem 10]. For a fixed n, the paper [14] demonstrates
that SVGD converges in expectation to a system of n continuous-time particles, but does not enable
the establishment of consistency with the target distribution 7, when n becomes large.

However, we can already make a few observations.

» As mentioned above, SVGD does not converge to the target m because the iterates of SVGD
are discrete whereas 7 is continuous.

* The best one can hope in general is for the SVGD iterates to converge to some "limit" .Z"
that approaches 7 as n grows.

* Even if we were able to show that the limit .£" is well-defined (this task is already non
trivial since some particles could diverge for example), .Z" would probably not approach
the target 7 as n grows. Indeed, SVGD has been empirically shown not to converge to the
target 7 in high dimension. More precisely, SVGD has been observed to underestimate the
variance of the target distribution and the particles of SVGD have been observed to collapse
to some modes of the distribution, see [2, (10, 36]].

1.2 Contributions

In this paper, we introduce a new noisy variant of SVGD where each iteration is regularized by
noise which takes the form of an iteration of the Langevin algorithm. We study the "limit" .£" of
our algorithm, noisy SVGD, with n < oo particles, when the number of iterations k¥ — co. More
precisely, our contributions are the following.

* We propose a new noisy variant of SVGD where each iteration is regularized by noise which
takes the form of an iteration of the Langevin algorithm.

* We first show that, when the number of particles n < oo is fixed, noisy SVGD converges
when k — oo to a well-defined limit set £™ (Th.[T).

* Then, we describe this limit set .£": it cannot contain the target 7, but we show that .£"
approaches 7 as n grows (Th. [2)).

* Finally, we obtain Cor. [I| on the convergence of noisy SVGD in the regime lim klim .
n—oo k—oo

Since the convergence in the regime lim lim can be deduced from the existing works
k— o0 n—o0

mentioned above, Cor. implies that lim and klim can be exchanged.
n—oo e el



* Our overall approach relies on proving that the trajectories of noisy SVGD mimic that of a
McKean-Vlasov process [3]], a dynamical result of independent interest (Proposition 2)).

¢ Our convergence results prove that noisy SVGD avoids the variance collapse of SVGD, a
fact that we verify experimentally by comparing noisy SVGD to SVGD (Fig.[I).

1.3 Paper structure

This paper is organized as follows. We review some background material in Section[2} In Section [3]
we introduce our main algorithm, noisy SVGD. Next, we state our main results regarding the
convergence of noisy SVGD in Section[d] In Section[5] we provide an overview of our convergence
proof, which relies on relating the trajectories of noisy SVGD with those of a McKean-Vlasov process.
In Section[6} we empirically show that noisy SVGD, unlike SVGD, does not suffer from the particles
collapse. Finally, we conclude in Section|/| The proofs are deferred to the Appendix.

2 Background

2.1 Notations

The Euclidean inner product and norm of R? are denoted (-, -) and || - ||. We consider a Reproducing
Kernel Hilbert Space (RKHS) H whose kernel is denoted K : R x R¢ — R. The product space
H := HZ, is a Hilbert space whose inner product and norm are denoted (-, -)3, and || - ||3;.

2.2 Optimal transport

For every topological space E, we denote by P(FE) the set of probability measures on the Borel
o-field B(E). If E is a Polish (complete, metrizable) space, then P(E) equipped with the weakx
topology is Polish as well. A subset A of random variables on F is called tight, if, for every € > 0,
there exists a compact set A C F, such that P(X € A) > 1 — ¢, forevery X € A. If E is a Banach
space, we define

Po(E) = {p € P(E) - / |2 dpu(zr) < o0},

and the Wasserstein-2 distance by

Wau,v) = ( mi [ ||m—y||2d<<x,y>)l/2 ,

sell(p,v)
where II(u, v) is the set couplings of u € Py(F) and v € Py(E), i.e., the set of measures ¢ €

P(E x E)such that¢(- x E) = pand ¢(E X -) = v. The Wasserstein space, i.e., the set Pa(E)
endowed with the distance W5, is a Polish space.

In the proofs, we need to consider the case where the space E coincides with the set C of continuous
function on [0, c0) to R%. Eventhough C is not a Banach space, the definitions follow the same lines.
The set C is equipped with the topology of uniform convergence on compact intervals. For every
p € P(C), we denote by p the restriction of p to functions on the compact interval [0, T (that is,
ol = (7[0,17)#p> the pushforward of p by the map (o 71 which, to every function f € C, associates
its restriction to the compact interval [0, T]). We denote by P2(C) the set of measures p € P(C)
such that pT" € Py(C(]0,T],R?)) for all T > 0. This space is naturally equipped with the following
topology: a sequence p,, converges to p in the Wasserstein-2 sense if pZ — p’ in the Wasserstein-2
sense, for every 7' > 0. Then, P5(C) is metrizable, and we denote by Ws(p, p’) a proper distance [3}
Sec. 2.2].

2.3 Functional inequalities

Let m € Py(R?) be the target distribution, i.e., 7 o exp(—F). The Kullback-Leibler divergence with
respect to 7 is defined for every 1 € Po(R?) by

du
KL (j|) = / tog L,



if 11 has a density g—;‘ w.r.t. w, and KL(u||7) = +oo else. The Stein Fisher Information w.r.t. 7 is

defined by
P, Vlog d—’u i
. dr ||y’
where P, : L?(u) — H is the so-called kernel integral operator P, f = [ K(-,y)f(y)du(y). The
Fisher Information w.r.t. 7 is defined by

d
T(ullm) :/vagd“

Z.stein (,U/| |7T) =

du(zx) .

Finally, we recall the Log Sobolev Inequality (LSI) that relates the Kullback-Leibler divergence and
the Fisher Information.

Definition 1 (Logarithmic Sobolev Inequality). The distribution 7 satisfies the Logarithmic Sobolev
Inequality, if there exists a > 0 such that for every p € Py (R?),

™

KL(ul|7) < 5 T(ullm).

The LSI is satisfied when F' is a-strongly convex but can also be used to study the convergence of
sampling algorithms in the case where F’ is not convex [33| Section 21] (see also [32]).

3 Noisy Stein Variational Gradient Descent

The Stein Variational Gradient Descent (SVGD) algorithm [18] is used to sample from a distribution
7 o< exp(—F), where F' : R? — R is a differentiable function. At every iteration k, the algorithm

updates the values of n R%valued vectors, refered to as the particles X ,1 e, X" We study
a generalization of SVGD, called noisy SVGD, that incorporates noise in the form of a Langevin
iteration at each step of SVGD.

Let (Q, F,P) be a probability space, A > 0 and (-y;) be a positive deterministic sequence in R.
Starting with a n—uple (X é’", s X o) of R%-valued random variables, the particles are updated
according to Algorithm |1{where (£;"); 1, is a family of i.i.d standard Gaussian vectors in R4,

Algorithm 1 Noisy Stein Variational Gradient Descent

Initialization: generate n particles (X,",..., X¢™")

for k=0,1,2,...do
fori=1,2,...,ndo

in i,n Vk+1 in j,n j,n i,n in
Xify = X = N (KOG XM VEQG™) = VoK (X", X))
Jj€ln]

~Mie1 VE(XE™) + V201800, - )

Langevin regularization

end for
end for

Noisy SVGD boils down to the standard deterministic SVGD algorithm when A = 0. The regulariza-
tion parameter A > 0 allows the introduction of noise into the algorithm with the aim of preventing
the mode collapse phenomenon described in the introduction. We state our assumptions on the step
size and the noise sequence.

Assumption 1. Let the following holds.
i) (&) is a non-negative deterministic sequence satisfying limy_,oc v = 0, and Y, v = +o00.

ii) (ﬁ;i’n)keN,ie[n] is an i.i.d. sequence of standard Gaussian variables, independent of (Xé’n)ie[n].



Noisy SVGD allows for the approximation of linear functionals of the form [ f dm, where f is

an arbitrary integrand, by the discrete sum 1 3" | f(X ,ZC”) . The latter can be written as [ f du},
where (17! is the empirical measure of the particles, defined by

1
wy = -~ Z 5X’i.n .

1€[n]

Note that (7)) is a sequence of random measures. A useful convergence result for noisy SVGD
involves studying the convergence in probability of this sequence towards the target distribution 7.
In some situations, it is more convenient to study the averaged empirical measure jiy, defined for
k,n € N*, by:

oo

Zie[k] Viktg
Zie[k] Vi

4 Convergence results of noisy SVGD

4.1 Limit set of noisy SVGD is well-defined

We start our analysis by studying the limit set of SVGD as k tend to infinity, for a fixed number n of
particles. As the number of particles is fixed, it cannot be expected that the limit of x;} coincides with
m as k — 0o, because a discrete measure with a fixed number of atoms cannot approach a density.
We formally describe the limit set of the empirical measures in a distributional sense

Definition 2 (Distributional limit set). Let v, (v : k € N) be random variables on P(R). We say
that v is a distributional cluster point of (1), if v converges in distribution to v along a subsequence.
The distributional limit set £ ((v)) of the sequence (1) is defined as the set of distributional cluster
points of ().

We denote by £ := Z((u}})) the distributional limit set of the sequence (u}} : £ € N), when
k — oo, n being fixed. In words, .Z™ is the set of random measures " such that p; converges to v,
in distribution, along a subsequence. Similarly, we denote by 2" the limit set of the sequence (L] ).

Assumption 2. There exists four non-negative constant c,c',C, C", such that for every x,y € R?,
the following holds.

i) The hessian Hp(x) is well-defined and | Hp (2z)||,,, < C.

op —
i) F(z) —C < ||[VF(2)|* < C'F(x) + Cand c|z|* — C < F(x).
iii) |K(y)llg, + V2K (5 y)ll5 < C.

iv) sup, E ((Xé’")‘l) < o0.

Given the previous assumption, we can establish the stability of our algorithm, in the form of the
following lemma.

Lemma 1. Let Assumptionsandbe satisfied. Assume X\ > 0. Then, supy ,, I[-EHX;’"H4 < o0.

Lem. [T}is the key component for establishing our first theorem.

Theorem 1. Let Assumptions[I|and 2| hold. Assume \ > 0. Then, for every n € N*, the sequence of
random variables (1}, is tight. As a consequence, the sets ™ and ™ are non empty. Finally, all
random measures of L™ and L™ belong almost surely to P2 (R%).

It remains to characterize the limit sets. As mentioned earlier, the random variable equal to 7 a.s.
does not belong to the set .Z". Therefore, the question is whether .Z" reduces to the singleton 7 as
n goes to infinity.

4.2 Description of the limit set

Consider the target measure 7.



Definition 3. For every n > 1, let &" be a set of random measures on Pg(Rd). We say that the

. - P .
sequence of random sets (& : n € N*) converges in probability to 7, denoted by &™ — , if the
Hausdorff-Wasserstein distance between & and 7 converges in probability to zero:

Ve >0, lim P(sup Wa(v,m) >e) =0.
n—oo Uegn
Consider the following regularity assumption on the kernel K.
Assumption 3. There exists 3 > 0, such that for every x, ',y € R%, we obtain
K (2,y) = K(@',y)| + | V2K (@,y) = VoK (@, )| < Cfle = 2] .
Theorem 2. Let Assumptions[l), 2} and[5|hold. Assume \ > 0. Then,

— P
L —— 7.

n—oo

The motivation for studying the limit set .#™ of the averaged measure ji}! is technical. However,
the limit set " of the (non-averaged) empirical measure ;' can also be characterized, provided an
additional assumption on the target density is met.

Assumption 4. The distribution m satisfies the Logarithmic Sobolev Inequality for a constant o > 0.
Theorem 3. Letr Assumptions|[l], 2} [5|and[| hold. Assume \ > 0. Then,
ot .

n—oo
4.3 Long-time convergence of the empirical measure

As a consequence of Th. [2]and Th. [3]respectively, we can characterize the long-time convergence of
the empirical measure of the particles, averaged and non-averaged respectively.

Corollary 1. Let Assumptions|[l], 2] and[3| hold. Assume X\ > 0. Then, for every ¢ > 0,
lim limsup P(Wa(fg,7) >¢€) =0.

n— o0 k‘)OO
If Assumption d|moreover holds, the same result holds when [i}; is replaced by p3..

Since the convergence in the regime lim lim sup can be deduced from the existing works mentioned
—0 n—oo

above, Cor.implies that lim and lim can be exchanged.

n— 0o k—o0

5 Overview of the convergence proof and dynamical behavior of noisy SVGD

The method used to prove our main result involves studying the convergence of the particles at the
level of stochastic processes.

5.1 Interpolated process

We consider for each i € [n] the random continuous-time process X : [0,00) — R% ¢ — X}
defined as the piecewise linear interpolation of the particles (X,");. Specifically, writing 73, :=
Z?:l ~; , for each k € N, we define:
i,n in t— Tk in i,n
Vt € [, i), Xy =X+ —— (X4 - X))
Ve+1

The interpolated processes Xbn fori € [n], are elements of the set C of continuous functions
on [0,00) — R?. Rather than solely examining the empirical measure of the particles X", our

approach focuses on analyzing the empirical measure of the interpolated processes X" across the
entire positive real line. Define:
1 n
Ti= = Ogim
mt . n Zl XtLr- )
1=

for each n and ¢. Note that m}’ is a random variable on P5(C)). The empirical measure p} of the
discrete particles can be deduced from mj by marginalization, which is why we focus on m{ from
now on.



5.2 McKean-Vlasov distributions

For a fixed n, the particles X", for i € [n], can be interpreted as an Euler discretization scheme of
a stochastic differential equation involving n continuous-time particles. As the discretization step
v, tends to zero, the interpolated processes eventually share the same behavior as the continuous-
time particles as k tends to infinity. Moreover, in the population limit where n is large, any of
the continuous-time particles coincides, in law, with the solution to a McKean-Vlasov equation, as
defined below. This phenomenon is known as the propagation of chaos. We refer to [7]] for a detailed
exposition.

Definition 4. We say that a measure p € P5(C) is a McKean-Vlasov distribution, if it coincides with
the pathwise law of a weak solution (X;);>¢ to the nonlinear Stochastic Differential Equation (SDE)

dX; = — / (K(X4,y)VF(y) — VoK (X4, y)) dpi(y) dt — AVF(Xy) dt + V2XdWy,
where (WW;)¢> is a standard Brownian motion. Denote by Vs the set of McKean-Vlasov distributions.

5.3 Limit measures of noisy SVGD are McKean-Vlasov distributions

It remains to explain in which sense, the empirical measures m; converge to a McKean-Vlasov
distribution as (¢,n) — (00, 00). The question requires the introduction of the following measure:

1 t
Mr ::f/ Seds
t s
t Jo

To summarize, we introduced the following of random variables: (process level) X*™ is a r.v. on
C; (process-measure level) m is ar.v. on Pz (C); (process-measure-measure level) M]* is ar.v. on
P(P2(C)). As a consequence of Lem. |l we obtain the following result.

Proposition 1. Let Assumptions([l|and[2|be satisfied. Assume X > 0. For every n € N*, the sequence
of random variables (M) is tight.

In particular, Proposition [T]implies Th. [T]and the fact that the limit set of SVGD is non-empty. It
remains to characterize the latter in the doubly asymptotic regime where ¢, n both tend to infinity.
To that end, we study the (distributional) limit points of (M]*), as (¢,n) — (00, 00). The following
result is a extracted from [3, Lem. 9].

Proposition 2. Let Assumptions|[l|and 2 be satisfied. Assume X > 0. Let M be a random measure

on P(P2(C)) such that M]* converges in distribution to M as (t,n) — (c0,00), along some
subsequence. Then, M (V3) = 1 a.s.

Let us explain the main consequence of this result. Let f be the function defined by f(p) = Wa(p, Va)
for every p € Po(R?). When M tends to M in distribution along some subsequence, our definition
of M;* implies that:

1 t
[ rasz = [ Wtz vayis 25 [ Watovyina(e) = o,

D e . . .
where the symbol — stand for convergence in distribution. This shows that, in an ergodic sense, m}'
converges in probability to the set of McKean-Vlasov distributions, as (¢,1n) — (00, 00).

5.4 Limit measures of noisy SVGD are time-shift recurrent

More can be said about the particular McKean-Vlasov distribution in the limit set. For every 7 > 0,
denote by ®, : P(C) — P(C) the map which shifts a process-measure by a time 7, namely,
®-(p): fr [ fl@rq.)dp(z). Obviously, @, (m}) = m?,,, which in turn implies that, as t — oo,
for every bounded continuous function G : P(C) — R

Je@ nar )= 3 [ Gz as= 3 [ G = [ coan).

where the precise statement is found in the supplementary (see also [3, Lem. 10]). Passing to the
limit, this implies that every distributional limit point M of M}® is shift-invariant, in the sense that



J Go®.dM = [ GAM a.s., for every bounded continuous G and every 7 > 0. Therefore, by the
Poincaré recurrence theorem, M is supported by the set of recurrent McKean-Vlasov distributions,
that is, the set of measures p € V5 for which there exists a sequence 7; — oo, such that p =
lim @, (p).

5.5 Recurrent McKean-Vlasov distributions coincide with the target

For any process-measure p € P(C), we denote by (p; : t > 0) its marginals in P(R?).

Proposition 3. Let Assumption2|and[3|hold. Assume X\ > 0. Let ty > t1 > 0. For every p € V5 and
every t € [t1,ta], p; admits a differentiable density w.r.t. the Lebesgue measure. Moreover,

ta
KL(pt, [|m) = KL(py, [|7) = */ (Zstein(pe||m) + AZ(pel|m)) dt . 4)

t1

The above proposition shows that the Kullback-Leibler divergence is a Lyapunov function, in the
sense that KL(py, ||m) < KL(py, ||7). The inequality is strict unless the r.h.s. of (4) is zero, which
holds when p; = 7 for almost all ¢£. This implies that if p is a recurrent McKean-Vlasov distribution,
its marginals coincide with 7. Therefore, in an ergodic sense, the marginals of the process-measure
mj converges in probability to 7, as (t,1) — (00, 00) (see Prop. [f]in the Appendix).

The last step is to establish Th. [3]under the additional Assumption 4] In other words, one should
discard the time-averaging. This can be done in the situation where, as ¢t — oo, the marginal p; of
any McKean-Vlasov distribution p € V5 converges to 7 uniformly in the initial point pg in a compact
set. This can be established using the LSI, as shown by the following result.

Proposition 4. Let the assumptions of Prop. 3| hold. Moreover, we assume that Assumption [ is
satisfied with « > 0 and A > 0. For any compact set K C Ps(C), for every to > t1 > 0, there exists
a constant Cy, . > 0 depending on t; and K, such that

—aA(ta—t
sSup WQ(pt277T) < CtlJCe oAlt2—h1) :
pEV2NK

6 Noisy SVGD avoids the particles collapse

The convergence results above show the convergence of noisy SVGD in a doubly asymptotic regime
(k,n) — (00,00). These convergence results could be reproduced for the deterministic SVGD
algorithm. However, in the case of SVGD, our approach would show the convergence of SVGD to a
set that includes the target 7, but can also include Dirac measures at stationary points of F'. Indeed,
the McKean-Vlasov process of SVGD (i.e., the case A = 0) is stationary at &, for any = € R? such
that VF(z) = 0 and V2 K (z,z) = ([}

This observation is inline with empirical results showing that the deterministic SVGD algorithm may
not converge in high dimension and instead collapse to some Diracs which represent modes of the
target distribution [2} 10/ 36]]. On the contrary, we showed (Th.[2]and 3 that noisy SVGD converges
to the target and, in particular, does not collapse to Dirac measures. In this section, we illustrate this
fact experimentally.

Fig.[I](see Appendix for larger figures) reproduces an experiment from [2] on the variance collapse
of SVGD. We added our algorithm, noisy SVGD, to the plot.

The setup is the following. We consider the task of sampling from a standard Gaussian with
noisy SVGD and SVGD. We use the two most standard kernels for running SVGD: the Radial
Basis Function (RBF) kernel, a.k.a. Gaussian kernel K (z,y) = exp(—1||z — y||?) and the Inverse

Multi-Quadratic (IMQ) kernel [12}[13] K (x,y) = Y P—TEy We simulate noisy SVGD until
convergence (i.e., after a large number £ = 200 of iterations) for different values of the dimension d,
the number of particles n, and the regularization parameter \. When A = 0, noisy SVGD boils down
to the deterministic SVGD. The particles are initialized randomly from a standard Gaussian and the

step size is set to v, = 10/k.

'On the contrary, every stationary distribution of the McKean-Vlasov process of noisy SVGD (i.e., the case
A > 0) must have a density w.r.t. Lebesgue thanks to the noise injection.



Dimension-averaged Marginal Variance vs. Dimension with IMQ Kernel Dimension-averaged Marginal Variance vs. Dimension with RBF Kernel
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Figure 1: Dimension-averaged Marginal Variance of SVGD and noisy SVGD at convergence for
sampling from a standard Gaussian.

Given a probability distribution over R?, the Dimension-Averaged Marginal Variance (DAMYV) is
a statistics of the distribution equal to the average across the d coordinates of the variance of each
coordinate. We reproduce an experiment from [2]] where they plotted the DAMV of SVGD after a
large number of iterations against the dimension. We added noisy SVGD to the plot, see Fig.[I} Since
noisy SVGD is random, its DAMYV is a random number, therefore we plotted the averaged value of
the DAMYV over 10 runs and represented the standard deviation of the DAMYV in the shaded area
behind the curve. Our Python script is available in the Supplementary Material and Fig.[I]is available
in the Appendix in a larger format.

From Fig.[I} two important observations can be made:

* Since each point in the figure represents a statistical measure (the DAMYV) for noisy SVGD
after numerous iterations, our theoretical analysis predicts that as n increases, the DAMV
values for noisy SVGD should converge to the DAMYV of the standard Gaussian, which is 1.
This convergence towards 1 with increasing n is indeed what we observe in the noisy SVGD
data.

* Contrasting this, SVGD shows a different behavior where its DAMYV tends to zero as the
dimension increases, as discussed in [2]. Unlike SVGD, noisy SVGD does not exhibit this
variance collapsing behavior.

7 Conclusion

What does a user do? A user sets a finite value for the number n of particles and then runs the
algorithm until convergence. Therefore understanding what the algorithm converges to when 7 is
finite is of primary interest. In this work, we provided an understanding of the limit set .Z" of noisy
SVGD after a large number of iterations. We showed that this limit set is well-defined, and that it
approaches the target as n grows. We obtained various conclusions from these results. In particular,
noisy SVGD, unlike SVGD, provably avoids collapsing to some modes of the target distribution.

Our work opens the door to several questions regarding the convergence speed of noisy SVGD.
First, can we quantify the convergence of noisy SVGD to the set .£"? Then, can we quantify the
convergence of the set .Z" to the target? Finally, how to choose the regularization parameter A\ and
what is its effect on the convergence rate?

These problems, which are not covered in the literature on SVGD and its variants, would strengthen
our understanding of interacting particles systems for sampling, in a regime that matters from a
practical perspective.
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A Fig.[T]in larger format

Dimension-averaged Marginal Variance vs. Dimension with IMQ Kernel
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B Notations

We denote by [n] the set of integers {1,...,n}.

We denote by (-, -) and || - || the inner product and the corresponding norm in a Euclidean space. We
use the same notation in an infinite dimensional space.

Letd € N*. For k € NU {00}, we denote by C*(R¢,RY) the set of functions which are continuously
differentiable up to the order k. We denote by C..(R?, R) the set of R? — R continuous functions
with compact support. Given p € N* U {oo}, we denote as C?(R%, R) the set of compactly supported
R? — R functions which are continuously differentiable up to the order p.

The notation fy u stands for the pushforward of the measure 4 by the map f, thatis, fgu = po f=1.
For t > 0, we define the projections m; and 7 4 as 7 : (R0 — RY z s x4, and mp y :
RHO2) 5 (RH0, 8], 2 — (2, : u € [0,1])

Define:

Po(C) ={peP(C) : VT >0, / sup ||lz¢||*dp(x) < oo} .
te[0,7]

For every p, p’ € P2(C), we define:

o0

Wa(p,p') =D 27 (LA Wa((mo.m)#0s (T #0)) »

n=1
where we equipped the space of the [0,n] — R continuous function with the uniform norm for
every n € N*. We equip P> (C) with the distance W5. By [3l Prop. 1], P»(C) is a Polish space.

For p € P2(C), we denote
pr = (Te)#p -

C Proof of Lem.I]

In this section, we let Assumptions and hold. Additionally, we assume A > 0. Furthermore,
C > 0 will denote a generic and sufficiently large constant independent of &k and n.

We define: 1
Iy i= — iy
i€[n]
We will proceeds in three steps. First, we will obtain:

Lemma 2. The following holds:
sup E(Ig,,) < 00.
k,n

Secondly:

Lemma 3. The following holds:
supE(I},,) < 0.
k,n

The latter lemma gives a bound on the cross terms of the form E(F (X;”)F(X {C")) for i # j. With
this at hand, we obtain:

Lemma 4. The following holds:

sup E(F(X3™)?) < 0.
k,n

Since, F(z) > ¢ Ha:2|| — C by Assumtion By Lem.@ Lem.is proven.
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Proof of Lem.@ By Taylor-Lagrange formula, there exists tﬁl € [0, 1] such that:

F(X1) = F(X™) + (VEOG™), X0 — X0+

1 7,mn ,n T i,n 7,n 7,M i,n 7,M ,n
B} ((Xk+1 - Xy ) Hr (Xk+1 + i (XkJrl - Xy )) (Xit1 — Xx )> e
We recall the iteration Eq. (3)

in in Vk+1 in j,n i, in j,n
Xl = X = S (K" X V(X" - V2K (X", X))

JEn]
— Mt VE(XG™) + V201 08T -

By Assumption | HF(2)l],, < C forevery z € R9. Using Eq. (), we obtain

@,n in V41 in i, @n j,n
F(X1) < F(X™) = =25 D (VE(X"), V(X)) K (X", X

JEln]
+ L}fl S AVE(XP™), VoK (X" XT™) + V20 MVE (X)), €00
j€ln)
2 2
L in o jsn 1 i,n j,n
+C%n | || %:]K(X,; XEMVECY| | %:]VQK(Xk LX)
J n j n

. 2 . 2 . 2
— s [VEGE)|| + O ||[VEG |+ O [Jeia |

Note that

1 i,n ,n I,n in
= Y (VF(G"), VK (X" X)) < €[ VF(G™)
JEln]

We remark that for an arbitrary ® = (®;)sc(q € H. and for every y € R?

[RW)II* =D (@0, K(9)5e < D 19ell3, 1K 0)l3, < ClI5, -

¢e(d] Le(d]
Therefore,
. . 2 . 2
vaK(X,Q”,X;’") <C HVQK(-,Xi’") L, =0
and
2 2
ST KX XPVEXEM| <0 Y K XPVEXE™)
j€[n] J€[n] "

Consequently, we obtain

in i,n V41 in j,n i,n j,n
F(X1y) < F(X™) = =22 D (VE(X"), V(X)) K (X", X1

J€[n]

+ Y41 C HVF(XJi’n)

V2 MV E(X™), 65
2

1 jn jn
F Oy HnZK«,Xf; VECGE| 1
J€[n] H

X 2 . 2
At (1 = CAyesn) HVF(X,Q”) O Hg;ﬁlH (6
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2
We define Jj, ., := %Eie[n] VE(X.™)|| - Hence, we obtain

2
1 jn jn
Tesin < Ton =41 (1= Copsn) ||~ D K( X" VF(XL™)
J€[n] n
= Me+1(1 = CAMe1) Jken + Y110V Jien
+ v 27k+1)\ﬁ Z <VF(X1¢’ )vfk'+1> JrC)\’Yk+1ﬁ Z ‘
]

i€[n] i€[n

2
& +CVe -

By Assumption I —C < Jgn < C'I}, », +C. Hence, for k large enough, there exist a constant
¢ > 0 small enough

I < Ipn(1 — cYig1) + Cyip1/C' iy + C
1 ,n ,n 1
+ v 2’7k+1/\ﬁ Z (VE(X."), &) + C>\')’k+1ﬁ Z

i€[n] i€[n]

. 2
&l + 0. (D

Taking the expectation in Eq. (7), we obtain by Assumption T}

E[lkt1n] SETgn] (1= cver1) + Cveriy/C'E k0] + C + Cypgr -

There exists a constant  large enough satisfying

ck > CVCO'k+C+C.

Hence, as soon as there exists k large enough such that E I, ,,] > &, we obtain E [Ij,41.,] < E [ 5]
Consequently, since  is independent of n, Lem. 2] is proven.

Proof of Lem.[3] Raising Eq. (7) to the square and taking the expectation, we obtain for & large
enough, the existence of a constant ¢ > 0 small enough, such that

E[410] SE[R] (1= &) + OnnE [, + Onn B (12,7 + Oy
As in the proof of Lem.[2] Lem. [3]is proven.

Proof of Lem.|§| By Assumption the sequence (X,i’")ie[n] is exchangeable, i.e. the sequence is
invariant in law by permutation of the indices ¢ € [n]. Then, by Lem. 3} we obtain

-1 1
sup (” —E [F(X;’”)F(XE*”)] +E [F(X;’")QD < 0. ®)
k.n

Going back to Eq. (6) and raising it to the square and taking the expectation, using ||V F(x) I? <

C(|F(z)] + 1) and the exchangeability of (Xf’")ie[n], we obtain the existence of a constant ¢ small
enough, such that

E[FOGE)] < B[R] (1= émn)

n—1

2
+ CYet (nE ‘(VF(X;’”), VE(XP")F(X,™) ‘F(X;’”)

+ %E {HVF(X;’”)

)

€))

In the above inequality, we didn’t write the terms in 77 as they are dominated by the terms in ;. In
the rest of the proof, we bound the second term on the right-hand side of the above inequality. The
other terms are easier and are left to the reader. By Cauchy-Schwarz inequality, we obtain

]

E[(VFX™), VE(XP™) P <[ [Py %@ [mem
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Moreover, by Assumption[2} | VF(z)||? < C'F(x) + C, and

2
< C/QF(X;,n)F(X]z,n) + CC/F(X;JL) + C/CF<X]§7”) + 02 ]

2’ <C(+ \[E[Fxm2)).

<C (E [F(X;’”)ﬂ L E [F(X;’")Q} 3/4> .

|vFo)

2 ’

‘VF(X;")

1 2
IE‘HVF(X,C’") ‘

vFCT)

Hence, we obtain

E[(VF(XP™), VE(XP)P(XL™)

By Eq. (8)), we also obtain
2 1
PO

%IE {HVF(X;”) ] < %(IE [P(xim?] + B[P < .

Going back to Eq. (9), we obtain

E {F(Xlifl)q =2 [F(Xé’")ﬂ (1= &yrt1) + Crea (B {F(X;’")Q} : +E {F(X;’")Q} i +1).

Hence, sup,, , E {F(X;n)ﬂ < oo.

D Tightness results

We define the intensity of a random variable v : Q — Py(R?), as the measure I(v) € P(R?) that
satisfies

VA € BRY), T(v)(A):=E(v(A)).

Lemma 5. A sequence (yu,,) of random variables on P2(RY) is tight if the sequence (I(11,,)) is
relatively compact in Pa(R%).

Proof. This proof is identical to the one presented in 3, Lem. 2]. O

D.1 Proof of Th.[I|and Prop. ]|

First, we state a more general result, which is a consequence of Lem. m
Lemma 6. [3| Prop. 4] The collection of measure (I(m}));, is relatively compact in Pz(C).
Moreover, the collection of random variables (m} )y, is tight.

Next, as the consequence of the above lemma, we obtain the proof of Prop.
Proof of Prop.[I] This is given by [3 Lem. 8].

Proof of Th. Remark that (7o) zm] = uy, for every k. Hence, (mg)4I(m? ). For a compact set
K C P3(C), one can obtain that (m) K is a compact set in P2(R?). Consequently, since I(m2); ,,
is relatively compact in P2 (C) by Lemg@ (I(u2)) k. is relatively compact in Py (R?). This yields
the first claim of the theorem, by Lem.

Moreover,
(i) = Zie[k] Vil (17')
k )
Zie[k] Vi

Since, (I(1})) 1, is relatively compact in P2 (R?), the same holds for (I(fi}!)),». The proof is left
to the reader. By Lem. 5] this finishes the proof.
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E The McKean-Vlasov measures

For every i € P2(R%), we define L (1) which, to every test function ¢ € C2(R9,R), associates the
function L(1)(¢) given by

L(p)(9)(x) = </(—K($,y)VF(y) + VoK(2,y))dp(y) — AVE(2), Vé(x)) + AA¢(x) . (10)
Let (X, : t € [0,00)) be the canonical process on C. Denote by (F;¥);> the natural filtration (i.e.,

the filtration generated by { X : 0 < s < t}).

By a weak solution of the McKean-Vlasov SDE in Definition ] we mean a solution of the martingale
problem defined hereafter. Hence, for the rest of the appendix, we will take the subsequent definition
of V5 into account.

Definition 5. We say that a measure p € P, (C) belongs to the class Vs if, for every ¢ € C?(R4, R),

¢ma—AL@m@mg@

is a (F;¥);>0-martingale on the probability space (C, B(C), p).
We define the function
b(z,y) := —K(z,y)VF(y) + VoK (z,y) — A\VF(2)

With a slight abuse of notation, for a measure € P(R?), we denote b(z, u) = [ b(z,y)du(y).
Therefore, L(1t)(¢)(z) = (b(x, ), Vo(x)) + AAp(x). When b is continuous with linear growth ie.
oz, )| < CA+ ||z| + Hy||) for every z,y € R, the space Vs is Polish.

Lemma 7. [3| Prop. 3] Let Assumptionholds. Vs is closed. Consequently, the space (M, Ws) is
Polish.

In the rest of the appendix, we will use the following property when we want to obtain properties on
the space V5

Proposition 5. Let Assumptionholds. Let ¢ € C(R4 x RY), then for every ty > t; > 0, we
obtain

/¢ (t2, )dps, (z /¢ (t1,z)dpe, (z /t2 Op(t, x)dpy(x)dt

ty

+/t1/<vw(t’x)’b(x’pt»dpt(x)dt+)‘/tl/Ai/)(tw)dpt(m)dt. an

Proof. Let ¢ € C°(RY). Let p € V. By Def.ﬂ 5| the function

t€R+H/¢ )dpi(z // (ps)(0)(x)dps(x)ds

is constant Hence the function ®(¢) := [ ¢(z)dp,(x) is absolutely continuous, with derivative
®'(t) = [Lp)(¢)(x)dpi(x), Wthh is bounded on compacts under Assumption 2| Let €
°° (R+), by an integration by parts, we obtain for every to > t; > 0

| eonwar= [ ¥ @ + o 0.

t1 ty

c

Hence, if we define ¢ (¢, z) := ¥ (x)n(t), we obtain Eq. (TT)). It suffices to remark that functions of
the form (¢, ) — (x)n(t) for every (n,¢) € C(Ry) x C(RY) are dense in C2°(R, x R%),
and the proof is finished. O

Lemma 8. Let Assumptions[2|and[3| hold. Moreover, we assume \ > 0. Let p € V5. For every t > 0,
pt admits a density x +— o(t,x) € C1(R?, R). Moreover, for every R > 0,t3 > t; > 0, there exists
a constant CR 1, +, > 0 such that:

inf t,x)>C 7 "
LR a
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and there exist a constant Cy, 1, > 0, such that

sup ||v9(tv'r)” + Q(t,l‘) < Ctl,t2 . (13)
zERY tE[t,ta]

Additionally,
sup [ (14 o) [Vt )] d < oo (14)
te[tr ta]
Finally,
sup KL(py, ||7) < o0, (15)
pEK

for every compact set K C V.

Proof. The result is an application of [22, Th. 1.2] with the non homogeneous vector field

b(t,z) := [b(x,y)dp:(y). The proof consists in verifying the conditions of the latter theorem.
By Assumptionsand for every (z,y,T) € (RY)? x Ry,

sup |[b(t,2) ~ b(t,y)|| < AIVF(@) - VF@)]
t€[0,T

+ sup [ IVaK(2.2) = Va9 dpi()
te[0,T]

+ s [IVPE K () - K. 9] doi(2)
t€[0,T]

<C(lz—yl” vz -yl),
Moreover,
sup b(t, ) SC(1+H93||+/ sup |lyell dp(y)) < C(1+ |lz]) - (16)
te[0,T] te[0,T]

As A > 0, [22] Th. 1.2] applies: p admits a density z — o(t, z) € Cl(Rd), for 0 < ¢t < T, and there
exists four constants (C; 7, \i 1) e[2)» such that:

! o = 6.1
— <
Cl,Ttd/Q /exp < /\I,Tt dpo(y) = Q(t,l’)
C A
ott.a) < S [exw (22 o = 0:0)I ) donlo)

Cor Ao, 1 2
Vetta)l < iy o (<225 e = 0.1 ) dinte).

where the map ¢ — 6;(y) is a solution to the ordinary differential equation: %&y) = b(t, 0:(y)) with
initial condition 6y (y) = y. By Gronwall’s lemma and Eq. , there exists a constant C such that
10: ()| < Cr|ly||, for every n,y, and t < T'. For every t; < t < to, and every x, we obtain using a
change of variables:

B 4 2 20,
(CLti¥?) ™t > olt, z) > Oty % exp (— ||af|2) /GXP (— : ||2/|2) dpo(y)
At At

/ (1+ |2]?) | Valt, 2)]| da
< Conat7 P [ 2ol 1262, [ Iyl e (~Dassts ! ol*) do,

and || Vo(t, z)|| < C’27t2t1_(d+1)/2 . Consequently, p satisfies Eq. (12)), Eq. (13) and Eq. (T4).
It remains to obtain Eq. (T3). Let K C V3 be a compact set and let p € K. We observe

KL(py, ||Im) < C+/|F($)|dpt1(l‘)+/||10g9(t1,$)\|dpt1(56)~ (17
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By Assumptionl 2| since ()4 K is a compact set in P2(R?), we obtain
sup [ 1F@)dp () < Csup [l (@) <€ sup [ o dute) < o0
HE (e, )4 K
Moreover, by the lower bound and the upper bound on p,

[log o(t1, z)|| < C <1 + |2 +/||y|2dpo(y)> : (18)
Hence, we obtain
sup/ Illog o(t1, x)|| dpt, (z) < o0
peEK

Finally, applying the latter results in Eq. (T7), we obtain Eq. (T3). O

E.1 Sketch of the proof of Prop [3|using Wasserstein calculus

We give a sketch of the proof of Lyapunov using Wasserstein calculus [1]]. This proof is not fully
rigorous because we would need to check th assumptions of the results from [[1] that we are using. In
the next section we give a fully rigorous proof.

Consider p € Vg, i.e., the law of a weak solution (X;); of the McKean-Vlasov equation
X =~ [ (K(X00)VF (@) ~ V2K (Xi00) dpi(y) dt = AVF (X0 dit + VW,

For every ¢t > 0, we denote by p; the marginal of p. In other words, p; is the law of X;.

Using integration by parts, the McKean-Vlasov equation can be represented by
d
dX; = —P,Vlog %(Xt) dt — A\VF(X,) dt +v2XdW,.
7r

From this representation, we can derive the continuity equation satisfied by (p;)y:

0 -
% =V (Ptvt),

where 0, is the velocity field

P v1og‘jl Vo ‘Z:

Using the chain rule in the Wasserstein space [[1, Equation 10.1.16], we have for every functional
F : Po(R?) — (—o00, +00c] regular enough that
d
7 (o) = (VwF(pe), ve) .
where (-, -}, is the standard inner product in L?(p) and Vy F(p) € L?(p) is the Wasserstein gradient

of F at p. In the case where F(p) = KL(p||7r) we have Vi F(p) = Vlog Z—fr, therefore

d dp dps
e 1 —P,Vlog 2% _ \Vlog
@’ ) = <V Ogd v d Vlog o >m
VlogdpPVI dpy Viog P Tlog ¥t
dm dr o dm drm o

Finally, we use that the kernel integral operator is the adjoint of the injection [3]] ¢, : H — L?(p). In
other words, for every f € L*(p),g € H, (f,9), = (P,f, g)n. Here, this property gives
2

dp dpt dp
1 ,P,Vlo = ||P,Vlog —
<VOgd uVlo d7r>pt ‘ wVilog oo
Therefore,
dp 2 dp 2

In other words,

d
%KL(ptHT() = _Islein(pt”’fr) - )‘I<pt||7r)7

and we can conclude by integrating between ¢; > 0 and ¢ > 0.
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E.2 Proof of Prop.[3|

In this subsection, we let Assumptions andhold. Moreover, we assume A > 0.
We consider p € V. Moreover, we define two reels 0 < ¢1 < to.

Let
vy () = — / (K(2,y)VF(y) = VoK (2,y)dpi(y)) — AVF(z) — AVlog o(t,z).  (19)

By Prop[5] with Lem.[8] we obtain

[ vttam)apu(o) - [ witr,2)dp (@)
_ / / Oy, 2)dpy ()t + / tz/(V?/)(t,x),vt(x»dpt(x)dt. 20)

Note that the latter quantity is well-defined, since j; [ |lve(x)]| dpi(x)dt by Lem.|8| Define a smooth,

compactly supported, even function  : R? — R such that [ m(z)dz = 1, and define 7. (z) :=

e~ (x/¢) for every e > 0. For every t > 0, we introduce the densny 0:(t,-) :==mne * pe(t,-), and
we denote by pf (dx) = p.(t, x)dx the corresponding probability measure. Finally, we define:

«._ Nex (vio(t, )
vf = —————
Q¢ (ta )
With these definitions at hand, it is straightforward to check that Eq. (20) holds when p;, v; are

replaced by pf,v;. More specifically, we shall apply Eq. @) using a specific smooth function
1 = e 5, r, which we will define hereafter for fixed values of J, R > 0, yielding our main equation:

/1/)5,573@2,36)@5@2,%)(1%*/ws,gﬁR(tl,l‘)Qs(tl,fﬂ)dl’:

to
/ / (Otbes.n(t,2) + (Ve s r(ts ), 05 () oo (b, 2)dadt . (21)
ty

Let § € C°(R,R) be a nonnegative function supported by the interval [—t1,t;] and satisfying
J 0(t)dt = 1. For every ¢ € (0,1), define 05(t) = 6(t/5)/d. We define o. 5(-, z) := 05 * 0 (-, x).
The map ¢ — o, 5(t,) is well-defined on [t1, t2], non negative, and smooth in both variables ¢, z. In

addition, we define F. := 7. * F. Finally, we introduce a smooth function y on R? equal to one on
the unit ball and to zero outside the ball of radius 2, and we define xg(x) := x(z/R). For every
(t,x) € [t1,t2] X R, we define:

Ve 5. r(t,x) := (log 0 5(t, x) + Fe(x))xr(T) . (22)

We extend 7). sz to a smooth compactly supported function on R, x RY. We define U(z, p;) :=
J(K(z,y)VF(y) — V2K (z,y)dp:(y). Applying Eq. 1) with 9. 5 g,

/weéR (te, z)dpys, (x /%51% (t1,z)dpy, (x)
- / / (Outbes r(t, ) + (Vibe g R (1, 2), 05 ()))dp5 (2)dt

to
= / 01065, x)MXR(x)dmdt

t1 Qa,é(tvx)
o T E) £ Vo o (¢ 2, Tt (TFOe(t ) @)
3[R+ Piog e ste ), BRI

-/ t2/<VFE<x> T Vlog os gt, ), TG CLAEN @)y g ()t

0:(t, )

+ /tj/(log 0e6(t, ) + Fe(2))(Vxr(z), v (x))dp; (x)dt

+ Vlog ¢°(t, 2)) x r(x)dpi (x)dt
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We define, for every ¢ € [ty, 2],
M(0)i= [ vesnlt.2)dsf o),

t
2 0 (t, )
I, = 0005 (t, )22 () dadt,
o= [ [ et e

I3 = /t 2/<VFE(33) + Vlog 0c s(t, ), ne * (VF()o(t, ) (x) + Vo (t, x)) x r(x)dzdt,
114 = /t 7<VFE(I) + Vlog Qs,&(tax)a Ne * (U(a pt)g(t’ '))(‘T»XR(x)dxdt’

M, = / [ 108 0-s(t,2) + F0) (Txno). o () 7 (8 )

And, it holds:

I (o) — My (t1) = Uy — AlI3 — Iy 4 115 (23)
We now investigate successively the limit of each term in Eq. (23) as 4, ¢, R successively tend to
0,0, co.
We state a technical result proven at the end of the subsection.

Lemma 9. Foreverye,z € RY, t — p°(z,t) and t — YV o°(t, x) are absolute continuous functions.
Moreover,

sup |at98(tvm)‘ <C.,
te[ty o],z ERT

for a constant C,; > 0.

Since, by Lem. [8] the mappings ¢ — o.(t,z), z — F(x) and « — p(t, z) are continuous, and by
Eq (12), we obtain
lim lim lim ¢, 5 r(¢,2) = log o(t, z) + F(x). (24)

R—o00e—05—0
By Lem.[8] we obtain
we,&RQa(t» {IT) é CRXR(x) )

for a constant C'r independent of 4, ¢, . Hence, we can apply the dominated convergence theorem and
we obtain lim. _,q lims_,o IT1 (¢t) = [log(o(t,z) + F(x))xr(x)dp:(x). Since p; admits moments
of order 2, we obtain

lim lim lim Iy (¢) = KL(p¢||7) — /exp(fF(a:))dx7
R—00e—006—0
for every t > 0.
In the following, we will obtain the convergence of II,. We obtain
Q¢ (t> -'L')
Qa,é(tv I)

to

to
II, :/ atgg’g(t,m)xR(x)dxdt—i—/

t1 t1

Or0c,5(t, ) ( - 1) xr(7)dzdt .

By Lem.[9] and a convergence dominated argument, we obtain

¢
. 2 0:(t, z) -~ _
}1_% /tl /atgsﬁ(t,x) (gg’g(t,m) 1) Xr(z)dzdt =0.

Moreover,

/tt/ 010 5 (t, x) xr(7)dzdt = /Qa,a(tﬂ)XR(“’”)dx - /Qa’g(tl’x)XR(x)dx.

Since sup,,cga 4~ 0(t, ) < C, we obtain the by dominated convergence theorem

o

R—oc0e—05—0

lim lim lim 9575(t2,x)XR(z)dx—/9575(t1,x)XR(z)dx: /dpt2 —/dpt1 =
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Hence,
lim lim lim Il = 0.
R—o00e—085—=0

Next, we will obtain the convergence of II3. By Lem. [§|and[9] we obtain

e—=06—0

ta
Jim lim T :/ /||VF(33)+Vlogg(t,x)||2XR(x)pt(x)dt.
t1

And by the monotone convergence theorem, we obtain the limit in R:

R—oc0e—06—0

to
lim lim lim I3 = / / |IVF(x) + Vlog o(t, z)||* dp (z)dt .
t1

Now, we will obtain the convergence of II,. We recall that the kernel K is bounded by Assumption 2]
First, remark that an integration by parts yields,

U, pr) = / K(z,y) (VE(y) + Vog o(t,y)) dpe(y)

for every 2 € R?, which is possible by Lem. |8| Hence, taking the limit in 6, £, we obtain

lim lim II4
e—=08—0

- / // K (,9)(VF(x) + Viog o(t, z), VF(y) + Vlog o(t, 1)) x r (x)dpi (x)dpy (y)dt .

Since, by Lem. SUDsery 1] J [IVO(t, 2)]l dz < 00, we obtain
sup [ IVF() + Valt. o)l dpi(y) < 0.
tE[t1,t2]

Hence, taking the limit in R,

lim lim lim II4
R—o00e—0§—0

ta
— [ ][ K@) vE@ + Tiogelt.2). VF@) + Vlog oft, e (a)dpu(w)i.
t1
It remains to study a last term: II5. And, we obtain by Lem. [8|and 9]

lim lim IT; = / 7<1og olt, ) + F(2))(Vxr(x), v(2))dpu(x)

e—08—0
By Eq. (I8) and (T4),
sup / (log o(t, ) + F(2))Vo(t, )| dz < oo.
te[t1,ta]

Now, we remark that | Vx g (x)|| < <. Then,

[E]

sup  [[Vxr@) || |U(z, pi) + VF(2)]| < oo.
te[ty,to],xERY

Consequently, by the two above equations, we can apply a dominated convergence theorem:

lim lim lim II5 = 0.
R— o0 e—06—0

Going back to Eq. (23)), we have shown

to
KL(pt, [[m) — KL(py, [|7) = */ Lsein(pt||) + AZ(pe|m)dt .
ty
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Proof of Lem.[9] Using Eq. and integration by parts,
Q€(t27 .’13) - Qs(tlv )

// (Ve — ). b(y, )y ds+A/ [ e —ydp.oyas

Since p € Pa(C). 5Dy 1) 003> o)l < C(1+ yll) + C [ 5upyes, oy Il dp(). As a con-
sequence, sup;c(1 77 |6(y; pr)|| < C(1 + [ly[|) . Along with the observation that, for any fixed e,
V1. and Ar. are bounded, it follows that ¢t — (¢, x) is Lipschitz continuous on [¢1, t3], and that
its derivative almost everywhere is given by: 9;0°(t,x) = [((Vn:(x — y),b(y, pt)) + AAn(z —
y))dp¢(y). Thus, there exists a constant C; > 0, such that:

sup 0o (t,x) < C..
te[ty,t2],xER?

t — Vo° (¢, ) is also absolutely continuous by the same reasoning.

E.3 Proof of Prop.[]

First, we introduce the Talagrand inequality 75.
Definition 6. The distribution 7 satisfies the Talagrand inequality 75, if there exists o > 0 such that
for every y1 € Po(R?)

2
Wa(p,m) </ —KL(uf|7).

According to [25} Th. 1], LSI implies 75 with the same constant «.
In this subsection, we let Assumptions and Assumption E]hold. Moreover, we assume A > 0.
Let p € V5. By Prop. [3]and Assumption[d] we obtain
ta
KL (g |[7) ~ KL(py |m) < =20 [ KL(pel |
t1
for every to > t; > 0. By Gronwall’s lemma, we obtain KL(py,||7) < e~20At2=t)KL(p,, ||7).
Using the Talagrand inequality 75, we obtain

2 _ _
Wa(pty, ™) < EKL(PnHW)e A=Wy (py, , )

for every to > t1 > 0. Using Eq. (T3), the proof is finished.

F Proof of convergence results

In this section, we let Assumptions and[3|hold. Moreover, we assume A > 0.

First, we show the stronger ergodic convegergence result:
Proposition 6. For every sequence (py,,Yn) — (00, 00), we obtain

; ,LW f", s
lim P [ 2k WV2(7 ) >c| =0,
2iefpn) Vi

for every € > 0. The latter still holds when we replace Wy (-, -) by Wa (-, -)2.

Proof. By Lem.[] it is straightforward to check that [3, Cor. 1] holds under Assumptions[Ijand 2]
The proof consists in identifying the Birkhoff center BCs, defined hereafter.

We define the translation ©; : * € C — x(¢ + -). We say that a point p € Vs is recurrent if there
exists a sequence (¢,,) such that lim,,_,o, (0, )xp = p. The Birkhoff center BC; is the closure of all
recurrent points.

Let A C Vq. Let F : Vo — R be a Ls.c. function such that ¢ — F((O;)xp) is strictly decreasing
when p ¢ A and constant when p € V,. We say that a function F defined as above is a Lyapunov
function for a set A.
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Lemma 10. Let F be a Lyapunov function for a set A. Every recurrent points belongs to A.

Proof. The limit £ := lim;_,o F((0O:)xp) is well-defined because F((O)4p) is non increasing.
Consider a recurrent point p € Vs, say p = lim, (0, )xp. Clearly F(p) > F((Oy,)up) > Y.
Moreover, by lower semi-continuity of F, ¢ = lim,, F((6y, )xp) > F(p). Therefore, ¢ is finite, and
F(p) = ¢. This implies that ¢ — F((©;)4p) is constant. By definition, this in turn implies p € A,
which concludes the proof. O

We define the L.s.c. function F; : p € V3 — KL(pc||7). By Prop. [3] this is a Lyapunov function for
the set

A :={p e Va : Lyen(pe||m) = Z(p||7) =0, Vt > ca.e.}.
For it € P2(C), Z(p||m) = 0 implies o = m, and therefore KL(u||w) = 0. Moreover, t — KL(p||7)
is constant for ¢ > . Consequently,

Ac={peVs: p=m, Vt>e}.

Let p € V5 arecurrent point, say lim,,_,o, (0, )xp = p. By continuity of the projection ()4, we
obtain lim,,_, o0 pt, = po = 7.

Let p € BCs. It is a limit of recurrent points p satisfying pg = 7. Hence, still by continuity of the
mapping (7o), po = 7. This finishes the proof of the fist claim of Prop@

The second claim holds by redoing [3}, Prop.[1]] with W5(-, -)? instead of Wa(-, -)2. O

Next, we state a stronger convergence result.
Proposition 7. For every sequence (@, Yn,) — (00, 00), we obtain

lim P (Wz(ui:,w) > 5) -0,

n— oo

foreverye > 0.

Proof. By Prop.[] we obtain
lim sup Wa(p, ) =0, (25)

t—o0 peK

for every compact K of P(C). Recall that the collection of random variables {m}'} is tight in
P2(C) by Lem. E)} Let (t,,, ) be a sequence such that (,,, p,,) = (00, 00) and such that (m;™"),
converges in distribution to M. To prove Cor. [/} it will be enough to show that

Vd,e > 0,37 >0, limsupP (W2 ((ﬂo)#mi:+T,7r) > 5) <e.

This shows indeed that
n P
Wz ((mo)gmy', m) ———— 0,

(t,n)—(00,00)
and by taking ¢ = 7 and by recalling that (7o) xm} = uj, we obtain our theorem.
Fix § and . By the tightness of the family of random variables {m}}, there exists a compact
set D C P2(C) such that P(m} € D) > 1 — ¢/2 for each couple (t,n). This implies that
M (D) > 1 — £/2 by the Portmanteau theorem. Since Vs is closed by Lem. [7} the set K = D N Vq
is compact in Py (C), and by consequence, it is compact in V5 for the trace topology. By the same
proposition, M (Vq) = 1, therefore, M (IC) > 1 —¢/2.
Since P2 (C) is Polish, we can apply Skorokhod’s representation theorem [4, Th. 6.7] to the sequence
(m{™), yielding the existence of a probability space (€2, F,P), a sequence of P (C)-valued random
variables (p") on € and a P»(C)-valued random variable p>° on {2 such that (p") 4P = (m{") 4P,
(p>)4P = M, and p"™ — p> pointwise on 2. Noting that (79)xm{", , and p} have the same
probability distribution as P2 (R¢)-valued random variables, we show that

a7 > 0, limsupﬁ’(Wg (pp,m) >0) <e, (26)
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to establish our theorem. Applying Eq. (Z3) to the compact KC, we set 7' > 0 in such a way that

sup Wa(pr, m) < 6/2.
peEK

By the triangular inequality, we have
Wa (pp,m) < Wa (o7, p7) + Wa (o7, ) -

The first term at the right hand side converges to zero for each w € Q by the continuity of the function

p — pr, thus, this convergence takes place in probability. We also know that for P-almost all & € Q,
it holds that p>° € V5. Thus, regarding the second term, we can write

P (W (. m) > 0) <P (p™ & K) + P ((Wa (p5,7) > 0) N (p™ € K)).

When p>° € KC, it holds that Wy (p°, m) < /2, thus, the second term at the right hand side of the last

inequality is zero. The first term satisfies P (0™ & K) = 1 — M(K) < £/2, and the statement 26)
follows. Cor.[7is proven. O

F.1 Proof of Th.2l

Instead of seeing .#" as set of random variable on Po(R?), we see it as a set of measures in
P(P2(R%)). We denote such a set as L.

Let € > 0. By contradiction, there exists § > 0, a subsequence (,, — oo and a sequence of measures
V™ € L9 satisfying

/]IWQ(M,TF)>Ean(H) >9.

As shown in the proof of Th.|1| the sequence of random variable (i} : k,n € N*) is tight. Hence,
there exists a measure v>° € Po(R?) such that (v™) converges to > along a subsequence. To keep
the notations simple, we say that ™ — v*°. Since, u € Pg(Rd) = Ty, (u,m) is continuous bounded,
we obtain

/]lW2(,u,7r)>stOO(:U’> >0.

Let (7))« be a sequence diverging to oo such that [iyn =i V", forevery n € N*.

Let €’ > 0, there exists ng such that,

‘ / Ly (uym)>edv™ (1) — / ]le(H,rr)>eanO(N)‘ <

o | ™

Moreover, there exists kg such that
_ g’
’P(WQ(MZ%MW) > 5) - /]1W2(,u,7r)>5dymJ (/J)‘ < 5 .
0
Consequently, there exists a subsequence (@y,, 4, ) — (00, 00) such that

lim P(WQ( " ) >¢€) = /]le(u),r)xdyoo(u) >9.

n—oo
By Jensen’s inequality, we obtain

Pn V2 < 2 ki) wWa (" m)°
B Zke[{;n] Yk

~ W Pn , T 2
lim P Zke[d)n] Y Wa(py, ) >e?| >
n—roo Zke["/}n] ,yk

The latter contradicts the second claim of Prop. [] Thus, the proof is finished.

Consequently,
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F.2 Proof of Th.[3

This is the same proof as Th.[2] But this time, we use Prop. [7]

F.3 Proof of Cor.[T]

By contradiction, assume that there exists 6 > 0 and a subsequence ,,, such that for every n,
limsupy,_, . P(Wa(ai",m) > €) > 6. Assume ¢, = n to simplify the notations. For any n, this
implies that one can extract a subsequence, say (¢ : k € N), such that for every &, P(Wa( Fiaj ) >
) > 6/2. By Th.|1} the sequence (ﬂgg : k € N) is tight, so that there exists v € £™, such that
ﬂz; converges in distribution to v™ as kK — oo, along some subsequence which we still denote by
1y, to keep the notations simple. By the Portmanteau theorem,

lim sup P(Wa (i, 7) 2 €) <P(Wa(v",7) > €). 27)

k—o0

By Th. v™ converges in probability to 7 in P2 (RY) as n — oc. Therefore, P(Wo (v, 71) > ¢) <
/3 for all n large enough. Using Eq. l) it follows that IP’(WQ([LZLL , ) > €) < 0/2 along some

subsequence, hence a contradiction. This proves the first point. The second point follows the same
arguments.
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