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A-posteriori-steered p-robust multigrid and domain decomposition
methods with optimal step-sizes for mixed finite element
discretizations of elliptic problems*

Ani Miraci! Jan Papez! Martin Vohralik' Ivan Yotov®

February 2, 2026

Abstract

In this work, we develop algebraic solvers for linear systems arising from the discretization of
second-order elliptic partial differential equations by saddle-point mixed finite element methods
of arbitrary polynomial degree p > 0 on possibly highly graded simplicial meshes. We present a
multigrid and a two-level domain decomposition approach in two and three space dimensions,
which are steered by their respective a posteriori estimators of the algebraic error. First, we ex-
tend the results of [Miragi, Papez, and Vohralik, STAM J. Sci. Comput. 43 (2021), S117-S145]
to the mixed finite element setting. Extending the multigrid procedure itself is rather natural.
To obtain analogous theoretical results, however, a p-robust multilevel stable decomposition of
the velocity space is needed. In two space dimensions, we can treat the velocity space as the curl
of a stream-function Lagrange space, for which the previous results apply. In three space dimen-
sions, we design a novel stable decomposition by combining a one-level high-order local stable
decomposition of [Falk and Winther, Found. Comput. Math. (2025), DOI 10.1007/s10208-
025-09700-2] and a multilevel lowest-order stable decomposition of [Hiptmair, Wu, and Zheng,
Numer. Math. Theory Methods Appl. 5 (2012), 297-332]. This allows us to prove that our
multigrid solver contracts the algebraic error at each iteration p-robustly and, simultaneously,
that the associated a posteriori estimator is p-robustly efficient. Next, we use this multilevel
methodology to define a two-level domain decomposition method where the subdomains consist
of overlapping patches of coarse-level elements sharing a common coarse-level vertex. We again
establish a p-robust contraction of the solver and p-robust efficiency of the a posteriori estima-
tor. Numerical results presented both for the multigrid approach and the domain decomposition
method confirm the theoretical findings.

Key words: mixed finite element method, multigrid method, Schwarz method, a posteriori error
estimate, stable decomposition, polynomial-degree robustness
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1 Introduction

In many physical problems studying fluid flows, the main focus is to obtain an accurate representa-
tion of the velocity variable. While different discretization methods can be used to approximate the
fluid velocity, the mixed finite element method, see e.g., Boffi, Brezzi, and Fortin [5] and the refer-
ences therein, has been one of the most attractive approaches because of the accuracy, robustness,
and instantaneous local mass conservation it provides. In order to benefit from these advantages,
suitable algebraic iterative solvers should also be considered. One difficulty is that some common
formulations lead to a saddle-point form with an indefinite linear system, see e.g., Benzi, Golub,
and Liesen [4] or Brenner [7] and the references therein.

Amidst a large class of algebraic iterative solvers, multilevel methods such as multigrid methods
and domain decomposition methods with a coarse-grid solve have proven to be efficient, accurate,
and robust in many different applications. For a domain decomposition approach in the setting of
mixed discretizations, we refer to, e.g., the works of Glowinski and Wheeler [27], Cowsar, Mandel,
and Wheeler [17], and more recently to, e.g., Jayadharan, Khattatov, and Yotov [34]. Another
possible approach is that of multigrid methods, see, e.g., Brenner [6] for an optimal multigrid in
a lowest-order Raviart—Thomas setting, Wheeler and Yotov [57] for a non-matching grids setting,
Schéberl and Zulehner [51], Takacs and Zulehner [53], or Brenner, Oh, and Sung [8] for all-at-once
multigrid methods, where all the unknowns are treated simultaneously and the error analysis is
similar to that of non-conforming methods since mesh-dependent inner products are used. An
abstract framework for multigrid convergence in Raviart—Thomas spaces is developed in Arnold,
Falk, and Winther [2]. In some cases, it is possible to rewrite the problem such that, if one first
constructs a suitable initial approximation of the velocity which satisfies a divergence constraint,
then only a symmetric and positive definite divergence-free problem remains to be solved. This
approach was followed in Chavent et al. [15] and then later in Ewing and Wang [23, 24], Mathew [38],
Hiptmair and Hoppe [30], or Cai et al. [11] to develop multilevel solvers for nested spaces. We adopt
the same setting here.

In this work, we present two solvers for mixed finite element discretizations: a multigrid solver
and a domain decomposition solver. Our analysis is however, unified, since our domain decompo-
sition solver fits within our multigrid setting. One iteration of our multigrid solver consists in a
V-cycle with zero pre- and solely one post-smoothing step with additive Schwarz (block-Jacobi) as
a smoother and optimal levelwise step-sizes given by line search at the error correction stage, see
e.g., Heinrichs [29]. This, as in Miragi, Papez, and Vohralik [40] for conforming finite elements,
leads to the following Pythagorean formula for the decrease of the algebraic error in each step:

J
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where i is the solver iteration counter, K is the diffusion tensor, j € {0, ..., J} is the level counter,
wuy is the (unknown) exact algebraic solution, uf, denotes the current iterate, uifl is the iterate
that is being computed via p;, the levelwise smoothing corrections, and )\;- are the levelwise optimal
step-sizes. In particular, formula (1) gives a computable levelwise decrease of the (square of the)
algebraic error by the factors ()‘§HK -1/ 2pé»H)Q. This naturally defines a built-in (no additional
construction is required) a posteriori estimator nélg, representing a guaranteed lower bound of the

algebraic error HK_1/2(UJ — u%)|| on step i
g < [ K12 (us = w)| (2)

In this sense, we refer to the present algebraic solver as a-posteriori steered. Moreover, one can use
the block-smoothing structure of the solver and the definitions of A% to further rewrite the estimator
on the algebraic error as

J
(hag)” = 120"+ 3205 3 1K 2054l (3)
j=1  acV, !

which localizes our estimate on the algebraic error with respect to mesh levels as well as with respect
to vertex patches wj on each level. This multigrid methodology is then used to define a two-level
domain decomposition method, where the subdomains are the overlapping patches of the coarsest
level, a fine level solve is applied on each of them, and a coarse solver ensures uniform contraction.
In particular, our methods do not need any additional smoothing steps or any damping/relaxation
parameters which might require tuning. Details form the content of Theorem 6.1.

Further main results read as follows. First, we prove that the introduced multigrid solver as

well as the domain decomposition solver contract the algebraic error at each iteration, i.e.,

[ B2 = | < o K )], 0<a<, W

see Theorem 6.3 for details. Second, we show that the associated a posteriori estimators are efficient
in that

Mg > B[ K (uy — )|,  0<B<1, (5)

see Theorem 6.2. In fact, proving the two above results is equivalent, owing to the connection
between solvers and estimators as described by the Pythagorean formula (1). Importantly, the
above results hold independently of the polynomial degree p, i.e., p-robustly.

A crucial ingredient needed for our analysis is a polynomial-degree-robust multilevel stable
splitting. In two space dimensions, we can adapt the one on the discrete stream-function Lagrange
spaces from Miragi, Papez, and Vohralik [39], itself obtained by combining the p-robust one-level
stable splitting achieved in Schéberl et al. [50] and a multilevel piecewise affine stable splitting from
Xu, Chen, and Nochetto [59]. In three space dimensions, the recent result by Falk and Winther [25]
yields a suitable p-robust decomposition over one level that we can combine with the lowest-order
multilevel splitting of Hiptmair, Wu, and Zheng [31]. Alternatively, a not necessarily p-robust
decomposition follows by the one-level patch-wise decomposition of a divergence-free velocity owing
to Chaumont-Frelet and Vohralik [13]. We emphasize that the analysis for both the multigrid solver
and the domain decomposition method rely on the same arguments and that the results hold for
simplicial meshes that are quasi-uniform as well as possibly highly graded, i.e., locally refined in
specific regions of the domain. Indeed, even though we consider initial meshes to be quasi-uniform,
the use of local refinement via newest-vertex bisection can produce highly graded meshes which



are included in our analysis. In such a case, the resulting fine mesh, see, e.g., Figure 2, is not
quasi-uniform, meaning that elements which are far away from each other may have very different
sizes, but it is shape-regular since the minimal angles do not degrade.

This work is organized as follows. In Section 2 we present the model problem and its mixed fi-
nite element discretization. The multilevel setting and assumptions used in our theory are collected
in Section 3. In Section 4 we present the a-posteriori-steered multigrid solver with its associated
a posteriori estimator of the algebraic error and in Section 5 we similarly present the domain de-
composition method with the associated a posteriori estimator. Our main results are summarized
in Section 6 and the numerical experiments are presented in Section 7. In Section 8, we state the
crucial p-stable multilevel decomposition for divergence-free Raviart—Thomas piecewise polynomi-
als. In Sections 9 and 10, we then respectively prove it in two and three space dimensions, passing
through intermediate results which can be of independent interest. Finally, the proof of the central
Theorem 6.2 forms the content of Section 11. Some concluding remarks are given in Section 12.

2 Model elliptic problem and its mixed finite element discretiza-
tion

Let Q ¢ RY d = 2,3, be a polygonal or a polyhedral domain with Lipschitz boundary 0 that

is connected (there are no internal cavities). We will use this assumption to ensure the exactness

for the curl operator, cf. Girault and Raviart [26, Corollary 2.4, Theorem 2.9, Remark 3.10] or
Cantarella, DeTurck, and Gluck [12].

2.1 Model elliptic problem

Consider an elliptic partial differential equation in a mixed form modeling, for example, the single
phase flow in porous media:

u=—-KVy, Vau=f inQ, wun=0 ond, (6)

where  is the fluid pressure, w is the fluid Darcy velocity, f is the source term such that [, f(x)dz =
0 in Q, n is the outward normal vector on 92, and K is a bounded, symmetric, and uniformly
positive definite tensor representing the material permeability divided by the fluid viscosity. More
precisely, we assume that there exist 0 < Amin < Amax such that all eigenvalues of K belong to the
interval [Apmin, Amax]. The homogeneous Neumann boundary condition in (6) is assumed merely for
simplicity of exposition; inhomogeneous and mixed boundary conditions can be considered as well.

2.2 Function spaces and weak formulations

Let (-,-)s and ||-||s, S C R%, be the L2(S) inner product and norm, respectively, where we omit the
subscript if S = Q. Define the spaces

V := Hy(div; Q) := {v € H(div;2),v-n = 0 on 0N}, (7a)
W= Li(Q) := {w € L*(Q), (w,1) = 0 in Q}. (7b)

Here, v-n = 0 on 9Q means that (V-v,$) + (v,V¢) = 0 for all ¢ € HY(Q). The mixed weak
formulation of (6), see e.g., Boffi, Brezzi, and Fortin [5], is: find w € V' and v € W such that

(K 'u,v) — (v,V-v) =0 VveV, (8a)
(Vu,w) = (f,w) YweW. (8b)



The saddle-point structure of (8) may cause (after discretization) severe troubles to iterative alge-
braic solvers. Let us thus immediately remind that problem (8) can be written equivalently via the
dual weak formulation: find w € V/ such that

(K 'u,v) =0 VYoveV? (9)

where, for g € LE(Q),
Vi={veV: :Vv=g} (10)

2.3 Mixed finite element discretization

In order to discretize the model problem (8), we use a shape-regular mesh 7, partitioning €
into d-simplices (triangles or tetrahedra). This will be the finest mesh from a hierarchy described
in Section 3.1 below. Then, we fix an integer p > 0 which denotes the polynomial degree used
in our mixed finite element (MFE) spaces V; x W; € V x W. For our setting, we shall work
with the Raviart-Thomas (R7T,) spaces, see Raviart and Thomas [46] for two space dimensions,
Nédélec [44] for three space dimensions, or Boffi, Brezzi, and Fortin [5, Section 2.3.1]. We introduce
the space P,(K) of scalar-valued polynomials of degree p on an element K € 7; and denote
by RT,(K) = [Pp(K)]? + Py(K)x the Raviart-Thomas(-Nédélec) space on K € T;. Define
RT,(T7) = {v; € L*(Q),vs|x € RTH(K) VK € T;} and Py(Ty) := {wy € L*(Q), wy|k €
Pp(K) VK € T;} the broken (elementwise) spaces on the mesh 7 and

V= {’UJ S V,’UJ’K € RTP(K) VK € T]} = RTP(T]) N I{o(diV;Q)7 (11)
Wy = {w; €W, wy|x € Pp(K) VK € T;} = Py(T;) N L3(Q). (12)

Note that Vj is a discrete conforming subspace of V' = Hj(div;Q). In particular, having dis-
crete functions that belong to H (div;{2) means that the piecewise RT) functions satisfy normal
continuity across mesh faces.

We search for uy € Vj and v; € W such that

(K_1UJ,UJ) — (’)/J,V'UJ) =0 Yoy € Vy, (13&)
(

(V-UJ,wJ) = ,wj) Ywy e Wjy. (13b)

As above, denoting V7 := {v; € V;: (V-wy,wy) = (g,wy) Vwy € Wy}, the method (13) can again
be written equivalently as: find u; € VJf such that

(K 'uy,v;) =0 Yv;eVy). (14)

Remark 2.1 (Other choices of discrete spaces). Consider the Brezzi—-Douglas—Marini spaces, see
Brezzi, Douglas, and Marini [9], and denote the elementwise divergence-free spaces B’DM?,(K) =
{v € BDM,(K), Vv =0}, for all K € T;. Let similarly RTH(K) := {v € RT,(K), V-v = 0}.
From Boffi, Brezzi, and Fortin [5, Corollary 2.3.1], one has T\’!T?,(K) = B’DMg(K) forall K € Tj.
Since, after an initial step of constructing a velocity that satisfies the divergence constraint, we only
work with divergence-free functions, the results of this work hold also for this choice of mized finite
element spaces.

3 Hierarchy of meshes and spaces

We introduce here the assumptions on the hierarchy of meshes and the associated hierarchy of
spaces used in this manuscript.



3.1 Hierarchy of meshes

To define our solvers, we consider a hierarchy of nested matching simplicial meshes of Q, {7;}o<j<J,
J > 1, where 7} is a refinement of 7;_1, 1 < j < J, and where 7 has been considered in Section 2.3.

For any element K € 7;, we denote hi := diam(K), and we also use h; := max hg. Let k7 >0
€/j
denote the shape-regularity parameter, i.e., the smallest constant such that

h
max & < ky V0 <j<J, (15)
KeTj pr
where px denotes the diameter of the largest ball inscribed in K.
We will work in one of the two settings corresponding to the two assumptions below. In the
first setting, we assume:

Assumption 3.1 (Mesh quasi-uniformity and refinement strength). There exists a fized positive
real number 0 < Cqu < 1 such that for all j € {0,...,J} and for all K € Tj, there holds

Caquhj < hg < h;. (16)

There further exists a fized positive real number 0 < Cie < 1 such that for all j € {1,...,J}, for
all K € Tj—1, and all K* € T; such that K* C K, there holds

Crethrg < hgx < hg. (17)

In the second setting, we assume that our hierarchy is generated from a quasi-uniform coarse
mesh 7p by a series of bisections, e.g., newest vertex bisection, see, e.g., Stevenson [52] when d = 2
and admissible coarse mesh, Karkulik, Pavlicek, and Praetorius [35] for general coarse mesh when
d = 2, and the recent work Diening, Gehring, and Storn [18] for general coarse mesh when d > 2.
We illustrate in Figure 1 for d = 2 how refining one edge of 7;_1, j € {1,...,J}, leads to a new
finer mesh 7;. Let us now denote by V; the set of vertices in 7; and by B; C V; the set consisting
of the new vertex obtained after the bisection together with its two neighbors on the refinement
edge. Moreover, let hp; be the maximal diameter of elements having a vertex in the set Bj, for
je{l,...,J}. We assume:

\ s 7T, obtained by bisection of 7;_1
by neighboring vertices b;,, bj, on the refinement edge
B new vertex after refinement by,

J1 X

Bj - {bjmbjz’ bj3}

Figure 1: Illustration of the set Bj; the refinement 7; (dotted lines) of the mesh 7;_; (full lines).

Assumption 3.2 (Coarsest mesh quasi-uniformity and local refinement strength of bisection-gen-
erated meshes). The coarsest mesh Ty is a quasi-uniform mesh in the sense of (16), with parameter
0< Cgu < 1. The (possibly highly graded) conforming mesh T; is generated from Ty by a series of
bisections. There exists a fived positive real number 0 < Cioequ < 1 such that for all j € {1,...,J},
there holds

Cloc,quhs; < hi < hp, VK €T; such that a vertex of K belongs to B;. (18)

7



3.2 Hierarchy of spaces

To define our solvers, we also consider a hierarchy of nested mixed finite element spaces associated
to the nested meshes {7}}3]:0. First, fix a sequence of non-decreasing polynomial degrees

0<po<p1 <...<pj=p. (19)
Then, for 0 < j < J, define the levelwise mixed finite element space
Vi:={v; € V, vj|x € RT,,(K) VK € T;}. (20)
We also define, for 0 < j < J, the levelwise divergence-free discrete spaces
VY = {v; €V}, Vv, =0}, (21)

Any sequence satisfying (19) is admissible. In practice, 0 = pp = p1 = ... = pj—1 < pj = p gives
the smallest-possible spaces Vj, lowest-order for all levels except the last one.

4 A-posteriori-steered multigrid solver

We can now develop a multigrid solver for iterative approximation of the discrete problem (13)
using the introduced multilevel setting.

4.1 Setting for patchwise smoothing

The solver we develop involves solving in each iteration: 1) a global coarse-grid problem (global
residual solve, lowest-order if pg = 0); 2) local problems on patches of elements sharing a vertex on
all other grids 7; of the hierarchy (block-Jacobi smoothing, actually explicit smoothing if p; = 0
and d = 2). We begin with the definition of the patches. Let V; be the set of vertices of the mesh
T; and let Vi be the set of vertices of an element K of 7;. Given a vertex a € V;, j € {1,...,J},
we denote the patch associated to a by

T = {K € Tj,a € Vi}. (22)

Denote the corresponding open patch subdomain by wj := interior(U KeﬁaK ). Define the local
MFE spaces on wj associated with T; as

Vit :={v; € Vjlue, v;n =0 on dwi}. (23)
Finally, define

ija,O = {'Uj,a S ‘/}a, V-Uj’a = 0}. (24)
Remark 4.1 (Choice of patch subdomains). Other types of patches can also be considered. For
example, in [39], larger patches, obtained by combining all elements in the coarser mesh Tj_1 that
share a vertex in Vj_1, are also studied. The trade-off is that, though the local problems are larger
in size, there are fewer larger patches. The theoretical results also apply in this case. For simplicity,
we limit the presentation here to the above standard vertex patches.



4.2 Multigrid solver

We now proceed with the definition of the iterative solver.
Algorithm 4.2 (A-posteriori-steered multigrid solver).

1. Initialize uOJ € VJf. Thus, u?, has the requested divergence given by f, and all the subsequent
corrections will be looked for as divergence-free. Let ¢ := 0 and define a tolerance T > 0.

2. Perform the following steps (a)-(d):

(a) Solve the coarse-grid problem: find the global correction pf) € VOO as the solution of the
global residual problem

(K 'p},v9) = —(K 'u’,vg) Vug e V. (25)
Define N, := 1 and the corse-grid update
al = u’ + \yph € VJf. (26)
(b) For higher levels 1 < j < J:

Compute the local corrections pia € V}a’o as solutions of the patch residual problems,
for all level j vertices a € Vj,

(K00 Vja)ws = —(K 'y, v50)0e Y0j0 € VY (27)

Define the levelwise correction pé» € Vjo by

pi= 2 Pla (28)

aEVj
If pé =% 0, define the step size by the line search

(K~'aj_y, p)

A= — (29)
Vi . 2 Y
117205
otherwise set /\é := 1. Define the level j update
U=l + Nipl € V. (30)

(c) Set the next iterate uf]ﬂ = ﬁf] Define the a posteriori estimator of the algebraic error

1/2
7 /

g = | D (K2R (31)
=0

(d) If nglg < 7, then stop the solver. Otherwise seti:=1i+ 1 and go to step 2.



4.3 Remarks and basic properties

Remark 4.3 (Initialization and its cost). The first step of Algorithm 4.2 is to construct a function
ug € V; with a prescribed divergence, (V'ug,wj) = (f,wy) YVwy € Wy. This is a generic question
studied in, e.g., Alonso Rodriguez et al. [1], see also the references therein. In the multigrid setting,
Algorithm 8 of Papez and Vohralik [45] finds a suitable ug and consists in a coarse grid solve and
one multigrid-type iteration.

Remark 4.4 (Cost per iteration). Algorithm 4.2 is a multigrid V(0,1)-cycle on the hierarchy of
the divergence-free spaces V}O from (21). This means that there is zero pre-smoothing and merely
one post-smoothing step. The coarse-grid problem (25) is of the lowest-order if po = 0 in (19).
The patch problems (27) are then of size 1 x 1 ifd =2 and p; =0, 1 < j < J —1, since the
dimension of the spaces V}a’o from (24) is then one (they are spanned by the rotated gradient of the
hat functions). In contrast, the patch problems (27) grow quickly in size with the polynomial degree
pJ, which, recall, is always equal to p from (19). Nevertheless, they can always be solved in parallel,
since our approach is of additive Schwarz type. A crucial ingredient both in theory and in practice
is then the line search (29), which, though not parallel, merely consists of two integrations/scalar
products.

Remark 4.5 (A—posteriori—steered solver). Note from step 2c¢ of Algorithm 4.2 that both the new
solver iterate u?‘l and the a posteriori estimator Malg of the algebraic error are constructed from

the levelwise algebraic residual liftings pé and the step size parameters )\; In this sense, the solver
has a built-in algebraic error estimator and that s why we call it a-posteriori-steered.

Remark 4.6 (Compact formulas). The new iterate can be written in the compact form

“Ll—uj—i-Z/V i 2 uJ—i-pO—l—Z/\ Zp% (32)

= acV;
It is also easy to see that the local updates satisfy for j € {1,...,J}

j—1
(K00 vja)ws = — (K 'y, 050)0e — N (K71 ph, vja)ue Ve € VA (33)

m=0

Now, we explain through the following lemma that the choice of the step-sizes (29) leads to the
best possible decrease of the algebraic error along the direction given by pé, as also seen and used
in, e.g., Heinrichs [29] and [40, 41].

Lemma 4.7 (Optimal step-sizes). For j € {1,...,J}, the step size )\;- defined in (29) satisfies

X! = argmin|| K2 (uy — (@h_; + b)) ||. (34)
A€eR

Proof. The result follows from determining the minimum of the quadratic function

B2y = (@ + Ao | = ([ g = || = 20K g~ @51), )
+ N[BT
W K2y — @i )|? + 20Ky, o)

+ N[BT 5
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Here, in the second equality, we have decisively used that the levelwise correction/algebraic residual
lifting p;'- is conforming and divergence-free, i.e., it belongs to the space VJO, which allows to
eliminate the unknown exact solution w; from the second term in the development via (14). The
above expression implies that

)\min = - (Kilﬁ;‘_l? pg) .
11725

O

Lemma 4.8 (Norm of the levelwise corrections as sum of norms of the local corrections). For pé-
given by (27)-(28), j € {1,...,J}, we have

Z HK_1/2pi' Hi? (Z) _ Z (K_lﬁi p‘?’a)w]q' (2:8) _(K—la‘z;_l’pé) (2:9) )\;HK_l/QPZHQ (35)

J,a j—1» J
acy; acy;

5 A-posteriori-steered domain decomposition solver

In this section, we present how to adapt the multigrid methodology developed in Section 4 to a
domain decomposition setting.

5.1 Setting for subdomains and a coarse grid

We consider a hierarchy of two nested matching meshes of 2, denoted by Tz and T, where the
mesh T}, is obtained from T by a sequence of refinements. More precisely, in the setting of Section 3
with the multilevel mesh hierarchy {7;}o<j<s, we take J > 1, Ty := Ty, and Tp, := T;. Only the
levels H and h will be used in the algorithm for the domain decomposition, whereas all the levels
0 < j < J will be used in the theoretical analysis. If Ty is obtained from 7, by a sequence of J
uniform refinements, then we obtain J = logy(H/h).

Denote by Vg the set of vertices of Ty and Vi the set of vertices of an element K of Tgy. For
each coarse vertex a € Vy, the associated patch of coarse elements sharing a is 75 = {K €
Ta,a € Vi}. Next, we denote the open patch subdomain corresponding to 7 by w$. These
will be used as subdomains for the overlapping domain decomposition method. Figure 2 gives an
illustration. Define the global and local MFE space as

Vg =Vy, V=V V5=V V2:=V} (36)
and
V= {vp € Vilwe, vpmn =0 on dwf }. (37)

Remark that the latter spaces are restrictions of the fine-mesh MFE space V; on the subdomains
w$ with homogeneous Neumann boundary conditions on the whole boundary of the subdomain
w. Finally, define their divergence-free subspaces as

VA= {vp 4 € V2, Vovpq = 0}. (38)

11



Figure 2: Patch in the two-level overlapping additive Schwarz method: coarse grid T (left), fine
grid Ty (right). The highlighted patch consists of four coarse elements of 7Tz which share a vertex
and form a subdomain. The subdomains (coarse patches) are discretized with the fine grid 7.

5.2 Domain decomposition solver: overlapping additive Schwarz with a coarse-
grid solve

Our domain decomposition solver is similar to the multilevel Algorithm 4.2 in the case of two levels
only. It reads:

Algorithm 5.1 (A-posteriori-steered additive Schwarz domain decomposition solver).
1. Initialize u% € Vhf Let i := 0 and define a tolerance T > 0.
2. Perform the following steps (a)—(d):

(a) Solve the coarse-grid problem: find the global correction p'y € ng as the solution of the
global residual problem

(K~ 1pi,vy) = —(K tul,vy) Yoy e V. (39)
Define the corse-grid update
uly = u) + ply € Vhf. (40)

b) Compute the local corrections pi =~ € V;*Y as solutions of the subdomain residual prob-
p ph,a h
lems, for all coarse mesh vertices a € Vy,

(K7 0} g Vha)og = —(K  ul, vpa)us  Yopa € Vi (41)

Define the overall correction p’,'L € Vh0 by

Phi= Y Pha (42)

acVyg
If pi # 0, define the optimal step size by
(K uy,p})
Ap == K12 2 (43)
12

otherwise set )\Z = 1.
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(c) Set the next iterate
ultt = uly + Noph e V. (44)

Define the a posteriori estimator of the algebraic error
i, —1/2 i ||2 i —1/2 i |]\2 1/2
g = (1K 200]” + (| 7201])7) (45)
(d) If nglg < 7, then stop the solver. Otherwise set i :=1i+ 1 and go to step 2.

Remark 5.2 (Initialization and its cost). The first step of Algorithm 5.1 is again to construct a
fine-level Raviart—Thomas field with a prescribed divergence, u% € Vhf. In the domain decomposition
setting, Ewing and Wang [23, Theorem 3.1] propose an algorithm which consists in a coarse grid
solve and of one step of a nonoverlapping domain decomposition iteration. Its more elaborate
version is Construction 5.1 of Bastidas Olivares et al. [3].

Similarly to Lemma 4.8, we also have here:

Lemma 5.3 (Norm of the overall correction as sum of norms of the subdomain corrections). For
p. given by (41)-(42), we have

S K okl @ = 3 (K i phaleg, (K ) B

acVy acVy

6 Main results

We now present our main results for the multigrid solver of Algorithm 4.2 and the domain de-
composition method of Algorithm 5.1. To unify the presentation, we suitably equivalently use the
symbols J and h and similarly for 0 and H.

6.1 Error representation and localization on each solver step

First, we present an important error reduction property of the solvers, following as in [40, Theo-
rem 4.7].

Theorem 6.1 (Error representation and localization on each solver step). There holds
_ 2 ;
1B (g = P = ([ (g = )| = () (47)

Moreover, the above formula can be localized patch-wise and levelwise by rewriting the a posteriori
estimator of the algebraic error for Algorithm 4.2 as

(nélg)Q _ HK—l/Q 7 Z)\z Z HK 1/2 z } (48)
= acy;
and, for Algorithm 5.1, as
(niag)” = 1K 20l [+ X, D2 (1K 20} a2 - (49)
acVy
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Proof. We first present the proof in the case of Algorithm 5.1. The error representation (47) is
obtained by using the definition of optimal step-sizes and visiting the levels from fine to coarse

K2y — i) |[P K2 (0 — )P = 20 (K (g — uiy), o)) + (V]| K202
W K12 (0 — i) |+ 20 (K, p}) + (|| K203 [)
D K2y — )| - (N K 204)
(40),(39)
) _ i - i i i
12— uf)|* = [ K0k — (] K 763])
DK 2wy )|~ ()

We proceed similarly for Algorithm 4.2. Indeed, recall that the levelwise update (30) gives

J—1
wy_y =+ Y Np, (50)
7=0
and the step-size (29) for the finest level gives
(K ahor.py) = =XK1 (51)

Thus it holds that

J
B2y — it )| (32) HK—1/2(uJ — (u + ) Xiph)) H2
=0

. Il . 2 ) . -1 . . .

2 g = Gty Yo N |+ 2N (Bl Y N R ) + (N K200 )°
j=0 =0

(50) —1/2 . J71 . 2 ) 1~ . . ~1/2

= BT (wg = (ul+ 3 Xop)) |+ 20 (K, p) + (X | K200 ]])?
j—O

(51) K- 1/2 uJ—’_Z)‘l i _()‘?}HK 1/2 zH)

<

o Ry )P S ) ) Ry ) ()
=0

where we have proceeded similarly as for the finest level J on the coarser levels. The localized
writing of the a posteriori estimator (48) (resp. (49)) then follows then from its definition (31)
(resp. (45)) and patch-localization (35) (resp. (46)). O

6.2 Reliability and efficiency of the estimate on the algebraic error

For the a posteriori estimators we introduced, there holds:

14



Theorem 6.2 (p-robust reliability and efficiency of the algebraic error estimators). Let either
Assumption 3.1 or Assumption 3.2 hold. Let uf] € VJf be arbitrary. Let nglg be constructed from
u’, by (31) in Algorithm 4.2 or by (45) in Algorithm 5.1. Then, there holds

|2 (g — )] > 1y (52)

and ' ‘
Bl K2 (wy — uh)|| < miggs (53)
where 0 < 8 <1 only depends on:
e the mesh shape reqularity parameter kT,

o the parameters Cqu and Cief when Assumption 3.1 is satisfied or the parameters C’gu and
Cloc,qu when Assumption 3.2 is satisfied,

e the diffusion inhomogeneity or anisotropy ratio Amax/Amin,
o the domain Q) if d =3, and

e at most linearly on the number of mesh levels J (i.e. on logy(H/h) if Ta is obtained from Ty,
by a sequence of J uniform refinements).

The proof is given in Section 11. Note that the fact that the fully computable estimator nglg
is a guaranteed lower bound on the unknown algebraic error, cf. (52), is an immediate consequence
of (47), as the left-hand-side term in (47) corresponding to the new algebraic error is nonnegative.

6.3 Error contraction on each solver step

Finally, for the two solvers, there holds:

Theorem 6.3 (p-robust error contraction). Let either Assumption 3.1 or Assumption 3.2 hold.

Let uf] € VJf be arbitrary. Let uffrl € VJf be constructed from uf] on step 2 of Algorithm 4.2 or on
step 2 of Algorithm 5.1. Then, there holds

513y )] < all Ky — ) (54
where 0 < o < 1 is given by o = \/1 — 32 with B the constant from (53).

Proof. The (immediate) proof follows from the crucial error representation formula (47), implying
equivalence of (53) and (54), as in [40, Corollary 6.7]. We present it here for completeness. Starting
from (54) with 0 < a < 1,

HK_l/z(UJ _ “fJH)HQ < a2||K_1/2(uJ . Uf})HQ
BT K2y — )| = (g)? < 02| KV 2wy — i)

= (1- )| K2 (uy —uh)||? < (i)
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7 Numerical experiments

In this section, we present numerical experiments for the multigrid solver of Algorithm 4.2 and
the domain decomposition method of Algorithm 5.1. Though the implementation aspects are not
the main focus of the work, we point out that several options are possible. One can possibly use
divergence-free basis functions; for some early contributions on this subject, see, e.g., Thomas-
set [54], Hecht [28], or Scheichl [48, 49]. This approach may, however, be involved, especially in
three space dimensions and for higher polynomial degrees p. We follow here another approach,
which consists in using basis functions of the entire spaces V; from (11); these are typically avail-
able in finite element software packages. Then, to solve the problems (25) and (27) (or, similarly,
(39) and (41)), one uses the fact that they are equivalent to coarse-grid/local saddle-point problems
just as (14) is equivalent to (13). Then, no divergence-free basis functions are needed. A special
attention for the choice of the basis functions and quadrature formulas needs to be paid when high
polynomial degrees p are used, cf., e.g., Kirby [37], Brubeck and Farrell [10], and the references
therein.

The experiments are designed to highlight our crucial result stating the p-robustness (proven in
Theorems 6.2 and 6.3). For this reason, we stop the iterations when the a posteriori algebraic error
estimator nélg is reduced by the factor 10°; p-robustness is indicated by the number of iterations
independent of the polynomial degree p. The experiments are presented for meshes arising from
both uniform and local adaptive refinement. For the latter, we employ newest vertex bisection,
see e.g. Mitchell [42], Traxler [55], or Stevenson [52], using Dorfler’s bulk-chasing criterion, cf.
Dorfler [19], with marking parameter 6.k (specified below) and the true discretization error (in-
stead of a discretization error estimator) for the sake of reproducibility. This criterion reads as:
find a set of marked elements M ; C 7 of minimal cardinality that satisfies

ot [ K 2w —w)|[|" < D70 K2 (=)
KeMjy

Thus, in the local adaptive case, the obtained mesh hierarchies can be highly graded. Moreover,
since we aim to compare the performance of the solver with respect to increasing polynomial degree
without other parameters changing, the mesh hierarchy is pre-computed once for each problem using
p =1 and re-used in all experiments.

We consider the following test cases for d = 2 (we always take u = —KV+y and compute f
correspondingly):

e Smooth test case and uniform mesh refinement. This test is taken from Ewing and
Wang [24]:

v(z,y) = cos(mx)cos(my), Q= (0,1)>. (55)

The initial (coarse) mesh size is taken to be 0.5 and K = I. The refinement is uniform: each
existing element is split into four congruent ones by joining the midpoints of its edges.

e Well wavefront test case and adaptive mesh refinement. This test case is taken from
Mitchell [43]:

y(r) = tan"  (a(r — rp)), Q= (0,1)%, (56)

where 7 = \/(z — 2.)? + (y — yc)? and the parameters are a = 1000, z. = 0.5, y. = 0.5,
ro = 0.01. The initial (coarse) mesh size is taken to be 0.5, K = I, and the bulk-chasing
parameter for the adaptive refinement is chosen to be Oy, = 0.7. Figure 3 (left) showcases
the mesh obtained after J = 10 refinements, zoomed in the vicinity of the “well”.
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e Checkerboard diffusion test case and adaptive mesh refinement. Consider a singular
exact solution written in polar coordinates as

’7(’/’, 90) = Tﬁ{/"((p)ﬁ Q= (_L 1)2’

where we follow Kellogg [36] to define u(p) and have a regularity parameter v = 0.0009 and
diffusion contrast 2001 405.429972. We illustrate the diffusion coefficient across the domain
in Figure 3 (center). This problem has non-zero Neumann boundary conditions, and the
implementation is done by re-adjusting the right-hand side first. The initial mesh size is
taken to be 1 and the bulk-chasing parameter for the adaptive refinement is chosen to be
Omark = 0.3; see Figure 3 (right) for the mesh in the graded hierarchy obtained after J = 20
refinements.
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1 .. wzes os
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(57)

-1

-1 08 06 04 02 0

02 04 06 08 1

Figure 3: Left: mesh (zoomed in) used for the well wavefront test case (56), obtained after J = 10
local adaptive refinements and consisting of 9814 elements. Center: variations of the coefficient
c(z,y) for the piecewise constant diffusion tensor K = c¢(z,y)I across the domain for the checker-
board test case (57). Right: mesh used for the checkerboard test case (57), obtained after J = 20
local adaptive refinements and consisting of 1038 elements.

Table 1: Summary of problem sizes in mesh elements and number of degrees of freedom for all the
test cases, multigrid and domain decomposition solvers, different polynomial degrees p = 1,6, and
mesh hierarchy of J levels.

Smooth Wellwavefront Checkerboard
J=5 J=12 J=28
p=1 p=©6 p=1 p==©6 p=1 p=©6
#DoF (mixed) 130816 1318016 191 486 1927051 33195 334215
#DOF (div-free) 82176 861056 119734 1256 969 20794 218134
#T; 16384 16384 23940 23940 4153 4153
#To 16 16 16 16 2 24
MG min/max #elements 2/6 2/6 2/10 2/10 2/9 2/9
min/max #DoF (mixed) 11/41 147/462 11/69 147/770 11/62 147/693
(per pateh) i /max #DoF (div-free) 6/24 91/294 6/40 91/490 6/36 91/441
b min/max #elements 2048/6144 2048/6144 97/22785 97/22785 20/3898 20/3898
- . min/max #DoF (mixed) || 16256/48960 164416/493920 | 749/182203 7714/1833923 | 146/31156 1561/313691
(per subdomain) s ax #DoF (div-free) || 10112/30528  107072/321 888 | 458/113848  4998/1195943 | 86/19462  1001/204547

As for the choice of the polynomial degrees per level, recalling (19), any non-decreasing sequence
is authorized, allowing in particular for the lowest degree p = 0 in the coarse solve, which was tested
variedly in [39]. Here, we rather opt for the same polynomial degree p on every level, including the
coarsest one, i.e., pj = p for 0 < j < J. The different mesh settings and numbers of unknowns are

summarized in Table 1.
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In the smooth and well wavefront test cases, using the highest polynomial degree and highest
number of mesh refinements leads to saddle-point algebraic systems from (13) with ~ 2-10% degrees
of freedom. In the checkerboard test case, due to the point singularity, meshes are aggressively
refined towards the origin. In this case, a number of J = 28 refinements yields a finest mesh of
overall 4153 triangles, but the ratio of the largest to smallest triangle is of order 10'%. After this
point, numerical computations on further refined meshes start to become numerically unstable in
double precision if no specific treatment is considered.

7.1 Efficiency of the a posteriori error estimator of the algebraic error

Figure 4 gives the effectivity indices of the built-in a posteriori estimators 77;1g of the algebraic

error | K~Y2(uy —u) | for the multigrid solver (left) and the domain decomposition solver (right)
for the different test cases. Recall that 77;1g are respectively given by (31) and (45), whereas the

effectivity indices are given by 77;1g /HK “12(uy — uf,)H From Theorem 6.2, we know that the
effectivity indices have to be smaller than or equal to 1 but cannot drop below the constant 3, and
this uniformly in the polynomial degree p. This p-robustness is confirmed in Figure 4.

7.2 Contraction factors of the solvers

In Figure 5, we report the contraction factors HK*1/2(uJ - uf]“)H/HK*l/Q(uJ —u%)||. From
Theorem 6.3, these have to be bounded by the constant «, in particular uniformly in the polynomial
degrees p, which we indeed observe. More precisely, often, even a stronger initial contraction for
higher p appears, and then the contraction behaves very similarly for different polynomial degrees
throughout the rest of the iterations.

7.3 p-robustness in the number of iterations

Table 2 shows how the p-robustness of the solvers translates to stable (or even decreasing) iteration
numbers necessary to reduce the initial a posteriori algebraic error estimator 77;1g by the factor 10°.
The performance of the multigrid and the domain decomposition solvers appears to be very similar
for the smooth solution and uniform refinement case, though the multigrid iteration numbers are
slightly smaller overall. Robust numerical performance is also seen in the well wavefront case despite
a rougher analytic solution and a larger number of levels in the graded mesh hierarchy. Though we
do not refine uniformly here, we still numerically observe no degradation of number of iterations
for increasing p with respect to the number of mesh levels J, probably since the solution is regular
enough. It is interesting to note that the domain decomposition method requires slightly smaller
iteration numbers compared to the multigrid. An interpretation of this observation can be that as
the hierarchy has more levels, the subdomain problems can correct the algebraic error much better
due to the size of the local problems compared to the smaller patches used in the multigrid. In the
checkerboard case exhibiting a singular solution, the iteration numbers increase with the growth of
the number of mesh levels, in at most a linear way, which is in accordance with our main theoretical
results; observe, however, that the iteration numbers remain stable (or decrease) with respect to p.
This can be seen more easily in the case of the multigrid solver, whereas the increase is very mild
for the domain decomposition method; therein, however, much larger subdomain problems have to
be solved.

18



MG solver, smooth solution, J =5 DD solver, smooth solution, J =5

9 099 £ ©-p=1 b 0995 £ —©-p=1
% 098 —+p=2 _g 099 [ ——p=2
B 097 | A P :g = 0985 ¢ p=3

vpr= 098 [ —“7Fp=6
> >

= 0% < k= 0975
% 0.95 % 007 b
5 0.94 b5 0965
aq:'; 093 - Uq:‘) 096 b

092 b \'_/ 0.955 |-
’ 095 |
0.91 0945 £

L L L L L L L L L L |
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8 9 10

iteration iteration
MG solver, well wavefront solution, J = 12 DD solver, well wavefront solution, J = 12
1r- 1
o 098 [ —-©o-p=1 o -©-p=1
(0] 096 [ ——p=2 (5] 099 —+—p=2
E 094 [ ) p=3 E 0.98 [’_3
= 0329 E : +p=0 B ow
'E 0.88 E 096
5 0.86 8
&= =] 0.95
[} 0.84 ()
0.82 |- 0.94
08 . . . . . . . . . ) 093 . . . . )
0 1 2 3 4 5 6 7 8 9 10 11 0 1 2 3 4 5 6
iteration iteration
MG solver, checkerboard solution, J = 28 DD solver, checkerboard solution, J = 28
.
0.98 -
gj 5 0.96
el gl
E=] £ 094
42) 425 0.92
B S 09
§ ‘g 0.88
&= & 0.86
(9} ]
0.84
0.82
0 10 20 30 40 50 60 70 80 0 2 4 6 8 10 12 14
iteration iteration

Figure 4: Effectivity index nglg / ||K —1/2 (uy —uf]) H of the a posteriori estimator nélg for the algebraic

error || K 2wy —ut) |- Multigrid solver of Algorithm 4.2 (left) and domain decomposition solver
of Algorithm 5.1 (right).

7.4 Adaptive number of smoothing steps in the multigrid solver

In addition to the efficiency of the estimator 77é,1g7 Theorem 6.2 together with Theorem 6.1 have yet
another important consequence: from (48), nglg provides a localized estimation of the algebraic error
by levels (and by patches). This is the starting point for an adaptive extension of the multigrid solver
following [40, Definition 7.1]. Here we run an experiment with the solver setting the adaptivity
parameter 0,1, to 0.3. Instead of employing just one post-smoothing step in Algorithm 4.2 on each
level (which, from Theorem 6.3, in contrast to the usual case, is sufficient for overall contraction), an
adaptive criterion based on the localized writing of nglg discerns whether additional smoothing per
level is beneficial. More precisely, we continue smoothln§ on the given level j if the contribution of
the squared error decrease from level 7, ()\;~)2HI(—1/2pJ H )\’ aEV] HK‘I/Qp] aH o is significant

(employing the parameter 6,1,). In Table 3, we present a comparison with the non- adaptlve variant
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Figure 5: Contraction factors of the solvers given by HK*1/2(uJ — uf]H)H/HK*l/Q(uJ —ub)|.
Multigrid solver of Algorithm 4.2 (left) and domain decomposition solver of Algorithm 5.1 (right).

for the well wavefront test case. The comparison is done in terms of the iteration numbers (#iter.)
coinciding with the total number of V-cycles needed to decrease the relative a posteriori estimator
of the algebraic error nglg by the factor 10°, of global synchronizations (#sync.) coinciding with the
sum over iterations of the number of smoothing steps and coarse solves, and we moreover display the
mean and maximum number of smoothing steps (#smooth.). This approach aims to reduce costs
by: 1) lowering the overall number of V-cycles, since intergrid operators for a hierarchy consisting
of many levels can become more costly; 2) employing more smoothing steps on lower levels where
there are less patches and smoothing is cheaper. As we see from Table 3, the estimator correctly
identifies levels requiring more smoothing leading to improved numerical performance by adding
one to two more post-smoothing steps only.
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Table 2: Number of iterations needed for the multigrid solver and domain decomposition method to
decrease the relative a posteriori estimator of the algebraic error nglg by 10°, for the test cases (55)-
(57) and different polynomial degrees p, number of mesh levels J.

Smooth Wellwavefront Checkerboard
J=3 J=4 J=5 J=4 J=38 J =12 J=T7 J=14 J =28
P |l MG DD ‘ MG DD ‘ MG DD || MG DD | MG DD | MG DD || MG DD | MG DD ‘ MG DD
11 8 9 8 9 7 9 12 9 10 5 10 5 19 10 | 37 13 | 8 13
2 9 9 8 9 7 9 12 7 10 5 8 5 16 11 30 12 64 12
31 8 8 7 8 6 8 10 7 9 5 8 5 15 11 | 26 11 | 56 12
6 5 7 4 7 4 7 9 4 8 4 6 4 11 10 18 10 37 11

Table 3: Comparison of Algorithm 4.2 and its version with adaptive number of smoothing steps
for the well wavefront test case (56), different polynomial degrees p and number of mesh levels J.

J=4 J=38 J =12
#iter. #sync. #smooth. #iter. #sync. #smooth. Fiter. #sync. #smooth.
p || adapt/MG adapt/MG mean/max | adapt/MG adapt/MG mean/max | adapt/MG adapt/MG mean/max
1 7/12 55/60 1.83/3 7/10 98/90 1.81/2 7/10 133/130  1.71/3
2 6/12 47/60 1.88/3 6/10 83/90 1.84/2 6/8 111/104  1.71/3
3 6/10 44/50  1.76/2 5/9 66/81  1.83/3 5/8 83/104  1.60/3
6 5/9 35/45  1.75/2 5/8 63/72  1.80/3 4/6 56/78  1.44/2

7.5 Localization of the algebraic error on levels and patches

While in the previous section we focused on adaptivity based on the levelwise localization of the
efficient a posteriori estimator nglg,

J
(niae)” = > (G E205))%,
§=0

we now investigate numerically the accuracy of the localization both in patches and levels,

J

) = 12+ 30 5 K200
j=1  a€y;

In Figure 6, we present the patch contributions for different levels of the hierarchy. Since the
patches overlap, for ease of visualization, we use the Voronoi dual graph of the triangular mesh
connecting the centers of each triangle leading to non-overlapping polygonal representations of the
patches. The estimator captures correctly the distribution and the magnitude of the algebraic error
throughout the mesh hierarchy. It is interesting to point out that the algebraic error is situated in
the regions related to mesh refinement. This is in line with a rich literature on multilevel methods
for graded meshes. From the adaptive meshes perspective, smoothing should take place in the
patches that were modified in the refinement step, see Section 7.6 below. From the multilevel
solver perspective, the local refinement process can also be steered by fully adaptive multigrid
method, see, e.g. Riide [47].

7.6 Local smoothing in the multigrid solver

Local solvers as in Chen, Nochetto, and Xu [16], Wu and Zheng [58], or Innerberger et al. [33] allow
the solver to tackle only smaller regions in the smoothing phase on each level: this crucially reduces
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Figure 6: Checkerboard problem, J = 9, zoomed towards the origin. Left: patchwise distribution
of the contribution of the algebraic error ||K -1/ 2(uy — uf])H to the given level j on iteration

i = 7 (denoted as ||K -1/ 21);-qu) (first column) compared to the a posteriori estimator of this
J

algebraic error contribution (Aé)% HK -1/ 2p§-7an¢.1 (second column) for selected levels j = 3,6,9 in
J

the hierarchy and p = 1. Right: same experiment for p = 3.

the complexity of the solver, a question that becomes vital when using solvers in combination with
adaptive mesh refinement algorithms. Thus, we present here the local multigrid solver as a simple
modification of our multigrid approach of Algorithm 4.2: instead of smoothing on all patches on
each level, we only employ smoothing to patches associated with vertices which are new on the
given level with respect to the previous one, as well as existing vertices whose patch has shrunk
in size in the mesh refinement step. Recall that each patchwise problem solved via the V-cycle of
multigrid provides a local error correction. In comparison, by only smoothing locally relative to the
mesh-refinement, the V-cycle of the local multigrid will only give certain — the bulk — of the error
corrections of the non-local multigrid. This is to say that the larger error components are localized
relative to the mesh-refinement and precisely these components are tackled by local smoothing.
In Table 4, we present a comparison of the original Algorithm 4.2 (MG) with its local modifi-
cation (locMG). We focus on three aspects. 1) To showcase the localization advantage of locMG
through the savings in terms of the number of patch-wise solves, we display the ratio of the average
number of patches where smoothing applies in the locMG to all patches (the MG case) (# patches).
2) To present the quality of the error correction, we rely on (47) and (48) to express the computable
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error decrease of multigrid as

|2y =l = B2 = )P - [ K20 ZA’ > K2 e
= acV;
Similarly, we have for the local version of multigrid

HK—I/Q(U 7:]+1 H HK 1/2 u H HK 1/2 ’L Z)\’L Z HK 1/2 ’L

= aeVJr

allze

where now the sum is taken only over the new vertices and immediate neighbors V;r C V;. Denoting
by ima and dema the number of iterations of the multigrid and local multigrid, respectively, the
average computable decrease in MG is given by

IMG

> (I +ZM > IE 2l ). (58)

7
MG = acV;

Likewise, the average computable decrease in locMG is given by
1 1ocMG

> (Il +Z» > IE 20l ). (59)

1
locMG i—1 _ aeVJr

Thus, we present in Table 4 the ratio of (59) to (58) to compare the error correction (error corr.).
3) To compare a global performance, we show the ratio of the overall number of iterations of
locMG to MG (iter.). One can see that the decrease of the algebraic error per iteration is indeed
comparable for both methods, while the local multigrid employs a considerably smaller number of
patchwise smoothings/local corrections on each level.

Table 4: Comparison of Algorithm 4.2 and its version with local smoothing for the checkerboard
test case (57), different polynomial degrees p and number of mesh levels J.

J=17 J=14 J =28
# patches erTor CorIT. iter. # patches error Corr. iter. # patches error CorIT. iter.
p || locMG/MG locMG/MG 1locMG/MG | locMG/MG 1locMG/MG locMG/MG | locMG/MG locMG/MG 1locMG/MG
1 0.30 0.95 1.05 0.31 0.89 1.05 0.34 0.94 1.04
2 0.30 0.99 1 0.30 0.96 1.03 0.32 0.96 1.01
3 0.30 0.98 1 0.31 0.95 1.04 0.32 0.92 1.03
6 0.30 0.99 1 0.21 0.94 1.06 0.25 0.95 1.03

Finally, let us mention that the local smoothing region can also be found adaptively in a way
disconnected from the local mesh refinement, which is then also applicable in uniformly-refined
grids, using that our estimators localize the algebraic error on levels and patches as discussed in
Section 7.5. Such an approach was designed in [41]. We do not implement and test it here.

7.7 Domain with 92 not connected

Let us now consider an experiment in a domain with a topology not covered by our assumption
on 0L} being connected. We consider the following test case:
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e Half-whirlpool in a domain with a hole and uniform refinement. Consider 2 =
(=1,1)2\ (=1/2,1/2)? with K = I and the source term

fay) = { bl (60)

-1 z<0.

We do not have access to the analytical solution w in this case, but it is not needed for the following
experiment using a uniformly refined mesh. An illustration of the discrete velocity flow field w; is
given in Figure 7, where one can see the half-whirpool phenomenon occurring.

Since 052 is not connected (there is a cavity), this test is not covered by the analysis presented
in this manuscript. Nonetheless, the results of the multigrid and domain decomposition methods
can be seen not to be influenced by this change of domain topology. Indeed, the overall iteration
numbers shown in Table 5 remain similar to the other tests we have considered. This holds also
for the contraction factors that are depicted in Figure 8.
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Figure 7: Approximate flow field u; for the problem on a domain  with 02 not connected from
Section 7.7.

Table 5: Number of iterations needed for the multigrid solver and domain decomposition method
to decrease the relative a posteriori estimator of the algebraic error nglg by 10, for the problem
from Section 7.7 and different polynomial degrees p, number of mesh levels J.

Half-whirlpool on a domain with a cavity
J=3 J=4 J=5
p || MG DD #DoF (div-free) | MG DD #DoF (div-free) | MG DD #DoF (div-free)
111 12 15552 11 12 61824 10 12 246 528
2 || 11 11 32544 10 11 129600 10 11 517248
3| 11 10 55680 10 11 221952 10 11 886272
6 9 9 161952 9 10 646 464 8 10 2583168
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Figure 8: Contraction factors of the solvers given by HK_I/Q(’U,J — 'U/f;]+1)H/HK—1/2(UJ — uf])H
Multigrid solver of Algorithm 4.2 (left) and domain decomposition solver of Algorithm 5.1 (right)
for the problem from Section 7.7

8 Multilevel stable decomposition for divergence-free Raviart—
Thomas piecewise polynomials

In our proof of Theorem 6.2 (and thus of Theorem 6.3), which we present in Section 11 below, a
crucial ingredient is the existence of a suitable stable decomposition of the space VJ0 defined in (21),
i.e., the space of divergence-free Raviart—-Thomas Hj(div;(2)-conforming piecewise polynomials.
The precise result we need is as follows:

Proposition 8.1 (Multilevel p-robustly stable decomposition of VJO). Let either Assumption 3.1
or Assumption 3.2 hold. Then for any vy € VJO, there exist vo € V' N RTo(To) (global coarse-
grid lowest-order component) and vjq, € Vja’o, 1 <j<J, ac€V (local levelwise and patchwise
high-order components) such that the decomposition

J
vy = v + Z Z Vja (61a)
j=1acV;
1s stable as

2
)

J
I e+ 30 3 K gl < [ K 1)

j=1acV;

where the positive constant Csp only depends on:

the mesh shape regularity parameter k7,

the parameters Cqy and Cief when Assumption 3.1 is satisfied or the parameters Cgu and
Cloc,qu when Assumption 3.2 is satisfied,

the diffusion inhomogeneity or anisotropy ratio Amax/Amin,

the domain € if d = 3.

In particular, Csp is independent of the number of mesh levels J and of the polynomial degree p.
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9 Proof of the multilevel stable decomposition of Proposition 8.1
for d =2

We establish here a proof of the multilevel stable decomposition of Proposition 8.1 in two space
dimensions. For this purpose, we recall the multilevel p-robustly stable decomposition for any
function of the two-dimensional stream-function space

Sy :=A{vs € Hy(Q), vjlx € Ppy1(K) VK € Tr} = Ppra(Ty) N Hg (), (62)

p >0, in the H}(Q)-norm ||V-||. This result has been shown in [39, Proposition 7.6] by combining
the results of Schéberl et al. [50] and Xu, Chen, and Nochetto [59].

Lemma 9.1 (Multilevel p-robustly stable decomposition of Lagrange piecewise polynomials for
d=2). Let d = 2. Under either Assumption 3.1 or Assumption 3.2, for any vy € Sy, there exists
a decomposition

J
vy =g+ Z Z Vj.a, (63a)

j=1acV;

with vg € So1 = {vg € HL(Q), vlx € Pi(K) VK € Ty} (global coarse-grid lowest-order compo-
nent) and vjq € ST = {v; € H&(w}l), Vilk € Ppy1(K) VK € T}, 1 < j < J, a €V, (local
levelwise and patchwise high-order components) stable as

J
IVool? +>° > IVvja

j=1acVy;

\ig < C3p || Vugl?, (63b)

where the positive constant Csp only depends on the mesh shape reqularity parameter kg and
additionally on the parameters Cqy and Cres when Assumption 3.1 is satisfied or on the parameters
C’gu and Cloc,qu when Assumption 3.2 is satisfied. In particular, Csp is independent of the number
of mesh levels J and of the polynomial degree p.

With Lemma 9.1, we can now prove Proposition 8.1 in two space dimensions:

Proof of Proposition 8.1 for d = 2. The construction of the stable decomposition for d = 2 uses the
property that, since 9€) is connected, the discrete stream-function space of (62) satisfies

V)=V x Sy, (64)

see e.g., Girault and Raviart [26, Corollary 2.4, Theorem 2.9, Remark 3.10], Cantarella, DeTurck,
and Gluck [12], or Boffi, Brezzi, and Fortin [5, Corollary 2.3.2], where the two-dimensional curl

operator is
sy Y _ (0 1 sz _ (0 1
vX3_<_Sx)_<_1 0) (8y>_<_1 1) vs. (65)

Since for all vy, w; € VY, by (64), there is ss,0; € S; such that vy = V x sy and w; = V x 0,
we obtain from (65) that

(K™ vy, wy) = (K™'V x 57,V x0;) = (AVs;, Vo) (66)
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1 -1 0/
K = 1. Similar properties obviously hold on patches as well.
Let us now show (61) for d = 2. Let vy € VJO. By (64), there is vy € S; such that

for A := <O _01> Kt ( 0 1> In particular, note that (K 'v;,wy) = (Vsys,V0;) when

vy = V x vJ. (67)
We can now use the stable decomposition of Lemma 9.1 for v;: there exist vg € Sp1 and vj 4 € S]‘?,
1<35<J,aecV;, such that vy = vy + ijl Zaevj vj,q and (63b) holds. Define
vo:=V xuvy and vjq:=V X Vjgq. (68)
Since VPNRTo(To) = V xSp1 and V}a’o =Vx8%¢,1<j<J,acV; wehavevy € VeapRTo(To)
and vjq € Vja’o. Note that by applying Vx on both sides of (63a), we have

J
0
vy=v0+ Y Y Ve v € VP NRT(T), vja € Vi,
j=1acVy;

which is the first part (61a) of the result we want to prove. Next, note that

J J
(68)
[ooll + 3= 3 l[osallse =1V xwol®+ 32 3= 1V x viallis

j=1acV; j=1acy;

J
(65)
D |Veoll* + 30 X Vsl

j=1acVy;
(63b) (66) (67)
< CoplVugll? = C3plIV x vg]> "= Cép vl

Finally, the result (61b) follows once we take into account the variations of the diffusion coeffi-
cient K. 0

10 Proof of the multilevel stable decomposition of Proposition 8.1
for d =3

Proving Proposition 8.1 in three space dimensions is harder than in two space dimensions. We
proceed by establishing a collection of intermediate results that are of their own interest and
presented below in the form of lemmas. We then employ them to prove Proposition 8.1.

10.1 Stable discrete potential for the lowest-order divergence-free Raviart—
Thomas piecewise polynomials

In order to present the following result, we introduce the elementwise Nédélec spaces with d = 3,
see Nédélec [44], by N,(K) := [Pp(K)]? + & x Pp(K)3 for any element K € T;. Similarly to (7),
let

X = Hy(curl; Q) := {v € H(curl;2),v x n =0 on 00}. (69)

Here, v x n = 0 on 9Q means that (Vxwv, @) — (v,Vx¢) = 0 for all ¢ € H'(Q). Moreover, as
for (11), define

X0 :={v; € X,vj|x € No(K) VK € T;} = No(Ty) N Hy(curl; Q). (70)
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Lemma 10.1 (Stable discrete vector potential). Let d = 3. For any vy € V) N RTo(T;), there is
a discrete vector potential £ € X jo such that

vy =V x& and [|§]] < Cpotllvsl; (71)
where the constant Cpor only depends on the mesh shape regularity parameter k7 and the domain ).

Proof. This result is called a discrete vector Poincaré inequality and can be obtained as in, e.g.,
Hiptmair and Xu [32, Section 4], see Ern et al. [21] and the references therein for a general view.
For completeness, we present a direct proof. Consider the following discrete minimization problem

€7 = arg min||¢;]. (72)
CI€EX 0
Vx{i=vy

This problem is well posed since the datum wv; is a divergence-free Raviart—Thomas Hy(div;2)-
conforming piecewise polynomial and since 9f) is connected, see, e.g., Girault and Raviart [26,
Corollary 2.4, Theorem 2.9, Remark 3.10] or Cantarella, DeTurck, and Gluck [12]. We also define
its counterpart on the continuous level,

¢ := arg min||¢]|. (73)
¢eX
VXC:’UJ

We now employ the commuting projector P?’Curl of Chaumont-Frelet and Vohralik [14, Definition 2].
Note that PO(¢) € X0 with V x (PY™(¢)) = PY™(V x &) = PY™(v;) = vy, since
Vx¢&=v;€VINRTo(T;) and P?’div appearing in [14, Theorem 1, equation (3.15)] is a projector.
Consequently, the minimization property (72) together with [14, Theorem 1, equation (3.18)] give

€]l < | PPN &) < Croy €] (74)

for Cyx > 0 only depending on the shape regularity parameter k7, since all discrete functions
considered here are of lowest order.

Note now that (73) can be equivalently written as searching for the solution (&, z), with £ € X
and z € V9, to the problem

(&, +(2,Vx¢) =0 V¢ e X, (75a)
(Vx €& w)=(vy,w) YweVC (75b)

In particular, note that z € V°, and from (75a) it satisfies
(Z,V X C) = _(£7C) VC €X. (76)
This means that z belongs to H(curl;{) and satisfies V x z = —§&; altogether, recalling (7)
and (10), z € H(div; Q2) N H(curl; Q) with z-n =0 on 052 and V-z = 0 in Q. Thus, by Poincaré-
Friedrichs—-Weber’s inequality, see e.g. Weber [56] or Boffi, Brezzi, and Fortin [5, Section 11.1.2],
12]] < CrrwhallV x 2| = Cprwhall€]l, (77)

where Cprw is a generic constant of order of unity possibly depending on €2 and hq denotes the
diameter of the domain €.
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To prove the stability in (71) it is now sufficient to take { = £ and w = z as test functions
in (75) and subtract the two resulting subequations, yielding

(77)
€1 = —(vs,2) < vsllllz] < Cerwhalvlll€]- (78)
Finally, combining with (74),
(74) (78)
1€ < Curlléll < CrrCrrwha [lvs.
C|
pot

O

10.2 Omne-level stable decomposition for high-order divergence-free Raviart—
Thomas piecewise polynomials

We now tackle a stable decomposition of V¥ from (21) on the finest level 7, employing local
divergence-free spaces V' O from (24).

Lemma 10.2 (One-level p-robust stable decomposition of V}]). Let d = 3. For any vy € VJO,
there exist 89 € VJO NRTo(Ts) (global lowest-order component) and 874 € VJa’O, a €Yy, (local
patchwise high-order components) such that the decomposition

vy =0d;0+ Z 0Ja (79a)
acVy
is stable as
IR0l 3 < o (79b)
acVy

where the constant Cor, only depends on the mesh-geometry parameter k1 and the diffusion inho-
mogeneity or anisotropy ratio Amax/Amin- In particular, Coy, is independent of the number of mesh
levels J and of the polynomial degree p.

Proof of Lemma 10.2 (p-robust, relying on Falk and Winther [25]). Let vy € V) be given and let
X := {EJ S X,gJ’K ENP(K) VK € T]} ZNP(T]) ﬂHo(curl;Q).

During the revision of this manuscript, there appeared the contribution by Falk and Winther [25]
which allows for the following proof of (79). First, following [25, below equation (1.1)], there
exist operators W, W2 and B}, B2 commuting in that V x W! = W2V x and V x B., = B2Vx.
Second, since 02 is connected, divergence-free Raviart—Thomas Hy(div; 2)-conforming piecewise
polynomials are curls of Nédélec Hy(curl; Q)-conforming piecewise polynomials. This means that
the given vy € V}) satisfies vy = V x & for some &; € X ;. Third, by [25, equation (1.1)], for this
€7, there holds W&, € X; N No(T) (global lowest-order component) and Bt¢; € X9 := {¢ €
Xjlwe, ¢yxn =0 on dwG}, a € Vy, (local patchwise high-order components) and there holds the
decomposition

Er=W'+ > By

acVy
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Fourth, using the above commutativity,

vy =Vx€&=VxW&+ ) VxBiE

=870 acVy

=WV x g+ ) BV x&;

a€Vy

:WQ’UJ+ Z Bgvj,

acVy

—-5J,a

which is the requested decomposition (79a). Fifth and last, by [25, Proposition 8.1], this decompo-
sition is stable as

(W2l + 3 (18215,

acVy

where the constant Csp only depends on the mesh-geometry parameter k7. Thus (79b) follows,
taking into account the variations of the diffusion coefficient K. O

Proof of Lemma 10.2 (non p-robust, with Coy, possibly additionally depending on p). The proof is
presented in six steps and consists in initially introducing a lowest-order stable component of v;
and constructing afterwards a local stable decomposition of the remaining high-order components.
The latter decomposition relies on techniques following Chaumont-Frelet and Vohralik [13, Theo-
rem B.1].

First, for ease of notation, we introduce the Raviart—Thomas interpolant of order ¢ > 0 given
elementwise as follows: for any K € T and any w € [C1(K)]?, construct I}%?;(w) € RT4(K) such
that

(IZT(w)ni,r))p = (wng,r))p  Vry €Py(F), VF € Fi, (80a)
BT (w). 7 )i = (w,r1)k vry € [Po-a(K)P, (80b)

where Fg denotes the faces of the simplex K. Moreover, we denote by Ilx , the elementwise
L*(K)-orthogonal projection onto P,(K) for all K € T;, ¢ > 0. Similarly, let I, denote the
L%(2)-orthogonal projection onto Py(7Ty), ¢ > 0. Finally, let the elementwise [L?(K )]%-orthogonal
projection Ilk , be given componentwise by Ilx 4, for all K € T; and ¢ > 0. Using, e.g., [5,
Proposition 2.5.2], the following elementwise commuting property holds for I}’%?;: for any w €

[CH(K)]?
VIR (w) = Ik o(V-w). (81)

Step 1: Construction of the divergence-free lowest-order component. Let v, denote
the piecewise affine hat function that takes value one in vertex a € V; and zero in all other vertices
of Vj. Define, for all vertices a € V; and all elements K € T; sharing a,

Yolx = I (V1av) ), (82a)
0= Y 6% (82b)
acV;

Since vy € V}), ie. vy € RT,(T;) N Hy(div;§2) and V-vy; = 0, there holds 0%, € RTo(TF) N
Hj(div;w%), leading to 650 € RTo(7T;) N Ho(div;2). Next, we use the commuting property (81),
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the partition of unity for the hat functions ZaEVJ Vja =1, and V-v; = 0, to obtain

Vo502 S vt ST ST VIR (aavn)l) S S Y MoV (rav0)l)

acVy acVy KET}I acVy KETa (83)
= Z Z HK,O(V¢J7G.UJ + I/thyav'vj)h{ = HQ(Vl'UJ + V"UJ) =0.
acVjy KE'TJO’

This means that 40 € VJO NRTo(Ts) as requested.
Step 2: Stability of the divergence-free lowest-order component. The stability of the
lowest-order divergence-free component with respect to vy follows as

82b
Sof < @) S 108l < @+ 1) 3 850l
acVg acVi acVg
Ud+1) ) > > MR (ravn)l)li < Cold+1) Y [Yravslia  (s4)
acVk KeT} a€Vk
<Cold+1) Y [saliwsllvrlie = Cold+1) Y fvslZa
acVi acVg

where the constant Cjy > 0 arises from the stability of the elementwise Raviart—Thomas interpolant
defined in (80), see e.g., [20, Chapter 16]. Summing over the elements yields the desired bound

(84)
165017 = D lds0l% < Y Cold+1) Y lloslZa < CurCold + 1)lvs], (85)

KeT; KeTy acVk

where Cy- > 0 only depends on the mesh shape-regularity parameter 7.

Step 3: Construction of the high-order divergence-free local components. In the
following steps we pursue the approach of Chaumont-Frelet and Vohralik [13, Theorem B.1] to con-
struct local stable high-order contributions of v;. Consider the following elementwise construction
for all vertices a € V; and all elements K € T; sharing a:

0salK = arg min (IR (Wrav)K) = 8%0) —wi - (86)
w ERTH(K)
V-wJ:0

wyn=(IRT(($1.avs)|K)~8%, ) n on OK

The well-posedness of such a problem is equivalent to the Neumann compatibility condition
((I%Z((¢J7GUJ)\K) - 67}0)-71,, 1) 55 = 0 being satisfied, see e.g. Boffi, Brezzi, and Fortin [5]. This
condition is indeed satisfied, thanks to the definition of § ;o and the Raviart-Thomas interpolation
using that 1 € Py(0K)

IR (Waav2) i)~ T (rav))) 1)

L (Wrav)li s Dox = ((Yravs)lm,1) oy = 0.

(IR ($rav0)|K) = 8%0) 1, 1) 5

By construction of the normal components and the divergence constraint in (86), the local high-
order contributions belong indeed to the local spaces VJa’O defined by (24) for all @ € Vy, i.e.,

0ja € RT,H(T}) N Hy(div;wG) and V-4 =0.
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Step 4: Stability of the high-order divergence-free local components. To show stability
of the high-order divergence-free local components with respect to vy, we first introduce, for all
a €Vjand all K € T{, auxiliary elementwise constructions

6J,a

K= arg min lwsl K. (87)
wjERTH(K)

Vows=V- (IR (7.av)|K)~6%)
wj-n=0 on 0K

These problems are also well-posed as the Neumann compatibility condition holds,

(V-(IRT (1.00) i) — 0%0), 1) o o) (V- (IRT (h1a0) i) — IET (1000 [K))51) o

(81) (g p(V-($5av7) k) — Uro(V-(¥1,a05) k), 1) o = 0,

(83)

where we have used the definition of the elementwise L?(K )-orthogonal projection. Immediately
from the definitions in (86) and (87), we obtain

dsali = IR ($10v5) k) — 0%0lK — dsalk (89)

Following Ern and Vohralik [22, Lemma A.3], one obtains for Cs,, > 0 only depending on mesh
shape regularity the stability result

min Jwsllie < Cuas min [l (90)
wyeRTH(K) veH (div,K)
Vew;=V- (IR (Ws.av5)|x)~8%,) Vo=V (IRT((¢1,0v5) x) 6%,
wj-n=0 on 0K v-n=0 on OK
Thus, we have
89) = (87) .
81— (IFT v — 04 (9 1) = min w
160 — (IR} (Vrav0)|K) = 850) | = 110sallx w B lw,llx

Vaw;=V- (Izg’:;((w.],avJ)lK)_‘siO)
wy-n=0 on OK

(90) .
< C'stab min H v HK
veH (div,K)

Vo=V (IRT(¢1,0v5) ) 6%,
v-n=0 on 0K

= stabHVCKHKa
where (x € HY(K) := {v € H'(K), (v,1)k = 0} solves the equivalent primal problem
(Ve Vo) = (V-(I] ($1av0)|x) = 850) v)xc Yo € H(K). (91)
Next, similarly as done in (88), we use (82a) and (81) to obtain

V-(IET(W1avs)K) = 8%0) = Mk p(V-(1005) ) — M o(V-(1h1.00) |5
=Hgp(Visevs+0)|x) — Hro(VYsevs +0)|x)  (92)
= Vel (vi|lk — i p(vs|K)),
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since vy is divergence-free and thus actually p-degree polynomial in each component, see, e.g., [5,
Corollary 2.3.1]. Consequently, we can pursue our main estimate using the Cauchy—Schwarz and
the Poincaré inequality

160 — (TET(Vr.av0) 1K) — 8%0) || x S IVEk Kk = UEIE?E(K)(VCK’ Vo) i

(IVoll =1

(91)
92
= max (VYja- (v —Hgp(vilk)),v)K

veH, (K)

(Vv x=1

hi (93)

< max { T (0g]0) 1 [V}

veEHL(K) T

(Vv x=1

= | hk

HKO(UJ\K)HK

S vy — HK,O(UJlK)llK < lvsllx,

where the last but one estimate follows as ||V allk.00 S Ry’ Where the hidden constant only
depends on the mesh shape regularity, and the last estimate from the stability of the [L?(K)]%-
orthogonal projection. This finally leads to the desired stability

1650l < (|80 — (IR (Yrav)|K) = 8%0) |5 + IR (rav)|K) = 650l

93
2 o)

S vsllg + TR (Wravn) )| ¢ + IS (Yrav) )k S 3llvslx,

where we have also used the fact that ||1)jq||k,c0c = 1 and the stability of the elementwise Raviart—
Thomas interpolant defined in (80), which brings the dependence of the hidden constant on the
polynomial degree p.

Step 5: Decomposition property (79a). It remains to show that the sum of the contribu-
tions we introduced indeed gives the original vy € V}), i.e., the equality

> b0 =vs— b, (95)
acV;

where 4,7 is the global lowest-order contribution (82b) and 84 for a € V; are the local high-order
contributions (86). First, note that for all mesh elements K € 7, there holds

(3 dsa)locn'™ Y (IR (Waavs)low) = 850) loxcn
acVjy acVy (96)

82b
( )(I T(vs|K) = 810)loxm = (vs — 810) ok ™,

also using that I}%;’; from (80) is linear and projector. Thus, the functions on both sides of (95)
have the same normal components on all mesh faces. Next, using that v; is divergence-free, we
obtain

V(Y bsa) = 3 V650 D0 E 0 (0y - 6s0). (o7)

acVy acVy

Thus, the functions on both sides of (95) have the same divergence.
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Thanks to (86), for all K € T, there holds
(6]’a — (I[%Z((¢J7avj)|[() — 59’0),10])K = 0 V’lUJ S RTp(K), V-wJ = O,wj-n = 0.

Summing over all vertices, together with the patchwise construction (82b) and the fact that the
hat functions form a partition of unity, i.e., > acy, Yja =1, leads to

0= (3 (Gra— IRT(Wravs)lx) = 8%0)) )

acVy

= (Y 8sa— (TR (0slic) — 80)ws) (98)

acVjy

= ( Z 0ja — ('UJ—(SJ,()),'LUJ)K Yw GRTP(K),V"IUJ:O,WJ‘TLZO.

acVy

Thus, the difference of the functions on both sides of (95) is elementwise orthogonal to normal-
component-free and divergence-free functions. Consequently, (96)—(98) together yield the desired
decomposition (79a).

Step 6: Stability property (79b). Using the results of steps 2 and 4, one readily obtains

(85) (94)
18017+ > 10sallde S llwsll? + S 18sali < lval®.

acVy acVy; KeTy

Therefrom, the desired stability property (79b) follows taking into account the variations of the
diffusion coefficient K.
O

10.3 Multilevel stable decomposition for lowest-order divergence-free Raviart—
Thomas piecewise polynomials

After having obtained a one-level high-order stable decomposition in Lemma 10.2, we decompose
further its global lowest-order contribution in a stable multilevel way. Recall the notations Vj0

from (21) and Vja’0 from (24).

Lemma 10.3 (Multilevel lowest-order stable decomposition of V). Let d = 3. Let either As-
sumption 3.1 or Assumption 3.2 hold. Let the polynomial degree p = 0. Then, for any vy € VJO,

there exist vo € Vi (global coarse-grid component) and vjq € Vja’o, a €V}, (local levelwise and
patchwise components) such that

J
vy =+ Z Z Vja (99a)

j=1acV;

stable as

J
K 2w+ 3 Y HKﬁl/%xaHig < CRu || K2,
j=1acVy;

(99b)

where the constant Cyii, only depends on mesh-geometry parameters kK, Cqu and Cief or C’gu
and Cioequ, the diffusion inhomogeneity or anisotropy ratio Amax/Amin, and the domain Q. In
particular, Cyr, is independent of the number of mesh levels J.

34



Proof. First, using that () is connected, we introduce the stable discrete vector potential £; € X
(recall (70)) of vy using Lemma 10.1. Then, we decompose &; following Hiptmair, Wu, and
Zheng [31, Theorem 5.2], which will lead to a stable decomposition of the original v ;.

We first introduce some notation. Let Sjr denote the set of new edges arising in the j-th
mesh refinement step and their immediate neighboring edges, i.e., edges whose edge-patch has
shrunk in the refinement step. Let ¢;. be the lowest-order basis function of the Nédélec space
X0 associated to the edge e € Sjr and let wf := supp(¢j,e). Similarly, let Vf denote the set of
new vertices arising in the j-th mesh refinement step and their immediate neighboring vertices.
Denote by 1, the piecewise linear hat function which takes value one at the vertex a € V; and
vanishes in all other vertices of level j. Then, from [31, Theorem 5.2], for any &; € X 0, there
exist & € Xo,0, &je € span{¢; .} with e € Ef, o € span{y; .} with a € V;r, 1 <j < J, such
that the decomposition

J J
Er=8+ D) et DY Va (100a)
i=lees; =1 aev;

is stable as

J J
€0l 2z eurny + D D WielTreurtwe) + D D [1VEallde < Copllérlireurney,  (100b)

7=l eect i=laevf

= [ICII2 + IV x ¢||? for any ¢ € H(curl;w), w C R,

Let the edges in 8; be re-indexed by associating them to patches such that any edge is only
counted once and such that each edge basis function has tangential trace zero on the boundary of
the patch it is associated to. We write 5}' = Uaqey, &}, which gives Zaevj Zeeg; = Zeesf' Then,

where HCH%{(curl;w) :

we apply the decomposition (100a) to (71), leading to

J J
vy =V X =Vx&+Y Y Vx&et+0=vo+Y > vja

j=1 eESf j=1a€cV;

with vy :==V x & € V{]O and vjq 1= Zeeg;, V x&e € V}a’o. Finally, this decomposition is stable
as

J J
lool + 37 3 TvallZe = 19 x &0l + > 3 | 3 ¥ x &l

j=1acV; j=1acV; 665;‘
J
SV x&l®+) 0 > IV x &ell2e
j=1 ee:ﬁ';r

(100b) ) G I )
< Cip(lEsll” +1IV x &)%) < Cip(Cho + 1lvg|*.

The desired result (99b) is then obtained after taking into consideration the variations of the
diffusion coefficient K. O

10.4 Proof of Proposition 8.1 for d = 3
We finally prove Proposition 8.1 for d = 3. Recall that the proof for d = 2 was given in Section 9.
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Proof of Proposition 8.1 for d =3. Let vy € V}). We first apply the one-level high-order decom-
position of Lemma 10.2. This gives us ay € VJO NRTo(Ty) and 674 € VJa’O, a € Vj, such
that

vy =0y + Z 07a

acVy

with the stability bound (79b). Now, we decompose «; thanks to Lemma 10.3. This gives a €
VP N RTo(To) and 6% € V' NRTy(Ta), a € V;, such that

J
aJ:a0+ZZ<5ao

j=1acy;

and the stability bound (99b). Define vg := ag € V' N RTo(To), vja = 0%, € V}a’o NRTo(Ta)

for1 <j<J—-1,and vjq := 5}0 +0ja € VJa’O. This yields the decomposition (61a). The
stability (61b) follows by

ey +ZZ 1050

j=1acVy;
J—1
= Koo |P 4+ D0 D B2, + D (1K A5 + 81a)
Jj=1 a€V; acV;y
(99b) 9 —1/2 2 —1/2 2 79b) 2 2 —-1/2 2
N LS TS ol ISR e ey P
acVjy

O

Remark 10.4. Note that in [23, 2/] a stable decomposition of the form (61) was presented in
two space dimensions and for the case of quadrilateral and triangular elements, respectively. In
[11], the stable decomposition was extended to three space dimensions for the case of tetrahedral
elements and lowest-order polynomial degree. Thus, the result of Proposition 8.1 is more general
as it holds for d € {2,3} and polynomial degree p > 0. Most importantly, thanks to [50] used in
Lemma 9.1 and [25] used in the proof of Lemma 10.2, there is no dependence on the polynomial
degree p in (61b).

11 Proof of the reliability and efficiency of the algebraic error
estimators of Theorem 6.2

In this section, we present a proof of Theorem 6.2. We rely for this purpose on the stable decom-
position result of Proposition 8.1 established above. First, we present a remark:

Remark 11.1 (Lower bound on the optimal step-sizes). In the multilevel setting, as in [40, Lem-
ma 10.1], (28) together with a patch overlap argument yields

IK2pl||" < (d+1) > ||[K'/2 ZGH (101)
acV;

A direct consequence of (101) and (35), together with the definition A; =1 when j =0 or p§- =0,
18
. 1
AL > — <3< J 102
R (102)
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Similarly, in the domain decomposition setting, (42) together with a patch overlap on the coarse
mesh Ty yields
_ 112 _ )
[ 20" < (@ +1) Y K20 ol e - (103)

acVy
Thus, from (103) and (46), together with the definition N =1 when p =0,

. 1
N> 104
h=d+1 (104)

11.1 Multilevel setting

We can now present the proof of Theorem 6.2 for the estimator built in Algorithm 4.2.

Proof of Theorem 6.2 (multilevel setting). The proof follows closely the proof of [40, Theorem 6.6],
thus only the main steps are presented here. First, note that (52) follows directly from the
Pythagorean formula of Theorem 6.1 by using that ‘Kﬁl/Q(’U;J - uzfl)H > 0. To show (53),
we use the stable decomposition (61a) applied to wy — u’,

J
uy —uh = vy + Z Z Vja- (105)

Jj=1a€V;

Since u; —u’; € V and using (14) as well as the construction of the multilevel solver, one obtains

J
HK71/2(uJ _ uf])H2 (1:4) — (Kﬁluij,ul] — ’uf]) (125) —<K71Uf], v + Z Z Uja)
j=1acVy;

J
(25) 1 -1,
= (K™ 'phv0) =Y Y (K 'ufvja)ue

j=1 acV;

J
(33) L L
D (K phywo) + 3 3 (Kol 05t
j=1acVy;
J j—1

F DD AE T o v

j=1m=0acV;

In the same spirit of [40, Proof of Theorem 6.6, page S138|, one can use Young’s inequalities, the

d+1 2 d+1
lower bound on the step-sizes (102), and finite overlap of patches as | > an| < (d+1) 3. |an|?,
n=1 n=1
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to estimate

e A e L
J
£33 (Rl 0l + g K P vially)
j=1acV;
J Jj—1
#3032 (CRoll K2 X g + g 1K vl
j=1acV; m=0
(106)
(122)C§D<HK 1/2 ZH + d—l—l )‘ZZZ HK 1/2 z
j=1acVy;
+J(d+1)|| K2 Z)\ W)
m=0
+ e (1K 2wl P Y K ).
j=1aeV;

Recalling the local writing (48) of the estimator nglg, its property (35), and the stability of the
decomposition (61b), leads to

J
. . ) 1 .
}|K—1/2(uj—u?,)\\2§C§D(d+1)((n;1g)2+ﬁ§ (L[| E2p |2 + 5\}K—1/2(uJ—u?])HQ
m=0

(1) 2 2 v —1/2 P2
< Osp(d+ 1)(J7 + 1) () +§HK (uwy—uy)||”

Finally, a rewriting allows us to obtain (53)
1B g — )| < CPning)*. (107)

where C' := (2C2(d + 1)(J? + 1))'/2 only depends on Csp of (61b), the space dimension d < 3,
and at most linearly on the number of mesh levels J. O

11.2 Two-level domain decomposition setting

We now proceed to the proof of Theorem 6.2 for the estimator built in Algorithm 5.1. First, we
present a few preparatory steps that will allow us to re-use the results we presented in the multilevel
setting. Recall from Section 5.1 that the fine mesh 7} is assumed to be obtained from the coarse
mesh Ty after J refinement steps.

Our goal is to write a multilevel presentation of the algebraic residual lifting p}% o € Vha’0
computed by solving the subdomain problem (41) on w$. Recall that w is the open subdomain
corresponding to the coarse-grid patch 7;*. For the purpose of the analysis only, define the local
MFE spaces on w$ associated with the intermediate mesh levels 7;, 1 < j < J, as

Vil = (0 € Vg v =0 on 0} (108)

In contrast to the spaces V;-“ from Section 4.1, which are defined on the j-level (small) patches w;-‘,
we stress that the spaces VjaH are defined on the subdomains (large patches) w% and their fine
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meshes 7;; there are much fewer spaces V]aH than there are spaces Vj“ but the spaces V;‘IH have
much higher dimension than V*. Finally, define the divergence-free subspace of V%,

Vi = {vja € Vi, V-vja =0} (109)

Let a coarse mesh vertex a € Vg be fixed. We now consider an orthogonal multilevel decompo-

sition of p}'% o € Vha’0 from (41) on the subdomain w$. For 1 < j < J, define for (analysis purposes,

not constructed in practice) p;a S ‘/jal,}) as the solutions to

j—1
(K70} g Vja)ws, = —(K 'uly, vja)ws — Y (K 'ph 0 Vja)us Y06 €V, VI<j<J
m=1
(110)
Taking above j = J and noting that Vf}? = Vha’0 in our notation, it follows that
J . .
Z(Kﬁlp},aa vh,a)wH = _(Kilfujj—[v vh,a)w?{ v'Uh,a € Vha,()’
j=1
which, together with (41), implies that
. J .
Pha = Pia (111)
j=1
so that p‘??a decompose pﬁh o Moreover, this decomposition is indeed orthogonal:
(K0} 4 Pina)ws, =0, 1<jm < J, j#m, (112)
and
2 ! 2
~1/2 i —-1/2 4
HK / pﬁz,an% = Z HK / p‘;van?I‘ (113)
j=1

With the above developments, the convergence analysis in the domain decomposition setting is a
modification of the multigrid analysis presented in the previous Section 11.1. The key point is that
the multilevel representation (111) allows us to use the stable decomposition from Proposition 8.1:

Proof of Theorem 6.2 (two-level domain decomposition setting). As in the multigrid case, note that
the lower bound (52) follows directly from the Pythagorean formula of Theorem 6.1 by using
that HK_1/2(UJ — uffl)H > 0. It remains to show (53). The proof here is more similar to [39,
Lemma 7.7], since the patches we are considering are bigger than the ones used in the stable
decomposition of Proposition 8.1. Thus, we first define, for every j € {1,...,J} and a € Vy, the
set Zq,; C V; containing vertices in 7; of the interior of the patch w$ such that {Z ;}acy, cover
V; and are mutually disjoint. Let v;q € V}a’o. This allows us to write

Z 'vj@: Z Z 'Uj7b- (114)

acV; acVy bEIa,j

Moreover, since the vertices of Z, ; are localized in the interior of the patch w, we have

> vipe VY. (115)

bEIa’]'
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Once again, we use the stable decomposition (61a) applied to the error

J
wy—ul, =vo+ Y > Vg (116)

j=1acV;

and the construction of the multilevel solver

J
52 =) Y = (K g - ) (K 3 S v)

j=1acV;
J
(39) —1,,i
(K pHa UO Z Z K 1“’27 Uj@)w;z
j=1acy;
(40) < 4 ; ;
= (K 'pjg,v0) =) D (K~ (uly — ply), vja)us
j=1acy;
(114) ~ 4 ; ;
= (K pgv0) = 3 ST (K iy — o)y D wia)
j=1acvy bET, ; "
8 :
2 (K plgw0) + 30 3 {(K e 3 i)
j=1lacVy bEIa,j H
j—1
3 (K e 3 win) o+ (K7 X i) )
m=1 beZ,, ; H beZ, H

Using Young’s inequality and the stability of the decomposition (61b), one can follow the approach
of [39, Lemma 7.7], cf. (106)—(107), to show that there holds

J
[ = i) | < (I 20l* 4 30 3 IK P psallly ). 1m)

j=la€eVy

where C?2 only depends on Csp of (61b) and at most linearly on the number of mesh levels J.
Finally, we obtain the result

, 117y - . J
|2y )| < C (K20 + 30 D 1K 20kl )

j=1la€eVy
(113) ~ _ i _ i
9 2 (K 2+ Y Kol
acVy
(104) ~9 —1/2 i [|2 i -1/2 i 2
< Ca+ D(||K 205"+ X Y 1K 200l )
acVy
(49)

C(d+1) ()
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12 Conclusions

In this work, we have presented an a-posteriori-steered multigrid solver and an a-posteriori-steered
two-level domain decomposition method to solve iteratively an algebraic system originating from
a saddle-point mixed finite element discretization of a second-order elliptic problem. The update
in the solvers is constructed in such way that the norm of its components provides an a posteriori
estimate of the algebraic error. We proved that the a posteriori estimators are efficient indepen-
dently of the polynomial degree p used in the discretization. This efficiency of the a posteriori
estimators leads to the equivalent result of the associated solvers contracting the algebraic error
at each iteration, in particular independently of p. Though not the topic here, one may also treat
local smoothing and dependency with respect the number of mesh levels J, see, e.g., Innerberger et
al. [33] and the references therein. The idea consists in only solving the local problems associated to
degrees of freedom that are new with respect to the previous mesh, which is pertinent in hierarchies
leading to graded meshes.
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