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Abstract

CHOPSTICKS is a game played by two players where they start with one finger raised
on each hand. On their turn, each player moves by pointing an attacking hand at
one of their opponent’s hands. The number of fingers on the pointed hand increases
by the number of fingers on the attacking hand. If, after a move, a hand contains
more than five fingers, it is removed from play. There are also other rules that allow
players to move fingers from one hand to another, but we focus on this simple setup.

We introduce a generalization of CHOPSTICKS, called SIMPLE CHOPSTICKS, in
which the players may have any number of n-fingered hands. We find that having
more hands than your opponent is generally good, and use this fact to fully
characterize the outcomes of SIMPLE CHOPSTICKS in the case where the players
have 2-fingered hands.

1. Introduction

CHOPSTICKS is a well-known hand game [8, O] with lots of different variants and
rules. We are going to analyze the simplest version, where the players can only
attack each other. Two players hold up their hands, originally with one finger
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raised in each. The players then take turns pointing one of their hands to one of
their opponent’s hands. The number of raised fingers in the pointed hand increases
by the number of raised fingers in the attacking hand; if this number is more than
its number of ﬁngersEI7 then the hand is removed from play. The first player to have
all their handsE| removed from play loses.

In this setup, the positions are combinatorial short gamesEL which can be fully
analyzed in the case of human beings. However, during the Combinatorial Game
Theory Colloquium II [B], in January 2017, a generalization of the game was
proposed, so that beings with more (or less!) than two hands and five fingers
could also analyze the winning strategies in their version of CHOPSTICKS.

We propose a generalization of CHOPSTICKS, called SIMPLE CHOPSTICKS, in which
a position is fully expressed by two lists (describing the number of raised fingers in
the hands of each player) and a finger count (which is the highest possible number
of fingers in the hands of the players). Note that, in this generalization, although
the two players may have different numbers of hands, all the hands have the same
number of fingers. The formal definition of SIMPLE CHOPSTICKS is the following.

Definition 1. Let ¢ and r denote the number of Left’s and Right’s hands,
respectively. Let n be the finger count, i.e., the number of fingers on each hand of

each player. Let (x1,...,2¢) and (y1,...,y.) be two non-decreasing sequences of
positive integers such that z;,y; < n for all 7.
A position (z1,...,2¢ | y1,.-.,Yr)n of SIMPLE CHOPSTICKS has the following
options:
e The options for Left are the positions (z1,...,z¢ | y1,...,y; +Ti5. .., Yp)p for
every i € {1,..., 0} and j € {1,...,r} (if y; +x; > n, then, it is removed from
the list);

e The options for Right are the positions (z1,...,2; +y;,...,Z¢ | Y1, Yr)n
for every ¢ € {1,...,¢} and j € {1,...,r} (if z; + y; > n, then, it is removed
from the list).

Notation 1. Let P = (z1,...,%¢ | Y1,---,Yr)n be a position of SIMPLE
CHOPSTICKS. The Left-option (x1,...,2¢ | Y1,...,Yj + Zi,...,Yr)n is denoted by
P(x; — y;) or simply x; — y;, if it is settled that the initial position is P.
Similarly, the Right-option (x1,...,%; + Yj,..., ¢ | Y1,...,Yr)n is denoted by
P(y; — x;) ory; — ;.

Notation 2. If k,a are two positive integers, k* represents the sequence where k
s repeated a times.

1Usually five, for human beings.
2 Again, usually two for human beings.
3Each position has finitely many distinct subpositions and admits no infinite run.
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We assume that the reader is acquainted with the basic concepts of Combinatorial
Game Theory (CGT) as presented in any of [T, [2, B, [7]. We only consider normal
play where the player who cannot move loses.

In this paper, we study some configurations of SIMPLE CHOPSTICKS. First, in
Section [2| we look at the case where each player has only one hand, and find that,
while the outcomes are trivially predictable, the game values exhibit a strange
behaviour. We then give, in Subsection [3:1} a general result, which states that
having more hands than the opponent is generally a good thing. Next, in
Subsection [3.2] we fully characterize the outcomes of the SIMPLE CHOPSTICKS
positions where the players’ hands have two fingers each. Finally, although a
general theory for the case where the players’ hands have three fingers is difficult
to obtain, we show in Subsection that the initial position in that case is an
N-position.

2. When each player has one hand

When each player has only one hand, computing the outcome is easy, but the game
values are still interesting and non-trivial. Since each player only has one hand, they
have only one option. Moreover, the initial positions are symmetric and therefore
the only outcomes are Next player win, N, and Previous player win, P.

Theorem 3. Let f1 =1, fo =1, and fiyo = fi + fi+1 be the Fibonacci numbers.
Let the positive integer n be the finger count. If there exists an integer i such that
fai <n < foiq1 then (1| 1), is a Next player win, otherwise it is a Previous player
win.

Proof. By rules, the starting position is (1 | 1),,. Hence, since f; = fo = 1, the
starting position is (fa | f1)n. If Left moves first, after her move, the position is
(f2 | fi+ f2)n = (f2 | f3)n- And, by induction, after Left’s ith move, the position is
(f2i | f2i+1)n- Analogously, after Right’s ith move, the position is (f2i+2 | f2i+1)n-
Thus, if fo; < n < fo;41, then Left wins, and, if fo;11 < n < fo;42, then Left loses.

The result now follows since if Right moves first, then the analysis is the same. [

Game values of (i | j), and (1 | 1),,. Regarding game values, it is natural to
assume that a move that removes the last opponent’s hand from the game is a
move to 0 = {|}. With that assumption, SIMPLE CHOPSTICKS is a dicotic ruleset,
which means that, at each stage of play, either both players or neither player can
move [11, 2] B [7].

It only makes sense to determine game values if there are situations where the
disjunctive sum appears naturally. That is the case for SIMPLE CHOPSTICKS.
Suppose that children are playing in teams, for example, five kids against five kids.
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They can form five pairs, each consisting of two players from different teams. The
rules are as follows: during their turn, a team chooses one pair and the member of
their team of that pair makes a move. The goal is to make a move such that at
the end of your team’s turn, all of the opponent team’s players with remaining
hands have no opponent with remaining hands. With this setup, each pair is a
disjoint component. Another interpretation can be made if we think of SIMPLE
CHOPSTICKS as a board game. In this interpretation, we have an n x n squared
chessboard, and each singular piece is placed on a square. Left can move a piece
upwards a number of squares equal to the column where it is positioned. Right
can move a piece to the right a number of squares equal to the row where it is
positioned. If the move causes the piece to go outside the board, that move is
terminal as far as that piece is concerned. Thus, from (a,b), Left can move a piece
to (a + b,b) and Right to (a,a + b). If a + b > n, the piece is removed from the
game. Naturally, this game can be played with k£ non-conflicting pieces, with the
first player to remove all pieces from the board winning. If £ > 1, then we have a
disjunctive sum, and the game values are the key to understanding the positions.

The game values are surprisingly complicated. We are only able to report on
facts obtained with help of the computer program CGSuite [4]. Table [1| shows the
game values for (i | j)oo with 1 < 4,5 < 20 (smaller finger counts exhibits similar
behavior). It is interesting to observe that all values in the table are uptimals [6]
(they can be expressed as sums of * and powers of 1); even the value J = {0] 112},
which mysteriously has special occurrence in SIMPLE CHOPSTICKS, is the uptimal
22% =1 4+ 1 4+ 12 4+ 12 4. One could conjecture that all game values of SIMPLE
CHOPSTICKS are uptimals. However, that is not true. For example, (2 | 5)4 =
{J]0} and (1| 1);2 = £J are not uptimals.

Table [2] shows the values and outcomes for (1 | 1), with 1 < n < 606. We notice
several points:

1. The positions can take three values: 0 for P-positions and * and +J for
N-positions;
2. The N and P-positions switch when n reaches the next fibonacci number

(Theorem [3));

3. The value +.J appears when n takes values in the sequence of the row sums
of an unsigned characteristic triangle for the Fibonacci numbers (from 12 and
beyond), described as the A110035 sequence in OEIqﬂ and until the next P
position.

We conjecture that this behaviour continues for the rest of the integers.

dnttp://oeis.org/A110035
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20 * * * * * * * * * * * * * * * * * * * *
19 0 * * * * * * * * * * * * * * * * * * *
18 1T 0 * * * * * * * * * * * * * * * * * *
17 T[Q] 0 0 * * * * * * * * * * * * * * * * *
16 T[SJ 1T 0 0 * * * * * * * * * * * * * * * *
15 T[‘l] 1T 0 0 0 * * * * * * * * * * * * * * *
14 T["] T[Z] 1T 0 0 0 * * * * * * * * * * * * * *
13 N 6] Tm 1T 0 0 0 0 * * * * * * * * * * * * *
12 n 7 Tm 1T 1T 0 0 0 0 * * * * * * * * * * * *
11 | e 1031 112 1 0 0 0o |of| o0 * * * * * * * | x| x|
10 |1 4 2 S VT VS N S A A N I IR A
9 * * T[z] T T 0 0 0 0 0 0 * * * * * * * * *
8 I * * * T T 0 0 0 0 0 0 * * * * * * * *
7 | = 1 * * * ® 0o |0 O 0 0 0 0 * * * * * * *
6 ) * * * * * 1 0 0 0 0 0 0 * * * * * *
5 T 0 2 * * * * | L] 4 1 0 0 0 0 0 * * * | x| x
4 102! 0 0 0 ® ® | x| | 1 1 1 0 0 0 0 x| o | x| ox
3 |+ | {o]1P) 0 0 |12 ] | s gy b b | LB b0 00 x| x|k
2 ) * L 103 | o | o [ 1B v ||« [ b | g | [ b b | 4| ] 0[O0 ] x| x
1 0 2 * b | 4 O [ x| T * [ L | bis | dm | be | Y | g | s | b | 4] O]
i i 1 2 3 4 5 6 7 18] 9 10 | 11 12 | 13 | 14 | 15 | 16 | 17 | 18 | 19 | 20

Table 1: Game values for all positions (¢ | j)20 (1 < 7,7 < 20).

3. When both player have many hands

3.1. A general result

The following result states that having more hands than your opponent is generally
good.

Theorem 4. Let £, r and n be positive integers, and P = (Z1,...,Z¢ | Y1,--, Yr)n
be a position of SIMPLE CHOPSTICKS. If ¢ > r (resp. £ < r) and Left (resp. Right)
is the first player, then Left (resp. Right) has a winning strategy.

Proof. Assume that ¢ > r, and let P = (z1,...,2¢ | Y1,...,Yr)n be a position of
SIMPLE CHOPSTICKS. By inducting on the options, we prove that Left has a winning
strategy as the first player on P. Note that since ¢ > r, we have £ > 2, i.e., Left
has at least two options.

Firstly, if Left has a move that removes an integer from Right’s sequence (Right
“loses one hand”), then there exist ¢ and j such that x; + y; > n. In all of Right’s
options of P(z; — y;), Left has more numbers in her list. Therefore, by induction,
Left wins against all of Right’s responses. Hence, P(z; — y;) is a winning move for
Left.

We may now assume that x; + y; < n for all ¢, j, that is, Left cannot remove a
Right’s hand from the game.

To begin with, suppose that Left has a “safe move” that prevents Right from
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Interval of n | Value of (1| 1),, | Outcome
1 * N
2 0 P
34 * N
5-7 0 P
8-11 *
N
12 +J
13-20 0 P
21-30 *
N
31-33 +J
34-54 0 P
55-79 *
N
80-88 +J
89-143 0 P
144-208 *
N
209-232 +J
233-376 0 P
377-545 *
N
546-606 +J

Table 2: Game values of (1| 1),, for n < 606.

answering with a removal of one of her hands, that is, a move that prevents Right
from removing any number from Left’s sequence with his answer. In other words, let
us assume that x; +y; +x, < n. Again, against all Right replies in P(x1 — y1), Left
maintains more numbers in her list. Hence, by induction, Left wins and P(z; — y1)
is a winning move.

Finally, assume that xy +y1 + 2, > n, that is, if Left chooses 1 — y1, Right has
an answer that removes a Left’s hand from the game. We claim that x, — y; is
a winning move for Left. Note that Right must choose a response that eliminates
one of Left’s hands from play, otherwise an inductive argument, similar to those
used in previous cases, shows that Left wins. Thus, suppose that Right removes
an integer x; from Left’s sequence. Left still has at least one term, say x;, in her
sequence. We know that x; > x; and therefore z; + y1 + z, > n. Left playing
x; — xg+y1 removes x¢ + ¥y from Right’s sequence. Now, by assumption, for each
r, s, r +ys < n, and against all Right moves, Left has more numbers in her list.
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Hence, by induction, Left wins and x; — y; is a winning move for Left. O

Lemma 1. Let P = (x1,...,%¢ | Y1,--.,Yr)n be a SIMPLE CHOPSTICKS position.
Assume £ < r and Left is the first player. If Left has a winning strategy, then
{ =71 —1 and the winning moves reduce the number of hands for Right.

Proof. We cannot have ¢ < r — 1. If this were to happen, even if the first move
was Left removing a number from Right’s list, by Theorem @ Right would have a
winning response. This would contradict the fact that Left has a winning strategy.
Hence, we have £ = r — 1. On the other hand, all winning moves must remove a
number from Right’s list, otherwise a similar contradiction is reached. O

3.2. Finger count 2

We fully characterize the outcomes of the SIMPLE CHOPSTICKS positions game with
finger count 2. First, we use Theorem [ to characterize the positions where one
player has at least two more hands than their opponent.

Proposition 1. Let a,b, c,d be nonnegative integers such that |(a+b)—(c+d)| > 2.
The SIMPLE CHOPSTICKS position (1¢,2° | 1¢,24)5 has outcome

e Lifa+b>c+d+2;
e Rifc+d>a+b+2.
Proof. This is a direct corollary of Theorem O

Thus, there are only two kinds of positions left to consider: those where both
players have the same number of hands, and those where the first player has exactly
one hand less than their opponent. We begin our study with the first case.

Proposition 2. Let a,b,c,d be nonnegative integers such that a +b=c+d > 0.
The SIMPLE CHOPSTICKS position (1,2° | 1¢,2%)y has outcome

e Pifb=d=0, and a and c are odd;
e Lifb=0,d+#0 and c is odd;

e Rifd=0,b+#0 and a is odd;

e N in all the other cases.

Proof. For a SIMPLE CHOPSTICKS position P = (14,2 | 1¢,24),, we define f(P)
as the quantity 2(a + ¢) + (b + d). This quantity will always decrease during the
play, and serves as a type of “position rank” which can be used to establish an
assumption of minimality.
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We prove the result by contradiction. Let P = (1%,2% | 1¢,2%)y (with a+b = c+d)
be a position that does not verify the statement and that minimizes f(P). First,
note that we must have a+b > 2. Indeed, if a+b = 1, then we have two cases: either
Pe{(1]|2)2,(2]1)2,(2]2)2} and it is an N-position (the first player removes the
hand of the other player) or P = (1| 1)2 and it is a P-position (it has (1 | 2); as a
Left-option and (2 | 1)2 as a Right-option). Both cases verify the statement.

There are several possible cases to consider, depending on the possible values of
a, b, c and d. We are going to explore those different cases, showing that, in each
of them, P actually verifies the statement, leading to a contradiction.

e If b = d = 0, then the first player (without loss of generality, we can assume
that it is Left; the argument for Right is symmetric) will play to
P’ = (1% | 1¢71,2),. Note that f(P') = 2(2a — 1) +1 < 2(2a) = f(P), and,
by minimality of f(P), the position P’ verifies the statement. If a is even,
then P’ is an L-position, and thus Left wins on P as the first player. Since,
by symmetry, Right wins on P as the first player, this implies that P is an
N-position and verifies the statement; a contradiction. If a is odd, then P’ is
an N-position, and hence P is a P-position and verifies the statement; again
a contradiction.

e Assume now that b = 0, d # 0, and ¢ is odd, so P = (1¢ | 1¢,2%)5. Observe
that a = ¢+ d, and, since ¢ is odd, a > 0. Also, if d — 1 = 0, then a is
even. First, suppose that Right is the first player. Right has two options:
P = (12712 | 1¢,29)5 and P” = (1%~ | 1¢,2%),. On one hand, it is easy to
check that f(P’) < f(P), thus P’ is an N-position by minimality of f(P); on
the other hand, Left can play from P” to (12! | 1¢,2971), which is either an
L- or a P-position by minimality of f(P). Thus, Left has a winning strategy
if Right is the first player. Therefore, in order not to contradict the fact that
P does not satisfy the statement, playing first in P, Left must lose.

However, if Left is the first player, then she can play to P’ = (12 | 1¢,2971),.
If d—1 =0, then we have P’ = (1% | 1°)3 with a > ¢, and, after Right’s reply,
Left wins by Theorem [4] Otherwise, by Lemma [1} the only possible winning
move for Right is to P = (1471 | 1¢,2971),. But, by minimality of f(P), P”
is an L-position. In both cases Left wins, and we have a contradiction.

The case where d =0, b # 0, and a is odd is symmetric.

e Assume now that a = 0. From P, the first player will necessarily remove one
hand from their opponent, and the second player too, reaching a position P”
where a is still equal to 0, and both players have one hand less than in P. By
minimality of f(P), since we cannot have a = 0 and b = 0, we are in the “all
the other cases” of the statement. Hence, the position P” is an N -position,
and thus this is also the case for P; a contradiction.
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The case where ¢ = 0 is symmetric.

e Assume now that b = 0, d # 0, and ¢ is even and positive, so P = (1% | 1¢,2%),.
Observe that a = ¢+ d and, since d # 0, a > 0. If Left is the first player, then
she can play to P’ = (1¢ | 1¢,291),. If d—1 = 0, then we have P’ = (1% | 1¢),
with a > ¢, and, after Right’s reply, Left wins by Theorem [l Otherwise, by
Lemma [1I} we conclude that the only possible winning move for Right is to
P" = (1271 | 1¢,291),. But, by minimality of f(P), P" is an N-position, so
Left has a winning strategy from P as the first player. Furthermore, if Right
is the first player, then he moves to P’ = (121 | 1¢,2%);. Once more, by
Lemmall] the only possible winning move for Left is to P = (1271 | 1¢,24-1),.
But, by minimality of of f(P), P” is an A-position, so Right has a winning
strategy from P as the first player. Hence, P is an A/-position; a contradiction.

The case where d = 0, b # 0, and a is even and positive is symmetric.

e The only remaining possibility is that a, b, ¢ and d are all positive integers in
the position P = (1%,2° | 1¢,29),. Assume without loss of generality that Left
is the first player (if Right is the first player, then we can apply a symmetric
argument). Left plays to P’ = (12,2 | 171 29),. By Lemma [I| there are
two possible winning moves for Right, which require to remove a Left’s hand.
However, in both cases, by minimality of f(P), the position reached after
Right’s move will be either an L-position (if b =1, d # 0, ¢ — 1 is odd, and
Right played to (1% | 171, 2%),) or an A-position in all the other cases). Thus,
Right will leave a winning position for Left, who was the first player on P.
By symmetry, if Right is the first player on P, he also has a winning strategy,
and thus P is an A -position; a contradiction.

The proof is complete. O

Observation 5. Note that the P-position corresponding to a = b =c¢=d = 0 was
left out of the statement of Proposition [2} The reason for this is that it is a Garden
of Eden, i.e., a position that has no predecessor. There is no possible move that
leads to this trivial position.

We now study the positions where the number of hands of the players differ by
exactly one.

Proposition 3. Let a,b, c,d be nonnegative integers such that |(a+b)—(c+d)| = 1.

1. Ifa+b > c+d, then the position (1%,2° | 1¢,2%)y of SIMPLE CHOPSTICKS has
outcome
o Pifc=d=0;
e Nifd=0,b>0 and a is odd;
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o L otherwise.

2. Ifa+b < c+d, then the position (1¢,2° | 1°,2%)y of SIMPLE CHOPSTICKS has
outcome

e Pifa=b=0;
e Nifb=0,d >0 and c is odd;

o R otherwise.

Proof. We prove the statement for the case a + b > ¢ + d, since the other case is
symmetric. The case where ¢ = d = 0 is trivial; by convention, the first player
cannot play, losing the game. Hence, let us assume that ¢ +d > 0.

Note that, by Theorem [4] Left wins if she is the first player. Furthermore, by
Lemmal 1] Right can only win as the first player by removing a Left’s hand with his
move. Doing this would leave a position where both players have the same number
of hands, and the determination of the outcome can be done by using Proposition [2|

Now, the only way for Right to leave a P-position is moving from an initial
position (1%,2 | 1*); with a odd to (1% | 1*),. Also, Right can leave an R-position
if he moves from (1¢,2° | 19%°=1), with b > 1 and @ odd to (14,2071 | 19+b=1), In
all the other cases, playing first, Right leaves either an L-position (if b =0, d > 0
and c is odd) or an N -position (in all the other cases), and thus P is an L-position.

Hence, for the position P = (12,2% | 1¢,29),, if a+b > c+d, then either c = d = 0
and P is a P-position; or d = 0, b > 0 and a is odd and P is an AV-position; or, in
all the other cases, P is an L-position. This finishes the proof. O

3.3. Finger count 3

A complete characterization of the outcomes of the SIMPLE CHOPSTICKS positions
with 3-fingered hands remains an open problem. Nonetheless, it is possible to
determine the outcome of the initial position, a fact translated in the following
theorem.

Proposition 4. Let a be a positive integer. The SIMPLE CHOPSTICKS initial
position (1| 1%)3 is an N -position.

Proof. Without loss of generality, we assume that Left is the first player. The proof
is done by induction on the number of hands a. If a = 1, then all the moves are
forced, and Left wins:

L R L
(L[1)s=1]2)s—=3[2)s—={[}
Assume now that @ > 1. From P = (1% | 1*)3, Left can only move to the position

P’ = (1% | 1971,2)3. After that, P’ has two Right-options, and, so, we can consider
the following two sequences of play:
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(19195 & (191971, 2)3 B (121, 2 [ 1971, 2)5 & (1971, 2 | 197,
and

(19195 & (191771, 2)3 B (1271, 3 [ 1971, 2)5 & (197,83 | 19715,

In the first case, after Left’s second move, Right is unable to eliminate any
integer from Left’s sequence, resulting in Left having more integers in her sequence
when it is her turn. According to Theorem Left wins. In the second case,
after Left’s second move, there are two possible options for Right. The first one
is to (1471 | 127 1)3, which, by induction, is an N -position. The second one is to
(1272,2,3 | 1971)3, where Left has more integers in their sequence than Right and
have a winning move by Theorem [4 In all possibilities, Left wins.

We conclude that, playing first in P, Left wins. By symmetry, P is a winning
position for Right if he is the first player. Hence, P is an A -position. O

4. Future work

A better understanding of the game values of (i | j), is clearly an interesting and
challenging work to carry out. The computational complexity of SIMPLE
CHOPSTICKS (i.e., deciding which player has a winning strategy on a given
position and with a given starting player) is also still open.

Also, as mentioned in the introduction, the CHOPSTICKS variation that we studied
is just the most obvious possibility. Indeed, here are several additional rules and
variants that could be considered:

1. The attack never changes; however there are two variants for how to remove
a hand from play. The cut-off variant, which we used, states that when an
n-fingered hand should have more than n fingers, then it is removed from
play. The rollover variant states that when an n-fingered hand with x raised
fingers is attacked by a hand with y raised fingers, then it gets = + y mod n
raised fingers. So, for instance, with 5-fingered hands, attacking a hand with 4
raised fingers with a hand with 2 raised fingers will result in a hand with 1
raised finger. A hand is removed from play only if it reaches 0 raised fingers.

2. The split rule allows a player to shift fingers from one of their hands to another
instead of attacking (note that a player may remove one of their own hands
from play by doing so). However, simply reversing the two hands is not
allowed.
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3. Expanding on this, the revive rule allows a player to use a split move to revive
one of their hands that had been removed from play. Variants of the revive
rule may allow any revival, or restrict them to even splits (for instance, if a
player has a hand with 4 raised fingers, then they can use it to revive another
hand only by giving 2 fingers).
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