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Abstract —
The objective of the present work is to combine reduced order model (ROM) methods with parameter-
to-solution metamodeling techniques to predict instantly the mechanical state at the end of Post Welding
Heat Treatments on industrial steel pipelines. The ROM method used is based on a proper orthogonal
decomposition (POD) and Grassmann interpolation strategy with parametric finite elements simulations.
Additionally to the accuracy estimation of the resulting surrogate model, global variance and sensitivity
analysis are carried out to determine operation parameters influence qualitative and quantitative.
Keywords — thermomechanical simulation, Metamodeling, POD, Post Welding Heat Treatments.

1 Introduction

Post welding heat treatments (PWHT) technique are largely used in many industrial sectors such as petro-
chemical ([1], [2], [3], [4]), nuclear power plants ([5]), automotive([6]), among others. This kind of heat
treatment made after welding operations, aims to relax residual stresses and enhance some mechanical
properties (fracture toughness, yield strength, among others). Consequently, such industrial process pre-
vent early maintenance, reduction of equipment lifetime and ensure correct functioning during service.
The success of a PWHT on large steel pipelines strongly depends on the capacity to impose and con-
trol the appropriate thermal load at the material core. Over or under heating during the operation may
be responsible for not relaxing sufficiently the equipment or depreciating its mechanical properties.
Other PWHT conditions may affect its results, such as uncontrolled thermal gradients and asymmet-
rical pipelines, reducing the heat treatment efficiency. In order to estimate the influence of these different
thermal and operations conditions, a parametric finite element model was created to generate a surrogate
model based on POD and Grassmann interpolation method and a global analysis of PWHT.
With this metamodeling and interpolation strategy it is possible to generate rapidly, entire fields of result
to stress and strain field with a controlled interpolation error.

2 Material behavior and constitutive laws

Stress relaxation during PWHT may be triggered by two mechanisms. The first one is related to a
decrease in Young modulus and yield strength for metallic materials as temperature increases, and as
consequence a stress relaxation. The amount of relaxed stress by this mechanism is a function of the
difference of the ration between these two mechanical properties, shown in [1]. The second mechanism
is the viscoplastic behavior for temperatures above one third of the fusion temperature in metals. It
differs from plastic behavior as it depends on both the strain (as in plastic behavior) and the strain rate, it
is also known as rate dependent inelastic behavior ([7]).
In the context of PWHT in steel equipment and pipelines, it is important to model the inelastic behav-
ior of the material in low temperatures, presenting a plastic behavior, as well as in higher temperatures,
presenting a viscoplastic behavior. In the present work, the target material is a low alloy ferritic steel,
commonly referred to as 16MND5 or A508 Cl3 by industrial stakeholders. Such steel grade is largely
used in nuclear power plants installations, such as bottom vessel of steam generators. Vincent [8] de-
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scribed the material behavior of this steel grade during both welding and PWHT simulations, showing a
good match for residual stress between experimental and simulation results.
The modeling of this steel behavior consists in a mixed law: for lower temperatures it is a plastic non-
linear isotropic hardening and for higher temperatures it is a viscoplastic non-linear isotropic hardening.
The constitutive equations as well as the state potential (here Helmholtz free energy) and dissipation
potential are as described in sections bellow.

2.1 State potential and thermomechanical laws

The state potential for an isotropic material, such as the steel in the current work, with temperature vari-
ation to model and the respective thermodynamic forces definitions for σ and R are given by equations
1. It can be underlined that both plastic and viscoplastic behaviors have the same state potential and
thermoelastic laws.

Ψ(εtot,εine, p) = 1
2ρ
(εtot− εine− εther) : C : (εtot− εine− εther)+ 1

ρ
R∞(p+ 1

b(e
−bp−1)),

σ = ρ
∂Ψ

∂εe = C : (εtot− εine− εther),

R = ρ
∂Ψ

∂p = R∞(1− e−bp),

εther = αθI

(1)

where the thermodynamical forces are σ (stress tensor) and non-conservative force R, ε (resp. εine) is the
total (resp. inelastic) strain tensor, εther is the thermal strain, the internal variable p corresponds to the
accumulated inelastic strain, C is the Hook tensor, R∞ and b are material parameters, α is the dilatation
coefficient, θ is the temperature minus the reference temperature, and I is the identity matrix.

2.2 Dissipation potential and dissipative laws

For plastic behavior, the definitions of the yield surface, as well as the normal dissipative laws for the
accumulated inelastic strain p and the inelastic strain εin are given by equations 2:

Plastic :


ϕ∗vp(σ,R) = I f (σ,R), with f (σ,R) = ‖σ‖vM−R−σy ≤ 0
ε̇in = λ

∂ f
∂σ

ṗ =−λ
∂ f
∂R = λ

(2)

where I f is the indicator function of f , f is the yield surface, and λ is a plasticity multiplier.
For viscoplastic behavior the definitions of dissipation potential, the normal dissipative laws for accumu-
lated inelastic strain and inelastic strain respectively are given by equations 3:

Viscoplastic :



ϕ∗vp(σ,R) =
K

n+1

〈
‖σ‖vM−R−σy

K

〉n+1

ε̇in = ṗ 3
2

σdev

‖σdev‖vM

ṗ =

〈
‖σ‖vM−R−σy

K

〉n
(3)

where n and K are material parameters, and 〈·〉= max(0, ·).
This material behavior system of equations is implemented in Code_Aster ([9]) a thermomechanics finite
elements simulation software developed by EDF R&D. The time integration of material law has been
implemented with MFront([10]) which can be easily interfaced with Code_Aster.

3 Parametric model and model reduction strategy

3.1 Parametric model

The application case of the current work consists in making a local PWHT on a pipeline, presented
in Figure 5a. This geometry is represented by a 2D axisymmetric rectangle, presented in Figure 5c,
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where y is a revolution axis and the plan (x,z) represents the center of the welding center line and a
symmetry plan. As indicated in Figure 5c, there are three zones in a local PWHT operation, the soak
band corresponds to the zone where the initial stresses should be relaxed and is the zone closer to the
welding center-line, the heating band is the zone that will be heated to attain the target temperature during
PWHT. Finally, the gradient control band is where the thermal gradient is controlled to avoid generating
excessive and additional stresses zones during PWHT.
The temperature cycle, zones sizes, cooling and heating time are defined in european and international
standards and codes for engineering practices (WRC 452/552 ([11], [12]), AWS D10.10 ([13]), RCC-
M S1340/ S7450 ([14])). Figure 2 displays the characteristic shape of a temperature time cycle during
PWHT as well as its admissible range of variations according to WRC Table 1, where t is the thickness,
and R is the internal radius.

(a) Pipeline geometry representation

(b) Different zones in PWHT norms

Figure 1: Pipeline axisymmetric and 3D representation + PWHT Zones

Figure 2: Temperature range in PWHT - WRC recommendation

Table 1: Preconized values of PWHT zone lengths on WRC norm

Zone name Zone value
Soak band t

Heating band t +2
√

Rt
Gradient control band t +2

√
Rt

As it can be noticed, several operation parameters, such as max_temp the target temperature, Ṫheating
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the heating rate, Ṫcooling the cooling rate, thold the hold time, l_max_temp the heating band length and
l_grad_temp the gradient control length, can be already identified.
In the present work these parameters vary ±15% from the values defined in engineering standards and
codes. The material behavior is described in the section above and the FE simulations have been carried
out with Code_Aster.

3.2 Model reduction strategy

3.2.1 PDO + Grassmann design

There are plenty of model reduction techniques available such as POD (Proper Orthogonal Decomposi-
tion), neural networks autoencoders, PGD (proper generalized decomposition), kringing, PCE, piecewise
polynomial metamodels, among others. However not all of them are appropriated for thermomechanical
applications.
The present work uses a proper orthogonal decomposition combined with a Grassmann interpolation to
adapt reduced modes. This approach has already shown promising results for mechanical and thermo-
mechanical parametric metamodeling ([15], [16]). POD and Grassmann interpolation strategy relies on
calculating simulation snapshots and interpolating its orthogonal bases for new operation parameters that
have not been previously computed.
The Grassmann interpolation method requires the notion of Grassmann manifold represented as a spining
circle in Figure 3. On this circle, two reduced basis Ψ0 and Ψ1 are represented. They are related to two
different set of operation parameters. The Grassmann interpolation allows to compute an intermediary
reduced basis, Ψinterpol , when the parameter vector changes. Its main advantage is that it takes into
account the non-linearity of the manifold as the parameter inputs vary. In order to do so, it relies on the
computation of two operators: the Exp mapping and the Log mapping.

Figure 3: Grassmann interpolation representation
The projection of Ψ1 in the tangent space of the reference basis, Ψ0, is named logarithmic mapping.
Given in equation 4 ([16]), U log, Σlog, and V log are the resulting matrices of the thin SVD decomposition
of the resulting matrix written of the left-hand side of the equality, and Γ is the projection of Ψ1 into the
tangent space of Ψ0.

(I−Ψ0Ψ
T
0 )Ψ1(Ψ

T
0 Ψ1)

−1 =U logΣlogV T
log

Γ =U log tan−1(Σlog)V T
log

(4)

Once Φ1 is projected on the Φ0 tangent space, a linear input parameter interpolation can be performed
as this space is linear.
The interpolated basis is then projected into the original space using the exponential mapping ([16]).
Given in equation 5, where Uexp, Σexp, and V exp are the thin SVD decomposition of the interpolated
basis in the tangent space of Ψ0, and Ψinterpol is the final result of the interpolation at the original space.

Γ =UexpΣexpV T
exp

Ψinterpol = (Ψ0V exp cos(Σexp)+Uexp sin(Σexp))V T
exp

(5)

The main advantages of the Grassmann interpolation method with respect to standard linear matrix in-
terpolation area that the resulting base is orthogonal, and that the interpolation is made in a non-linear
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space. What is more, the reduction of the interpolation error will be faster using this method for complex
non-linear problems such as simulations with viscoplastic and plastic material behavior.

3.2.2 Multigrid localized error sampling

The developed algorithm is applied to a domain in the parametric space. The first step is to produce
snapshots at the corners of the parametric domain and at the center of the domain. The Grassmann
interpolation step is performed using the reduced basis obtained with POD from corner parameters. The
interpolation is done for a parameter value corresponding to the center of the hypercube and is used to
compute the interpolation error. If the error is superior to the tolerance, the space is subdivided in other
hypercubes, and the initial step restarts for each subspace created in division of the original hypercube.
This subdivision and error computation is automatic until every subspace of the original domain has
converged to an error smaller than the tolerance. Lu et al. [15], proposed this localized sparse grid
technique for parametric welding simulations.
The algorithm adapts to produce more snapshots where the convergence is more difficult. Figure 4 gives
an example of converged space for two parameters. One may see that there are zones where the parameter
cubic grid has been considerably refined meaning that a large number of snapshots have been computed.
Only the snapshots used in interpolation are represented.

Figure 4: Converged snapshots for adaptive algorithm

3.3 Sensitivity analysis for PWHT

Constructing the surrogate model for PWHT allows making sensitivity analysis and take conclusions that
may impact an industrial operation design in terms of parameters values, or even determine what are the
most influential parameters to stress relaxation. The following results were generated for an application
with 2 parameters the targer temperature max_temp and the heating band length l_max_temp.
In Figure 5 the Sobol index for the 2 parameters and 3 quantities of interest, the maximum von Mises
stress at the soak band, the maximum von Mises stress at the entire component and the distance of this
point to the symmetry plan (welding center-line). The temperature applied for the heat treatment is more
influential for all quantities of interest compared to the length of the heating band.
Another important analysis that may be easily made with a surrogate model that produces instantaneous
results is presented Figure 6, here the maximum von Mises stress at the soak band and at the entire
component in function of the temperature the heat treatment is performed. Until 550◦C the maximum
stress is at located at the soak band. As one of the goals of PWHT is to relax the stress near welded area
a heat treatment should be performed in temperatures higher than 550◦C.
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(a) Sobol index of maximum von Mises stress value (b) Sobol index of distance of the maximum von
Mises stress value to welding center

(c) Sobol index to maximum von Mises stress at the
soak band

Figure 5: Sobol index for 3 quantities of interest

Figure 6: Max von Mises stress at the soak band and entire component in function of heat treatment
temperature

4 Conclusion and perspectives

In summary a surrogate model of FE parametric model of post-welding heat treatment was made and
multiple snapshots results were taken. The surrogate model was built using POD and Grassmann inter-
polation method, using this surrogate model several global sensitivity analysis can possibly be made. In
the future other ROM-based metamodels will be developed coupling HOPGD ([17], [18], [19]) method
with physically based corrections.
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