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Résumé — The presence of process-induced meso-scale pores, typically present in a variety of cast and
additively manufactured alloys, typically leads to a low fatigue limit and an important dispersion related
to the distribution of pores. On the other hand, a scatter in fatigue life still exists due to inherent micro-
structural heterogeneity like silicon precipitates in the matrix in between pores. Therefore, a new fatigue
model modelling uncertainty on two scales, i.e. due to varying pore distributions and micro-structural
heterogeneity is proposed. A stochastic approach for the micro-plasticity based on a separation of scales
is chosen to model uncertainty due micro-structural heterogeneity, and a weakest link assumption is
applied to extend this theory to incorporate uncertainty due to varying distribution of pores. The finite
element method is used to take into account the complex morphology of pores, and a previously im-
plemented Neuber-type method was used for fast approximation of the full-field elasto-plastic stresses
in porous structures. The parameters of the multi-mechanism model are obtained via a maximum likeli-
hood estimate using tomography-based randomly generated synthetic porous specimens on experimental
fatigue data.
Mots clés — Multi-scale approach, Probabilistic fatigue lifetime modelling, Pores, Size effect.

1 Introduction

Certain metals, owing to their fabrication process, end up with defects at two scales, notably meso-
scale pores which can have high effective sizes and complex shapes, and inherent micro-heterogeneity
due to inclusions and varying grain orientations. Examples of these materials include foundry alloys (Al-
Si) [1], additive manufacturing alloys, which often contain keyhole pores, lack of fusion pores, [2] etc.
Both microstructural factors (presence of eutectics, etc.) as well as pore characteristics that cause high
stress concentrations (such as the pore density, size, shape and distance to the surface) play an important
role in final failure, and therefore bring about an important dispersion in the fatigue lifetime. In this
light, engineering decisions on the usability of such porous material for structural use need a model that
is both fast to use, easy to calibrate and provides uncertainty estimates in the lifetimes.

The micro-inclusion model [3, 4, 5] has been directly applied for probabilistic fatigue modelling
of a wide range of metallic alloys that are relatively homogeneous, i.e. without the presence of large
pores that bring about high stress concentrations [3, 4, 6, 7, 8]. However, this approach is not directly
applicable to porous specimens which contain heterogeneous stresses. There exist a few approaches to
take this into account, which include an indirect approach that does not explicitly model the pores [5, 9]
and another approach to incorporate the effect of isolated spherical pores [10].

In this paper, a probabilistic fatigue model is developed that takes into account lifetime dispersion
due to defects at two scales. The first section is dedicated to the methodology, which recalls the formal
description of the micro-inclusion model for homogeneous stress cases and the development of the two-
scale probabilistic model for heterogenous stress cases, followed by synthetic specimen generation for
calibration of the model. The second section is devoted to numerical results of the model.
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2 Methodology

2.1 Material

For this study, a porous Al-Si7Mg0.3 alloy was considered. This alloy has been subject to a lot
of studies, and their microstructure and distribution of pores, as well as their elasto-plastic behavior is
known [1, 11]. The pores consist of shrinkage and gas pores, which originate from the manufacturing
process of lost wax casting. Fatigue experiments in the high-cycle fatigue regime, under alternating
tension-compression conditions with zero mean stress, have previously been carried out on this alloy in
[1].

2.2 Micro-inclusion model

The micro-inclusion model [3, 4] operates on an assumption of separation of scales. It assumes that
fatigue lifetime of a homogeneously loaded structure, as observed at the macro scale, is governed by
an underlying stochastic damaging process at the micro-scale. A Poisson process is assumed for the
appearance of micro-inclusions in a volume that follow a kinematic hardening law beyond their yield
stresses. The intensity of their appearance is a power law of the applied stress amplitude, and the weakest
link hypothesis is used to describe rupture, which leads to a Weibull distribution of the yield stress of
the weakest inclusion. A criteria based on a critical value of accumulated plastic strain for the weakest
site governs the micro fatigue life [5]. While several fatigue lifetime criteria exist, this paper will use a
criteria based on a critical value of cumulated plastic strain for a site, that is considered to govern the
fatigue life in a given volume. [5, 12] A brief description of the model is given as follows :

In a given volume V, the number of active microplastic sites X, which are seen as elasto-plastic
inclusions, is modelled as a random variable, and follows a Poisson process with intensity Λ :

Prob(X = k) =
(Λ)k

k!
exp(−Λ) (1)

The intensity of the Poisson process Λ is assumed to be a power law of the stress Σ0 experienced by
the volume V :

Λ(Σ0;m,β,V ) =
V
β
(Σ0)

m where β =VoSm
o (2)

where m and β are parameters of the model that govern the relation between the intensity of the
process and the stress.

A weakest link assumption is applied, i.e. the weakest site should govern the fatigue life. Each site
can be considered to have a yield stress σsite

y , and the yield stress of the weakest site is given by Σ∞ which
is modelled as a random variable :

Σ∞ = min
sites

σ
site
y (3)

In doing so, one express the probabilities in terms of yield stress of the weakest inclusion Σ∞ instead
of the number of active sites :

Prob(∃ ≥ 1 site with σ
site
y < Σ) = Prob(Σ∞ < Σ) = FΣ∞

(Σ) (4)

Thus, the distribution function of the yield stress of the weakest site as a function of the experienced
stress Σ0 becomes a 2-parameter Weibull with a a scale parameter m and a shape parameter given as :

λ(V ;m,β) =

(
β

V

)1/m

(5)
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FΣ∞
(Σ;m,β) = 1− exp

(
−
(

Σ

λ(V ;m,β)

)m)
(6)

With the density expressed as the derivative :

fΣ∞
(Σ;m,β) =

m
λ(V ;m,β)

(
Σ

λ(V ;m,β)

)m−1

exp
(
−
(

Σ

λ(V ;m,β)

)m)
(7)

To express this density in terms of the number of cycles to failure NR, a criterion [5] that considers
crack initiation and rupture to be governed by a critical value of accumulated plasticity in the weakest
micro-inclusions [12] is taken. The fatigue lifetime is considered to be finite if the weakest inclusion has
a yield stress less than the stress experienced by the loaded volume, and infinity otherwise. Owing to the
probabilistic nature of the appearance of the weakest inclusion, the fatigue lifetime is also probabilistic,
and is modelled as a random variable :

NR =

{
A

(Σ0−Σ∞)2 , if Σ∞ < Σ0

+∞, if Σ∞ ≥ Σ0
(8)

The lifetime density function fNR(N) is obtained via a change of variables. We define :

g(Σ∞;A,Σ0) =
A

(Σ0 −Σ∞)2 (9)

g−1(N;A;Σ0) = Σ0 −
√

A
N

(10)

fNR(N;m,β,A,Σ0) =


( fΣ∞

(Σ;m,β)◦g−1(N;A,Σ0))
dg−1

dN

∣∣∣∣
N

+Prob(Σ∞ > Σ0|m,β)δNR=∞(N), if N > A
Σ2

0

0, if N ≤ A
Σ2

0

(11)

And the lifetime distribution function is obtained by integration of the density function :

FNR(N;m,β,A,Σ0) =


[
1− exp

(
−g−1(N;A,Σ0)

λ(V ;m,β)

m)]
+Prob(Σ∞ > Σ0|m,β)HNR=∞(N), if N > A

Σ2
0

0, if N ≤ A
Σ2

0

(12)

Where HNR=a(N) =

{
1, if N > a
0, if N ≤ a

(13)

Prob(Σ∞ > Σ0|m,β) = exp
(
−
(

Σ0

λ(V ;m,β)

)m)
(14)

The set of parameters thus introduced is summarized as :

µ = [m,β,A] (15)

Later on, the dependence of fNR and FNR on µ will be introduced as fNR(N;µ,Σ0) and FNR(N;µ,Σ0)
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2.3 Two-scale probabilistic fatigue model

It is desired to model the life of a structure containing gradients of stresses arising due to its geometry
(specifically, pores). The micro-inclusion model can thus remain valid in the matrix between the pores,
as long as the local loading rests elastic (a correction of elastic stresses [13] or inclusion of a mixed
model incorporating plasticity is required otherwise). This is shown schematically in 1. A finite element
method is used to explicitly mesh structures with pores (an example is shown in Figure 2). These are
linear elements with piece-wise constant approximation of the stresses. The life of such a structure
is dependent on the finite elements that constitute it. The stress experienced by each finite element
is constant per element. Thus, the probability of the failure of the structure (modelled by the random
variable Ns

R) can be obtained via a weakest link assumption at the level of its linear finite elements
(denoted by e) :

Prob(Ns
R ≤ N) = 1−∏

e
(1−Prob(Ne

R < N)) (16)

FNs
R
(N;µ,Σa) = 1−∏

e
(1−FNR(N;µ,Σe

0(Σa)) (17)

Where Σe
0(Σa) is a function that gives, for an applied loading Σa on the porous structure, the loading

Σe
0 experienced (a corrected equivalent Von-Mises stress amplitude in the stabilized cycle, calculated

via a fast plastic corrector developped in [13] is taken) by each element e in the structure via the Finite
Element Method. The probability density of failure of the structure is obtained via perturbation of the
distribution function (where ε is a small perturbation parameter) :

fNs
R
(N;µ,Σa)≈

1
ε

(
FNs

R
(N + ε;µ,Σa)−FNs

R
(N;µ,Σa)

)
(18)
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FIGURE 1 – Example of a specimen containing a sub-volume of pores, with the micro-inclusion model
activating in the matrix between the pores
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FIGURE 2 – Example of a specimen containing a sub-volume of pores as a finite element mesh, with a
zoom of the mesh around a pore

2.4 Generation of synthetic porous specimens

Fatigue experiments that were carried out in [1] used a particular cylindrical geometry of specimens.
Tomographies of these specimens were not available, therefore, 12×13×3mm3 regions of planar speci-
mens were tomographied to obtain information about the distribution of pores present in alloy C. These
pores were segmented based on a threshold on contrast, remeshed to obtain surface meshes, and filtered
to remove small defects known not to affect the fatigue life [11, 14, 15]. The volume of the cylindrical
fatigue specimens, being around 589mm3, contains a very large number of defects even with the size
filtering, and as such, needs to be split up to pass in memory for Finite Element calculations. Therefore,
the following steps were done to simulate a synthetic porous specimen :

— 100 cylindrical specimens with the geometry of the specimens used for the fatigue experiments
were created, and these specimens were populated with subvolumes of pores taken from the pool
of filtered defects, each subvolume being 1/20th the size of the specimen

— Elastic calculations were performed on the 100 specimens each containing one subvolume of
pores

— The equivalent Von-Mises stress amplitudes in the stabilized cycle (corrected for plasticity via
a fast plastic corrector developped in [13]) and volumes associated to the elements in the sub-
volumes were extracted. A random combination of 20 such subvolumes are considered to make
up one synthetic porous specimen. Examples of synthetically generated porous specimens are
shown in 3.

2.5 Parameter identification

For the purposes of this paper, identification of all parameters will be done exclusively on avai-
lable experimental fatigue data, via a maximum likelihood estimate. This requires a likelihood function,
which, when maximized, will output parameters µ = [m,β,A] of the lifetime model that are the most pro-
bable given the experimental fatigue results. If I is the set of all the experimental specimens tested for
fatigue failure, and K is the set of all possible synthetic porous specimens, the likelihood is calculated
as :

µ = argmax
µ̃

E
k∈K

(
∑
i∈I

ln fNs
R
(Ni; µ̃,Σi

a)

)
(19)
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FIGURE 3 – Example of two generated synthetic specimens containing a combination of 20 random
sub-volumes of pores. Both surface-breaking and in-volume pores are present.

Where Ni is the number of cycles to failure at an applied loading Σi
a. The expectation is taken over

all realisations of the specimen with random meso-scale pore distributions. A Monte Carlo method is
used to approximate this expectation over a finite number of porous specimen realisations (denoted as
the set K̃) :

µ = argmax
µ̃

∑
k∈K̃

(
∑
i∈I

ln fNs
R
(Ni; µ̃,Σi

a)

)
(20)

In practice, weights are added to the likelihood function. 1 A total of 30 synthetic specimens contai-
ning random distributions of pores, using the method detailed in the previous section (2.4) were genera-
ted for maximizing the likelihood function.

3 Numerical results

3.1 Uncertainty due to varying pore distributions and micro-heterogeneity

The modelled fatigue lifetime distribution models uncertainty due to two sources - micro-structural
heterogeneity and meso-scale pores. Figure 4 shows the fit of the model for one synthetic porous speci-
men, keeping in mind the following considerations :

— Experimental fatigue data on real porous specimens consists of structures that fail after a finite
number of cycles, and some specimens that did not break after 2.106 tested cycles. The number of
specimens falling in the latter category is counted and reported at the 2.106 cycles mark followed
by arrows and an ∞ sign, to denote possible failure in the event of future cycling, up until never
failing at all (infinity).

— Numerical samples from the model are considered finite if below 2.106 cycles, any samples
beyond this limit show a potential of higher lifetime. As there is no experimental data beyond
2.106 cycles, these samples are counted and reported at 2.106 cycles followed by arrows and an
∞ sign, to compare with the experimental data falling in this category.

1. The experimental fatigue data available for this study had a particularity : certain tested applied stress levels did not
contain a lot of failure points. Therefore, weights (αi) were added to the likelihood function. If I is the set of applied stresses
and J is the set of all the specimens tested in a given stress level, and the number of failure points at a given applied stress level
is ni :

µ = argmax
µ̃

∑
k∈K̃

(
∑
i∈I

∑
j∈J

αi ln fNR,S(N
i, j; µ̃,Σk,e

0 (Σ
i, j
a ))

)
where αi = 1/ni (21)
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TABLE 1 – Parameters of the micro-inclusion model identified on porous structures

Parameter β m A
(MPa) (MPa)

Value 2.92e9 3.90 8.95e8

— 30 numerical samples are shown per stress level, to compare the ratio of points at infinity. A
ratio of infinite-to-total points of 33%, 46%, 70%, 90% and 96% is found numerically for each
of the applied stress levels 40, 50, 60, 70 and 80 MPa, which is an excellent match with the
experimental ratios of 40%, 50%, 100%, 100% and 100% respectively. The differences may be
explained by the limited number of fatigue experiments conducted for each stress level.

FIGURE 4 – Wohler curve for a synthetic porous specimen (black) and failure sampling (green). The
parameters were obtained via an MLE using 30 synthetic porous specimens on the experimental fatigue
data (red points). No significant change in the Wohler curve was found when changing to new pore dis-
tributions in the same specimen geometry, due to very similar stress distributions between the synthetic
specimens.

The parameters of the micro-inclusion model identified on porous structures are summarized in
table 1. No change in the Wohler curve was found when changing to new porous specimens of the
same dimensions, which may be explained by similar stress distributions between porous specimens of
the same dimensions. In other words, all the uncertainty in fatigue lifetime is attributed to the micro-
inclusion model. To see an effect of the pore distribution, two cases may be studied : comparison of
several smaller specimens with a lower number of pores, or a comparison of a thinner specimens of the
same volume as the original specimen, the latter of which is demonstrated in the following section.
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3.2 Pore-surface interactions : Lifetime of thin specimens

Thinner specimens (with the same volume as a given specimen) have higher pore-surface interaction,
and thus have a lower lifetime. The fatigue model developed here demonstrates this result thanks to the
pore distribution being modelled. Figure 5 shows a consistent decrease in the fatigue lifetime of a thinner
specimen, transformed to have more surface area to volume ratio, while keeping the same volume as the
original specimen.

Original Specimen (r,L)

Thin Specimen (r/4,42L)

(a)

(b)

FIGURE 5 – (a) Illustration of two specimens : a specimen with radius r and length L, and a thin spe-
cimen, transformed but with the same volume as the original specimen (b) Resulting fatigue lifetime in
the original and thin specimens
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