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The basic component :
Fractional Brownian Field (FBF)

B" FBF with Hurst index 0 < H < 1 [Mandelbrot,Van Ness,1968]
stationary increments : B (- 4 z) — BH(z) £ BH(-) — B"(0)
self-similar : BH(\.) £ AHBH(.)

isotropic : BH o Ry = BH

he covariance is given by

Cov(B¥(x), B(y)) = cu I + Iy = [lx— y|[**)
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The basic component :
Fractional Brownian Field (FBF)

Harmonizable representation [Samorodnitsky, Taqqu,1997]

eix-£ o o
B(x) = | LaW(e)

 [|€]
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The basic component :
Fractional Brownian Field (FBF)

Harmonizable representation [Samorodnitsky, Taqqu,1997]

eix-£ o —
B(x) = | LaW(e)

 [|€]

complex Brownian measure
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The basic component :
Fractional Brownian Field (FBF)

Harmonizable representation [Samorodnitsky, Taqqu,1997]

eix-£ L —
ACEY| LaW(e)

/ 2 €]
roughness indicator complex Brownian measure
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The basic component :
Fractional Brownian Field (FBF)

Harmonizable representation [Samorodnitsky, Taqqu,1997]

eix-£ L —
ACEY| LaW(e)

 [|€]

roughness indicator complex Brownian measure

Kb
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The basic component :
Fractional Brownian Field (FBF)

Harmonizable representation [Samorodnitsky, Taqqu, 1997]

eix-£ L —
ACEY| LaW(e)

 [|€]

roughness indicator complex Brownian measure
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General model :

anisotropic self-similar Gaussian fields

X( = [ (¢~ 12, €)dW(E
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General model :

anisotropic self-similar Gaussian fields
X0 = [ (¢ DR I (E)
R2
F172(x, &) = c(x, §)[1&]| "=
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General model :

anisotropic self-similar Gaussian fields
X0 = [ (7€~ PR &)W (e)
R2

F/2(x, &) = c(x, §)|lg[ 7>~ -

C(X, 5) = 1 and h(x’ 5) = H = X=R,8" [Mandelbrot,Van Ness,1968]

spectral density
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General model :

anisotropic self-similar Gaussian fields

X0 = [ (%€~ 1F2(x Eam(e)

1/2(x, &) = c(x, &)||&|| =&~

spectral density

C(X, 5) — 1 and h(x’ 5) = H = X = BH [Mandelbrot,Van Ness,1968]
c(x,&) = c(arg&) and h(x, &) = h(arg&) = X = AFBF [BonamiEstrade,2003]
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Locally Anisotropic Fractional
Brownian Field (LAFBF)

B Definition: Our new Gaussian model LAFBF is a local version

of the elementary field

B! () = [ (o€ - IR i)

[Polisano et al.,2014]
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Locally Anisotropic Fractional
Brownian Field (LAFBF)

B Definition: Our new Gaussian model LAFBF is a local version

of the elementary field
. 1 —~
B ()= [ (ere-1- ](‘fgﬁi@ 4V(€)
R2

[Polisano et al.,2014]

The orientation may
varies spatially. o Is
now a differentiable
function on R?
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Locally Anisotropic Fractional
Brownian Field (LAFBF)

B Definition: Our new Gaussian model LAFBF is a local version

of the elementary field

.
.
.
.
.

B () = [ (¢ 1)
R2

Texture

orientation

M., y(argé @(

1€

dW(¢)

[Polisano et al.,2014]

l,f1/2<X07 £> —

. COé(),Oé (X()? a’rg E)

1]/

The orientation may
varies spatially. o Is
now a differentiable
function on R?
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Elementary field

CM():O

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation



Elementary field

Texture

orientajd

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation



Elementary field

Texture

~
|
|
|
|
|
|
|
|
|
|
|

orientation

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation



Elementary field

Texture

orientation

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation



Elementary field

Texture

orientation

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation



Elementary field

Texture

AAAN Orientation

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation



Elementary field

Ck():O

N
|
|
|
|
[
|
|
|
|
|
|

AAAN Orientation

Texture

h 24 24 4

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation

14



Elementary field

Texture

A~
1
|
|
|
|
|
|
|
|
[
|

AAAN Orientation

h 2 4 4

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation



Elementary field

CE():O

Texture

~

1

|

|

|

|

|

|

|

[

|

|
N

orientation

M
|
|
|
[
|
|
|
|
]
|
|

o = 0.05

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation



Elementary field

Texture

orientation

o =20.7

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation



Elementary field

Texture

orientation

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation



Elementary field

Texture

orientation

v =0.5

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation



Elementary field

Texture

orientation

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation



Elementary field

Q
S
|
|
|

Texture

orientation

v =20.3

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation



Elementary field

Texture

orientation

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation



Elementary field

Q
S
|
|
|

Texture

orientation

o =0.1

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation



Elementary field

Q
S
|
|
|

Texture

orientation

o = 0.05

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation



Tangent field

Bl () = [ (e€ - ) e R S gt

B Tangent field.
For a random field X locally asymptotically self-similar of order H,

X(Xo + ph) — X(Xo) L
/)f{ p—0

> Yo

[Benassi, 1997]

— Y, : tangent field of X at point xy € R? Faleoner. 2002

Taylor’'s expansion Tangent field

Deterministic case Stochastic case
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Tangent field

B () = [ (e - - ](usﬁﬁ_ < g

B Theorem. The LAFBF B!’  admits for tangent field Y, :

O — [ (eixe 7)Mo ((arg &€ — ao(x0)) —
Yoo )—/Rz( 1) T JT(£)

— Y, elementary field with global orientation (o)
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Tangent field

B () = [ (e - - ](usﬁﬁ_ < g

B Theorem. The LAFBF B!’  admits for tangent field Y, :

O — [ (eixe 7)Mo (arg € —(o(x0)) —
Yoo )—/Rz( 1) BT T JT(£)

» constant

— Y, elementary field with global orientation (o)
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Simulation of tangent fields

Continuous formulation. Variogram of Yxo . [Bierme,Richard,Moisan,2012]

1

VYo (X) = 2 RQ‘eixf_le(Xo,ﬁ)dﬁ
1 7T/2
= ) [ capalxo.0) [x- u() a0
/2 —7/2
_ / 7o(x - u(0))do
—7/2

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation



Simulation of tangent fields

Continuous formulation. Variogram of Yxo . [Bierme,Richard,Moisan,2012]

1 .
— Vy, (X) = 5 Rz\e’*£—1\2f(xo,§)d£
1 7T/2
o= ) [ canalxo6) x- u(e)Pdo
in polar 2 —7 /2
coordinates /2
_ / 7o(x - u(0))do
—7/2
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Simulation of tangent fields

Continuous formulation. Variogram of Yxo . [Bierme,Richard,Moisan,2012]

1 .
— W) = 5 [ ™% — 11*F(xo, £)d&
1 7w /2
. < E’Y(H)/ Cao,a(xo,e) ‘X ' U(e)‘2Hd(9
in polar p — /2
coordinates T
— / 7 (x - u(0))d6
—7/2
. 1
Vo = §V(H)Cozo,oz(x01 0)| - ‘2H
u(f) = (cosb,sinf)
70
H) =
"H) = LF@H) sin(Hn)
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Simulation of tangent fields

Continuous formulation. Variogram of Yxo . [Bierme,Richard,Moisan,2012]

1 IX-
— Vy, (X) = 2 /. ™% — 1°f(xo, £)d&
1 /2
. > = E’Y(H)/ C(Xo,()é(x()' 0) ‘X ) u(@)‘sz@
in polar —7/2
coordinates /2 N variogram of a fractional
— /2 Vo (X ' U(@))d@ brownian motion (FBM) of order H
. 1
Vg — 5’7(H)Cozo,oz(x()1 6)‘ ) ‘2H
u(f) = (cosf,sinb)

T

") = Hr 2H) sin(Hm)
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Simulation of tangent fields

Continuous formulation. Variogram of Yxo . [Bierme,Richard,Moisan,2012]

1

5:<

~~
X

~—
]

2 S

> p— —’y
in polar 2 —7/2

S | & —1]*f(xo, £)d€

Cag.a(X0, 0) [x-u(8)|?"do

coordinates /2 N variogram of a fractional
— /2 Vo (X ' u(@))d@ brownian motion (FBM) of order H
_ 1
Yo Vo = §V(H)Cozo,oz(x01 0)| - ‘2H
- u(f) = (cosf,sinb)

Infinite sum of independant
rotating FBM of order H

T

") = Gr R sin(H)
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Simulation of tangent fields

Discrete formulation_ [Bierme,Richard,Moisan,2012]

(9,‘)1<;<n are n bands orientations and \; = (9,'_|_1 — 0;

The turning band field is defined as
Y, ["(x ZW Cop.a (X0, 0:) B (x - u(6;))

Bf' are n independent FBM of order H

Good approximation provided max \; < ¢

/
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Simulation of tangent fields
Discrete formulation. [Bierme,Richard,Moisan,2012]
(9,‘)1<;<n are n bands orientations and \; = (9,'_|_1 — 0;

The turning band field is defined as

Y [n] Z \/)\ Cayg,a XO, BH @)

Bf' are n independent FBM of order H

Good approximation provided max \; < ¢

/

not equispaced x
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Simulation of tangent fields

Simulation along particular bands. [Bierme, Richard, Moisan, 2012]

Discrete grid r=1Z2 N[0, 1] with r = 2% — 1, k € N*

Choose (6;) such that tanf; = £ and max \; < e

! /

Then B (x - u(6;)) becomes

K k
{BiH <_1 cosb; + _25int9,-> 0 < ki, ko < r} £

r r

cos 0;
( = ) (B (kigi + kop:);0 < ki, ko < 1}
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Simulation of tangent fields

Simulation along particular bands. [Bierme, Richard, Moisan, 2012]

Discrete grid r=1Z2 N[0, 1] with r = 2% — 1, k € N*

Choose (6;) such that tanf; = £ and max \; < e

! /

Then B (x - u(6;)) becomes Dynamic programming

K k
{BiH <_1 cosb; + _25int9,-> 0 < ki, ko < r} £

r r

//\
~
—

cos b,
< a ) {B!"(k1qi + kap;); 0 < ki, ko
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Simulation of tangent fields

Simulation along particular bands. [Bierme, Richard, Moisan, 2012]

Discrete grid r=1Z2 N[0, 1] with r = 2% — 1, k € N*

Choose (6;) such that tanf; = £ and max \; < e

! /

Then B (x - u(6;)) becomes Dynamic programming

K k
{BiH <_1 cosb; + _25int9,-> 0 < ki, ko < r} £

o r r
self-similarity

//\
~
—

cos b,
< a ) {B!"(k1qi + kap;); 0 < ki, ko

BR(A) = AMBH(.)
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Simulation of tangent fields

Simulation along particular bands. [Bierme, Richard, Moisan, 2012]

Discrete grid r=1Z2 N[0, 1] with r = 2% — 1, k € N*
Choose (6;) such that tanf; = £ and max \; < e

! /

Then B (x - u(6;)) becomes Dynamic programming

k1
{B,-H <7c059 +—sm«9>,0 r}é

cos 0;
( ra ) {BiH@JrkzP),O S}
BH(X\) £ AMBH() '
\ equispaced &/
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Simulation of LAFBF

using tangent fields  (polisano e al. 2014
Algorithm. For each pixel xg = (kq, ko) € [0, r]?

B\, (ki k2))

GIED DRVEVIN (CAANTy (

cos 0;
rqi

H
> B/ (kiq; + kop;)
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Simulation of LAFBF

using tangent fields  (polisano e al. 2014
Algorithm. For each pixel xg = (kq, ko) € [0, r]?

B, (ki k2)) B (x0) = Yy (x = xo)
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Simulation of LAFBF

using tangent fields  (polisano e al. 2014
Algorithm. For each pixel xg = (ki, ko) € [0, r]?

B\, (ki k2))

GIED DRVEVIN (CAANTy (C°s 9) B (ki + kopy)

//A\\*» |

\7 —C\fo(kl k2
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Simulation of LAFBF

using tangent fields  (polisano e al. 2014
Algorithm. For each pixel xg = (ki, ko) € [0, r]?

B\, (ki k2))

Vi€, (ki k), 67) (

cos 0;
rqi

H
> B/ (kiq; + kop;)

n turnlng bands 6;

1

!

."\\ /
/‘\\\ |

\7 —C\fo(kl k2
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Simulation of LAFBF

using tangent fields  (polisano e al. 2014
Algorithm. For each pixel xg = (ki, ko) € [0, r]?

B\, (ki k2))

cos 0; &
\/)\iCao,oz((kl, kz), 9i) ( > BiH(qui =+ kzPi)

\rqi
0;

n turnlng bands
]1[—a,oz](6i — O‘O((kl' k2))) 7& 0

1

!

““.\ /

’x I
/\\‘\ |

0;i — ao((k1, k2))| < @
\7 —C\fo(kl k2
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Simulation of LAFBF

using tangent fields  (polisano e al. 2014
Algorithm. For each pixel xg = (ki, ko) € [0, r]?

B\, (ki k2))

cos 0; &
\/)\iCao,oz((kl, kz), 9i) ( > BiH(qui =+ kzPi)

\rqi
0;

n turning bands
]1[ e &](‘9' — O‘O((kl k2))) 7& 0

9 — ao(( k1 ka))| < «

\7 —C\fo(kl k2
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Simulation of LAFBF

using tangent fields  (polisano e al. 2014
Algorithm. For each pixel xg = (kq, ko) € [0, r]?

B\, (ki k2))

cos 0; &
Vi€ (ki ka), 0;) ( > B (kig;i + kap;)

\rqi
0;

n turning bands
]1[ e oz](@' — O‘O((kl k2))) 7& 0

\ bands i = ol kl k)l < o
fe\N

\7 —Of()(kl k2
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Simulation of LAFBF

using tangent fields  (polisano e al. 2014
Algorithm. For each pixel xg = (kq, ko) € [0, r]?

B\, (ki k2))

cos 0; &
Vi€ (ki ka), 0;) ( > B (kig;i + kap;)

\rqi
0;

]1[ o oz](@' - O‘O((kl k2))) # 0

\b s k) <

Complexity O(r?log n)

\7 —Of()(kl k2
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Numerical experiments

\_/)&,y) = (cos(—m/2 + y),sin(—m/2))

N "' N N\ — |

Texture
orientation

Cao,a (X07 arg 5)

I k0, €) = = g

Sed

(a) (b) (c)

Parameters

r=255 H =02
a=10"1 e=10"2

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation



Numerical experiments

\_/)&,y) = (cos(—n/2 + y), sin(—7/2))

S

Texture
orientation

1/2 _ Cao,a(x07 arg 5)
[0, 8) = 75 g

(a) (b) ©)

Texture with prescribed local

orientation at each point Xg
given by a vector field

Vs, = u(co(xo))

Parameters

r=255 H =02
a=10"1 e=10"2

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation



Numerical experiments

Texture
orientation

1/2 Cap,a (X0, arg &)
F12000:8) = =g

~~~~~~~~~ “: 5('};0,0 (XO: arg S)

(a) (b) ©)

Texture with prescribed local

orientation at each point Xg
given by a vector field

Vs, = u(co(xo))

Parameters

r=255 H =02
a=10"1 e=10"2

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation



Numerical experiments

\_/)&,y) = (cos(—n/2 + y), sin(—7/2))

F 3| \ \ \\ \ x". |
.:-?\\ e P A) u-, gl \ il .F o

Texture with prescribed local

orientation at each point Xg
given by a vector field

Vs, = u(co(xo))

Texture
orientation

1/2 Cap,a (X0, arg &)
F12000:8) = =g

Parameters

r=255 H =02
a=10"1 e=10"2

Polisano et al. - Texture modeling by Gaussian field with prescribed local orientation



Numerical experiments
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Numerical experiments
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Numerical experiments
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Numerical experiments

H=0.2 H=0.5

V%, = (cos(—m/2 + y),sin(—/2))
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Questions ?

Thank you for your attention.
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Dynamic programming. The choice of the bands orientation (6;)1<i<n

is governed by the computational cost of the B;” ’s within dynamic programming.
1

tan e

Let the error € fixed. Taking N = | | consider the following set:

VN:{(p,Q)EZQ/—NépéN,léqéN,p/\q:1,—g<arctaﬂ(]—?) <g}
q

The aim is to find n pairs in the set Vy which minimize the following global cost:
C(©) =Y C(r(pi| + a:))
k=1

where C(£) is the cost of one FBM B in O(nlogn), under the constraint m?X(97;+1 —0;) <e
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