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Generators of measure-valued jump diffusions and

convergence rate of diffusive mean-field models.
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SAMOVAR, Télécom SudParis, Institut Polytechnique de Paris, 91120 Palaiseau, France

Abstract: The paper has two objectives: proving that the rate of convergence in distribu-
tion for mean-field models with interaction strength of order N=1/2 and obtaining explicit
expressions for the infinitesimal generators of two types of measure-valued Markov processes
(conditional law of McKean-Vlasov processes, and empirical measures of McKean-Vlasov sys-
tems). The proof of the convergence of mean-field system requires the second result about the
generators, and both results need to study a notion of differentiability of measure-variable
functions known as linear differentiability. Due to the particular framework that is studied,
many technical difficulties arise compared to the existing literature. Two of the main problems
are the following ones: the scaling N~1/2 implies that the limit measure-valued processes are
not deterministic, and the empirical measure processes related to McKean-Vlasov equations
with jumps are necessarily discontinuous. Both properties make the expressions of the gener-
ators more complicated than what is usually considered.

MSC2020 subject classifications: 60B10, 60F05, 60G57, 60J25, 60J60; secondary 46G05,
60B05, 60K35.
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Introduction

The notion of particle systems is widely studied in many frameworks due to the diversity of their
applications: biology (e.g. neural networks Fournier and Locherbach (2016), genomics Reynaud-
Bouret and Schbath (2010), ecological networks Billiard et al. (2022)), finance (e.g. order books
Lu and Abergel (2018), high frequency data Bauwens and Hautsch (2009)), sociology (e.g. social
networks Mitchell and Cates (2009)), physics (e.g. kinetic theory Vedenyapin, Sinitsyn and Dulov
(2011)). A particular case of interest concerns mean-field particle systems, meaning systems in which
the particles interact with all the others in a similar way. The reason behind this interest is that,
the interactions and the dynamics of such systems can be somehow characterized by their empirical
measures. The advantage of studying the empirical measure rather than the particle system itself is
that, if the dynamics of the particles are characterized by R-valued processes, then the values taken
by the empirical measure belong to the set of probability measures on R, which does not depend
on the number of particles of the system. In this paper, we study large scale limit behavior, as the
number of particles goes to infinity, so it is preferable to work on spaces that are independent of
the size of the systems. In particular, the study of mean-field particle systems is closely related to
the notion of measure-valued processes.

The study of measure-valued Markov processes goes back at least to Fleming and Viot (1979) to
model population genetics. In the seminal course Dawson (1993), Donald Dawson has introduced
a notion of differentiation for measure-variable functions, in order to characterize infinitesimal
generators and martingale problems in the context of measure-valued Markov processes. A variant
of the notion of the derivative introduced by Donald Dawson, has been defined by René Carmona
and Francois Delarue (see e.g. section 5.4.1 of Carmona and Delarue (2018)) and is referred to as the
linear derivative, and another rather different notion (at first sight) by Pierre-Louis Lions in a course
given at College de France (see, for example, the lecture notes of Pierre Cardaliaguet Cardaliaguet
(2013)). Since then, this topic still draws interest: for instance, recently, Guo, Pham and Wei (2023)
and Cox et al. (2021) have established Ito’s formulas for measure-valued semimartingales in different
frameworks, and the authors of Crisan and McMurray (2018) have proved some regularity properties
for stochastic flows of McKean-Vlasov processes. For the more specific question of convergence in
distribution of emprical measures of particle systems, we can cite Theorem 2.9 of Chassagneux,
Szpruch and Tse (2022) and Theorem 6.1 of Mischler, Mouhot and Wennberg (2015) that both
obtain a convergence speed of 1/N in a model with interaction of order 1/N, and Theorem 4.13 of
Jourdain and Tse (2021) that proves the convergence of the fluctuation in a similar model. In this
paper, we mostly use a notion of linear derivative and state precisely the definition at Section 2.1.

There are two main contributions compared to the existing literature, and one minor. They are
all closely related.

The first main contribution consists in proving the convergence speed for large-scale limits of
mean-field McKean-Vlasov particle systems with jumps in CLT regime. The previously cited papers
(i.e. Chassagneux, Szpruch and Tse (2022), Mischler, Mouhot and Wennberg (2015) and Jourdain
and Tse (2021)) only consider these systems in LLN regime, i.e. when the interaction strength of the
N-particle systems is N !, and without jumps. These two particularities entail different difficulties:
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e In the regime of this paper (i.e. when the interaction strength between particles is of or-
der N=1/2), the limit of the empirical measures is, in general, a random distribution (more
precisely, it is the conditional distribution of a limit particle given the common noise of the sys-
tem). In particular, the limit measure-valued processes are not deterministic, and the related
generator are more complex. This problem also exists in Theorem 4.13 of Jourdain and Tse
(2021) where fluctuation of the 1/N-regime are proved to converge. However, Theorem 4.13
of Jourdain and Tse (2021) does not provide a rate of convergence for the fluctuation, and
it only deals with a McKean-Vlasov equation whose only dependency w.r.t. the number N
of particles is through the empirical measure of the system. The technics developped here
may be used to obtain an explicit rate of convergence of fluctuation for more general models,
dealing with SDEs with interaction terms like in this paper.

e Secondly, the presence of the jump term in our models make our empirical measure processes
not continuous. So our proofs do not only consider stochastic calculus for measure-valued pro-
cesses, but also for non-continuous processes. Once again, this property makes the expression
of the infinitesimal generators more complex.

In addition, few results exist for the convergence in Central Limit Theorem regime (e.g. Erny,
Locherbach and Loukianova (2021), and, in the more general framework of martingale measures,
Erny, Locherbach and Loukianova (2022a)), and, as far as we know, the only rate of convergence
for this kind of model has been obtained in Erny, Locherbach and Loukianova (2023) for a L*-
convergence using coupling techniques based on the approximation theorem of Komlés, Major and
Tusnady (1976). This convergence speed is very slow (i.e. (In N)'/5 /N1/19) due to the use of an Euler
scheme whose step size depends on N combined with the KMT approximation theorem applied at
each step. In this paper, we prove that the convergence speed in distribution is the expected one,
in N~1/2 (see Theorem 1.4) which is not a strictly stronger result than the one of Erny, Locherbach
and Loukianova (2023), since, here, the convergence speed is faster but the convergence sense is
weaker. The result of this paper is even new in simple frameworks, like the one of Corollary 1.1.
Let us also mention that our technics can be used to prove that the rate of convergence for the
1/N-regime with common noise is still N=! (i.e. the same as the one obtained in the aforementioned
papers without common noise).

The second main contribution is the study of some Markovian properties of measure-valued pro-
cesses, and in particular, we obtain the explicit expressions of generators for two kinds of processes:
the conditional laws of solutions of (conditional) McKean-Vlasov equations, and the empirical mea-
sures of McKean-Vlasov particle systems. These generators have already been used more or less
explicitly in the aforementioned papers: Chassagneux, Szpruch and Tse (2022), Mischler, Mouhot
and Wennberg (2015) and Jourdain and Tse (2021). More precisely, the generators (in the mar-
tingale problem sense) of the limit systems appear explicitly, and the generators of the empirical
measures is somehow characterized in the proofs of these papers, but their expressions are not explic-
itly given. In this paper, we give (explicit) expressions which are more general than in these papers
for the reasons given before: our limit equations being conditional McKean-Vlasov equations (due
to the CLT regime), the limit measure-valued processes are not deterministic (whereas the limit
processes in Chassagneux, Szpruch and Tse (2022) and Mischler, Mouhot and Wennberg (2015)
are deterministic), and because we consider McKean-Vlasov equations with jumps, our empirical
measure processes are not continuous. Let us also mention that, since Guo, Pham and Wei (2023)
and Cox et al. (2021) have established Ito’s formula for measure-valued processes, it is possible
to use their result to obtain an expression for the corresponding infinitesimal generator with some
differences compared to our paper:
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e both papers do not consider empirical measure processes,

e the notion of second order derivative used in Cox et al. (2021) is not equivalent as the one
used in this paper and is somehow ad hoc w.r.t. the notion of Taylor expansion (here, it is
defined as the iteration of the first order derivative, and Taylor’s formulas are developped
from this definition)

e in Guo, Pham and Wei (2023), the authors only consider deterministic measure-valued pro-
cesses, but these processes are defined as the (non-conditional) law processes of general semi-
martingales that are not assumed to be solutions of SDEs.

Besides, in most of these papers, the measure-valued processes are studied as semimartingales,
but not as Markov processes. Consequently, we need to prove some additional technical results in
our paper.

So, to the best of our knowledge, obtaining Ito’s formula or generator for a measure-valued
processes with such general jumps is new. The expressions of these generators are given at Theo-
rems 1.5 for the conditional laws of McKean-Vlasov processes, and 1.7 for the empirical measures
of McKean-Vlasov particle systems.

Let us remark that, in general, infinitesimal generators are differential operators acting on func-
tions whose domain is the space of values of the Markov processes. In particular the study of
measure-valued Markov processes is related to the analysis of measure-variable functions. Conse-
quently, this paper also deals with this last topic, which is the minor contribution of this paper.
The properties that we prove and use are not completely new, but due to some particularities of
our framework, we need to adapt the proofs and to state some new technical results. For exam-
ple, the notion of mixed derivatives and Taylor’s formula for measure-variable functions have been
established by Chassagneux, Szpruch and Tse (2022), the notion of measure-variable polynomials
is studied by Cuchiero, Larsson and Svaluto-Ferro (2019), and the regularity of the flows of the
solutions of McKean-Vlasov equations has been proved in Chassagneux, Crisan and Delarue (2022)
(however since we work on conditional McKean-Vlasov equations it is not clear that the proof of
this last result can be used directly, so we state and prove the result in Lemma 3.6).

Organization of the paper. The next section introduces the notation that are used throughout
the paper. Section 1 is dedicated to the statement of the main results: Section 1.1 for the result about
the convergence speed in distribution for diffusive mean-field particle systems, and Section 1.2 for
the expressions of the generators of the measure-valued Markov processes. The goal of Section 2 is
to study some analytical properties of measure-variable functions. In particular, Taylor-Lagrange’s
inequality, a notion of measure-variable polynomials, and also establishing some technical lemmas.
Section 3 aims to prove the results of Section 1.2 and to study some Markovian properties of measure-
valued processes: establishing Trotter-Kato’s formula and studying the regularity of semigroups
(which is required to use Trotter-Kato’s formula jointly with Taylor-Lagrange’s inequality in the
proof of the results of Section 1.1). The proofs of the results stated at Section 1.1 are given at
Section 4. Finally, the Appendix gathers some technical results and technical proofs in order to
ease the reading of the paper.

Notation and convention

In the notation below, (E, d) is always a Polish space (or just a set if the notation does not need a
particular structure on E).
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For z = (21, ...,m,) € R", we denote ||z||; the classical L!-norm:

n

llally =l

k=1

P(E) is the set of probability measures on E, endowed with the topology of Prohorov metric
(i.e. the topology of the weak convergence).

e If X is an FE-valued random variable, £L(X) € P(F) denote its law.

e For p > 1, P,(E) is the set of probability measures on E with a finite p-th order moment,
and Poo(E) is the intersection of every P,(E) over all p > 1. Each P, is endowed with the
p-th order Wasserstein metric.

For p > 1 and m, u € Pp(E), the p-th order Wasserstein metric between m and p is defined
as the best LP-coupling between m and p:

W, — inf E[d(X, V)PP
p(mnu) E(X):'}rlzl,ll(Y):u [ ( ) )]

For m,pu € P1(E), Dixr(m, u) denotes the Kantorovich-Rubinstein metric between m and p:

Dicr(m,u) = sup /E @) d(m — ) (2),

f€Lipy

where Lip; denotes the set of Lipschitz continuous functions f : E — R such that, for
all z,y € E, |f(x) — f(y)| < d(z,y). By the Kantorovich-Rubinstein duality (e.g. Remark 6.5
of Villani (2009)), Dgr = Wj. In the paper, we mostly use the characterization of Di g and
its notation rather than Wj.

Note that each P, (RR) is Polish by Theorem 6.18 of Villani (2009). For My, My € P1(P1(R)), we
denote specifically by Dk r(M1, M2) the Kantorovich-Rubinstein metric between M; and M.
A function f : P1(R) x R™ — R is said to be Lipschitz continuous if it is Lipschitz contin-
uous w.r.t. both variables together: there exists C' > 0 such that, for all my,ms € P;(R)
and x1, 22 € R,

|f(m1, 1) — f(ma,22)] < C (|21 — 2|1 + Drr(Mm1,m2)) .

A function f : P;(R) x R® — R is said to be sublinear if: there exists C' > 0 such that, for
all m € P;(R) and = € R™,

fma)| < € (14 lall + [ blam()).

e C(FE) is the set of continuous functions f : £ — R.
e For k € NU{oo} and n € N*, C*¥(R™) denotes the space of functions f : R™ — R of class C¥.
For f € C*(R") and a a multi-index belonging to N™, the size of « is

n
|O“ = Zai’
=1

and, if |a| < k, 0, f denotes the derivative of f w.r.t. a.
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When no doubt is possible (and to make some expressions more readable), we use usual
notation for partial derivatives, for example, if g € C3(R?), for all z,y € R,

2

8§ryg(yax) = a(l,Q)Q(yax) and (aylng(ylva)) = 8(1,1)g($,$)7

ly1=y2==
and the same notation replacing the derived variables by their indices:
agxyg(y’ I) = 8372,1_9(]!, 1’) = a(1,2)9(?!7 l‘)
For a function f: P1(R) x R — R and m € P1(R),z € R, we use the notation
8(071)f(m, x) = 0z f(m,x) and 9o 2y f(m,x) = 8£mf(m, x),

but, in this context where f depends on variables of different nature (i.e. belonging to P; (R)
and R) the index of the measure-variable is always zero.

CF(R™) is the subspace of C*¥(R™) containing the functions f such that: for all multi-index o
of size non-greater than k,

sup |0af(z)| < 0.
TER™

C¥(R") is the subspace of C¥(R") containing the compactly supported functions.
For f € CF(R™), we denote

1 flltco = D sup [0af(2)].

|| <k z€R

e A tuple x € E™ is always indexed from 1 to n: © = (21, ..., 2p),
e For z € E™ and 1 < k < n, z\; denotes the tuple & without the index k:

T\p = (L1, ooy Tho 1y Ty 1, oory L) € BV
and, for y € E, (z\ry) denotes the tuple x where xy is replaced by y:
T\RY = (X1, ooy Th—1, Yy Tl 1, -y Ty) € E™.

In addition, for & # [, and y;,y2 € E, we use the notation x\ ;) for 2 without the indices &
and [, and (z\(,1)(y1,%2)) for the tuple 2 where x}, is replaced by y; and x; by y».

For example, this notation is used in the following context: if f € CP(R?), m € P(R) and y €
R,

3
/;/R2 f(x\ky)dm@’?(x\k) = /]RZ f(y7$271'3)dm®2(x27x3)

+ , f($1,y7$3)dm®2($17$3) +/2 f(xlvx%y)dm@z(wl;xZ)'
R R

For n € N* and F : P1(R) x R" — R and z € R", we denote by F, the following function
F, :m € Pi(R) — Fy(m) = F(m,z).
For m € P(R) and X € R, we denote by S(m, A) the probability measure m shifted by A:
Sm,AN):AeBR)— m{z—A:z € A}).

We use C to denote any arbitrary positive constant. The value of C' can change from line to
line inside an equation. In addition, if C' depends on some variables 8, we denote it by Cp.
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1. Main results

The next two subsections state our main results: an explicit rate of convergence for diffusive mean-
field models, and explicit expressions for the generators of two classes of measure-valued Markov
processes.

1.1. Convergence speed of diffusive mean-field model

The results of this section concern diffusive mean-field particle systems. Meaning, particle systems
where the interacting strength is of order N~!/2 with N the number of particles. For this kind of
model to converge as the number of particles tends to infinity, the interactions between particles
need to be centered. So, the dynamics depends on a probability measure called v, that satisfies

/Rudy(u) =0,

and for computation reason, our proofs require the following condition

/R\u|3du(u) < 0.

Before stating the main result under a general form (cf Theorem 1.4), let us begin by introducing
a particular case (cf Corollary 1.1) that does not require the technical assumptions about the
regularity of measure-variable functions. Let us notice that, even the result of Corollary 1.1 is new.
Let the particle system (YV*) be defined as: for N € N* and 1 <k < N,

N
- 1
dY;N’k =b (Y;N’k) dt+ o (YtN’k) dBtk + ﬁ Z/R XRu . ]l{zgf(yg,l)}dﬂ'l(t, Z,u), (1)
=1 +

where B¥ (k > 1) are standard Brownian motions, 7 (I > 1) are Poisson measures with intensity dt-

dz-dv(u) and, the variables ;""" (1 < k < N) are i.i.d. with finite p-th order moment for all p € N*.

The Brownian motions, Poisson measures and initial conditions are assumed to be independent.
And let Y be solution of

. _ 1/2 —
R
with B, W independent standard Brownian motions, W the filtration of W, and Yj having the same
law as the variables YON’k. The Brownian motions B, W are assumed to be independent of Y.

Corollary 1.1. Assume that the functions b, and f are C° and that their derivatives of orders
from one to five are bounded (the functions b and & need not be bounded). In addition, we assume
that f is bounded and lower-bounded by some positive constants. We also assume that v is centered
with a finite third order moment. Then, for any T > 0, there exists Cp > 0 such that, for all N € N*|
and ¢ € C}(R),

sup [E [ (¥\V1)] —E [ (F)]] < Or [l o0 N7

t<T
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Now, let us state our general diffusive model. For any N € N*| we introduce X Nk (1<E<N)
as solutions to

ax;* = (M,{V : Xi“’“) at+o (u, XV*) (3)

l
\/>l 1 R+><Ru h(/’Lt 7Xt_ ) ]l{z<f(ut ,XNZ)}dﬂ- (t,Z,u%

where B* (k > 1) are standard Brownian motions of dimension one, 7! (I > 1) are Poisson measures
on R% x R with intensity dt - dz - dv(u), and X;"* (1 <k < N) are iid. such that B* (k > 1), 7!
(1>1)and Xév’k (1 <k < N) are mutually independent, and

1 N
= N ZéX{V,k.
k=1

The main result of this section states the rate of convergence in distribution of the N-particle
system (3) to the limit process X solution to the following SDE:

dXt =b (ﬁh Xt) dt +o (ﬂta Xt) dBt (4)

+ </Ru2d1/(u)>l/2 (/R h(ﬁt,m)Qf(m,x)dﬂt(x)>1/2 dWr,

where B, W are standard Brownian motions of dimension one, Xy is real-valued random variable
distributed as Xév * such that B, W, X, are independent, and

fie = L (X W),
with W the filtration of W.

Remark 1.2. The convergence in distribution of u to fi has already been proved in Erny, Locherbach
and Loukianova (2022a) in a more general framework (cf Theorem 2.6 for the general case, and
Ezample 1 for a model closer to the one of this section). But the technics used in the proofs did not
allow to obtain an explicit convergence speed.

For the previous equations to be well-posed, we assume the following.

Assumption 1. For any mi,ma € P1(R), and z1,22 € R,

[b(ma,@1) = b(ma, @)| + |o(ma,21) = o (maz, 2)| + [s(m1, 1) = <(mg, 22)|
< C(Jz1 — z2| + Drr(mi,m2)),

and

+oo
/ |h(m1a xl)]l{zgf(ml,xl)} - h<m27m2)]l{z§f(m2,x2)}| dz < C (|{E1 - 1’2| + DKR(mla m2)) .
0

In addition, we also suppose that, for any p € N*, there exists some Cp, > 0 such that, for
allm € P1(R),z € R,

o+ b, 0)" = a7 (. 2) < €, (14 e + [ WPty
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Remark 1.3. The first condition of Assumption 1 is standard: b, o,< are Lispschitz continuous. The
second condition (i.e. the kind of Lipschitz condition on jointly h and f) is satisfied, for example,
when both functions f and h are bounded and Lipschitz continuous. The last condition is guaranteed
if, for example, one of the two following properties hold:

e the function h is sublinear and the function f is bounded,
e or the function h is bounded and the function f is sublinear.

We also make the following hypothesis concerning the initial conditions.

Assumption 2. For every N € N*, the variables Xév’k (1 <k<N)areiid.
All the nitial conditions Xo and Xév’k (N € N* and 1 < k < N) have a finite fourth order
moment, uniformly bounded w.r.t. N:

o N4
IE[|X0| } <oo and sup E ‘XO’ ‘ < 0.
NeN~
Under Assumptions 1 and 2, it is known that the SDEs (3) and (4) are well-posed (see e.g.

Theorem 2.1 of Graham (1992)) in the following sense: there exist unique strong solutions (X-#),,
and X of the respective SDEs that satisfy, for all T'> 0,1 < k < N,

_ 4
E [sup ‘Xtﬂ <oo and supE [sup ‘XtN’k’ ] < 00. (5)
t<T NeN+=  |[t<T

Note that, a priori, uniqueness only holds for processes that satisfy the above controls, which
are not a priori estimates. The controls (5) can be guaranteed on the solutions that are built via
Banach-Picard schemes for example (see the Step 1 of the proof of Lemma 3.6 at Appendix B for
the SDE (4)). This technical point is due to the problem of dealing with stopping times in McKean-
Vlasov framework: roughly speaking, if u; := £(X;) (for ¢ € Ry) and 7 is some stopping time, then
pr # L(Xr).

Our first main result requires an additional technical assumption. This assumption relies on the
notion of differentiability of measure-variable functions as it is defined in Section 2.1.

Assumption 3. the functions b,o and m — ( [z h(m,2)? f(m,z)dm(z))'/? admit fifth order mized
derivatives (in the sense of Definition 2.11) and all their mized derivatives of orders from one to
five are bounded. In addition, if g : P1(R) x R — R is any of the previous functions, then, there
exists C > 0 such that for all x € R, the function g, belongs to CZ(P1(R)) (the set is introduced in
Definition 2.8), and

sup |
meP1(R)
y1,Y2€R

02, ,0%(92) (M, y1,y2)| < C(1 + |a).

Theorem 1.4. Grant Assumptions 1, 2 and 3. Assume that the probability measure v is centered
with a finite third moment. Then, for all T > 0 and n € N*, there exists Cr, > 0 such that, for
all 0 <t < ... < t, < T, for any measure-variable polynomials G, ...,G, of order four (in the
sense of Definition 2.29), and for each N € N*|

1
VN’

where ||G||3 s a bound of the mized derivatives of G up to order three (defined at Definition 2.14).

|E[G1 (1)) .G (pr))] — E[G1 (fir,) .G (fie,)]] < Crom

Galls--[|Gnlls
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The formal results of this section treat the case of the diffusive mean-field limits (i.e. when the in-
teraction strength is of order N~1/2) to obtain rates of convergence in distribution of order N~1/2.
Let us notice that the proofs can also be applied to show that the rates of convergence in dis-
tribution of linear mean-field limits (i.e. when the interaction strength between the particles is of
order N~1) are of order N~!. As mentioned in the introduction, this result has already been proved
in Theorem 2.9 of Chassagneux, Szpruch and Tse (2022) and Theorem 6.1 of Mischler, Mouhot and
Wennberg (2015) in the context of the true propagation of chaos, where the empirical measures
of the particle systems converge to a deterministic distribution. The technics used in our proofs
allow to consider mean-field particle systems with common noise (similarly as the ones considered
in Carmona, Delarue and Lacker (2016) for example) and to prove the convergence of the empirical
measures in distribution at speed N~! to a conditional distribution. In addition, our results permit
to deal with jump interaction terms in the particle systems, what makes the empirical measure
processes not continuous.

1.2. Infinitesimal generators for measure-valued Markov processes

The aim of this section is to introduce the expression of the infinitesimal generators of two kinds
of measure-valued Markov processes: the conditional laws of diffusions, as (fit):>0 in (4) (see The-
orem 1.5), and the empirical measures of particle systems, as (u);>0 in (3) (see Theorem 1.7).
The notion of generator that we use is defined in a martingale problem sense (see Definition 3.1
for precise definition). We prove that the domains of the infinitesimal generators contain the set of
measure-variable polynomials of order two (we refer to Section 2.4 for the definition and the study
of these functions), which is denoted £22.

In this section, we work in a bit more general framework, where we consider X defined as the
solution of

dX, =b (ﬂu Xt) dt +o (ﬂt, Xt) dB; +¢ (ﬂt, Xt) AWy (6)
+h (ﬂt_,)_(t_) /R+ ]l{zgf(ﬂt_,f(t_)}dﬂ-(t’ z2),
where B, W are standard Brownian motions of dimension one, 7 a Poisson measure on R%r with
Lebesgue intensity such that B, W and m are mutually independent, and
,at:E(Xt | Wt)7
with W, = o(W, : s <) the filtration of the Brownian motion W at time t.

Theorem 1.5. Grant Assumption 1. The process (fir): is a P2(R)-valued Markov process. The
domain Dg(ji) contains the set 22, and the generator A of i satisfies: for any G € 2% and m €
P2(R),

AG(m) = [ (3G (m,#))(m, x)dm(z) ("
R
1
+5 [ @50 ) stm)slm )z, ),
R2
where L is the operator defined as: for g € C?(R),z € R,m € P1(R),

Lg(m, 2) =blm, 2)q/ () + 5 (om,2)* +(m, 2)?) g (1)
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+ f(m,x)[g (z + h(m,z)) — g(x)].

The proof of Theorem 1.5 is given at Section 3.2.

It can be noticed that the operator L is the generator of the process X in the “martingale
problem” sense. The process X itself being a non-Markov semimartingale we prefer not to call L a
generator to avoid confusion.

Remark 1.6. The expression of the generator A is a reminiscent of classical expressions for gen-
erators of R-valued Markov processes. Indeed, the drift terms of the generator corresponds to the
first order derivative of the test-function G (where it can be noted that, the Brownian and jump
terms of the R-valued process X creates some drift terms for the measure-valued process fi since
they are “averaged” by [i). Besides, the Brownian motion W being still a noise source for [i, it cre-
ates a Brownian term even in the dynamics of i which corresponds to the second order derivative
of G. The expression at (7) is compact because the first term is written as an operator acting on
the first order derivative of the test-function. This term would be harder to write with the notion
of Lions-derivative instead of the linear derivative that we use. However, one can mote that the
second term would be a bit more compact with Lions-derivative instead of the linear derivative (by
Corollary 2.25).

As for the previous result, we consider a framework that is a bit more general compared to the
previous section. For N € N*, let X™* (1 < k < N) be solutions to the following SDEs:

axV = (u, X8 ) dt o (XY dBE 4 (), X)F) aw (8)
N
+ / h(u]\i,X]\i’l,u) Ay, N, dﬂ'l(t,z,u)7
2 Jo () B

where B!, ..., BN, W are standard Brownian motions, 7!, ..., 7/ are Poisson measures on R, xR xR

with intensity dt - dz - dv(u) (with v a probability measure on R), such that they are all mutually
independent, and

1 N
N E
/’Lt :Nl (SXtN,l.
=1

Theorem 1.7. Assume that the functions b, o, < are Lipschitz continuous, and that there exists C >
0 such that for all x1,x9 € R, and my1, ms € P1(R),

/R/R ‘h(ml,xl,u)]l{zgf(mhwl)} - h(mg,xg,u)ll{zgf(mzym)” dz dv(u)
< C(Jz1 — z2| + Drr(mi,m2)).

Then, the process (ud); is a Pa2(R)-valued Markov Process. The domain Dg(u™) contains the
set 22, and the generator AN of uN satisfies: for any G € 2%, and m € P2(R),

ANG(m) = b(m, x)0,0G(m, x) + 1 [o(m,x)2 + c(m,x)z] 02,.0G(m,x) ) dm(x)
R 2

+N/R/Rf(m,w) [G(S(m, h(m, z,u))) — G(m)] dv(u)dm(z)
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1
45 [ 925G m ) m 2)s(m, ) o)
R2

1 2 2
+ 9N e (8y1y25 G(m, yhy?))

where we recall that S is a shift operator defined as: for m € P(R), A € R,
Sm,AN):AeBR)—m({x—X : e A}).

1 =ya=z o(m,z)*dm(x),

The proof of Theorem 1.7 is given at Section 3.4.

Remark 1.8. The same phenomenon as the one described at Remark 1.6 can be observed for u™ :
the expression for AN can be interpreted in a similar way as the expression of R-valued processes.
The terms of the generator that depend on the first order derivatives corresponds to drift term in
the dynamics of i, the terms that depend on the second order derivatives to Brownian terms (here
all Brownian motions B*, W give Brownian dynamics for p¥, since the law p', being an empirical
measure instead of a (conditional) law, does not make disappear the Brownian dynamics of B¥,
on the contrary of the situation with i for the Brownian motion B). Compared to the generator
of Ii, there is an additional term corresponding to the jump term of the measure-valued process u™
(whereas the process i is continuous in time) that depends on the shift operator S and on the
increasing of the test-function G.

2. Analysis of functions defined on spaces of probability measures

As explained in the introduction, the notion of differentiability for measure-variable functions is not
new, and some results of this section exist in different forms in the literature. However, the precise
definitions and hypotheses are different from one reference to another. And, in this paper, we need
technical properties on these functions from different areas (e.g. Taylor’s formulas, regularity of
stochastic flow of measures), hence it is necessary to write the precise definitions and results that
we use to prove the theorems of the previous section.

2.1. Definitions and some elementary properties

The following notion of differentiability is a generalization of the one introduced in Dawson (1993),
and often referred to as the linear derivative.

Definition 2.1. For mg € P1(R), a function F': P1(R) — R is said to be differentiable at mo if
there exists a measurable sublinear function H,,, : R — R such that, for all m € P1(R),

F(m) — F(mg) = /}R o () d(m — mo)(z) + g (m), ()

where e, (m)/ D r(m,mg) vanishes as m converges to mg for the metric Dk . The function Hy,,
is called a version of the derivative of F' at mg. We define the canonical derivative of F' at mg as
the only version of the derivative that satisfies

/ Hop, (2) dmo () = 0,
R

and denote it by, for all x € R,
dF(mg,x) = Hp, ().
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Remark 2.2. [t is easy to see that the versions of the derivative of F' are never unique when they
exist: if some function H,,, : R — R satisfies (9), then any function of the form x — Hp,, (z) +
G(mo) also satisfies (9). It can be noted (cf Lemma 2.3 below) that this notion of derivative is
still unique for the following equivalence relation : two functions Hy,Hs : P1(R) x R — R are
equivalent if for all m,x, Hi(m,z) — Ha(m,x) is independent of x. Hence the canonical derivative
of a differentiable function always exists and is unique.

In the rest of the paper, we may omit ”canonical” and “linear” and just mention ”the derivative”.
For most of the properties that are studied in this paper, the canonical version of the derivative is not
particularly needed, but it allows the definitions to be unquestionably well-posed, particularly for
the notion of many times differentiable. Note that, the set C7'(P1(R)) (see Definition 2.8) depends on
the version of the derivative, and so Assumption 3 also depends on our choice of canonical derivative.
However, for example, the expressions of the infinitesimal generators given at Theorems 1.5 and 1.7
do not depend on this choice.

This particular choice of canonical derivative is motivated by the fact that it allows to recover
“natural properties” (see Lemma 2.4), and it is close to the notion of derivative that is used in
Dawson (1993) (see Remark 2.6).

The following result allows to guarantee the uniqueness of the canonical derivative of differen-
tiable functions.

Lemma 2.3. Let mg € P1(R) and hy,hs : R = R be measurable and sublinear. Assume that, for
all m € P1(R),

[ ) dim = mo)a) = [ ha(e) dm — mo)(a) + &y ).
R R
where €m, (M) /Dgr(m, mg) vanishes as m converges to mg. Then, for all x,y € R,

hi(z) — ha(x) = hi(y) — ha(y).

In particular, if a function F' : P1(R) — R is differentiable at some m € P1(R), then its canonical
derivative at m exists and is unique.

Lemma 2.3 being not particularly useful for the understanding of the paper, we postpone its
proof to Appendix C.

Let us also state an elementary lemma guaranteeing expected properties for a differential oper-
ator. This lemma is implicitly used in the computation throughout the paper. For this lemma, the
choice of the canonical derivative is important.

Lemma 2.4.

(a) Let F : P1(R) — R be a constant function. Then F is differentiable at any m € P1(R), and
its canonical derivative is the zero function.

(b) Let F,G : P1(R) — R be differentiable at mg € P1(R), and o € R. Then, the function aF +G
is differentiable at mg, and, for all x € R,

§(aF + G)(mg,x) = adF(mg, z) + 6G(mg, ).

(¢) Let F,G : P1(R) — R be differentiable at mo € P1(R) and Lipschitz continuous. Then, the
product function FG is differentiable at mg, with, for all x € R,

0(FG)(mp,z) = F(mo)dG(mo,x) + G(mg)dF(mg, ).
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Proof. To prove Item (a), it is sufficient to notice that (9) is trivially satisfied if H,,, is the zero
function, by considering &,,, to be the zero function. Item (b) is a straightforward consequence of
the linearity of the integral operator. To prove Item (c), let us write, for all m € P;(R),

F(m)G(m) — F(mo)G(mo) =F(m)G(m) — F(mg)G(m)
+ F(mo)G(m) — F(mg)G(mo)
=F(mo) (G(m) — G(mq)) + G(mo) (F'(m) — F(mo)) (10)
+ (F(m) — F(mo)) (G(m) — G(mo)) .

Besides, since F' and G are assumed to be Lipschitz continuous, we have
[(F(m) — F(mg)) (G(m) — G(mo))| < CDkr(m,mo)*.
So, developing (10) using the differentiability of F' and G proves the result. O

Let us notice that the derivability in the sense of Definition 2.1 is close to the one used in Cox
et al. (2021) (as derivative), and in Guo, Pham and Wei (2023) and Carmona and Delarue (2018)
(as linear derivative). It is however different than the derivative introduced by Pierre-Louis Lions,
even if it is closely related (see Propositions 5.44, 5.48 and 5.51 of Carmona and Delarue (2018)).

Depending on the properties that are studied, each notion of differentiability can be more or less
appropriate to state and prove the results. For the sake of clarity, in all the paper, only one notion
of differentiability is used explicitly. We choose to use Definition 2.1 instead of Lions’ derivative
because it appears to be more appropriate to express the infinitesimal generators of measure-valued
Markov processes, to retrieve properties of real-valued Markov processes (see Remarks 1.6 and 1.8).
However, to define the notion of mixed derivatives (that is used in Assumption 3, and in the proof of
Lemma 3.6), the Lions-derivative is particularly useful as a notation. Instead of stating the original
and rather technical definition, we just give the expression of the Lions-derivative using the (linear)
derivative. As in Guo, Pham and Wei (2023), we use the notation § for the (linear) derivative, and
0 for the Lions-derivative.

Definition 2.5 (Lions-derivative). Let F': P1(R) — R and m € Py (R). The function F is said to
be L-differentiable at m if:

e F is differentiable at m (in the sense of Definition 2.1),
e and x € R— §F(m,x) is differentiable on R.

In this case, the Lions-derivative of F' at m is the function OF(m,e) defined as
OF (m,e):x € R+— 0F(m,x) = 0,0F (m, x).

As mentioned earlier, the notion of derivative we use (cf Definition 2.1) is related to the definition
given at (Dawson 1993, p. 19) in the following sense (which is a straightforward consequence of
Lemma 2.15 with mo = m and m; = d,).

Remark 2.6. Let F: Pi(R) — R be differentiable at m € P1(R), then, for all x € R,
F((L = m)m +né;) — F(m)
n

converges, as n > 0 goes to zero, to the canonical derivative 6F(m,x) of F. In other words

SF(m,x) = (OpF((1 — m)m + 16z))},— -
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One can note that the previous remark gives a useful way of characterizing the expression of the
derivative of a given function, once it is known it is differentiable.

In the following, it is required to differentiate many times some functions. To define this notion,
we use the following notation: if G : P;(R) x R¥ — R (with k € N*), then, for all z1,...,7; € R

G(:L’l,.“,mk) tm e Pl(R) — G(m,xl, ,xk)

Definition 2.7. A function F': P1(R) — R is said to be n-times differentiable if:

e F is (n — 1)-times differentiable,
o for all x € R"1, the function (6" 'F), is differentiable.

In that case we define inductively the canonical n-th derivative of F at m by: for all x =
(‘rlv 7xn) € Rn’
§"F(m, 21, ....xn) =6 (6" F),,) (m,zn).

The differentiability w.r.t. the measure-variable is not the only regularity that will be needed
to prove our results. We also need regularity w.r.t. the real variables appearing when a function
defined on P (R) is differentiated.

Definition 2.8. We define C™*(P1(R)) (with n € N* and k € NU {oo}) the set of functions F :
P1(R) = R such that F is n-times differentiable on P1(R) and, for every 1 < j < n, the function

(m,z) € P1(R) x RI = 67 F(m, x)

is C* w.r.t. x for fivred m, and is continuous w.r.t. m for fived x.
In addition, we denote Cf'(P1(R)) the subspace of C™"(P1(R)) composed of the (non-necessarily
bounded) functions F such that, for all 1 <k <n and1<j <k,
ak k k
sup ——— " F(m,z)| < oo and sup |8xj5 F(m,z)| < oo.
meP1(R),zERF 0x1...0xy meP1(R),zERF

Remark 2.9. The set C'(P1(R)) depends on the choice of the version of the derivatives because of
the second boundedness conditions (i.e. boundedness of O, SEF*(m,x)). These conditions imply that,
for any pa, ..., pi € P1(R), the family of functions (x +— (5Fk(m,x))m€pl(R) is uniformly integrable

w.r.t. ®f:1 i -

One can easily note that C} (P;(R)) is included in the set of functions F : P;(R) — R that are
Lipschitz continuous functions w.r.t. Di g (cf Proposition 2.21 below).

In the following, the notion of many times L-differentiability is also used. The definition is
essentially the same as Definition 2.7 for the Lions-derivative instead of the (linear) derivative.

Definition 2.10. A function F : P1(R) — R is said to be n-times L-differentiable if:

o F is (n—1)-times L-differentiable,
o for all x € R" 1, the function (0" 'F), is L-differentiable.
In that case we define inductively the n-th Lions-derivative of F' at m by: for allx = (21, ...,x,) €
R™,
O"F(m,x1,...,xn) = 0 ((8"_1F)z\n) (m, zp).
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Let us now introduce the notion of mired derivatives for functions defined on P;(R) x R for
any d € N. The mized derivatives are defined as sets of functions.

Definition 2.11 (Mixed derivatives). Let d € N and F : P1(R) x RY — R. We say that F admits
mized derivatives if, for all x = (1, ...,74) € R%:

o forany 1<k <dandm e Pi(R), y e R— F(m,z\ry) is differentiable on R,
e and the function F, is L—differentiable on P1(R).

In that case, the mized derivatives of F' at m form the following set of d + 1 functions:

{(m,z) € P(R) x R" +— 0, F(m,z) : 1<k<d}
U {(m,z,y) € P1(R) x RY x R —s O(Fy)(m,y)},
where O(F,,) above denotes the Lions-derivative of Fy (cf Definition 2.5).
In addition, we define inductively the n-th order mized derivatives of F as the union of the

mized derivatives of all the functions belonging to the set corresponding to the (n — 1)-th order
mized derivatives of F (assuming all these mized derivatives exist).

Example 2.12. Let b: P1(R) x R — R. Then, the (first order) mized derivatives of b are the two
following functions:
(m,z) € P1(R) x R — 9,b(m, z),
(m,z,y) € P1(R) x R? — (b)) (m, y).

The second order mized derivatives of b are the five following functions

(m,z) € P1(R) x R +—> 92 b(m, z),
(m,z,y) € P1(R) x R? — 9,0(b,)(m, y),
(m,x,y) € P1(R) x R? — 9,0(b,)(m,y),
(m,z,y) € P1(R) x R* — 9 (0,b,) (m,y),
R) x R® — 9%(b,)(m, vy, 2).

o~ o~ o~ o~

(m,x,y,z) € P,

The only way the notion of mized derivatives is used is to write Assumption 3 in a compact
way, stating that all the mixed derivatives up to order five of some functions are bounded. This
kind of assumption is required to prove the regularity of the semigroups of the measure-valued
Markov processes that we study in this paper (i.e. Proposition 3.7, and more precisely, the proof of
Lemma 3.6).

Let us write now a remark that is a direct consequence of Proposition 2.21, explaining the reason
behind the boundedness hypothesis of the mixed order derivatives.

Remark 2.13. Let F be a function admitting n-th order mized derivatives (with n > 2) such that
all its n-th order mized derivatives are bounded. Then all the (n — 1)-th order mized derivatives
of F are Lipschitz continuous: for any G : P1(R) x R? belonging to the set of the (n — 1)-th order
mized derivatives, there exists L > 0 such that, for all m,pu € P1(R) and z,y € RY,

G(m, x) = G(p,y)| < C(Drr(m,p) + |z —yll) .

Let us end this section with a notation.
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Definition 2.14. Let n € N* and F' : Pi(R) — R bounded and belonging to C}'(P1(R)). Let us
assume that all the mized derivatives of F' of order up to n exist and are bounded. Then we denote
[|F||n @ bound of all the k-th order mized derivatives, for all 0 < k < n.

2.2. Chain rules

In this section, we state and prove some elementary results about ”chain rules” for the differentiation
of measure-variable functions. We want to prove the differentiability of functions of the following
form:

Goh:R - P (R) -5 R.

The general form that one could naturally expect for the derivative of this kind of function is
the following: for t € R,

(Goh)(t) = / 0G(h(t), ) d(h'(t))(x), (11)

R

where the sense of the derivative of A : R — P;(R) has to be defined. In the first particular case,
we consider, for two measures mg, m; € P1(R) the following function

h:tel0,1] — (1 —t)mg + tmq,

where the derivative of h has to be understood as the quantity (h(t) — h(to))/(t — to) which is
constant and equal to m; — my.

Lemma 2.15. Let G : P1(R) — R be differentiable, mg, m1 € P1(R), and
f:tel0,1] — G((1 —t)mg + tmy).

Then f is differentiable, and, for all t € [0,1],
£t = / SG((1 — tymo + tma, x) d(ma — mo)(x).
R
Proof. We have, for any t,tq € [0, 1],
f(t) = f(to)
= (t —to) /R(SG((l — to)mo + toma, x)d(m1 —mo)(x) +e((1 = t)mo +tmy), (12)

with e(u)/Drr(p, (1 —to)mo + tomy) vanishing as p converges to (1 —tg)mg + tomy. Noticing that
Dgr((1 —t)mo + tmy, (1 — to)mo + toma) < 2|t — Lo,

the proof of the lemma follows from (12) dividing it by (¢ — tp) and then letting ¢ goes to tg. O

Remark 2.16. We have the following consequence of Lemma 2.15 and of the fundamental theorem
of calculus: for any function G belonging to C}(P1(R)), for all mg,my € P1(R),

G(m1) — G(mp) = /0 /RéG((l —t)mg + tmy, x)d(m; — mp)(x).
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The above property is used as the definition of the linear derivative by Carmona and Delarue
(2018) (cf Section 4.1), Guo, Pham and Wei (2023) and Cox et al. (2021). In addition, by Propo-
sition 5.44 of Carmona and Delarue (2018), under some generic assumptions, this property can
characterize the linear derivative as it is defined at Definition 2.1 when the analysis of measure-
variable functions is studied on P2(R).

Now we prove a similar result for functions that are many times differentiable with bounded
derivatives. In particular, the following result is not strictly stronger than the previous one.

Lemma 2.17. Let n € N*, G € CP(P1(R)), mo,m1 € P1(R), and
f:tel0,1] — G((1 —t)mg + tmq).
Then f is C™, and, for allt € [0,1],

M) = / O"G((1 — t)ymg + tmy, ) d(my — mo)®"(z).

Proof. We prove the statement by induction on n. For n = 1, Lemma 2.15 implies that f is
differentiable. The fact that f is C! follows by the dominated convergence theorem since G €
CL(Pi(R)).

For the general case (i.e. n > 2), let us assume that f is C"~1 with, for all ¢ € [0, 1],

5o = /R 5" G((1 = Hymo + tmy, 2)d(my — mo)®" ) (z).

Note that, since G € Cy'(P1(R)), the function
(t,x) € [0,1] x R" 1 v 6" *G((1 — t)mg + tmy, x)

is sublinear w.r.t. ||z||; (hence integrable w.r.t. m; and myg) and differentiable w.r.t. ¢ (thanks to
Lemma 2.15) with derivative

(t,2) — /R(s ((6"71G),) (1 = ymo + tma, y)d(m1 — mo)(y),

which is also sublinear w.r.t. ||z||; (with a constant which is uniform w.r.t. ¢ € [0,1] since G €
CP(P1(R)). Then, by differentiation under the integral sign, for all ¢ € [0, 1],

F() = /R /Ré ((6"71G),) (1 = t)ymg + tma, y)d(my — mo)(y)d(my — mo)®™ " (x).
Once again, the continuity of f(™) is a consequence of the dominated convergence theorem and of
the assumption that G belongs to CJ'(P1(R)). O

Another particular case of interest for the chain rule (11) is the one of the function
h:A€R+—— S(m,N),
for some fixed m € P1(R), with S a shift operator defined as:
S(m,A): A€ BR) — m({z—\:z € A}).

In that case, the derivative of h could be seen as a reminiscent of the derivative in the sense of
Schwartz’ distribution, since it requires to differentiate the integrand instead of the measure in (11)
(it is actually the opposite of one would expect from the derivative in the distribution sense).
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Lemma 2.18. Let m € P1(R), G : P1(R) — R be differentiable such that, for any p € Pi(R),
x> 0G(u, x) is differentiable. Then the function

f:AeR— G(S(m,N))
is differentiable and, for all A € R,
PO = [ @GS mN). -+ ), dm(a).
Proof. We have for any t € R,
FO) = F00) = [ FG(S(m. 30))d(S(m. ) = S(m. 20)) (@) + (S (m. ).
with e(u)/Drr(p, S(m, Ag)) vanishing as p converges to S(m, Ag) for Dg . Since, writing mg :=

S(m, )\0),
Drr(S(m,A),S(m, o)) = Drr(S(mo, A — Xo),m0) = |A = Aol

we know that e(S(m, A))/|A—Xo| vanishes as A converges to A\g. And, by the Dominated Convergence
Theorem,

L / SG(S(m, o), 2)d(S (m, ) — S(m, Ao)) ()
A=Xo Jr
_ / 0G(S(m, Ao),x + ) — dG(S(m, Ao),x + )\O)dm(ac)
R )\ - )\0
s i (0y0G(S(m, Xo), x +y)),,_,, dm(z),
which ends the proof. O

The last case for which we want (11) is when the function A is of the form
h:zeR+— LY (x)|T).
with (Y'(z)), a family of random variables and 7 some sigma-field.

Lemma 2.19. Let G € C}(P1(R)), T some sigma-field and Y (z) (x € R) be real-valued random
variables such that, almost surely,
z+— Y(x)

belongs to CH(R), and assume that for all compact set K C R,

E [232 |8IY(a:)|} < o0. (13)

Then, almost surely, the function
fix e R— G(L]Y (2)|T])
belongs to C*(R) and, for all z € R,

(@) = E [ (0,Y(@)) - (9,06 (LY @)|T]. %)),y 0

7]
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Proof. For the sake of notation, let us denote, for all x € R,
my, = LY (2)|T).

For the rest of the proof, let us fix some xy € R and some compact set K containing an open
neighborhood of zg. Then, for z € K,

f(@) = fzo) =G(my) — G(ma,) = /R(SG(m:coa y)d (mg — ma,) (y) + €20 (M)
=E[6G(mag, Y (2)) = 0G(mao, Y (20))| T] + o (M),
with ey, (1) /D r(14, my,) vanishing as p converges to my,. Consequently, for all x € K\{zo},

f(x) — f($0) —F |:5G(mzov Y(:L')) — 5G(m$07 Y(CL'())) ‘ 7—] + smo(mﬂ?)

r — X r — X T — X0

Since, for all z € K,

Dica(astsy) < B[V (0) = Y (o) 7] < o~ 0l - | sup 07 ()

ul

we know, by (13), that e,,(m,)/|z — xo| vanishes almost surely as x goes to .
Then, using (13) and the hypothesis that G belongs to C} (P1(R)), the dominated convergence
theorem concludes the proof. O

Remark 2.20. With the notation of Lemma 2.19, the expression of ' can be substantially simplified
using the Lions-derivative instead of the (linear) derivative: for all x € R,

f(@) =E[(0:Y (z)) - 0G (LY (2)[T], Y (2))| T] .

2.3. Taylor’s formulas and some corollaries

The results of this section are mainly consequences of Taylor’s theorems applied to the function f
of Lemma 2.15 from the previous section. Let us give the statement for the Mean Value Theorem
for measure-variable functions. The proof consisting in applying directly the Mean Value Theorem
for the real-variable function f of Lemma 2.15, we omit it.

Proposition 2.21 (Mean Value Theorem). Let G : Pi(R) — R be differentiable. Then, for
any mo,my € P1(R), there exists some t €]0,1[ such that

Glma) — G(mo) = /Rac;(u — ) + tma, 2)d(my — mo)(x).

In particular, every function G belonging to C}(P1(R)) is Lipschitz continuous: for all mg,m; €
Pl (R))
|G(m1) — G(mg)| < Dgr(mg,mq) - sup |0,0G (m, x)] .
meP1(R),z€R
Let us now generalize the previous result by stating a version of Taylor’s formula with integral
remainder for measure-variable functions (which is already stated and proved in Lemma 2.2 of
Chassagneux, Szpruch and Tse (2022)).
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Theorem 2.22 (Taylor’s formula with integral remainder). Let n € N* and G € Cp 't (P1(R)).
Then, for any mg, my € P1(R),

“ 1
G(m) = > — / 8*G(mo, ) d(mi — mo)®¥ (x)
P k! Jre
1
=— [ 1-" S"MLG((1 = t)ymo + tmy, x) d(my — mg)®" T (2) dt.
TL' 0 Rn+1
Proof. By Lemma 2.17, the function
f:tel0,1]]— G((1 —t)mo + tmq)
belongs to C"*1([0,1]), and for all 0 < k <n+ 1 and t € [0,1],
FE () = FG((1 = t)mg + tmy, z)d(my — mg)®F ().
Rk
Then, by the (standard) Taylor’s formula with remainder term,

(k) 1
-3 L0 - L[ e - ora

k=0

This last equality is exactly the statement of the theorem. O

In order to prove a version of the Taylor-Lagrange’s inequality for measure-variable functions,
the following lemma about Kantorovich-Rubinstein metric is required.

Lemma 2.23. Let n € N* and g € CJ'(R™). Then, for any mo,m1 € P1(R),

on
SDKR mo, M1 n. sup — 9
(mo,m1) @1,...,xncR | 021...0Ty

[ sta)dtm = mo)>"(@

(T1, ey Tp)| - (14)

Proof. We prove the result by induction on n. For n = 1, it is a mere consequence of the definition

of Dkpg, and of the fact that, any g € C}(R) is Lipschitz continuous with Lipschitz constant
non-greater than ||g’||co-

Then, let n € N* and assume that (14) holds true for any g € CJ(R™). Let h € Cy ' (R"+1), and

g:zER" — Ah(w,y)d(ml —mg)(y),

which belongs to Ci't*(R™). So

/ h(z)d(ma — mo)®"™ (z)
Rn+1

[ st@yitm ~ mo)*" ()

8n
<Dggr(mo,m1)" -  sup P g(x1, .., x|
1...0Tp,

T1,...,LnER

And, thanks to the case n = 1, we know that
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o o
o) =| [ et = mo(s)
8n+1
< Dgr(mg,m1) - ths;lgyER mh(xl, vy Ty Y| -
Combining the two previous inequalities proves the statement of the lemma. O

As a straightforward consequence of Theorem 2.22 and Lemma 2.23 we obtain the following
result.

Theorem 2.24 (Taylor-Lagrange’s inequality). Let n € N* and G € C;T(Py(R)). Then, for
any mo, m1 € P1(R),

mfni ka’ mfm®kx
Glm) =32 37 [ 9°Glmo.2)itms = o))

1
< ———Dgp(mo,m1)" - sup
(n + 1)' 2R meP; (R)

n+1
0 "G (m, ).

(9131...317“+1

Another consequence of Theorem 2.22 is that, in some sense, it is possible to interchange the
derivative w.r.t. the measure-variable and the partial derivative w.r.t. the real-variable, when it
makes sense. For the sake of readability, the result is only stated for second order derivatives, but
can be generalized inductively.

Corollary 2.25. Let G € C}(P1(R)). Then, for all m € P1(R), and z,y € R,
026 ((0G)2) (m,y) = 6 (02(6G)s) (m,y),
or, with the Lions-derivative notation,
8§y52G(m,x, y) = 0°G(m,z,y).
Proof. The proof consists in showing that the function
(m,z,y) € P1(R) x R x R+— 8,0 ((6G),) (m,y)
is the derivative of the function
(m,z) € P1(R) X R — 9,0G(m, z)

in the sense of Definition 2.1. Let us fix in all the proof, some m, mg € P1(R).
Firstly, by differentiation under the integral sign (which is permitted since G € C3(P1(R))), we
have, for any x € R,

m/ﬁmmame—mmw:/mﬁmmawﬂm—mmw
R R
such that,

0:0G(m,x) — 0,0G(mg, x) — /Ram(;zG(m, x,y)d(m —mo)(y)
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=0, <(5G(m,x) —0G(mg, ) — / 82G(m,x,y)d(m — mo)(y)>
R
1
=0s / (1—=1t) [ 8G((1 = t)ymo + tm,z,y1,y2) d(m — mo)®*(y1, y2)dt
0 R2

1
= / (1—1%) Bmé?’G((l —t)mg + tm, x,y1,y2) d(m — m0)®2(y1, y2)dt,
0 R2

where we have used the Taylor’s formula with integral remainder (cf Theorem 2.22) to obtain the
before last equality, and we have once again differentiated under the integral sign to obtain the last
one. Then, by Lemma 2.23 and recalling that G € CZ(P;(R)), we obtain

0:0G(m, x) — 0,0G(mg, x) — /}R@wégG(m, x,y)d(m — mo)(y)’

83

— G , ,
0Y10y20y3 (M v)

2
< Dgr(m,mg) - sup
peP1(R),yeR3

which proves the result. O

Let us end this section with two applications of Taylor-Lagrange’s inequality (i.e. Theorem 2.24)
that permits to differentiate some particular functions. Their proofs relying only on technical anal-
ysis arguments about integral convergences, they are postponed to Appendix C.

Corollary 2.26. Let H : P1(R) Xx R — R and
F:mePi(R) — / H(m,z)dm(z).
R

Assume that:

(i) for any x € R, the function H, belongs to CZ(P1(R)), and there exists C' > 0 such that, for
all x € R,
sup |8§1y262(H1)(m7y17y2)| < C(1+|$D7
mePq(R)
y1,y2€ER
(ii) for any m € P1(R) and x € R, the function y — H(m,y) is C* on R, and 0,H, belongs
to CH1(P1(R)), and

sup |0y0 (0 Hz) (m,y)| < oo.
mE'Pl(R)
z,yeR

Then, F is differentiable on P1(R), with: for all m € P1(R) and z € R,
0F(m,x) = H(m,x) + / dHy(m,z)dm(y) — F(m).
R

The next result is similar as the previous one for a larger class of functions.

Corollary 2.27. Let H : P1(R) x R? - R and

F:mePi(R) — H(m, x)dm®?*(x).
R2
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We recall that, for x € R2,
H, :m e Pi(R) — Hy(m) := H(m,x).
Assume that:
(i) for any x € R?, the function H, belongs to CZ(P1(R)), and there exists C > 0 such that, for

all 1,5 € R,

sup ‘3§1y252(Hw)(m7y1;y2)‘ <O+ |z1] + |z2| + |z122]),
meP1(R)
y1,y2€R

(i) for any m € P1(R), the functions x € R? — H(m,z) is C1, and for any € R?, both 9., H,
and 0., H, belong to C11(P1(R)), with

sup |ay5 (aﬂme) (mv y)| + |8y5 (8702Hw) (mv y)‘ < 00,
mGPl(R)
z1,22,yER

(iii) for all m € P1(R), the function x — H(m,z) belongs to CZ(R?).
Then, F is differentiable on Py (R), with: for all m € P1(R) and y € R,
F ) = [ S0, p)dm® @) + [ Hm, o )dm(a)
R2 R

+ / H(m,y,z2)dm(zs) — 2F(m).
R
Remark 2.28. Note that, an idea to prove Corollary 2.27 could have been to write

Fom) = [ Hm,a)dm® @) = [ Glm.a)dm(az),
R2 R

with
G(m7332):/RH(m,aChl‘z)dm(ﬂﬁl)v

and to apply twice Corollary 2.26. The problem is that it would require more technical and stronger
assumptions to be true than the assumptions of Corollary 2.27.

2.4. Measure-variable polynomials

A set of functions of interest is the following one
{F :m € P1(R) — /g(a:)dm(x) : g smooth enough} .
R

Indeed the computation (and the stochastic calculus properties) on this kind of functions defined
on P1(R) rely directly on the computation for functions defined on R. Since this set of functions is
not a separating class for P;(R), we need to introduce the richer class of functions composed of the
polynomials (similar functions are also used in Dawson (1993), Cuchiero, Larsson and Svaluto-Ferro
(2019) and Guo, Pham and Wei (2023)).
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Definition 2.29 (Polynomials). Forp € NU{oco}, let P be the set of polynomials of order p, i.e.
the functions F of the form

F:mePi(R)— h(x)dm®"(z),
Rn

with n € N and h € C}(R™).

There exists another useful class of measure-variable functions called the cylinder functions (see
e.g. Cox et al. (2021) and Guo, Pham and Wei (2023)) that can be defined as the set

{F :m e PLR) — g (/R ho () dm(z), ...,/Rhn(x)dm(:c)> gt smooth}.

Note that the terminology used by Guo, Pham and Wei (2023) slightly differs from the one of
this paper (in Guo, Pham and Wei (2023), the functions g, h1, ..., h,, h above are required to be
polynomials). Consequently, in this paper the cylinder functions and the polynomials form two
different sets of functions. In this paper, the class of polynomials satisfies an important property:
if (P;); is the semigroup of a particular measure-valued Markov process, then, for any G € 24
and t > 0, P;G belongs to 2% (see Proposition 3.7 for a formal statement). The previous property
does not seem to be true for other classes of measure-variable functions like the cylinder functions.

As mentioned above, the following proposition states that the set of the polynomials is a sepa-
rating class for P;(R).

Proposition 2.30. Let p > 1 and p1, p2 be Pp(R)-valued random variables. If for all F € 27,

E[F(p1)] =E[F(p2)],
then py and po have the same law.

The proof of this statement being quite both classical and technical, it is postponed to the end
of Appendix A.
The next result concerns the regularity of the polynomials.

Proposition 2.31. For all p > 2, the set 2P is included in both C*?(P1(R)) and C} (P1(R)). The
mized derivatives of any G € PP up to order p exist and are bounded. In addition, for any n € N*,
for all ¢ € CY(R™), defining G € &P as

G:m e Pi(R) — o(z)dm®™(z),
R’VL

we have, for allm € P1(R) and y € R,

Gm) =3 [ ol ) - Glom),
k=1/R"7!
and, for allm € P1(R) and y1,y2 € R,

§2G(m,y1,y2) E E / @\ (o) (Y1, ¥2))dmE™ 2 (2\ (1.1)) + C1(m, y1) + Ca(m, y2),
k=1 1—1
1%k

with Cy(m,y1) (resp. C2(m,y2)) independent of ya (resp. y1).
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Before proving Proposition 2.31, let us remark that it is possible to have explicit and smooth
expressions for the quantities denoted by Cy(m,y1) and C2(m,y2): with the notation of Proposi-
tion 2.31,

cmwuyozzg—olfl>/" (@ \ey)dm® (2 \),

Rn—1
02(m7 y2) =—n- 6G(ma y2)

We have omitted these expressions in the statement of the proposition since we do not use them
in the proofs of the paper. It can still be of interest to note that the functions (m,y) — Cy(m,y)
and (m,y) — Cz(m,y) are polynomials of order p w.r.t. m, and C} (R) w.r.t. y.

Remark 2.32. As a consequence of Proposition 2.31, it can be noticed that all the polynomials
are continuous on the space P1(R), and so, also on each space P,(R), since p-th order Wasserstein
metric is finer than Dxg (for any p > 1).

Proof of Proposition 2.31. Let us fix p > 2 in all the proof. We prove, by induction on n € N* that,
for any ¢ € CP(R™), and G defined as

G:m e Pi(R) — - o(2)dm®"(z), (15)

the function G is differentiable on P;(R) such that: for all m € P;(R) and y € R,
Gm.y) =Y [ ele\a)dm® " @\e) +Clm). (16)
k=17R"
Let us begin with the case n = 1. So, let us consider some ¢ € C} (R) and define

G:mePi(R)— /ch(x)dm(w).

Since, for any m, mgy € P;(R),
Glm) = Glma) = [ ela)dm = mo)(a),

we know that, the function (m,z) — ¢(x) is one version of the derivative of F. Its canonical
derivative therefore satisfies: for all m € P1(R),z € R,

0G(m,x) = ¢(x) — G(m).

Now, let us fix some n € N*, and assume that (16) holds true for any function G of the form (15)
(for any choice of ¢ € CP(R™)). Let p € CY(R™*!) and

G:m e Pi(R) — o(x)dm®" ().
Rn+1
Let us introduce

H: (may) € Pl(R) XR+— .- gp(:c,y)dm@m(x),
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such that, for all m € P;(R),
m) = [ Hom,y)dm(y).

Now, we prove that G is differentiable using Corollary 2.26. Firstly, by induction hypothesis,
applied twice successively, for all y € R, the function H, is twice differentiable on P;(R), with: for
all m € P1(R), 21,29 € R,

§°Hy(m, 21, 22) ZZ/ P2\ (k1) (21, 22), ) dm®™ 2 (2\ (k1)

k=1 l 1
+ Cy(m, z1) + Cy(m, 22).

Then,

n

n
orea0PHy (o2, 22) = 3 ) / ORp(a@\ oy (21, 22), 9)dm ™" 3 @\ o)
k=11=1"K""
I#

I

which is bounded uniformly w.r.t. (y, z1, 22, m) (recalling that ¢ € CP(R™!) with p > 2). Hence,
the function H satisfies Condition (¢) of Corollary 2.26.
Besides, by differentiation under the integral sign, we have, for all m € P;(R),y € R,

ayHy(m): & 3n<p(x,y)dm®”(x).

And, by induction hypothesis and differentiating again under the integral sign, for all m € P;(R)
and y, z € R,

05 0,H,) () =3 [ G @iz y) am® a),
k=1

which is bounded uniformly w.r.t. (y,z,m). So H also satisfies Condition (i7) of Corollary 2.26.
Then, by Corollary 2.26, the function G is differentiable, and for all m € P;(R),y € R,

5G(m,y) = H(m, y) + / SH. (m. y)dm(z) — G(m)
= [, ewaan® @+ 32 [ [ e )im = wdn(z) + )
:/R (@, y)dm®" (z) + Z/ (@\ky)dm®" (z\r) + C(m),

which is exactly (16).

Now, one can note that, thanks to (16), for any G € &P (for p > 2), for any = € R, the function
(0G), still belongs to &P and the function 9,(6G), belongs to #P~1. This implies that 9P is
included in C°*°(P;(R)). All the other statements of the proposition are a direct consequence of this
result and the fact that, by definition, any G € &P can be written as in (15) with ¢ € C}(R™). O
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Remark 2.33. Similarly as it was noted in Remark 2.28, it is possible to differentiate measure-
variable functions that include all the functions of the forms given at Corollaries 2.26, 2.27 and
Proposition 2.31, considering

G:m e Pi(R) — H(m, z)dm®(x).
Rd
However, such a result would need particularly technical and strong hypothesis that what is actu-
ally needed in this paper.

3. Markov theory of measure-valued processes

The aim of this section is to study the Markov properties of two kind of measure-valued Markov
processes: the conditional laws of McKean-Vlasov processes (cf Theorem 1.5) and the empirical
measures of some McKean-Vlasov particle systems (cf Theorem 1.7). Before proving the results of
Section 1.2, we need to introduce some definitions and some useful lemmas.

3.1. General results

Let us begin by introducing the notion of semigroups and generators that we use in the paper. This
section is written for E-valued Markov processes, and is applied for E = P,(R). It is assumed in all
the section that E is a Polish space (the fact that 7,(R) is Polish is guaranteed by Theorem 6.18 of
Villani (2009)). The notion of semigroup is the usual one, and the notion of infinitesimal generator
has to be understood in a sense of martingale problem. Notice that these are the definitions used in
Meyn and Tweedie (1993), and also in Erny, Locherbach and Loukianova (2022b) only in the case
E = R. The results of this section generalize the ones of Appendix A and B of Erny, Lécherbach
and Loukianova (2022b).

Definition 3.1. Let E be a Polish space, and (X;); be some time homogeneous E-valued Markov
process w.r.t. some filtration (F);. Let Dg(X) denote the domain of the semigroup of X :

Ds(X)={g: E — R measurable : Vt > 0,E; [|g(X¢)|] < o0}.
The semigroup (P;)¢ of (X¢)t is a family of operators defined by: for any g € Ds(X), for allt > 0,
Pg:z € Er—E,[9(Xy)],

with E, the expectation related to the probability measure P, under which Xog = x.
Let Dg(X) denote the domain of the generator of X: g € Dg(X) if and only if g € Ds(X) and
there exists hy € Ds(X) such that, for allt >0,

e[ [ Inycclas] < .
Pate) ~g(0) [ Pabylots =0

In this case, the generator A of (X;); is the operator defined on Dg(X) as Ag = hy.
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Note that, thanks to Remark 2.32, any polynomial is continuous (hence measurable) w.r.t. the
topology of P,(R), for all p > 1. In this paper, these are the only functions that are considered in
the domains of the generators of the Markov processes.

Remark 3.2. In this paper, we give the expressions of the generators for two classes of measure-
valued Markov processes. In Theorem 1.5, we study the generator of processes defined as conditional
laws of solutions of McKean-Vlasov Ito-SDFEs, conditionally on a Brownian motion. In Theorem 1.7,
we give a similar result for processes defined as empirical measures of particle systems whose dy-
namics are driven by McKean-Viasov Ito-SDEs.

We can now state a criterion for a P,(R)-valued process to be Markov. Since it is a direct
consequence of the fact that the polynomials form a separating class for P,(R) (i.e. Proposition 2.30),
the proof is omitted.

Proposition 3.3. Let p > 1 and () be a Pp(R)-valued process adapted to some filtration (Fy);.
Assume that, for any polynomial F € 27°°, for all 0 < s < t,

E [F(pe)| Fs] = E[F(pe)| ps] -

Then ()¢ is a Markov process w.r.t. the filtration (Fy)¢.

The exhaustive study of Markov theory for measure-valued processes is beyond the scope of this
section. The aim is only to prove the following result stating a classical Trotter-Kato formula under
some ad hoc assumptions.

Proposition 3.4. Let (P;); and (PN); (resp. A and AN ) be the semigroups (resp. generators) of

two E-valued Markov processes (X;)¢ and (X{¥)¢, let A be a subset of C(E) and x € E. Assume
that:

1. for all g € A and t >0, the function y € E — Pig(y) still belongs to A,
2. the set A is included in the domains of the generators A and AV,
3. for any g € A, the three functions

t P Ag(z) , tr PNANg(z) and t — PN Ag(z)

are continuous,
4. and, for allT >0, g€ A and t € [0,T],

s—t

sup |PNA (P, — P,) g(z)| + sup |[PN AN (P, — Py) g(z)| — 0.
r<T r<T
Then, for allt >0, g € A,
t
(Pog = PYg) (2) = [ P, (A 4¥) Piglo)is. (1)

0

The proof of Proposition 3.4 requires the following result. Its classical, so its proof is omitted
(see e.g. Remark A.2 and Proposition A.3 of Erny, Locherbach and Loukianova (2022b)).

Lemma 3.5. Let (X;); be some E-valued Markov process with semigroup (P;); and generator A
(in the sense of Definition 3.1). For any g € Dg(X) and x € E, if the function t — P,Ag(z) is
continuous on Ry, then, for allt > 0,

0y (Pig(x)) = P Ag(x).
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In addition, if for allt > 0, P,g € Dg(X), then
0y (Pg(x)) = APg(x) = P Ag(x).
Proof of Proposition 3.4. Let us fix in all the proof some g € A, t > 0 and define
®:s5¢e(0,t]— PN P.G(x).

By Lemma 3.5 and conditions 1-3 of Proposition 3.4, the function ® is differentiable with, for
all s € [0,1],

®'(s) = — 0, (PY P,G(z)) uet_s T 0o (PN ,P,G(z))
=— PN _AVP,G(z) + PN P, AG(x)
=P, (A- AN) P,G(z).

|lv=s

The only property required to prove the result of Proposition 3.4 is that ®’ is continuous on [0, ¢].
Indeed, it would imply (by the second fundamental theorem of calculus),

B(t) — B(0) = /0 ' (s)ds, (18)

which is exactly (17).
To prove the continuity of @', let us fix, for the remainder of the proof, some s € [0, ¢] and some
sequence ()i converging to s. Then

@' (s) — ®'(si)| <|PN, (A— AY) P.G(x) — PN, (A— AY) P.G(x)|
+|PN,, (A—AN)P,G(z) — PY, (A— AN) P, ,G(x)|
=: A, + By. (19)

Since
Ay < ‘(Ptjis Pt Sk)APS'g ’"’_‘(Pth Pt sk)ANPsg( )

we know, by conditions 1-3 that Ay vanishes as k goes to infinity.
On the other hand,

Bi < P A (Ps = Pyy) g(2)| + [P, AY (P = Poy) g(@)]

also vanishes as k goes to infinity by condition 4. Consequently (19) implies that ®’ is continuous
on [0, ¢], implying that (18) holds true, which proves the proposition. O

3.2. Proof of Theorem 1.5

In this section, we prove Theorem 1.5: the process (fit)¢>0, that is defined as the conditional law of
the solution (X;);>0 of (6), is a Markov process, and the expression of its generator is given by (7).

This proof uses the same ideas as in Guo, Pham and Wei (2023) and Cox et al. (2021): using Ito’s
formula for R™-valued processes, and then integrating the result. In both references, the authors
extend the expressions of their measure-valued Ito’s formulas to sufficiently smooth test-functions.
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This is done by approximating smooth measure-variable functions with cylinder functions. It is
not clear that the approximation scheme of Cox et al. (2021) can be adapted to our framework,
whereas the one of Guo, Pham and Wei (2023) seems to be adaptable. This paper being sufficiently
long and technical, we prefer to omit the use of approximation schemes, and restrict the result of
Theorem 1.5 (and Theorem 1.7) for measure-variable polynomial test-functions.

Let

G:meP(R)— o(x)dm®"(z),

R’IL
with n € N* and ¢ € CZ(R"™). B
For a fixed m € Pa(R), let us introduce, for all 1 < k < n, the process X* solution to

t t t
X=X+ [ W X+ [ oln X8+ [ XHaw. (20)
0 0 0
+/ h(fs—, Xk )1 R dr (s, 2
[0,t] xR (s ) { <F(pe— X2 )} (82),

with X¢,..., XJ i.i.d. m-distributed, B, ..., B®,W independent Brownian motions, and w1, ..., 7"
independent Poisson measures on ]Rf_ with Lebesque intensity, such that all these objects are mu-
tually independent. The random measure fi; is the conditional law of any of the process given the
filtration of W up to time t: fi; = L£L(X}|W;). The interest of this construction is to guarantee the
following property: for all ¢ > 0,

conditionally on fi;, XF (1 <k <n) are i.i.d. ji-distributed. (21)

Let us denote X; = (X}, ..., X", and, for 1 < k < n, X¥° the continuous part of the semi-
martingale Xk, By Ito’s formula, for all ¢ > r > 0,

p(Xe) :SO(X”) + Z ak(p( ka ‘+5 Z 3kl<P s)d <Xk’c, Xl’c>s
k=1"" 2

+ ) (p(X) - o(Xin))

r<s<t
_ n t _ - 1 n t
%)+ Y [ op(Rablia, Xds + 53 [ ol KPR p(R.)ds
k=1“" k=1""

1 n t .

5 00 [ sl XE)s(ae, X)oRo(R.)d
kl=1"T
n t _ B n t _ _

3 / p(X ) (fiss XYBE + 3 [ 0o (R )s (s, XE)aW,
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with e = (]l{k:l})lglgn € R™. Then, thanks to the calculation above, the property (21), and
Lemmas D.1 and D.2,

G) =6() + Y [ [ duplabln, on)dns" (a)ds
k=177 JR”

1 [t
+§Z / / o (fis, 1) *Opy, () da$™ () ds
E=17" "

1 &7
23 3 [ st st @)as

k=1

noopt
S [t mda® @aw,
k=177 JR?

+ Z/ on f(/_/fs,l'k) [SD ((E + h(ﬁs,xk) . ek) _ (,O(IE)] dﬂ§n($)d8
k=177

+Z/ / o< f (@ on)}
k=1 ]T,t]XR+ n
[ (@ + hliis—, i) - ex) — @ (2)] dE™ (@) d7* (5, 2),
with 7% the compensated version of 7*:
di*(t,z) = dn"(t,z) — dt - dz.
Then, using the computation above and Proposition 3.3, we know that the process (fi¢); is
a Markov process. In addition, by (5) and the fact that ¢ and f are sublinear, we know that the

stochastic integrals w.r.t. W and #* above are real martingales. So the function G belongs to Dg (i),
and

460m) =3 [ duptapon ran®w) + 537 [ ot ai upleyin ) (22
43 3 [ dmm)stm,m)0Rp(a)dm®" (o)
E3 [ fmm) o+ b, ax) - ex) — ()] dm® (@)
Then, by Proposition 2.31, for all z,y € R,m € Py (R),
5G(m, 2) = ; | ety am® 1\ + Cotm), (23)

PG(m,z,y) =Y /R P2\ (k1) (2,9)dmE" 2 (2\ (k) + Cr(m, ) + Ca(m,y),  (24)
o=l n—2
[
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with Cy(m,y) independent of z, Cj(m,x) independent of y, and Cy(m) independent of both x
and y.
Consequently,

0:0G(m, x) :Z/Rnil O (2\xz) dm® 1 (2\r),
/Rb(m 2)0,0G(m, z)dm(x Z/ /Rn ) (m, )0k (y\pz) dm®" 1 (y\x)dm(z)
:Z/ m, yi) O p(y)dm®" (y).

k=1

Using the same trick on the other terms of (22), we have

| #tm.a?,5G m. ) dm(a Z [, omeanoRpw)n® o),
/Rg(m x)202,6G (m, x)dm(z Z/n (m, yx) 2020 (y)dm®™ (y),

[ <t )32, 826 )im ) = S [ st w)stm, 2)0e()m ).
“ kk‘lyéll '

As a consequence, it is possible to rewrite (22) exactly as (7).

3.3. Regularity of semigroups of conditional laws of diffusions

In this section, we only consider a particular case of the SDE (6) without the jump term:
dXt = b(,L_Lt, Xt)dt -+ O'(ﬂt, Xt)dBt + ((‘L_Lt, Xt)th, (25)

where B, W are still independent Brownian motions, and ji; = £(X;|W;). In addition, for any x € R,
let (X{™); be the (only) strong solution of (25) with initial condition X" = a.

Lemma 3.6. Let k € N*. Assume that the functions b, o,< admit k-th order mixzed derivatives such
that the mized derivatives of orders from one to k are bounded. Then, there exists some Ty, > 0
such that, for all 0 <t < T}, the function

xeRn—>Xt(m)

belongs to Cy~(R).
In addition, for allT >0, p e N* and 1 <j <k -1,

P
< 00.

sup E {sup )8in't(I)
w€R  [t<T
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The proof of the previous lemma uses classical technics (see e.g. the proof of Lemma 4.17 of
Chassagneux, Crisan and Delarue (2022)), but due to the particularity of our framework, we prefer
to write an explicit proof at Appendix B. Indeed, since we work on conditional McKean-Vlasov
equations, it is not clear that the proofs of the literature can directly be applied.

Proposition 3.7. Let P be the semigroup of the process X defined at (25). Under the assumption
of Lemma 3.6, for any G € 2* and t > 0,

(a) the function B
m € P1(R) — P,G(m)
belongs to P4,
(b) there exists Cy > 0 independent of G such that, for all 0 < k < 4,

sup ||PGl[x < Cil|G]lx
s<t

where || || is introduced in Definition 2.1/,
(¢) for allm € P1(R) and z,y € R, the following functions are continuous
t € Ry — P,G(m),
teRy — 6 (PG) (m, ),
t € Ry — 0,6 (P,G) (m,z),
teRy +— 02,6 (P,G) (m,z),
teRy — 8;152 (P.G) (m,z,y).

Proof. Let G € 24 satisfying for all m € P;(R),

with n € N* and ¢ € C}H(R"™).
Let us prove Item (a). For all ¢ > 0,

G(f) = E [@(X, ... X1) | W] |

where the processes X* (1 <k <n) are solutions to (25) w.r.t. the same W, but independent BF
and X} (similarly as in (20)). Since the variables X}, ..., X7 are i.i.d. fip-distributed, we have, for
any m € P1(R),

PG(m) = B 6] = [ B[ (X0, X0 0) [ am® (o) = [ n(wyim® (@), (20

with ] _
Yz ER" —E [@ (th,(m)7 m’th,(m"))} 7

and X% (@) the process X* starting from initial condition )_((]f’(z’“) =1z (1 <k < n). Then, by
Lemma 3.6 and by differentiation under the integral sign (using uniform integrability condition,
like, for example, in Lemma 6.1 of Eldredge (2018), which relies on Vitali’s theorem rather than the
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dominated convergence theorem), there exists some 7' > 0 such that, for all ¢ € [0, T, the function
¥ belongs to Cj(R™). This proves that, for all 0 <t < T, PG belongs to 4.
Then, since the process (fi:); is Markov, we have: for all ¢ € [T, 277, for all m € P;(R),

PtG(m) = Pth (PTG) (m)

Whence, since PrG € &2* and t — T € [0,T], the above equality implies that, for all T' < t < 27,
the function P;G also belongs to &%, Iterating this argument concludes the proof.

The proof of Ttem (b) follows from the fact that we have the explicit expression of P,G at (26) and
the control given at Lemma 3.6 (recalling Proposition 2.31). The proof of Item (¢) relies on the same
arguments as for Item (b) with the additional use of the Dominated Convergence Theorem. O

3.4. Proof of Theorem 1.7

In this section, we prove that the empirical measure (12 );>o of the particle system defined at (8)
is a Markov process, with an explicit expression for its generator.

The fact that u? is a Markov process follows from Proposition 2.3.3 of Dawson (1993). It can
also be proved as in Theorem 1.5 using Proposition 3.3 and the following computation that are in
any case required to prove the remains of the statement of the theorem.

So, as in the proof of Theorem 1.5, let G € 922 such that: for all m € P;(R),

Gom) = [ pla)dm®" (@)

with n € N* and ¢ € CZ(R"™).
Then,

1 Nk Nk,
G(/JJ,{V):W Z (,O(Xt71,...,Xt )
For a given tuple k = (ky, ..., k) € [1, N]", let us denote

Nk __ N,k1 N,k
Xt - (Xt a"'aXt ) ’

and XN-*:¢ the continuous part of the semimartingale X V:F: |
By Ito’s formula, for all ¢ > r > 0,

o (XI7*) = (X9 + > / B (XY dx ke
=17

n t
P33 [ (e a (e, xvee,
i,j=1""

£ 3 (e e (x2)

t
= (XNK) +Z/ i (XVMY b (Y, X N0k) ds
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n t

+Z/ Oip (X2K) o (ul, XVke) Bk
=177
n t

23 / i (K2V) (), X200

Z%@ (XK o (XM o (', X V89) Lz yds
5,j=1

Z By (XXH) ¢ (ulf, XM ¢ (Y, X200 ds

1]1

N
g/]rt]xR+xR {e<r(udl XN}
{‘P (Xfev—’k +h (Ns X ) 1) % (Xiv_’kﬂ dr'(s, z,u),

with 1 = (1,1,...,1) € R™. Consequently,

)IIEDY (27)

ke[1,N]» “ dj=1

/ 31]%‘7 XNk (:“f;vaiv’ki) g (luf;V’Xév’kj) L=k, ds

T3 Z//ﬁ%w (Y z)s(ul xp)d (u) " (2)ds

zyl

+Z/ /R/nf(ﬂivaxiv’l) (28)
=),

[0 (@ +h (1 XN w) 1) — ()] d (1)) ™" (2)dv(u)ds,

with (M}"");>, some martingale (the fact that M™" is not only a local martingale holds true
thanks to controls like (5) and the assumption that f,o,< are sublinear).
Then, noticing that, for any z1,...,zxy € R and A € R,

1 Y 1 <
) (zvz‘s”’A) pE IR
k=1 k=1

it is possible to rewrite the expression at (28) as
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N/ // /f isy) [ (4 bl y,w) - 1) = o(@)] di (y)d (1)) ™" (2)dv(w)ds
- N/T L1689 165 (b)) = G ()] i ().

Besides, separating the terms ¢ = j and ¢ # j in the double-sum of the expression at (27), this
expression can be rewritten as

L X el (i XN s

Toi=1 ke[1,N]»

1 - . N2
+5/r ZNT > Ohe(XP VMg (u) X ds
i#j

k\;€[1,N]»—1

:%/ / 02p(@)o (1 a;)* d (u)*" ()ds
LN/T ijzzzl /Rnil 81'23‘4;0(37\]‘371‘)0 (ué\],xi)Qd(uf)®n_l (z\;)ds

// ul @) 02,06 (ul ) dul (w)ds
2
7N/7, /RO'(/J’iV7x) 7/17/262G (/j/év7ylay2))‘y1:y2=x d/,éév(x)ds7

where the last equality uses (23) and (24), and is mostly a notation matter.
In particular, doing the same computation trick as the one done at the end of the proof of
Theorem 1.5, it is possible to write the dynamics of G (1) as follows

Gt =6+ M+ [ [ 0, a) 0.5G0m, )i )
o) .0 ()
T\f/ /RU(Mév,x)Q y1y252G (Mév7y1,y2))|y1=y2=xd(ué\’(x))@’? (z)ds
+%/ /Rf(uivvx)c(uiv,y)afyﬁz G, 2, y)d (1) (@, y)ds
t N N N - N N viu)as
+N/7~ /R/Rf(us ) [G (S (1 h(pl y,w)) = G ()] dpl (y)dv(u)ds,

with (MtN’T)t a martingale that depends only on the process pV, on the Brownian motions W, B
(1 < k < N) and on the Poisson measures 7! (1 < I < N) such that it adapted to the union
of the filtrations of these objects. The equality above being true for all G € 4?2, Proposition 3.3
entails that the measure-valued process (ul"); is a Markov process (which was already guaranteed
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by Proposition 2.3.3 of Dawson (1993)), but also that the domain of the generator of uV contains
the set &2, and that the expression of the generator on any G € 2?2 is the one given in the
statement of Theorem 1.7.

4. Proof of the results of Section 1.1
4.1. Proof of Theorem 1./

It is sufficient to prove the result for n = 1. Indeed, the general case can be deduced inductively
using the following Markovian properties of the processes: if (p;); is an E-valued homogeneous
Markov process with semigroup (P;)¢, then for t; < ¢, and G1, G2 “smooth enough”,

E [G1(pt,)Go(pr,)) = E[G1(pay ) Pry—t, G ()] -

So we only prove the result for n = 1. Let us recall that, for each N € N*, the processes X Nk
(1 < k < N) are defined as the (strong) solutions of (3), and X as the (strong) solution of (4).
And, by definition, for all ¢ > 0,

N
1 - _
py = ¥ ;:1: Synwe and iy = L(XeWe).

Let us denote

N
1
En = {mw = Nkzﬂéwk W, .., WN € R} - POQ(R).

It is classical that for any ¢ > 0, there exists Cy > 0 such that for all p € N*, m € P,(R)
and wy,...,wy € R

E,, |:sup |Xs|”} <c <1+ /R |x|pdm(a:)), (29)

N
1
N,k|P 4
NkzlEm” {sup | XNk } <C <1+ NZ“”“VD)’ (30)

s<t =1

where m,, = N1 Zﬁzl W, Ep, (resp. K, ) denotes the expectation w.r.t. the probability measure
under which the Markov process fi (resp. V) has m (resp. m,,) as initial condition.

Step 1. The first step of the proof consists in showing that, for any fixed N € N*, the P; (R)-valued
Markov processes u and fi satisfy the following Trotter-Kato formula: for all G € 24, m € &y
and t > 0, .

(P, — PY) G(m) = / PN, (A — AN) P,G(m)ds,
0
with PV, P (resp. AN, A) the semigroups (resp. generators) of u”, fi, in the sense of Definition 3.1.

To prove this, it is sufficient to check that u”, fi satisfy the four conditions of Proposition 3.4.
Condition 1 holds true for A = 9% by Proposition 3.7. Besides, Condition 2 is a direct consequence
of Theorems 1.5 and 1.7.
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Now, let us verify Condition 3 of Proposition 3.4. Let G € 2%, by Theorem 1.5, the generator A
of [ satisfy: for all m € P;(R),

AG(m) = /}Rl(m,x)dm(x) + /R2 J(m, z,y)dm®?(x,y),
with

I(m, z) =b(m, 2)8,0G (m, =) + %U(m, 2)202. 5G(m, z) (31)

w5 ([ o2 @) ([ m,22rm.2) dm(e)) .66 0m.0)
s =5 ([ o)) ([ m 2250, die) ) 2,86 mo. @2

In particular thanks to Proposition 2.31, we have the following control: there exists C' > 0 such
that for all G € 2% and m € P2(R),

|AG(m)| < C (1 +/ :c|2dm(a:)> G lo. (33)
R
And, for all to,t < T,

|AGuy) — AG(r)| < 0| + [ 1) = 10, 2)| die(o)

[ 10,1 Gy~

| [ ) 52— ) <x,y>\

[V Gg.9) = s, )] i)
<E | |I(ﬂt 7Xt0) I(fieg, X1)| | Wr]
HI ,utov I(Mtht ||WT]
E [ |J (i, t07X2)—J(#thtlet2)||WT]
HJ /’LtoaXt7X2) J(ﬂt7th7Xt2)HWT]7

with X!, X2 solutions to the SDE (4) w.r.t. the same Brownian motion W, but w.r.t. two inde-
pendent Brownian motions B!, B? instead of B. Let us note that, the functions I, J are locally
Lipschitz continuous in the following sense: there exists C¢ > 0 such that, for all mq, mg € Pa(R),
and 71, %2,y1,¥2 € R,

[I(my,21) — I(ma, z2)| + |J(ma, 21, y1) — J(ma, T2, y2)|
< Co (1o 4 ool + il + ol + [ o () + [ [sPmae) )
R R
(lz1 — 22| + Drr(mi,ma)).

In particular, by Cauchy-Schwarz’ inequality and Jensen’s inequality and (5), denoting E,, the
expectation w.r.t. the probability measure under which g = m,

| P, AG(m) — P,AG(m)| < Ey, [|AG(fir,) — AG(jir)|]
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< CgE,, [(1 + 52}; E [|)_(S|2|WT]> E H)_(to —)_(tH Wr|

< Oy [| %, - %)

Recalling that X is solution to (4), it is classical (using for example Burkholder-Davis-Gundy’s
inequality with (5)) that the RHS of the above inequality vanishes as ¢ goes to to. This implies that,
for any m € Pa(R) and G € 24, the function

is continuous.
The continuity of the function
t— PN ANG(m),

for m € Ey follows from the same reasoning provided Lemma 4.1 below to deal with the jump term
that depends on a shift operator S. Note that it is important to work with an initial condition
belonging to £y in order to interpret ul¥ as the empirical measure of some N-particle system
satisfying the SDEs (3).

Lemma 4.1. Let my,mo € P1(R) and hy,hy € R. Then
Dir (S(mi,h1),S(ma, ha)) < Diggr(mi, ma) + |hi — hal.

Proof. Let ¢ : R — R be any Lipschitz continuous function with Lipschitz constant non-greater
than one.

/w(w)d(s(ml,hl))(w)*/%(w)d(&s(mz,hz))(ﬂf)
R

R

[ ol myam @) = [ oo+ hadma(a)

R

<

/¢@+MWWH—mﬁ@)
R

< Dgpr(mi, mg) + |hq — hal.

+ /R [p(z + h1) — @(x + ha)| dma(z)

Taking the supremum over all such functions ¢ proves the result. O

Indeed, with the same computation, we obtain

|PYANG(m) — PN ANG(m)| < By, [|[ANG(1f)) — ANG (1] )|]
1 & 2| 1 &

(1 +sup < > x| ) ¥ > ‘XtJOVk - XtN’kw
sSTY o k=1

1 o k k|2
N, N,
< CG (N ’;Em |:’Xt0 _Xt ‘ })

Once again, this proves that for any m € &y and G € 24, the function

< CG'Em

1/2

t— PN ANG(m)
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is continuous. The continuity of ¢ ~ PN AG(m) is guaranteed by the same arguments. So Condi-
tion 3 of Proposition 3.4 is verified.

To end the Step 1 of the proof, let us now check Condition 4. Let us fix in the rest of Step 1
some G € 2% 0 <t < T and some sequence (s, ), converging to ¢ such that s, < T for all n € N.
For M > 0, let us introduce

Ky ={m € P1(R) : Supp(m) C [-M, M]}.

For any M > 0, KCjs is a compact set of P,(R), for all p > 1 (see Remark 6.19 of Villani (2009)).
Let us denote, for every n € N, - -
Gn=PG - P, G.

Thanks to Proposition 3.7, we know that each G,, belongs to . Hence, by Proposition 2.31,
we can use Corollaries 2.26 and 2.27 (and Lemma 2.18 to differentiate the jump term from the
generator AY) to compute O(AG,,)(m, ) and (AN g,,)(m, x) (recalling the expressions of A and AN
given in Theorems 1.5 and 1.7) to prove that, for all M > 0,

sup |615 (flG’n) (m,x)| + sup {azcs (ANGn) (m,x)| < Cg (1 + M2) .
mnEelé\Iju mnee)é\IM
|z|<M || <M
Note that the fact that the control above is uniform in n is guaranteed by Proposition 3.7.(b).
Then, by the Mean Value Theorem for measure-variable functions (i.e. Proposition 2.21) and
since Kps (M > 0) are convex sets, we know that the families of functions (AG,,), and (ANG,),
are both uniformly equicontinuous on each compact set K (for any M > 0). In addition, let us
recall that it is possible to write the generator A and AV in the following form: for any m € Pa(R),

AG,(m) :/Rln(m,x)dm(ac)—i—/ Jn(m, z,y)dm®?(x, y)

%Gy (m) = [ |

1Y (m, 2)dm(x) + / Y (m, 2,y)dm® (. ),
R R2

with I, J,,, IY and JY defined similarly as I, J in (31) and (32), for the function G,, instead of G.
And, by Proposition 3.7.(¢c), for any x,y € R and m € P(R), the integrands above vanish as n
goes to infinity, and are bounded by

Ca (1+w2+y2+/|zl2dm(z)),

where C > 0 does not depend on (m, x,y,n). Then, by the Dominated Convergence Theorem, for
any m € Ky (for any M > 0), both AG,,(m) and ANG,,(m) vanish as n goes to infinity. Since
these two sequences are uniformly equicontinuous on each compact set Kjs, this implies that, for
all M >0,

sup MGn(m)‘ + sup |ANGn(m)‘ — 0. (34)

me v mek n—oo

Then, let us introduce, for M > 0 the following event

N,k
Dy =4 sup |XN*| <My,
r<T
1<k<N
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and Df, its complementary. We have, by Cauchy-Schwarz’ inequality and Markov’s inequality, for
any m € &y,

sup [P 4G, ()| <E |sup 46,2
r<T Lr<T

<E, |sup |AG,(uY )|11DM} +Ep, {Sup | AGy (1 )L ps, |
lr<T r<T

<E,, |sup |AGn(,U47]«V)|]lDM:| + Cr.gmM ™2,
Lr<T

where we have used the controls given at (30), (33) and Proposition 3.7.(b).
In particular, for any € > 0 it is possible to fix some M, > 0 (whose also depends on T, G, m,
but not on n) such that

sup |PNAG,(m)| < Ep, {sup |AG, (u))] ]IDME} +e.
r<T r<T
Noticing that,

Dy, C{vr <T,pul eKn.},
we know, by (34), that, almost surely,

n— oo

sup ‘AGH(M{V)‘HDME — 0,
r<T

and, by the Dominated Convergence Theorem (and (30), (33) and Proposition 3.7.(b)), this entails
that, for m € &y, B
sup ’PTNAGn(m)‘ — 0.

r<T n—oo

With exactly the same reasoning, we also have

sup |PTNANGn(m)| — 0.

r<T n—oo

So Condition 4 of Proposition 3.4 is satisfied.
Step 2. We have proved that for all G € 24, m € Ey and t > 0,

(P, — P) G(m) = /0 P (A— AM) P.Glm)ds.

This formula allows to obtain a convergence speed for the semigroups provided a convergence
speed of the generators. So, the goal of Step 2 is to prove the following assertion: for G € 73
and m € Py4(R),

N _ F 1 4
|(AY — 4) G(m)| < C||G|\3ﬁ (1—1—/R|x dm(m)). (35)

To this end, let us admit the following lemma, whose proof consists in using three times the
Taylor-Lagrange’s inequality. This lemma allows to simplify computation in our proof.
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Lemma 4.2. Let g € CE(R2). Then, for all x,y, A € R,

g+ XNy+A) —gla+y) —gle,y+ ) +g(z,y) —

2 2
|a|=3
Let us denote ¢ > 0 the standard deviation of the probability measure v:
1/2.
¢= (/ u2dz/(u)>
R
Then, by Theorems 1.5 and 1.7, for all G € 2% and m € P2(R),
AG(m) :/ [b(m,x)@chG(m,x) + ;a(m,x)Qagm(;G(m,x)} dm/(z)
R
1
+56 [ ([ 1) s, ) 0,86 . o) o)
R \J/R
1
w56 [ ([ .22 n,2pdm)) 02,8 G, o™ a.)
R2 \J/R )
1
ANG(m) :/ [b(mw)@méG(m,x) + 2a(m,w)28iI§G(m7x)} dm(z)
R
1
tan J, om0 Com )y, -, i)

+N /]R /IR f(m, ) [G (5 <m, \/%h(m,x)» - G(m)} dv(u)dm(z).

N 2
(AN — 4) G(m) QN/ o(m,x)* (92,0 G(m’yl’w))\yl:m:x

o o)

f—hmz /32 0G(m, z)dm(x)

So

dm(x)

——hm 2) / 92,6°G m,x,y)dm®2(x,y)} dv(u)dm(2).

The absolute value of the term at (36) is bounded by

C%HGHQ (1 + /Rx2dm(x)> .

For the rest of the proof, let us introduce, for u, z € R, the signed measure

mi\fu =S (m, \/Lﬁh(m, z)) —m.

A2 Nk
2| < B 3 1100l

43

(36)

(37)

(38)
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To control the term at (37), by using Theorem 2.24, we need to compute the integrals of the k-th
order derivative of G w.r.t. the power of mY, to k, for k € {1,2}.

AA&G(m,x)dmgu(x)du(u) =/R/R [66' (m,x—i— \/uﬁh(m,z)> — 5G(m, z)

—ﬁh(rm 2)0,0G(m, m)} dv(u)dm(x),

where the term at the second line above has been added artificially since v is a centered measure.
In addition,

/]R 582G (m, z,y)d (mi\{u)m (z,y)dv(u)

-
:/R/R/HJ(S?G <m,x+;ﬁh(m,z),y+;ﬁh(m,z)>

—5%G (m,x n \/%h(m, z),y) pte <m,x,y\/uﬁh(m, z)>

+62G(m, z, y)} dv(u)dm(x)dm(y).

Whence, the absolute value of the term within the brackets at (37) is non-greater than the sum
of the three following quantities:

G (5 (. him.2)) ) = G = [ 660y, i) (39)
~3 [, 6w (m2)* (@)
/R pre. <m,x + \/Ljvh(m, z)) G (m, ) — %h(m, 2)0,0G(m, 7) (40)
(2202, 3G . )| ().
/Rz 522G (m,m + \/%h(m, 2+ \/U—Nh(m, z)) e (m, v+ \/Lﬁh(m, z),y) (41)
582G (m,x,y\}%h(m, z)) + 582G (m, z,y) — %h(m, z)2a§y520(m,x,y)' dm®2(z,y).

Each of the three terms above is bounded by

CHGHSN}/N (1 + |2]® + /R |x|3dm(x)) (14 |u?).

Indeed, for (39), it is a consequence of the Taylor-Lagrange’s inequality for measure-variable
functions (i.e. Theorem 2.24), and the fact that (by Lemma 2.18)

|ul

Dicn (8 (m Jh(m.)) om) < DL jnim. ),
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for (40), it comes from the Taylor-Lagrange’s inequality for real-variable functions, and the control
of (41) is obtained by Lemma 4.2.

Finally using this last bound to control (37) is sufficient to prove (35).
Step 3. From (35), we deduce a control between the semigroups of u?, ji. Let wy,...,wy € R,

and
1
my, = N ké_l'LUk.

Then, thanks to Steps 1 and 2,

(Pi= PY) Glma)| < [ B [1(A - 4%) PG ds
<C—/ |PG|3< ZEM [Roé D
<Ci——|Glls (1 ey |wk4) (42)
<Cire v 2l

where we have used Proposition 3.7.
Step 4. Then end of the proof is now quite classical. For G € 24,

[E[G ()] - E[G(u)]| <

[ Rom - £) <m>’

P1(R)

[ (R ) G a2 () om)
P1(R)

1
<Cl|GIhDrr (0, £ (Ho')) + Ct||G\|3ﬁ,
where the last line has been obtained using Proposition 3.7 (and the definition of the Kantorovich-
Rubinstein metric) for the first term of the sum, and (42) for the second one.

Finally, by Theorem 1 of Fournier and Guillin (2015) (or using Theorem 3.2 of Bobkov and
Ledoux (2019) and the discussion thereafter),

N
1 _
Dkr (6ﬁ07£ (N(])V)) =E lDKR <N0, N E 5;(5“’“)] <CN 12,
k=1
This ends the proof of Theorem 1.4.

4.2. Proof of Corollary 1.1

The proof of Corollary 1.1 consists in remarking that the SDEs (1) and (2) are particular cases
of (3) and (4) with: for m € P;(R) and z € R,

b(m,x) = l;(x), o(m,x) =a(x); f(m,z)= f(as), h(m,z) =1;
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stma) = ([ u?du(u))m ([ iw dm<y>)1/2.

Then, the result of Corollary 1.1 comes from the fact that, for any ¢ € Cif(R), the function
G:m e Pi(R) — / p(x)dm(zx)
R

belongs to 274, and that

E[G() = G(fir) =E [p(Y;)] and E[G(u))] =E H S| =E [SD(YtN,l)} _
k=1

Appendix A: Separating class on spaces of probability measures

The goal of this section is to prove Proposition 2.30. It means that the set &7 is a separating
class for P,(R) (for any p > 1). Before proving this statement, let us introduce some definitions and
useful results about separating classes. This section relies strongly on the content of Section 3.4 of
Ethier and Kurtz (2005).

In all this section, E denotes some Polish space, and P(FE) the space of probability measures
on E endowed with Prohorov metric (i.e. the topology of the weak convergence).

Definition A.1. Some set A of measurable functions f : E — R is said to separate E if, for
all z,y € B,

(VfeAf(@)=fly) —=z=y.
A set A of measurable functions f : E — R is called a separating class for E if, for allm,u € P(E),

(Vf e [ symio) - [ f(w)du(x)> —m=p

In other words, A is a separating class for E means that

{meP(E)»—>/Ef(x)dm(x) : feA}

separates P(FE). The interesting point of a separating class for E is that it allows to identify the
laws on F in the following sense (it is a mere rephrasing of the definition of a separating class).

Lemma A.2. If A is a separating class for E, and X,Y are two E-valued random variables such
that: for all f € A,

Then X and Y have the same law.

The lemma below should be classical, but since we have not found a proof in the literature, we
provide one for self-completeness.

Lemma A.3. The set C>°(R) is a separating class for R.
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Proof. Let m, u € P(R) such that, for all g € C°(R),
[ st@yim(@) = [ g@yinto) (13)
R R

Let a < b. Let (gn)n be a C°(R)—valued sequence such that

(gn)n converges pointwise to 1jq [,
V(z,n) e RxN, 0<g,(z) <1.

Then, rewriting (43) with g,, instead of g (for all n € N*), and using the Dominated Convergence
Theorem,

m(Ja,b]) = p(a, b[).
The previous equality being true for any a < b, this proves that m = pu. O

The proof that the polynomials form a separating class for Pp(R) relies on the following criterion.

Theorem A.4 (Theorem 3.4.5.(a) of Ethier and Kurtz (2005)). Any algebra that separates E is a
separating class for E.

Besides, since P, (R) is Polish (see Theorem 6.18 of Villani (2009)), Theorem A.4 above can be
used with E = P,(R). Now we can prove that the polynomials form a separating class of P,(R).

Proof of Proposition 2.30. By Lemma A.3, the set
{m € P(R) — / h(z)dm(z) : he CfO(R)}
R

separates P(R), hence it also separates P,(R). The set &> being an algebra containing the set
above, it is a separating class by Theorem A .4. O

Appendix B: Proof of Lemma 3.6

The proof of Lemma 3.6 uses the following classical lemma whose proof is omitted.
Lemma B.1. Let (f,)n be a sequence of C1(R) such that:

¢ (fn)n converges point-wisely to some function f,
e (f)n converges uniformly on every compact set to some function g.

Then, f € CY(R) and f' = g.
Let us recall that, by definition, for all x € R, ¢ > 0,

P /Otb (ﬂﬁ“),)_(f)) ds + /Ota (ﬂgm),)_(ém)) dBs + /Otg (ljgz)j(s(z)) dWs,

where " = £(X|W,).
In order to prove Lemma 3.6, we use the Banach-Picard iteration scheme related to the above
equation. Namely, for all z € R,t > 0,n € N,

Xt(w),[o] =z,



X. Erny/Measure-valued jump diffusions and diffusive mean-field limits 48

ﬂgx) ’ [O] :693;

t t
X (@)t :x+/0 b (ﬂgz),[n]’ng),[n]) ds—|—/0 o (ﬁgz),[n]7X£z),[n]) B,

# [ (@ xo) aw,

) = ().

Step 1. In this first step, we prove the almost sure convergence of )_(t(m)’[n] to )_(t(z) as n goes to
infinity, for any ¢ belonging to some sufficiently small interval, and locally uniformly w.r.t. .
Forne N,pe N*t >0 and M > 0,

WM, p) =E .

sup ’ K@ 1] g @il |°
s<t,|z|<M

With classical computation (using Burkholder-Davis-Gundy’s inequality and the assumption that
b, o, are Lipschitz continuous), we have that, for all T > 0, p € N*, n € N,

W (M) < €, (174 T2) 00 ),

with C}, > 0 independent of T', M and n. In particular, let us fix some small enough 7}, > 0 such
that, for alln e N;p e N, M > 0,

n+1],0 1m0
U’[T:_ ] (Mvp) S §U[Tp] (Map)7

whence 1
W (M, p) < Gy (1 MP). (44)

and

_ _ 1
E| sup (ng%["“} — X@l ] < ug?j’o(M,p)l/P < Cponr (L M).

s<Tp,|z| <M

2n/

As a consequence, for all M > 0,p € N*,

“+o0
E sup Z (Xt(x)’[n—i_l] — Xt(m)’[n]> H < 00,
t<Tp 2| <M |20
and, almost surely,
too B
sup Z (Xt(z)’["ﬂ] — Xt(w)’[n]> < 00.
t<Typ,|z|<M |,

This proves that, almost surely, for all ¢ € [0, 7], Xt(z)’[n} converges as n goes to infinity to Xt(m)

(recalling that X(*) is solution to (25)) locally uniformly w.r.t. .
In addition, with similar technics and Fatou’s lemma, we can prove that, for all p € N*, M > 0,
T >0,

E sup ‘Xt(x)

t<T,|z|<M

p] < 00. (45)
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Step 2. Now we study the regularity of the functions
x— X
Let us prove by induction on n € N that there exists ' > 0 (independent of n) such that, for
all t € [0, 7] the function z — X ™" €1 and that, for all M > 0,

i (2),[n]
T

E sup ‘@Xt(w)’[n]
t<T,|z|<M

< oo and sup]E{‘

] < 0.
z€R t<T

For n =0,
0, X0 _ 1
Then fix some n € N and assume that the induction hypothesis holds true for this n. Then,
by Lemma 2.19 (and Remark 2.20), and assuming that b, o, ¢ admits bounded second order mixed

derivatives (what implies that the first order mixed derivatives are continuous w.r.t. all their vari-
ables, by Remark 2.13),

9, XM+ | /Ot (3.XEH01) 90100 (0, XM s (46)
E[(0:X07) 0 (b ) (41, D 0T) |, ds

(aIXS(w),[n]> 0.0 (u( 2):lnl | g (@)l ]) B,

+/OE[ 0.5 0 (5 g ) (A2, X1 | ] am,
X

+ /t (angwN”]) 0.1y (,—ngnn]? —51),[74) AW,

+ /0 ' (XY 0 (g ) (40, 1), | aw

where X is defined in the same way as X w.r.t. the same Brownian motion W, but w.r.t. a Brownian
motion B independent of (B, W), and E is the expectation w.r.t. the law of B. One can note that,
the expression above of 8w)_(§x)’[n+” is closely related to the ones of Proposition 3.1 of Crisan and
McMurray (2018) (we actually use their notation for E and X).

Let us remark an important point: the functions appearing as coefficients in the expression above
are exactly the first order mixed derivatives of the functions b, o, <.

And, with similar computation as in Step 1, we can prove that, for all p € N*, M > 0,

_ p
sup E A t(z)’[n]

neN

sup
t<T,,|x|<M

sup GI)_(t(x)’[n]

t<T),
p]

neN,zeR

]<ooand sup E

] < 00, (47)

for some T}, > 0 independent of n, M.
Let

ul"" (M, p) = E

sup ]az)zgw%[n“l — 9, X ()l

s<t,|z|<M
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To control the above quantity in a similar way as in Step 1, it is required to control two kind of
terms. In order to simplify the reading we only handle the drift terms (the Brownian terms can be
treated in the exact same way after using Burkholder-Davis-Gundy’s inequality). The first term is
of the following form: for |z| < M,

‘(5mxs<w>,[n+1J) o.1)b (ﬂgw>,[n+11’)zs<z>,[n+u> _ (E)IXS(W”]) o1 (ﬂ@,[n}jgm)wn]) ‘

< ( sup 3(071)b(m,y)|> ‘3xX§m)’["H] — 9, X (@]

m€eP1(R),|y|<M
L C )%Xs(x),[n] + Din <ﬂgm),[n+l]7ﬂgx),[n]>> _

(’ X @1 _ g(@)lnl

In particular, thanks to (44), (47) and Cauchy-Schwarz’ inequality, for any p € N*, for ¢t < T,
(where T}, has possibly been reduced compared to the previous one),

. [(/ot ‘ (6‘/”5{5@)7[%1]) 9(0,1)b (ﬂff)’["ﬂl, )‘(S(x),[nﬂ])

_ (axngHn]) do1)b (ﬁg&x»[n],)zgx),[n]) ‘ ds)p}

1

S CM,pru£7l]71(M7p) + CM,prW-

(48)
The second term involves the following term
(&cj(s(z)’[n]) 9 (waMnJ) (ﬂgz)’[n],Xﬁm)’[n]) ;

and can be handled exactly as (48), since the function (m,z,y) — 0,0(b;)(m,y) is assumed to
be Lipschitz continuous and bounded (recalling that this function belongs to the set of first order
mixed derivatives of b). Whence, for T' < T,

n n 1
W (M) < Cog (T7 4+ T72) (u!’l(M,m + W) :

And, possibly by reducing T,

AL ) < %U[T?Ll(M’p) N w%/?
Consequently, for 7' < T,
uf" (M, p) < Car 277, (49)
and
E| sup ‘3xX£z),[n+1] — 9, X @) ln] ] < M (M, )P < Cpy 220,
s<Tp, |z|<M

The quantities above being the terms of a convergent series, we can conclude as in Step I that,

almost surely, for all ¢ € [0, T,], 31)_@93)’["] converges as n goes to infinity to some function locally
uniformly w.r.t. z. Then, by Lemma B.1, we know that, almost surely, for all ¢ € [0, T},], the function
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T~ )_(t(z) is C', and that its derivative is the limit of aw)‘(t(””)’[”]. In particular, by Fatou’s lemma
and (47),

()P _ ()P
E sup th(z)‘ < oo and sup E[ . t(z) ] < 0. (50)
t<T,|z| <M zeR  Lt<T
Step 3. The proof that the function z — X, () is 2 uses the same arguments as the ones used in
Step 2. In order to make it clear, we just write the terms of the dynamics of 92, X z) [n+1] coming

from the two first lines of (46).

t
8§$X't(:r)’[n+1] — / (anggx)7[n]> 0.1y (ﬂgx),[n]7Xs(x),[n]) ds
0

(&X‘S‘”)’[”])Q Do.2pb (P, X0 s
( v )E [(a””j(éx)’[n]) 0 ((5(0,1>b)xgz>w) (ﬂff)’[ nl, X @l )‘W}
( (

/t
t _
[‘(on
0
t
/0 E [(aﬁxfcs(m“]) 9 (bX§m>,[n]) (ng>,[n1’ ng),[n]) ’ Ws] s
[ (o
0
t
/

o

gx),[WL]

stx[n]) o l(ax ngm) (3323 (bs) (ﬁgm),[n], ng),[n}))

B Kaxjgsgw),[nl) (5IX§w),[n]) 92 (bxiz“"O (ﬂgw){nhng),[nlyxgw),[no ‘ Ws} ds

Ws] ds

+
+
+
+ ‘i:)—(gzw
+
+

where the omitted terms (hidden in the ellipsis) are the same as the ones written replacing the
function b respectively by o and ¢, and ds by dB, and dW,. As previously, X and X are defined
as X w.r.t. the same Brownian motion W, and w.r.t. respective Brownian motions B and B such
that W, B and B are independent. The expectations E and E are the expectation w.r.t. the laws
of B and B.

Once again, it can be noted that the functions appearing in the expression of 92,
the mixed-derivatives of b,0,¢ up to order two. Hence the same reasoning as in Step 2 allows to

conclude. Finally, the proof that z — X'(x) is Cj (for any j < k — 1) is the same as previously
m) [n+1]

X't(m)’["ﬂl are

remarking that, calculating the expression of 8J makes appear the mixed-derivatives of
b,o,¢ up to order j. Since it is assumed that all the mixed-derivatives up to order k£ are bounded,
we know by, Remark 2.20, that the mixed-derivatives up to order k — 1 are Lipschitz continuous.
So the end of the proof follows the same arguments as Step 2, and similar controls as (50) can be
proved for the j-th order derivatives, for any j < k — 1.

Appendix C: Proofs of some technical results

Proof of Lemma 2.3. Let us consider mg € P1(R) and hq, ho : R — R such that, for all m € P;(R),

/R ha(@)d(m — mo)(@) = [ ha()d(m — mo) () + £m (m),

R
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where &,,,(m)/Dkr(m, mg) vanishes as m converges to my.
Let us define

@:mGPl(R)r—>/R(hl(x)th(:zr))d(m—mo)(x).

So, by hypothesis, ®(m)/Dg r(m,mg) vanishes as m goes to mg.
Step 1. In a first time, we prove that ® is the zero function. Let us fix m € P;(R) and introduce,

for any n € N*,
n—1

1
= m0+ﬁm€P1(R).

We have that, for all n € N*,
1
Dy r(mo, ptn) < EDKR(mmm)’

hence, p,, converges to mg as n goes to infinity.
On the other hand,

P(pn)

D(pun)
——D n) < D , — 0.
DKR(WOa,Un) KR(mOnU ) KR(mO m)

P(m) =n®(u,) =n QA il VA
( ) (M) DKR(mO;,Un) n—00

This proves that, for all m € Py (R), &(m) = 0.

Step 2. To conclude the proof, it is then sufficient to notice that, thanks to Step 1, for any y € R,
®(8,) = 0. Whence, for any y € R,

ha(y) — haly) = / (ha (&) — ha(x)) dmo(x).

R

In particular, the function hy — ho is constant, and the lemma is proved. O]

Proof of Corollary 2.26. Let m, my € P1(R) be fixed in all the proof.
F(m) — F(mg) = /R H(m,x)d(m —mg)(z) + /R (H(m,z) — H(mg,x)) dmo(x)
_ / H(mo, x)d(m — mo)(z) + / (H(m, ) — H(mo, z)) dmo()
R R
4 /R (H(m, ) — H(mo, ) d(m — mo)(z).
Consequently,

o) = Flono) - |

R
S/
R

+

(#10.5) ~ [ om0, 2)dnal)) m o) o)

Ha(m) — Hom) — [ 88, o, pd(m — mo><y>] dmo(a) (51)

/R (H(m, ) — H(mo, ) d(m — mo)(z)]

(52)

Then, by the hypothesis (7) of the corollary and Theorem 2.24, the integrand of (51) is bounded
by
C(1 + |z))Dgr(m,mg)?
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for any 2 € R (with C' > 0 independent of z, m, mg), whence the quantity at (51) is bounded by

C (1 + /R |w|dmo(x)) Dy r(m,mp)*

which is negligible compared to Dk r(m, mg) when m converges to mq (for a fixed my).
In addition, the term (52) is non-greater than

Dgr(m,mg) - sup 0. (H(m,z) — H(mg,z))] .
xe

And, by the Mean Value Theorem (i.e. Proposition 2.21) and the hypothesis (i7) of the corollary,
for all x € R,

|0z (H(m,x) — H(mo,z))| =0, Hyz(m) — 0. Hz(mo))|
<Dggr(m,mg)- sup [0,0(0,H;)(m,y)|,

meP; (R)
z,yeR

which entails that the term at (52) is bounded by
C’DKR(m, m0)2

for some constant C' > 0 independent of m,my.
So we have proved that F is differentiable on P;(R), and that the following function is one
version of its derivative:

(m,z) € P1(R) x R+— H(m,z)+ / dH,(m,z)dm(y).
R
It is then sufficient to subtract F(m) to the quantity above to obtain the canonical derivative
of F. O

The proof of Corollary 2.27 requires the following lemma.

Lemma C.1. Let d € N* and my,...,mg, fi1, -, ta € P1(R). Then,

d d d
Dicr <®mk,®uk> <3 Drcnlmopn).
k=1 k=1

k=1
Proof. For each 1 < k < d, there exists a probability space (2, Fk,Px) and two random variables

on this space Xy, Yy of respective laws my, ur such that

Drr(me, pi) = Ex [| Xk — Y],

with E; the expectation w.r.t. P (the existence of these random variables is guaranteed by Theo-
rem 4.1 of Villani (2009)). Let us assume that all the probability spaces (g, Fi,Pr) are disjoint,
and consider the product probability space of these spaces, denoted by (€2, F,P). In particular, the
variables X (resp. Y;) (1 < k < d) are independent, whence

d d
L(X1, ., Xa) = Qmu and L (Y1,...,Ya) = Q) s
k=1 k=1
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Consequently,
d d
Dk (@ m, ®uk> <E lz 1 Xe = Yil| = D Ex [1Xk = Yall = Y Dicr(mu, ),
k=1 k=1 k=1
which proves the result. O

Proof of Corollary 2.27. Let us fix some m, my € P1(R) in the proof.

F(m)—F(mo) = . H(m,z)d (m®2 _ mgﬂ) (x)

[ ) = 0 )
= g H(mg,z1,22)dm(z1)d(m — mp)(x2)

) H(mo, 1, 22)d(m — mo)(z1)dmo(z2)
+ /R (H(m, ) — H(mo, 2)) dm§> (2)
+43Hmmr4m%wnﬂm@—myﬂﬂ
Then,

‘n Flma) = [ [ 8002) o, ) @) = ma)(o)
—/R (/RH(mo,xl,y)dmg(xl)+/RH(m0,yax2)dm0(x2)) d(mmo)(y)'

< - H(mg, 1, 22)d(m — mg)®* (1, z2) (53)
+ /R2 (H(m,x) (mo, > /5 (mo, y)d(m — mo)(@)) dm§?(x) (54)
+ /]R2 (H(m,z) — H(mo,z))d (m®? —m?) (z)|. (55)

By Lemma 2.23 and thanks to the hypothesis (ii7) of the corollary, the term at (53) is bounded
by
Dy r(m,mg)? sup

‘ 1112 ’ :
neP1(R),z1,22€R

According to Taylor-Lagrange’s inequality (i.e. Theorem 2.24) and using Hypothesis (i), we know
that the term at (54) is non-greater than

c¢MMmmm2G+(Ammmu03,
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for some C' > 0 independent of (m, my).
For the last term (i.e. (55)), by definition of Kantorovich-Rubinstein’s metric, is bounded by

Dkr (m®2, m%ﬁ) ’ SUPR |0, Hy(m) — Oy, Hy(mo)| + |02, Hy(m) — Oz, Hy (mo)] -
T1,L2€

As in the end of the proof of the previous corollary, we have

sup |8L1Hl(m) - alew(m0)| + |812H»L(m) - al'sz(mO)‘ < C- Dggr(m,mg).
z1,22€R

On the other hand, by Lemma C.1, we have that
DKR (m®2, m?z) < QDKR(m, mo).
So the term at (55) is bounded by C - Dk r(m,mg)?. This proves finally that the function F is
differentiable on P;(R) and that the function

(m,y) € P1(R) x R — S(Hy)(m,y)dm®?(x) + / H(m,x1,y)dm(z1)
R2 R

+/RH(m,y,;v2)dm(:c2)

is one version of the derivative of F. It is then sufficient to subtract 2F(m) to the quantity above
to obtain the canonical derivative of F. O

Appendix D: Some technical lemmas about Ito’s integrals

Let (Xt)i>0 be some cadlag R-valued process that is locally L?: for all ¢ > 0,

/tIE [X?]ds < cc. (56)
0

Let W, B be two standard Brownian motions of dimension one, and (F;); be a filtration such
that F, B and W are independent. Let us denote (W,); (resp. (B:):) the filtration of W (resp. B),
meaning

Wy=0c(Ws : s<t) and By =0 (Bs : s<t),
and define (G;); the union (in the filtration sense) of F, W and B: for all t > 0,

Gi=F VWLV B,

Lemma D.1. Assume that X is G-adapted. Then, for all t > 0,

t
E {/ XdW,
0

Proof. Let us fix t > 0. By definition of Ito’s integral,

t
Wt} :/ E [ X,| W] dW,.
0

n—1

t
/ XedWy = lim 3 Xy (Woyy = W)
0 n Ook:O
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in probability, where, for any 0 < k < n, sy =t-k/n.
Then, thanks to (56), the (conditional) Vitali’s convergence theorem implies that, almost surely,

t
E [/ XdWs
0

n—1
Wt:| :nli—>nolo kz £ [Xsk (Wsk+1 - Wsk) { Wt]
=0

n—1

:nlLH;O Z E [X9k| Wt] (W9k+1 - WGk)
k=0

n—1

:nli—>nolo kZ—O E [X5k| WSk] (W8k+1 - Wsk)

t
:/ E [ Xo| W] dWWs,
0

where the before last equality above comes from the fact that X is G-adapted and that W, can
be written as the union (in the filtration sense) of Ws, and o(W, — Wy, : s < r < t) which are
independent (whence, X, is also necessarily independent of o(W,. — Wy, : s <1 < t)). O

Lemma D.2. Assume that X is G-adapted. Then, for allt > 0,

t
E [/ X,dW,
0

Proof. With the same reasoning (and using the same notation) as in the beginning of the proof of
Lemma D.1, for all ¢t > 0,

t
E [/ X.dBs
0

Let us recall that X is G-adapted and that B,W are independent. Let us consider any W;-

5| =0

n—1
Wt:| - nlgr;o Z E [Xsk (B5k+1 - Bsk)| Wt] : (57)
k=0

measurable random variable Z. Then, both Z and X, are independent of By, , — B, . So,
E [Xsk (BS,QJrl — Bsk) Z} =E[X; Z]E [Bsk+1 — Bsk] =0,
implying
E [ X, (Bsyy — Bs,)| W] =0.
Combining the equation above with (57) proves the result. O
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