N
N

N

HAL

open science

Practical Synchronization of Perturbed Networks of
Semi-Passive Systems

Anes Lazri, Mohamed Maghenem, Elena Panteley, Antonio Loria

» To cite this version:

Anes Lazri, Mohamed Maghenem, Elena Panteley, Antonio Loria. Practical Synchronization of Per-

turbed Networks of Semi-Passive Systems.

CDC 2024 - 63rd IEEE Conference on Decision and

Control, Dec 2024, Milano, Italy. hal-04609468v2

HAL Id: hal-04609468
https://hal.science/hal-04609468v2

Submitted on 21 Nov 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-04609468v2
https://hal.archives-ouvertes.fr

Practical Synchronization of Perturbed Networks
of Semi-Passive Systems

Anes Lazri

Abstract— We study practical synchronization for heteroge-
neous networks of nonlinear systems in the presence of bounded
perturbations. Under the assumption that the nodes are state
semi-passive and the interconnection graph admits a spanning
tree, we establish uniform ultimate boundedness of the solutions
and, consequently, practical synchronization. That is, we show
that the systems’ trajectories approach each other up to a
steady-state error. The magnitude of this steady-state error can
be made arbitrarily small by increasing a scalar coupling gain.
The results are shown to hold under the assumption that (at
least) a single “well-located”” node in the network enjoys some
robustness properties. Our theoretical results are fairly general
in regards to the topology and are illustrated in simulation on
a case-study of networked mobile robots.

I. INTRODUCTION

Depending on the context and the domain of study, precise
definitions of synchronization may differ. For the purpose of
this paper, we simply refer to it as the property by which the
solutions of individual systems, after interconnection, match
asymptotically. For heterogeneous networks, synchronization
is not expected to occur when employing most of the widely-
used interconnection protocols, and steady-state errors are
unavoidable. This is even more likely to happen when the
nodes are affected by external perturbations. In such scenar-
ios, it is more realistic to guarantee practical synchronization
(11, [21, [3], [4].

To establish practical synchronization, we use a frame-
work that is based on showing uniform boundedness and
uniform ultimate boundedness of the network’s solutions.
The latter two properties have been studied in the literature
of networked systems. For instance, by appealing to ISS-
like conditions for the individual nodes, the so-called mesh-
stability property is established in [5], implying bounded-
ness of the network’s solutions. In [1], nonlinear networks,
interconnected according to a balanced graph and subject
to dynamic uncertainties, are shown to be semi-passive,
implying ultimate boundedness of the network’s solutions.
In [6], when the individual nodes are semi passive, networks
interconnected according to a strongly-connected graph, are
shown to have ultimately bounded solutions. A similar
study of networked semi-passive systems, under undirected
graphs, is provided in [7]. The latter two boundedness results
have been key to establish synchronization and practical
synchronization for homogeneous [8] and for heterogeneous
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[4], [9] networks of semi-passive systems, respectively. We
recall, roughly speaking, that a semi-passive system defines a
passive map away from a compact set around the origin [10],
[7]. This property is verified by several physical systems,
including robotics systems [1] and some neuronal models
such as Hodgkin-Huxley, Morris-Lecar, FitzHugh-Nagumo,
and Hindmarsh-Rose models [11].

Most of the works studying boundedness and synchroniza-
tion for networks of semi-passive systems rely on the as-
sumption that the interconnection graph to be either strongly
connected or balanced. Nevertheless, many networks, en-
countered in control applications [12], physics [13], and
opinion-dynamics [14], may not meet these criteria. This
explains the interest in considering general directed graphs.
Although such a general interconnection scenario has been
recently considered in [9], the results therein do not hold in
the presence of (even arbitrarily-small) input perturbations.

In this paper, we study practical synchronization for input-
disturbed networks of semi-passive systems, interconnected
according to a general directed graph admitting a spanning
tree. To do so, we first establish ultimate boundedness of
the network’s solutions. The value of this result is that it
applies to generic directed connected graphs. Furthermore,
we handle input perturbations, which can affect the entire
network, by requiring a single well-located node to be robust
in a specific sense. Without such a robustness property,
we are able to find an example where boundedness of the
network’s solutions is not satisfied. Later on, we show that
ultimate boundedness allows us to guarantee practical syn-
chronization by guaranteeing practical asymptotic stability
of the synchronization manifold.

The rest of the paper is organized as follows. The con-
sidered class of networks is introduced in Section II. The
boundedness and ultimate-boundedness results are in Section
III. The practical-synchronization results are in Section IV.
Finally, numerical illustrations are provided in Section V.

II. PROBLEM SETTING
Consider n dynamical nonlinear systems modeled by
x; € R,

& = fiz) + wi, i€{l,2,---,n}, (D)

where f; : R — R is continuous and the input u; is set to

U 1= _’Yzaij(xi —x;) +d;(¢) 2
i=1



where d := [dy dy -+ d,]" is a bounded input perturbation.
It is assumed that there exists d > 0 such that

sup [d(t)| < d. 3)
t>0

Remark 1: In the main content of this paper, it is consid-
ered, for notational simplicity and without loss of generality,
that x; € R. However, all the statements apply for systems
such that z; € RV, °

Because we address the problem of synchronization as one
of stability, we say that the interconnected network (1)-(2)
achieves (global asymptotic) synchronization if the set

A={zeR": 1 =Tn}. “)

is globally asymptotically stable (GAS). However, since
(global asymptotic) synchronization is in general not ex-
pected to hold for this class of networks, we focus on the
following alternative property.

Definition 1 (Global Practical Synchronization): System
(1) in closed-loop with (2) achieves global practical
synchronization if, for each § > 0, there exists A* > 0 such
that, for each A > A\* and ¢ — d(¢) satisfying (3) for some
d > 0, the set Bs(A) := {z € R" : |z|4 < §} is GAS,
where |z|4 := min{|z — 2| : z € A}. .

To guarantee global practical synchronization, we rely on
three hypotheses, one on the individual-node dynamics (1),
one on the network’s topology, and one more on a particular
node required to have enhanced robustness.

Assumption 1 (State strict semi-passivity): For each i &€
{1,2,...,n}, there exists a continuously differentiable storage
function V; : R — R>g, a class K function o, a constant
pi > 0, a continuous function H; : R — R, and a continuous
function 9; : R>g — R>g, such that

=g = ---

a;([z]) < Vi(z), (5)
Vi(z:) < 2wz — Hy(w;), Vr; € R™ (6)
Hi(zi) > ¥i(|zs])  V|zg]| > pi (7)

Remark 2: The property described in Assumption 1 is
called strict quasi-passivity in [15]. The authors of [10]
define a similar property without imposing radial unbound-
edness of the storage function; see also [7]. .

Our second hypothesis concerns the network’s topology,
which is captured by a directed graph G to which corresponds
the network Laplacian L € R"*" whose entries are

—Qij, 1F#]
n
[Llig =9 > aw, i=3, i,j<n.
£=1
L4
Assumption 2: The graph G is directed and contains a
directed spanning tree. °

Under Assumption 2 it is guaranteed that the Laplacian
matrix L has exactly one zero eigenvalue \;(L) = 0, and,

Re(\;(L)) >0 Vie{2,3,---,n},

where Re(-) stems for the real part of (-). Another very useful
and well-established [16] fact is that, under Assumption 2,

G can be decomposed into a leading strongly-connected sub-
graph {Gy(Vy, &)} with no incoming links, and, a subgraph
of followers {G;(Vy,&f)}. Note that a single node with no
incoming links can also be considered as a leading strongly-
connected subgraph. Up to some permutation, the matrix L
can be expressed in the lower-block triangular form

L 0
L =
[—AM Mf]

where Ly := Dy— Ay € R™*" corresponds to the Laplacian
matrix of the strongly-connected graph Gy, the lower-left
block A,y € R™ *™ ny := n—ny, is a non-negative matrix,
and the lower-right block My € R™/*"/ is a non-singular
M -matrix.

Therefore, the network state x
perturbation d := [d; --- d,]" may be decomposed into
x =[x z;]" and d = [d] df]", where x;,d; € R™
contain, respectively, the states and the perturbations of the
nodes forming the leading strongly-connected subnetwork,
and zs,df € R" contain, respectively, the states and
the perturbations of the remaining nodes, considered to be

®)

= [r; -+ x,]" and

“followers”. Correspondingly, we define
T
fe(ze) = [for(zer) -+ fone(®en,)]
T
[fl Il f?Lg(xn[)] )
.
= [frixsr) - frng(@pn,)]
T
[fnz+1 xnz—&-l : fnz-&-nf(@"mz-i-nf)} .

Consequently, the closed-loop system (1)-(2), which in a
compact multi-variable form corresponds to

= F(x) — vLz + d(t), )

may be re-expressed in the convenient cascaded form

@g = fo(we) — yLoxe + do(t), (10)
iy = frlzg) +yAgpme — yMyzg 4+ dp(t).  (11)

Equation (10) defines the dynamics of the leading
strongly-connected component, which is a networked system
with the underlying strongly-connected graph G,. Further-
more, (11) gathers the dynamics of the followers. As a result,
many properties for (9) are expected to be achieved using
cascades-type arguments applied to (10)-(11).

Remark 3: Tt is worth stressing that the leader-follower
representation in (10)-(11) is always possible under Assump-
tion 2. A similar cascaded structure can also be obtained if,
instead of Assumption 2, we assume that the graph G is only
weakly connected. °

Our third hypothesis is a robustness condition on an
arbitrary node belonging to the strongly-connected leaders’
subgraph G,. For a future reference, we label this node with
the index k € {1,2,--- ;ng}.

Assumption 3: There exists k € {1,2,--- ,ny} and a
positive constant ¢ > 0 such that ¢y (|z|) > c|zy| for all
|zk| > pr, where (¢, pi) are introduced in Assumption 1.
[}



If Assumption 3 is not verified, there may be cases in which
the solutions are not bounded. In Section V, we give a
numerical example that is illustrative of this fact.

In the following section, we make some statements on
uniform boundedness and uniform ultimate boundedness for
networks of the form (9) satisfying Assumptions 1-2, as
well as Assumption 3 for specific values of the constant c
introduced therein. These values of ¢ are derived based on
the following technical statement.

Lemma 1: The Laplacian matrix L, € R™*™ of a
directed and strongly connected graph G, admits a vector
ve € R™ of positive elements vy; > 0, such that UZTLZ =0.
Moreover, for the diagonal matrix I, := diag{vs}, the
matrix Qg := Il;L, + L;Hz is positive semi-definite and
its kernel is spanned by 1,, :=[1 1 ... 1]T € R™. O

III. BOUNDEDNESS PROPERTIES

Our first result guarantees global uniform boundedness
(GUB) and global uniform ultimate boundedness (GUUB),
where uniformity is with respect to the coupling gain ~y. For
clarity, we recall the definitions of these properties.

Definition 2 (GUB): The solutions ¢ +— x(t) to (9) are
globally bounded, uniformly in ~, if, for every r, > 0 and
Yo > 0, there exists R = R(r,,7,) > T, such that, for all
¥ > 7 and t — d(t) satisfying (3), we have

12(0)| < 1o = |z(t)| < RVt >0.

[ )

Definition 3 (GUUB): The solutions t — z(t) to (9) are

globally ultimately bounded, uniformly in 7, if given v, > 0,

there exists = r(7,) > 0 such that, for all 7, > 0, there

exists T = T(r,,7) > 0 such that, for all v > 4, and
t — d(t) satisfying (3),

[2(0)] <7y = |z(t)| <r vt >T.

Then, we have the following result.

Theorem 1 (GUB & GUUB): Consider the network in (9)
such that (3) holds for some d > 0 and such that Assump-
tions 1-2 hold. Assume further that Assumption 3 holds with

¢ > 2d|,1,,|/ve, (12)

where 11, and vy are introduced in Lemma 1 and the index
k is defined in Assumption 3. Then, the solutions to (9) are
GUB and GUUB. (Il

Remark 4: 1t is important to note that both Assumption
3 and Inequality (12) are verified if it is possible to find
ke {l1,2,--- ,ng} such that

Yr(|zr]) > c(|zr])|zrl,

Indeed, in this case, one can choose p; in Assumption 1
sufficiently large so that

for some c(+) € Kwo.

c(lzkl) > 2dI0eLy,, |fva Yok > pr.

Under such a particular form of 15 no global knowledge on
the network is required to verify (12) and Assumption 3. e
Sketch of proof: The proof relies on establishing GUB and
GUUB, first, for the dynamics of the leading sub-network

(10) and, then, for the follower dynamics (11), considering
the latter as a system affected by a disturbance ¢ — x4(t).
The analysis of (10) uses the Lyapunov-like function

Wi(ze) =Y veiVi(we), (13)
=1

where the vy;s are positive constants introduced in Lemma 1
and the V;s are the storage functions provided in Assumption
1. Now, using Lemma 1, one can show the existence of C' >
0 and p > 0 such that

Woexe) < C —vX2(Qe)|wel%, + plze] a,

As a consequence, given v, > 0 and € > 0, we can find
Rc(vo,€) > 0 such that

Vap & C:={xs € R™ : |xy|a, < Rc}.

Vi, € R™.

Wize) < —e¢
Furthermore, using (6) and (7), one can find a constant
Be(Yo, €) > 0 and a function ¥ : R™ — R that is continuous
and positive on C\Bg,, where Bg, := {z;, € R™ : |zy| <
Be}, such that

Wg(:rg) < —U(xp) Va, € C\Bge. (14)

Thus, we conclude that

We(z) < —min{¥(z),e} <0 YV, € R™\Bg,.

The latter is enough to find o¢(y,) > 0 such that the set
So'[ = {LB[ e R™ . W(xg) < O’g},

which satisfies Bg, C S,,, is globally attractive and forward
invariant. Finally, the first inequality in Assumption 1 allows
to deduce a candidate uniform ultimate bound

—1
Ty = [ min {0451;}:| (00).
ie{l,...,ne}

Next, we compute an upperbound, (75,7, ), on the time
that the solutions to (10) with v > ~,, and starting from
B, = {zy € R™ : |z4| <r,}, take to reach the compact set
Bg, C Sy, For this, we find €,(r0,7,) > 0 such that, along
every solution ¢ — x(t) to (10) with z,(0) € B, \Bg,.
we have Wg(l‘g(t)) < —¢,, up to the earliest time when z,
reaches Bg,. Thus, we can take 7y := max{W,(y) : y €
By, }/€o-

Finally, to compute the upperbound Ry(7,,7,) on the
solutions to (10), with v > =, and starting from 5, , we use
the fact that |x¢(¢)| < r¢(7,) for all t > Ty(r,,~,)- Hence,
it remains to upperbound the norm of those solutions over
the interval [0, T;]. To that end, we show that on the latter
interval

Q%Tdroa 70)

Wi(ze(t)) <C+ +max{W,(y) : y € B, }.
(ze(t)) < (D) {We(y) : y }
Hence, Vt > 0, we have
-1 02T£
2¢(t)] < Ry := |min{qy; C—|—1+O'O—|—’/‘>.
(0] < R = [minfa}] (€4 S b0t

A similar analysis may be carried out for the follower com-
ponents relying on the boundedness properties established



for the leading sub-network. For that, a key step consists in
using the Lyapunov function

nf
Wi(as) =Y priVaeri@s),
=1

where the coefficients py; > 0 are generated based on the
M-matrix My in (11) via the following statement.

Lemma 2: Let My € R™*"f be a non-singular M-
matrix. Then, the matrices

Sy = RyMy + M;Rf,

Ry = diag {M]:an} (diag {Mf_llnf })

are positive definite. (I

Remark 5: From the sketch of proof of Theorem 1, we
can see that Ty(r,,7,) and Ry(r,,7,) are continuous with
respect to r,. Even though this is not shown here, the same
property holds for the candidates T'(r,,,) and R(r0,7,). ®

—1

IV. PRACTICAL SYNCHRONIZATION

To ensure practical stability of the synchronization man-
ifold A in (4), we start performing a change of variable,
along the lines of [4], [9]. Indeed, after Assumption 2,
A1(L) = 0 has multiplicity one and L admits the Jordan-
block decomposition:

L=V {0 0} v

0A (15)

where A € R(*=D*("=1) js composed by the Jordan blocks
corresponding to the remaining eigenvalues having positive
real parts. Moreover, V and V! correspond to V = [ln U]

¢
and V-1 = [vUﬂ , where U € R™"~1 /U = 0,

veTlm, =1,and U'U = I,,_1. Now, using V1, we define
the new coordinates (7, ¢€,) := (v] z,UTx). In these new
coordinates, since VV ! = lnvér + UUT, the state vector x
can be expressed as

z=1,2z, +Ue,. (16)

Therefore, the network dynamics consists of two in-
terconnected dynamics: the “average-state” dynamics (the
dynamics of x,,) and the projected ’synchronization-error”
dynamics (the dynamics of e,). Under this transformation,
we obtain

(17a)
(17b)

x.m - Fm (d7 Tm, e'u)
€y = —yAe, + Ge<d7 L s ev)a

Fo(d, zpm,ey) = 0] [F(1nzm, + Ue,) +d],
Ge(d, T, €0) := UT[F(lnxm +Uey) +dJ.

Note that, in view of (16), e, = 0 is equivalent to x =
1,x,,. Hence, the following equality holds true

A={zeR":e,=Ulz =0}

As a consequence, to analyze global practical synchroniza-
tion for (9) (according to Definition 1), it is enough to

analyze global practical asymptotic stability (GPAS) of the
set {(zm, ey) : e, = 0} for (17). More precisely, we establish
the following property.

Property 1 (GPAS of {(zm,e€y) : €, = 0}): There exist
B1,82 € KL such that, for each § > 0, there exists
~v*(8) > 0 such that, for each v > ~*, for each z(0) € R",
and for all ¢ ~ d(t) verifying (3) for some d > 0, the
solutions to (17) satisfy
leo()* <6+ Bi(les(0)],

vt > 0.

)+ ﬂz(lxp(yo)?t) (18)

L]

Theorem 2: Consider the network (9) subject to (3) for

some d > 0 and such that Assumptions 1-2 hold. Assume

further that Assumption 3 holds with the constant c therein

verifying (12). Then, Property 1 above holds and the network

achieves global practical synchronization. (|

Proof: Since the eigenvalues of A in (15) have positive

real parts, we conclude the existence of a positive-definite

matrix P € R(=Ux(=1) gych that PA + APT > I,_;.
Then, we let V(e,) := e/ Pe,, which satisfies

Am|ev‘2 S V(ev) S )\M|€v|2»

where \,, > 0 and Ap; > 0 are the minimum and the
maximum eigenvalues of P, respectively. The total derivative
of V along (17b) satisfies

View) < —7leol® + 220 |Ge(d, s e0)les]. (19)

Now, after Theorem 1, the network solutions are GUB and
GUUB. As a result, given 7, > 0 and an initial condition
|z(0)] =: r, > 0 and , there exist T(7o, Vo), Ta(Vo)s Te(Vo)s
Ru(r0,7%), and Re(r,,7,) > 0 such that

leo®) <1 rm®)| <ra  VEST,  (20)
leo)| < Re,  |zm(t)| < R.  VE>0. (2D
Back to (19), and letting
G(ro,%0) = Re(ro,70) D |Ge(ds s ).

|Zm| < Ra(ro, 7o),
lev| < Re(ro,70)

we see, in vigw of the continuity of G, and Remark 5,
that r, — G(r,,7,) is continuous and non-decreasing.
Furthermore, for each v > ~,, we have
View(t)) < =5V (en() + 20 Glro ),
M
It follows that, on the interval [0, 7] and for v > ~,, we have

ot

V(e (t) < Anrle,(0)[2e %o

203 -
+ TMG(T(” '70)~

. 2 ;"mt
Hence, defining (4 (a,t) := ’\I)fie ' and

2%

n(a) : X [G((l, ’Yo) - G(Oaf)’o)] s

we conclude that, for all v >+, > 0 and ¢ € [0, 7],

n K(|z(0)[) + 2)‘1%/[@(0)'
AmY

leo () < Ba(les(0)],2)



As a result, for each 6 > 0, there exists 77 > 7, such that,
for each v > 7§, we have

(lz(0)])
g

leo ()12 < Br(len(0)], 1) + = +5 vel0,T]. (22)

We now focus on the interval [T, +00). After Theorem 1 and
in view of (20), we let

G(Yo) :==1e(70) max. |Ge(d, T, €4)],
ld| < d,
|xm| < Ta('YO)-,

lew] < 7e(v0)

leading, for each v > ~,, to

Vieo(t)) < —)\lV(eU(t)) + 222G VT
M
Hence, for each v > ~, > 0, we obtain
222G (e
leo®? < Bullen(T)], ¢ — T) + 2MECR) g > 1

YAm

We conclude that, for each § > 0, there exists v > 7, such

that, for each v > 75, we have
leo(t)] < Bi(lew(T)],t = T) + 6

Finally, using (22) and (23), we conclude that Property
1 is verified with v* > sup{+f,~vs} and B2(a,t) :=

—Yol YoT(a,70)
e M (n(a)e Y ) [ |

V. NUMERICAL EXAMPLE

vt >T. (23)

To illustrate our theoretical results, we present a numerical
example involving a network of n = 4 nonholonomic mobile
robots, with kinematics given, for each i € {1,2,3,4}, by

T, = v; c08(0;), 0, = Wi,

i

Ty, = v; sin(6;),

where (ry,,7,,) is the position of the center of the ith
robot and 6; is its orientation. The inputs v; and w; are,
respectively, the linear and angular velocities of the ith robot.

To render each system strictly semi-passive, we apply a
preliminary control law and focus on the dynamics of the
position of a point z; located at a distance a > 0 off the
axis joining the wheels. To that end, we let

- {xh} _ [u +ac0s(0i)} |

T9; ry, + asin(6;)
v1i(2d; — \) v1i(2d; — A)
i +1 x}; +1

Then, we define the preliminary control inputs

P15 = y P25 =

v = 7(@11' — uu) cos(&i) — (()021 — u2i) sm(é)l)
Ww; = —é [ — (3012 — uli) Sll’l(gl) — (()OQZ — 'U/Q»L‘) COS(Qi):I,

where \; > 0. We obtain

T13 = —Q1; + U, T3 = —P2; + U2;. (24)

The systems in (24) define semi passive maps ui; — T1;
and ug; — xo; with respective storage functions V' (z1;) =

22, and V(z2;) = 3, so Assumption 1 holds for the two

networks with states z; := [z1; 712 13 214]' and x5 =
[T21 Top T3 T24] T, separately.

Next, we assume that every input pair (u1;, ug;) is affected
by a disturbance d; and is given by

4
U 2= *’Yzaij@u —x15) + v1; + d;(¢)
j=1
4
Ug; 1= —7 Z a;j(z2i — To5) + vo; + d;(¢),
j=1

where v > 0 is the coupling gain and a,;; € {0,1} are the
entries of the Laplacian matrix

whose graph verifies Assumption 2, and vy; and vo; are
additional design inputs. First, we carried out some simu-
lation tests with vy; = v9; = 0 for all ¢ € {1,2,3,4},
A= [05031208]", and di(t) = arctan(t)/r. In
Figure 1 are shown the network’s state trajectories, which
grow unboundedly as t — oo.

Fig. 1. Trajectories of z; = [x14, x24), ¢ € {1,2,3,4}, for v = 1.
Then, we added a robust node to the network, with state
x¢ € R? and dynamics

. 3
Tic = —Ti; + 3T1c + Uic,

. _ 3
Tog = —The + 3Tac + Uz

This control node is interconnected to the node ¢ = 1, that
is, we set uic := —y(x1c — x11) and ugg := —y(Tac — T21).
Hence, Assumption 2 holds for the new graph and, in fact,
the first and control nodes form a leading strongly-connected
component with the latter—see Figure 2. Furthermore, we set

v, = g =0, Vi € {2, 3,4}
V11 = —’7(9611 - 3310)7 Vo1 = —’Y(l‘zl - 9620),
Assumption 1 also holds for the network dynamics gov-
erning [r1c 11 212 13 w14]' and the one governing
[Toc T21 T2 T3 To4] !, separately. Finally, note that As-

sumption 3 is verified too, for £ = c. Indeed, using the
storage functions V (z1¢) := 23, we conclude that (5) holds



Fig. 2. The graph representation after the red robust node is included. The
leading strongly-connected component is composed of nodes {1, c}.

for He(z1c) = te(|71c]) = 23 (23 — 3). Note that, when
[T16] > pr = pe = 3, then Pig(|z1e]) = 2is(2f; — 3) >
¢|xic| for ¢ = 2. The same properties hold for zo.. As a
result, condition (12) in Theorem 1 holds. Figure 3 shows
the trajectories of the new network, which remain bounded
and approach a common point. Furthermore, the error vector
e, becomes less and less significant as the coupling gain
increases.

3 . . . .
0 1 2 t[s] 3 4 5
6 T T T T
i — ]
g [
"/
3 . . . .
0 1 2 t[s] 3 4 5
Fig. 3. Trajectories of the new network for v = 5.
4 T T T
2 . B
x
s L X )
8
X
—
2t A — 1
" . . .
-4 2

Fig. 4. Phase portrait of the new network trajectories for v = 5.

VI. CONCLUSION

This paper studied heterogeneous networks in the
presence of input perturbations. We proposed a framework
to guarantee GUUB and GUB. These conclusions were key
to ensure global practical synchronization. The presented
results show that it is possible to handle bounded input
perturbations, that can affect the entire network, by making
only a single agent robust enough. These results will be
extended to more general weakly-connected graphs, and a
fully distributed design of + will be investigated to achieve
any desired practical-synchronization bound 4.
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