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Laboratoire de mathématiques appliquées de Pau, E2S UPPA, CNRS
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Summary. We consider the time-harmonic Maxwell equations set on a domain which repre-
sents a magnetic conductor surrounded by a non-magnetic body such that the relative magnetic
permeability µr between the materials is large. We state uniform a priori estimates for Maxwell
transmission problem when the interface between the two subdomains is supposed to be Lips-
chitz. Assuming smoothness for the interface between the subdomains, we prove that the solution
of the Maxwell equations admits a multiscale expansion in powers of ε = 1/

√
µr with profile

terms rapidly decaying inside the magnetic conductor. As an application of uniform estimates,
we develop an argument for the convergence of this expansion as ε tends to zero. We derive also
impedance boundary conditions on the interface Σ, up to the third order of approximation with
respect to ε.

1 INTRODUCTION

The computation of the electromagnetic field in strongly heterogeneous media is crucial in
many subject areas in real-world applications, see, e.g., [1, 2, 5] where additional references
may also be found. This computation can be made particularly difficult due in particular to
very high contrasts of magnetic permeabilities, see, e.g., [5]. In this context, many works in
the literature are related to issues of uniform estimates to tackle rigorously stiff transmission
problems in electromagnetism with numerical methods. We refer the reader, for instance, to the
works in Ref. [1, 3] for transmission problems with high contrast of electric conductivities.

In this work we investigate a transmission problem in materials presenting high contrast of
magnetic permeabilities. We consider the time-harmonic Maxwell equations set on a domain
made up of two subdomains that represent a magnetic conductor surrounded by a non-magnetic
material, and such that the relative magnetic permeability µr between the materials can be very
high.

We state uniform a priori estimates for the transmission problem when the interface between
the two subdomains is supposed to be Lipschitz (Section 2). Then assuming smoothness for the
interface between the subdomains, we prove that the solution of the Maxwell equations admits a
multiscale expansion in powers of a small parameter ε = 1/

√
µr , with profiles rapidly decaying

inside the magnetic conductor (Section 3). This expansion allows to describe an anomalous
skin effect which is different from the classical skin effect at high conductivity, see, e.g., [1, 2].
The convergence of this expansion as ε tends to zero is based on uniform estimates. As a by-
product of the multiscale expansion we infer also a new family of impedance boundary conditions
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(IBCs) on the interface for the electromagnetic field (Section 4). IBCs are useful for instance
for numerical purposes since they allow to reduce the computational domain, see, e.g., [1]. We
derive IBCs on the interface Σ up to the third order of approximation with respect to ε. The
first order IBC is the perfectly insulating electric boundary condition

E · n = 0 and H× n = 0 on Σ .

The second order IBC writes

H× n =
1
√
µ−

4

√
ε2

0 +
(σ
ω

)2
e

i
2 arctan

(
σ

ωε0

)
(n× E)× n on Σ . (1)

The third order IBC writes

H× n =

 1
√
µ−

4

√
ε2

0 +
(σ
ω

)2
e

i
2 arctan

(
σ

ωε0

)
+

1

iωµ−
(H− C)

 (n× E)× n on Σ . (2)

Here H is the mean curvature of the surface Σ and C is a curvature tensor field defined on Σ.

2 FRAMEWORK AND UNIFORM ESTIMATES

Let Ω be a smooth bounded simply connected domain in R3, and Ω− ⊂⊂ Ω be a Lipschitz
connected subdomain of Ω. We denote by Γ the boundary of Ω, and by Σ the boundary of Ω−.
Finally, we denote by Ω+ the complementary of Ω− in Ω, cf. Figure 1.

We consider the time-harmonic Maxwell equations given by Faraday’s and Ampère’s laws in
Ω:

curl E− iωµH = 0 and curl H + (iωε0 − σ)E = j in Ω . (3)

Here, (E,H) represents the electromagnetic field, ε0 is the electric permittivity, ω is the angular
frequency (ω 6= 0 and the time convention is exp(−iωt)), j represents a current density and is
supposed to belong to L2(Ω), σ is the electric conductivity, and µ is the magnetic permeability.
We assume that the coefficients σ and µ take different values in Ω+ and Ω−, (σ+ > 0, σ− > 0)
and (µ+ > 0, µ− > 0), respectively, and we denote by µr the relative magnetic permeability
between the subdomains Ω− and Ω+, and which is defined as:

µr = µ−/µ+ . (4)

We are particularly interested in the case where this parameter can be high, which is often the
case when the domain Ω− represents a linear magnetic conductive material and the domain Ω+

represents a non-magnetic material.
To complement the Maxwell harmonic equations (3), we consider the perfectly insulating

electric boundary conditions

E · n = 0 and H× n = 0 on Γ . (5)

Hereafter, we denote by ‖ · ‖0,O the norm in L2(O) = L2(O)3. In the framework above it is
possible to prove uniform a priori estimates for the Maxwell transmission problem, cf. [6] :

2
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Ω−
Ω+

Σ

Γ

Figure 1: The domain Ω and its subdomains Ω− and Ω+

Theorem 2.1 Let σ± > 0, and µ+ > 0. If the interface Σ is Lipschitz, there are constants µ?
and C > 0 such that for all µr > µ? the Maxwell problem (3) with boundary conditions (5) and
data j ∈ L2(Ω) has a unique solution (E,H) in L2(Ω)2, which satisfies:

‖H‖0,Ω + ‖E‖0,Ω +
√
µr ‖H‖0,Ω− 6 C‖j‖0,Ω. (6)

The proof of this result requires more than six pages, it is worked out in detail in [6]. The proof
is based on an appropriate decomposition of the magnetic field, whose gradient part is estimated
thanks to uniform estimates for a scalar transmission problems with constant coefficients on two
subdomains.

3 MULTISCALE EXPANSION

Several works are devoted to the question of an asymptotic expansion as µr →∞ of solutions
of eddy current problems when the interface Σ is smooth, see [3, 4, 5]. In this work we address
the issue of an asymptotic expansion as µr →∞ of solutions of the Maxwell system.

This section is concerned with a rigorous multiscale expansion for the magnetic field at high
relative magnetic permeability. In Section 3.1 we provide the first terms of this expansion. Then
in Section 3.2 we state error estimates for this expansion. We refer also the reader to the work
in Ref. [6] where elements of proof for the multiscale expansion are given.

In that follows we assume that right-hand side j in (3) is smooth and that Assumption 3.1
holds:

Assumption 3.1 We assume that the surfaces Σ (interface) and Γ (external boundary) are
smooth.

Let σ± > 0, µ+ > 0. In that follows we work with the small parameter ε defined as

ε =
1
√
µr

> 0 .

By Theorem 2.1 there exists ε? > 0 such that for all ε ∈ (0, ε?), the Maxwell problem (3) with
boundary conditions (5) has a unique solution (Eε,Hε). In that follows, the magnetic field H(ε)

is denoted by H+
(ε) in the non-magnetic part Ω+, and by H−(ε) in the magnetic conducting part

3
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Ω−. Then both parts possess series expansions in powers of ε:

H+
(ε)(x) ≈

∑
j>0

εjH+
j (x) , x ∈ Ω+ , (7)

H−(ε)(x) ≈
∑
j>0

εjH−j (x; ε), x ∈ Ω− , with H−j (x; ε) = χ(y3)Hj(yα,
y3

ε
) . (8)

There hold a similar series expansions in powers of ε for the electric field. In (8), (yα, y3) is a
normal coordinate system to the surface Σ which is defined in U−, a tubular neighborhood of
the surface Σ in the domain Ω− (cf. Figure 2): yα (α = 1, 2) are tangential coordinates on Σ,
and y3 is the normal coordinate to Σ, cf. e.g., [2, 6]. The function y 7→ χ(y3) is a smooth cut-off
with support in U− and equal to 1 in a smaller tubular neighborhood of Σ. The vector fields
Hj : (yα, Y3) 7→ Hj(yα, Y3) are profiles defined on Σ × R+: They are exponentially decreasing
with respect to Y3 and are smooth in all variables.

Ω−

U−

Σ

n

Figure 2: A tubular neighbourhood of the surface Σ

3.1 First terms of the multiscale expansion

In this section, we provide the construction of the first profiles Hj = (Hj , hj) and of the first
asymptotics H+

j . The first terms of this expansion are derived explicitly in [6].
The first profile H0 in the magnetic conductor is zero:

H0 = 0 . (9)

Then, the first term of the magnetic field in the non-magnetic region solves Maxwell equations
with perfectly insulating electric boundary conditions on ∂Ω+ = Σ ∪ Γ:{

curl curlH+
0 − κ2

+(1 + i
δ2+

)H+
0 = curl j in Ω+

H+
0 × n = 0 on Σ ∪ Γ.

Here κ+ is a real wavenumber defined by κ+ = ω
√
ε0µ+.

The first profile in the magnetic region is a tangential field which is exponential with a
complex rate λ:

H1(yα, Y3) = −j0(yα) e−λY3 . (10)

4
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Here j0(yα) = λ−1(1 + i
δ2−

)(1 + i
δ2+

)−1
(
curlH+

0 × n
)

(yα, 0), and λ is given by:

λ = κ+
4

√
1 +

1

δ4
−

ei
θ(δ−)−π

2 with δ− =
√
ωε0/σ− , and θ(δ−) = arctan

1

δ2
−
. (11)

Note that Reλ > 0, and if j0 is not identically 0, there exists a constant C > 0 independent of
ε such that

C−1√ε 6 ‖H−1 ( · ; ε)‖0,Ω− 6 C
√
ε . (12)

Note also that the normal component of the profile H1 is zero:

h1 = 0 .

The next term in the non-magnetic region solves:
curl curlH+

1 − κ2
+(1 + i

δ2+
)H+

1 = 0 in Ω+

H+
1 × n = −j0 × n on Σ

H+
1 × n = 0 on Γ.

Like above, define j1 as j1(yα) = λ−1(1 + i
δ2−

)(1 + i
δ2+

)−1
(
curlH+

1 × n
)

(yα, 0) on the interface

Σ. Then, the tangential components of the profile H2 are given by the tangential field H2:

H2(yα, Y3) =
[
− j1 +

(
λ−1 + Y3

)
(C −H) j0

]
(yα) e−λY3 . (13)

Here H = 1
2 b

α
α is the mean curvature of the surface Σ1, and C is the curvature tensor field on Σ

defined by
(Cj)α = bβα jβ , (14)

with bβα = aβγbγα, and aβγ is the inverse of the metric tensor aβγ in Σ, and bγα is the curvature
tensor in Σ. The next term which is determined is the normal component h2 of the profile H2:

h2(yα, Y3) = −λ−1 divΣ j0(yα) e−λY3 .

Here divΣ is the surface divergence operator on Σ. The next term in the non-magnetic region
solves : 

curl curlH+
2 − κ2

+(1 + i
δ2+

)H+
2 = 0 in Ω+

n×H+
2 × n = −j1 + λ−1 (C −H) j0 on Σ

H+
2 × n = 0 on Γ.

3.2 Validation of the multiscale expansion

The validation of the multiscale expansion (7)-(8) for the magnetic field H(ε) consist in proving
estimates for remainders Rm; ε which are defined as

Rm; ε = H(ε) −
m∑
j=0

εjHj in Ω . (15)

We quote from [6] the following result.

1In particular, the sign of H depends on the orientation of the surface Σ. As a convention, the unit normal
vector n on the surface Σ is inwardly oriented to Ω−, see Figure 2.
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Theorem 3.2 In the framework above, for all m ∈ N and ε ∈ (0, ε0], the remainder Rm; ε (15)
satisfies the optimal estimate

‖R+
m; ε‖0,Ω+ + ‖ curlR+

m; ε‖0,Ω+ + ε−
1
2 ‖R−m; ε‖0,Ω− + ε

1
2 ‖ curlR−m; ε‖0,Ω− 6 Cmε

m+1. (16)

This result is proved in [6]. The proof is based on an evaluation of the right hand side when
the Maxwell operator is applied to Rm; ε and on uniform estimates for (Eε,Hε) (cf. Thm. 2.1,
Section 2). By construction of the multiscale expansion, we obtain (cf. [6])

curlα−1
+ curlR+

m; ε − κ2
+R

+
m; ε = 0 in Ω+

curlα−1
− curlR−m; ε − ε−2κ2

+R
−
m; ε = j−m; ε in Ω−[

Rm; ε × n
]
Σ

= 0 on Σ[
α−1 curlRm; ε × n

]
Σ

= gm; ε on Σ

R+
m; ε × n = 0 on ∂Ω .

(17)

Here, α = (α+, α−), α+ = 1 + i/δ2
+ and α− = 1 + i/δ2

−, and [H× n]Σ denotes the jump of H× n
across Σ. The right hand sides (residues) j−m; ε and gm; ε are, roughly, of the order εm : we have

j−0; ε = 0 and g0; ε = O(1) ; for all m ∈ N \ {0}, we have j−m; ε = O(εm−1) and gm; ε = O(εm), and
we have the following estimates

‖j−m; ε‖0,Ω− 6 Cmε
m−1 and ‖gm; ε‖ 1

2
,Σ 6 Cmε

m, (18)

where Cm > 0 is independent of ε.

4 IMPEDANCE BOUNDARY CONDITIONS

As a by-product of the asymptotic expansions we infer a new family of impedance boundary
conditions (IBCs) for the electromagnetic field. In this section we summarize the method for
deriving the family of IBCs and we state the IBCs up to the third order of approximation. The
construction and the validation of the IBCs as well as numerical experiments to assess their
accuracy will be detailed in a forthcoming paper.

4.1 Derivation of impedance boundary conditions

The proof is based on the derivation of a simpler problem which is satisfied by the truncated
expansions

E+
k,ε := E+

0 + εE+
1 + ε2E+

2 + · · ·+ εkE+
k in Ω+

and
H+
k,ε := H+

0 + εH+
1 + ε2H+

2 + · · ·+ εkH+
k in Ω+ ,

up to a residual term in O(εk+1), for k = 0, 1, 2.
By construction of the asymptotic expansions, we obtain

curlEk,ε − iωµ+Hk,ε = 0 in Ω+

curlHk,ε + (iωε0 − σ+)Ek,ε = j in Ω+

Hk,ε × n = Dk,ε ((n× Ek,ε)× n) +O(εk+1) on Σ

Ek,ε · n = 0 on ∂Ω

Hk,ε × n = 0 on ∂Ω ,

(19)
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with Dk,ε a surface differential operator.
Then by neglecting the residual term in O(εk+1) in (19) we identify the simpler problem

curlEεk − iωµ+H
ε
k = 0 in Ω+

curlHε
k + (iωε0 − σ+)Eεk = j in Ω+

Hε
k × n = Dk,ε ((n× Eεk)× n) on Σ

Eεk · n = 0 on ∂Ω

Hε
k × n = 0 on ∂Ω .

(20)

4.2 Statement of impedance boundary conditions

We obtain a hierarchy of IBCs up to the third order of approximation in ε.

First order

The first order IBC (i.e. for k = 0 in (20)) is the perfectly insulating electric boundary
condition

H0 × n = 0 and E0 · n = 0 on Σ .

Second order

The second order IBC (i.e. for k = 1 in (20))) writes

Hε
1 × n = − ελ

iωµ+
(n× Eε1)× n on Σ .

Third order

The third order IBC (i.e. for k = 2 in (20))) writes

Hε
2 × n = − ελ

iωµ+

(
1− ε

λ
(H− C)

)
(n× Eε2)× n on Σ .

Finally coming back to the definitions of λ and ε (cf. Section 3), we identify the IBCs (1)-(2)
that are given in the introduction.

4.3 Validation of impedance boundary conditions

The validation of theses IBCs consist in proving uniform stability and convergence results for
the solution of the simpler problem (20). We state without proof the following result.

Theorem 4.1 In the framework of Section 3, there exists ε0 > 0 such that for all ε ∈ (0, ε0),
for all k ∈ {0, 1, 2}, the problem (20) with data j ∈ L2(Ω+) has a unique solution (Eεk,H

ε
k) in

(L2(Ω+))2, and
‖Eεk‖0,Ω+ + ‖Hε

k‖0,Ω+ 6 C‖j‖0,Ω+ (21)

‖Eε − Eεk‖0,Ω+ + ‖Hε −Hε
k‖0,Ω+ 6 Ckε

k+1 . (22)

7
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The proof of this result will be detailed in a forthcoming paper. The convergence result (22)
can be obtained as a consequence of the stability result (21) by using the truncated expansions
(E+

k,ε,H
+
k,ε) as intermediate quantities, together with estimates for remainders (cf. Thm. 3.2,

Section 3).

5 CONCLUSIONS

In this work we tackled an interface problem in materials with high contrast in magnetic per-
meabilities. We proved uniform a priori estimates for the electromagnetic field solution of the
time-harmonic Maxwell equations as the relative magnetic permeability µr between a magnetic
conductor and a non-magnetic material tends to infinity, and when the interface between the
subdomains is Lipschitz. Assuming smoothness for the interface between the subdomains, we
described a skin effect with a rigorous multiscale expansion for the magnetic field in powers of

1
√
µr

with profiles inside the magnetic conductor. We derived also a new family of impedance

boundary conditions up to the third order of approximation with respect to
1
√
µr

for the elec-

tromagnetic field.
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