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Abstract

This paper deals with the asymptotic analysis of the family of the three-
dimensional flows X = Xjg, on the torus T3, solutions to the ODEs system
= f(z,y), v =g(x,y), 2 =h(z,y) in0,00),
where f, g, h are regular Z3-periodic fonctions solutions to f d,h + g dyh = 0.
Under the min-max condition satisfied by the first integral h for the flow Xy,

min max h(z max min hA(x
min max (2,y) # max min (2,9),
we prove that one of the coordinates x or y of the flow is bounded in [0, 00).

Restricting ourselves to the subclass of flows X = X,; with

flay) =V(y), glx,y)=V(y), hy):=>bly)-a(z),
it turns out that both coordinates x and y are bounded when ||al/co = ||b]|co,
and that the Herman rotation set of the flow X, is then reduced to a closed
line segment. When ||a]loc # ||b]|occ, assuming some extra condition on the
roots of the derivatives a’, b, we prove that the Herman rotation set of X, is
planar and contains non-degenerate triangles. Finally, we refine this result in
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the case of the Arnold-Beltrami-Childress flow ABC with A = 0, by showing
that the planar Herman rotation set contains a “fusiform” shape.

Keywords: Integrable system, min-max, asymptotics, invariant probability mea-
sure, rotation set, ABC flow

Mathematics Subject Classification: 34E05, 34E10, 37C10, 37C40

1 Introduction

In this paper we study the three-dimensional ODEs flow
X :[0,00) x T®> - R?

solution to the ODEs system

X'(t,x) =0, X(t,x) = F(X(t,Xo)), t>0,
X(07X0) = Xo, Xo € R3,

for the three-dimensional vector fields F' := Fy, defined in T? = R?/Z3 by

ngh<x7yv Z) = (f(l‘,y),g(l‘,y),h(l‘,y)) for ([E,y,Z) € T3' (12)

Here, f,g are Z*-periodic functions in C'(R?) and h is a Z*-periodic function in
C?(R?) satisfying
(f,9) Vh=fdh+gdh=0 inT> (1.3)

so that h is a first integral for the flow X associated with Fg,. A well-known example
of such a flow is given by the so-called Arnold-Beltrami-Childress flow (denoted by
ABC) (1)

¥’ = Asinz + Ccosy

ABC flow: y' = Bsinx + Acos z (1.4)
z/ = Csiny + Bcosz,

when one of the three parameters is equal to zero. Up to a circular permutation of
the coordinates we can assume that A = 0. The case where ABC # 0 has been
the object of several works as an example of chaotic dynamical system (see, e.g.,
8, 18] and the references therein) along with an example of non-integrable flow (see
(19, 20]). When A = 0 the ABC flow is integrable and clearly satisfies equation (1.3)
with

f(z,y) == Ccosy, g(x,y):= Bsinz, h(z,y):= Bcosz + Csiny.

In [18] the flow ABC with A = 0 has been explicitly computed thanks to Jacobi
elliptic functions restricting the flow to the periodic box [0,27)3. However, this

!The ABC flow has been introduced by Arnold [1] for studying the steady-state solution of
Euler equations.



cannot not allow us to evaluate the asymptotics of the flow X (1.1) in terms of the
limits (or more rigorously the limit points)

X(t, Xo)

asymptotics of the flow: lim for X, € R, (1.5)

t—o00

(which can take actually non-zero values), and to characterize the possible orbits
X([0,00)) whose projections z(]0, 00)) or/and y([0,00)) are bounded in R (they do
exist). The derivation of the asymptotics (1.5) allows us to the Herman rotation set
[11] (see Section 1.2) as shown by Misiurewicz-Ziemian [14] for general flows in the
framework of ergodic theory. The ergodic approach has seen a spectacular rise for the
knowledge of two-dimensional flows on the torus since the pioneer work of Franks-
Misiurewicz [9] until the most recent developments (see, e.g., [7, 13]). However,
restricting ourselves to the field of ODEs flows there are very few results concerning
the asymptotics (1.5). Up to our best knowledge, the seminal contribution in the
topic is due to Peirone [15] (see, also [16, 17]) which has proved the remarkable result
that for any two-dimensional regular vector-field F' which does not vanish on the
torus, limits (1.5) do hold for any X, € R® (without extraction of any subsequence).
This has allowed Peirone to revisit the Franks-Misiurewicz [9] result for the ODEs
flows. Moreover, Peirone’s result does not hold in dimension three [15], nor in
dimension two when the vector field F' does vanish [16]. This pioneer work has
been extended in [3, 4, 5], and more recently we have studied in [2] the asymptotics
of a two-dimensional Euler flow. In the present paper, we investigate the class of
flows (1.1) associated with the vector fields Fy, in terms of the asymptotics (1.5)
together with the Herman rotation set.

In Section 2.1, dealing with the general class of vector fields (1.2) we prove (see
Theorem 2.1) that one of coordinates of the flow X = (xz,y, z), either z or y is
bounded in R, if the first integral h satisfies the min-max condition

i h in h(z,y). 1.6
min max i{z, y) # max min h(z, y) (1.6)

This implies that the Herman rotation set lies either in the plane {z = 0} or in
{y = 0}. This general result seems to be original in the setting of the ODEs flows,
and it is proved thanks to a connectedness argument.

In Section 2.2 we restrict ourselves to the subclass of

7' =V(y)
ab flows: y =d(x) (1.7)
7= bly) — a(x),

where a, b are two 1-periodic functions in C*(R). In this case, the min-max condition
(1.6) reads as

lalloo := llallzee(rry # NIbllLoerry =: [[bllo. (1.8)
Moreover, we prove in addition to (1.8) (see Theorem 2.3) that the coordinates x

and y of the flow ab are both bounded in R, so that the Herman rotation set agrees
with the closed line segment [—2||a||, 2||@|/] in the line {z =y = 0}.
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In Section 3 we focus on the asymptotics of the ab flow under additional assump-
tions on the functions a,b. Assuming that the derivatives of the functions ¢ = a,b
have a finite number of roots in T!, whose two roots, say 71 # 72, have to satisfy

{c(y) - () =0} N (cn), e(r2) = O, (1.9)

we prove that the Herman rotation set is a planar compact convex set in R3,
which contains Ogs and a family of non-degenerate triangles whose vertices are
parametrized by the open set

{(@0.50) € R*: = [llalloc = [Iblloc| < a(wo) = blyo) < [llalloc — [Bllo|}

In contrast, the subset of the Herman rotation set induced by the regular (with
respect to Lebesgue’s measure) invariant probability measures for the flow (see Sec-
tion 1.2) is reduced to the closed line segment

[_ [alloo = 16][ o, ||a||oo+||b||00}

in the line {x = y = 0}. Therefore, any point of the Herman rotation set without
the line {x = y = 0}, is obtained through a singular (with respect to Lebesgue’s
measure) invariant probability measure for the ab flow.

Finally, in Section 4 we refine the previous results to the ABC flow with A = 0, by
exploiting the particular symmetries of the vector field. When |B| # |C|, we prove
(see Proposition 4.1) that the planar Herman rotation set contains a “fusiform”
shape as shown in Figure 1 on page 21.

1.1 Notation

(e1,...,eq) denotes the canonical basis of R?, and Oga is the null vector of R%.

e “.7 denotes the scalar product and | - | the euclidean norm in R¢.
e conv(A) denotes the convex hull of the subset A of R?.

e Tdford € N, denotes the d-dimensional torus R?/Z¢ (respectively R?/(27Z)? in
Sec. 4), which may be identified to the unit cube [0,1)? (respectively [0, 27)9)
in R?, and Ota denotes the null vector of T¢.

o CF(R?
C*(R?

for £ € N U {oo}, denotes the space of the real-valued functions in
with compact support in RZ.

(R%)
(R%)
o CF(TY) for k € NU {oo}, denotes the space of the real-valued functions f €
C*(R%) which are Z%-periodic, i.e.

VK eZ' VX eR f(X+K)=f(X). (1.10)

e The Jacobian matrix of a C'-mapping ® : R — R? is denoted by the matrix-
valued function V@ the entries of which are denoted by 8, ®; for i,j €

{1,....d.



e The abbreviation “a.e.” for almost everywhere, will be used throughout the
paper. The simple mention “a.c.” refers to the Lebesgue measure on R?.

e dX denotes the Lebesgue measure on R? and T¢, and o(X)dX denotes the
regular Lebesgue measure with density o.

o L{(T%) for p € [1,00], denotes the space of the Lebesgue measurable functions
fin L (RY), which are Z%-periodic dX-a.e. in R%.

loc

= ([ 1ro0rax) " <o tp <o

[/ lloc = supessra| f| < 00 if p = oo.

o ./ (T?) denotes the the space of the Radon measures on T¢ and .#,(T¢)
denotes the space of the probability measures on T¢.

e 7'(RY) denotes the space of the distributions on R?.

e For a Borel measure y on T% and for f € L{(T¢, 1), we denote

p() = [ 1) uax), (111)

which is simply denoted by f when p is Lebesgue’s measure. The same nota-
tion is used for a vector-valued function in Lj(T%, u)?.

¢ denotes a positive constant which may vary from line to line.

1.2 A few tools of ergodic theory

Let F' e C}(T%)%. Consider the ODEs flow X (1.1) associated with the vector field
F. A probability measure p € .#,(T?) on T¢ is said to be invariant for the flow X
defined by (1.1) if

vieR Yo e, [ v(Xn)duw) = [ vwdut).  (112)
Then, we may define the set of invariant probability measures

Ip = {,u € M, (T : p invariant for the flow X}. (1.13)

Also define for any vector field F' € C'ﬁl (T4)4, the following non empty subsets of R%:

e According to [14, (1.1)] the set of all the limit points of the sequences (X (n,&,)/n)
in R? for any sequence (&,)nen in T¢, is defined by

pr =) <§U {Xq{;@ : kzn}> (1.14)

neN €Td

By [14, Lem. 2.2, Thm. 2.3] it is a compact and connected set of R%.

5
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Remark 1.1. From the semi-group property of the flow (1.1) combined with
the following uniform bound

X(t7£) = X([t]7X(t - [t]ag))

1.15
X(t - 10,6~ | < | Fll. 1

Vt>0,VéEeT? {

we deduce that the set pr (1.14) agrees with the set all the limit points of the
sequences (X (tn,&n)/ t”>neN in R? for any positive sequence (t,)nen tending to

oo and for any sequence (£,)en in T9.

e The so-called Herman [11] rotation set is defined by
Cr = {u(F): p € Ir}. (1.16)
It is clearly a compact and convex set of R%.

An implicit consequence of [14, Thm. 2.4, Rem. 2.5, Cor. 2.6] shows that in any
dimension
Cr = conv (pp). (1.17)

The connection (1.17) between the asymptotics of the flow (1.1) and the Herman

rotation set for the flow is even stronger in dimension two, since by virtue of [14,
Thm. 3.4 (b)] we get that

We have the following characterization of an invariant probability measure,
known as Liouville’s theorem (see, e.g., [6, Thm 1, Sec. 2.2]) which can also be
regarded as a divergence-curl result with measures (see [3, Rem. 2.2] for further
details).

Proposition 1.2 (Liouville’s theorem). Let F' € Cf (T*)? and let € 4 (T?). Then,
the two following assertions are equivalent:

i) p is invariant for the flow X, i.e. (1.12) holds true.
ii) p F is divergence free in R, i.e.
div(uF)=0 in 2'(RY), (1.19)

or equivalently, 1 F is divergence free in the torus T9, i.e.

vy e O} T, /T FY) - (V) u(dY) = 0. (1.20)



2 Three-dimensional flows satisfying a min-max
condition

2.1 The class of fgh flows

Let f, g be two functions in C}(T?), and let 2 be a function in C7(T?) the gradient
of which is solution to the equation

fO.h+gdh=0 in T (2.1)

We consider the three-dimensional flow Xy, = (x,vy, z) associated with the vector
field ngh(X) by

f(x(t>X0)>y(t>X0)>
Xign(t, Xo) = Frgn(Xggn(t, Xo)) = $ g(2(t, Xo), y(t, Xo))

(2.2)
h(a(t, Xo), y(t, Xo)).

ngh(O,Xo) = XO = ($0>y0a ZO) € R?.
Then, we have the following min-max result.

Theorem 2.1. Let f,g € C/(T?) and let h € CF(T?) be a function satisfying (2.1).
Then, the following implications hold for any X, € R3,

min max h(z,y) < max minh(z,y) = Vit >0, |x(t,Xo) — x| < 1,
z€eT! yeT! z€eT! yeT! (2 3)
min max h(z,y) > max minh(x,y) = VYVt >0, |y(t, Xo) —vo| < 1. '
€Tl yeT! €Tl yeT!

Remark 2.2. In the two implications (2.3) the use of min and max, rather than inf
and sup, is actually justified. Indeed, due to h € Cﬁl(TZ) the functions defined by

has(z) := max h(z,y) and h,,(z) := min h(z,y) for z € T,
yeT! yeT!

are Lispschitz with constant ||0,h|/ze(t2), thus continuous in R. Therefore, the
functions hy; and h,, do attain their bounds on T! so that

min max h(z,y) = minhy(2) and  max minhi(z, y) = max ().

Also note that since the extrema are taken independently with respect of the coor-
dinates x, y, we have

irelirrll ryrggq hz,y) = zlngl ;élﬁ h(z,y) = ;ngl ;ngl hz,y) = 25?1( ngrEuTr} h(z,y) o
max min h(z, y) = Sup inf h(z,y) = inf Sup hiz,y) = min maxh(z,y).



Proof of Theorem 2.1. Let Xy € R3. In the sequel we simply denote the flow X
(2.2) by

instead of (2.5)

Xygn(t, Xo) = (x(t, Xo), y(t, Xo), 2(t, X)) -

The function h € C7(T?) is a Hamiltonian for the flow X (2.8), since by the chain
rule and by (2.1) we have

0 (M( X ggn (1)) = @' (t) Duh(x(t), y(t)) + ¥/ (t) Dyh(x(t), y(t))
= [(2(t),y(1)) Ouh(2(t), y(1)) + g(2(t), (1)) Oyh(x(t), y(t)) = 0, Vi =>0.

Hence, it follows that

Now, assume that min max h(x,y) < max min h(z,y). Then, we have
€Tl yeT! €Tl yeT?
h(zo,y0) > min max h(x,y) or h(xg,yo) < max minh(z,y). (2.7)
z€Tl yeT?! z€Tl yeTl

First, we assume that the first inequality of (2.7) holds. There exists z,, € T' such
that

min max h(z,y) = hy(x,) with Ay (z) := max h(z,y).
z€T! yeTt yeTl

This combined with equality (2.6) and the first inequality of (2.7) yields

Vit 20, har(2(t)) 2 h(x(t), y(t)) = h(wo, yo) > min max h(z, y) = ha(zm),

Hence, due to the 1-periodicity of hj;, we deduce that

z([0,00)) C |J (n+zm,n+ 1+ 2y,).

neZ

Therefore, since by the intermediate value theorem z([0,00)) is an interval of R,
there exists an integer n € Z such that

z([0,00)) C (n+ Ty, n+ 1+ ),
which implies that
Vit >0, |z(t) — x| = |z(t) — 2(0)| < 1.

The proof is quite similar if the second inequality of (2.7) holds by using this
time the existence of z;; € T! such that

max minh(z,y) = hp(xy) with by (2) := minh(z,y),
zeTl yeTl yeTl



which leads us to the existence of n € Z such that
z([0,00)) C (n 4+ zpr,m 4+ 1+ xpy).

Therefore, we have just proved the first implication of (2.3).
Finally, in view of (2.4) the inequality of the second implication of (2.3) also
reads as

min max h(x < maxmin h(x
y€eTL zeT! ( ’y> y€eT! zeT! ( ’y>’

so that it can be deduced from the previous proof by a permutation of x and y.
The proof of Theorem 2.1 is thus complete. ]

2.2 The subclass of ab flows

Let a,b be two functions in CF(T'). We consider the flow Xo, = (2,7, 2) of type
(1.1) associated with the vector field F,,(X) by

b/(y(t,Xo))
X! (t, Xo) = Fu(X(t, Xo)) == a'(2(t, Xo))

b(y(t, Xo)) — a(x(t, Xo)),
Xap(0, Xo) = Xo = (20,0, 20) € R’.

(2.8)

Note that the projection of the flow X on the pair (x,y) turns out to be a two-
dimensional Hamiltonian flow whose Hamiltonian is the fonction (z,y) — b(y)—a(z).
We have the following result satisfied by the flow X;.

Theorem 2.3. Let a and b be two functions in C'ﬂQ(Tl) satisfying the range condition
a(0.1) = [llallwllal] and b(0.1) = [<Iblws [Bl).  (29)
Then, we have the following alternative:

i) The following implications hold for any fized Xy € R3,

lallse > [Ibllc = V20, [x(t, Xo) = x| <1,
(2.10)
lallse < bl = V=0, [y(t, Xo) —yo| <1.
i) If [lalloo = [|blloc, we have
Vt>0, |z(t,Xo)—xol <1 and |y(t, Xo) — yo| < 1. (2.11)
Moreover, the Herman rotation set (1.16) is given by
Cr = [~2llall, 2 [lallsc] €5. (2.12)



Proof of Theorem 2.3.
Proof of i). Define the functions f, g, h in T? by

f(x,y) =V (y), g(z,y):=d(x), hlz,y):=0bly) —a(z), (2.13)

so that equality (2.1) is satisfied. Moreover, by the range condition (2.9) we get that

in max h(z, y) = mi b(y) — a(z)) = [Blloe — o,
min max iz, y) = min Lré?%( (y) — a(@)) = [|bllec — [lall
inh(z,y) = in (b(y) — = Jlalloe — [1blloo-
max min bz, y) = max min (b(y) - a(z)) = flalle = [b]

Therefore, the implications (2.3) of Theorem 2.1 imply the desired implications
(2.10).

Proof of ii). Assume that ||a]| = ||b|lcc > 0, and define the function a. := (1+¢)a
for e > 0.

First of all, let X, be the flow defined by (2.8) with the functions a. and b, which
is associated with the vector-field

F5(X) i= Fu(X) +(0,d(2), —a(z)) for X = (z,y,2) € T

Since Fy, € C}(T?) is a s-Lipschitz function on R? for some x > 0, we have for any
fixed Xy € R3, for any fixed "> 0 and for any ¢ € [0, 7],

0< ‘Xg(t,Xo) - X(t,XO)\ = /Ot

F3(Xo(s, Xo0)) — Fun(X (s, Xo))| ds

< Xl X)) = X0, X0)) s 2 ([ + o)

=:c
< /f/ot ‘XE(S,X())) - X(S,XQ))’ ds+cTe.

Hence, by Gronwall’s inequality (see, e.g., [12, Sec. 17.3]) we deduce that

Ve [0,T], |Xo(t Xo) = X(t,Xo)| < cTee. (2.14)
On the other hand, since

laclloe = (1 +€) llalle = (1 4€) Iblloc > [[blloc >0,
by the first implication of (2.10) we get that

Vt>0, |z(t,Xo) — x| < 1.

Therefore, passing to the limit ¢ — 0 together with the uniform estimate (2.14) for
an arbitrary 7' > 0, we obtain the enlarged inequality

\V/tZO, |I(t,X0)—SL’0| S 1,
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i.e. the first inequality of (2.11). Finally, proceeding similarly with the functions a
and the perturbed function b, := (1 + ¢€) b, and using the second estimate of (2.10),
we obtain the two desired inequalities (2.11).

Now, it remains to characterize the Herman rotation set Cr,, when ||al/cc = [|0]| -
On the one hand, as an immediate consequence of (2.11) we have

VXy e RE, lim DK gy vE XD

t—o00 t t—o0 t

which by the set equality (1.17) (see (1.14) and Remark 1.1) implies that
Cp, C Res. (2.15)

On the other hand, since the function h defined by (2.13) is a first integral of the
flow X5, we get that for any X, € R3,

Vit >0, 2(t,Xo) = (blyo) — a(zo)) t + 20, Jim z(t,th) = h(Xy), (2.16)

which again by (1.17) implies that
CFab €3 = {h(Xo)), X() S R3}
This combined with (2.15) thus gives

Cr,, = {M(Xo0), Xo € R’} e3 = {b(yo) — alwo), (x0,%0) € T*} es.

Finally, using the range condition (2.9) combined with [|a||o = ||b||c, We obtain the
equality
{b(yo) — a(x0), (wo0,40) € T} = [=2|la]loc, 2 [lalloc ],

which leads us to the expression (2.12) of the Herman rotation set.
The proof of Theorem 2.3 is now complete. O]

3 Asymptotics of the ab flows

In this section we assume that the derivatives a/, ¢’ of the flow X (2.8) have a finite
number of roots in the torus T!

{aG[O,l):a’(a):O}:{0§ao<oz1<---<ap_1<1},p22,

{B€[0,1):0/(B) =0} ={0< By <P < < Bp1 <1}, ¢>2, (3.1)

When the 1-periodic functions a, b satisfy some extrema conditions, we can deter-
mine the regular (with respect to Lebesgue’s measure) invariant probability measures
and the Herman rotation set Cp,, (1.16) in a rather precise way. This is the aim of
the following result.

11



Theorem 3.1. In addition to condition (2.9) assume that either

lalloo > Ib]]co,
Hio,jo € {O, . ,m—l}, CL(OZZ'O) < a(ozjo),
VEe{0,...,m—1}, alag) ¢ (a(aio),a(o%»,

or
lallse < [10]]sc,

Elk(hl() € {07 s 7n_1}7 b(ﬁ’m) < b<610)7

\V/j € {07 s ’n_1}> b(ﬁj) ¢ (b(6k0)7 b(/Bl()))
Then, the following results hold.

(3.3)

i) The closed subset Dy, of the rotation set Cg,, (1.16) induced by the regular (with
respect to Lebesque’s measure) invariant probability measures for the flow Xgp, is

given by

Doy := {0Fy : 0 € LY(T3) and o(Y)dY € Iy, }
= [~ llalloo=lBllocs llallo+11blloc] €s:

it) For any pair (zo,y0) € T2, we have the two following implications:
(3.2) and a(ai,) + [|bllc < a(zo) — b(yo) < alayy) = [bllos
Y

370 #0, (0,70, b(y0)—a(x0)) € Cp,,,

and

(3.3) and b(Br,) + llallee < b(yo) — alxo) < b(Bi) = llalls
4

3(50 7£ 0, (50, 0, b(yo)—a(xo)> € CFab .

Moreover, if there exists a pair (zo,yo) € T? satisfying

(3.2) and afai,) + [[blloe < alxo) = blyo) < ala,) — (|6l

(3.3) and b(Br,) + [lallec < b(yo) — alxo) < b(By) = llallo,

(3.4)

(3.5)

(3.6)

(3.7)

then the Herman rotation set Cr, is a planar compact conver set in R, which

contains Ors and a non-degenerate triangle.

iii) Any invariant probability measure p for the flow X satisfying (recall (1.11))

p(Fap) -e1 # 0 or p(Fg)-ex #0,

18 singular with respect to Lebesque’s measure.

12
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Remark 3.2. In view of Theorem 2.3 and Theorem 3.1 the geometrical nature of
the Herman rotation set Cp,, is very different depending on whether ||a||s # ||b]/~
or [lallee = |Ibllsc- If ||allee # [|b]lccs Cr,, is & non-degenerate planar set of R®. On
the contrary, if ||a||cc = ||b]|cc, Cr,, is a close line segment. This also shows the gap
between dimension two and dimension three for the Herman rotation set. Indeed,
Franks and Misiurewicz [9] have proved that the rotation set for any dimensional
continuous flow is always a closed line segment, while according to [4, Thm. 4.1]

any convex polyedra of R? can be a Herman rotation set Cr for some suitable vector
field F.

Proof of Theorem 3.1. In the sequel we again use notation (2.5).

Proof of i). Let o be a non-negative function in L}(T?) such that o(Y)dY is an
invariant probability measure for the flow X,;,. Applying the div-curl equality (1.20)
with the invariant probability measure u(dY) := o(Y)dY and the vector field Fy,
of (2.8), using condition (3.1), and noting that the vector field Fy, is independent
of coordinate z, we get that

[ Falen)- Vet ooy =0, VYoe i)
T2
(3.9)
Fuliy) = (V). d @), 7o) = [ olop2)dz for (a.y) €T
T2
By condition (3.1) the previous equality reads as
p—2 q—2 ~
Vo e Cl(T?), / Fule,y) - Vol y) 7(2, ) dady = 0. (3.10)
i=0 j=0+ (a,0i+1)x(8,85+1)

Now, fix a pair (i,7) in {0,...,p—2}x{0,...,¢—2}, and define the C'-mapping ®;;
by

Biy(z,y) = ; (a() — by), a(x) + b(y))
for (z,y) € Rij := (qi, ai1) % (B, Bjy1),

the Jacobian of which satisfies

a/(m) —b’(y) —lalﬂﬁ / T .
w0 o | =@ A0 v ery

(3.11)

Jq)ij (377 y) =

!
1

Moreover, since the function a is injective in (o, a;41) (due to a’ # 0 in the interval)
and the function b is injective in (5;, Bj41) (due to &’ # 0 in the interval), the mapping
®,; is clearly injective in the open rectangle R;;. Hence, by virtue of the (global)
inverse function theorem, ®;; is a C'-diffeomorphism from the open rectangle R;;
on its open range ®;;(R;;).

Then, for ¢ € C}(T?) making the change of variables in (3.10):

(u,v) == @;;(z,y) and ¢;;(u,v) = p(x,y) for (z,y) € Ry,
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we get that

(V'(y) Bup(, y) + d' (x) Dyp(, y)) 77 (2, y) dady

S
<

(@n)
I
=B
1 |
o (&)
i ™M
[\ o [\
S

o (2) () Dty (. 0) (2, y) [y (2, 9)| " dudv (3.12)
©i;(Rijz)

I
ﬁ =B
L IML
. =) .
(&) o l

]
|
Q<
|

/ 2 0yt (u, v) o~ (‘P[jl (u,v)) dudv.
Pij(Rij)

0

i=0 j

Therefore, by the arbitrariness of the function 1);; chosen in C¢° (@ij(Rij)) for any
(i,7), we deduce from equality (3.12) that

&, (6z<<1)i_j1(u, ’U))) =0 1in .@/((I)z](RU)>,
which implies the existence of a non-negative function 0;; satisfying

7 (2! (w,0)) = Oy(u) in By(FRy)

0;;
T,y &L )

V(i,j) €{0,...,p—2}x{0,...,q—2}. (3.13)

Moreover, consider two pairs (7,7) and (k,[) such that ®;;(R;;) and ®y(Ry) have
a common boundary I';;; of positive J7 L_Hausdorff measure. Then, taking the test
function ¢ € CJ(T?) with compact support in ®;(R;;) U ®p(Ry) and integrating
by parts the last integrals of (3.12), we get that

0 :/ wij(u,v)ﬁz(q)i’jl(u,v)) vi; A (du, dv)
%i;(Rij)
+/ Vij(u,v) Ez(q),;ll(u,v)) Vi H (du, dv)
0%y (Rkt)
_ / (05 (11,0)) (045 (1) — Oxa () w3y 2 (s, o),
Tijr

where v;; = — vy denotes the v-coordinate of the outside normal of I';;,;. Due to
the arbitrariness of ¢ we get that

(92']' (U) — le(u)) Vij = 0 on Fz‘jkl‘
This combined with (3.13) implies that the mean-value function 7* reads as
7" (xz,y) = 0(a(z) —b(y)) for (z,y) € T*, (3.14)

where 0 is a non-negative Lebesgue measurable function in R satisfying

O(a(x) — b(y)) dedy = 1. (3.15)

T2
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Conversely, recalling equality (3.9) we can check that any non-negative function o
satisfying (3.14), (3.15) clearly defines the Lebesgue density of an invariant proba-
bility measure for the flow X.

As a consequence of the representation (3.14), (3.15), we have

oFu = /T 7" (2,y) Fu(w,y) dudy
= ([ otate) vty asay)
o ([ ) otate) - o) doay)

(3.16)

Moreover, using Fubini’s theorem, Chasles’ rule and making the change of variable
z = b(y) in each interval (B;, B;+1) by denoting 5_; := 0, 3, := 1, we get that

1 q—1 Bj+1
| v 0(ata) =y oy = [ da:<z / b'<y>9<a<x>—b<y>)dy>

j=—178

[ (S L w0
_ /0 e < /b (b;)) B(a(z) — 2) dz) —0,

since by the 1-periodicity of b we have b(5_1) = b(0) = b(1) = b(S,). Similarly, we
obtain that

/T2 a'(x)0(a(z) — b(y)) dedy = 0.

Hence, the mean-value (3.16) is reduced to

7= (] (ate) = b bla(o) — o) oy ) e (3.17)

for any non-negative Lebesgue measurable function 6 in R satisfying equality (3.15).
Finally, let us prove equality (3.4). On the one hand, from the equalities (3.15)
and (3.17) we easily deduce that

Dy = {O’Fab co € Lé(Ti”) and o(Y)dY € jFab} (3.18)
C [=llalloo=11blloo; llalloo +11b]lc] €s-

On the other hand, by the range condition (2.9) there exists a pair (v,d) in [0, 1)?
such that
a(y) = £ |lallee and  b(6) = F [[bllo, (3.19)

15



which thus satisfies a’(y) = b'(d) = 0. Note that by (3.1) we have
(77 5) € {aOa g, ..., ap—l} X {/80)/817 s 7ﬂq—1}a
and for any (z,y) € [0,1)?,
a(z) = by) =+ laflo £ [[bllo
= a(r) = *|lafle and by) = F [|b]o (3.20)
= (xay) € {0607041,...7051,_1} X {607617"'75(1—1}-

For such a pair (v,0) and for any € > 0, the non-negative function 6. defined by

1 —E&,CT€
0. — (czecte) ,  where ¢ :=a(y) — b(9), (3.21)
[ e (ala) = o)) dedy
T2

satisfies equality (3.15). Then, any invariant probability measure o.(Y") dY for the
flow Xop, with 0. € Li(T?), satisfies the equalities (3.14), (3.17) with the function 6.,
which (recalling (3.18)) yields

o= | () = b -(ata) — b(») dady) ey € Dy (3.22)

Moreover, by (3.19) and the implications (3.20), the set {(z,y) : a(x) — b(y) = ¢} is
a finite subset of [0, 1)? containing the pair (7, ), which thus reads as

{(z,y) €10,1)%: a(z) = b(y) = ¢}

3.23
= {(zr yx) €0,1)* r axy) — b(yx) = ¢, k=1,...,N}. (3.23)

The following result whose proof is given below, shows the concentration effect of
the sequence 0. (a(z) — b(y)) on the points (zy, yx) as € — 0.

Lemma 3.3. There exist a positive sequence (£,)nen which converges to 0 and N
non-negative numbers wy,...,wy whose sum is equal to 1, such that the following
convergence holds in the weak* sense of measures

N

O, (a(x) = b(y)) = > wi(ayy weaklyx in 4 (T?), (3.24)

n—00
k=1

where & denotes the Dirac mass at the point £ € R?.

Hence, by the continuity of the functions a, b combined with the compactness of D,
we deduce from (3.22), (3.23), (3.24) and (3.19) that

N
nh—>nc}o UsnFab - - Z Wk /2 (CL((L’) - b(y)) 5(Z’k,yk)(dx7 dy) = —Cé€3
T

= (—a(y) +b(6)) es = (Fllallsc F [Ibllsc) €3 € Dap-

16



Therefore, since the set Dy, is clearly convex, the inclusion (3.18) and the previous
limit imply the desired equality (3.4), which ends the proof of part 7).

Proof of ii). Let us prove implication (3.5). The proof of (3.6) is quite similar by
permuting the roles of x and y.

First of all, note that the hypothesis of (3.5) implies that there exists ¢ > 0
satisfying

e+ a(ai) + |[bllee < alxo) — b(yo) < alajy) — & — [[bl]oo- (3.25)
By the equality (2.6) together with (3.25) we get that for any ¢ > 0,
{ a(x(t)) = e + alai) + [[blle + b(y(t)) = € + alai)
a(x(t)) < alaje) — e — bl + 0(y(1)) < alay,) — &,

namely
V>0, e+ala,) <a(z(t)) <aloj,) —e. (3.26)
This combined with (3.1) and (3.2) implies that a/(z) : t — a'(x(t)) does not vanish
in [0, 00). Then, by the continuity of a’(x) we get that
Vt>0, d(xz(t)) >0 or Vt>0, d(z(t)) <O. (3.27)

First, assume that the first inequality of (3.27) holds true. Hence, we deduce the
existence of a constant v > 0 such that

V>0, o(t)=ad(z(t) >1. (3.28)
Otherwise, there exists a sequence (S, )nen in [0, 00) such that

. / .
1im a (z(sn)) = 0.
However, due to ||a]|o > ||b]| the first implication of (2.10) shows that the sequence
(2(8n))nen is bounded in R. Hence, by (3.26) there exists a subsequence, still denoted
by (Sn)nen, such that Jim z(s,) = u with

d(u) =0 and alay) <e+alag,) <alu) < alay) —e < alay,),
which contradicts (3.2). Hence, inequality (3.28) holds and implies that

y(t)

liminf == >~ > 0.
t—o00 t

This combined with the first implication of (2.10) and the formula (2.16) satisfied

by z(t), shows the existence of a number 79 > 0 and of a positive sequence (,)nen

tending to oo such that
tn : . tn

lim 2(tn) =0, lim =, lim Z(t ) = b(yo) — a(xo). (3.29)

n—00 tn n—00 tn n—00

n
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Finally, using the set equality (1.17) (see (1.14) and Remark 1.1) we obtain that

(070, b(yo) —a(xo)) € Cr,y.-

Similarly, when the second inequality of (3.27) holds, there exists a number vy < 0
satisfying (3.29) so that

(Oa707b(y0)_a(x0)> € CFab‘

which ends the proof of implication (3.5).
On the other hand, taking into account the range condition (2.9) consider a pair
(x1,%1) in T? satisfying the extrema conditions

a(z1) € {~llallx, lallc} and b(y1) € {=Iblloc, ID]loc}

which imply that a/(z1) = b'(y1) = 0. Then, by the uniqueness of the solution to
the ODE (2.8) we get the following four solutions

V>0, d(z(t)=V(y(t)) =0 and z(t) = (£|ale/b]lsc) t + 20.
Therefore, again using equality (1.17) we obtain that
(0,0, £|allsE||b]l0) € Cr,,- (3.30)

This combined with the conclusion of (3.5) implies the existence of a number vy # 0
and of some pair (g, yo) € T? satisfying under condition (3.2), the inclusion

Tab C CFab; (331)
where T, is the non-degenerate triangle with vertices

(anv_HaHOO_”bHOO)? (0707||a’||00+||b||00)’ (0,70,b(y0)—a(l'0)),

containing Ogz in the plane {z = 0}. This concludes the proof of part 7).

Proof of iii). Assume that p is a regular invariant probability measure for the flow
X, with density o € Lé (T?). Then, the vector p(F,;) in Cg, agrees with the mean-
value o F,;, which belongs to the line Res by (3.4). Therefore, condition (3.8) cannot
hold, which establishes the part i) by contraposition.

This concludes the proof of Theorem 3.1. O]

Proof of Lemma 3.3. First, let us prove by contradiction that (recall (3.21), (3.23))

la(z) = b(y) —c <e
Vi >0,3e€(0,6),V(r,y) €T U (3.32)
3]{5:1,...,]\[, ||(x7y)_($k7yk>||T2<57

where [[{|lv2 == min_ (|& — k1| 4 |& — ko) for € = (&,&%) € R%

(k1,k2)€22
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If (3.32) does not hold, there exist 6 > 0 and a sequence <(U"’U"))neN in T? such
that

1
Vn e N7 |(I(Un) - b(vn) - C‘ < E and Vk = ]-7' : '7N’ ||(un7vn>_<$k7yk)||T2 > J.

Up to extract a subsequence, the sequence (uy,,v,) converges to some (u,v) in T?
which satisfies

a(u) —bw)=c and Vk=1,...,N, |[(u,v)—(zk,yx)||T2 > 0,

and leads us to a contradiction with (3.23).

Now, take in (3.32) ¢ := 1/n for n € N, and choose a suitable ¢, € (0,1/n).
Hence, it follows from the definitions (3.21), (3.23) that for any n € N and for any
pair (z,) € [0, 1),

C=

(xk—%,$k+%) X (?sz— %,ylﬁ-%);
=: Rk

0, (al) = b(y)) #0 = (z,y) €

k=1

where the rectangles R* are mutually disjoint for any large enough n.
Let ¢ € C{(T?). Then, using the uniform continuity of ¢ in T* combined with the

boundedness (3.15) of 6., (a(z) — b(y)) in L{(T?), we have

/T e (alz) = b(y)) ¢(x,y) dedy = / 0., (a(z) = b(y)) (z,y) dxdy

[0,1)

=> /Rk 0., (a(z) = b(y)) (z,y) dxdy

— g:l (/Rﬁ 0., (a(z) — b(y)) d$dy> p(xr, yr) + o(1).

Therefore, up to extract a subsequence of n, we deduce that

lim 0., (a(x) - b(y)) oz, y) dedy = > wi o(Tk, Yi)

n—oo T2 1

where wy = lim 0., (a(z) —b(y)) €0,1] fork=1,...,N.

n—o0
Ry,

By (3.15) we also have

N N
> wy = lim > 0., (a(z) — b(y)) dzdy = lim 0., (a(z) — b(y)) dedy = 1.
k=1 e =1 JRE

n—oo T2

This establishes the weak x-convergence (3.24), and concludes the proof. ]
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4 The ABC flow with A =0

The ABC flow Xpc = (,y, z) with parameters A = 0 and B,C € R is solution to
the ODEs system

C cos (y(t, Xo))
Xpe(t, Xo) = Fpe(Xpeo(t, Xo)) =3 Bsin (z(t, Xo)) “1)
B cos (m(t, XO)) + C'sin (y(t, Xo)),
Xpe(0, Xo) = Xo = (20,90, 20) € R.

In [18, Sec. 2] the parametric expressions of z(t, Xy) and y(t, Xo) are explicitly given
in terms of some Jacobi elliptic functions modulo 27 in the two-dimensional torus
T? := R%\ (27Z)?, but not in the whole space R?. However, when |B| # |C| some
orbits of the flow X ¢ are not bounded in R?. More generally, we will characterize
the Herman rotation set Cp,, which is strongly connected to the asymptotics of the
flow Xpe by the set equality (1.17).

On the one hand, apply the the results of Section 3 depending on the cases
|B| # |C| and |B| = |C]. In the sequel we still use the simplified notation (2.5).
The ABC flow Xp¢ (4.1) agrees with the flow X, (2.8) taking

a(x) := — Bceos(x), b(y) = Csin(y), forx,yec T :=R/(27Z), (4.2)
which satisfy the range condition
a([0,27)) = [—|B|,|B|] and b([0,27)) = [-|C|,|C]]. (4.3)
Here, equality (2.6) reads as
B cos(z) + Csin(y) = Bcos(xg) + C'sin(yy) in [0, 00). (4.4)
The roots condition (3.1) also holds since
{a€0,2m):d(a) =0} = {0=ag < oy =7} p=2,
{ {6 € [0,2m) : b (B) = 0} = {7T/2 =By < f1 = 37‘(‘/2} qg=2.

Moreover, conditions (3.2) and (3.3) are satisfied since the derivatives a', b' have
only two roots in the interval [0, 27).
Therefore, equality (3.4) reads as

(4.5)

{UTM o= L;(T3) and o(Y)dY € jFBC} (4.6)
= [=|B|-|C|,|B|+|C|] es.

Next, taking into account the 2m-periodicity the boundedness properties (2.10) are
written as

|IB| > |C| = Vt>0, |z(t)— x| < 2m,
(4.7)

Bl <|C] = Vt=0, |y(t) —yo| <2m.
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B+C

Y
<

Figure 1: The convexr subset Dpc of Cp,., for B> C >0

In addition, the inclusion (3.30) yields
(0,0, £|B|£|C|) € Cpye.. (4.8)
On the other hand, a more careful analysis leads us to the following result.

Proposition 4.1.
i) If |B| # |C|, the Herman rotation set for the flow Xpc satisfies the inclusion

Dpc = conV(D(ORz, |B|=|C||) U [=|B|-|C|,|B|+|C]] 63) (4.9)
C CFBcv

where Dpe is the fusiform shape (see Figure 1) defined as the convex hull of the
closed line segment |—|B|—|C|, |B|+|C|| along the line Res, together with the open
disk D(ORz, ||B|—|C’||) centered on Ogz and of radius ||B|—|C|| which lies either in
the plane {x = 0} (if |B| > |C|) or in the plane {y = 0} (if |B| < |C|).

In terms of the flow asymptotics, for any point p(Fpc) (1.11) in the set Dpe,
there exist a point Uy € T3 and a sequence (s, )nen tending to oo such that

M1 Fic) = Jipg 2t ) (410

n—oo Sn
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where I1 is the orthogonal projection of R® on the plane {z = 0}.
Moreover, for any point j(Fpc) in Cry, \(Res), the invariant probability measure
w for the flow Xpge 1s necessarily singular with respect to Lebesgue’s measure.

i1) If |B] = |C|, the Herman rotation set for the flow Xpc is given by
Crue = [—2|B|,2|B|] es. (4.11)

Proof of Proposition 4.1.
Proof of ii). First, let us prove that for any (zg, yo) € T?, the implications (3.5) and
(3.6) yield
|C| — |B| < ¢o := Bcos(xg) + Csin(yg) < |B| — |C|
Y

(O, :E’)/o, C()) € CF
J 07 BC 7
o 7& ' (Oaf)/Oa _CO) € CFBC
(4.12)

|B| — |C| < Bcos(zo) + Csin(yy) < |C| — |B]
Y

(:Ets(), 0, Co> € CFBC

34 0
0 % ’ (—50,0, —C()) & CFBC‘

Compared to the general case of (3.5) and (3.6), we get the additional points of Cp,,,
as follows:
Assume for example that |B| > |C]. Since the vector field

Ypo(t) == (— z(t), ™ — y(t), z(t)) = XBC(t, (—zo, ™ — Yo, ZO)), (4.13)

is solution to (4.1), and since by (3.29) there exists a sequence (t,),en tending to
oo such that

. Xpol(ts
<07,707 CO) = nll)Igo Btc;’b()u
we deduce from the set equality (1.17) (see (1.14) and Remark 1.1) that
Ypo(t,
(0, =70, ¢o) = lim Yoelln) o Cryc- (4.14)

n

Moreover, the vector field
Zpo(t) == (m—2(t),m +y(t),—2(t)) = Xpc(t, (7 — 20, T + Yo, —20)) (4.15)
is also solution to (4.1), which implies that

Zpc(tn)

n

(O,’Yo, —C()) = lim - CFBC'

n—o0

Similarly, assuming that |B| < |C] and using the two fields (4.13), (4.15), we get
the second implication of (4.12).
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Then, collecting (4.12), (4.8) and using the convexity of the Herman rotation set
Crpe, we get that for any (zg,v0) € T? with |¢o| < ||B|—]|C]|, there exist o, dy # 0
such that:

e if |B| > |C|, Cp,. contains the convex pentagon with vertices

(07 07 _|B| o |OD7 (Oa 07 ’B‘ + |OD7 (Oa 70, 00)7 (Oa —0, CO)a (07 7o, _CO) (416)
in the plane {x = 0},
o if |B| < |C|, Cp,. contains the convex pentagon with vertices

(0707_|B|_|C|)’ (0707|B|+|C|)’ (5070700)7 (_6070700)’ (_50703_00)7 (4'17)

in the plane {y = 0}.
Next, let us prove the two constants ~g, 09 satisfy the following estimate from

below
o] = | Brcos(xo) + C'sin(yo)| < ||B] - |C]|

\ (4.18)

ol 160l = /(1B = [C)? — cg.

Assume for example that | B| > |C|. Consider (zg,y) € T? satisfying |co| < |B|—|C|.
Then, by equality (4.4) we have in [0, c0)

(Bsin(z) + Ccos(y)>2 +c§
= (Bsin(z) + C’cos(y)>2 + (B cos(z) + CCOS(?J))2
= B2+ C? 4+ 2BC sin(z + y) > (|B|—|C))?,

which implies that

|z’ + | = ’Bsin(z) + Ccos(y)’ > \/(|B|—|C’|)2 — >0 in|0,00).

Then, by a continuity argument it follows that

o +y >/(B|-|C])2 =  in[0,00)
or x’+y’§—\/(|B|—]C’|)2—C% in [0, 00).

Hence, due to the boundedness of x (recall that |B| > |C|) and to the definition
(3.29) of 79 we deduce that 7, satisfies (4.18).
Therefore, collecting (4.16), (4.18) and using the convexity of Cp, we get that

o3| U [=VIBI-ICI? = &, V(BI-IC)? = G | x{co} | C Crpe- (4.19)

|col<|B|=[C]

Now, observe that the set of the left-hand side of (4.19) agrees with the open disk
D(0Ogz, |B|—|C|) in the plane {x = 0}. The two inclusions (4.8) and (4.19) thus give
the desired inclusion (4.9).
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On the other hand, the projection II(Xpc) = (z,y) of the flow Xpc (4.1) agrees
with the two-dimensional flow solution to the ODEs system

2'(t) = Ccos (y(1))
y'(t) = Bsin (:c(t))
(x(0),5(0)) = (z0,0) € R

Assume for example that |B| > |C|. Let p € Fp,. be an invariant probability
measure for the flow Xpe such that the mass pu(Fpce) belongs to the subset Dpe of
Cpc defined by (4.9). We have

} = (Fpe(x(t).y(t), t=0, (4.20)

I(u(Fpe)) = (0,by) with [bo| < |B] —|C]. (4.21)

Then, using (3.29), (4.14) and applying the inequality (4.18) with ¢y = 0, there exist
Y0 € R with || > |B|—]|C|, a point Uy = (ug, vy, wy) € T and a sequence (t,,)nen
tending to oo such that

Xpe(tn, Up)

n

Xpc(tn, (—uo, ™ — vo, wp))

n—00 tn

Applying the orthogonal projection II in the previous equalities and using the set
equality (1.17) for the flow I1( X g¢) associated with the vector field II( Fi¢) in (4.20),
we get that

H(XBC)(tnv (u07 UO))

(07 70) = nh_g)lo t S CH(FBC)
. II(XBe)(tn, (—uo, m — vo)
(0, =) = lim ( ; ) € Cr(rpe);

which by the convexity of the Herman rotation set Cyi(p,,) combined with (4.21),
and thus by € [— 0, 70], yields

H(u(Fgc)) = (O,bo) S CH(FBC)‘

Now, by virtue of the two-dimensional equality (1.18) (see (1.14) and Remark 1.1)
there exists a sequence (s,)nen tending to oo such that

I(p(Fpe)) = lim H(X5c) (51, (“O’UO)>7

n—oo Sn

which is equivalent to the desired projection equality (4.10).

Finally, in view of (4.6), for any invariant probability measure p for the flow
Xpe such that the mass u(Fpc) does not belongs to the line Reg, p is necessarily
singular with respect to Lebesgue’s measure.
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Proof of ii). Taking into account the 27-periodicity, by (2.11) the flow X g satisfies
the boundedness property

Vt>0, |z(t)— x| <27 and |y(t) — yo| < 2. (4.22)

Moreover, by equality (2.12) the Herman rotation set for the flow Xp¢ is given by
the closed line segment (4.11).
This concludes the proof of Proposition 4.1. ]
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