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Abstract

How is trait diversity in a community apportioned between and within co-evolving species? Dis-
ruptive selection may result in either a few species with large intraspecific trait variation (ITV)
or many species with different mean traits but little ITV. Similar questions arise in spatially
structured communities: heterogeneous environments could result in either a few species that
exhibit local adaptation or many species with different mean traits but little local adaptation. To
date, theory has been well-equipped to either include ITV or to dynamically determine the num-
ber of coexisting species, but not both. Here, we devise a theoretical framework that combines
these facets, and apply it to the above questions of how trait variation is apportioned within
and between species in unstructured and structured populations, using two simple models of
Lotka-Volterra competition. For unstructured communities, we find that as the breadth of re-
sources increases, ITV goes from being unimportant to crucial for characterizing the community.
For spatially structured communities on two patches, we find that either no local adaptation,
symmetric local adaptation, or asymmetric local adaptation prevails depending on how much
the patches differ. Our framework provides a general approach to incorporate ITV in models of

eco-evolutionary community assembly.
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Introduction

In recent years, the need to understand intraspecific variation of functional traits has been in-
creasingly recognized as important for understanding the functioning of ecological communities
(Albert et al., 2010; Violle et al., 2012). For example, intraspecific trait variation (ITV) has been
shown to be important for detecting niche differentiation and environmental filtering (Paine
et al., 2011) and for quantifying how pairwise species interactions affect the total biomass in ex-
perimentally assembled communities (Kraft et al., 2014). ITV in functional traits has also been
shown to often be substantial compared to variation between species (Siefert et al., 2015).

If species have heritable variation in traits that affect fitness, natural selection will act on that
variation, changing the distribution of traits in the community over time. In the long run, a
community with a fixed number of species will approach an attractor for the eco-evolutionary
dynamics, in the simplest case an equilibrium. However, such an eco-evolutionary equilibrium
could still be invasible by other species from outside the community with other trait distributions,
and one of the resident species might be under selective forces that results in an ‘evolutionary
branching’, where a species ends up at fitness minimum as a result of directional selection and
consequently splits into two (Geritz et al., 1998). Thus, in the longer term, the species richness of a
community at an eco-evolutionary equilibrium might not be stable. Eventually, a community that
is in equilibrium and is stable to further addition of species may be reached. Such a community
has been called an evolutionarily stable community (ESC); since such a community can persist
over long time scales and serves as an attractor for eco-evolutionary dynamics, ESCs can serve
as important model communities (Edwards et al., 2018).

If both the number of species and the trait variation within each species are driven by eco-
evolutionary dynamics, this then raises questions regarding how trait variation is apportioned
between and within species in ESCs. For example, what happens when selection goes from
being stabilizing to being disruptive? In general, this can depend on many factors—including

genetic architecture, phenotypic plasticity, and mating patterns (Rueffler et al., 2006)—but even
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in simplified, purely phenotypic trait-based modeling, theory gives different answers depending
on the basic assumptions the theory uses. When the theory includes ITV but fixes the number of
species, weaker stabilizing selection will lead to more ITV (Kimura, 1965; Biirger, 1986), whereas
in theory where the number of species is dynamic, but with no ITV, weaker stabilizing selection
will lead to more species coexisting (Levins, 1962; MacArthur and Levins, 1964; Dieckmann
and Doebeli, 1999). If one could incorporate both facets, the actual ESC would likely be some
combination of the two, but whether the ESC will comprise a few species with great ITV or many
species with little ITV can not currently be determined as theoretical approaches for assembling
ESCs that take ITV into account are not yet developed.

This tension between ITV and species coexistence can also play out in spatially structured
communities. Given sufficient heritable trait variation, spatially varying selection can lead species’
traits to vary across space, resulting in different degrees of local adaptation (Kirkpatrick and Bar-
ton, 1997; Bruggeman, 2009; Norberg et al., 2012; Le Gland et al., 2020). However, when all
individuals of a species are assumed to be identical, local adaptation is not possible, but vari-
able spatial conditions can promote species coexistence (Troost et al., 2005; Débarre and Gandon,
2010; Fortelius et al., 2015; Wickman et al., 2017, 2019). Thus, to cover trait space on the regional
scale, an ESC might comprise a few species with substantial local adaptation or many species
with little local adaptation.

The current state of eco-evolutionary theory is not well equipped to deal with these questions.
On one hand, quantitative genetics (Lande, 1979; Lande and Arnold, 1983) and other moment-
equation-based frameworks (Wirtz and Eckhardt, 1996; Norberg et al., 2001; Savage et al., 2007;
Sasaki and Dieckmann, 2011; Merico et al., 2014) readily incorporate ITV into the models. How-
ever, even the versions of these models that can treat multiple species (Sasaki and Dieckmann,
2011; Débarre et al., 2014) assume that the number of species is fixed rather than a dynamic
outcome of eco-evolutionary community assembly. On the other hand, using a different mod-
eling approach called adaptive dynamics (Metz et al., 1992; Dieckmann and Law, 1996; Geritz

et al., 1998; Dercole and Rinaldi, 2008; Brannstrom et al., 2013) one can easily determine whether
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a community is closed to evolutionary branching and/or invasion by other species. Thus, us-
ing adaptive dynamics, one can assemble a community that is not only at an eco-evolutionary
equilibrium, but which is also stable against further diversification into more species by invasion
or evolutionary branching. However, by construction, adaptive dynamics assumes that all indi-
viduals within a species are identical, so it cannot take ITV into account. While model-specific
studies in structured communities that combine species assembly with ITV have been carried
out (Débarre et al., 2013), and the moment equations for a fixed number of species for a gen-
eral category of class-structured communities has recently been developed (Lion et al., 2022), a
framework for systematically assembling ESCs that take ITV into account does not exist.

In this paper we synthesize many recent advances in describing eco-evolutionary dynamics
through moment equations taking the total density, mean traits, and trait variances into account,
and adapt the community-assembly capabilities of adaptive dynamics to work with these mo-
ment equations. This yields a general framework for eco-evolutionary community assembly for
class-structured communities that allows us to assemble ESCs that take ITV into account. The
framework can handle complex models that include for example multiple traits and external
resources, but in the main text we will focus on resolving the twin tensions described above
regarding whether trait diversity will be apportioned within or between species, and within a
local community or across a spatial gradient. We illustrate the framework using two simple
models of Lotka-Volterra competition. First, we describe the framework in the simplest possible
setting without population (spatial) structure, and use the first Lotka-Volterra model to investi-
gate the simultaneous increase in ITV and number of species that result from weaker stabilizing
selection. We then extend the framework to class-structured populations, which we illustrate
with a two-patch spatially structured Lotka-Volterra model to investigate the tension between
local adaptation and species coexistence as the two patches become increasingly different. These
analyses show that rich patterns of intra- and interspecific trait variation emerge even in these
simple models, and thus demonstrate the utility we believe this framework has for furthering our

understanding of the interaction between eco-evolutionary dynamics and individual variation in



99

102

108

111

114

117

traits.

Eco-evolutionary dynamics and community assembly in unstructured

communities

In this section we will introduce the trait-space equations that underlie our approach, and de-
scribe how these equations can be approximated by moment equations that track the total densi-
ties, mean traits, and trait variances of several species. We will then explain how these equations
can be used in conjunction with a community-assembly approach to determine the evolutionarily
stable community (ESC). To explore the tension between intraspecific trait variation and species

coexistence, we employ a simple Lotka-Volterra competition model.

Trait-space equations for unstructured communities

We consider a single trait value x that encodes some property of an organism such as body
mass or resource-uptake ability. The entire community can then be described by the trait-density
distribution v(x), which tells us how many individuals there are with trait x; to be more precise,
/ ab v(x)dx describes the total density of individuals that has a trait value in the interval a < x < b.
We assume that the density of individuals grows due to births with per capita rate b(x,v) and
declines due to mortality with per capita rate m(x,v), where both birth and death rates can
depend both on the trait of an individual, x, as well as the entire trait-density distribution in
which the individual exists, v. We will assume that reproduction is clonal but that parents do not

give birth to exact copies of themselves, but instead produce offspring with normally distributed

traits. Thus, a parent with trait y will produce offspring with trait x according to

N(x,y, M) :=

1 (x - y)z)
exp | ———— |, 1
g P ( M 1)
where M is the mutation variance. We will use the notation N (x, i, V) throughout for the

probability-density function of a normal distribution with mean y and variance V evaluated at
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x. As in adaptive dynamics and trait-diffusion approaches (Merico et al., 2014; Le Gland et al.,
2020; Nordbotten et al., 2020), we do not specify the genetic makeup that would result in these
dynamics for phenotypic traits, but simply assume that new heritable variation is generated
through mutations that are associated with some ecological process, such as births.

We can now write down how the trait-density distribution will change over time, which is

given by the equation

T — [ by, o)) 2,y M)dy — m(x,0)o(), ?

where N (x, Y, M) is the normal mutation kernel with variance M, describing how different off-
spring are from their parents on average. We will refer to these types of equations as trait-space
equations. These models are similar to classic work in quantitative genetics (Kimura, 1965; Biirger,
1986), and models like this have been shown to be the limit of certain individual-based models

in the limit of large populations (Champagnat et al., 2006).

Trait-space equations for the unstructured Lotka-Volterra model

To take a concrete example, we will consider a simple model of Lotka-Volterra competition
(Lotka, 1925; Volterra, 1928). The model is similar to Lotka-Volterra models in many other recent
studies using for example ‘oligomorphic dynamics’ (Sasaki and Dieckmann, 2011), quantitative
genetics (Barabés et al., 2022), and adaptive dynamics (Ranjan and Klausmeier, 2022). For this
model, we assume that individuals experience a net density-independent per capita growth r(x)
in the absence of other individuals due to the environment, which we split into a birth rate
b(x) and background death rate u(x). Additionally, all individuals experience extra density-
dependent mortality due to competition with all other individuals, at a per capita rate a(x,v), in
a way such that competition is most intense between individuals with similar traits. Comparing

with Eq. 2, we thus have that m(x,v) = u(x) +a(x,v), and the trait-space equations are given by

) _ [ b)) N (g2, M)dy - p(x)ol) — ax0)o(x), Ga)
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bx)=ro, pE) =3, rx) =bx) - =n-T, (3b)

r r

a(x,v) = /ZW(y,X)v(y)dy, a(y, x) = exp <_(y2—Vx)2> : (3¢)

Here, V, is the environmental variance and V is the competition variance, which is a measure of
how broad competition is in trait space, with larger V, increasing competition between individ-
uals of different traits. For V. — 0, individuals will compete only with other individuals with
exactly the same trait, and for V. — co individuals will compete equally with individuals with
any trait. Trait-matching competition of this type can be motivated by, for example, that birds
with similarly-sized beaks will compete more strongly since they compete for similarly-sized
seeds (MacArthur, 1972).

In general, the generic trait-space equations (Eq. 2) will not be analytically tractable; even
the equilibrium of Eq. 2 will be hard to ascertain, even for very simple examples (e.g., Kimura,
1965; Biirger, 1986). Numerically too, discretizing trait space and solving Eq. 2 often requires
significant computational power. For the more complicated models we will study later in this
manuscript especially, the feasibility of numerical explorations of the equations is highly limited.
Instead, we will study approximations of the trait-space equations where the moments of the
trait-density distribution are tracked. Such moment equations have the additional benefit that

they are often more ecologically interpretable than the trait-space equations.

Moment equations for unstructured communities

Here, we will follow the general approach of previous moment-based frameworks (Slatkin, 1980;
Wirtz and Eckhardt, 1996; Norberg et al., 2001; Bruggeman, 2009; Sasaki and Dieckmann, 2011;
Tirok et al., 2011; Merico et al., 2014; Débarre et al., 2014; Nordbotten et al., 2020) to derive
approximate equations that track the total density, mean trait, and trait variance of populations.
These approaches, and ours, all result in similar equations, but as the details differ we will here
detail the precise assumptions we make to derive these equations. We will assume that the

trait-density distribution v(x) can be decomposed into a set of S “species’, where each species
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represents a peak in the trait-density distribution so that
S
o(x) =) vix). (4)
i=1
We will then assume that each such species can be approximated with a normal distribution so
that

vi(x) ~ w;N(x, %, V;), (5)

where u; = ffooo v;(x)dx is the total density of species i, ¥; = (1/u;) ffooo xv;(x)dx is the mean
trait of species i, and V; = (1/u;) [*_(x — %;)?v;(x)dx is the trait variance of species i. We will
use the notation

s
o(x) := ) _uiN(x,%;, V;) ~ v(x) (6)

i=1

for the approximate trait-density distribution. In words, the approximate community trait-
density distribution 9(x) is the sum of all approximate trait-density distributions for each species,
N (x,%;,V;). We will assume that each species is reproductively isolated so that individuals
born in species i end up as species i individuals. Finally, for the birth rate b(x, v) and mortality
rate m(x,v) we will introduce notation that describes the population-level per capita rates for a
normally-distributed population with mean trait X and trait variance V in the environment set
by the resident community with trait-density . These population-level rates are given by the

Gaussian integrals

b(z,V,5) = / " b(x, )N (x, %, V)dx, (7a)
(%, V,5) = / " m(x, 5)N (%, %, V)dx. (7b)

Given these assumptions, without further approximation, we can derive the following equa-
tions for the total densities, mean traits, and trait variances for each species i = 1, ..., S, which are

given by (see Appendix A for the derivation):

dui
dt

= (@(fi, Vj,ﬁ) —TA}’l(fi, Vi,ﬁ))ui, (8a)

population-level per capita net growth
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dx; ob oW, 3

i = G - o ), (8b)
directional selection

dv, (b, P, PR

Yy, <axz<xl,wv>—aﬁ<xl,wv>> b5,V 0)M. (89

stabilizing /disruptive selection mutation
We will refer to these equations as moment equations. Equation 8a describes how the total density
u; of species i increases in response to its population-level birth rate b(%,V,d) evaluated at its
mean trait ¥; and trait variance V;, and how it decreases in response to the population-level
mortality rate #1(%, V, 7). Note that the birth and mortality rates may depend on the approximate
trait-density distribution @ of the entire community, not just conspecifics. Equation 8b describes
how the mean trait X; of species i responds to directional selection. The mean trait will move
along the selection gradient induced by births and deaths towards mean traits that yield higher
per capita net growth, similar to the gradient dynamics of the canonical equation of adaptive
dynamics (Dieckmann and Law, 1996, Champagnat, 2003) or in quantitative genetics (Lande
and Arnold, 1983). The speed at which this directional selection acts depends on the selection
gradient multiplied by the level of trait variance V; in species i, but note that here the selection
gradients themselves, 0b/9x and 911/9%, can also depend on the trait variance (due to Egs. 7).
Equation 8c describes how the trait variance V; of species i responds to stabilizing/disruptive
selection and mutations. Selection is stabilizing—resulting in a reduction in trait variance over
time—if the sign of the sum of the second derivatives is negative and selection is disruptive—
resulting in an increase in trait variance over time—if the sign is positive. The second term
corresponds to an increase in trait variance over time due to mutations, which depends on the

population-level per capita birth rate b as well as the mutation kernel variance M.

Moment equations for the unstructured Lotka-Volterra model

To get the moment equations for our Lotka-Volterra model, we first need to compute the population-

level rates which can be calculated to be (see Appendix C)

S

(x,V)=ro, (9a)

10
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PE V) =b(x, V)= (%, V) =r— o (9b)
S

a(x,V,0) = V2rV. ) uiN (%, %,V +Vi+ V). (9¢)
j=1

Having done this, we can plug these expressions into the general moment equations (Egs. 8),

which yields the equations

du; w2 4V S
& = ro — xz + 1 _ 27TVC ZMJN(XZ,.Y],‘/I + ‘/] -+ VC) u;, (10a)
dt 2 =
P, Vi) = b(x;, Vi) — (%3, V) a(x;,V;,0)
Q&—v-3&+wﬁviw4ﬁ;ﬁﬁwffv+v+v) (10b)
dt - 1 Vr C]‘:1 ]‘/l+‘/]+vc 17 ]/ 1 ] [ 7
N—_——
&L (%, Vi) — (%, V, )
dvi o[ 2 S Vit Vi+ Ve — (% — %))
B V/ —— 271V, : VA Vi+V
dt z[ Vr—i—\/?,:]gu] (Vi+Vj+V¢:)2 N(xl,x], i+ Vi+ Vo)
N——
;’%(}\7,\4) 7%(,{»”%,5)
+roM. (10c¢)

The growth rate of the total density u; of species i (Eq. 10a) depends on the environmental growth
rate, which is determined by the species” distance in trait mean X; from the optimal trait ¥; = 0
and decreased due to the species’ trait variance V;. The species then suffers additional mortality
from intra- and inter-specific competition, which depends on the mean traits and trait variances
of both the focal species i and its competitor j. Interspecific competition is most intense between
species whose mean traits ¥; and ¥; are close, and is mediated by the trait variance of both species
i and j as well as the competition variance V..

The rate of change of the mean trait x; of species i (Eq. 10b) depends on the directional
selection induced by both the environmental growth rate and competition. The first term, which
is the selection induced by the environment, always exerts selective pressure towards the optimal
trait ¥; = 0. The second term, which is the selection induced by competition, always exerts

selective pressure for the mean traits of any species to separate from one another.

11



237 The rate of change of the trait variance V; of species i (Eq. 10c) depends on stabilizing /disruptive
selection induced by the environment and competition. The first term, due to the environment, is
always stabilizing and acts to reduce trait variance over time. This is because the quadratic envi-

20 ronmental growth rate universally disfavors trait variance. The second term, due to competition
is stabilizing if (%; — %) > V; + Vj 4 V, and disruptive if the opposite is true. For intraspecific
competition (i = j) the difference between the means is zero, so intraspecific competition is al-

23 ways disruptive. This is because a species with more trait variance will have its individuals more
spread out in trait space and consequently suffer less intraspecific competition. If two different
species are far enough apart, selection will act stabilizingly on both species to reduce their over-

us lap in trait space by reducing the trait variance of both species. The final term is the mutation
term, which always acts to increase trait variance over time.

Together, equations 10 describe the dynamics of the first three moments (zeroth: total density,

29 first: mean trait, second: trait variance) of each species in a community of S species. As we
have made a normal approximation for the trait-density distribution for each species, no higher
moments have to be tracked. We further discuss our choice of normal approximation in the

22 discussion section.

Eco-evolutionary community assembly for unstructured communities

So far we have derived how to treat a fixed number of species, S, and their eco-evolutionary
25 dynamics, including the effects on the intraspecific trait variance of the species, but this then
raises the question: how many species can coexist? For our Lotka-Volterra model (Egs. 10) we
can see an example of how there exists an intrinsic tension between large intraspecific variance
s and the number of species: Intraspecific competition will increase trait variance and interspecific
competition can reduce it, thus, under weak stabilizing selection (e.g., small V; or large V;) will
we get many species with small trait variance or a few—or even just one—species with large trait
261 variance? Likely the answer is some combination of the two, but without some method for being

able to ascertain whether a community where intraspecific variation is taken into account is open

12
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to the addition of more species, it is not possible to determine the relative importance of these
two effects.

To be able to answer these questions we need to adapt the eco-evolutionary community-
assembly methods available in adaptive dynamics. Specifically, we devise a method for determin-
ing whether a species in a community can undergo evolutionary branching when in equilibrium

and a method for determining whether a community is invasible by any other rare species.

Evolutionary branchings

In adaptive dynamics, evolutionary branching occurs when a species has evolved a trait in accor-
dance with directional selection until directional selection ceases and the species finds itself at a
fitness minimum causing the species to split in two (Geritz et al., 1998). This procedure cannot
be directly translated to our moment-equation framework due to the fact that we include trait
variance. Instead, after Eqs. 8 have reached an equilibrium for S species we virtually split each
species into two identical copies and examine the linear stability of the resulting S + 1 species
equilibrium. If such a split-species equilibrium is unstable, we say that the system has under-
gone an evolutionary branching and keep the split-species pair. The details of the procedure are

available in Appendix B. Figure 1 depicts an example of a branching in the Lotka-Volterra model.

Invasion analysis

Even if no evolutionary branchings are possible, the community might not be closed to invasion
by types that are farther away in trait space. We will here employ a scheme for carrying out
a global invasion analysis inspired by Kremer and Klausmeier (2013). To determine whether a
community is closed to invasion, we introduce a rare invading population with mean trait "’
and trait variance V'™V into a resident community whose species are all in equilibrium. Let 7

denote the sum-of-normals trait-density distribution of the residents. As we assume that the

invader will initially remain rare, we do not need to track its total density, and the equations for

13
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Figure 1: Community assembly through invasion and branching in the unstructured Lotka-Volterra model. The panels depict
how mean traits ¥; and trait variances V; (Panel A, one standard deviation is depicted as a filled area) and the total densities u; (Panel
B) evolve over time during a community-assembly procedure. To start with, a single species with initial moments u = 1, ¥ = —0.5,
and V = 0.001 is introduced. Selection from the environment and competition leads to changes in the density, mean trait (‘ecological
character displacement’; Slatkin, 1980), and variance according to Eqgs. 10, until it reaches an eco-evolutionary equilibrium (first
dotted line). Then, the system is checked for whether any branchings or invasions are possible. In this case, no branching is possible,
but an invader with positive invasion fitness is found and introduced. After that, Eqs. 10 are once again run for the two-species
community until it reaches an eco-evolutionary equilibrium (second dotted line). Here, a branching is detected and the top species
is split into two new species with slightly different mean traits. We then once again solve Egs. 10 until equilibrium, during which the
branching species diverge. At the final time point the system is once again at an eco-evolutionary equilibrium, and no branchings
or invasions are possible meaning that we have reached a three-species eco-evolutionarily stable community (ESC). To show all
pertinent events, time has been rescaled nonuniformly. Parameter values: V, = 9.0, M = 1074, and other parameters are as in Table

1.

its mean trait and trait variance are given by

sinv ) P ) P .
d::Clt — yinv g; (flnv/ yinv, 5res) _ (z;;’; (xmvl yinv, Z7res) , (11a)
d‘(;jtlw = (VinV)Z g;lz (fim’, Vinv[ Z7res) _ ?;Zl (fim’, VinV’ 5res) =+ B(xinvl Vinv/ 5reS)M , (1 1b)

where we note that the invader rates depend only on the resident densities, because we assume
it to be so rare that its effect on itself is negligible.
As long as the invader starts out sufficiently rare, we can assume that its mean trait and trait

variance will settle onto an attractor, in the simplest case an equilibrium, where its exponential
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growth rate can be determined (c.f., Lin et al., 2020). Since the invader equations are nonlinear,
several attractors may possibly exist. We will here assume equilibrium dynamics, and we can
thus assume that a rare invader will eventually settle onto one of several equilibria. Assume
that there are N such equilibria and denote invaders’ means and variances by ™" and ViV
respectively for equilibrium n = 1,.., N. Once an invader’s trait distribution has reached an

equilibrium mean and variance, we can calculate its per capita growth A, as
/\n — b(xmv,nl va,n/ z7res) . m(xmv,n/ va,nl ﬁres) ) (12)

If A, > 0, the per capita growth rate of the invader will be positive in the environment set by the
residents and the invader can successfully invade, and if A, < 0, the invader will not be able to
invade. Note that all resident species will show up as neutrally stable (A, = 0) equilibria for the
invader, though not necessarily attractors.

In Fig. 1 we depict an invasion event in the Lotka-Volterra model. For the single resident

species depicted at equilibrium at the dotted line marked “invasion” we can find two invader

equilibria given by
vl o 181 , yinvl 0.0182, A =~ 0.0962, (13a)
Xinv,Z ~ 181 , VinV,Z ~ 00182’ /\2 ~ 0.0962 . (13b)

The Lotka-Volterra model is symmetric in trait space, and thus, with a single resident with ¥ = 0,
we find two invaders equidistant from the middle, both with positive invasion fitness. As in
adaptive dynamics, we assume that only one invasion event is allowed to happen at once, and so
for this example, invader one was chosen at random to invade the community.

In principle, this procedure gives us an invasion criterion for a community. If there exists
any invader equilibrium with A, > 0 we can add a species to the community at a low density
with mean trait ¥™" and trait variance V™", However, in practice, exhaustively proving that
all such equilibria have been found is in general not feasible, so we will use a heuristic. For

a given resident community we compute the invasion fitness for all invaders across a range of
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mean traits and with zero trait variance. This is equivalent to computing the invasion-fitness
landscape in adaptive dynamics. We then find all the local maxima of this adaptive-dynamics
fitness landscape and use those as the initial conditions for the invader equations (Egs. 11), and
solve the equations until they reach equilibrium. We can then compute the invasion fitness for all
these equilibria to determine whether the community is closed to invasion. While theoretically
not exhaustive, we have found this heuristic to work very well in practice, as the zero-variance

invaders serve as good first approximations to where positive invasion fitness might be available.

Assembly protocol

We can now use the moment equations, the branching condition, and the invasion process to as-
semble an eco-evolutionarily stable community. To assemble a globally eco-evolutionarily stable
community we start with an arbitrarily specified community of S species with total densities u?,
mean traits ¥) and trait variances V. We then proceed along the following steps.

1. We let the community evolve according to Egs. 8 until it reaches equilibrium.

2. We check each species for evolutionary branching. In case of a branching we split the
species undergoing branching into two new species and then return to step 1, letting the new
community of S + 1 species evolve according to Egs. 8.

3. In case the moment equations for the resident community reach equilibrium and there are
no branchings, we use our invasion scheme to see if any invader with positive invasion fitness
exists. If an invader with positive invasion fitness is found, it is added to the community with a
small density, and we return to step 1, and let the new community evolve once again according
to Egs. 8.

We continue going through these steps until we have reached a community where Egs. 8 are in
equilibrium and no more invaders with positive invasion fitness can be found. This community
is thus eco-evolutionarily stable. In Fig. 1 we depict an example of this process for the Lotka-
Volterra model. Note that at the first dotted line in Fig. 1, we first calculate the branching

criterion, but a branching is not possible for that configuration, and we thus move on to step 3.
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to check for invasions.

The purpose of our algorithm is to find the final evolutionarily stable community (ESC). Our
assembly process cannot accurately capture the temporal dynamics of the trait-space equations
or other assembly processes, as we integrate the moment equations to equilibrium between each
branching or invasion event. Moreover, we have necessarily made some choices regarding the
order in which we carry out our assembly steps. We have chosen to check for evolutionary
branchings before invasions, as the existence of a branching implies a successful invasion but
not vice versa. When a single final ESC exists, the order will not matter much as the assembly
process will converge on this ESC. Our Lotka-Volterra example models in this paper are of this
type. However, for more complicated eco-evolutionary dynamics, multiple alternate ESCs may
exist, and under such conditions choices made regarding assembly order may yield different
final communities. This situation is, however, no different compared to community assembly in
adaptive dynamics, and similarly to the situation there, care must be taken when multiple ESCs

are present, using tools from, for example, bifurcation theory to capture all the possible ESCs.

Eco-evolutionarily stable communities in the unstructured Lotka-Volterra model

We now have all the tools necessary for assembling ESCs, so we will now turn to applying them
to our unstructured Lotka-Volterra model (Egs. 10). As we stated, the Lotka-Volterra model ex-
hibits an inherent tension between the tendency towards multiple species and larger intraspecific
trait variation (ITV) in each species under disruptive or weak stabilizing selection. Using adaptive
dynamics, where no species has any ITV, Ranjan and Klausmeier (2022) studied a similar Lotka-
Volterra model and found that as the environmental width became wider, an increasingly large
number of species could co-exist in the assembled eco-evolutionarily stable community. Con-
versely, in another similar Lotka-Volterra model Barabés et al. (2022) found that ITV decreased
when more species were included in a quantitative genetics models for a given environmental
width, but had no way of systematically determine whether any of their communities were stable

to invasions or evolutionary branchings. Here, we will use our moment equations together with
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our assembly procedure to determine how community trait variation is partitioned into inter-
and intraspecific terms in our Lotka-Volterra model.

To see how this tension manifests, we assemble eco-evolutionarily stable communities for a
range of different environments. Specifically, we vary the environment variance V, from 1 to
36, although for ease of interpretation we will here present results using w, = /r¢V, as the
independent variable, which describes the half-width of where the net growth function r(x)
is positive (the fundamental community sensu Klausmeier et al. 2020). We depict the results in
Fig. 2A. To further examine the role of ITV in eco-evolutionary community assembly, we also
compare the results from our model with ITV to a model that does not incorporate ITV (adaptive
dynamics, see Appendix C), depicted in Fig. 2B.

When w, = 1, selection is strongly stabilizing, and only mutations prevent the trait variance
of the single species from collapsing to zero. As w, becomes wider, stabilizing selection weakens,
and the disruptive selection from intraspecific competition initially increases trait variance, but
eventually the one-species community becomes invasible and the community transitions into a
two-species community. As we increase w, the ESCs with ITV initially follows the ESCs without
ITV closely (Fig. 2D). However, as w, becomes increasingly large, the role of ITV becomes in-
creasingly important, and the bifurcations into more species desynchronize between our model
and the one without ITV (Fig. 2A-B). In particular, the species more centrally located in trait
space show large differences for when ITV is included compared to when it is not.

Figure 2E-F show two communities where our model with ITV exhibits large discrepancies
compared to when ITV is not taken into account, both in terms of the number of species present
in the community as well as the values of the mean traits. One primary reason for this discrep-
ancy is the fact that species close to the center of the environment develop large trait variances.
This is in contrast to the species closer to the edges of the environment, which have less trait
variance. These differences come about through intra- and interspecific competition. As can be
seen in Eq. 10c, intraspecific competition always generates disruptive selection, and inter-specific

competition can engender either stabilizing or disruptive selection, depending on how far apart
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Figure 2: Eco-evolutionarily stable communities for different environmental widths and mutation variances in the unstructured
Lotka-Volterra model. (A) For each value of environmental half-widths w, = /roV; we depict the mean traits (solid blue lines)
and one standard deviation (filled blue areas) for each species in the eco-evolutionarily stable community (ESC) computed assuming
species with intraspecific variation (ITV) for that environmental width. The gray area depicts where the environment yields positive
growth rate, i.e., 7(x) > 0. The mutation variance is M = 10735, (B) Same as panel A, but black lines here depict the mean traits in
ESCs computed assuming species without ITV. (C) For each value of mutation variance M we depict the mean traits (solid blue lines)
and one standard deviation (filled blue areas) for each species in the eco-evolutionarily stable community (ESC) for that mutation
variance. Arrows on the right indicate the mean traits of the ESCs without ITV. The environmental width is w, ~ 4.2. (D-G) ESCs
computed assuming species with and without ITV for the values of w, and M indicated by dotted lines in panels A, B, and C. The
gray line depicts the numerical solution of the trait-space equations (Egs. 3), v(x) , and the black broken line depicts the numerical
solution of the moment equations (Egs. 10), 3(x) = Z,Szl u; N (x, %;, V;), where the number of species S was determined through our
assembly procedure. The colored areas depict the trait-densities of each species i =1, ...,S when ITV is included, and the black bars

depict the densities and traits of species when ITV is not included. Parameter values other than w, and M are as in Table 1.
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the species” mean traits are. Additionally, all species are not equally prevalent since the environ-
mental conditions are better towards the center of trait space, and the species there have larger
total densities u compared to species close to the edge. This means that species close to the cen-
ter will experience more intraspecific competition and less interspecific competition resulting in
stronger disruptive selection, which in turn translates to more standing variation in the ESC for
these species. This model is thus an example of when being able to keep track of both ITV and
dynamically assembling a community with a variable number of species is required for under-
standing how trait variation is partitioned over the long term. We also note that the substantial
differences in trait variances between species in the ESCs for larger environmental widths means
that models that incorporate ITV, but fixes the trait variances, would also have been insufficient
for a good characterization of the distribution of traits.

Figure 2D-E show good agreement between the trait-space solution (in gray) and the moment-
equation approximation (in black). Although qualitative agreement is usually good between the
moment solution and trait-space solution for the ESC (e.g., Fig. 2F), the moment approximation
becomes less accurate near transitions in species richness for the moment equation ESC. This
is due to the fact that while the moment equations by construction always has a well-defined
number of species, the trait-space equations have no such constraints and around the transition
points in species richness for the moment equations, the trait-space ESCs tend to exhibit non-
normal shapes that are ambiguous with regards to the number of species. We provide examples
of this in Supplementary S1 where assembled communities can be seen for all different levels of
environmental widths w;.

The amount of standing variation in an ESC also depends on how much variation is gener-
ated through mutation (Fig. 2C). For exceedingly low mutation variances M, the ESCs with ITV
closely resemble those without ITV (Fig. 2G). However, for the species located in the middle of
trait space, even very low levels of mutation variance can result in qualitative differences, with
the two central species merging around M ~ 10~%. To better understand why this merging hap-

pens, we note as trait variances get larger due to increased mutation widths, both the directional
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selection repulsing the two species (Eq. 10b) and the stabilizing selection generated by interspe-
cific competition with other species (Eq. 10c) will get weaker. This will ultimately lead to the
two species collapsing into one as the mutation variance gets bigger. As the mutation variance
is further increased, other species will merge for the same reasons, but as stated above, more
centrally located species are more sensitive to this pattern as they experience more intraspecific

competition.

Table 1: Parameters for the two Lotka-Volterra models.

Value/Range
Symbol  Description Unstructured ~ Two-patch

ro Maximal growth rate 1 1

v Environment variance [1,36] 4

Ve Competition variance 1 1

M Mutation variance 10735 104
x;’Pt Optimal trait, patch 1 - [-2,0]
xgpt Optimal trait, patch 2 - [0,2]

d Dispersal rate - 1073

Eco-evolutionary dynamics and community assembly in structured

populations

For communities of unstructured populations we saw how weakened stabilizing selection could
increase both the number of species and intraspecific trait variation (ITV), and that there was
an inherent tension between these two forces. In spatially structured communities a related
phenomenon spread over space can take place. In heterogeneous environments, spatially varying
selection can lead to local adaptation within a species (Kirkpatrick and Barton, 1997; Bruggeman,
2009; Norberg et al., 2012; Le Gland et al., 2020), resulting in greater ITV across the landscape
(essentially, increased beta trait diversity within a species). On the other hand, under the no-
variance conditions of adaptive dynamics, variable local conditions can lead to coexistence of

multiple species (Troost et al., 2005; Débarre and Gandon, 2010; Fortelius et al., 2015; Wickman
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et al.,, 2017). Additionally, using models with fixed trait variance, large fixed variances have
been shown to lead to communities with fewer surviving species but with more local adaptation,
and smaller fixed variances to more surviving species but with less local adaptation (Norberg
et al., 2012; Edwards et al., 2018). Thus, we here have a similar but distinct tension between
ITV and diversification into multiple types, but now playing out over space in the form of local
adaptation. To be able to model such scenarios, we need to generalize Eq. 2 to take population

structure (including spatial structure) into account.

Trait-space equations for class-structured communities

Since populations can be structured in ways other than spatial, for generality we will here assume
that the community is class-structured, meaning that the community can be sorted into K discrete
bins such as spatial patches, age classes, or size classes. The trait-density distribution in each class
k is given by vx(x), k = 1,2,...,K, which describes how abundant individuals with a given trait
x in class k are. We also write v := (v, ..., vg) for the vector of all trait-density distributions. For
unstructured communities it was sufficient to consider a birth rate and a mortality rate, but in
general structured communities other demographic processes can cause the trait-density vi(x)
in each class to change over time. We can consider separately the contribution of each process
with per-capita rate f(x,v) from a source class s to a destination class d. Within-class processes
(s = d) may include local birth and mortality rates on a spatial patch, whereas between-class
processes (s # d) may include immigration from spatial patch s or from births from adult class
s to juvenile class d in a stage-structured model. Each such process can have a mutation kernel
N (x,y, M) associated with it (most processes will have M = 0). The contribution of each process

to the trait-space equations is given by

D = [ fly oA (5 M)y, a8

where the = operator means addition to the left-hand side, so that we sum up the rates of all

processes to get the rate of change of v,;(x). For (most) processes where M = 0, we will interpret
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integration of the process rate against the mutation kernel in the delta-Dirac sense so that simply

| )N (v, 00dy = £ (3 v)ou(x) (15)

Trait-space equations for the two-patch Lotka-Volterra model

To take a concrete example, we generalize our Lotka-Volterra competition model to take place
on two patches, so that K = 2, with local births b; and by, deaths y; and p», competition a on
each patch, and a constant symmetric rate of dispersal d between the patches. The trait-space

equations are given by

T~ [ b y)or )N 3 M)y — i ()21 (x) — a(x,21)on (x) — dor(x) + doa(x), - (162)

A2 [ ba(y)oa(p)N (53, My — pa(0)2a(x) — ax,02)02(3) +don (3) —dea(x), - (160
_ ,0pt\2 _ .0pt2

b(x) =10, wpr(x) = (x‘frk), 1i(x) = be(x) — up(x) = ro — (x ;rk ) (16¢)

This model is locally the same as the unstructured Lotka-Volterra model (Egs. 3) on each patch
apart from the optimal traits xi’Pt and xgpt now potentially being different. Comparing with the
generic trait-space equations (Eq. 14), when patch one is the destination patch (Eq. 16a), we thus
have five demographic processes, four for which patch one is the source patch, namely by, —p3,
—a, and —d, and one for which patch two is the source patch, d. Of these, only b; has a non-zero

mutation variance M associated with it.

Moment equations for class-structured communities

As for the unstructured community, we will assume that we can approximate each trait-density
distribution vy (x) in each class with a sum of S normal distributions with total density u;, mean

trait X;; and trait variance Vj; for speciesi =1, ...,S in class k =1, ..., K, so that
S
op(x) & B (x) = ) uaN (x, T, Vi) - (17)
i=1

Note that a species will exist across all classes (even if its density could be very close to zero in

some) so that the species richness in each class, as well as globally, is equal to S. We define ¥ =
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(91, ..., k) to be the vector of approximate densities. Also as for the unstructured communities
we define the population-level per capita rate for a population with mean ¥ and trait variance V
to be

F(z,V,¥) = [ °; Flx, 9N (x, 5, V)dx. (18)

We can now derive the moment equations for our class-structured system (see Appendix A),
which, when summing over all demographic processes, are given by

(i) population-level per capita rate

duig + >, ~
dt - (xiS/ ‘/iSI V) Uijs, (198)
(i1) relative-density weight
— S
d¥ig + ujs of N e e o
dr = Td Vz‘s%(xiw Vis, V) +f(xi51 Vis, V) (xis - xid) ’ (19b)
i
(iii) directional selection (iv) mean-trait flow
(if)
dVig + uis [ 20%f . N Pre 3
dt = 7{1 ‘/isﬁ(xlﬁr ‘/iS/V) +f(xi51 ViSrV)(Vis - ‘/ld)
i

. . . . . (vi) trait-variance flow
(v) stabilizing/disruptive selection ) trait-vari

N

. d
+ f(fisr Visr ‘7) (fis - Jzz'd)2 + Zvlsa*i; (fisr Visr ‘7) (fz's - JEid)

(viib) class-local adaptation
and directional selection interaction

+f(xi51 ‘/iS/ V)M:| . (19C)
I ——
(viii) mutation

(viia) between-to-within class variation

Interpreting the moment equations for class-structured communities

As noted for other moment-based frameworks (e.g., Norberg et al., 2001), in addition to being
more tractable, moment equations can also be more interpretable than the trait-space equations
from which they are derived. We now go through the various terms and factors in the moment
equations (Egs. 19) and their interpretations. Table 2 contains a list of symbols and descriptions
of the various quantities related to the class-structured trait-space and moment equations.
Equation 19a describes the rate of change of the total density u;; of species i in destination

class d. Term (i), population per capita growth, describes the per capita rate of process f between
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Table 2: Quantities involved in the trait-space and moment equations for class-structured communities.

Symbol Description Definition Label in Egs. 19
x Trait value
K Number of classes
vk (x) Trait-density distribution in class k =
1,..,K
v Vector of trait-density distributions v = (v1,...,UK)
f(x,v) Per capita rate of a demographic process
M Mutation variance associated with pro-
cess f
f(x,v,v) Population-level rate for mean trait ¥ f(%,V,v) = [~ f(x,v)N(x,% V)dx
and trait variance V for rate f
S Number of species
Vi (x) Trait-density distribution of species i in
class k
Uik Total density of species i in class k U = ff’w Vi (x)dx
Tik Mean trait of species i in class k Tk = (V/ug) [5, xoi(x)dx
Vi Trait variance of species i in class k Vie = (L/ug) [, (x — %) %o (x)dx
Oy (x) Approximate trait-density distribution (%) = T8, wiN (%, T, Vi)
in class k
v Vector of approximate trait-density dis- ¥ = (1,...,0x)
tributions
d Index of the destination class
s Index of the source class
f(%is, Vis, ¥) Population-level per capita growth (7)
Uis [ Uig Relative-density weight (i)
Vi % (%is, Vis, ¥) Directional selection (1ii)
F(Fis, Vis, ¥) (Fis — Tig) Mean-trait flow (iv)
V2 g (Xis, Vis, ¥) Stabilizing/disruptive selection (v)
f(Zis, Vi, ¥) (Vis — Vig) Trait-variance flow (vi)
F(Zis, Vi, %) (%is — %ia)? Between-to-within class variation (viia)
ZWSS—/;(XI-S, Vis, V) (%js — %;g)  Class-local adaptation and directional (viib)
selection interaction
(viia) + (viib) Effects of class-local adaptation on vari- (vii) = (viia) + (viib) (vit)
ance
f(Zis, Vis, 9)M Mutation (viii)
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source class s and destination class d evaluated at the mean trait %;; and trait variance Vs of
species i in the source class s. The equations capture how the total population densities of
species change both due to within-class processes (s = d) such as local birth and death, and
between-class processes (s # d) such as dispersal between patches.

Equation 19b describes the rate of change of the mean trait ¥;; of species 7 in destination class
d. Term (ii), relative-density weight, weighs contributions by the relative total densities of classes
d and s, so that if the density in the destination class d is much greater than that in the source
class s, the ecological processes going from s to d will only have a marginal impact on the mean
trait in class 4. Conversely, if the total density in the source class s is much greater than in the
destination class d, the ecological process will have a large impact on the mean trait in class d.
The change of the mean trait is then governed by two terms, (iii) and (iv). The first term, (iii),
directional selection, describes the effect of directional selection in the process f in class s, pushing
%;q in the direction of maximum increase of f, at a rate proportional to the trait variance of species
i in class s, Vjs. This effect comes about since the process in the source class will produce more
trait-density on the side of the mean in which the slope is pointing, and less on the other side.
The second term, (iv), mean-trait flow, describes how mean traits are homogenized by between-
class transitions, where the rate of homogenization is governed by the per capita rate function f,
so that the mean trait of the destination class, ¥;;, will change in the direction of the mean trait
in the source class, X;;. For within-class processes (s = d) we note that the relative-density weight
(ii) = 1 and the mean-trait flow (iv) = 0, meaning that for within-class processes only directional
selection (iii) is relevant. If the process under consideration is trait-independent, such as for a
constant dispersal rate between patches, directional selection (iii) would be equal to zero, but
mean-trait flow (iv) could still contribute towards changing the mean trait in class d if the mean
traits in s and d differ.

Equation 19c describes the rate of change of the trait variance Vj; of species i in destination
class d. As for the mean traits, the changes are weighted by the relative densities between class

d and s, term (ii). The dynamics of the trait variance then depends on five terms. The first
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term, (v), describes stabilizing/disruptive selection resulting from the process with rate f. Roughly
speaking, if individuals close to the mean trait ¥;; of species i in class s contribute more than
individuals away from this optimum to process f then the curvature as measured by 9%f /%>
will be negative, which will contribute to a decrease in trait variances. Conversely, if individ-
uals close to the mean contribute less, the curvature will be positive and this will contribute
towards increases in trait variances. The second term, (vi), trait-variance flow, homogenizes trait
variance between classes, so that having trait-density flow from class s to d drive the variance
Vi4 of species i in class d closer to the trait variance Vj in class s. Terms (vii), effects of class-
local adaptation on variance, describe the effects of variability in mean traits between classes on
the trait variance within each class. In the case where the classes are spatial patches, a species
having different mean traits for different patches would simply be referred to as ‘local adapta-
tion’, and we adapt this moniker here to the broader context of any class-structured community.
Term (viia), between-to-within class variation, describes how trait variances are increased by the
differences in mean traits between classes, converting between-class variance into within-class
variance. Term (viib), class-local adaptation and directional selection interaction, describes the in-
teraction between directional selection and between-class differences in mean traits. Roughly
speaking, trait variances will decrease when the mean trait difference and the selection gradient
point in opposite directions, and increase if they are aligned. Finally, term (viii), mutation, is
the contribution to trait variance from mutations in process f, which will contribute towards in-
creasing trait variances. Note that typically for most processes under consideration M would be
zero, as in our Lotka-Volterra example (Egs. 16), where only birth processes are assumed to have
mutations associated with them. How much mutations contribute towards trait variance increase
also depends on the rate f. Thus, for example, in a system with high birth and death rates with
mutations associated with births the mutations would have a stronger impact on trait variance
than in a system with low birth and death rates even if net per capita growth were the same in
both systems. For within-class processes (s = d), the relative density weight (ii) will be equal to

one, and only stabilizing/disruptive selection (v) and mutations (viii) will be nonzero, making
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these the only contributing factors. If the process f under consideration is trait independent, sta-
bilizing / disruptive selection (v) and class-local adaptation and directional selection interaction
(viib) will be zero, but mutations (viii), variance flow (vi), and between-to-within class variation

(viia) may still contribute to changes in the trait variances.

Moment equations for the two-patch Lotka-Volterra model

For a specific example, we take our two-patch Lotka-Volterra model with trait-space equations
given by Egs. 16. We can, after identifying the various rates now plug these into the generic
class-structured moment equations (Egs. 19) to yield the moment equations for the two-patch
Lotka-Volterra system. Below we display the moment equations for the dynamics on patch one;
the dynamics on patch two are nearly identical with patch index one swapped for patch index

two as necessary:

du; T — P24V, 5 o
i1 _ |:<70_ ( il 1 ) ll) _\/znvczujl/\/(xilllel Va —|—Vj1 +VC>:|M11
j=1

dt v,
(i), P1(%i, Vaa) = b (%in, Vaa) — (%1, Vin) (i), a(xi, Via, 01)
—dupg+dup, (20a)
(i) (i)
dfﬂ 2(32 ) i1 — Xﬂ
vy | “ 2T L Y g T €5 %, Vi Vi + V.
dt il v ﬁ; ]1V,1+V]1+VC ( il, X1, Vil j1 c)
—_——
PN -
(iii), %% (X, Vi) (i), — 2 (2, Vi, 1)
Up ./ =
+ == d(%p — %), (20b)
’ (iv)
(if)
d Vi Vio + Vi + Ve — (% — %j1)?
= V3 ———I—\/ZT[V u N(xi, %1, Va+ Vi +V,
dt Z j1 (Vil‘f‘vjl+vc)2 ( il X1, Vi1 jl c)
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(v), (j),\l (%, Vi) (0), 7(,7”(7‘1 Vi, 5)
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l— g — ——  ——
T (i) — (viia) (viii)
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Here, we have marked the various terms with their corresponding terms in the generic equations
Egs. 19. The total-density dynamics (Eq. 20a) describe the local net growth on patch one due
to the environmental birth and death rates, the mortality from local competition, and dispersal
to and from patch two. The mean-trait dynamics (Eq. 20b) describe local selection on patch
one, where the selection due to the environmental growth rate drives the mean trait towards the

. t
patch one optimum x;¥

, and the selection due to local competition drives each species mean
trait apart from the mean traits of other species. The second term describes mean-trait flow from
patch two driving the mean trait on patch one to become more similar on patch two, eroding
local adaptation over time. The first term of the trait-variance dynamics (Eq. 20c) describes local
stabilizing /disruptive selection, where selection due the environmental growth rate is universally
stabilizing, and selection from local competition can be both stabilizing or disruptive in the same
way as for the unstructured model. The next term describes trait-variance flow which drives
the trait variance on patch one to become closer to the variance on patch two. The final term
describes how between-patch variation, i.e., the difference between mean traits on the patches, is
converted to within-patch variation by driving an increase in variance. Note that since the only

between-patch process, with rate d, is trait independent, term (viib) in the generic equations

(Eq. 19¢) does not arise in this two-patch model.

Eco-evolutionary community assembly for class-structured communities

Our general approach for community assembly in class-structured communities closely resem-
bles that for unstructured communities, albeit with more involved mathematical machinery. For
evolutionary branchings, we perform the same kind of splitting and stability analysis as for the
unstructured communities. The invasion analysis too proceeds along similar lines, but since the
community is now structured we need to keep track of the frequency distribution of invaders
across classes. As for the unstructured model, we can use these branching and invasion criteria
to build up a community one species at a time until no more invasions or branchings are possi-

ble and we have an eco-evolutionarily stable community. The details of how the branching and
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invasion analysis are carried out for structured communities are available in Appendix B.

Eco-evolutionarily stable communities in the two-patch Lotka-Volterra model

When the optimal traits on the patches x?pt and x(z)pt differ between the patches there will be local
selection towards different traits on the two patches (Eq. 20b). Under sufficiently low dispersal
a single species can thus be expected to exhibit local adaptation, with its mean trait differing
between patches. However, based on insights derived from adaptive dynamics, we expect to
instead see multiple species as a response to heterogeneous local conditions. This then raises the
question when these two possibilities are combined: with heterogeneous local conditions and
weak dispersal, will we end up with fewer locally adapted species or more species with less local
adaptation but differing in their mean traits?

In the two-patch Lotka-Volterra model (Egs. 20) as well as the general class-structured mo-
ment equations (Egs. 19), we can see that directional selection (term (iii)) is multiplied by the
within-patch trait variance of the species to determine the effect of directional selection on
changes in the mean trait. We can also see that that there is a term that converts between-patch
variation into within-patch variation (term (viia)). This means that if the trait optima on the two
different patches are different, there will be selective pressure for the mean traits in a species
to separate, and as they separate, term (viia) will increase within-class variation strengthening
local directional selection, further increasing the selective pressure on trait separation. This, then,
creates a positive feedback between local adaptation (between-class variation) and within-class
variation. However, the potential of local adaptation as a strategy for covering more of trait space
on the regional scale has two limitations potentially opening up a locally adapted species to in-
vasion. First, the mean-trait-flow term (iv) acts as a barrier to local adaptation by exerting a force
towards mean-trait homogenization and may prevent sufficient local adaptation from develop-
ing, leaving unused trait space available for invasion. Conversely, if local adaptation, and hence
within-patch trait variance, becomes too large this might make the species relatively maladapted

by covering too much unfavorable trait space, again opening up the species to invasion. None of
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these scenarios are universally favored above another, and local adaptation, multiple species, or
neither will be model- and parameter-dependent.

To explore a specific instance of this tension between local adaptation and divergence into
multiple species we use our Lotka-Volterra model (Egs. 20) and assemble eco-evolutionarily sta-
ble communities under conditions of weak dispersal and for a range of differences in the trait
optima between the two patches. Specifically, we let V, = 4 on each patch, which is enough
environmental breadth for two species to coexist in the unstructured model, and then make the
patches more dissimilar by varying xgpt = —x?pt from O to 2. The results are depicted in Fig. 3,
and parameter values are listed in Table 1.

Generally, the outcomes when we vary the patch dissimilarity fall into three categories with
regards to local adaptation. The first is no local adaptation (for example, Fig. 3E-F). The second
is symmetric local adaptation, meaning that a species is split roughly equally between the two
patches, and the mean traits between the patches differ (for example, Fig. 3C). The third is
asymmetric local adaptation, where species are significantly more prevalent on one patch, and
their mean trait on the sink patch differs from that of the main patch (for example, Fig. 3D). To
better illustrate the effects of the inclusion of intraspecific trait variation (ITV), we also depict
ESCs for a model which does not incorporate ITV (adaptive dynamics, see Appendix C). Note
that without ITV, all individuals in a species are identical, meaning that a species necessarily has
the same mean trait on both patches. Below we describe in detail how the ESCs change as the
patch optima become further separated.

When the optima are both equal to zero, the patches are identical and the two-patch system is
functionally equivalent to an unstructured model. Conversely, when the optima are equal to +2
there is no overlap in trait space of positive growth rates between the two patches, and for any
species having a positive environmental net growth rate on one patch, the other patch will be a
pure sink. To the very left in Fig. 3A-B the communities with and without ITV agree in terms of
mean traits, and since the patches are identical, two species exist across the region. However, after

the patch optima separate only slightly, the community without ITV diverges into a four-species
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system, with two species roughly corresponding to the community that would have evolved on
patch one in isolation and one community corresponding to the one that would have evolved on
patch two in isolation. In contrast, the communities with ITV remain as a two-species system all
the way up to roughly x;{)pt = £0.25, but with both species exhibiting symmetric local adaptation
between the patches (Fig. 3C).

The community with ITV does split into four species around x,(zp ' = 40.25, but the resulting
four-species community is still characterized by significant asymmetric local adaptation in at least
two species for the interval between approximately 0.25 < j:xzpt < 0.5 (Fig. 3D). The two species
depicted in blue and orange are here primarily patch-one specialists and the species depicted in
green and red are primarily patch-two specialists. The asymmetry in local adaptation can come
about through the weighted effect of densities on mean-trait flow between the patches, terms (ii)
and (iii) in Egs. 20, where the species density on the off-patch exerts relatively little pressure on
the mean trait on the main patch to diverge from its local optimum.

Around x;pt = £0.7 the two sets of lines describing the community without ITV on each patch
cross, and there is a small interval where the community without ITV will have only three species
before the lines separate after the cross into four species again. For the community with ITV, the
interval with three species is significantly larger, spanning roughly 0.5 < ix,c(’pt < 0.9. For
this interval, the community is characterized by two outer species (blue and red) with little local
adaptation and a central species (olive) that exhibits significant and symmetrical local adaptation,
except in the middle of the interval, where there is no significant local adaptation in any of the
three species (Fig. 3E).

After x°P' = 0.9 the community with ITV once again splits into four species, where the cen-
tral two species (orange and green) are initially characterized by asymmetrical local adaptation.
As the environmental optima separate further the means converge onto those for the community
without ITV, and for large separations ]x,(()pt| > 1.1 the system for both the communities with and
without ITV are characterized by two species (blue and orange) being present almost entirely on

patch one, and two species (green and red) being present almost entirely on patch two (Fig. 3F).
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Due to the huge asymmetry in densities across the two patches, the mean-trait flow from the
main patch to the sink patch becomes so strong that local adaptation can effectively not occur on
the sink patch.

Across the range of patch dissimilarities, this model then showcased a range of behaviors
with regards to local adaptation and diversification into multiple species. The fact that we could
roughly sort these outcomes into three qualitatively different regimes is particularly interesting,
and we could not have come across this behavior without the use of our framework.

As for the unstructured model, the two-patch moment equation ESCs mostly have good
agreement with the trait-space equations, with some issues around the transition points in the
number of species (see Supplementary S1). One issue that did not arise in the unstructured
model is that very close to the transition from two to four species (x:pt ~ £0.25), the two-species
community depicted is invasible, but after the invasion, one of the original species is depressed
to extinction, after which the invader assumes the total density, mean, and variance of the extinct
resident, yielding a never-ending cycle of invasions and extinctions. Similarly, the species are also
branchable, but after an initial divergence in trait space, one of the branching species goes extinct
and the remaining species assumes the distribution of the original branched resident, yielding a
never-ending branching—extinction cycle. For these kind of cycles, we define the ESC to be the
community to which the cycle returns between branchings or invasions that is in equilibrium
with respect to Egs. 19, which is the community we depict in Fig. 3A-B for x,(()pt ~ +0.25. This

cycling phenomenon only occurs in a very small sliver of parameter space.
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Figure 3: Eco-evolutionarily stable communities for different environmental optima in the two-patch Lotka-Volterra model. (A-

B) For each value of environmental optima x‘l)pt and xgpt we depict the mean traits (solid colored lines) and one standard deviation

(filled colored areas) for each species in the eco-evolutionarily stable community (ESC) computed assuming species with intraspecific
trait variation (ITV) for that pair of optima. Depicted as black lines are the ESCs for communities computed assuming species without
ITV. Note that without ITV, local adaptation is precluded, and these black lines are the same in panels A and B. The gray area depicts
where the environment yields positive growth rate, i.e., 7, (x) > 0, on patch one (panel A), and patch two (panel B). The species in the
communities with ITV are color coded so that the same species is depicted in the same color for both patches for any given value of
xgpt. (C-F) ESCs for the values of xgpt indicated by the dotted lines in panels A and B. The gray line depicts the numerical solution of
the trait-space equations (Egs. 16), vx(x), and the black broken line depicts the numerical solution of the moment equations (Egs. 20),
O (x) = Zf:] uyN (x, Tix, Vi), where the number of species S was determined through our assembly procedure. The colored areas
depict the trait-density of each species i =1, ..., S for the moment equations, and the black bars depict the traits and densities of the

ESC without ITV. Parameter values are as in Table 1.

Generalizing the framework

For the purposes of exposition and to focus on our main questions regarding the tension be-
tween intraspecific trait variation, local adaptation, and diversification into multiple species we
have kept our example models simple. However, several more complications can be handled
by generalizing the framework. First, more than one trait may affect performance, so tracking a
single scalar trait may not always be sufficient, and in such cases we would need some way of de-
riving the dynamics for a mean-trait vector and a trait variance-covariance matrix. In Appendix
A and Appendix B we show how the framework can be expanded to include multiple traits in
this way. Second, in our Lotka-Volterra models the rate functions were simple enough that we
could calculate the population-level rates necessary for the moment equations using Gaussian
integration analytically. This will in general not be possible, and in Appendix A, section Series
solutions and Taylor approximations, we show how to derive Taylor-approximations of arbitrary
order to accommodate such situations. Third, our Lotka-Volterra models do not include any
dependence on any external variables such as abiotic resources, and in Appendix A, section
Environmental variables, we show how external variables can be included in the framework. To
provide an example that includes all these complications we have in Appendix D briefly explored

a stage-structured model with one juvenile and one adult stage in two traits that compete for two
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abiotic resources.

We have here focused on fully heritable trait variation, but our framework can be extended
to include non-heritable environmental variation. While we have not worked this case out to the
same level of generality as we have for fully heritable traits, in Appendix A, section Environmental,
non-heritable trait variation, we provide a sketch for the simplest case of one trait in unstructured
populations. While it is relatively straight-forward to incorporate the generation of non-heritable
variation into the model, it requires additional moment equations, and the derivation of the

moment equations from the trait-space equations becomes more involved.

Discussion

In this paper we have presented a general framework for eco-evolutionary community assembly
for class-structured communities that incorporates intraspecific trait variation. We have done so
by deriving moment equations for the total density, mean trait, and trait variance for each species
in a community, combined with a procedure for determining whether additional species need to
be added to a community in order for it to be closed to further invasion. Through examples, we
demonstrated the application of the framework in an unstructured and a two-patch-structured
Lotka-Volterra competition model, where we saw how less stabilizing conditions could result in
different combinations of more intraspecific variation, local adaptation, and the addition of more

species to the assembled eco-evolutionarily stable community (ESC).

Intra- and interspecific trait variation

In recent years, the role of intraspecific vs. interspecific variation in traits has received increasing
attention in functional and community ecology, with two broad questions at the center. First,
how much of trait variation is intraspecific and how much is interspecific (Albert et al., 2011;
Siefert et al., 2015; Griffiths et al., 2016; Gaudard et al., 2019; Xavier Jordani et al., 2019)? And

second, how important is intraspecific trait variation (ITV) for higher-level outcomes such as
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species coexistence and ecosystem functioning (Bolnick et al., 2011; Violle et al., 2012; Turcotte
and Levine, 2016; Raffard et al., 2019)?

Regarding the first question, ITV has in general been found to account for substantial por-
tions of trait variation, especially in plants (Siefert et al., 2015; Westerband et al., 2021). However,
in some study systems of ants (Gaudard et al., 2019) and beetles (Griffiths et al., 2016) ITV was
found to be negligible, and even among plant studies the preponderance of ITV is highly variable
(Westerband et al., 2021), and patterns of intra- and interspecific variation can be highly idiosyn-
cratic (Costa-Pereira et al., 2018; Umafia and Swenson, 2019). For the insect—plant discrepancy,
Gaudard et al. (2019) suggested that one explanation could be related to the higher plasticity in
plants that arises as a consequence of plants being sessile. In the context of individual niche spe-
cialization, several factors have been proposed as important for accounting for the level of ITV
including intra- and interspecific competition, ecological opportunity (the diversity of resources),
and predation (Aradgjo et al., 2011). While these factors can no doubt play a role in shaping ITV,
they can also, in turn be shaped by ITV. In our unstructured Lotka-Volterra model (Egs. 10, Fig. 2)
ecological opportunity can roughly be said to correspond to the environmental width w, which
we take to be fixed, but intra- and interspecific competition both shape and are shaped by intra-
and interspecific trait variation through eco-evolutionary feedbacks, so that neither can be said
to be the strict cause of the other. In field studies, idiosyncratic patterns of trait variation are
to some extent to be expected due to the myriad factors that can be present in natural systems.
Interestingly, however, even for our simple model with just one parameter varied (Fig. 2A), ITV
is sometimes, but not always, important for characterizing the trait variation in the community.
When the width of the environment is small, yielding one or two species (w, < 2.3), ITV is small
so the trait means of the species of our model incorporating ITV agree very well with a model
not incorporating ITV, implying that ITV is not important for characterizing the trait distribution
in the community. For larger environmental widths, however, ITV becomes much more substan-
tial, and the mean trait values, and even the number of species in the community, no longer

agree with the model without ITV, implying that the role of ITV is crucial for characterizing the
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trait distribution in the community. Given the simplicity of our model, our results thus sug-
gest that whether ITV is important for characterizing communal trait variation could be highly
system-specific and may resist broad-scale explanation. However, a more complete theoretical
exploration of whether broad patterns in different models can be found that serve as good in-
dicators for the importance of ITV is outside the scope of this paper, and more research will be
required to determine the extent to which such patterns exist. Our framework would serve as a
good tool for carrying out such explorations.

Scaling up to structured communities, Albert et al. (2011) proposed that in a nested sampling
design, ITV should saturate as the spatial or ecological scale is increased since at a sufficiently
large scale, species will cover their entire range meaning that interspecific trait variation should
become the more important factor. Although our two-patch Lotka-Volterra model (Egs. 20, Fig. 3)
is not set up for one-to-one comparisons with this hypothesis, we observe some related phenom-
ena as the environments on the two patches become increasingly different (Fig. 3). Initially, ITV,
mostly in the form of local adaptation, increases as the patches separate. More interspecific varia-
tion is then added as more species join the community, but beyond a certain point the patches are
too different to permit local adaptation and interspecific variation dominates. To wit, not much
theoretical attention has been payed to what conditions generically promote intra- vs. interspe-
cific variation on the regional scale (but see Norberg et al., 2012; Edwards et al., 2018), and a more
systematic exploration of this question would be an interesting application of our framework.

Regarding the second question concerned with how ITV affects higher-level outcomes, species
coexistence has been proposed both to be negatively and positively related to ITV (Violle et al.,
2012). In two theoretical models of competition with fixed intraspecific variances, Hart et al.
(2016) and Barabés and D’Andrea (2016) found that coexistence is (mostly) hampered by ITV. In
our framework, both the number of species and ITV are dynamic outcomes, and it is thus not
strictly possible to speak causally about how species coexistence affects ITV or vice versa within
the framework. As we have done, however, it is possible to compare a model that includes ITV

(our framework) to one that does not (adaptive dynamics), and in this sense it seems unlikely
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that the inclusion of ITV would yield a higher number of coexisting species. The available trait
space must be apportioned, and if it can be effectively covered by fewer species by incorporating
ITV, the number of coexisting species will be lower.

In a two-patch version of the Hart et al. (2016) model, Uriarte and Menge (2018) found that
ITV could promote regional species coexistence. This contradicts our findings, and in our two-
patch model, ITV in the form of local adaptation can preclude the coexistence of species by a
single species covering more trait space. A crucial difference between our models is that Uriarte
and Menge (2018) assumed that the trait means and variances were fixed on each patch, whereas
in our models these are outcomes of the dynamics. As for the unstructured case, it is hard
envisioning a scenario using our model where the inclusion of intraspecific variance would lead
to more coexisting species than the reference model without ITV. A scenario like that of Uriarte
and Menge (2018) is more likely if trait variation is plastic and driven by the environment as
opposed to heritable. The nature of ITV could thus be an important factor too in determining
whether ITV can promote coexistence, as has also been observed in an apparent-competition
model (Schreiber et al., 2011).

Ecosystem functioning has also been shown to depend on the trait distributions of commu-
nities (Mouillot et al., 2011; Gross et al., 2017). Our modeling framework opens up the door
for theoretical explorations of the relationship between trait variation both within and between
species and various ecosystem functions. Similarly to coexistence, ecosystem function and the
trait variation are both outcomes of the system’s dynamics, so that neither is the strict cause of
the other. However, this enables explorations of what mechanisms and environments create and

sustain either, neither, or both of trait diversity and ecosystem functioning.

Relationship to other theoretical approaches

Our framework builds on, and connects to, several other strands of eco-evolutionary theory.
Considering a single class and setting all mutations to zero, our framework reduces to the

community-ecology framework of Wirtz and Eckhardt (1996) and Norberg et al. (2001), where
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the moments of the trait distribution of an ensemble of species is tracked. This approach of-
ten includes an immigration term from a fixed species pool to maintain trait variance in the
community. Such an immigration term could easily be incorporated into our framework by des-
ignating one of the classes a “species-pool class” and letting the internal rates of this class all
be zero to keep the species pool fixed. Note that our formulation also includes cases where the
species pool too consists of structured populations, so that, for example, juveniles and adults in
a stage-structured model could immigrate at different rates from the species pool.

Although the assumptions going into the model at the outset are different, the moment equa-
tions derived for our model are also very similar to the equations derived under the assumptions
of quantitative genetics. Assuming a single class, no mutations, and that phenotypic variation
equals genetic variation (no environmental variation), our equations mirror those of Barabds
et al. (2022), who derived equations for mean traits and trait variance-covariance under the as-
sumptions of quantitative genetics for multiple traits. These similarities between trait-space ap-
proaches and quantitative genetics have been noted before (e.g., Débarre et al., 2013) and the two
approaches have complementary strengths and weaknesses. Most notably, the assumptions of
normality are less ad hoc in quantitative genetics, and each species is, as described by a normal
distribution, well defined (Turelli and Barton, 1994; Barton et al., 2017). Similarly, the reproduc-
tive isolation of species, which in our moment equations is an approximation, is in quantitative
genetics based on the biological species concept. This, however, comes at the cost that diversifi-
cation into multiple peaks cannot be easily incorporated as opposed to our approach here.

Our moment equations also closely resemble those derived in trait-diffusion approaches
(Merico et al., 2014; Le Gland et al., 2020), where mutations are generated by a diffusion process
in trait space. Merico et al. (2014) derived the moment equations for well-mixed, single-species,
single-trait populations and Le Gland et al. (2020) extended this to multiple traits and spatial
structure by way of reaction-diffusion equations in continuous space. For mutation kernels with
small variance-covariance matrices without covariances, our mutation convolution integral is

well approximated by such trait-diffusion processes (Kimura, 1965; Débarre et al., 2013), and our
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assembly framework is easily adapted to this setting, equipping the trait-diffusion approaches
with a way of assembling eco-evolutionarily stable communities of several species.

Finally, our framework also produces similar equations to those in ‘oligomorphic dynam-
ics” (Sasaki and Dieckmann, 2011; Débarre et al., 2014; Lion et al., 2022), where a trait-density
distribution is also decomposed into a number of ‘species’ to track their moments. Compared
to oligomorphic dynamics, the major innovation we present here is our invasion-analysis and
community-assembly framework, but there are also differences in how the moment equations
are derived. First, we assume that mutations are associated with some specific ecological pro-
cess (typically births) whereas in oligomorphic dynamics, mutations are assumed to be an inde-
pendent process. Second, rather than assuming that each species is reproductively isolated, in
oligomorphic dynamics it is instead assumed that new individuals are allocated to each species
in proportion to each species’” density for given trait. For structured populations, additional as-
sumptions are required (Lion et al., 2022). These assumptions do however ultimately produce the
same general shapes for the moment equations as we derived here. Finally, rather than assuming
that each species is normally distributed, oligomorphic dynamics assumes a small-variance ap-
proximation and can derive equations for an arbitrary set of moments under these assumptions.
To get a closed system of moment equations a so-called moment-closure approximation is then
used, where using normal distributions is one such possible closure.

Our choice of approximating each species’ trait density as a normal distribution at the outset
rather than expanding around the mean of each species for an arbitrary number of moments has
both advantages and disadvantages. The advantages are that our moment equations are more
stable when variances become large compared to a small-variance expansion, and that we can
more easily integrate mutations into birth processes. The disadvantage is that the flexibility in
shape is more limited. In principle, functions other than normal distributions could be used to
derive the moment equations. For example, Klauschies et al. (2018) and Cropp and Norbury
(2021) used beta distributions as the approximating distribution to close their moment equa-

tions, and there are also approaches that use more involved methods for making non-normal
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approximations for the trait-space distributions at equilibrium (Mirrahimi and Gandon, 2020).
Assumptions other than normality are likely possible while still retaining the core features of
our approach, but each such differing assumption would require the re-derivation of nearly all
moment equations. While a shortcoming, our comparisons between the trait-space equations and
moment equations indicate that as long as normality in the distributions of birthed phenotypes
from a parent phenotype is assumed, then our additional assumption that species’ trait distri-
butions are normal seem not to affect the accuracy of the moment approximations by any large
degree, as our eco-evolutionarily stable communities assembled by moment equations agreed
very well with the corresponding trait-space equations (Figs. 2D-F, 3C-F). We note that although
we assume normality in each species, the community trait-density distribution is the sum of
these normals, which makes the community distribution much more flexible, see Fig. 3D for an
example. The primary exception to good accuracy in the moment equations is when the number
of species is ambiguous. In these instances the trait-space equations would yield solutions that
could not easily be approximated by a sum of normal distributions that were assumed to be
reproductively isolated (see Supplementary S1 for examples).

While these drawbacks should be kept in mind, we nevertheless believe that our framework
makes substantial progress in eco-evolutionary modeling with intraspecific trait variation. In a
phytoplankton model Peeters and Straile (2018) compared trait-space equations without muta-
tions to single-species moment equations, and concluded that single-species moment equations
failed to provide any useful information when considering parts of parameter space where the
trait-space equations diverged into multiple species. In a similar model using the trait-diffusion
approach Le Gland et al. (2020) noted that their trait-space equations sometimes exhibited multi-
modality and speculated on the utility of modeling multiple modes, making the selection of how
many modes to include based on functional groups. While multi-species moment models are not
new (Sasaki and Dieckmann, 2011; Norberg et al., 2012; Barabds and D’Andrea, 2016), our assem-
bly approach obviates the need for a-priori decisions on how many modes or species to include

by using our assembly process. It also gives an alternate approach for deriving the equations for
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moment dynamics for general class-structured populations, compared to Lion et al. (2022).
Taken together we believe that our framework of unifying the community-assembly tech-
niques of adaptive dynamics with the moment-equation approach to including intraspecific trait
variation could be of great use to theoreticians and modelers seeking to take advantage of facets
of both eco-evolutionary modeling frameworks. We also believe that being able to assemble
eco-evolutionarily stable communities that accounts for intraspecific trait variation could help
address many ecological questions regarding the extent and importance of intra- and interspe-

cific trait variation.
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Online Appendix A: Derivation of moment equations

In this appendix we will derive the generic moment equations (Egs. 19 in the main text) from
the generic trait-space equations (Egs. 14 in the main text). However, we will here treat a more
general case than we do in the main text for which there might be multiple traits under considera-
tion. We will thus consider a trait vector x where each component of the trait vector x1, x2, ..., x,
describes some property of the organism such as body mass, the propensity to consume a partic-
ular resource, or anything that can be encoded by a real number. This means that we will have a
mean-trait vector X, and a trait variance-covariance matrix V, where, for example, V»; is the variance
in trait xp, and Vi, = V5 is the covariance between x; and x,. This more general formulation

reduces to the case we treat in the main text when the trait vector x is one dimensional.

Calculating the time derivatives and general notation

Time derivatives of the moments

Let the trait-density distribution of a community be given by v(x) where x € R” is a trait vector.
Let ¢ and w index the trait components of x, and let dots over symbols denote time derivatives.

We now wish to consider the following moments of the trait-density distribution v:

u= / v(x)dx Total density (A.1la)
1

Xy = m / xypo(x)dx Mean-trait vector component ¢ (A.1b)
1

Vi = " / (x = X)yp(x — ¢)wo(x)dx Variance-covariance component $w (A.lc)

All integrals are over the entirety of R". Calculating the moment time derivatives then yields:

For the total density u:
= jt [/v(x)dx} = /z')(x)dx (A2)

For the mean trait component 32¢:
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= —% /z?dxa?¢ + % /xlpz)(x)dx = th/(x — X)yo(x)dx (A.3b)
<~
Uxy = /(x — X)yo(x)dx (A.3¢)
For the variance-covariance component Vi,
Vi = % (= 2)plx - Duv(x)dx (A.4a)
<~
uVypw = /(x — X)y(x — %)v(x)dx (A.4b)
_—
UVpeo + Vipotl = —Xy /(x — %) v(x)dx — %, /(x — %)yv(x)dx
+ / (x — 2)p(x — P)d(x)dx (Ado)
= [(x = %)y(x — %) 0(x)dx (A.4d)
Together we thus have
u= [ o(x)dx (A.5a)
why = /(x — ),0(x)dx (A.5b)
Vo + Vipoll = / (x — %)y (x — ©)od(x)dx (A50)

This way of expressing the relationships between the time derivatives of the moments and the
time derivative of the trait distribution makes it easier to derive the moment equations for the

various models, as we can plug in the right-hand side of any equation in place of ¢ in Egs. A.5.

A note on notation

The calculations for deriving the moment equations are not difficult in the sense that they require
any complicated mathematical concepts or techniques. They are however rather complex in terms

of notation and book keeping. To alleviate this problem, we introduce some useful notation.
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963

966

969

972

975

978

981

984

First, we frequently employ so-called Einstein summation notation. This means that, unless

otherwise indicated, repeated indices are summed over, so that for example

A,X[;B/gfy = ;AtxﬁBﬁ’y . (A6)

Second, we let indices on scalar quantities denote components of gradients, i.e., if f is a function

from R"” to R, then

f“:agix)’ wef{1,2,...n) (A7)

Thus, for example, in index notation we would write Vg as g,. Combining these two notational
conventions, we can for example write the matrix-vector product VV,g¢ as Vy,g, and the matrix—
matrix-matrix product VV2gV as Vy, SupVpw-

We will use Greek letters to indicate trait components. For these indices the Einstein summa-
tion convention will always apply. We will use Latin indices i and j for species, and k and [ for
classes, and finally m for processes. The Einstein summation convention will not apply to these

indices.

Deriving the moment equations

To make it easier to derive the moment equations from the trait-space equations, we will first set
out to derive some intermediate results.

First, let the probability-density function of an n-dimensional multivariate normal distribu-
tion be denoted by

X = ! —1 X —X T (x—Xx
N(x,x, V)= T etV exp < 2( Tv=( )> , (A.8)

where x is the argument vector, ¥ is the mean vector, and V is the variance-covariance matrix
of the multivariate normal distribution, and T denotes matrix transposition. We can then cal-
culate the first and second derivatives of this normal distribution with respect to its argument

components:

N _ Vo (x — 2)aN (x,%,V) (A.9a)

No= o= Vs
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987 Nlpw: N [ .

- % 1y _ 5\, _ 11 _
axlpaxw Vl/wé ( x)“leB (x x),B lew] N<x/ X, V) (A9b)

Furthermore, if f(y) is the rate of an ecological process for an individual with trait y, let the
population level per capita rate for a population with mean-trait vector x and variance-covariance

oo matrix W be given by
Flx, W) /f (y, x, W)dy.. (A.10)

We can now differentiate the population-level rate f with respect to the mean-trait components:

.9

o= gk =Wyl [r= 0 AN w3 Wiy (A11a)
A 92
fpo = axlpafxw = [ [Wad v = 0)aWoh (x = )p = Wl | FN (%, Wdly (A11b)

Using these results we can calculate two integrals that will appear later in our derivation:

ooe / (x = D) f RN (3,5 V)dx = Vyu Vg / N (x, %, V)dx (A.12a)
= Viyafu(%, V) (A.12b)

and
oo / (x — %)y (x — D) f (X)N (3, %, V)dx (A.13a)
= VyaVap / Vi (x = @)ef ()N (x, %, V) dx (A.13b)
= VipaViop /[V,,;l(x — x)vvﬁj(x W)e = Vg + Vg If ()N (x, %, V)dx (A.13c)
1002 = Viafup(%, V) Vo + F(2, V) Vyeo (A.13d)

where we have used that V is symmetric so that Vi, = Viy.
Assuming that we have a (multi-)normally distributed trait-density distribution v(x) :=
wos  uN (x, X, V) with total density u, mean X, and variance-covariance V we can use the above results

in turn to calculate three integrals that will appear in the derivation of the moment equations:

/ F(x)o(x)dx = / F(x)uN (x, %, V)dx = F(%, V)u (A.14)
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1008

1011

1014

1017

1020

1023

1026

/(x —%)ypf(x)v(x)dx = /(x — %)y f(x)uN(x,x,V)dx

= uVyafa(%, V)

/(x — 1)y (x — D) f(x)0(x)dx = /(x — 2)y(x — D)o f(X)uN(x, %, V)dx

=u (Vzpaﬁxﬁ(f/ V)V,Ba) +f(f/ V)Vl/’w)

(A.15a)

(A.15b)

(A.16a)

(A.16b)

In the trait-space equations, we also need to evaluate the integrals over the normally dis-

tributed mutation kernels. In total, three such integrals will need to be evaluated, the first of

which is:

[ [ N (g, x Mydyax =
N /f<y)v(y)/N(y,x,M)dxdy
- /f(y)v(y)dy = {Eq. A.14} = (%, V)u

The second integral is
[x=x) / FRWIN (v, x M)dydx = [ F)o(y) [ (x =N (v, x, M)dxdy
= [ FW)ow) [16 =)y + (v = gV (x,y, M)dxdy
= / y—%)yf(y)o(y)dy = {Egs. A15} = uVyafu(%, V)
The third integral is
/ /f N(y, x, M)dydx
(x = %)p(x — )N (x,y, M)dxdy
[(x =y)p(x =y + ¥ = Dp(x = y)o
+ (@ =)y = Do + (Y = Dy — D)oV (x,y, M)dxdy
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(A.17a)
(A.17b)

(A.17¢)

(A.18a)
(A.18b)

(A.18¢)

(A.19a)
(A.19b)
(A.190)

(A.19d)



1029

1032

1035

1038

1041

1044

1047

1050

= Myo [ F)0@)dy + [ (4= 2)py = Df o)y (A19)
= {Eq. A.14 and Egs. A.16} (A.19f)

—u (MW FZ V) + Ve fup (£, V) Vo + f (5, V)VW) (A.19g)

We will here formulate a more explicit version of the trait-space and moment equations
(Egs. 14 and 19 respectively in the main text). We assume that there are K classes, that vy (x)
is the trait-density distribution in class k, and that for each class pair there are Nj; processes
where [ is the source class and k is the destination class. We index each such process by fim,(x,v),
m € {1,..., Ny}, where v := (v1, vy, ..., vk ). For each process we let My;,,, be the mutation variance-
covariance matrix associated with that process, which for most processes will be My;,, = 0. By

summing over all processes the trait-space equations are then given by

K Nu
T 57 3 [ o)A (o y, M)y (a20)

I=1m=1

Comparing with the trait-space equations in the main text (Eq. 14), we here make explicit the
summation over all the processes that we left implicit in the main text to obviate the need for
excessive notational clutter. For the purposes of deriving the moment equations however, it is
clearer to leave these summations in explicitly.

We now make the assumptions that the trait-density distribution in each class vi(x) can be

decomposed into a sum of component distributions (species)
S
op(x) = Y (), (A.21)
i=1
that each such component distribution can be approximated with a normal distribution
Uik (x) = i (x) 1= ugN (%, Xir, Vir) (A.22)

and that each species is reproductively isolated so that each species can be treated separately.
Using the results derived above we can now calculate the moment equations for these trait-space
equations.

For u:
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Nkl

du; - K
1053 dtlk = / vik(x)dx =~ /vlk [Z;

/ / Fiam (W) 0 (y)N (%, ¥, Myg )dydx (A.23a)
1

m=
K Na
= {EqS A.17} = 2 2 fklm (Xil/ V,‘[)I/li[ (A23b)
I=1m=1
For x:
dxlkl/l _ . _ 2
1056 ik—qp /(x — %)y Uik (x)dx =~ /(x — %)y Uik (x)dx (A.24a)
Ny
= Z ) /(x - fz‘k)l/]/fklm(y)ﬁz‘l(y)/\/(xr% Mgy, )dydx (A.24Db)
=1m=1
Nkl
= / X — %)y + (% — Ti)y /fklm )0 ()N (x,y, My, ) dydx (A.240)
—1m
1059 = {Egs. A.17 and Egs. A.18}
K Ny N .
=Y ) uy (leafklma(fﬂ,Vﬂ) + fram (Zir, Vir) (Zig — fik)zp) (A.24d)
I=1m=1
—
dxlk K Ny Uuj; 2 _ _ _
1062 lp = Z Z " <V1/uxfklmn¢( i1, Vir) + fram (%ir, Vi) (T — xik)w) (A.24e)
For V:
dv;
Ui Vlklpwdulk = /(x = X )y (x — Tip) w0k (x)dx (A.25a)
dt dt
- ~ / (x — ) p(x — T)wBi (x)dx (A.25b)
K Ny
=Y ) /(x — %)y (x — Fix)w /fklm () Tu(y)N (x,y, Mgy, ) dydx (A.25¢)
I=1m=1
K Ny
=) /[(X — Xip) (X — Xip)w + (X — Tix)p (x — Xip)
I=1m=1
1068 + (x = Zin)p (%ig — Tix)ew + (Xig — i) (Xit — Tir) ] /szm(}/)ﬁil ()N (x,y, My, ) dydx

(A.25d)
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1071

1074

1077

1080

1083

1086

1089

= {Egs. A.17, Egs. A.18, and Egs. A.19}

K Ny . R n

=Y ) i | Miampe frim (i, Vi) + Virga framap (Zit, Vit) Vigew + fam (Zit, Vi) Vitgeo
I=1m=1

+ Vitga frama (%it, Vir) (%it — %it) o + Viteoa frima (Tit, Vir) (Tt — Tie)

+ Fram (i1, Vir) (i — Zi) (%ip — fik)w]

—
dVy N
étww Z ) ulll( [Mklmwwfklm(lezvzl) + Virga frtmap (%it, Vir) Vitgao
I=1m=1 "t

+ fram (i, Vit) Vg — Vikgeo)
+ Vitga frama (%it, Vir) (%it — %it) o + Viteoa frima (T, Vir) (Zir — Tie)y
+ Fram (it Vir) (% — Zi) (%ip — fik)w]

The complete moment equations for S species in K classes thus read

Ny

du ik
Z Z Z flklmull
dx i Nkl . . R ) .
Z w Z Z 4 (Vilwfimma + fikim (Xig — xik)zp)
dVlkl[Jw Nkl

Z Z [ Ve fiktmag Vitge + fikim Vitpo — Vikge) + Mmoo fikim
+ Vitga fitima (%it — %it) o + Viteoa fiktma (Tit — Xi)y
+ Fim (it — i) (%ig — fz‘k)w}

Fiktm = fram (%, Vi, %)

> fklm 3
i = X1, Vi, ¥
fzklmvc axa ( ilr Vil )
92 f, .
Fikimap = gy J Sl;"ﬁ (%1, Vi, 9)
ﬂ

(A.25¢)

(A.25f)

(A.26a)

(A.26b)

(A.26¢)

(A.26d)

(A.26e)

(A.26f)

(A.26g)

(A.26h)

Here, we have omitted the explicit dependence of the process rates on its arguments for notational

clarity. We have also added the dependence of the process rates fi;,, on the approximate trait-

density distributions ¥ = (y,...,7x) where 7;(x) = Y3, ugN (x, Ty, Vir). For convenience we
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1092

1095

1098

1101

1104

1107

1110

1113

did not include this dependence during the derivation, as their inclusion does not affect the
derivation. We do however make one note with regards to this. When we define the population-

level rate
Fiam (%, W, %) = /fklm(y,ff)/\f(y, x, W)dy (A.27)

it technically describes the population-level per capita rate of a normally distributed population
with mean-trait vector x and variance-covariance matrix W that is negligibly rare in the resident
community whose trait-density distribution is given by ¥ across all classes. In other words,
the rare population with mean x and variance-covariance W does not add to the trait-density
distribution ¥. This is analogous to how invasion fitness for a rare invader is defined in adaptive
dynamics (Metz et al., 1992; Geritz et al., 1998). This notation helps us get frequency-dependent
interactions (such as the competition in our Lotka-Volterra model examples) correct when we
differentiate the population-level rates. Note also that while we in the appendices denote the rare
invader’s mean trait and variance by x and W for reasons of separating these abstract quantities
of the invader from the realized quantities of an extant resident population, in the main text we
instead use ¥ and V for the rare invader population to emphasize that they are the means and
variance respectively.

It can be easier to interpret these equations when not written in index notation, and so we
let V. f denote the gradient vector of f with respect to x, and let V2 f denote the Hessian matrix
of f with respect to x, and rewrite the equations in the language of vectors and matrices which

yields

duik K Nu N
i - Yo ) Fikmti (A.28a)
[=1m=1

. N,
Ay & & uy

L (Vilvxfiklm + firam (%ir — fik)) (A.28b)
I=1m=1 "1

d‘/lkll)w K Nk’ ull 27 A N
1 Y ) i VitV fikim Vit + fikim (Vie — Vi) + Miam fikim (A.28¢)
I=1m=1 "1
N N T
+ ViV firam (% — %) + (%3 — Zix) [Vilvxfiklm} (A.28d)
+ firtm (% — %) (Tir — fik)T} (A.28¢)
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1116

1119

1122

1125

1128

1131

1134

Fitim = fram (i, Vi, ) (A.28f)

Vo fiktm = Vi frm (%, Vig, %) (A.28g)

V2 fiktm = V% frim (%1, Vi, 9) (A.28h)

where T denotes vector transpose, and all multiplication is taken to be matrix multiplication.

When the trait is scalar, i.e, x € R, these equations simplify to

du; K N
q tlk =Y ) fiamui (A.29a)
I=1m=1
dx; K Naog. N .
d;k = l; P uf;l( (Vilaxfz’klm + fiktm (Xi — fik)) (A.29b)
dV; K Naog. N N N
dtlk =) LTIII( |:Vi%agcfiklm + fiktm (Vi = Vik) + M fikim (A.29¢)
I=1m=1 "1
+ 2V;y0x fitam (%it — i) + firam (Xt — fik)z] (A.29d)
fuan(x,W,9) = [ F0, 9N (%, W)dy (A2%)
Fitim = Fram (X1, Vir, 9) (A.29f)
. of,
Ox fikim = ];k;m (%1, Vi, ) (A.29¢g)
. 2f. 3
9% fikim = a’;"ﬁ’”(xiz, Vi, %) (A.29h)

Finally, we can describe the double summation over source classes | and processes m implicitly by
letting d be the index for destination classes, s be the index for source classes, f be any process to
be summed over, and M be its associated mutation variance, and £ be the operator that describes

addition to. This then yields

dujg +

dt — f(fiS/ ViS/ f')uis ’ (A30a)
dx; u; of . A N/o _
d;d ; TZ |:‘/l %(xiS/ ‘/iS/ V) +f(xi51 ‘/iSI V) (xis - xid) s (A3Ob)
dv; u; 2f B Al 5
dtld ; TZ |:Vi§aszc(xisr Visrv) +f(xisr Vz’srv)(vis - Vz )
.\ o of o
+ f(xisz Visz V) (xis - xicl)2 + ZViSa{Z‘(xisr ViS/ V) (xis - xid)
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1137

1140

1143

1146

1149

1152

1155

+ f(%is, Vis, v)M] , (A.30c)

Az, V%) = / Flx, )N (x, %, V)dx. (A.30d)

These correspond to Eq. 19 in the main text.

Series solutions and Taylor approximations

The population per capita rates

Feew) = [ FN (% W)dy (A31)

are in most cases not going to be analytically computable. Owen (1980) contains a large list of
Gaussian integrals. Here, we briefly note that for example exponential functions, Gaussian func-
tions, and polynomials can be analytically integrated against a Gaussian, whereas, for example,
a Type-II functional response of an organism with trait x € R consuming a resource R where the

affinities depend on the trait x
a(x)R
=7 A32
F&) = T atoiR (A.32)
has, to wit, no analytically closed expression for simple forms for a(x) such as linear or exponen-
tial when the functional response is integrated against the Gaussian.

For the cases where the population-rate integrals cannot be evaluated directly, we may Taylor

expand the process rates. To this end let a" denote an ordered set of indices such that
=gy -y (A.33)
where each a; indexes the trait-components. Thus, for example

fo/1 = fa1a2a3a4 (A.34)

denotes the 4-tensor of mixed partial derivatives of order 4 of f. For a vector x in trait space we
let

(A.35)

n
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1161

1164

1167

1170

1173

1176

denote the outer product of n copies of the vector. For a matrix W acting on trait space we also
let

W,XZ" = Waras Wasay * - Wagy 100, (A.36)

denote the outer product of n copies of the matrices.

We can now Taylor-expand

flx, W) = / FN (y,x, W)dy = / Zf - “N(y,x, W)dy (A.37a)

The central moments of a multivariate normal distribution are n-tensors and are given in e.g.,
Triantafyllopoulos (2002). However, when contracted against the fully symmetric tensor f,» these

expressions simplify considerably so that

0 if n is odd
/f,xn —x)" N(y,x, W)dy = (A.38)
(n— D! fumW*  if n is even

“uyr

where is the double factorial, which is defined by
nl=nn-2)(n—4)---1,0!=1, (-1)!"'=1 (A.39)

For the Taylor expansion we thus have

/Z Jurl )N (y,x, W)dy = Z fur ( )(n— W (A.40a)
i (2n — 1) IV 2 f“zz;n, (A.40b)
and hence
Zf“; W = f) + fw( x)Wap + fame( YW Woe + ... (A.41a)
fo(x, W) = 2 %WW = fy(x) + %flpaﬁ(x)waﬁ + %fwaﬁve(x)wzxﬁw'ye + .. (AAlb)

n=0

. © fonpo(X) 5, 1 1
flpw(x, W) = ZO %Wﬂcz — fl[]w(x) + Efl/’w“ﬁ(x)wﬂéﬁ + gflpw“ﬁ,ye(ﬁ(f)waﬁwrye + ... (A41C)
n=
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1179

1182

1185

1188

1191

1194

1197

A Taylor expansion of order n then corresponds to truncating to derivatives of f with no higher

order than 7, so that e.g., a Taylor-approximation of order three would yield

= 5B o)+ g o) (A4
folx W) = ;) f“;f,f! e ~ fp(x) + fl,btxﬁ( x) Wip (A42b)
> Sonpeo(¥)

IRCANEDY WY % fyo(x) (A.420)

nyl
= 2'n!

For a scalar trait, let f") denote the nth derivative of f with respect to x. The expressions

then simplify to

n d (2n) x
Flx, W) = Z f; (, )y — f(x) + %f(z)(x)W—i- %f@)(x)w2 + . (A.43a)
Z f 2';;,( S — () + SO CW + O W 4. (A.43b)
FO(x, W) = iWw = f@(x) + %f(4)(x)W + %f“)(x)w2 t .. (A.43¢)

Variable mutation variance-covariance matrices and mutation bias

For completeness we here presents result of more complicated mutation dynamics where the
mutation variance-covariance matrix is allowed to depend on the trait of the parent so that some
phenotypes generate a wider array of offspring than others in trait space, and where mutations
are not symmetric so that there is a bias of mutations in some direction in trait space.

First, we let the mutation variance-covariance matrix vary with trait so that M(y) is a positive-
definite matrix for all y. The mutation kernel is then given by N (x,y, M(y)). Note that for each
tixed y, this is just the probability density function of a normal distribution over x.

Working through the problem in the same way as we did for constant mutation matrices
(Egs. A.17-A.18) we can then evaluate the three integrals used to account for mutation, the first

of which is:

[ [ NGz V)02 M) dydx = [ FON V) [Ny xMu)dxdy  (Adda)
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= /f(y) (y, %, V)dy = /f (x,% V)dx = f(&, V) (A.44b)

1200 The second integral is

[ =2 [ FON©2 V)@ My)dydx = [ FON @5 V) [ (=2 (1,2 M(y))dxdy
(A.45a)

= [FON2Y) [1r=v)y + = 2N (x,y, M(y))dxdy (A45)

w = [ =GN @RV = [(x = D f (N (5,5 V)dx = Viafal V) (A450)

The third integral is

[ =Ry =0 [ FOIN @5 V)4, M(y))dydx (A 462)

— [FONGEV) [(x=Rp(x = DN (xy, M(y))dxdy (A 46b)
= [FNG2Y) [ =)= v+ (= Dylx =y (A460)

+ (@ =y)p(y = o+ (= D)p(y — D)ol N(x,y, M(y))dxdy (A.46d)

= [ FOMpe N 0.5 V)Ay + [ (v = D4y = Daf 1IN (v, 7, M)dy (A.46e)
= fMyo(%, V) + Viu fup (%, V) Voo + (%, V) Vo (A.46)

The mutation term in the moment equations when the mutation variance-covariance matrix is

1 trait-dependent will thus read

(FM) ikt = /fklm(x)Mklmt,bw(x>N(xr X1, Vir)dx (A.47)
To second order we have
- / F)Myo ()N (v, %, V)dy (A.48a)
~ FO) My () + 2 Vg [ My (5) (A 48b)
= f(f)MlPuJ<f) + %Vaﬁ faﬁ(f)Mle@) +fa< )Mlpwﬁ( ) +fﬁ< )Mtpwzx( ) +f( )Mlllwﬂéﬁ( )

(A.48¢)
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1218 Apart from the term in the moment equations that add to variance-covariance through mutation,
which is now given by Eq. A.47, the rest of the moment equations remain unchanged under the
assumption that the variance-covariance matrix is trait dependent.

1221 We now turn to the case where there is also mutation bias so that a parent with trait y on
average produces offspring with trait y + y(y) with variance-covariance M(y). Mathematically,

this implies that a rate f produces new individuals with trait x at a rate

[ FwemN (4 x = uly), M)y (A.49)

Once again, we can evaluate the mutation integrals, the first of which yields

| [ FON @5 V), = ), M)dydx = [ F@N @5 V) [ Ny +ny), M(y)dxdy

(A.50a)
= / FN(y, % V)dy = / F(XN(x,5,V)dx = f(%, V) (A.50b)
The second mutation integral is
/ / FWN (W, %, V)(y, x — u(y), M(y))dydx (A.51a)
w0 = [ FON@EY) [(x= 2N (xy + ply), M(y))dxdy (A51b)
= [FON@EV) [ = @+ )y + v+ 1) = DN (5 + 1), M(y) dxdy (A51)
= [ =2y + 1O F N W% V)Y = Viafal£, V) + Fiig (7, V) (A51d)
1233 where
Fi® V) = [ F@)rg N (4%, V)dy (A52)
For the third mutation integral, let 7 := y + 11(y). We then get
[ =Ry =D [ FON W5 V)(0,x = nly), M(y))dydx (A532)
= [FONW2Y) [ (= 2yx = D) (x5, M(y))dxdy (A.53b)
= [FON@EY) [16= D)l =T+ (7= Dyx = D (4530
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1239

1242

1245

1248

1251

1254

1257

(= 9)p(F ~ Do+ (7~ D7~ DN (5,7, M(y))dxdy
= [ FO)MuW)N 4% V)dy + [(7 =990 = Do f DN (1,7, V)dy

= FMyeo (%, V) + Vyafup (5, V) Vi + F (%, V) Vigeo

+ Vou (o N)a (B, V) + Vaoa (g fa (%, V) + pighteo f (X, V)

(A.53d)

(A.53¢)
(A.53f)
(A.53g)
(A.53h)

(A.53i)

(A.53))

When inserted into the full moment equations where each process f;,, has an attached mutation

bias vector i, (i) for the class-structured community this yields the moment equations

dulk

d Vzktpw

Ny

Z Z fzklm“zl

u.
=Y ) fl ( Vitga fikima + fikim (Xir — i)y +fﬂlk1m¢>

=1 m=1
Ny

Z Z i (f Miimpe + Vitpa fixtmag Vitgw + fixim (Vitpo — Vikpeo)
+ Vitpa (Fhitme)a + Vitcon (fHitmg) o+ PHS iimpeo
+ (% — i)y (Viteon fiktma + Figtmen) + (it — %ik)eo (Ve fiktma + ﬁliklrmp)

+ Firim (%ir — Fir)op (%ig — fik)w)

Here, all functions with subscript iklm are evaluated at X; and V;.

In vector-matrix form these equations are written as

dulk
dt

dx;
dt
d Vi
dt

Ny

K
Z Z fzklm“zl
i=1im
u; s A —~

=) ) uflll( (Vilvxfiklm + firrm (% — X)) + fﬂik1m>

1
Ui
P (f My + VaV2 fiam Vit + fikim (Vi — Vie)

FVaVaf tigm + ViV f tiam] T+ HHT f i
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(A.54b)

(A.540)

(A.54d)
(A.54e)

(A.54f)

(A.55a)

(A.55b)

(A.55¢)

(A.55d)
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+ (Fa — i) (Vi Vfiam + Fraam) " + ViV fatm + Fitiam) (X — %) T (A.55e)
+ fitem (Bt — i) (T — fik)T> (A.55f)

For scalar traits, these simplify somewhat to

du: Ny
Tl Z Z Fixtmtti (A.56a)
dx, K Nkl
i - ) Z ™ ( 19x fitim + firim (Zit — Xix) +fylk,m> (A.56b)
i=im
Cl‘/;k K [Jkl Uy
dr ; Z szklm + V03 fixim + fixim Vit — Vi) (A.56¢)
+ szaxﬁikzm + 12 f i (A.56d)
+2(% — %) (Vi fiktm + [ Hagim) (A.56€)
+ fiktm (% — JZik)2> (A.56f)

Environmental variables

In our examples in the main text we have not included non-evolving environmental variables
(but see Appendix D). Such environmental variables include e.g., abiotic resources, toxins, or
natural enemies whose traits can be considered fixed over the time-scale of interest. Here we
present a brief account of how these are included in the trait-space and moment equations when
the rate functions of the environmental variables depend linearly on the species’ trait-density
distributions, as would be the case in classical resource-competition theory (Tilman, 1982) and
contemporary niche theory (Chase and Leibold, 2003; Koffel et al., 2021).

Environmental variables may or may not follow the same class structure as the ecological com-
munities. For example, in a two-patch model, resources may follow the same class structure as
the species and are distributed among the patches, but in our stage-structured model (Appendix
D) the resources are unstructured. Furthermore, each environmental variable might have its own
structure. Thus, let E]-n], be the density of environmental variable j in environmental class nj,

with NE total environmental variables and Kg; environmental variable classes for environmental
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variable j. We let E denote the vector of all environmental variable densities in all environmental
classes. We note here that it would be equally possible to simply enumerate all environmental
variables Ej, Ey, ... without loss of generality. However, for the times when the structure for the
species mirrors that of the environmental variables (as in e.g., a patch model where each patch
has, say, a resource and a natural enemy) structuring the environmental variables is useful.

Together with the trait-space equations for the ecological communities this yields the equation

system
dvk K Ny
=% 3 [ funyv BN o, Mian) (A57a)
dE;,
— — +Z/1]nl (E, x)vy(x)dx (A.57b)

Here, pj,, (E) represent the dynamics of environmental variable j in environmental class 7; in the
absence of any species, and j,;(E, y) is the impact of a an individual in class | with trait y on
environmental variable j in environmental class 7;.

As before, we now make the assumption that the trait-density distribution v;(x) can be ap-

proximated by a sum of normal distributions:
S
or(x) = 9y(x) = Y uaN (x, Ty, Vir) (A.58)
i=1

and, similarly to how we derived the moment equations, introduce the population-level per

capita impact from a population with mean trait ¥; and variance-covariance V;:
1]11 : / n; l E x x Xi1, Vil)dx (A.59)

If necessary, this can then be Taylor-expanded to arbitrary order. In particular, to second order
this yields:

1 _
Iz]n]l ~ I]n] ( 'l) + Evazcljn]vl(E/ xil) : Vi (A.60)

Thus, the moment equations including environmental variables read

K Ny

du;
uk Z 2 flklmull (A61a)
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dz K Na 4. R . i i
=y y -t <Vilvxfiklm + fixtm (%ir — xik)> (A.61D)
dt /5,2 Uik
dvi & @&

u; PN N N
i - Y3 i <Vi1V§fiklmViz + fikim (Vit = Vik) + fikimMiim
=1 m=1 ik
+ Firam (%t — %) (% — )" (A.61¢)

. AT
+ ViV firam (T — Za) T + (% — %) [Vilvxfiklm] >

. S K
dEj,,
=1

ar ~ Pim T, Lt (A.61d)

i=11=1
Here, the arguments of all rate functions have been suppressed for notational clarity, and func-

tions are evaluated at x;;, V;;, and E.

Environmental, non-heritable trait variation

We have throughout this work assumed that all trait variation is heritable, but our framework
can be extended to include non-heritable environmental variation. While we have not worked
out how to incorporate environmental variation to the same detail and generality as for the case
without it, below we present a sketch of one way of incorporating environmental variation for
the simplest case of a single trait in an unstructured community, and derive moment equations
for this case.

To derive equations that include environmental variation, we must consider the joint genotype—
phenotype distribution v(x,¢), where x is a genotype value and ¢ is a phenotype value. The
distribution v(x, {) thus describes how many individuals there are with genotype value x and
phenotype value ¢, or, perhaps more intuitively, for any fixed x, v(x, §) gives the distribution of

phenotype values for the genotype value x. Furthermore, we will define

vG(x) := /O; v(x,§)dg, (A.62a)

op(Z) = / O:ov(x, &)dx, (A.62b)

to be the distributions of genotypes and phenotypes in the community respectively.
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Next, we must make assumptions regarding how environmental variation is generated in the
community. We will do this in a similar manner to how we incorporated mutations into our
trait-space equations. We will assume that the per capita birth rate is given by (&, vp) and thus
depends on the phenotype value of the individual and the distribution of phenotype values in

the community, vp(¢). Thus, the total rate at which parents with genotype y birth offspring is

/j:ob(iy,vp)v(y,iy)dq, (A.63)

where we have integrated over all phenotypes 7 for the given genotype y. Assuming once again
that each parent with genotype y gives birth to a normally-distributed clutch of offspring due to

mutations, the distribution of birthed genotypes in the community can then be calculated to be

/ / (n,vp)o(y, n)dyN (x,y, M)dy . (A.64)

Finally, we will assume that there is some fixed amount of normal environmental variation E,
assigned at birth around each genotype value. This means that new offspring will be produced

at a rate for the joint distribution given by

B(x)N (¢, x,Ep) . (A.65)

Assuming that mortality rates as well as birth rates depend only on individuals’ phenotype
values and the phenotype distribution in the community we can thus write down how the joint

genotype—phenotype distribution will change over time:

dv (x, C / / (7,0p)0(y, 7)dyN (x,y, M)dyN (&, x, Ep) — m(&,vp)o(x, E) . (A.66)

This is the trait-space equation for the case where environmental variation is included.

Moment equations with environmental variation

Just as we did without environmental variation, we will assume that the joint genotype-phenotype

distribution v(x, §) can be broken up into S ‘species’, or peaks, so that
S
x,&) = Y 0i(x€) (A67)
i=1
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and we will then approximate each peak by
0i(x, &) := uN(x,%;, G))N (&, x,E;) = v;(x, ), (A.68)

where u; is the total density of individuals in species i, X; is the mean genotype of species i, G;
is the genetic variance in species i, and E; is the environmental variance in species i. In words,
each species is assumed to have a normal distribution of genotype values, and to have a normal

distribution of phenotype values around each genotype value. We write

S
3(x, &) i= Y 6i(x, &) ~ o(x, ) (A.69)
i=1

for the approximated trait-density distribution. The distribution of phenotype values in each

species is given by

[o¢] [o°]
on(@) = [ ai(x8dx= [ wN (x5, GIN(ExE)dx = uN(E5G+E) (A7)
[o0] [o0]
and we thus let V; := G; + E; be the phenotypic trait variance in species i. Note that under these
assumptions, the mean phenotype in species i, &;, is equal to the mean genotype in species i, %;,
and so we shall only need to track the mean genotype x; for each species, and can refer to %; as
simply the “mean trait” in species 7, as we did for the case with no environmental variation.

Like for the case without environmental variation we need to define population-level rates

for a normally-distributed population with mean trait ¥ and phenotypic variance V, which are

given by
b(z,V,0p) = /_ " b(E, )N (&, % V)AE, (A71a)
(%, V, op) = /_00 m(&,op)N (€, %, V)de . (A71b)

Given this, we can derive (see subsection below) the moment equations for the total densities u;,

mean traits X;, genetic variance G;, and environmental variance E; to be

du; A . ~

dtl = |b(%;, Vj, 0p) — 1(%;, Vz‘,UP)] u;, (A.72a)
dx; ob 3 o,

dtl = G; %(fi, Vi, Op) — g(xi, Vi, op)| , (A.72b)
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dG; b, P, P

dtz =G} ﬁ(xi/ Vi, op) — @(xi, Vi, 0p)| +b(%;, V;, 9p)M, (A.72¢)

dE; . 3 P,

dtl = b(fll ‘/l/ UP) (Eb - El) (‘/12 - Gzz) afz (xi/ ‘/1'/ UP) s (A72d)
Vi=G;+E;. (A.72e)

The first three equations for u;, X;, and G; closely mirror those we derived without environ-
mental variation, but the population-level birth and mortality rates and their derivatives must
be evaluated using the total phenotypic variance V;. When E; = 0, V; = G; and we have com-
plete agreement with our equations that do not incorporate environmental variation as expected.
More notably, under our assumption of constant environmental variation generated at birth Ej,
we must take the standing environmental variance E; for each species to be a dynamic variable
that changes over time in response to births and deaths. Roughly speaking, the first term of
Eq. A.72d describes how births change the standing environmental variation E; to become closer
to the amount generated at birth, E,. The second term of Eq. A.72d describes the effects of trait-
dependent mortality on the standing environmental variation. If mortality is trait independent
so that 9%11/90%% = 0, then the standing environmental variation will only be driven by the birth
process, and E; will settle onto becoming equal to E, for all species, and once E; = E,, it will
remain so regardless of how the other state variables may change over time. If, however, there is
stabilizing selection due to trait dependence of the mortality term so that —0%11 /9% < 0, then
this will have the effect of reducing the standing environmental variation over time, and in equi-
librium there will be a balance between the environmental variation generated through births
and the reduction of environmental variation due to stabilizing mortality selection.

While outside the scope of this paper, using the same basic idea one could work out the
moment equations for class-structured populations with multiple traits including environmental
variation, and invasion and branching criteria could be worked out in analogous ways to how

we did so for the case without environmental variation.
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Deriving the moment equations when including environmental variation

Before we derive the expressions for the rates of change for the moments, we must compute
some intermediary results that will be useful in computing the various integrals involved when
calculating the moment equations.

First, let f € {b,m} be either the function describing the birth rate or the mortality rate. We

then define

#(%,G,E,vp) = L o; [ o; F(&,0p)N (x, %, G)N (¢, x, E)dédx, (A.73a)

f(%,V,vp) = /_ o; /_ O:Of(é,vp)/\/ (&%, V)dé, (A.73b)

and note that when V = G + E these expressions are equal. For the first derivative of f we
calculate

/ N / " (x = 1) (&, 0p)N (x, %, G)N (€, x, E)dédx (A.74a)

- G/ £(&,0p) g N(E % V)dE = Ggf(x V,0p). (A.74b)

For the second derivatives of f we may similarly calculate
00 o0 2
/ / (x = 2)2F(E, 0p)N (%, %, GIN (€, x, E)dgdx = G5 J; (%,V,00) + Gf(%,V,5p), (A75a)
92
/ / F(&,0p)N (x, % G)N'(E,x, E)dedx = V2 f(x, V,op) + VA(Z,V,5p). (A75b)

Under the assumption that the mean genotype &; equals the mean phenotype ¢; (or simply, the

mean trait) the moments are given by

- / / (x, &)dxdE, (A76a)

xvi(x,¢)dxd¢, (A.76b)

1

[ee] [ee]

-]
_ l /'°° / " (x = 5)%0i(x, €)dxdE, (A.76c)
wl )

” (& — %i)?0i(x, ¢)dxdg, (A.76d)
EE=V,—G;, = il / / — %)% — (x — %,)*] v;(x,&)dxdg (A.76€)
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/ / (x — %) + (€ — x)*] v;(x,&)dxd¢ .

Now, assuming our normal approximations so that

ﬁi(xré) ::uN(x %, G ) (érx E)NUZ'(X,C'),

5(3(,6) = Zﬁi(xlg) ~ v(x,é),
i=1

@@y:[:a%@m

(A.76f)

(A.77a)

(A.77b)

(A.77¢)

we can derive the moment equations. Below, we calculate in turn the moment equations for the

total density u;, the mean trait &;, the genetic variance G;, and the environmental variance E; for

each species i.

Total density, u;:

dui

Mean trait, x;:

and we thus get

dxl

=[x

[ e [ [ D

—/‘/[/t/ b(n7,9p)0i(y, n)dnN (x,y, M)dyN (¢, x, Ey)
- m(a,ﬁpm(x,é)]dédx -

{integrate in order { — x — y in birth term}

= [b(x;, Vi, o9) — (i, Vi, 90) |

d, __ dy  _dw [ r* doui(x,$)
qr i) = wigy + gy = /_w /_ooxidt dgdx

= /:’0 /jo (x — fi)dvif;: 6) dCdx + fii{:i
d“xgdwa/ / d“x@dwx
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—/ / (x — [/ / (n,9p)0:(y, n)dyN (x,y, M)dyN (&, x, Ep)
- m(E,00)0,(x, ) didx =

(A.78a)

(A.78b)

(A.78¢)

(A.79a)

(A.79b)

(A.80a)

(A.80Db)



{integrate in order { — x in birth term}

1434 —/ / y—X;)b(n,0p)0;(y,n)dndy — / / (x — x;)m(&,0p)0;(x,n)dédx  (A.80c)
{Egs. A.74}
ab ot i
MiGig(fi, Vi, p) — uicig(fi/ V;, p) (A.80d)
1437 <~
de; _|ob, _ . oW, _ . _
T g(xz,va)—g(xl,vl,vp) (A.80e)

Genetic variance, G;:

d 4G, du; _
et SwG) =+ 6 = & / / )20;(x, &)dEdx (A.8la)
~ di / N / (x — 1)20;(x, €)d&dx (A.81b)
_dx zd”z
di

/ / (x — 2)5:(x, & dgdx+/ / OESUNIZE: (A.81c)
- I

m(&,op)oi(x, g)} dedx = (A.81d)

(x — %) [/ / (n,3p)0:i(y, n)dnN (x,y, M)dyN (&, x, Ep)

{integrate in order { — x in birth term}

1446 = / / 17, Z)p i’]) [M + (y — J?i)z] dﬂdy

/ / m(&,5p):(x, &) (x — %)2dedx (A8le)

(Eq. A.75)
N - 28217 ~ ~r- ~
1449 = u;|b(%;, V;,5p)M + G; FYe] (%, Vi, op) + Gib(%;, V;, 9p)
207101
- G;j T2 (%, Vi, 0p) — Gt (%;, V3, 51))] (A.81f)
—
4G, 9% 3 L

1452 a7 G Y z(xl, Vl,’()p) axz (xl, Vl,’()p) +b(xi, Vi,’l)p)M (A.Slg)
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Environmental variance, E;:

d JdE | dug

a(uiE-) =i g +E; T (A.82a)
1455 dt / / (x — %) + (& — x)?] vi(x, &)dxd ¢ (A.82b)
~ 5 / (x — %) + (& — x)?] 7;(x, &)dxd¢ (A.820)
_dx / / & —x)0;(x,&)dxd¢
=0
1458 + / / (x — %) + (— x)?] d”’éxg)d dé (A.82d)
= / / (x — ;) —x) / / (n,3p)0:(y, n)dnN (x,y, M)dyN (&, x, E;)d&dx
— [ ] 1€ 5 - (- ] m(@ op)oi(x, ) dédx (A.82¢)
1461 {integrate in order { — x in birth term, use Egs. A.75 in mortality term}
= Eb/ / (17,0p)i(y, n)dndy
50211 502101 s 3
— U ‘/1 a N2 (xl/ ‘/l/ UP) + Vm(xll ‘/1/ UP) Gz a N2 (xl/ ‘/l/ UP) Gim(xi/ ‘/i/ UP) (A82f)
Ao 2 2\ 0%0 e
1464 = w;Epb(%;, V;, 0p) — ui (Vi — G )= 522 (x;,V;,0p) — w;E;hi(%;, V;, 0p) (A.82g)
—
dE; . _ . PN .
dt = b(xl-, Vi, Up)(Eb — Ez') — (Vz — Gi ) af2 (xl-, Vi,Up) (A82h)
1467 Together, these are the moment equations (Egs. A.72) when environmental variance is in-
cluded.
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Online Appendix B: Evolutionary branching and invasion analysis

In this appendix we will derive ways of examining whether a community of species at eco-
evolutionary equilibrium is closed to invasion by further species. We refer to these methods
as heuristics since following these procedures cannot guarantee a complete closure to further
invasions, and because the methodology is somewhat ad hoc. Nevertheless, in the examples we
have tested (see the main text) these methods have so far proven to be highly accurate in the
sense that they almost always produce communities with the same number of species for the
moment equations as the trait-space equations produce peaks in eco-evolutionary equilibrium.
The exceptions, as shown for the two-patch example in the main text, primarily happen when
the number of species is ambiguous (a distribution with several peaks, but where the peaks are
not well separated), for narrow ranges of parameters near bifurcation points.

We shall follow the general ideas of adaptive dynamics (Metz et al., 1992; Dieckmann and
Law, 1996; Geritz et al., 1998; Dercole and Rinaldi, 2008; Brannstrom et al., 2013) and work out
two different ways of investigating when bifurcation into more species can take place. The first
condition is local in trait space and known as an evolutionary branching where a species splits
into two new species that subsequently diverge in trait space. It is easier to calculate than the
second condition, which treats global invasion analysis where the invader does not necessarily
have a trait that is close to any resident species. The first condition implies the second, but not

necessarily vice versa.

Evolutionary branchings

We shall here work out a criterion for when a species characterized by the moment equations can
be split into two new species locally in trait space in such a way that they subsequently diverge
in their traits.

Consider a community of S species in K classes being in a convergence-stable eco-evolutionary
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equilibrium so that

0= d;;k = i;\[i Firimtin (B.1a)
= dXZk Z Z it (Vizvxﬁ‘kzm + fiktm (% — fik)) (B.1b)
dVlk i %l: 4 (Vizviﬁ'kszil + fittm Mg+ (B.1c)

+ ViV firam (%ir — Zie) " + (2 — %) [Vilvxﬁ‘klm] T4 (B.1d)

+ fiim [Vil — Vg + (i — %) (%3 — xik)T] ) (B.1e)

foralli e {1,2,...,S}and k € {1,2,...,K}.
To test whether a given species i within this community can undergo an evolutionary branch-
ing we first split this species into two new species i; and i, with densities, mean-trait vectors,

and variance-covariances given by

Uik
Uik = Uppk = 71 (B.2a)
Xik = Xipk = Xik (B.2b)
Vik = Viok = Vi (B.2c)

We then organize all the state variables, u, ¥, and V into a vector w, so that the entries of w are
the total densities, the mean trait components and the variance-covariance components for all
species and classes in the split system. We let F(w) be the function given by the right-hand side

of Eq. B.1 and linearize around the equilibrium w*,
0=— ~F(w") + Jr(w")(w —w") (B.3)

where Jr(w*) is the Jacobian matrix of F evaluated at w*. Normally, in dynamical systems theory,
we would say that the community with the split species is stable if the dominant eigenvalue
(eigenvalue with largest real part) of the Jacobian matrix has a negative real part. However,
here, due to the splitting, there will always be a neutral direction corresponding to shifting mass

between species i; and iy, so there will always exist a zero eigenvalue of the Jacobian. Thus, if the
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dominant eigenvalue is zero there is no branching. However, if there exists an eigenvalue with
positive real part this indicates that the split-species equilibrium is unstable and that a branching
in species i will take place.

Figure B.1 shows an evolutionary branching for the two-patch Lotka-Volterra model (Egs. 20,
Fig. 3, main text). The initial species evolves to an eco-evolutionary equilibrium with substantial
variance and significant local adaptation between the two patches. There, we split the species
and determine the dominant eigenvalue A4 as described above. For this example, the dominant
eigenvalue is positive showing that the one-species equilibrium is unstable to the addition of a
species. Let ¢ be the eigenvector associated with the dominant eigenvalue Ay. The components

of the eigenvector are

Patch 1 Patch 2
uf, = 0.4468 uf, = —0.4468 (B.4a)
uf, = —0.4468 ud, = 0.4468 (B.4b)
= —02021 = —02021 (B.4c)
%, = 02021 x§, = 0.2021 (B.4d)
v = —0.09774 Vi = 0.09774 (B.4e)
Vv =0.09774 V) = —0.09774 (B.4f)

In other words, the unstable direction corresponds to one species becoming relatively more abun-
dant on patch 1 and with a lower trait, and one species becoming relatively more abundant on
patch 2 with a higher trait. We construct the new two-species system after the branching by
letting

Whnew = w* + 0645 (B5)

where « is some small number, for this example a = 0.05, then solve for the S 4 1-species

eco-evolutionary equilibrium.
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Patch 1 Patch 2
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Figure B.1: Illustration of branching procedure for the two-patch Lotka-Volterra model (Egs. 20, Fig. 3, main text). The panels
depicts the densities (A-B) and mean traits (C-D) in the two-patch model on both patches where the left two panels depict patch 1
and the right two panels depict patch 2. Panels (C-D) also depict one standard deviation around the mean as filled areas. The initial
species evolves to an eco-evolutionary equilibrium after which a branching takes place, the species is split, and the two new species
once again evolve to an eco-evolutionary equilibrium. To illustrate the branching we have rescaled time non-uniformly to ensure
the interesting aspects of the branching are clearly visible. Parameter values: x?pt = -05, xgpt =05V, =10, =10, V. = 1.0,

d=0.05and M =10"%.
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Global invasion dynamics

Local branching in trait space will not always be sufficient to ensure that community is globally
closed to further invasions. Here, we will work out a criterion for when an additional species with
an arbitrary trait can be added to the community in such a way that this added species grows
from being initially rare. This corresponds to local-but-not-global ESSs in adaptive dynamics
(Geritz et al. 1999; Klausmeier et al. 2020) .

Let a discrete structured community of S species in K classes be in eco-evolutionary equilib-

rium so that

dup & Mo
0= d;k =Y ) fiamui (B.6a)
1=1m=1
dx; K Na oy N A _ B
0= dtlk = 1; P uf;l( (Vilvxfiklm + fitim (Xt — xik)) (B.6b)
AV & Ny, . .
0= dtlk =Yy <Vilvgchiklmvil + fiktm Miim+ (B.6¢)
1=1 m=1 Uik
. . 1T
+ ViV firm (% — Za) T + (% — %) [Vilvxfiklm] + (B.6d)
+ fitim [Vil — Vie + (Xip — i) (Xig — fik)T] > (B.6e)

forall i € {1,2,...,S} and k € {1,2,...,K}. Denote the trait-density distributions of these

resident populations in equilibrium by
S
0 (x) = Y uaN (%, Tix, Vige) (B.7)
i=1

and let ¥ = (7}, ..., 7¢°) be the vector of all resident trait-density distributions.

We would now like to devise a procedure to determine whether the resident community
is closed to invasions. In analogy with adaptive dynamics (Metz et al., 1992; Dieckmann and
Law, 1996; Geritz et al., 1998; Dercole and Rinaldi, 2008; Brannstrom et al., 2013) we will let a
very rare invader enter this community, and try to determine whether this invader can grow
in the environment set by the residents while still rare. However, we also need to account for

the internal dynamics of the invader, i.e., its mean traits and variance-covariances across classes.
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Although the invader will be assumed to be so rare that it does not effect its own dynamics or any
of the residents, in the case of structured populations, we must still keep track of its distribution
across classes to calculate the relative-density weight term in the mean trait and trait variance
equations. To this end let the class-frequency of the invader in class k be given by
uinv
P = (B.8)

K inv ’
Y1 U

where Y& piv = 1. We can then calculate

dpmv d u}(nv K Ny ) K K Nj
ar = ( K mv) ): ): fimp™ =P ) Z fimpi™ - (B.9)
j=1l=1m=1

We note that the mean-trait vector and variance-covariance matrix equations in the moment

equations depend on the densities only through their ratios, and by construction we have that

pan an
fnv =-L_. (B.10)
Pk ”k

Let 7" and V/"' denote the mean-trait vector and variance-covariance matrix respectively of the
rare invader in class k, and let f,fl‘n‘; = fklm( yinv V““’ v'*). Note that because we assume that
the invader is very rare, the per capita rates of the invader do not depend on the trait-density
distribution of the invader itself. Similarly, we assume that the invader’s rarity is such that it will

res

not affect the residents, and ¥*° will be constant.

We can then formulate the invader equations as

dpmv K Ny K K
S S e YT ®11

j=11=1m=1

dxmv K Ny 1nv

a = L Xt (VA e - ) (B.11b)

deinv K Nkl 1nv ) - )
b= 1 L I (AR M

T
inv inv / —inv sinv\T inv —mv inv inv
+ VIV i (™ = 5+ (%) ) [Vl Vi klm} +

1111'17\'; |: 11’1V o Vkil’lv ( }I’IV xlicl’lV)(x}nV _ x}{nV)T] ) (BllC)
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Under equilibrium dynamics, an invader will eventually assume an equilibrium distribution, but
the nonlinearity of the equations means that there could potentially exist several such equilibria.

Assume that the invader equations have N total equilibria, and denote each such equilibrium by

inv n

Pi xinven 7inven for the class frequencies, mean trait vectors, and variance-covariance matrices

of the invaders for equilibrium n =1,.., N and class k =1, ..., K.

Now, let the K x K matrix FI"V*" with entries 1:",1?"*” be defined by

N, N,
Fmv*n —_ B lgln‘i*n _ Zki fklm(f}nv*n/ Vlinv*n,vres) (B12)

invkn

and let the vector p™*" := (p! nvn

B R pil?"*”). Then, from Eq. B.11a, we have in equilibrium

that

Nj
Fmv*n invsn __ (i i Z ]111;7\1/*np}nv*n> pinv*n . (313)

j=11=1m

VA s an eigenvector of F™*", and we can see that the

From this expression we see that p
eigenvalue is

fll’lV*Vl invsn X (B14)

ke

I
1=
agks
\M z

1
If we now turn to the density dynamics of the invader we have that if the initial densities of the

invader, ul™*", are proportional to an equilibrium class-frequency distribution, ui™*" = cop™*",

then
dumv*n K Ny duinv*n . . i N
k _ Z Z lgln‘;*n }nv*n — dt — Fmv*numv*n . umv*n<t) = coe ,,t invsn (B 15)
[=1m=1

In other words, A, is the long-term exponential growth rate of the invader while still rare for
equilibrium 7n. This means that A, is the invasion fitness of invader equilibrium n. Thus, if
Ay > 0, the invader can successfully invade the community of residents, and if A, < 0 then the
invasion will not succeed.

In principle, this then gives us a way of determining whether a resident community is in-
vasible. For a given resident community, we find all the equilibria of the invader equations
(Egs. B.11), and then use Eq. B.14 to calculate the invasion fitness of each such equilibrium. If

any positive invasion fitness is found, the community is invasible, and if no positive invasion
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titness equilibria are found, the community is not invasible. In practice, however, proving that
one has found all the equilibria of the invader equations will in general not be feasible. Thus,
we need some heuristic that is easy to carry out and can still find the relevant equilibria most of
the time. To this end, we start by computing the adaptive-dynamics fitness landscape, where we
consider the invaders to have no variance and fixed mean-trait vectors with no local adaptation
so that VIV = 0 for all k and %, = &P for all k. Then, we can immediately calculate the growth
rate of this zero-variance invader as the dominant eigenvalue of the matrix FAD  with entries
given by
K Nu
FP =YY" fum(x2,v). (B.16)
I=1m=1
See Caswell (2001) for details on invasion analysis in structured populations in the adaptive-
dynamics framework. We can then calculate this adaptive-dynamics invasion fitness for a range

AD

of trait vectors ¥*" in some region of trait space that is pertinent to the problem at hand. We

then find all mean-trait vectors that yield local maxima in the AD-fitness landscape. Let these be

=AD,max

denoted by x A for the g:th such local maximum. Finally, we use these mean-trait vectors as

initial conditions for the invader equations (Egs. B.11) by setting

P?;Véq _ pAD,max,q (B.17a)
T = gADmaA - for all k (B.17b)
VA =0 forall k (B.17¢)

where pAP™24 js the normalized eigenvector associated with dominant eigenvalue of the matrix

with entries at k, | given by
K Ng

Z Z fklm (XAD,max,q’ vres) ) (B.18)
1=1m=1

For each such initial condition we then solve the invader equations to equilibrium and compute
that equilibrium’s invasion fitness as described above. While not guaranteed to find every in-
vader equilibrium, this method tends to work well in practice for finding the relevant equilibria
as the zero-variance populations serve as good first approximations to where positive invasion

fitness might be available.
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Online Appendix C: Additional details of the Lotka-Volterra

competition models

In this appendix we provide some additional details of the two example models of Lotka-Volterra

competition we use in the main text.

The unstructured Lotka-Volterra model

The trait-space equations of the model are given by

) [ b))V (e y, M)dy — p()o(x) — a(x,0)o(x), (C1a)

b(x) =ro, px)= (x—vxopt)z (C.1b)

r(x) :=b(x) —u(x) =rp— (x_vxopt)z , (C.10)
)2

a(x,v) = /zx(y,x)v(y)dy, a(y,x) = exp <_(y2Vf) > . (C.1d)

Here, r(x) describes the intrinsic density-independent per capita net growth rate due to the

environment. The strength of competition between two individuals with traits x and y is given

by a(y, x), which means that the total per capita mortality experienced by an individual with

trait x given the total trait-density distribution of the community is a(x,v). For the unstructured

model, the value of x°P* can be set to be zero without loss of generality as we do in the main text.

We include it here to more easily generalize to the two-patch model.

Using our general method, we can plug in these rates to get the moment equations for this

system:

Cgf = (#(x;, V) — a(x;, Vi, 0)) s (C.2a)
dx; oF o,

5y, (x<x1,vl) - ax<xl,vl,v)) (C2b)
dv; %7 2a, S
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1656 From this, we see that we need to compute the population-level rates

W) = [ r(y)N (v, 3 W)dy (C3a)

a(x, W, 0) = / a(y, )N (y, x, W)dy (C.3b)

w659 b(x, W) = / b(y)N (y, x, W)dy (C.30)
The notation

(5 W) 4

1662 means that we take the derivative of the function 7(x, W) with respect to x and evaluate the
resulting function at x = ¥; and W = V.
Here, we compute the population-level rates in turn. First, the population-level rate for r can

165 be computed as

P(x, W) = /r(y)j\/(y, x, W)dy = / (ro - (y_vxropt)z> N(y, x, W)dy (C.5a)
— / (7’0 _ (y — x)Z +2(y — x)(;c/r_ xopt) + (x — xopt)Z) /\/’<y, X, W)dy (C5b)

(x — x°Pt)2 + W
Vi

(C.5¢)

1668 =710 —

Next, we can compute the population-level rate for a. To do this, we first rewrite the competition

kernel « as

DC(X — o (x B y)Z —
1671 ,Y) = exp oV, V2VeN (x,y, Ve) (C.6)

By a well known result we know that
/./\/(x, a, A)N (x,b, B)dx = N (a,b, A + B) (C.7)

174 which we can now use to calculate population-level competition. We use that the trait-density

distribution 9(x) is a sum of normals 7(x) like

s
o(x) =Y uiN(x,%;,V;). (C.8)
=1
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We can now compute the rate 4(x, W, 9):

a(x,W,0) = /a(y,z?)]\/’(y, x, W)dy = //a(z,y)z?(z)dz/\/(y, x, W)dy (C.9a)
S
= / / V2rVeN (z,y, Vo) Y uiN (2, %), Vi) dzN (y, x, W)dy (C.9b)
=1

s
=21V, Z uj //\/(y, %, Vi+ VoN (y, x, W)dy (C.9¢)

j=1

s
= \/ZNVCZL!]'N(X, f]‘,V]'—FVC +W) (C.9d)

=1

Finally, we need to compute the population-level birth rate b, which is given by

b(x, W) = /b(y)/\/(y, x, W)dy = /roN(y, x, W)dy = rp. (C.10)

Inserting the expressions for the population-level rates and their derivatives yields the equa-

tions for the unstructured Lotka-Volterra model shown in the main text (Eq. 10).

Adaptive-dynamics version of the unstructured Lotka-Volterra model

Under the assumptions of adaptive dynamics, each species i is characterized by its density u; and
its trait value %;, which is assumed to be the same for all individuals within a species. We can
then get the rate functions for the density-dynamics for the adaptive-dynamics case by letting

the trait-density distribution of each species be given by
vfP(x) = wid(x — %), (C.11)

where ¢ is the Dirac delta distribution. The total distribution will thus be given by summing over

all S species,
S
AP =Y us(x — %) (C.12)
i=1
Now, letting fAP(x) denote the population-level growth rate of a rare population with trait

x, we have

720, 070) = [ fly, o P)s(y - x)dy €13)
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We thus have that the environmental rate for the adaptive-dynamics case are given by

00 __ ,0pt)2 __ LOopt)2
#AP(x) z/ﬂo <ro—(yép)> 5(3/—X)dy=ro—(xép) (C.14)

by the properties of the Dirac delta distribution. The competition can be computed as

1005, 0") = [ aly, o0l -0y = [ [ alzy)etPE)dzo - v)dy

S © )
=21V, ) uj/ / N(y,2, Ve)é(z — x;)dzé(y — x)dy

s oo s
=21V, ) u]-/ Ny, %, Vo)o(y — x)dy = V2raVe ) uiN (x,%,V.)  (C.15a)
j=1 - j=1

This yields the density dynamics

fﬁf = [PAP(x;) — aP(%,0*P) | u; = [ro - f; — V21V, il wiN (%, %, Vo) | u; (C.16)
=

Under the assumptions of adaptive dynamics, mutations are rare and of small phenotypic effect.

Under these assumptions one can derive the canonical equations of adaptive dynamics, which

describes how the mean traits of the species will change over time (Dieckmann and Law, 1996;

Champagnat, 2003). However, since we are primarily interested in the eco-evolutionary equi-

librium, we can here use a simplified version where we introduce a parameter €*'° which is a

small number that characterizes the separation in time scale between ecological and evolutionary

dynamics. Doing so yields the complete adaptive-dynamics equations

du; 7. AD - x? 5 o
dtz _ [rAD(fi) _ aAD(xi’,UAD)} u; = [ro — Vl —V2rVe Y uiN (%, %), Vo) | uj (C.17a)
r j::1
dx; __ evo AP = 9a’P = AD\|[ _ _evo 2% / > .Xi _ Jf]' P
E =€ W(xl)_TQXZIU ) =€ _vr—i_ 27TVC]_211/[] " N(xllx]/VC)
(C.17b)

In the adaptive dynamics context, the methods for performing evolutionary-branching and in-
vasion analysis are well established (Metz et al., 1992; Geritz et al., 1998; Edwards et al., 2018;
Klausmeier et al., 2020), and we assemble the community one species at a time until the commu-

nity is uninvasible or use continuation to make bifurcation diagrams.
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The two-patch Lotka-Volterra model

For the two-patch model we consider two spatial patches with trait-density distributions v;(x)

and vy (x), with trait-space equations given by

dvl / by ()01 (V)N (y, x, M)y — pr (x)01(x) — a(x, 01)01 (x) — doi (x) + doa(x), (C.18a)
dvz / ba(y)02(y)N (3, x, M)dy — pa(x)02(x) — a(x,02)02(x) + dor (x) — doa(x), (C.18b)
b(x) =710, px(x) = S _‘zlfpt)z , (C.18¢)
) = )~ palo) = = O C18)
a(x,04) = / a(y, \)oe(y)dy, a(y,x) = exp (—(yz_vx)z> . (C.18¢)

The two-patch model generalizes the unstructured model in that locally on each patch the same
dynamics as in the unstructured model takes place, albeit with possibly different trait optima
x(l)p and x2p The patches are then connected by a symmetric and constant rate of dispersal d.
We can then get the moment equations for this model by plugging in the rates into our generic

moment equations which yields

du; . o ~

d;l = [r1 (%1, Vi) — a(%4, Vﬂ,vl)] uj —dup +dujp, (C.19a)
dx; or ai , _ . Up ,, _ _

d;1 = Vi [a;(fﬂ, Vi) — ax(xilzvilzvl)] + ufzd(xiz — %), (C.19b)
dv; 9% %a . u; Uip ;oo

dtll = Vi [a 5 (%1, Vi) — 2 (%i1, Villvl)} + Tid(WZ — Vi) + ﬁd(xiz — xn)?

+b1(20, V)M, (C.19¢)

du; L ar -

d;Z = [P2(Xi2, Vi) — a(%i, Vi, 02)] ujp + duyy — dujp, (C.19d)
dx; or od , _ ~ U ., _ -

dtlz = Vi [a;(fz‘z, Vi) = 5 (%i2, Vaa, Uz)] + id(xil — i), (C.19%)
dv; 0% 0%, _ N Ui u .

d;Z = V |:ax2 (XZZI ‘/12) axz (xiZI Via, Z)2):| + id<‘lﬂ - Vi ) lld( xiz)z

+ by (%, Vo) M. (C.199)
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Inserting the expressions for the population-level rates yields the equations in the main text

(Egs. 10).

Adaptive-dynamics version of the two-patch Lotka-Volterra model

For the two-patch adaptive-dynamics model, we proceed in the same way as for the unstructured
adaptive-dynamics model. We let u;; be the density of species i on patch k and let ¥; be the trait
value of species i. Note that in adaptive dynamics, since all individuals within a species are
assumed to be identical the trait value for a species will be the same on both patches. We let the

trait-density distribution v*P(x) on patch k be given by

S
v,‘fD(x) = Z ud(x — x;) . (C.20)
i=1

The expression for the selection gradient needs to take the spatial dynamics into account (see

Wickman et al., 2017), and so the equations describing the density and trait dynamics are given

by
dcll/[;l _ [ﬁAD(fi) _ ﬁAD(fi, vzlAD)] Uy — duy + dugy (C.21a)
diin _ [AD/=\ _ ~AD/= _AD\] .. , ‘
TR (%) —a™" (%, 05 | uip + dujy — dugp (C.21b)
dx; 1 ol 9aAD ol - 9ahP
ar = a (o 0 = et ) o (a0 - 5 5ot )|
(C21c)

The community assembly then proceeds by solving the equations to equilibrium and checking

for evolutionary branchings and invasions, see Wickman et al. (2017).
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Online Appendix D: A stage-structured resource-competition model

To further illustrate the application and utility of our methods, we present here an additional

example of eco-evolutionary community assembly taking intraspecific variation into account.

The Lotka-Volterra two-patch model we used to illustrate the generic equations in the main text

was deliberately simple. First, it involved only a single trait. Second, the transition between

classes (dispersal) was constant, and did not depend on traits. Third, the rate functions were

simple enough for us to calculate the population-level rates analytically, and fourth, the model

had no dependence on any external variables. However, such simplifications cannot always

be made. To demonstrate such a case, we here adapt a model by De Roos et al. (2007) of a

17es  population subdivided into two stages, juveniles with trait-density distribution v; and adults

1767

1770

1773

1776

with trait-density distribution v4, competing for two resources R; and R;. Both the maturation

rate and the birth rate depend on how much resources the two stages acquire, as well as the traits

associated with resource acquisition.

The trait-space equations read

dvfg't) _ /T’A(y)UA(y)N(X,y, M)dy + (r(x) — puy(x))vy(x) — 7(x)v)(x),
A _ 20y (x) — pa()oa(x)
dRy (t)

=K =Ry - /m(y)vf(y)dy -

o = 2(Ka = Ro) - /r;z(y)vf(y)dy -

/
/

where the rate functions are given by

X)Rl + ﬂ]z(x)Rz

Ay an(x)Ry +ap(x)Ry’

lZ[j(X)Rj

1 +a11(x)R1 +a12(x)R2
ry(x) = (%)

T A/

rl(x) o an(
rii(x) = q1
o) = (15

7

xy
P e (e

84

I1e{],A},je{1,2},

ex
1+ e*

ra1(y)va(y)dy,

ra2(y)va(y)dy,

&y
)

(D.1a)
(D.1b)
(D.1¢)

(D.1d)

(D.2a)
(D.2b)
(D.2¢)

(D.2d)
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as(x) = ( a )M , apr = (1 _“ )M , (D.2e)

1+ e* 1+ e*

Here, the distributions vj(x) and v4(x) characterize the distributions of biomass density in trait
space for juveniles and adults respectively. Both adults and juveniles consume the substitutable
resources Ry and R; with a type-II functional response at rates rj; for [ = A, ], and j = 1,2.

The adults use all of their intake of resources R; and R; to give birth to juveniles at a per
capita rate of r4 = r41 + rap, and suffer a mortality at a per capita rate of 4. Juveniles grow at
a per capita rate r; = rj; + rpp, suffer a mortality rate of y;, and transition into adults at a rate
7 that depends both on juvenile growth and mortality (De Roos et al., 2007). In the absence of
consumers, the resources are renewed chemostatically at rates p; up to maximal supplies of K;
for resource j.

We let the trait vector x = (x1,x7) € R2. The first trait x; parameterizes trade-offs in resource
affinities, so that juveniles experience a trade-off between their affinities aj; and aj, for R; and
R, respectively, and adults experience a trade-off between their affinities a4; and a4,. While
the same trait component x; parameterizes the trade off in resource affinity for both juveniles
and adults, we let the shapes differ so that the juveniles experience a specialist-favoring trade-
off while adults experience a generalist-favoring trade-off (Fig. D.1A). Such differences could
come about as foraging behavior changes between life stages. The second trait x, parameterizes
a trade-off between juvenile mortality y; and adult mortality u (Fig. D.1B). Such trade-offs
between juvenile and adult mortality could come about through, e.g., parental investment or risk

taking on behalf of juveniles.
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Figure D.1: Trade-offs in the stage-structured model. (A) Trade-offs in resource affinities aj; and aj, for juveniles (solid line) and
a41 and a4 for adults (dashed line). Juveniles experience a specialist-favoring trade-off, and adults experience a generalist-favoring

trade-off. (B) Trade-off between juvenile and adult mortality. The trade-off between the mortalities is generalist-favoring.

Following our general procedure, to get our moment equations we now assume that the

solutions to Egs. D.1a-b are composed of a set of S normally distributed discrete peaks for both

juveniles and adults, and approximate the solutions by

S

v](x,t) =~ 5](3(, t) = ;uﬁ(t)./\/'(x, f]i(t), V]l‘< )) ’ (D3a)
S

va(x,t) 2 Ta(x,t) = ) uai()N (2, 2ai(t), Vai(t)) (D.3b)

N
Il
—

This means that each species i = 1,2,...,S is represented by six variables: the total densities of

juveniles, uj;, and adults, u,4;; the mean trait vector for juveniles, ¥j;, and adults ,X,4;; and the
trait variance-covariance matrices for juveniles, Vj;, and adults, V4;. To be able to write down our

moment equations we must first deal with the population-level rate functions. For this example

it is not possible to analytically calculate the population-level rates given by, for example,

I(x, W) = / YW)N (y, x, W)dy (D4)

Instead, we Taylor-approximate the various rates to third order using the expressions derived in
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Appendix A, section Series solutions and Taylor approximations, so that our various population-level

rates and their derivatives will be given by

Flx, W) = f(x) + %vi flx): W, (D.5a)
Vaf (W) = Vf () + 9 (3950 W) (D.5b)
V2f(x, W) =~ V2f(x). (D.5¢)

Here, “:” denotes the double-dot product, which for two square N x N matrices A and B with

entries A;; and B;; is given by A : B = >N, Zj]\il AjjBij. To make the moment equations more

readable we will also omit the arguments of the rate functions below, and so we shall write for

example

and so on.

Vi =&, Vi) + 5 Vﬂ(xﬁ) Vi, (D.6a)
Vit i= Verleg) + [vx (372000 vi)| (D6b)
=1
Vi = Vv (%), (D.6¢)
Pai = ra(Xai) + %V;chA(fAi) : Vai (D.6d)
Vit ai = Vara(Xai) + [Vx < Vira(x) : VA1>:|X L (D.6e)
=%
Vit ai = Vira(xai), (D.6f)

We can now derive the moment equations for the stage-structured model by plugging in the

expressions for the trait-space equations for this model into our generic equations (Eq. A.28,

Appendix A) yielding

dup; R .
L= SJitlyi — Yilkji T T AilhAi, (D.7a)

dxy; R R u _
dth =Vji(Vigi — Vi) + u?l (VaiVafai + P ai(Xai — X5i)) (D.7b)
1

dVvy R R
dtﬁ = Vji(V38 — Viq:) Vi
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Ua; ” A N
+ 7‘;_1 <VAiV;2(7’AiVAi +74i (Vai = Vi) + 7 aiM
1

+ P ai(Fai — &i) (Fai — %) T

+ VaiVaPai(Zai — %5i) " + (Rai — f}i)(VAiVx?Ai)T> , (D.7¢)
duy, .
d:h = Fiugi — flaittai, (D.7d)
dxa i o a e .
TR (V5iVadi + 7i(X5i — Xai)) — VaiVifiai, (D.7e)
UA;
dVa  uy N .
thl =L <VﬁV§%Vﬁ + 7i(Vji — Vai)
UA;
+ i — Tar) (%i — %ai)"
+ ViVadi(%y — )T + (%) — fAi)(V]iVx%)T>
— VaViiaiVa, (D.7f)
dR S . S .
T; = p1(Ki —Ry) = ) _ Pjinugi — Y Pantiai, (D.7g)
i=1 i=1
dR S . S .
Tﬁ = 02(Ka — Ry) = Y Prigutyi — Y _ Paintipi- (D.7h)
i=1 i=1

Here, we let gj; be the net per capita growth of juveniles, i.e., g;; = rj; — pj;. While somewhat
involved, the various terms admit to ecological interpretation, and can be understood in the
following way.

The terms of Eq. D.7a describe in turn: net growth in mass of juveniles, the removal of
juveniles that transition into adults, and the addition of mass due to birth by adults.

The changes to the mean trait vector of the juveniles X}; (Eq. D.7b) are divided into two terms.
The first, with a matrix factor Vj;, describes how directional selection on the juvenile processes
of net growth and transition to adulthood moves the mean trait of the juveniles. This is because
juveniles with certain traits will have higher net growth than others, and this will push the
mean trait of juveniles in the direction of the gradient V,§;. Conversely, some juveniles with
certain traits will mature into adulthood more quickly than others, which removes them from

the juveniles and thus moves the mean trait in the opposite direction of the gradient V,4;. The
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strength of both these effects depends on the how much variation Vj; there is for a given species i.
The second term, with a scalar factor u 4;/uj; describes the influence of births from the adults on
the mean trait of the juveniles. This is, in turn, composed of two terms. The first term, V4; V7 4;,
describes how directional selection in the birth rate of juveniles by adults contributes towards
change of juvenile mean traits. This effect comes about since adults with different traits give
birth at different rates, and more offspring will be produced along the direction of the gradient
V7 4i. This effect is stronger if the variation among the adults V,; is larger. The second term,
7 ai(Xai — %j;), describes how the juvenile mean trait is pushed in the direction of the adult mean
trait, homogenizing juvenile and adult mean traits. This is due to the fact that adults of species
i will on average give birth to juveniles with trait X;4, and so, if there is a difference between
juvenile and adult mean trait, the juvenile trait will become more similar to the adult mean trait
over time. The overall factor u,;/uj; comes about through the fact that how much effect birth
of juveniles by adults has on the juvenile mean trait depends on the mass ratio between the two
stages. If there are few adults compared to juveniles, then the birth of new juveniles will have
little effect on the mean trait of all the juveniles.

Equation D.7c describes the changes to the variance-covariance matrix of the juveniles over
time. The first term, V};(V3g; — V37:)Vji, describes the effects of stabilizing or disruptive se-
lection of the net growth and transitions. Thus, for example, if the curvature of the net growth
function, V2gy;, is negative around a mean trait component, this will reduce the variance of that
trait component over time. There are then several terms with a factor u4;/uj;. The first term,
VaiV2r iV a;, reflects the effects of stabilizing or disruptive selection in the birth rates. The sec-
ond term, 74;(Va; — Vj;), describes the homogenization of variance-covariance matrices between
the stages, so that this term changes the juvenile variance-covariance to be more similar to that of
the adults over time. The third term, 74;M, describes the increase to juvenile trait variances due
to mutations. Next, the term 7 4;(X4; — Xj;) (¥a; — X ﬁ)T describes how variances are increased, and
covariances changed over time due to differences in means between the juveniles and adults. This

reflects that if the means of the adults are away from the means of the juveniles, then birthed
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juveniles will be away from the mean of the extant juveniles, and thus increase variance. The
next two terms, Va; V7 ai(Xai — Xﬁ)T + (X4 — xﬁ)(VAierAi)T, which are the transposes of one
another, take into account the interaction of distance between the means of the stages and effects
of directional selection in the birth rates.

The terms in the equations for the adults are mostly analogous to those for the juveniles, with
the difference that the maturation function y now plays the role that the birth rate function r4
did for the juveniles, as this is the function that determines the rate of transition from the juvenile
to the adult stage. Additionally, as we can see in the trait-space equations (Egs. D.1), we assume
that a juvenile with trait x matures into an adult with the same trait x, and thus no mutation term
enters into the equations for adult variance-covariance. Finally, we approximate the integrals in
trait space in the resource equations (Egs. D.1c—d) in the same way as we do for the other rates
by Taylor-expanding to third order.

Using these equations we let the population go through our evolutionary assembly process
(Fig. D.2A). The traits x; and x, parameterize the trade-offs in resource affinities and mortal-
ities respectively. However, as the traits that actually matter for the ecology are the affini-
ties and mortalities themselves, we depict this assembly process in the derived trait space of
(ap —ap) x (4 — pa) for I = J, A to get a better understanding of how the expressed traits
that impact the ecology change. The final community of one moderate R; specialist and one
moderate R, specialist comes about through the conflicting trade-offs for juveniles and adults.
The specialist-favoring trade-off in resource affinity for the juveniles engenders selective pressure
towards specialization into two species, but the generalist-favoring trade-off for the adults will
eventually counter balance this disruptive force, and the community will settle on substantial,
but not complete, specialization for both species. The differences between juveniles and adults
in their resource affinities seen in Fig. D.2A stem mostly from their their different trade-offs; the
mean traits X; and X, differ little within the same species. The distributions in x; X x, space
can be seen in Fig. D.3, where we also compare the numerical moment solutions for the eco-

evolutionarily stable two-species community to numerical solutions of the trait-space equations.
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Solving the trait-space equations Eq. D.1 for this system with these given parameters would
require an unfeasible numerical resolution in trait space. However, since the mutation variance-
covariance matrix is very small, without covariance, and with the same variances, we can ap-
proximate the birth/mutation integral with a diffusion term in the following way (Kimura, 1965;

Débarre et al., 2013):

[ A oA (x, M)dy = ra(x)0a(x) + 25 B (ra(x)0a(x) @)

where A, = aa—xz% + % is the Laplacian in trait space. We discretize two-dimensional trait space
into an equispaced grid of 256 x 256 points with x1, x, € [—4,4], and approximate the Laplacian
with a central-difference approximation. We then used the DifferentialEquations. jl library
(Rackauckas and Nie 2017) in Julia (Bezanson et al. 2017) to solve the semi-discretized ordinary
differential equations to equilibrium. Both trait-space equations and moment equations were

solved to equilibrium.
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Figure D.2: Community assembly in the stage-structured example. (A) Depiction of the assembly process and final eco-evolutionary
equilibrium in the derived trait space (apy — ap2) x (yj — pa) for I = J, A. The eco-evolutionary process is started towards the top-
right corner, where the evolutionary paths of the mean derived traits aj; — aj; and pj — p4 are depicted as a solid blue line for
juveniles and broken blue line for adults. The 95% transformed confidence ellipse for the juveniles is depicted at each time-point
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95% transformed confidence ellipses are shown as a solid blue ellipse (juvenile) and dashed blue ellipse (adult). This one-species
equilibrium is subsequently invaded by two specialist species, and the final two-species equilibrium is depicted in orange and green.
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Figure D.3: Comparison of trait-space equations and moment equations for the stage-structured model. Top row shows contour

lines for the trait-space and moment equation solutions at eco-evolutionary equilibrium. The contour lines are very nearly on top

of each other. The bottom four panels show slices in the x; and x;, directions, where both slices are made across the global density

maximum of the trait-space solution. The curves are very nearly on top of each other.



Symbol Description Value

01 Resource 1 renewal rate 1.0
02 Resource 2 renewal rate 1.0
Ky Resource 1 supply 1.0
K> Resource 2 supply 1.0
q5 Juvenile conversion efficiency 1.0
ga Adult conversion efficiency 1.0
z Juvenile to adult size ratio 0.3
Moy Juvenile base mortality 0.1
HoA Adult base mortality 0.1
ay Juvenile resource trade-off shape parameter 13
ap Adult resource trade-off shape parameter 0.7
ay Juvenile-adult mortality trade-off shape parameter 15
1.0 00
M Mutation variance-covariance matrix 1075
00 1.0

Table D.1: Parameter values used for numerical solutions of the stage-structured example.
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