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IDENTIFIABILITY OF DIRECT EFFECTS FROM SUMMARY
CAUSAL GRAPHS

A PREPRINT
Simon Ferreira Charles K. Assaad
ENS de Lyon EasyVista
EasyVista
ABSTRACT

Dynamic structural causal models (SCMs) are a powerful framework for reasoning in dynamic sys-
tems about direct effects which measure how a change in one variable affects another variable while
holding all other variables constant. The causal relations in a dynamic structural causal model can
be qualitatively represented with a full-time causal graph. Assuming linearity and causal sufficiency
and given the full-time causal graph, the direct causal effect is always identifiable and can be esti-
mated from data by adjusting on any set of variables given by the so-called single-door criterion.
However, in many application such a graph is not available for various reasons but nevertheless ex-
perts have access to an abstraction of the full-time causal graph which represents causal relations
between time series while omitting temporal information. This paper presents a complete identifia-
bility result which characterizes all cases for which the direct effect is graphically identifiable from
summary causal graphs and gives two sound finite adjustment sets that can be used to estimate the
direct effect whenever it is identifiable.

Structural causal models (SCMs) are a powerful framework for representing and reasoning about causal relations
between variables with a long history in many fields such as genetics (Wrightl [1920l[1921)), econometrics (Haavelmo)
1943)), social sciences (Duncanl 1975} |Goldberger, |1972), and artificial intelligence (Pearl, [2000). In particular, SCMs
are useful for reasoning about direct effects which measure how a change in one variable affects another variable while
holding all other variables constant (Pearl, [2012)). The identification and estimation of direct effects are important in
many application, e.g., epidemiologists are interested in measuring how smoking affects lung cancer risk without being
mediated by genetic susceptibility (Zhou et al.,[2021)); ecologists are usually focus on understanding direct effects such
as competition, herbivory, and predation (Connell, |1961); IT monitoring expert can localize the root cause of a system
failure or a performance issue by comparing the direct causal impact of different components on each other before and
after the failure (Assaad et al., [2023).

In the framework of (non-dynamic) SCMs, assuming linearity and causal sufficiency and given a causal graph which
qualitatively represents causal relations between different variables, the direct effect between two variables is always
identifiable and there exists a complete graphical tool, called the single-door criterion (Pearl, [1998]; Spirtes et al.|
1998} [Pearl, 2000) that finds all possible adjustment sets that allow to estimate the direct effect from data. These
results are directly applicable in dynamic SCMs given the full-time causal graph—which qualitatively represents all
causal relations between different temporal instants of the dynamic SCM—and assuming consistency throughout time
and that the full-time causal graph is acyclic. However, in many dynamic systems, experts have difficulties in building
a full-time causal graph (Ait-Bachir et al., [2023), while they can usually build a summary causal graph (Assaad et al.,
2022)) which is an abstraction of the full-time causal graph where temporal information is omitted.

So far, the problem of identifying direct effects has only been addressed for summary causal graphs under the as-
sumption that the summary causal graph is acyclic (while allowing self-loops). In particular, it has been shown that
direct effects are always identifiable in an acyclic summary causal graph with loops and a non-complete extension of
the single-door criterion has been proposed to find some adjustment sets that allow to estimate the direct effect from
data (Assaad et al.|[2023)).

In this work, we focus on the identifiability of direct effects from summary causal graphs without assuming that the
given summary causal graph is acyclic. Our main contribution is two-folds. First, we give a complete identifiability
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result which characterizes all cases for which a direct effect is graphically identifiable from a summary causal graph.
Then, we present two finite adjustment sets that can be used to estimate the direct effect from data whenever it is
identifiable.

The remainder of the paper is organized as follows: Section [I] gives the definitions of direct effect and summary
causal graph and recall all necessary graphical preliminaries. Section [2| presents the complete identifiability result
and Section [3] provides two finite adjustment sets that can be used to estimate the direct effect from data whenever it
is identifiable. Then, Section [ discusses some interesting examples of other adjustments sets for specific summary
causal graphs which can be helpful for a future work that aims to develop a complete criterion for finding all possible
finite adjustments sets. Finally, Section [5]concludes the paper.

1 Problem setup

In this section, we first introduce some terminology, tools, and assumptions which are standard for the major part.
Then, we formalize the problem we are going to solve. Without any opposite mention, we refer to the variables as
capital letters and to the associated potential values as lower cases. Calligraphic letters correspond to vectors or sets.

In this work, we consider that a dynamic system can be represented by a linear dynamic structural causal model
(SCM).

Definition 1 (Linear dynamic SCM). Considering a finite set of times series V, a linear structural causal model (SCM)
is a set of equations in which each instant t € Z of time serie (e.g., Y¢) is defined as a linear function of past instants
of itself (e.g., Yi_~, v > 0), past or present instants of other times series (e.g., X;—, X # Y, v > 0) and of some
noise (e.g., £y, ):

e (Z QY Yy * Yt”) " Y avix, x Xy | tév

>0 XAY, 420

where the noise variables are assumed to be jointly independent (i.e., VX, Y VtX 1V, X;x # Yy = ¢ x,x A&y, )
and any coefficient o can be zero.

In the following, we start by defining direct effects in general and then we give its definition in the case of linear
dynamic SCMs.

Definition 2 (Direct effect, adapted from Pearl| (2000)). The direct effect of X gy ON Y, is given by:

P(yi|do(zi—r,,), do(vx, ., v.)) — Plyeldo(zi_,, ). do(vx, . v.)),
where thﬂmy,yt is the set of all observed variables in the system except Xy .  and Y, and
P(yt|do(xt—r,,), do(vx, . v,)) isthe distribution of Yy while X;_~,, and Vx, v, are held constant respectively

at Te—n,, and VX, Yer In the linear case, the direct effect corresponds to the structural coeﬁ‘icienﬂ OV, Xy,

In the following, we explicitly state further assumptions we make in this paper.
Assumption 1 (Causal Sufficiency, Spirtes et al.| (2000)). No hidden confounding.

Assumption 2 (Stationarity of direct effects). The causal mechanisms of the system considered do not change and
therefore, VX #Y € V,Vt—y <t €Z, ay, x,_, = Qv X, 1, andVt =y <t €Z, ay,y, = av,,, v, -
There exists a maximum lag Yimaz of a SCM as Ypmaz := mazx{y € N|3AX,Y €V, ay, X,_., #0}.

Definition 3 (Full-Time Causal Graph). Considering a finite set of times series and a SCM, one can define the full-time
causal graph (FTCG) G = (V¢, &) associated to the SCM in the following way:

Ve ={Y; VY e V, ¥t € Z},
& =Xy =Yy VY, €Vy, VX, such that oy, x, . # 0}.
In addition, for every vertex Yy € Vy we note:
Parents(Yy,Gy) = {Upy € V¢|Upy — Y in &y},
Children(Y;,Gy) = {Upy € V§|Yy — Uy in &y},

Ancestors(Y;, Gy) = U P, where Py = {Y;} and P4, = U Parents(Uy,Gy), and

neN U, €P;
Descendants(Yy,Gy) = U C,, where Cy = {Y;} and Cj4q = U Children(Uy,Gy).
neN U, eCy

'In Sewall Wright’s terminology the structural coefficient is called path coefficient (Wright, [1920|1921).
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(a) Full-time causal graph (b) Summary causal graph (c) Another full-time causal graph

Figure 1: Two full time causal graph in (a) and (c) corresponding to the same summary causal graph in (b). Note that
full time causal graphs give more information about the dynamic SCM, whereas the summary causal graph one an
abstraction and can be deduced from the full time causal graph.

Assumption 3 (Acyclicity of the FTCG). Every FTCG is acyclic.

The FTCG is the most natural way to represent a SCM but it is unpractical as it is infinite. Of course, given Assump-
tion2] it is possible to represent a FTCG in a finite graph, but even in this case sometimes, it is difficult to construct this
type of graphs from prior knowledge due to the uncertainty regarding temporal lags. Furthermore, causal discovery
methods are not always efficient (Ait-Bachir et al.| |2023) due to the strong assumptions they require that are not always
satisfied in real applications, so constructing this type of graphs from data is not always a valid option. Therefore, it
is much more reliable to construct an abstraction of this type of graphs which does not contain temporal information.
This abstraction is usually referred to as a summary causal graph (Assaad et al., [2022).

Definition 4 (Summary Causal Graph). Consider a FTCG Gy = (V¢,Ef). One can define the summary causal graph
(SCG) G5 = (Vs, &) in the following way:

Vs =V,
E ={X =Y VX, YeV I <teZsuchthat Xy —Y; € Er}.
In addition, for every vertex Y € Vs we note:

Parents(Y,Gs) ={U € Vs|U - Y orU 2Y in &},
Children(Y,G,) ={U € V5|Y U orU =Y in&,},

Ancestors(Y,Gs) = U P,, where Py = {Y'} and Py41 = U Parents(U, Gs), and

neN UePy
Descendants(Y,Gs) = U Cp where Cy = {Y'} and Cy 41 = U Children(U, Gs).
neN UeCk

Notice that a SCG may have cycles and in particular two arrows in opposite directions, i.e., if in the FTCG we have
Xy — Yy and Yy — Xy then in the SCG we have X =Y.

The abstraction of summary causal graphs entails that, even though there is exactly one SCG compatible with a given
FTCG, there are in general several FTCGs compatible with a given SCG.

For example, consider the following linear dynamic SCM, in which the coefficients o equal to zero are omitted:

Wi o= aw, w,_, * Wi_1 + aw, x, * Xt + &w,,
Xy i=ax, x, , * Xe—1tax, z,_, * Zi—1 + Ex,,
Y i=ay,w, * Wi+ ay, x, * Xy + oy, )y, , * Yi—1 +&y,, and
Zy=agz,w, , *Wi1+az,z,_, % Zi1+E&z,.
The corresponding FTCG and the corresponding SCG of this linear dynamic SCM are respectively given in Fig-

ures|Taland[Ib]and another FTCG which is also compatible with the same SCG but does not correspond with the linear
dynamic SCM is given in Figures

Now that we have defined direct effects and summary causal graphs, we can formally define graphical identifiability.
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Definition 5 (Graphical identifiability of a direct effect). The direct effect of a time instant X;_., on another time
instant Yy, i.e., Y, X, ., of a linear dynamic SCM is said to be identifiable from a SCG if the quantity oy,

can be computed uniquely from the observed distribution without any further assumption on the distribution.

’Xff*’Y.'t,y

Note that computing the direct effect uniquely from the observed distribution without any further assumption on
the distribution usually consists on removing all counfounding bias and non-direct effects by adjusting on a suitable
adjustment set that do not create any selection bias. Removing confounding bias usually necessitates adjusting on
some suitable ancestors of the cause or the effect, removing non-direct effects usually consists on adjusting on some
suitable ancestors of the effect that are not ancestors of the cause, and creating bias artificial consists on adjusting on
descendants of the effect.

In the following, we recall several preliminaries related to FTCGs and SCGs.

Definition 6 (Paths in FTCGs). A path between two vertices Xio to Yiy is an ordered sequence of vertices denoted
as Ty =< Vt%, , Vi > such that V;ll = Xp=, Vi = Y and V1 < i < n, V’ and VY+1 are adjacent (i.e.,
VZ — Vtzi'll or Vl — thﬂ) andV1 <1< j<mn, Vti #* VtZ In this paper, a path 7y between _th to Yy is said
to be non-direct zf7rf #< Xy= — Yy > and we write tpip (T =< Vt%, LV >) = min{t'|l < i < n}and
tmaz (T =< thh...,Vt% >) = max{t'|l <i<n}.

Definition 7 (Walks and Paths in SCGs). A walk between two vertices X to Y is an ordered sequence of vertices
denoted as m; =< Vi ., V" > such that Vi=X, V=Y andV1l < i < n, Vt and V! are adjacent (i.e.,
Vi o Vitlor Vi« Vitlor Vi 2 VL) In this paper, a walk s between X to Y is said to be non-direct if
Ts #< X — Y >. A path is a walk with no two identical vertices.

Definition 8 (Cycles in SCGs). A cycle is a directed walk from a vertex to itself with no repeated vertices except the
endpoints. i.e., in a SCG, a cycle is awalk 7, =< V1,... V™ > such that:

cVl=ym
s Vi<i<n, VisViHtlor Vi Vit and
V1i<i<j<n, V=Vl — i=1landj=n.

The set of cycles with endpoints Y € Vg in a SCG Gy is written Cycles(Y, Gs).

As SCGs represent FTCGs, the walks in a SCG can represent the paths of compatible FTCGs. This is gives rise to the
notion of compatible walk.

Definition 9 (Compatible Walk). Let Gy = (Vy,&f) be a FTCG and G, = (Vs, ;) the compatible SCG. A path
Ty =< Vti, ., V" > in Gy can be uniquely represented as a walk w3 =< Vi ..., V"™ > in G in which the
temporal information has been removed. We refer to 7, as my’s compatible walk and we write 7, = ¢(75). e.g.,
A< X1, X4, Y, Zt, Ziyr, Xeyr >) =< X, X, Y, Z, Z, X >.

An important graphical notion used in causal reasoning is the notion of blocked path (Pearl,[1998) for which the classi-
cal definition was introduced for directed acyclic graphs and thus can be directly used for FTCGs under Assumption[3]
Note that a suitable adjustment set that removes all confounding bias and non-direct effects and that do not create any
selection bias between X; ., and Y; consists on a set that block all non-direct paths between X;_.,  and Y;. In the
following, we firstly give the definition of blocked Path in FTCGs and then we give a similar notion for SCGs.

Definition 10 (Blocked Path in FTCGs). In a FTCG Gy = (Vy,&y), a path my =< Vi,..., V[t > is said to be
blocked by a set of vertices Zy C Vy if:

1. VieZror Vit e Zs or
2. E|1<2<nsuchthatV7 h <—Vtﬁ othi,- —>V’,j;11 anthf-, € Zy, or
3. 31 < i < nsuch thatVl L= Vi Vﬁﬂ and Descendants(V5i,Gr) N Z; = .

A path which is not blocked is said to be active. When the set Z is not specified, it is implicit that we consider Z§ = ().
In the case of condition|2| we say that y is manually Z¢-blocked by Vt’ and in the case of condition we say that ¢
is passively Z¢-blocked by Vt’Z

The classical definition of blocked path is usually used in directed acyclic graph and since the SCG compatible with
a FTCG can be cyclic, one needs to adapt it. |Spirtes| (1993) explains that under the linearity assumption the notion
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of blocked path is readily extended. Moreover, Forré and Mooij| (2017) introduced a more recent and general (non-
parametric and allow for hidden confounding) adaptation called o-block path. Here we will focus on the definition
used in |Spirtes| (1993) since we assume linearity but we adapt it to consider walks and such that in SCGs extremity
vertices of a path do not necessarily block the path.

Definition 11 (Blocked Walk in SCGs). In a SCG G, = (V,,E&s), awalk mg =< V1 ... V™ > is said to be blocked
by a set of vertices Z5 C Vs if:

1. A <i<nsuchthat Vil « ViorVi 5 Vitl and Vi € Z,, or

2.3l <i<j<nsuchthat Vi=! - Viz= ... 2 VI« Vit and Descendants(V?,Gs) N Zg = (.

A walk which is not blocked is said to be active. When the set Z, is not specified, it is implicit that we consider Zs = .
In the case of condition we say that 7 is manually Z-blocked by V* and in the case of condition we say that T
is passively Z,-blocked by {V*|i <k < j}.

Condition [I] in Definition [IT]is a direct adaptation of condition [2] in Definition [I0} Condition 2] of Definition [TT] is
explained by the fact that for a walk 7, =< V..., V" >ina SCG G, = (V, &) and a set of vertices Z, C Vg, if
J1 <i < j <nsuchthat Vil — Vi = ... 2 VJ « Vitland Descendants(Vi,G,) N Z, = () then Vrp =<
Vi, .. Vi >e ¢ (my), 31 <i <k < j < nsuch that thf;ll — Vi« V;],fill and Descendants(V¥ G )N Z, =
0 so Descendants(V;§,Gy) N 25 = O where Z; C {Vy|V € Z,, t € Z}. Notice that there is no adaptation of
condition (1| as having V! € Z, or V" € Z, does not mean that instants of interests Vi or V,% which are endpoints
of compatible paths of interests are in Z; C {Vi/|V € Z, t' € Z}. Moreover, in this paper we are interested in
the direct effect of V1 = X t—~,, 0N Vi =Y} and therefore we cannot adjust on them and thus we will always have
thl , V% ¢ Z;. However, having Ve Z,or V™ € Z, can activate or block walks, e.g., < X + W — X « Z —
Y>and< X W =2X—=72-=Y >

2 Graphical identifiability from SCGs

In this section, we present the identifiability result. We start by stating a trivial lemma that will be needed for the
general identifiability result.

Lemma 1. Let G, = (Vs, &) be a SCG, Vimax > 0 a maximum lag and ay, x,_. the direct effect of Xy, on'Y;

Yy

suchthat X, Y € Vs, X #Y and 0 < 73y < Yimaz. If X ¢ Parents(Y,Gs) then OV, Xy, IS identifiable.
Proof. In Appendix. O

The aim of this work is to identify direct effects that can be estimated from data. This implies that we are interested in
figuring out if for a given X; ., and a given Y%, itis possible to find at least some finite adjustment set that removes all
confounding bias and non-direct effects and that does not create any selection bias between X;_,,  and Y;. Therefore,
in the following lemma, we show that what we are trying to achieve is possible by pointing out that infinite sets are
not necessary to block paths between X;_._ and Y; in a given FTCG.

Lemma 2. Let Gy = (V§,Ey) be a FTCG of maximal lag at most ez > 0 and OV, Xy, the direct effect of
Xt—r,, on Yy such that Xy Yy € Vi, X # Y and 0 < vuy < Yinaor Let m1p =< thl,,VﬁL > a non-

direct path from Xy, to Yy in Gp. If tyae(my) > t then my is passively blocked by any Zy C Vy such that
Zr N AV € Ve[t > t} = 0. If tyin(mf) < t — Yy then my is manually blocked by any Zy C Vg such that
{Vir € Vit — Ymax <t/ <t} C Z4.

Proof. In Appendix. O

Lemrna and Lemmarespectively show that the case where X ¢ Parents(Y,G;) is trivial and that the cases where
tinin (Tf) < t — Yay and tpeq(mp) > ¢ are trivial. Thus we will consider X € Parents(Y,G;) and t — 7, <
tmin (Tf) < tmaz(m¢) < tin the following Lemmas. In these cases, one might think that to block all active non-direct
paths between X;_. =~ and Yy, it is simply sufficient to adjust on all vertices in the FTCG which do not temporally
succeed the effect Y; and have compatible vertices on an active path between X and Y in the SCGs. In Figure 2] we
give an example where this is not true. In particular, in the FTCG in Figure [2b| which is compatible with the SCG in
Figure [Q_EL one can visually check that all gray vertices (X, U, U1, Z;—1, W1, Y1) block all active non-direct
paths between X; and Y; and do not create any selection bias since none of the gray vertices is a descendant of Y;.
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(a) A SCG. (b) A compatible FTCG. (c) Another compatible FTCG.

Figure 2: An example of a SCG in (a) with two of its compatible FTCGs in (b) and (c) where red and blue vertices
respectively represent the cause and the effect we are interested in, the thick edge corresponds to the edge between
them, and the gray vertices in the FTCGs correspond to an adjustment set that is common for both FTCGs. In the first
FTCG, one could choose to add Z; and W} to the adjustment set to block every non-direct path from X;_,,  to Y;.
However, in the second FTCG, Z; and W, are descendants on Y;. Therefore, if only the SCG is known, Z; and W}
should not be used in the adjustment set.

Notice that this adjustment set is still valid if any of the black edges is omitted and if the orientation of W; — Y;
and Z; — W, is inverted as in the FTCG in Figure [2c| which is also compatible with the SCG in Figure One
might also notice that Z;, and W; do not create any selection bias in the FTCG in Figure [2b]so they can be added to
the adjustment set. However, the general validity does not hold if we add Z; and W; to the adjustment set because
there exists another FTCG compatible (for example the one in Figure such that Z; and W; are descendants of
Y;. Therefore, if only the SCG is known, Z; and W; should not be used in the adjustment set. It turns out that this
observation can be generalized. In the following we start, by formally defining an adjustment set for any SCGs that
share the same characteristics as the adjustment set of Figure[2|and then we give a lemma that shows the usefulness of
such a set.

Definition 12 (A first finite adjustment set). Consider a SCG Gs = (Vs, Es), a maximal lag ~pmqz, two vertices X and
Y with X € Parents(Y,G,) and a lag 7y,,. Consider the following sets:

Doy = {Vy|V € Descendants(Y,Gs),t — Ymaz < t' < t}\{Xy—,,} and

A<t = {Vp|V € Vi\Descendants(Y,Gs),t — Ymaz <t <tP\{ Xy, }
Zy = A<t U Dy is called an adjustment set relative to (X, Yy).

Lemma 3. Let G; = (Vs, ;) be a SCG, Ymax > 0 a maximum lag and OV, Xy, the direct effect of Xy, on'Y;
such that X, Y € Vs, X #Y and 0 < 3y < Ymaa. For every non-direct walk my =< V..., V™ > between X
andY such that < V2 ... . V"1 >¢Z Descendants(Y, QS every compatible path wy € ¢~ () from Xty tO
Y, can be blocked by the adjustment set Zy = A<y U D, defined in Deﬁnition

Proof. In Appendix. O

One important factor that we did not take into account until now is the value of v,,,. Indeed, when ~,,, > 0 itis safe to
say that the problem should become easier as in this case we know that the parents of X; ., cannot be descendants
of Y;. Therefore, distinguishing the case where vy, = 0 and the case where 7,, = 0 is important to reach a general
identifiability result. In Figure[3] we give an example where it is possible to find a set that blocks all non-direct paths
between X;_,,  and Y; if 7, > 0. In particular, consider the FTCG in Figure compatible with the SCG in
Figure @ the adjustment set used in Figure E] (X, U, U1, Z4_1,W;_1,Y;_1) is not valid in this case since there
exist another FTCG, for example the one in Figure [3b|compatible with the same SCG such that Uy is also a descendant
of Y;. However, in this case, the vertices in gray (U;—1, Z;—1, Wi—1, Y;—1) in Figure @] and are sufficient to block
all non-direct paths between X;_1 and Y;. Notice that in the same example if we consider ~,,, = 0 then the the vertices
in gray will not longer be a valid adjustment set.

2For simplification, we sometimes abuse the notation of walks. Here < V2, cey vl s= {Vi|2 < ¢ < n—1} can be empty
ifn <2.
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(a) A SCG. (b) A compatible FTCG. (c) Another compatible FTCG.

Figure 3: An example of a SCG in (a) with two of its compatible FTCGs in (b) and (c) where red and blue vertices
respectively represent the cause and the effect we are interested in, the thick edge corresponds to the the edge
between them, and the gray vertices in the FTCGs correspond to an adjustment set that is common for both FTCGs.
In the first FTCG, one could choose to add X;, U;, Z; and W, to the adjustment set to block every non-direct path
from X;_,_  toY;. However, in the second FTCG, Xy, U, Z; and W, are descendants of Y;. Therefore, if only the
SCG is known, Xy, Uy, Z; and W, should not be used in the adjustment set.

Lemmad. Let G = (Vs, &) be a SCG, Vimaz > 0 a maximum lag and O, X, the direct effect of Xy, onY;
such that X,Y € Vo, X #Y and 0 < vy < Ymax. For every non-direct walk w3 =< V...,V >fromXtoY
such that 31 < i < n, Vi« V1 (ie, not Vi — Vi1 and not V¢ = ViT1), every compatible path ty € ¢~ (7s)
from X, toY; can be blocked by Zy = A<y U D« because Zy N D>, = () where:

* A<, Dy are defined in Definition[I2]and

* D> is the set of instants of descendants of Y greater or equal to t, ie, D> = {W|V €
Descendants(Y,Gs), t' > t}.

Note that mg =< Vi . ..,V® > from X toY is non-direct, X € Parents(Y,G,) by Lemma and d1 < i <
n, V'« Vit implies that n > 3.

Proof. In Appendix. O

Now we give the complementary of Lemmafd]in the case where X = Y.

Lemma 5. Let G; = (Vs, &) be a SCG, Yimaz > 0 a maximum lag and Y, Xy, the direct effect of Xy, on
Y, such that X, Y € Vo, X # Y and 0 < Vzy < Vimaw- For every non-direct walk 7, =< Vi...,V™ > from
X 10Y where 31 < i < n, V' =Y, every compatible path 7y € ¢~ () from Xi_,, to Y; can be blocked by
Zy = A<t UD<; (notice Zy D>y = () where A<, D, are defined in Deﬁnitionand Dy, is defined in Lemma

Proof. In Appendix. O

In the following two lemmas, we show that the conditions given in Lemma [3|and [ are not only sufficient for blocking
all non-direct active paths but they are also necessary.

Lemma 6. Let G, = (V,, &) be a SCG, Ymar > 0 a maximum lag and v, x,_,,, the direct effect of X;—,,

onY; such that X, Y € Vo, X # Y and 0 < Y4y < Yiaz- If there exists a path ms =< V1 ... V™ > from
X toY with < V2 ..., V"1 >C Descendants(Y,Gs) and }1 < i < n, V' + V* and either n > 3 or
X € Descendants(Y, G,) and 3C € Cycles(X,Gs) withY ¢ C then avy, x, ., is not identifiable.

Proof. In Appendix. O

Lemma 7. Let G = (Vs,Es) be a SCG, Vimax > 0 a maximum lag and e JE, the direct effect of Xy, on'Y;

such that XY € Vs, X #Y and vy, = 0. If there exists an active non-direct path ms =< V', ... V" > from X to
Y in Gy with < V2, ..., V"=t >C Descendants(Y,G) then Y, ,X,_,, IS not identifiable.
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Figure 4: Examples of SCGs with 5 vertices where in (a),(b),(c),(d),(e),(),(g),(h),(1),() avy,, Xtray is identifiable for
all gy, in (k),(1),(m),(n) oy, x,_ ) is identifiable only for ~y, , # 0, and in (0),(p),(9).(r) v, x, . _ ) is non
identifiable for all v, . Red and blue vertices respectively represent the cause and the effect we are interested in and

the thick edge corresponds to the the edge between them. All SCGs share the same skeleton, the edges X — Y and
Y & W and the self loopson Y, W, Z, U.

Proof. In Appendix. O

Since Lemmas [34] and [5| consider walks in SCGs while Lemma [f] and [7| consider paths in SCGs, in the following we
provide a list of properties to reconcile these two notions.

Definition 13 (Primary path). Let G; = (Vs, &) be a SCG and 1y =< V1, ... ,V" > awalk from X to Y. 7/, =<
UL,...,U™ > such that U' = V! and Uk+1 = ymaz{ilV'=U"}+1 g called the primary path of .

Let 75 be a walk and 7/, its primary path. They verify the following properties.

Property 1 If 7/, is passively blocked by U* then 7, is passively blocked by at least a descendant of U*.
Property 2 If m = 2 theneithern =2or31 <i <nsuchthat V' =X or Vi =Y

Property 3 If < U?,...,U™ ! >¢ Descendants(Y,G,) then < V2,... V"1 >¢ Descendants(Y,Gy).
Property 4 If 31 <i<m, Ul < Ul then 31 <i <n, Vi« Vitl

Lemma [T] deals with the trivial case of identifiability, Lemma [2] shows that every path outside of the time slices of
Xi—~,, and Y} are easily blocked, [Property 1|shows that passively blocked paths are not problematic for identification,
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Lemma [3] together with “ states that we will always be able to block paths in which some vertices are not
descendants of Y, Lemmas4{and |S|together with [Property 2|and [Property 4{show that in the case of positive lag (i.e.,
Yzy > 0) we can use this temporal information to block other specific paths, and lastly, Lemmas |§| and|Z| prove that
these identifiability criteria are necessary. Together, these lemmas give a set of necessary and sufficient conditions for
the direct effect to be identifiable. This is summarized in the following theorem.

Theorem 1. Let Gs = (V, &) be a SCG, Yimaz > 0 a maximum lag and OV, Xy, the direct effect of Xy, on'Y;
such that X, Y € Vsand X # Y. Oy, X,_.,, isnot identifiable if and only if X € Parents(Y,G,) and one of the
following conditions holds:

* X € Descendants(Y,Gs) and 3C € Cycles(X,Gs) withY ¢ C, or

e There exists an active non-direct path 7, =< V31, ....V" > from X to Y in G, such that
< V2,..., V"1 >C Descendants(Y,Gs), and one of the following conditions holds:

- Yzy = 0, or
= Yoy > 0and 1 < i <n, VI VTl (ie, Vi, VI - Vit or Vi Vitl)

Proof. The previous lemmas contain most of the proof, we will show here how to combine them to obtain Theorem|I]
Lemma gives the first trivial condition avy, x, , ~not identifiable = X € Parents(Y,G;), so we assume in
the remaining of the proof X € Parents(Y,G). The fact that X € Descendants(Y,Gs) implies the existence of
an active non-direct 7, =< V1, ..., V"™ > from X to Y in G, such that < V2 ..., V"~! >C Descendants(Y,Gs)
together with Lemma [/| give the backward implication when -y, = 0 and Lemma |§| gives the backward implication
when 7., > 0. All what is left is to prove is the forward implication.

To prove the forward implication it suffices to prove that if we suppose that G, does not contain any path as described
in Theorem|I] then there exists an adjustment set that:

1. does not contain any descendant of Y; in any FTCG that is compatible with G, and

2. blocks every non-direct path from X; . toY; in every FTCG that is compatible with Gs.

Consider Z; as defined in Definition @ Condition 1 is satisfied since by construction Z¢ does not contain any
descendant of Y;. To prove condition 2, let us consider 7 to be a path from X; . toY; in a FTCG Gy compatible
with G,. Let ¢(ms) = s =< V1,..., V™ > its compatible walk in G; and 7/, =< U',... , U™ > the primary path
of 7. In the following, we consider all cases where 7/, violates one of the conditions of Theorem

s if<U?,..., U™ ! >Z Descendants(Y,Gs) then < V2 ..., V"1 >Z Descendants(Y,Gs) by [Property|
Bl Thus Lemma[3|shows that Z blocks 7, or

* if 7,, = 0 and 7/, is direct then either 7, is direct and 7 is direct or 31 < ¢ < nsuch that V? = X or
Vi =Y by |Property 2| Then either 75 and 7 are direct, either V! = Vi = X or Vi = V" =Y, so since
my is a path, t* # t. Thus ¢y, (75) < t O tpeq(my) > t and Lemmashows that Z; blocks 7, or

o if<U?..., U™ ! >C Descendants(Y,Gs), m, is passively blocked by U’ and 7,,, = 0 (the case v, > 0
is treated in the following, with the case 31 < i < m, U’ « U'*?) then 7, is passively blocked by at least
a descendant of U? by [Property ll Then consider ¢y, (77) and tya0 (75). I tin (7)) < EOL tpaq(my) >t
then Lemmashows that Z7 blocks ms. Else ty,in (T7) = timas (7)) = t, since 7y is passively blocked by at
least a descendant of U? and Descendants(U?,G) C Descendants(Y,G), there exists Vi € Ds; such that

7y is passively blocked by th . Therefore, Z; blocks 7 ¢, or

e ifyyy > 0and 31 <4 < m, U' + U then 31 < i < n, V' + V! by [Property 4 Thus Lemma@
shows that Z blocks 7 ¢, or

o if v,y > 0, m = 2and X ¢ Descendants(Y,Gs) or VC' € Cycles(X,Gs), Y € C, either 7, is direct
and 7y is direct, or 71y =< X 2 Y > and 7y =< Xy_,,, — Yy > as vy, > 0 and 7y is direct or
31 < i < nsuchthat Vi = X or V' =Y by If Vi = Y, then Lemma [5] shows that Z;
blocks . If Vi = X, then if X ¢ Descendants(Y,Gs), Vi = X ¢ Descendants(Y,G,) and by
LemmaZf blocks 7s. Lastly, suppose VC' € Cycles(X,Gs), Y € C. If there exists 1 < k < ¢ such
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that V5 « VA+1 Lemmashows that Z; blocks 7 otherwise < V1,..., V¢ >€ Cycles(X, ;) and thus
Ye< V..., V' >and Lemmashows that Z¢ blocks .

Thus, any violation of any condition Theoremleads to 7y becoming Z¢-blocked. In conclusion, if the conditions of
Theorem E] are verified then Zy defined in Definition E] allows to identify avy; x, . O

We give some examples of SCGs with 5 vertices in Figure [] that are categorized by whether the direct effect
OV Xy, is always identifiable, identifiable if and only if ,, > 0 or never identifiable. Note that in Figure |4,
for any SCG, removing the self loops on the vertices Y, W, U and U would not affect the identifiability result and
and changing the edge type of W = Y would either keep the same identifiability result or make the causal effect
identifiable. However, changing the edge type of U — X would either keep the same identifiability result or make the
causal effect identifiable or make it non identifiable: if U < X, the causal effect becomes identifiable for all SCGs
except the one in Figure drj and if U = X then the causal effect becomes not identifiable in the SCGs in the Fig-
ures AKEEnfn[do4plAql4rt Which means that at least for SCGs with the same skeleton as the skeletons of Figures[4]
the number of cases of non identifiability is fewer than the number of cases of identifiability.

3 Two adjustment sets

In this section we provide two finite adjustment sets that can be used to estimate the direct effect from data whenever
it is identifiable.

Theorem [I] gives a graphical criterion to determine whether the direct effect is identifiable from a SCG G,. For a
FTCG Gy and two vertices X;_.,, and Y; it is necessary and sufficient to know a finite set of vertices Z; such that
Zr N (Descendants(Yy, Gp) U{X;—,,,,Y:}) = 0 which blocks every non-direct path from X;_.,,, to Y} in order to
identify the direct effect of Xy, on Y;. Thus, for a SCG Gs, a maximal lag ¥,,q2, two vertices X and Y and a lag
Y2y one needs to find a set of vertices Z¢ such that Z; N (Descendants(Yy, Gr) U{X;—,,,Y:}) = 0 which blocks
every non-direct path from X;_.,, to Y; in every FTCG G; compatible with G, of maximal lag at most 4.

The following proposition formally indicates the soundness of the finite adjustment set defined in Definition [I2]

Corollary 1. Consider a SCG Gs = (Vs, Es), a maximal lag Yy az, two vertices X and'Y with X € Parents(Y, Gs)
and a lag . Suppose the direct effect of Xy, onY, is identifiable following Theorem Then Zy = A<; UD<y
as defined in Definition[I2|verifies:

* Zy N (Descendants(Yy, Gy) U{X;—,,}) =0, and
* Zjy blocks every non-direct path from X, to Y, in every compatible FTCG Gy of maximal lag at most

/Vmaz-

Which means that Z allows to estimate the direct effect oy, x, . .

Proof. The proof of the forward implication of Theorem (1| proves this corollary. [

However, there may exist multiple such sets and in practice each one does not induce the same estimation error.
Therefore, it is interesting to search for other such set in order to optimize the identification of the direct effect. In
the following, we give another (smaller) adjustment set that is sufficient for estimating the direct effect when it is
identifiable.

Definition 14 (A second finite adjustment set). Consider a SCG Gs = (Vs, &), a maximal lag Ymaz, two vertices X
andY with X € Parents(Y,Gs) and a lag ~y,,,. Consider the following sets:

Aé?c(y) = {Vu|V € Ancestors(Y,Gs)\Descendants(Y,Gs), t — Ymaz <t < tP\{Xi—r,, }-

Dﬁ;w(y) = {Vu|V € Ancestors(Y,G,) N Descendants(Y,G), t — Ymax <t <t}\{X;_,,} and

Zp = Dﬁzw(y) U Aé;w(y) is called an adjustment set relative to (X;_, ,Y}).

The following proposition formally indicates the soundness of the finite adjustment set defined in Definition [T4]

Proposition 1. Consider a SCG G = (Vs, &), a maximal lag ~ma., two vertices X andY with X € Parents(Y,G;)
and a lag vy.y. Suppose the direct effect of Xy, on Yy is identifiable following Theorem The adjustment set Zy
relative to (X;_,,Y}) defined in Deﬁnition verifies:

10
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* Zy N (Descendants(Yy, Gy) U{X;—,,,}) =0, and

* Zy blocks every non-direct path from X; ., toY; in every compatible FTCG Gy of maximal lag at most

’Yma;c-

which allows to estimate the direct effect oy, x,_,_ .

Proof. In Appendix. O

4 Discussion Towards a Complete Single-Door Criterion

In the previous section, we have introduced two sound finite adjustment sets that can be used to estimate the direct
effect from data whenever it is identifiable from a given SCG. However, the ultimate goal would be to obtain complete
criterion —similarly to the single-door criterion for directed acyclic graphs in the case non-dynamic SCMs —which
characterizes every finite set Zy C 1y which allow for the estimation of the direct effect of X; ., onY; whenever it
is identifiable. Such a criterion would be useful as having all possible adjustment sets, we can opt to select the one that
induces the smallest estimation error, or the one that is optimal, i.e., the one which achieves the smallest asymptotic
estimation variance. Having all possible adjustment sets would also be useful to exclude the ones that contain variables
with missing values or measurement errors. Therefore, in this section we first give for two different SCGs an example
of adjustment sets different that the ones given by Definition[I2]and[T4]that can be used to estimate the direct effect and
then we give some insights that can be useful for developing a complete criterion that can find all possible adjustment
sets.

While having all possible adjustment sets would be the ideal result, since the SCGs offer very little information on
lags, in this work, we decided to firstly search for sets of the form Z; = ({Vi|V € D,t/ € mp} U{Vy|V € At €
TA})\{Xi—~,, } with: D C Descendants(Y, Gs), 7p = [tins, t[ and A C Vs\Descendants(Y,G,), T4 = [ting, t].

Indeed, one can notice that no V;» with ' > t is necessary to block a path from Xt—r,, to Y; as Lemma [2| shows
that every path 7 in a compatible FTCG with #,,4.(7f) > t has a collider — V; . (x ;) <€ my which will not be
activated if Z; N {Vy |V € V,, t' > t} = (). However, the set of this form are far from being the only adjustment sets.
To illustrate this, in Figures [5] and [6] we give examples where it is possible to find an adjustment set that is simpler
than the ones given in Definitions and

» Figure [5] shows that on an active path between X and Y in the SCG, if there exists a vertex that seems to
block the path when looking only at the SCG, then it is possible to block this path by adjusting on some finite
instants of this vertex in addition to some finite instants of vertices that are between the selected vertex and
X, and

* Figure[f]shows that sometimes in some special cases, it is possible to block a path by adjusting on some finite
instants of a single vertex without even taking into account vertices that are between the selected vertex and
X.

Even though these examples only focus on the vertices between the selected vertex and X, we think that the same
claims can be made for the vertices between the selected vertex and Y.

In the remaining figures, we give examples that highlights some characteristics that a complete criterion that can find
all possible adjustment sets should have:

* Figure[7]shows that if X — X in the SCG then it is mandatory to adjust on relevant time instant of X,

. Figure shows thatif Y — Y in the SCG and ~y,,, > 0 then it is mandatory to adjust on relevant time instant
of Y,

* Figure|9[shows that parents of X in the SCG can induce an active path between X;_., and Y; in a FTCG
even if they are not on an active path between X and Y in the compatible SCG,

* Figure[I0]is a complementary to Figure 0] which shows that parents of X and parents of Y in the SCG can
induce an active path between X;_.  and Y; in a compatible FTCG even if they are not on an active path
between X and Y in the SCG, and

* Figure [[T] shows that in the case of 7., > 0 and a path made of descendants of Y with a strict left arrow
(pointing toward X), one should surely block this path by adjusting on a vertex with an outgoing strict left
arrow. However, this example does not give any intuition on which such vertex one should choose if there
exist multiple ones.

11
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(a) A SCG. (b) A compatible FTCG.

Figure 5: Example of a SCG in (a) where the direct effect of X; ., to Y} is identifiable by Theorem|l|and one of its
compatible FTCGs in (b). Red and blue vertices respectively represent the cause and the effect we are interested in
and the thick edge corresponds to the the edge between them. Here, when looking at the SCG, one could choose to
adjust on relevant time instants of Z to block every non-direct path from X; ., to Y;. However, in the compatible

FCG, the path in red can go infinitely back in time which means that adjusting on a finite set of instances of Z is not

sufficient. Therefore, in addition to Z, either U or W and Y should belong to the adjustment set.

Figure 6: Example of a SCG in (a) where the direct effect of X;_,, toY; for ., > 0 is identifiable by Theorem
and one of its compatible FCTGs in (b). Red and blue vertices respectively represent the cause and the effect we are
interested in and the thick edge corresponds to the the edge between them. Here, when looking at the SCG, one could
choose to adjust on relevant time instants of W to block every non-direct path from X;_,_  to Y;. This does not
cause the same problem as in Figure [5]since in the compatible FCTG, the path in red can be blocked by relevant time
instants of W which can go back up to ¢t — (|Vs| — 1) * Ymaz- This gives the intuition that on an active path in a SCG,
if there exist at least one vertex W on the path that can block it such that all vertices on the subpath between X and
W do not belong to any cycle, then all compatible paths can be blocked by finite instances of that vertex.

e S 2

(a) A SCG. (b) A compatible FTCG with v, = 0 (c) A compatible FTCG with v, > 0.

(a) A SCG. (b) A compatible FTCG.

Figure 7: Example of a SCG in (a) where the direct effect of X; ., to Y} for ., > 0 is identifiable by Theorem
and two of its compatible FCTGs in (b) and (c). Red and blue vertices respectively represent the cause and the effect
we are interested in and the thick edge corresponds to the the edge between them. In the FTCG in (a) the active
non-direct path (in red) can be blocked by X;_; and in the FTCG in (b) the active non-direct path (in red) can be
blocked by X;. This gives the intuition that in this simple case adjusting on instances of X is sufficient.

12
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(a) A SCG. (b) A compatible FTCG with v, = 0. (c) A compatible FTCG with v, > 0.

Figure 8: Example of a SCG in (a) where the direct effect of X;_,_ to Y; for ., > 0 is identifiable by Theorem
and one of its compatible FTCGs in (b). Red and blue vertices respectively represent the cause and the effect we are
interested in and the thick edge corresponds to the the edge between them. In the FTCG in (a) there is no active
non-direct path so no need to adjust on any vertex. However, adjusting on Y;_; does not activate any path and so does
not harm identification. In the FTCG in (b) the active non-direct path (in red) can be blocked by Y;_. This gives the
intuition that in this simple case adjusting on instances of Y is sufficient.

(a) A SCG. (b) A compatible FTCG with v, = 0. (c) A compatible FTCG with vz, > 0.

Figure 9: Example of a SCG in (a) where the direct effect of X; . to Y} for ., > 0 is identifiable by Theorem
and two of its compatible FTCGs in (b) and (c). Red and blue vertices respectively represent the cause and the effect
we are interested in and the thick edge corresponds to the the edge between them. Here, when looking at the SCG,
one might think at there is no need to adjust on any vertex since there is not activated non-direct paths. However, in
the compatible FTCGs, it is obvious that this is not true. More specifically, in the FTCG in (b) the active non direct
path (in red) can be blocked by either X;_; or U;_; and in the in the FTCG in (c) the active non direct path (in red)
can be blocked by either X; or U;_;. This gives the intuition that parents of X in the SCG can induce an active path
between X; ., andY; in a FTCG even if they are not on an active path between X and Y in the compatible SCG.

(a) A SCG. (b) A compatible FTCG. (c) Another compatible FTCG.

Figure 10: Example of a SCG in (a) where the direct effect of X; ., toY; for v,, > 0 is identifiable by Theorem
and two of its compatible FTCGs in (b) and (c). Red and blue vertices respectively represent the cause and the effect
we are interested in and the thick edge corresponds to the the edge between them. Here, when looking at the SCG,
one might think that adjusting on U and V' is not necessary since U and V' are not on an active path between X and
Y. However, in the two compatible FTCGs, it is obvious that this is not true. More specifically, in the FCTG in (b)
the active non direct path (in red) can be blocked either by U;_; or X and the the active non direct path (in orange)
can be blocked either by V;_1 or (Y;_1, V;_1). Similarly, in the FCTG in (c) the active non direct path (in red) can be
blocked either by U;_1 or (X, U;—1) and the the active non direct path (in orange) can be blocked either by V;_; or
(Y;—1). This gives the intuition that parents of X and parents of Y in the SCG can induce an active path between
X¢—~,, and Y} in a compatible FTCG even if they are not on an active path between X and Y in the SCG.
Furthermore in this case, it seems that instances of all parents should be adjusted on in order to block all active
non-direct paths between Xy to Y; for any FTCG compatible with the SCG.

13
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(a) A SCG. (b) Another compatible FTCG. (c) A compatible FTCG.

Figure 11: Example of a SCG in (a) where the direct effect of X; . toY; for 7., > 0 is identifiable by Theorem
and two of its compatible FTCGs in (b) and (c). Red and blue vertices respectively represent the cause and the effect
we are interested in and the thick edge corresponds to the the edge between them. Here, when looking at the SCG,
one might think that to block all active non-direct paths between X and Y one should either adjust on U or on
(W, Z). In addition since all vertices are descendants of Y then it is obvious that one should not adjust on vertices at
time ¢ in order to prevent any selection bias. This claim is true for the compatible FTCG in (b) as in order to block the
active non-direct path (in red) it is necessary to adjust either on U;_1 or on W;_; and adjusting on Z;_; does not
activate any new path. However, for the same SCG, there exists another compatible FCTG given in (c) where it is
obvious that to block the active non-direct path (in red) it is necessary to adjust either U;_; or W;. But as said before
adjusting on W is risky as the true FTCG might correspond to the one given in (b) where W is a descendant of Y;.
This gives the intuition that, in this case, one should adjust on relevant time instants (strictly smaller than t) of the
vertex with an outgoing strict left arrow (pointing toward X), here this is U;_1.

Lastly, blocking every path at once while taking into account all the characteristics mentioned above can be a complex
task as respecting one of the characteristics for one path can violate another characteristic for another path. Therefore,
maybe it would be easier to consider an iterative procedure. For example, start by blocking all non activate paths
then proceed to blocking all paths that were activated during the previous step, and so on until all non-direct paths are
blocked.

5 Conclusion

In this paper, we developed new graphical criteria for the identifiability of direct effects in linear dynamic structural
causal models from summary causal graphs. Theorem [I] has important ramifications to the theory and practice of
observational studies in dynamic systems. It implies that the key to graphical identifiability of the direct effect of
X¢—~,, onY; from summary causal graphs lies not only in finding a set of non-descendants of ¥ in the summary
causal graph that are able of blocking paths between X and Y but also in some descendants of Y in the case 7, > 0.
Furthermore, in case of identifiability, we presented two adjustments sets that can be used to estimate the direct effects
and we gave in Section [d] some insight on what to consider to find more adjustment sets.

The finding of this paper should be useful for many applications such as root cause identification in dynamic systems
and it should open new research questions. Namely, for future works, it would be interesting to have a single-door
criterion along with a completeness result describing every possible adjustment set. In addition, in this work, we
considered only linear dynamic SCMs, however in many real world applications causal relations can be nonlinear
so it would be interesting to extend this work to nonlinear SCMs and consider non parametric direct effect (Robins
and Greenland, |1992; [Pearl,|2001). Finally, as many other works, we assumed that the FTCG is acyclic but we think
that this assumption can be relaxed, so it would be interesting to formally check the validity of our results for cyclic
FTCGs.
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A  Proofs

In this section, we restate all lemmas and Proposition[T]and provide their corresponding proofs.

Lemma 1. Let G; = (Vs, &) be a SCG, Ymax > 0 a maximum lag and OV, Xy, the direct effect of Xy, on'Yy
suchthat X, Y € Vs, X #Y and 0 < v,y < Yimag- If X ¢ Parents(Y,Gs) then ay, x,_,,, i identifiable.

Proof. Suppose X ¢ Parents(Y,Gs). Then X; ., ¢ Parents(Y:,Gy) and the direct effect is equal to zero (i.e.,
Y, Xy, = 0)- O

Lemma 2. Let Gy = (V§,E¢) be a FTCG of maximal lag at most Ypmae > 0 and OV, Xy, the direct effect of
Xt—r,, on Yy such that Xy, Yy € Vi, X # Y and 0 < vuy < Yinae- Let m1p =< thl,,Vtﬁ > a non-
direct path from Xy ., to Yy in Gp. If tyae(7y) > t then my is passively blocked by any Zy Vy such that
Zr AV € Vet > t} = 0. If tyin(my) < t — Yy then my is manually blocked by any Z;y C Vg such that
{Vir € Vit — Ymae <t/ <t} C Z4.

c
-

Proof. Let Gy = (V§,&f) be a FTCG, X;_,, # Y, € Vyand my =< V}},..., V% > apath from X;_,, toY;in
gr.

* Suppose tpmaqz(my) > t. Since t — vz < t < tpaa(my) there exists 1 < ¢ < j < n such that
tl <t = tyaa(mp) = 9 > 971 Therefore, VZZ} — Viand V7 « V;],Ll inmy. Thus, 3 < k <
j such that Vt’;jll — Vt’,f — th,fill in 7y and th = tmaz(my) > t. In conclusion, 7y is passively blocked by

any Zy C Vy such that Descendants(V§,Gy)NZy = (soby any Z such that Z;N{Vy € V[t >t} =0

* Suppose tmin () < t — Yagy. SINCe trin(mf) < t — Yzy < ¢ and t™ = ¢ there exists 1 < ¢ < n such
that t* < ¢ < ¢'F!. Therefore, V;\ — V;Zill inmpand t — Ypas <t <t < TP so VE € {Vy €
Vf|t — Ymaz <t < t}. In conclusion, ¢ is manually blocked by any Z; C V; such that th € Zy so by
any Zy such that {Vis € V|t — ypaa <t/ <t} C Z;.

O

Lemma 3. Let G, = (Vs,Es) be a SCG, Vimax > 0 a maximum lag and Y, Xi— oy, the direct effect of Xy, on'Y;
such that XY € Vs, X # Y and 0 < 73y < Ymaa. For every non-direct walk mg =< VI, ..., V™ > between X

andY such that < V2 ..., V"1 >& Descendants(Y, G| every compatible path ¢ € ¢~ (ms) from Xy, 10
Y, can be blocked by the adjustment set Z; = A<, U D, defined in Deﬁnition@

Proof. Suppose there exists a non-direct walk 7, =< V! ... V™ > between X and Y such that <
V2., V"t >¢ Descendants(Y,G,). Then, take 7y =< Vi,...,Vj% > from X;_,  to Y; compati-
ble with 7s (i.e., ¢ € ¢ '(ms)). Take j = maz{l < i < n|V' ¢ Descendants(Y,Gs)}. Notice that
Vi ¢ Descendants(Y,Gs) and V/*+! € Descendants(Y,Gs) so Vi, — V/T! € my. Therefore, since t — ., <
tinin (T7) < tmaz(mp) < tby Lemma t — Y4y <t/ < t and thus 7 is manually blocked by thg cA, CZp O

Lemmad. Let G = (Vs,Es) be a SCG, Vimax > 0 a maximum lag and Y, Xi oy, the direct effect of Xy, on'Yy
such that X, Y € Vo, X #Y and 0 < vy < Ymaz. For every non-direct walk w3 =< Vi, ..,V >fromXtoY
such that 31 < i < n, Vi« Vit (ie, not VV — V+l and not Vi = Vitl), every compatible path Ty € ¢ (ms)
from Xy, toY; can be blocked by Zy = A<; U Dy because Zy N D>y = 0 where:

» A<y, Dy are defined in Deﬁnition@and

* D>, is the set of instants of descendants of Y greater or equal to t, ie, D>, = {Vy|V €
Descendants(Y,Gs), t' > t}.

Note that mgy =< Vi . ..,V™ > from X toY is non-direct, X € Parents(Y,G,) by Lemma|l|and 31 < i <
n, Vi<« Vit implies that n > 3.

3For simplification, we sometimes abuse the notation of walks. Here < V2, ey | {Vi|2 < ¢ < n—1} can be empty
ifn <2.
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Proof. Let Ty =< V',...,V™ > be a non-direct walk between X and Y such that < V2 ... V"1 >C
Descendants(Y,G,) and 7y > 0 and 31 < i < n, V' < V'L Then, take 7 =< Vji,...,V > from
X;_,, toY; compatible with 7, (i.e., 7y € ¢~ (m,)) and 1 < i < n such that V! < ijll tmin(T§) >t — 7y and
tmaz () < t by Lemmal2}

EV] ¢ Doy thensince fynin(7) > t—7sy and 0, (17) < t. 77 is manually blocked by V;iH € Z; = A<, UD.

Else, Vtﬁﬂ € D>¢, 50 since Yzy > 0 and to,in (7)) > t — Ygy and tpae(m¢) < ¢, there exists j = maz{l < j <
i|V/~1 — V). Thus V7 is a collider and V7 € D5, so Descendants(V};,Gs) C Ds. Therefore, 7y is passively
blocked by V} € Zf = A<, UD,.

In conclusion, 7 is blocked by Zy. O

Lemma 5. Let G; = (Vs, &) be a SCG, Yimaz > 0 a maximum lag and Y, Xy, the direct effect of Xy, on
Y, such that X, Y € Vo, X # Y and 0 < Vzy < Vinaw- For every non-direct walk 7, =< Vi...,V® > from
X 10Y where 31 < i < n, V' =Y, every compatible path 7y € ¢~ () from Xi_,, to Yy can be blocked by
Zy = A<t UD<y (notice Zy D>y = () where A<, D, are defined in Deﬁnitionand Dy, is defined in Lemma

Proof. Let 1, =< V!',...,V™ > be a non-direct walk between X and Y as described. Then, take Ty =<
thl,...,Vt% > non-direct from X; .  to Y; compatible with 7, (ie., 7y € ¢~ Y(ms)). Since 31 < zy <
n such that V% = Y and because 7¢ is a path, t'v # ¢ so by Lemmat — Yy S <t I VI Or Vi

then 7¢ is manually blocked by V' . Since t — Yoy <t <,V

) . tiy* ; iy
=SV V;f;ﬂ then 7 is manually blocked by V:f;ﬂ . Using Lemma t— Yoy < tivtl < t. Moreover, since

tiy ' : )
t— Yy <t < tand V;; — V;;ill, one can see that t — v,,, < t'v1 < ¢. Lastly, 7 is a path so Vl;ill #Xi .,

Thus 7 is manually blocked by V“;Ll € Zy. O

€ Zy and 7y is manually blocked by Z¢. If

Lemma 6. Let G = (Vs,E;) be a SCG, Vimar > 0 a maximum lag and O3 X, the direct effect of Xy .,
on Yy such that X,Y € Vs, X # Y and 0 < Yoy < Yimaw- If there exists a path m, =< Vi ...,V > from
X toY with < V2, ..., V"1 >C Descendants(Y,G,) and M <i<n Vi Vi and either n > 3 or
X € Descendants(Y, G,) and 3C € Cycles(X,Gs) withY ¢ C then ay, x, ., is not identifiable.

Proof. Let my =< V1, ..., V™ > be a path from X to Y with < V2, ... V"1 >C Descendants(Y,G) and
1 <i<n, Vi< Vit and either n > 3 or X € Descendants(Y,Gs) and 3C € Cycles(X,Gs) with Y ¢ C. If
n>3take w, =< U',..., U™ >=r7,. Ifn =2and 3C =< U',..., U™ >€ Cycles(X,Gs) with Y ¢ C, then
take 77, = C + 74 in order to have a walk 7, =< U!,... U™l >,

* Firstly,
—ifn > 3then < V2,..., V" ! >C Descendants(Y,G,) and 7, =< Ut ..., U™ >= r, give
< U2 ..., U™ >C Descendants(Y,Gs), and

- if n = 2 since X € Descendants(Y,Gs), C C Descendants(X,Gs) C Descendants(Y,Gs) so
. =C+ms=<U?,...,U™ >C Descendants(Y,Gs).

Therefore, there exists a FTCG Gy compatible with G, in which < UE,...,Uterl >C
Descendants(Y:, Gy).

« Secondly, since Y ¢ C, X and Y are not repeated in < U?,...,U™*! > and because #1 < i < n, Vi +
Vitland U™ = X 2 Y = U™, there exists a FTCG g} compatible with G in which 7y =< Utl_%U —

U = - — Ut""'H > is a path. In this case, 7y is active and can only be blocked by a Z; such that
Zin <UL, UZ... .U >#£0.

Since adjusting on Xy or descendants of Y; induces a bias, these two cases are irreconcilable and therefore
y;,X;_,, is notidentifiable. 0

Lemma 7. Let G = (Vs,Es) be a SCG, Vimax > 0 a maximum lag and e JE, the direct effect of Xy, on'Y;
such that XY € Vs, X #Y and vy, = 0. If there exists an active non-direct path ms =< V', ... V" > from X to
Y in Gy with < V2, ..., V"=t >C Descendants(Y,G) then Y, ,X,_,, IS not identifiable.
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Proof. Let 1y, =< V',...,V™ > be an active non-direct path from X to Y in G, with < V2 ... V"=l >C
Descendants(Y,Gs) and v, = 0. Since < V2,..., V"1 >C Descendants(Y,G;) there exists a FTCG Gy

compatible with G in which < V;2,...,V;""! >C Descendants(Y;, G +). Moreover, since 7 is active there exists a
FTCG g}. compatible with G, in which 7y =< V;!,..., V;" > is an active path and can only be blocked by a Z; such

that Z;N < V;1,..., V™ > (). Since adjusting on Xi¢—~,, or descendants of Y; induces a bias, these two cases are
irreconcilable and therefore ay,, Xt—ray is not identifiable. O

Property 1 If 7/, is passively blocked by U® then 7, is passively blocked by at least a descendant of U*.
Property 2 If m = 2 then eithern =2 or 31 <i < nsuchthat Vi= X or Vi =Y.

Property 3 If < U2,... , U™ ! >¢ Descendants(Y,Gs) then < V2, ... V"~ >¢ Descendants(Y,Gs).
Property 4 If 31 < i <m, Ul < Ul then3dl < i < n, VI« Vith

Proof. * Suppose 7, is passively blocked by U® then 7/, =< -+ — U® < ... >. Thus exists j; < jo
such that V71 = V72 = Uland my =< ... Vi~ 5 Vil Viz « Vitlo s Letk = min{j; <
j < j§2|V7 « VITL1 Firstly, this minimum exists since V72 <« VJ2+1 Then, 7, is passively blocked
by VF since Vii—1 — Vit VF « VEtlandVj, < j < k, VI — VIitlor VI = VI*L Lastly, since
Vi <j <k, VI Vitlor Vi Vitl VE ¢ Descendants(V7,G,) = Descendants(U?, G,).

« If m = 2 then Vmal{i‘vizvl}+1 = V™. Firstly, if maz{i|V' = V'} +1 < nthen 1 < maz{i|lV' =
V1l 4+ 1 < nowith VrestilVi=Vil — yr =y Secondly, if maz{i|V? = V'} +1 = nthen 1 <
maz{i|Vi = V1} < nwith VmerlilV'=V'} — y1 — X Thus, either maz{i|V: = V'} = 1and n = 2 or
max{ilV'=V1} > 1.

e Since {U%,...,U™} C {Vi ...,V"}, < U?...,U™ ' >¢Z Descendants(Y,Gs) = <
V2 ...,V >¢ Descendants(Y,G).

* V1 <i<m,3l<j<nsuchthat V/ = U"and VI*t = U™, therefore 31 < i < m, U’ + U =
1 <j<n, VIie Vit

O

Proposition 1. Consider a SCG Gs = (Vs, &), a maximal lag Yy qz, two vertices X and Y with X € Parents(Y, Gy)
and a lag vy,,. Suppose the direct effect of Xy, on Yy is identifiable following Theorem E] The adjustment set Zy
relative to (X;_, ,Y}) defined in Deﬁnitionveriﬁes:

« Zy N (Descendants(Yy,Gp) U{Xi—,,}) = 0, and

* Zy blocks every non-direct path from X; ., toY; in every compatible FTCG Gy of maximal lag at most

Ymaz-

which allows to estimate the direct effect oy, x, ., .

Proof. Let Gs = (Vs,&) beaSCG, X,Y € V; with X € Parents(Y,Gs) and ., be a lag. Suppose the direct effect
of Xy, onY; is identifiable following Theorem Let Z; be the adjustment set relative to (X;_,,,Y;) defined in
Deﬁnition Let G5 = (Vy, Ey) be a compatible FTCG of maximal lag at most 4, compatible with Gs.

* Firstly, using the decomposition Z; = Dﬁlw(y) U Aﬁ?c(y) as in Definition and because
Descendants(Y:,Gy) < {Vw|V € Descendants(Y,Gs), t' > t} it is clear that Z; N
(Descendants(Yy,Gy) U{X;—,,}) = 0.

* Secondly, let 7y =< Vi,...,V/t > be a non-direct path from X; .  to Y; in FTICG Gy and m, =<
Vi . V™ >= ¢(my) its compatible walk. If #,,,q, (7 ) > ¢ then 31 < k < n such that — Vt];az(wf) < in
7y with Descendants(‘/tilaw(ﬂf), Gr) N Zy = () and thus 77 is passively blocked by Z. Therefore, for the

following we can Suppose t,,qq (75) < t.

Because the direct effect of Xy ., on Y; is identifiable following Theorem |1| we know that 7 #£<
Vt% — - < V% >. Therefore, 31 < k < mnsuchthat — V;’,i — -« Vi with th > ¢ and
V* € Descendants(Y,Gs) and since 7 is non-direct this forces n > 2.
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— If £ < n then Descendants(V;’Z ,Gr) N Zy = ( and thus 7y is passively blocked by Z;.

-Ifk=nd(.e, Vtﬁjll — Vi) and mp =< Vt% — -+ — V& > then because the direct effect of X;
on Y; is identifiable following Theorem 1| we know that 3d,,q, = max{l < d < n such that V¢ ¢
Descendants(Y,G,)}. This forces either t — Ypap < t%mee < t or dyer < d < nsuchthatt —

Ymaz <t < t so since Vimar V4 e Ancestors(Y,G,), we have either Vime= ¢ A;‘?C(Y) or

tdmaz
Vi € D27 and thus 7/ is manually blocked by Z;.

-Ifk = n e, Vil = V#)and Apee = maz{l < 1 < 0V} « Vi} then Vimer €
Ancestors(Y,Gs)
s If thmes < ¢ then Tlynap < 4 such that Vi — VT and ¢ — v, < 8 < 771 = ¢ and since
Vi e Ancestors(Y,Gs), Vi € Z; and thus 77 is manually blocked by Z.
s If Vimae ¢ Descendants(Y,G,) and t'me= = ¢ then, since Vime= € Ancestors(Y,Gy), Vimes

tlmaz
Aﬁ?c(y) and thus 7 is manually blocked by Z;.

# If Vimas € Descendants(Y,Gs) and times = ¢ then we can distinguish the cases 7, = 0 and

Yoy > 0:

« If 7z = O then, because the direct effect of X; . on Y is identifiable following Theoremm we
know that ¢(7) is blocked $0 Iry0, = maz{l < r < lmazﬂftﬁi} — Vit

- Similarly, if 7., > 0 since V,;722 "} « V/yme* then ¢ = t'mee < tlmaz=1 < ¢ and there must
exists 1 < r < l,,qq Such that V;Cill — V&5 owith 7 < 771 = ¢ 50 Irpae = max{l < r <
lmas| V21 = Vi

Therefore, we have — V. < and since Vimas ¢ Descendants(Y,Gs) and

Vrmes € Descendants(Vimes G.) we have V"mas € Descendants(Y,Gs) so

Z¢ N Descendants(Viimez , Gr) = 0 and therefore 7 is passively blocked by Z.

In conclusion, 7y is blocked by Z;.
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