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A multimodal method for computing the potential base flow and propagating acoustic
perturbations inside axisymmetric ducts is presented. Instead of using the standard
modal basis, a polynomial basis is used in the radial direction to reduce the com-
putational cost of the method, but this introduces non-physical high-order modes.
The impact of these modes on the stability of the calculation is examined, and for
the acoustic computation, a modification of the axial integration is proposed to im-
prove the conditioning of the matrices involved. The flow computation is achieved
by applying the method (initially devoted to acoustics) at a zero frequency without
convective effects, by modifying the definition of the admittance at the exit of the
duct and by performing an induction process on the density. The method is validated
against a finite element method for ducts with hard walls or lined walls. The results
show that the proposed multimodal method is very efficient in computing the mean

flow and propagating the sound disturbances inside axisymmetric ducts.
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I. INTRODUCTION

The accurate prediction of sound wave propagation in ducts is a crucial challenge in tur-
bofan engineering, and various methods are employed when a mean flow is present. These
methods can be broadly classified as numerical or semi-analytical /semi-numerical. Numer-
ical methods, such as finite difference 1-3 and finite element 4-7, are versatile and can
accommodate general geometries and mean flow profiles. Still, they are computationally
expensive as they do not take advantage of the ducted aspect of the problem. In contrast,
semi-analytic methods, such as WKB 810, pseudo-spectral 11 or multimodal 12—16, can
be fast, but they face difficulties in handling irregular geometry or non-uniform mean flow.
These methods are based on the idea of dissociating the propagation in the axial direction
from the acoustic shape in the transverse direction. Until recently, multimodal methods
were limited to cases with no flow or with a uniform flow 12-14, but a recent extension
to account for a multiple-scale flow has been proposed 16. Even if this method appeared
promising for low frequencies and Mach numbers, the results became less accurate for high

Mach numbers because of the multiple-scale approximation of the flow.

This work therefore aims to extend the multimodal methodology to account for an accu-
rate flow description. As for the previous studies, the method is intended to compute the
acoustic field in the presence of an already-known base flow (the novelty being here that it
can be heterogeneous as long as it remains potential). But in order to obtain fast predictions
on the whole, the multimodal method is here also used to compute the base flow by analogy

with an acoustic field at a zero frequency and without convective effects. In the proposed
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method, Chebyshev polynomials are used to represent the acoustics in the radial direction.
The polynomial basis offers excellent convergence properties for smooth geometries. How-
ever, as this basis is non-physical, high-order modes (not well captured by the polynomial
basis) are present in the calculation and must be handled with care 17, 18. Here the au-
thors propose to modify the Magnus—Mobius scheme 14, 19 traditionally used for the axial
computation. This modification is based on an eigendecomposition of the Magnus matrix.
The involved matrices are then rewritten to avoid the summation of high values associated
with right-running non-physical eigenmodes with low values associated with left-running
non-physical eigenmodes. To validate our method for axisymmetric cases, we compare it to
the classical finite element method (FEM), which is commonly used for predicting sound
wave propagation in ducts. We focus on the accuracy and stability of our predictions for

various modes and frequencies.

The paper is organized as follows. Section Il provides a brief overview of the equations
governing the flow and acoustic fields, which serve as a basis for constructing the proposed
formulation. Section Il describes the developed multimodal method for computing the
acoustic field in the presence of a heterogeneous potential flow (supposed to be known at this
step), and section [V details the adaptation of the method for computing the aforementioned
potential flow. The developed method is then validated against a FEM code in section V
for a realistic engine geometry with hard walls and lined walls. Conclusions and discussions

are finally provided in section V1.
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II. GOVERNING EQUATIONS

In this work, we study the linear propagation of sound in a waveguide with an axially
varying circular or annular cross-section, defined by the inner and outer radii R; and Rs.
The analysis is performed in the frequency domain, with w the angular frequency, and all
the variables are dimensionless (see Reference 8 for more details). We express the velocity

vector, density and speed of sound variables as follows

Vv =V +Re(v *') = (U, V,W) + Re((u, v, w) "),
p= D + Re(p ), (1)
&= C + Re(c e“").
Capital letters denote time-averaged quantities, and lower-case letters represent unsteady
harmonic perturbations.
The flow is assumed to be a potential perfect gas flow. Therefore, the mean flow velocity

and the acoustic velocity derive from scalar potentials, denoted ® and ¢, respectively. The

equations for the mean flow and the perturbations may be written

V. (DV®) =0, (22)
51_1 + %V@ Vo =FE, (2b)
V. (DVe) — DD% (%%‘f) _o, (20)
p=-D2° (20)

with D/Dt = iw + V - V the convective derivative, V.= V&, v = V¢ and where 7 is the
ratio of specific heats and E a Bernoulli constant. The walls of the duct are impermeable

5
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to the mean flow

V.-n=0. (3)

The duct walls can be acoustically lined, using a locally reacting treatment. The Ingard—

Myers impedance condition is used for this purpose 20

WV n = — %—n-(n-VV)} (g%), (@)

with n the unit outgoing vector normal to the surface and Z the local impedance of the
liner.
To apply the multimodal method, the governing equation must be rearranged into a

system with only first-order derivatives in the axial direction x. The chosen variables are

the acoustic potential ¢ and its axial derivative u. The system then becomes

do
or " (5a)
a 9 . D 1 DLQS DL Uu D 6 _
Do (1= ) = D (52 ) + DBE (G ) + o (Vo Vi) =V (DV.0)
(5b)

in which M, = U/C is the axial Mach number. The symbol L refers to the transverse
direction, so that V is the gradient operator restricted to the cross-section. In addition,

V| is the mean flow velocity along the duct cross-section, and D, /Dt =iw+ V, - V.

III. MULTIMODAL FORMULATION FOR THE ACOUSTIC FIELD

This section presents the formulation of a multimodal method to solve the model de-

scribed above, assuming that the mean flow is known.

6
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82 A. Variational formulation

83 The weak formulation of equations (5a) and (5b) is obtained by multiplying them by

s the complex conjugate of a test function g and by integrating over the duct cross-section,

&s denoted S, whose boundary is the contour A. After some manipulations, one can write

/D(l — Mj)@g*dS = / D(1 — M?)ug*ds, (6a)
S Ox S
d DUD, ¢ / ag*
— D(1 — M?)ug* — — * = [ D(1 - M? DV g*-
([ pa-aug - ZE82 as) - [ pa- el - pvLg Vi
D (D¢ (Dig\~ Dig\® Di¢dg” / .
CQ(Dt (Dt> +Uu<Dt) +UDt e ds ADg V¢ - ndA. (6b)

s in which * denotes the complex conjugate.
&7 The impedance condition (4) is used for the last term in (6b). Following Eversmann 21,

g8 we use Stokes’ theorem to rewrite this term as follows
1 D? Dg\* D,¢ (Dg\~
DgVo ndA=— | — (Uu | == — dA—
/quan iwAZ(u(Dt)+Dt Dt

1d[[D? D¢\ .

s where 7 is the unit vector tangential to the duct wall. In the remainder of the paper, V -7

o is simply denoted V. In the special case of a circular duct (R; = 0), the last term in (6b)

o1 vanishes on the inner duct wall since dA; = R;df8 = 0.

92 B. Modal decomposition

03 To apply the multimodal method, the governing equation (6) must be rearranged into
u a system with only first-order derivatives in the axial direction z. To that end, the cho-

7
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sen variables are the acoustic potential ¢ and its axial derivative u = 0¢/0x. They are
represented using a set of linearly independent transverse cross-section functions, denoted

(¢;)jen. Using this basis, the acoustic potential and its axial derivative are written

¢ = Zd)] z)p;(z,r0), andu-Zuj Yoi(x,r,0). (8)

The same basis is used for the test functions associated to ¢ and u. The equations (6) and

(7) then become

/D(1—M§) ©ip jds = /D (1— M2 j%%dquj /D (1 — M?)prp,;dSu;,
S

d 9 DUD, ¢, |, B
@(/Dl Mz)pjp;dSu; — SF Dt ¢;dSe; | =

D D.p; [Dgi\* 1 [ D?D.y; (Dg;\"
+< DV, gt Vi, — = —i2 (_¢) ds - — =LY (i) dA) &;

(9)

C? Dt Dt A 4 Dt Dt
D(1 — M?) 2 : - — dA ) u,
+< )61 oxr  C? S0J< Dt ds w Jy Z 7 7\ Dt U

DV, D, D*V,U
widAg; A .
+1wda:(A Z Dt d¢]+/,\ Z Upjpidiu

These expressions can be written in vector form by introducing the vectors ¢ and u
containing the unknowns ¢;(z) and w;(x). The equations governing the axial variation of

these vectors are

All Alg ¢ Mll M12 ¢
d

» - . (10)

Az Ao u Moy Moo u
The detailed expressions for the matrices A1, Ao, Ao, Aga, Miy, Mis, My and Moy are

given in Appendix A. The two vectors ¢(x) and u(x) are linked through the admittance

matrix Y such that u(x) = Y (x)@(z).
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nacelle Ry
- T =
]
E - © |
@ g | Potential calculation : §
_— o |
. inlet @ | I@ 84
SpInner = Admittance calculation : £
7,. QJ
RC@ Be
x
FIG. 1. Schematic of the calculation performed.
106 C. Overview of the calculation
107 Before going deeper into the numerical details of the method, an overview of the procedure

s to perform a multimodal computation is given in the following and is depicted in Figure 1.
w0 Let us suppose that we want to compute the acoustic propagation inside the ducted part of an

1

=

o aero-engine. This region is considered to be a duct whose cross-section varies axially. In the
m  following, the source denotes the fan plane location while the exit refers to the inlet plane.
n2  First, the admittance Y, at the exit is imposed. Using this initial value, the admittance
us Y is calculated from the exit to the source using a Magnus—Mobius scheme. Next, the
s potential at the source ®, is calculated using the specified injected wave and the previously
us obtained admittance. Finally, the Magnus—M&6bius scheme is once more employed to obtain

us the potential throughout the entire engine.

=

117 D. Transverse mode basis

118 In multimodal methods, the basis functions ¢; are generally the local transverse mode of
1o a hard-walled duct (i.e. Fourier-Bessel modes for an axisymmetric duct)12-14, 22. However,

9
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these bases tend to yield slow convergence rates, and additional modes are often required
to improve the accuracy of the calculations 15, 23. In this paper, we focus on axisymmetric
ducts, and therefore, a Fourier transform is used to represent the acoustic field in the cir-
cumferential direction. However, Chebyshev functions are preferred in the radial direction
since they provide good convergence properties 24-26. As in Reference 16, for each basis

function index j, we associate a pair (m, p) € (Z,N) such that

min(|m|,1)
r r— Ry —img
m _ T m 11
8017 (R2_R1) p(RQ—Rl)e ’ ( )

where T}, is the shifted Chebyshev polynomial of order p, related to the Chebyshev polyno-
mials T by the relation T,(z) = T;(2z — 1). The inclusion of the factor r™»(™) ensures
that all the matrices given in Appendix A are well-defined. This factor is included based on
the property of propagating modes, which exhibit a behaviour of " as r — 0 27. Here we
use the min(|m/|, 1) exponent so that the multimodal matrices are the same for all non-zero
azimuthal wavenumbers. Note that this reduces the number of polynomials needed to rep-
resent the acoustic field if the transverse section is circular without increasing it when it is

annular.

For the remainder of the paper, the duct is considered axisymmetric, so there is no
possible coupling between different circumferential Fourier modes. Therefore we consider
that the value of the azimuthal order m is fixed, and, in the rest of the paper, no distinction
is made between ;" and ¢,

10
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E. Admittance calculation

Introducing the definition of the admittance matrix in Equation (10), it is possible to

show that this matrix satisfies a Riccati equation of the form

dYy

Pl ~Y A My — YA MY — Ay} At AT (M + MY + As) Moy + AS) Ma,Y . (12)

This equation is solved numerically using a Magnus—Mobius scheme starting from an initial
value Y. This numerical procedure is described in detail in References 14 and 19.

We use the same procedure as in References 16, 22 to define the matrix Y,. We assume an
infinite duct termination with constant cross-section with only forward waves. To determine
the admittance at the exit, the acoustic variables are expressed as a summation of modes
that either propagate or decay exponentially with respect to the axial distance. By doing
so, the problem of equation (10) simplifies to the following eigenvalue problem

A Agg W(-z) My Mo Wd)
i\ = , (13)

A1 Ago w; My Mo w
the solution of which gives the eigenvalues \; and the eigenvectors associated with the
acoustic potential Wf and axial velocity w;' waves. These waves are separated into the
forward (4) and backward (—) directions based on the sign of Re(\;) —w/C M,/(1 — ﬁ;)
for cut-on modes and Im();) for cut-off modes, where the overline denotes the mean value
of the flow variable over the cross-section. The resulting forward admittance matrix is given
by

Y, = W)™ = WEAL (W)™, (14)

11
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where A = diag(Ao, A1, Az, ...) is the matrix of eigenvalues, and wWe = (wff,w‘f, ) and

Wi = (wg, wt,...) are the matrices of potential and axial velocity eigenvectors associated
with forward waves. Note that the matrix W is the transfer matrix from the transverse

eigenmode basis to the polynomial basis.

F. Potential calculation

The admittance is calculated from the exit to the source by integrating the equation (12)
(the details of this axial integration will be addressed in section II1G). Injecting the ex-
pression of the admittance into equation (10) gives the following equation for the acoustic

potential

d
Ana (@) = M@ + MY . (15)

It can then be calculated from the source to the exit (more details in section I11G). Given
an incoming acoustic wave ¢, the potential at the injection is ¢, = (I + R)@T with
R = (Y —Y_ )" (Y. —Y) the local reflection matrix and Y. the local forward/backward

admittance matrix.

G. Modification of the Magnus—Moé6bius scheme

High-order modes, that are not well captured by the polynomial basis, are present in
the calculations when using polynomials for the basis functions, as reported by Wilson et
al. 17 and Guennoc et al. 18. Their axial wavenumbers are far from the ones associated with
physical modes, and they tend to be strongly cut-off. It will be shown later that the matrices

12
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involved in the Magnus-Mobius scheme are directly related to these wavenumbers. While
the physical eigenvalues (obtained when using the hard-wall duct modes as an approximation
basis) do not pose a problem, the non-physical eigenvalues obtained when using a polynomial
basis lead to poorly conditioned matrices due to their strongly cut-off nature. To avoid this
conditioning issue, we propose a modified formulation of the Magnus—Mobius scheme.
Firstly, the classical Magnus—Mobius scheme is as follows. We introduce the exit location
r. and the source position z,. Considering an axial discretization (z,)nefo,n] such that
rny = x5 and zy = x., the potential and acoustic velocity at positions z,, and x,; are linked

using the following equation

¢n+1 ¢n
et : (16)

un—i—l u,

where the matrix €2, is the Magnus matrix, the expression of which can be found using the

matrices defined in section I11B 14. After splitting the matrix exponential into four blocks

E, Ey
et = ) (17)

Es Ey

the evolution of the admittance and the potential are written

Yo = (Bs + E,Y,)(Ey + EyY,) ™!
(18)

¢n = (El + E2Yn)_1¢n+1'

The difficulty is that the matrix (E; + EyY;,) can be ill-conditioned 18, which makes the
scheme not robust for high frequencies or strong flow gradients. We use an eigen decom-
position of the matrix €2, to avoid using these matrices. Since the transfer matrix exp(£2,)

represents the transfer of information from the axial location x,, to its neighbouring value

13
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88 Tpy1, the eigenvalues (A, A_) of Q,, are characteristic of the evolution of right-running
1 (¢4, uy) and left-running (¢_,u_) eigenvectors. The exponential matrix can be rewritten

190 aS:
-1

¢+ ¢— eA+ 0 ¢+ ¢_
et = : (19)

u; u_ 0 et up u_

1 In addition, by assuming that all the sub-matrices are invertible, the last matrix can be

192 rewritten
—1

¢ - (¢ —¢p-uZtuy)! 0 Iy —¢ u’
up u- 0 (u- —up'¢ )" —u 9t I
103 By noting Y; = ui¢:' the admittance matrix associated to respectively right /left run-

14 ning modes, the exponential matrices can be written

=¢ Mo (LY 'Y et (I - YY)
= ¢ (Ve Y )+ et o (Yo - YT
(21)
Ey=ueMu (Y - Yo P et (Y v T
Ey=ueMu (L, - Y V) et ult (I - Y Yo )L
195 Here the problem associated with the presence of the high-order modes is clearly visible.

s As these modes are strongly cut-off, the matrices E, E», E3, F4 involve adding terms in
w7 e to other terms in e~ while these two exponentials have entirely different orders of
s magnitudes. Depending on the direction of the axial integration, one of those two always
s corresponds to exponentially increasing terms, say here e+, while the other is linked to

A

20 exponentially decreasing terms, say here e®-. This means that the terms in e+ are very

14
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large while the ones in e*- are very small, leading to round-off errors. The goal is to
reformulate this expression so as to avoid this summation, which is difficult to compute
accurately.

The previous expressions are therefore inserted into the equation (18) to give

Vo1 =Y, + (Y. —Y,)P_-RP '(I;+ P_-RP;")™!
(22)
¢n = (Is+ R)P' (I;+ P-RP:" ) '¢y41,
where P_. =¢_e*-¢~!' Pl =¢, e ¢ and R= (Y, — Y)Y (Y, - V,).

Note that with these expressions, contrary to the ones in (21), there is no summation of
the term e+ and e®-. The impact of the high-order mode interaction is included in the
term P_ RPJ:l, with the high-order modes which are small in both e *+ and e*-.

A quick analysis of Y, can give us a better understanding of the role of each of the
previous matrices. The terms ¢e*+¢3" are characteristic of the propagation of the left and
right running modes between the axial position z,, and z,,1. By analogy to the reflection
matrix found when deriving the expression for the potential at the source, the matrix R
can be associated with the local reflection between left- and right-running modes. When
Y, = Y, (constant cross-section duct), R = 0 and the formulation reduces to Y, .; = Y.
This is expected because the admittance is constant inside a duct when there is no wall
or flow variation. In such a duct ¢,, = ¢, e *+¢;'¢,,; which means that there is also no
possible scattering.

Note that the expression obtained for the potential in equation (22) is similar to the ones
derived by Wilson 17 or Félix & Pagneux 13, but here we have not neglected the contribution
of high-order modes.

15
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Although this methodology is useful, it has two drawbacks. First, computing the eigen-
values of the matrix €2, can be numerically costly. Secondly, as explained previously, it is
necessary to distinguish between left and right-running modes. Failing to sort these modes
correctly can cause some numerical difficulties. In theory, it would be possible to use the
group velocity to differentiate between them, but evaluating this term can be challenging in
practice. As an alternative, the "transverse-mode” criteria, defined in Section III E, can be
used to classify these modes. This method for ordering the different categories of eigenmodes
is used in the remainder paper and reliably distinguishes left and right-running modes for
the studied cases.

Finally, note that a non-reflective boundary condition at the exit (R = 0) becomes
available with the newly derived expression. However, it is not used in the remainder of
the paper for comparison reasons with validation methodologies and because it causes some

phenomena that are not yet explained.

H. Impedance discontinuities

The equation (10) obtained from the multimodal approach is valid as long as the
impedance is represented by a differentiable function. However, in practice, the liner is
only applied to a finite portion of the duct, which leads to impedance discontinuities. Let
us now suppose that one of these discontinuities is located at 4. We denote z; and z the
limit when x — x4 from the left and from the right, respectively. In a previous paper 16,
we demonstrated that the jump in the admittance matrix between these two axial locations

can be expressed as

16
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V()= (A-N) (P~ =P+ (A-NT)Y(2})), (23)
with
Aij :/SD(l — M2)p;7dS,
(N5 :% /A %U%ﬁd/\a (24)
(P=)s; :é /A % <iwgoj + V%) @rdA.
IV. MULTIMODAL FORMULATION FOR FLOW CALCULATIONS

It is interesting to note that solving the acoustic propagation equation (2¢) for w — 0,
m = 0 and V = 0 amounts to solving equation (2a) for the potential mean flow, with ¢
replaced by ®. In this section, we show how to apply the multimodal method developed for
acoustic propagation to calculate the mean flow. The same procedure as for the acoustic

calculation is followed, but with two important differences, described in the next sections.

A. TIterative procedure

An iterative procedure is required because equation (2a) is non-linear due to the depen-
dence of the mean density D on the velocity potential ®, as defined by (2b). Starting from
an initial value for the density, we solve equation (2c) using the same multimodal method
as above to calculate the velocity potential and the axial velocity. A new density field D
is then calculated using (2b). This process is repeated until the change in D between two

iterations is smaller than a chosen threshold.

17
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B. Inflow condition

The other specificity for using the multimodal method for computing the mean flow lies
in the definition of the inflow condition. Indeed, a problem arises when we need to define an
admittance at the exit where we consider a constant cross-section duct end. The analogy
with the acoustics shows that the first eigenvalue associated with the mean flow potential and
mean flow axial velocity is A = 0. Equation (14) then indicates that the mean flow potential
is not proportional to the mean flow axial velocity. Consequently, the equation (14) cannot
be used as such anymore.

To address this limitation, we propose representing the mean flow in constant ducts as a
combination of a mean value U, and perturbations that vary exponentially. In a constant
cross-section duct, the vector of flow axial velocity coefficients is therefore written

U(z) = Uowi + > a;wi'e?, (25)
i£0
where \; € R*. The term of w associated with ¢ is 1 and all the other ones are equal to
zero. This implies that ® writes
®(z) = Uyw{ + Z aw? e, (26)
i£0
where the term of Wg associated with the mode ¢q is x + cst. At the exit, this term equals
T + cst.

By noting that the flow perturbations cannot increase in a constant cross-section duct,
and therefore by only selecting the eigenvalues associated with exponentially decreasing
perturbations, the exit boundary condition for the admittance is

18
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Yo=Wywi (27)

274 For the flow cases, the admittance matrix plays a double role at the duct exit. On the one
s hand, it sets the potential constant, and on the other hand, it avoids spurious reflections.

276 With this value, it is possible to find the admittance everywhere inside the duct using the
a7 standard Magnus—Mobius scheme. Unfortunately, the technique to stabilize this scheme for
2ars high-order modes cannot be used for the flow since the matrix €2,, is no more diagonalizable.
279 Finally, by imposing an “incoming” velocity U; at the source location and by using the
0 local admittance matrix, it is possible to define an injection condition. The “incoming”

21 velocity is then adjusted to get the desired mass flow.

22 V. VALIDATION FOR A VARYING DUCT WITH A CIRCULAR CROSS-SECTION
283 A. Validation methodology
284 1. Description of the test case

285 For all the following results, we use the axisymmetric geometry from Reference 28 which
286 1S representative of the intake duct of the CFM56 engine. It is entirely defined by the spinner
257 radius Ry and the radius Ry of the inner wall of the intake

Ry (z) = max (O, 0.64212 — (0.04777 +0.98234 y2)0'5> ’
(28)
—11(l-y) _ o-11

1 — 11 )

s for 0 < x < L and with y = x/L and L = 2. The fan is located at the axial position z = 0,

Ry(x) = 1 —0.18453 4% 4 0.10158

20 and the duct exit at x = L. The flow properties are specified at the fan location, with a

20 prescribed axial velocity, density and speed of sound. The density and speed of sound are
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set to 1 in all cases of the paper. The acoustic source is defined as an incoming acoustic
mode at the fan plane, where the duct has hard walls. This mode is defined by its azimuthal
and radial wavenumber orders m and n, respectively. At both ends of the duct, we assume
infinite duct conditions with zero reflection coefficients. For test cases with a liner, we apply

a constant impedance Zy = 2 — i on the outer wall between x = 0.2 and x = 1.8.

2. Numerical convergence

For a given two-dimensional variable f(x,r), we define the variables f,, referring to the
approximation obtained using the multimodal method with p polynomials. The relative

numerical error is defined as

Ry L 9 1/2
— fret|?rdzdr
€& = ( R1 f(] |fp f f’ > : (29)

Ry (L
a Jo | fretlPrdadr

where f. is the reference solution obtained using an FEM code 29 with a fine grid. This
FEM code is used to compute both the steady potential flow and the acoustic field. For flow
calculations, the error is calculated on the axial velocity, while it is based on the amplitude
of complex pressure for acoustic results.

The FEM solutions are computed on an unstructured, triangular mesh generated using
Gmsh 30. Quadratic elements (6 node triangles) are used to represent the solutions. To
avoid spurious reflections at the inlet and outlet boundary conditions, where a representation
over transverse hard-wall modes is used, the duct ends should be located far enough from
regions of non-uniformities. Therefore, the duct is extended by straight parts of length 0.5 at
the inlet and the outlet to tend to a uniform flow at boundary conditions. The counterpart
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is that the sharp junctions between the real duct and the straight duct extensions can also
cause reflections, that should nevertheless be captured by the two solvers (note that a non-
reflective boundary condition with the original duct geometry could have only been achieved
with the multimodal method as discussed at the end of Section 111 G). A mesh convergence
study is performed to evaluate if the acoustic field is accurately represented. When using
the FEM solver, there is also a need to refine the mesh near the sharp edges and the liner

discontinuities to have an accurate solution.

3. Auwxial discretization

The multimodal method involves a numerical integration along the x axis, to calculate
both the admittance matrix and the sound field. It is important to identify a robust criterion
to define the number of points in the axial direction to achieve a trade-off between accuracy
and computational efficiency. For this purpose, we follow the approach of Guennoc 18 and
define a density, D.,, as the number of points per characteristic length of decay of the most
evanescent mode. However, we have to ignore non-physical high-order modes since they are
highly evanescent and would lead to a dramatically oversampled mesh. We therefore only
consider the first two thirds of the eigenvalues, which is considered to be a good criterion
to isolate physical modes 31. If N is the total number of eigenvalues, this means that the
discretization is set to correctly capture the axial variation of all modes with a radial order
inferior to 2/N/3. In practice, we use the eigenvalues found at the duct exit, A;, to define the
number of axial grid points N,

Ny = DegAanysL. (30)
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In the rest of this paper, we use D., = 1 and a second order Magnus—Mobius scheme 14, 19.

B. Flow computation

To validate the computation of the mean flow, three test cases are considered, with a low,
medium and high velocity defined at the fan face by My = —0.2, —0.4 and —0.6, respectively.
For each of these cases, the number of Chebyshev polynomials is varied: p = 3, 6 or 9. The
results are shown in Figure 2. While three polynomials are not sufficient to accurately
represent the mean flow, a good representation of the flow can already be achieved with
only six polynomials. With nine polynomials, the agreement is excellent. The areas where
the accuracy is reduced are near the sharp corners along the duct walls, which are located
at the transition from the spinner to the duct axis near x = 1.25, and at the exit of the
duct . = 2, where a straight duct is used for the exit condition. At these points, the flow
velocity indeed reaches zero to satisfy the zero normal velocity conditions (wall boundary)
along the two different normal directions of the sharp corner, which results in strong local
gradients in the solution. Yet, these localized losses of accuracy do not impact the rest of the
solution, and the method is able to compute the mean flow accurately even with a limited
number of polynomials.

The results in Figure 2 also indicate that the required number of polynomials does not
depend on the specified Mach number value, since there is no visible loss of accuracy when
increasing it. The difference, which is not visible in the graph, is the number of iterations
required to converge to the solution of the non-linear equation (2a). For the low-velocity
case, only three steps are required to reach a converged solution (with a tolerance of 107?),
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;51 while five steps are needed for the medium-velocity case and seven for the high-velocity case.

2 This is expected, since compressible effects become more significant as the Mach number
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FIG. 2. Contours of normalized axial velocity, overlaid on the reference FEM solution, for varying

numbers of polynomials.

Figure 3 presents a convergence analysis using the FEM computations as the reference

solutions. The number of polynomials used in the multimodal method is varied between

1 and 50. The results confirm the qualitative observations based on Figure 2. Firstly, an

accurate representation of the flow can be obtained even with a small number of polynomials.
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—— My =-0.2
My =-0.4
M, = -0.6

10

FIG. 3. Relative error on the axial velocity field as a function of the number of polynomials used

in the multimodal method and for the three flow velocities.

For example, with just nine polynomials, the relative error is only €, ~ 6 x 10~%. Secondly,

the specified Mach number only has a small influence on the accuracy.

To provide an indication of the computational cost of the flow calculations with the

multimodal method (based on the Python implementation), we report the CPU time for

a single iteration needed to solve Equation (2a). With five polynomials, the time is 0.09

seconds, with ten polynomials it is 0.25 seconds, with twenty polynomials it is 0.97 seconds,

and it is 7.2 seconds with fifty polynomials. While the method is advantageous with a small

number of polynomials, the calculation time increases rapidly as the number of polynomials

increases. Still, the multimodal method can provide useful results with reasonably low

computational times.
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C. Hard-wall acoustic calculations

The method is designed with high-velocity calculations in mind, since it is precisely in
such cases that the multimodal method with a multiple-scale flow presented in a previous
paper 16 encounters difficulties. Consequently, the high-velocity flow (M; = —0.6) is used
for acoustic computation. Forty polynomials are used for the flow computations to prevent
the numerical error on the flow from affecting the acoustic calculations. Note that axial
grid points used in the multimodal calculations of the mean flow might differ from those
used in the multimodal calculation of the sound field. For this purpose, the amplitudes of
the Chebyshev polynomials representing the flow properties are interpolated along the axial
direction using a cubic interpolation. The interpolated amplitudes are then used to compute

the flow properties at the desired radial locations.

To analyse the acoustic response, we first perform a qualitative test by analyzing contour

maps of the sound pressure levels (SPL) defined as

|
pspr = 20logy, (W - (31)

This is done for a mode (m,n) = (13,1) at w = 20 and w = 30, and for the modes
(m,n) = (1,1) and (m,n) = (13, 3) at w = 20. These modes include a case where the injected
mode encounters a transition from cut-on to cut-off inside the duct ((m,n) = (13,3)) and
cases where the injected modes are far from a transition phenomena (all other modes). A
unit value is specified for the outer wall pressure of the incoming wave at the source location

for all cases. The SPL contours inside the duct are calculated for each case with the FEM,
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;7 in order to have a reference solution, and with the multimodal method with various numbers

s Of polynomials p = 10, 15 and 25. The results are shown in figure 4.

389
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392

CoordinateY

CoordinateY

numbers of polynomials.

CoordinateY

CoordinateY

— 10 polynomials

m,n) =(13,3) at w =20 15 polynomials

— 25 polynomials
— Reference

FIG. 4. Contours of sound pressure levels, overlaid on the reference FEM solution, for different

When the mode (13, 1) is injected at w = 20, even with 10 polynomials, the agreement is

26

already good for SPL between 50 and 110dB, but the agreement remains poor for low SPL.
With 15 or 25 polynomials, the agreement is excellent for all SPL shown in the graph. It

should be noted that it is in the regions where the flow speed is higher (z € [1.8,2]) that the
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precision is the lowest. Similar conclusions can be made for the higher radial order mode

(13,3).

When the frequency is increased for the azimuthal mode (m,n) = (13,1), the agreement is
degraded. With 10 polynomials, the pressure field is inaccurate everywhere in the duct. With
15 polynomials, the agreement improves markedly, and for high SPL values, the agreement is
acceptable. With 25 polynomials, the agreement is once again excellent. As expected, more
polynomials are needed when increasing the frequency since the number of cut-on modes

also increases.

To further confirm these qualitative observations, we perform a convergence analysis by
plotting, in figure 5, the relative error on the amplitude of acoustic pressure as a function
of the number of polynomials. We consider the influence of the azimuthal mode order, the
frequency, as well as the first three radial orders. It is important to note that we exclude
cases in which the mode is strongly cut-off at the source plane since their strong decay is

hard to compute accurately using the FEM.

We first consider the azimuthal mode m = 1 for a wide range of polynomials. We observe
that the convergence graphs can be divided into three parts for this test case. First, a
pre-asymptotic region where the error is almost equal to one and where including further
polynomials does not modify the error. Then a sharp decay region, where the convergence is
almost exponential (typical of a polynomial basis), is obtained. Lastly, a slower convergence
is observed. The authors assume that this last region is linked to the axial discretization, and
that the observed convergence rate is related to the order of the Magnus-Mobius scheme.

Note that for the pulsation w = 5, the pre-asymptotic behaviour is not observed mainly
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FIG. 5. Relative error on the acoustic pressure amplitude field as a function of the number of

polynomials.

because very few polynomials are necessary to accurately represent the acoustic field. For
the radial order n = 3 of the same frequency, the error decreases more sharply than for
the other radial orders for a low number of polynomials p < 10, before converging again
with the previously observed convergence rates. One explanation for this behaviour is that
the Magnus—Mobius scheme is highly adapted to compute cut-off modes. Therefore the
convergence rate at the beginning corresponds to the improvement in the representation of
the mode n = 3. After that, the convergence is more linked to the representation of the
modes n = 1,2 (which are cut-on). In fact, the mode n = 3 will create modes n = 1,2 by
scattering mechanisms. Therefore, the convergence rate after the strong decay is the one of

these newly created modes.

28



426

427

428

429

430

431

432

433

434

435

436

437

438

439

440

441

442

443

444

445

446

447

JASA /Sample JASA Article

When the azimuthal mode increases (m = 13 and m = 25), all the observations made
before remain true except for the size of the pre-asymptotic region. The decrease starts
further in the graph since a higher azimuthal mode means that the acoustic energy is mainly
concentrated near the tip wall, and higher-order polynomials are necessary to capture it.
However, the error remains small even with a limited number of polynomials. In fact, for

all frequencies and radial orders, the error is less than 1072 with 30 polynomials.

Next, to assess the effectiveness of the stabilization proposed for the Magnus—Mobius
scheme in Section [1I G, we compare the conditioning of the matrices that need to be inverted
for both the standard and improved schemes: namely, (F; + E,Y) for the standard scheme
and (I; + P_RP;") for the improved scheme. We consider two cases: the mode (m,n) =
(13,1) at w = 20 and the mode (m,n) = (1,1) at w = 30 (both cases use 40 polynomials).
The conditioning does not depend on the axial discretization with the modified scheme, while
it is highly sensitive to it in the standard scheme. Therefore, to evaluate the improvement
brought by the new formulation, four axial integration steps are used with the standard
scheme: D., = 0.5, 1, 2, 10. The results are shown in figure 6. As expected, the conditioning
of the improved scheme is better than the one of the standard scheme almost everywhere.
Some peaks appear in both formulations near axial positions where transition phenomena
occur (cut-on to cut-off, or vice versa). For the improved formulation, additional peaks also
appear where an error in the sorting of the modes is made. Note that the conditioning of
the matrix (Fy + E2Y) is suddenly worsened when the duct cross section goes from annular
to circular (around = = 1.2). In this region, the proposed stabilized scheme improves the
conditioning by several orders of magnitudes.
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FIG. 6. Conditioning of the matrix to invert in the Magnus-Mobius scheme with the standard and

improved formulation.

Finally, we report the computational time required for each calculation. These are mea-
sured using a Python implementation of the multimodal method running on a desktop
computer. The CPU time is not given for each calculation, but instead we provide a range
of runtimes, from the shortest to the longest runtimes for a fixed number of polynomials.
With five polynomials, the runtime ranges from 0.02 to 0.9 seconds, while with ten poly-
nomials, it ranges from 0.09 to 3 seconds. Similarly, with twenty polynomials, the runtime
ranges from 0.5 to 7 seconds, and with forty polynomials, it ranges from 1.5 to 33 seconds. It
is important to note that unlike for the flow calculations in Section V B, the computational
time for a given number of polynomials varies significantly depending on the studied mode
and frequency since they influence the number of points in the axial direction. Note that
the criterion defined for D, is rather conservative, and sufficiently accurate results can be

obtained with smaller values of D.,.
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D. Lined acoustic computation

The same test cases are now considered with a lined wall (see section V A 1). It should be
recalled that when there is an impedance discontinuity along the wall, the jump condition
derived in Section III H is used. In practice, three multimodal computations are done: one
before the liner, one in the liner region and the last one after the liner. The admittance
jump condition of equation (23) is used between each part. Note that the density criterion
D., is redefined in each region, leading to different axial discretizations. Contours of the
sound pressure levels in the duct are given in Figure 7. All the conclusions made for the
hard-wall cases remain valid, and an additional observation can be noted. At the junctions
between hard and lined walls, the jump in surface impedance induces sharp gradients in
the velocity potential, and hence large jumps in the acoustic pressure. This type of weak
singularity is difficult to capture with a spectral method 32 such as the multimodal method.
It is therefore expected that the rate of convergence of the numerical model will be reduced
when compared to the hard-wall test cases. To mitigate this, in the presence of a liner, high-
order polynomials are required to accurately represent the large pressure gradients near the
end points of the liner. This effect is relatively weak for the first liner discontinuity at
x = 0.2, but is clearly visible at x = 1.8. Two reasons can explain why the effect seems
to vary between both discontinuities. First, the fact that there are low SPL values close to
the duct axis for the second discontinuity makes the errors more visible. Then, the higher
errors at the second discontinuity could also be attributed to the slower convergence of the

Chebyshev basis in the circular regions compared to annular ones.
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FIG. 7. Contours of the sound pressure level in the lined duct, overlaid on the reference FEM

solution, for different numbers of polynomials.

Once again, a convergence study is performed, and the same flow condition and acoustic
modes as the ones used for the hard-wall validation are taken. Figure 8 presents the results.
As expected, achieving a precision of 1073 requires more polynomials than the hard-wall
case, and the convergence rate is lower. This slower convergence rate makes the method less
appealing for lined wall computations. It would be necessary to add supplementary modes
to address the singularities in the pressure field and avoid this slow convergence. Another
key observation is that the liner tends to smooth the convergence plots by decreasing the

size of the pre-asymptotic region, and for the most difficult hard-wall cases (w = 30), the
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FIG. 8. Relative error on the acoustic pressure amplitude field as a function of the number of

polynomials for the lined duct cases.

error goes faster to a value of 1072, This could be due to the fact that the method captures
well the attenuation of the liner with few polynomials (p < 20), even if the prediction of the
pressure singularity is erroneous. These singularities also pose problems with finite element
methods, where it is necessary to refine the region around them. Note that the calculation
times required by the multimodal method are similar to the ones obtained for the hardwalled

test cases.

VI. CONCLUSION

This paper presents a novel multimodal method to efficiently compute the acoustic field
in a duct with a potential mean flow. The acoustic potential equation is rearranged into a
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system with only first-order derivatives in the axial direction governing the evolution of the
acoustic potential and acoustic axial velocity. Fourier functions and Chebyshev polynomials
provide the approximation basis in the duct cross-section, while a Magnus—Mobius scheme
is used to integrate the equations in the axial direction. The use of a high-order polynomials
basis results in the presence of spurious, non-physical modes. This is a problem common
to multimodal schemes using polynomial bases, and is not related to the presence of a
mean flow. A modification of the Magnus—Mobius scheme is proposed to avoid the poor
conditioning associated with the spurious modes. Results demonstrate that this modification
of the integration scheme significantly improves the conditioning of the model. Consequently,
larger axial steps can be used for Magnus—Mobius scheme, hence reducing the computational
cost of the method. This method, initially devoted to acoustics, has been, in addition,
adapted to compute the potential mean flow required for acoustic computations by modifying
the boundary conditions and applying an iterative method to solve the non-linear flow

equation.

The proposed method has been compared against a finite-element method on a model
of a turbofan inlet with hard and lined walls for several frequencies and modes. Validation
test cases demonstrate excellent agreement between the multimodal method and the FEM
solutions when a sufficient number of polynomials is used. For the mean flow, the proposed
method provides quick and accurate results, even for high flow velocities and a number of
polynomials as low as 9. For acoustic propagation with hard-wall conditions, a relative
error smaller than 1072 can be achieved for all cases with only 25 polynomials, resulting

in very short computational times. However, for cases with lined ducts, the presence of
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strong gradients in the solutions near impedance discontinuities requires the use of more
polynomials to achieve a similar level of accuracy. The computational cost therefore increases
for lined ducts, but the method remains efficient compared to a traditional finite-element

model.

While validations were conducted on axisymmetric ducts and flows, the method is also
applicable to non-axisymmetric flows, but it would require solving the acoustic equation
for several azimuthal orders simultaneously since these are coupled together. It would be
interesting to use this method to study phenomena such as flow distortion generated by an

angle of incidence into a turbofan intake.
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520 APPENDIX A: MULTIMODAL MATRICES

530 The detailed expressions for the matrices introduced in the multimodal method are as
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