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Abstract

In interactive systems, actions are often correlated, presenting an opportunity for
more sample-efficient off-policy evaluation (OPE) and learning (OPL) in large
action spaces. We introduce a unified Bayesian framework to capture these correla-
tions through structured and informative priors. In this framework, we propose sDM,
a generic Bayesian approach designed for OPE and OPL, grounded in both algorith-
mic and theoretical foundations. Notably, sDM leverages action correlations without
compromising computational efficiency. Moreover, inspired by online Bayesian
bandits, we introduce Bayesian metrics that assess the average performance of
algorithms across multiple problem instances, deviating from the conventional
worst-case assessments. We analyze sDM in OPE and OPL, highlighting the ben-
efits of leveraging action correlations. Empirical evidence showcases the strong
performance of sDM.

1 Introduction

An off-policy contextual bandit [Dudik et al., 2011] is a practical framework for improving decision-
making using logged data that records an agent’s interactions with an online environment [Bottou
et al., 2013]. This data consists of context-action-reward tuples generated during online interactions
where the agent observes a context, takes an action, and receives a reward depending on that context
and action. Such data can be leveraged to enhance the agent’s performance through two main tasks:
off-policy evaluation (OPE) [Dudik et al., 2011], which predicts the expected reward of a new policy
using logged data, and off-policy learning (OPL) [Swaminathan and Joachims, 2015a], which learns
an improved policy using the OPE estimator. Many interactive systems can be modeled as contextual
bandits. For example, in online advertising, the context is the user’s features, the action is a product
choice, and the reward is the click-through rate (CTR).

When the number of actions is small, existing methods, often based on the inverse propensity
scoring (IPS) estimator [Horvitz and Thompson, 1952], are reliable and come with theoretical
guarantees [Dudik et al., 2011, Dudik et al., 2012, Dudik et al., 2014, Wang et al., 2017, Farajtabar
etal., 2018, Su et al., 2019, 2020, Metelli et al., 2021, Swaminathan and Joachims, 2015a, London
and Sandler, 2019, Aouali et al., 2023a]. However, IPS can suffer from high bias and variance. The
bias arises because the logging policy might have deficient support [Sachdeva et al., 2020], and the
variance is due to potentially high values of the importance weights [Swaminathan et al., 2017]. Both
issues are more pronounced in large action spaces. To address this, Saito and Joachims [2022] recently
proposed MIPS, an IPS variant for OPE in large action spaces. However, MIPS requires access to
informative embeddings that capture entirely the causal effects of actions on rewards. Hence, recent
variants of MIPS propose to learn such embeddings directly from logged data Peng et al. [2023],
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Sachdeva et al. [2023], Cief et al. [2024], or to relax the embedding causal effect assumption Taufiq
et al. [2024], Saito et al. [2023].

An alternative to IPS is the direct method (DM) [Jeunen and Goethals, 2021], which does not rely
on importance weighting. Instead, DMs learn a reward model and use it to evaluate policies. DMs
tend to introduce less variance than IPS, but they can suffer from higher bias if the model is not
well-suited for the data. The theoretical properties of DMs are underexplored, with a few exceptions
[Jin et al., 2021, Hong et al., 2023]. Yet, they are widely used in practice, especially in recommender
systems [Sakhi et al., 2020, Jeunen and Goethals, 2021, Aouali et al., 2022b,a]. This work aims to
develop the algorithmic and theoretical foundations for DMs, improving our understanding of their
performance in OPE and OPL from a Bayesian perspective. The goal is to enhance the efficiency
of DMs through informative priors, particularly in scenarios with large action spaces. For intuition,
consider how MIPS [Saito and Joachims, 2022] extended IPS to large action spaces by incorporating
auxiliary information in the form of embeddings. We aim to achieve a similar extension for DMs by
integrating auxiliary information into existing DMs and demonstrating how their performance can be
improved. However, unlike MIPS’s extension of IPS, we provide theoretical and empirical evidence
for both OPE and OPL, rather than focusing only on OPE. Also, our assumptions differ from those
made by MIPS and its variants.

Contributions. We introduce a Bayesian direct method, called structured Direct Method (sDM),
which uses informative priors to share data (reward) information among actions. Essentially, when
one action is observed, it enhances sDM’s knowledge about similar actions, significantly boosting
statistical efficiency while maintaining computational efficiency. This makes sDM scalable to large
action spaces, addressing a key limitation of standard DMs. Moreover, we provide a comprehensive
step-by-step framework to assist practitioners in using sDM for OPE and OPL. To analyze sDM,
we introduce Bayesian metrics for OPE and OPL that assess average performance across various
problem instances, diverging from frequentist worst-case evaluations. Unlike frequentist metrics,
these Bayesian metrics capture the benefits of incorporating informative priors, enhancing our
understanding of DMs, especially given the relatively underdeveloped statistical analysis of DMs in
OPE and OPL. Finally, we evaluate sDM using both synthetic and MovieLens data.

Related work. Bayesian models for OPL have been explored by Lazaric and Ghavamzadeh [2010],
Hong et al. [2023]. However, these studies incorporate Bayesian techniques in multi-task learning,
distinguishing them from our more focused single-task approach. Additionally, the models used in
these prior works differ from the ones we employ. While certain similarities can be drawn with Hong
et al. [2023] in terms of analysis, our approach offers a broader scope. Note that Hong et al. [2023]
also introduced a Bayesian metric for assessing suboptimality, yet their metric evaluates performance
in an environment drawn from the prior given a fixed sample set, whereas ours measures average
performance across all environments sampled from the prior and all sample sets. The latter is more
common in Bayesian analyses (e.g., Bayesian regret in Russo and Van Roy [2014]). Also, in this
work, we cover OPE which goes beyond the scope of Lazaric and Ghavamzadeh [2010], Hong et al.
[2023] that focused on OPL. For a more extensive discussion of related works, we refer the reader to
Appendix B.

The paper is organized as follows. Section 2 provides some background on OPE and OPL. Section 3
describes our method, sDM. Section 4 focuses on the linear case of sDM. In Section 5 we analyze sDM
through finite sample bounds. In Section 6, we show that sDM enjoys favorable performance.

2 Background

Let [n] = {1,...,n} for any positive integer n. Random variables are denoted with capital letters,
and their realizations with the respective lowercase letters, except for Greek letters. Let X,Y be
two random variables, with a slight abuse of notation, the distribution (or density) of X | Y =y
evaluated at v is denoted by p(z | ). Letay, . .., a, be n vectors of R%, a = (ai)iem) € R™ is their
nd-dimensional concatenation, ® denotes the Kronecker product, and O the big-O notation. Finally,

for any vector a € R? and any positive-definite matrix ¥ € R%*?, we define |ja|x = Va' Za.

Agents are represented by stochastic policies m € II, where II is the set of policies. Precisely, given a
context z € R?, (- | x) is a probability distribution over a finite action set A = [K|, where K is the
number of actions. Agents interact with a contextual bandit environment over n rounds as follows. In
round i € [n], the agent observes a context X; ~ v, where v is a distribution whose support X is a



compact subset of R%. Then the agent takes an action A; ~ my(- | X;) from the action set A, where
o is the logging policy. Finally, assuming a parametric model, the agent receives a stochastic reward
R; ~ p(- | Xi;04.4,). Here p(- | ;0. ) is the reward distribution for action a in context x, where
Oiq € R4 is an unknown d-dimensional parameter of action a. Let 0, = (0. 4)aca € R%K be the
concatenation of action parameters. Then, r(x, a; 0+) = Erp(.|z:0. ,) [12] is the reward function that
outputs the expected reward of action ¢ in context . Finally, the goal is to find a policy 7 € II that
maximizes the value function V' (7;0.) = ExuEgr(|2) [1(X, 4;04)].

Let S = (X;, A;, R;)ic[n) be a set of random variables drawn i.i.d. as X; ~ v, A; ~ mo(- | Xj)
and R; ~ p(- | X;; 60, 4,); that we will refer to as the sample set. The goal of off-policy evaluation

(OPE) and learning (OPL) is to build an estimator V(w, S) of V(rr; 0,) and then use V(ﬁ, S) to find a
policy & € II that maximizes V'(+; 6,.). In OPE, it is common to use inverse propensity scoring (IPS)
[Horvitz and Thompson, 1952, Dudik et al., 2012], which leverages importance sampling to estimate

the value V(7;0,) as Vips(m, S) = & 2icn] %R where for any (z,a) € X x A, :0((3\1;))
are the importance weights. In practice, IPS can suffer high variance, especially when the action
space is large [Swaminathan et al., 2017, Saito and Joachims, 2022]. Moreover, while IPS is unbiased
under the assumption that the logging policy has full support, it can induce a high bias when such an
assumption is violated [Sachdeva et al., 2020], which is again likely when the action space is large.
IPS, also, assumes access to the logging policy my. An alternative approach to IPS is to use a direct
method (DM) [Jeunen and Goethals, 2021], that relies on a reward model  to estimate the value

V(m;0.) as

Vou(m,S) = ZZ (a | X)7P(X;,a), 1)

[n]acA

where 7(x, a) is an estimation of r(z, a; 0, ). DM estimators may exhibit modeling bias, but they
generally have lower variance than IPS [Saito and Joachims, 2022]. Another advantage of DM is its
practical utility without assuming access to the logging policy 7y [Jeunen and Goethals, 2021, Aouali
et al., 2022b, Hong et al., 2023]. Also, DMs can be incorporated into a Bayesian framework, where
informative priors can be used to enhance statistical efficiency. This allows for the development of
scalable methods suitable for large action spaces, as demonstrated in our work.

3 Structured direct method

3.1 Structured priors

Pitfalls of non-structured priors. Before presenting sDM, we first describe the pitfalls of using the
following widely used standard prior,

aa ~ N(,uaa Ea) ) Va € Aa (2)
R0, X, A~ N($(X) 0a,0%),

where ¢(X) outputs a d-dimensional representation of the context X € X', N'(uq, 3, ) is the prior
density of 6,, and o is the reward noise. In this prior, each action a corresponds to a parameter
0.. Then, under the prior in (2), the posterior on an action parameter is also a multivariate Gaussian
and writes 0, | S ~ N(fia,%a), where 3,1 = -1 + G, and $; 11, = S5, + B,, with
G, = o2 Zie[n] H{Alza}(i)(Xi)qﬁ(Xi)T and B, = o2 Z €ln] H{A _a}quﬁ( ) Note that G,
and B, only use the portion of the sample set S where action a was observed. Thus, observations
relative to other actions b # a are not involved in the posterior inference relative to action a. This
leads to statistical inefficiency since it is not even guaranteed that the sample set .S covers all the
actions. In particular, the posterior 6, | S of an unseen action a would be exactly the prior N (j14, X4)
since G, = 04x4 and B, = 0y in that case. To mitigate this, we make the assumption that actions
can be correlated, which is realistic in practice such as in modern recommender systems. Now one
can think of capturing correlations by simply modeling the joint posterior density of (8,)qca | S.
Unfortunately, this is computationally expensive when K is large.

Structured priors. To model action correlations, we assume that there exists an unknown d’-

dimensional latent parameter, v € R, which is sampled from a latent prior q(+), such as ¥ ~ q(-).
Then the correlations between actions arise since they are derived from the same latent parameter ).



Precisely, action parameters 6, are sampled conditionally independently from a conditional prior p,

as 0, | ¥ ~ pa(+; fo(¥)) for any a € A, where p, is parametrized by f,(¢) and f, : RY 5 Reisa
known function that encodes the hierarchical relation between action parameters 6, and the latent
parameter . In particular, the function f, can capture sparsity. That is, when 6, only depends on a
few coordinates of ¥). Moreover, p, incorporates uncertainty due to model misspecification when 6,
is not a deterministic function of 1; that is, when 6, # f, (). Finally, the reward distribution for
action a in context x is p(- | z;6,) and it only depends on x and 6. To summarize, the prior is

Y ~q(), 3)
O | 0 ~ pals fa(¥)), Va € A,
R|¢,0, X, A~p(-| X;64).
This prior is general as assuming the existence of such latent parameter 1) is mild (Appendix E.6). To

be able to derive the posterior of our prior in (3), we assume that (i) (X, A) is independent of ) and
given v, (X, A) is independent of 6. (ii) Given 1), the 6,, for all a € A are independent.

Now, we discuss how to perform OPE and OPL under the structured prior in (3).

3.2 Off-policy evaluation and learning

Off-policy evaluation. OPE aims at estimating the value function V' (7; 6..) using the sample set S.
In DMs, the estimator Vi, in (1) requires access to the learned reward #(z, a) ~ r(z, a; 6,). In our
Bayesian setting, this requires access to the action posterior 8, | S under model (3). The expected
reward is then estimated as 7(z, a) = E [r(x, a;0) | S] for any (z,a) € X X A, and this estimate is
plugged into Vo in (1) to estimate V(7; 6.). Therefore, we only need to derive the unnormalized
posterior density of the action parameter 6, p(6, | S), under the structured prior in (3), which reads

p(6a | 5) = /¢ p(6a | . S)p(p | S) de, 4

where ¢ | S is the latent posterior and 6, | v, S is the conditional action posterior. To compute
p(0a | S), we first compute p(6,, | 1,.5) and p(y) | S) and then integrate out ¢) following (4). First,

p(aa ‘ P, S) S8 Ea(ea)pa(em fa(¢)) ) 5)
with £,(6,) = H(X,A,R)esa p(R|X;6,) is the likelihood of observations of action a (S, =
(Xi, Ai, Ri)ien], ;= is the subset of S where A; = a). Similarly,

p(6 1) TL [ £at00)mn (00 w) 0,0). ©
be AV
This allows us to further develop (4) as

20 5) x [ La0.)pu(Oui £uo) T | Lol Gos @) dBharaw. )
¥ beA O

All the quantities inside the integrals in (7) are given (the parameters of p, and q) or tractable (the

terms in £,). Thus, if these integrals can be computed, then the posterior can be fully characterized

in closed-form which we will do in Section 4 in the fully linear case. Otherwise, the posterior should

be approximated, e.g. through approximate sampling methods, see Appendix E.1 for more details.

Greedy off-policy learning. OPL aims at finding a policy 7 that maximizes the value V (7;6,). We
act greedy with respect to our estimator Vo (+,.S) and define the learned policy as the one maximizing
it: Tg = argmax e VDM(’TF, S). If the set of policies II contains deterministic policies, then
7ig(a | z) = 1{a = argmax7(x,b)} . 8)
be A

Thus we do not adopt the common pessimism approach [Jin et al., 2021]. In pessimism, one constructs
confidence intervals of the reward estimate #(x, a) of the form |r(z, a; 0) — #(x, a)| < u(z,a), and
then defines the learned policy as 7p(a | ) = 1{a = argmax,¢ 4 7#(z,b) — u(x,b)}. When u(z, a)
does not depend on x and a, pessimistic and greedy policies are the same. The advantage of one
over another depends on the evaluation metric. In this work, we use a novel metric, Bayesian
suboptimality (BSO), defined in Section 5. It assesses the average performance of algorithms across
multiple problem instances rather than focusing on the worst-case. We justify that the Greedy policy
is more suitable for BSO optimization than pessimism theoretically in Section 5 and empirically in
Appendix F.5.



4 Application: linear hierarchy

In this section, we motivate the use of linear functions f, for the structured prior (3). Let W, € Raxd’
be the mixing matrix for action a, we define f,(v) = W, v for any v € R<. Then,

9(1 | ¢ ~ pa(';W(ﬂ?)a VYa € A. (9)

This is an important model, in both practice and theory since linear models often lead to closed-form
solutions that are both computationally tractable and allow theoretical analysis.

4.1 Applications

To highlight the generality of (9), we provide some problems where it can be used.

Mixed-effect modeling. (9) allows modeling that action parameters depend on a linear mixture of
effect parameters. Precisely, let J be the number of effects and assume that d’ = dJ so that the
latent parameter 9 is the concatenation of J, d-dimensional effect parameters, v; € R?, such as
¥ = (¢;)je) € RY. Moreover, assume that for any a € A, W, = w, @ I; € R™?% where
wa = (wa,;)jers) € R are the mixing weights of action a. Then, W ¢ = >_jels) Wa,j; for any
a € A. Sparsity, i.e., when an action a only depends on a subset of effects, is captured through
the mixing weights w,: wq ; = 0 when action a is independent of the j-th effect parameter v); and
w,,; 7 0 otherwise. Also, the level of dependence between action a and effect j is quantified by
the absolute value of w,_ ;. This Mixed-effect model [Aouali et al., 2023b] can be used in numerous
applications. In movie recommendation, 6, is the parameter of movie a, v; is the parameter of theme
J (adventure, romance, etc.), and w, ; quantifies the relevance of theme j to movie a. Similarly, in
clinical trials, a drug is a combination of multiple ingredients, each with a specific dosage. Then 6,, is
the parameter of drug a, v, is the parameter of ingredient j, and w, ; is the dosage of ingredient j in
drug a.

Low-rank modeling. (9) can also model the case where the dimension of the latent parameter
is much smaller than that of the action parameters 0,, i.e., when d’ < d. Again, this is captured
through the mixing matrices W, . Precisely, when W, is low-rank. This improves both statistical and
computational efficiency as we show in Section 5.

4.2 Closed-form solutions for sDM

We further assume that the latent prior g(-) = N (-;p, ) is Gaussian with mean p € R? and
covariance X € R? %’ and the conditional prior p, (+; fa(1)) = N (-; Wath, 5,) is Gaussian with
mean f,(¢)) = Wo1b € R? and covariance 3, € R?*?. The reward distribution p(- | z;0,) is also
linear-Gaussian as N (-; ¢(z) " 0, 02), where ¢(-) outputs a d-dimensional representation of z and
o > 0 is the observation noise. The whole prior induces a Gaussian graphical model

U~ N(p,X), (10)
b | ¥ ~ N (Wats, 2. Va € A,
R|1,0,X, A~ N($(X) 04,0%).
The conditional action posterior is known in closed-form as 6, | v, S ~ N (jiq, ia), with
Sl=214 Gy, St =2 'Watp + B, , (11)

where G, = 072 Dierm HA = ayo(X;)¢(X;)" and B, = o2 e HA = a} Rip(X5).
This posterior has the standard form except that the prior mean W, now depends on the latent
parameter t. Similarly, the effect posterior is known in closed-form as ¢ | S ~ N (ji, X), where

ST=ST Y W (B, - 5SS YW, ST =S+ Y WS 8B, (12)
acA acA

The latent posterior precision X! is the sum of the latent prior precision ¥ ~! and the sum of all
learned action precisions ¥, 1 — X132, ! weighted by W/ - W,. The contribution of a learned



action precision to the global latent precision is proportional to W, W,. A similar intuition can be
used to interpret the latent posterior fi. Finally, from (7), the action posterior is 6, | S ~ N (jiq, 2a),

Yo =3+ 22 W, EW] RIS, fia = Sa (2, "Wafi + By) . (13)

To see why this is more beneficial than the standard prior in (2), notice that the mean and covariance

of the posterior of action a, fi, and ﬁl_a, are now computed using the mean and covariance of the
latent posterior, i and . But i and X are learned using the interactions with all the actions in .S.
Thus i, and 3, are also learned using the interactions with all the actions in .S, in contrast with
the non-structured case (2) where they were learned using only the interaction with action a. The
additional computational cost of considering the structured prior in (10) is small. The computational
and space complexities are O(K ((d2 +d'*)(d+d'))) and O(K d?), respectively. For example, when
d’ = O(d), the above complexities become O(Kd>) and O(K d?), respectively. This is exactly the
cost of the standard prior in (2). In contrast, this strictly improves the computational efficiency of
jointly modeling the action parameters, where the complexities are O(K?>d?) and O(K2d?) since the
joint posterior of (6,)ac.4 | S would require converting and storing a dK x dK covariance matrix.

Now that we have a closed-form update for the posterior, we can compute reward estimates. By (10),
we have r(z,a;6) = ¢(z) " 0. Thus #(z,a) = E [r(x,a;0) | S] = ¢(z) " fi, forany (z,a) € X x A,
that we can plug in (1). Then, the learned policy is 7s(a | ) = 1{a = argmax, 4 ¢(z) " jip}.
Remark 4.1. sDM with this linear Gaussian hierarchy can be used even with data generated from
non-linear rewards, and we empirically investigate its robustness to misspecification. We found that
this model performs well even if the true rewards are not generated from a linear-Gaussian distribution.
Additionally, an extension of sDM to logistic-Bernoulli rewards is provided in Appendix E.1.

5 Analysis

We now analyze our proposed method sDM. All proofs are in Appendix E. We first introduce new
Bayesian metrics for OPE and OPL, which are of independent interest.

5.1 Bayesian metrics

While it is standard to discuss and present OPE before OPL, we first introduce our Bayesian metric
for OPL, called Bayesian suboptimality, since it is relatively easier to explain, allowing us to build
intuition before presenting the Bayesian mean squared error metric for OPE.

Bayesian suboptimality (BSO). In OPL, we compare the learned policy 7 to the optimal 7, =
argmax . .y V (m; ), using the suboptimality (SO) defined as sO(7; 6,) = V (my; 0,) — V(7;0.).
This metric is standard in both offline contextual bandits and reinforcement learning [Jin et al., 2021].
It is appropriate when the environment is generated by some ground truth, unique and fixed 6,. It
can be used to evaluate any policy 7, e.g. learnt in a frequentist manner (e.g., MLE) or a Bayesian
one (e.g., ours). However, it is not the most suitable when the environment is generated by a random
variable 6,.. Motivated by the recent development of Bayesian analyses for online bandits using the
Bayes regret [Russo and Van Roy, 2014], we introduce in our offline setting a novel metric, namely
Bayes suboptimality defined as

Bso(#) = E[V(m,;0.) — V(#;0.)] . (14)

where the expectation is taken over all random variables: the sample set .S and .., which is treated
as a random variable sampled from the prior. The BSO can be computed in two ways. One method
involves taking the expectation under the prior 6., followed by taking an expectation under data
generated from a fixed environment 6, as S | 6. The other method involves taking an expectation
under the data S, followed by taking an expectation under the posterior 8, | S. The BSO is a
reasonable metric for assessing the average performance of algorithms across multiple environments,
due to the expectation over 6,. It is also known that Bayes regret captures the benefits of using
informative priors [Aouali et al., 2023b], and this is similarly achieved by the BSO (Appendix E.2).

Note that Hong et al. [2023] also examined a concept of Bayesian suboptimality defined as
V(me;0.) — V(7;0,) | S, where the sample set S is fixed and randomness only comes from
6, sampled from the posterior. In contrast, our definition aligns with traditional online bandit settings
(Bayesian regret [Russo and Van Roy, 2014]) by averaging the suboptimality across both the sample



set S and parameter 6, sampled from the prior. This leads to a different metric that captures the
average performance under various data realizations and parameter draws. Notably, one major
difference is that our metric favors the greedy policy (Section 5.2), while they use pessimism [Hong
et al., 2023, Sections 4 and 5].

Bayesian mean squared error (BMSE). In OPE, we assess the quality of estimator 7 using the mean
squarred error (MSE). Then, similarly to the BSO, we can define the BMSE of the estimator 7 for a
fixed action @ and context x as

BMSE(#(z,a)) = E[(#(z,a) — r(z,a;6.))°] . (15)

The BMSE diverges from the MSE in that the expectation in BMSE is calculated over the sample set
S and across the true parameter 6, sampled from the prior.

5.2 Theoretical results

Our theory relies on a well-specified prior assumption, where action parameters 0, , and true rewards
are assumed to be drawn from the structured prior (10). We start by presenting our OPE results where
we bound the BMSE of sDM. Then, we present our main result, a bound on the BSO of sDM in OPL.

Theorem 5.1 (OPE Result). Let x € X and a € A, the BMSE of sDM under prior (10) satisfies
BMSE(7(z,a)) < E [lo(@)[2, |

For any context : and action a, the BMSE of sDM is bounded by E[||¢(x) ”22 ]. This is expected, given

that we assume access to well-specified prior and likelihood, eliminating bias and directly linking
BMSE to the variance. Essentially, estimation accuracy increases as the posterior covariance of action

a, f)a, diminishes in the direction of ¢(x). For the standard non-structured prior in (2), this would
only happen if the context x and action a appear frequently in the sample set .S. However, sDM’s use
of structured priors ensures lower covariance in the direction of ¢(z) even without observing context
z and action a together. This is because sDM calculates posterior covariance for action a using all
observed contexts and actions, which reduces its variance. We will now present our main OPL result.

Theorem 5.2 (OPL Result). Let § € (0,1) and 7.(x) be the optimal action for context x. Then the
BSO of sDM under prior (10) satisfies

BSO(fa) < A(d, D)E[|4(X) (16)

Him(XJ ’

where 3(d,0) = \/2/7r67a(d’5)2/2 + a(d, ) for a(d,d) = \/d +24/dlog1/s + 2log 1/s.

Scaling of the bound in Theorem 5.2 aligns with existing frequentist results [Jin et al., 2021, Theorem
4.4]. The main differences lie in the constants, which in our case reflect the benefits of using
informative priors (Appendix E.2), and the fact that this rate is achieved using greedy policies (8).
This contrasts with the frequentist setting where pessimism is used [Jin et al., 2021] and known to
be optimal [Jin et al., 2021, Theorem 4.7]. In fact, greedy policies are optimal when using BSO
as a performance metric. Specifically, BSO(7) < Bso(w) for any policy =, including pessimistic
ones [Jin et al., 2021]. Therefore, in the Bayesian setting and when using BSO as a performance
metric, greedy policies should always be preferred to pessimistic ones. This fundamental difference
is proven in Appendix E.5 and it is of independent interest beyond this work. Theorem 5.2 suggests
that the BSO primarily depends on the posterior covariance of action 7, (X ) in the direction of the
context ¢(X). That is, when the uncertainty in the posterior distribution of the optimal action 7, (X)
is low on average across different contexts X, problem instances 6., and sample sets S, then the BSO
bound is correspondingly small. In particular, the tightness of the bound depends on the degree to
which the sample set covers the optimal actions on average. Moreover, this bound would roughly
scale as O(1/+/n) if we were to make the well-explored dataset assumption, commonly used in the
literature [Swaminathan et al., 2017, Jin et al., 2021, Hong et al., 2023].

Even without such an assumption, Theorem 5.2 still highlights the advantages of using sDM over
the non-structured prior (2). To see this, notice that the parameters of the non-structured prior in
(2), (g and 3,, are obtained by marginalizing out ¢ in (10). In this case, y, = Wop and ¥, =
Y. + W,EW/ . The corresponding posterior covariance is igs = (B + W, W)t +G,)7 L,
and is generally larger than the covariance of sDM, 3, in (13). This is more pronounced when the
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Figure 1: The relative reward of the learned policy on synthetic problems with varying n, K and d'.

number of actions K is large and when the latent parameters are more uncertain than the action
parameters. Thus, the BSO bound of sDM is smaller due to the reduced posterior uncertainty it exhibits.
Also, note that even when 7, (X) is unobserved in the sample set S, sDM’s posterior covariance

2, (x) can remain small since we use interactions with all actions to compute it. This contrasts with
standard non-structured priors (2), where observing , (X)) is necessary; without such observations,
the posterior covariance X (x) would simply be the prior covariance > ().

6 Experiments

We evaluate sDM using synthetic and MovieLens datasets. We focus on OPL experiments and use the
average reward relative to the optimal policy as our evaluation metric, which is equivalent to BSO.
Additional OPE experiments are provided in Appendix F.1 and they lead to similar conclusions.

Synthetic problems. We simulate synthetic data using the model in (10) with 0 = 1. The contexts
X are sampled uniformly from [—1, 1]¢, with d = 10. The matrices W,, are sampled uniformly from

[—1,1]%%4" where d’ varies as d’ € {5,10,20}. We set & = 31 and X, = I (the latent parameters
are more uncertain than the action parameters). Finally, the latent mean p is randomly sampled from
[—1,1]%". The number of actions varies as K € {102,103}. We use a uniform logging policy to
collect data while we defer the results with e-greedy logging policies to Appendix F.2.

We evaluate several baselines. First, we use sDM under prior (10). Second, we examine DM (Bayes),
which uses the standard non-structured prior (2), where parameters p, and ¥, are obtained by
marginalizing out the latent parameters ¢ in (10). Thus DM (Bayes) is a standard Bayesian DM that
does not capture arm reward correlations. We also include DM (Freq), which estimates 6, , by the
MLE. We include IPS [Horvitz and Thompson, 1952], self-normalized IPS (snIPS) [Swaminathan
and Joachims, 2015b], and doubly robust (DR) [Dudik et al., 2014], which we optimize to learn the
optimal policy. Note that the goal of these experiments is not to compare with IPS and its variants. In
particular, our experimental setting is better suited for DMs due to its high number of actions, known
reward function, and well-specified priors, which favor DMs over IPS variants. Nevertheless, we
include the IPS variants for the sake of completeness only. In Fig. 1, we plot the average relative
reward with varying K, d’, n. Overall, sDM consistently outperforms the baselines in terms of both
sample efficiency and average reward. This performance gap becomes even more significant in
scenarios with a high number of actions K or small sample size n. These results highlight sDM’s
enhanced efficiency in using available logged data, making it particularly beneficial in data-limited
situations and scalable to large action spaces.

Varying K, d'=5, d=10

Large action spaces. sDM achieves improved scalability, in o

the sense that its performance remains robust in large action % 0.9 | .
spaces, by leveraging data more efficiently. While it still learns o 08F 1

a d-dim. parameter for each action a, it does so by considering % 0.7 | .
interactions with all actions in the sample set .S, instead of only € 0.6 — sDM (Ours) _
using interactions with the specific action a. This is crucial, £ o5} DM (Bayes)
especially given that many actions may not even be observed < 10 5(')0 50'00 100000
in S. To show sDM’s improved scalability, we compared it Number of actions K

to the most competitive baseline, DM (Bayes), for varying Figure 2: Comparison of sDM and
K € [10,10%] with n = 103. The results in Fig. 2 reveal that DM (Bayes) with varying K.



the performance gap between sDM and DM (Bayes) becomes more significant when the number of
actions K increases. Hence, despite the necessity for sDM to learn distinct parameters for each action,
accommodating practical scenarios like recommender systems where unique embeddings are learned
for each product, it still enjoys good scalability.

MovieLens problems. We also experiment with MovieLens MovieLens

: K=100, d'=25, d=5 K=1000, d'=25, d=5
the MovieLens 1M dataset [Lam and Herlocker, 5 — "2 0.90 —
2016]. This dataset contains 1M ratings, reflect- 2 —] e
ing the interactions of a set of 6,040 users with s 0. - 1 o075 f?f((i
a collection of 3,952 movies. Our evaluation ap- & 0. /)}4/ 0.70 ;/Hk_/’

. . . . 2 0.70¢f 1 0.65F
proach involves the creation of a semi-synthetic 5 ;e ¥ 1 oeo
environment as follows. Initially, we apply a < o.60 N ossb——
. . . . 0 500 1000 1500 2000 0 500 1000 1500 2000
low-rank factorization technique to the rating number of samples n number of samples n
DR

matrix, yielding 5-dimensional representations — sDM(Ours)  — DM (Freq)

denoted as z, € R® for user u € [6040] and oM (Bayes) - — P8 e

0, € R5 for movie a € [3952]. Subsequently, Flg}lre 3: Aver.age relat.we rew.ard of the learned
the movies are treated as actions, and the con- Policy on MovieLens with varying n and K.

texts X are sampled randomly from the user vectors. The reward associated with movie a for user u
is modeled as N (z,! 0., 1), effectively representing a proxy for the rating. We use a uniform logging
policy to generate logged data and experiments with e-greedy logging policies are in Appendix F.2.

A prior is not needed for DM (Freq), IPS, snIPS, and DR. However, for DM (Bayes), a standard
prior (2) is inferred from data, where we set j,, to be the mean of movie vectors across all dimensions,
and X, = diag(v), where v represents the variance of movie vectors across all dimensions. Unlike
the synthetic experiments, the latent structure assumed by sDM is not inherently present in MovieLens.
But we learn it by training a Gaussian Mixture Model (GMM) to cluster movies into J = 5 mixture
components. This gives rise to the mixed-effect structure described in Section 4, which represents
a specific instance of sDM with d’ = dJ = 25. Both DM (Bayes) and sDM use the same subset of
data to learn their priors and it is of size {100, 1000} depending on the setting. We conduct two
experiments with K € {102,103} randomly selected movies, and the results are in Fig. 3. Even
though the latent structure assumed by sDM is absent, sDM still outperforms the baselines.

Prior misspecification. We consider the same Missp. mean and cov.  Missp. mean and cov.
synthetic problems above, but where the pa- K=100, d'=5,d=10 _K=1000, d'=5, d=10

rameters of the prior distribution used to sam- ﬁ %

ple the true parameters differ from those em-
ployed by sDM. This was achieved by adding
uniformly sampled noise from [v,v + 0.5] to
the true prior parameters (i, 2, W,, X, with v

Avg. relative reward
coocoooooH
NwhuUuoNOWOO

controlling the level of misspecification. We 0 500 1000 1500 200@ 500 1000 1500 2000

varied v € {0.5,1,1.5} and analyzed its im- SDMN”mber of saﬂ"eng (V_Nlu)mber of Sargpp'/le(ssr;yes)
) . -

pact on sDM’s performance. For comparison, Wwe — __ _ov ,—05)  — spM (v=L.5)

included the well-specified sDM and the most
competitive baseline, DM (Bayes), while omit-
ting other baselines to reduce clutter. Results are shown in Fig. 4. As expected, sDM’s performance
decreases with increasing misspecification. However, note that the entries of the true parameters W,
and X, and 4 are in [—1, 1], so values v € {0.5,1,1.5} can lead to significant misspecification, yet
sDM outperforms the most competitive baseline, especially when K is large.

Figure 4: Effect of prior misspecification.
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late the case when the true reward distribution ~ p 1 o _K=100.d'=5,d=10 ~ K=1000, d'=5, d=10
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add the suffix Lin to all DMs names. Overall, as SDa}tm"(Zrufi)samp'is ”DMﬂinrZ;?f samples
known in the literature, IPS variants performed DM-Lin (Bayes) — IPS — sniPS

better than standard DMs when the likelihood

was misspecified. However, this is not the case Figure 5: Effect of likelihood misspecification.



for sDM. While misspecification narrowed the performance gap between sDM and baselines, sDM still
consistently outperformed them, particularly in low-data regimes or large action spaces. In a few
cases, some baselines, e.g., snIPS, showed competitive performance with enough data.

Additional experiments on prior and likelihood misspecification are provided in Appendix F.3.
For completeness, we also compare sDM with MIPS [Saito and Joachims, 2022] in Appendix F.4.
However, the goal of this work is not to compare with MIPS or other IPS variants, but to improve
DMs. Therefore, we compared our DM (sDM) to standard DMs (DM (Bayes) and DM (Freq)) to
highlight the benefits of using structured priors. The inclusion of IPS variants is for completeness only.
Finally, Appendix F.5 compares pessimistic and greedy policies in our Bayesian setting, validating
our theory.

7 Conclusion

We introduced sDM, a novel approach for OPE and OPL with large action spaces that leverages
latent structures among actions to enhance statistical and computational efficiency. We provide
theoretical justifications for sDM’s improved concentration properties towards the optimal policy
and demonstrate the superiority of greedy policies over pessimistic ones in the Bayesian setting.
Our experiments validate our theory, showing that the introduced Bayesian metrics highlight the
advantages of structured priors, especially in large action spaces with limited data. However, a primary
limitation of our theory is the well-specified prior assumption. While we have empirically studied the
effect of misspecification, investigating it theoretically is left for future work. Moreover, extending
sDM’s applicability to non-linear hierarchies is an important direction for further investigation.
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Organization of the supplementary material

The supplementary material is organized as follows.

* In Appendix A, we provide a detailed notation.

* In Appendix B, we provide an extended related work discussion.

* In Appendix C, we outline the posterior derivations for the standard prior in (2).

* In Appendix D, we outline the posterior derivations under the structured prior in (10).
* In Appendix E, we prove the claims made in Section 5.

 In Appendix F, we present supplementary experiments.

A Detailed notation

For any positive integer n, we define [n] as the set 1,2,...,n. We represent the identity matrix
of dimension d x d as I4. In our notation, unless explicitly stated otherwise, the i-th coordinate
of a vector v is denoted as v;. However, if the vector is already indexed, such as x;, we use the
notation x; ; to represent the j-th entry of the vector z;. When dealing with matrices, we refer to the
(4, j)-th entry of a matrix A as A; ;. Also, A\1(A) and A4(A) refer to the maximum and minimum
eigenvalues of matrix A, respectively. Moreover, for any positive-definite matrix A and vector x, we

let ||z]|4 = VaT Ax.

Now, consider a collection of n vectors, denoted as a1 € R% as € R% ... ,a, € R? Then
we use a = (ai)icin) € R™ to represent a nd-dimensional vector formed by concatenating
the vectors ap,as,...,a,. The operator Vec(-) is used to vectorize a matrix or a set of vec-
tors. Let Ay, As,..., A, be a collection of n matrices, each of dimension d x d. The notation
diag((A;)iefn)) € R™*"? represents a block diagonal matrix where A1, A, ..., A, are the main-
diagonal blocks. Similarly, (A;);c(,) € R™¥*¢ denotes the nd x d matrix formed by concatenating
matrices A1, Ao, ..., A,. To provide a more visual representation, consider a collection of vectors
a1 € R4 as € R, ... a, € R? and matrices A; € R4 Ay € R4¥4 A, € R¥*? We can
represent them as follows
aq Al 0 s 0
a2 d 0 Ap - dxnd
n s n n
(@)iepy = | . [ €R™, diag((Adiep))=| . . . . |€R )
an 0 0 A,
Ay
Az dxd
(Ad)ie) = | . | €R™™.
ATL

B Extended related work

Online learning under uncertainty is often modeled within the framework of contextual bandits
[Lattimore and Szepesvari, 2019, Li et al., 2010, Chu et al., 2011]. Naturally, learning within
this framework follows an online paradigm. However, practical applications often entail a large
action space and a significant emphasis on short-term gains. This presents a challenge where the
agent needs to exhibit a risk-averse behavior, contradicting the foundational principle of online
algorithms designed to explore actions for long-term benefit [Auer et al., 2002, Thompson, 1933,
Russo et al., 2018, Agrawal and Goyal, 2013, Abbasi-Yadkori et al., 2011]. While several practical
online algorithms have emerged to efficiently explore the action space in contextual bandits [Zong
etal., 2016, Zhu et al., 2022, Aouali et al., 2023b, Aouali, 2023], a notable gap exists in the quest for
an offline procedure capable of optimizing decision-making using historical data. Fortunately, we
are often equipped with a sample set collected from past interactions. Leveraging this data, agents
can enhance their policies offline [Swaminathan and Joachims, 2015a, London and Sandler, 2019,
Sakhi et al., 2022], consequently improving the overall system performance. This study is primarily
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concerned with this offline or off-policy formulation of contextual bandits [Dudik et al., 2011, Dudik
et al., 2012, Dudik et al., 2014, Wang et al., 2017, Farajtabar et al., 2018]. There are two main tasks
in off-policy contextual bandits, first, off-policy evaluation (OPE) [Dudik et al., 2011] which involves
estimating policy performance using historical data, simulating as if these evaluations were performed
while the policy is interacting with the environment in real-time. Subsequently, the derived estimator
is refined to closely approximate the optimal policy, a process known as off-policy learning (OPL)
[Swaminathan and Joachims, 2015a]. Next, we review both OPE and OPL.

B.1 Off-policy evaluation

Recent years have witnessed a surge in interest in OPE, with several key works contributing to this
field [Dudik et al., 2011, Dudik et al., 2012, Dudik et al., 2014, Wang et al., 2017, Farajtabar et al.,
2018, Su et al., 2019, 2020, Metelli et al., 2021, Kuzborskij et al., 2021, Saito and Joachims, 2022,
Sakhi et al., 2020, Jeunen and Goethals, 2021]. The literature on OPE can be broadly categorized
into three main approaches. The first approach referred to as the direct method (DM) [Jeunen
and Goethals, 2021, Hong et al., 2023], involves learning a model that approximates the expected
reward. This model is then used to estimate the performance of evaluated policies. The second
approach, inverse propensity scoring (IPS) [Horvitz and Thompson, 1952, Dudik et al., 2012], aims
to estimate the reward of evaluated policies by correcting for the preference bias of the logging
policy in the sample set. IPS is unbiased when there’s an assumption that the evaluation policy is
absolutely continuous with respect to the logging policy. However, it can exhibit high variance and
substantial bias when this assumption is violated [Sachdeva et al., 2020]. Various techniques have
been introduced to address the variance issue, such as clipping importance weights [Ionides, 2008,
Swaminathan and Joachims, 2015a], smoothing them [Aouali et al., 2023a], self-normalization of
weights [Swaminathan and Joachims, 2015b], etc. [Gilotte et al., 2018]. The third approach, known as
doubly robust (DR) [Robins and Rotnitzky, 1995, Bang and Robins, 2005, Dudik et al., 2011, Dudik
et al., 2014, Farajtabar et al., 2018], combines elements of DM and IPS, helping to reduce variance.

Assessing the accuracy of an OPE estimator, denoted as Rn(w) is typically done using the mean
squared error (MSE). It may be relevant to note that Metelli et al. [2021] argued that high-probability
concentration rates should be preferred over the MSE to evaluate OPE estimators as they provide
non-asymptotic guarantees. In this work, we presented a direct method for OPE, for which we could
derive both an MSE and high-probability concentration bound under our assumptions. However, we
focused more on OPL.

B.2 Off-policy learning

OPL under IPS. Prior research on OPL predominantly revolved around developing learning princi-
ples influenced by generalization bounds for IPS. Swaminathan and Joachims [2015a] proposed to
penalize the IPS estimator with a variance term leading to a learning principle that promotes policies
that achieve high estimated reward and exhibit minimal empirical variance. In a recent development,
London et al. [London and Sandler, 2019] made a connection between PAC-Bayes theory and OPL
that inspired several works in the same vein [Sakhi et al., 2022, Aouali et al., 2023a]. London and
Sandler [2019] proposed a learning principle that favors policies with high estimated reward while
keeping the parameter close to that of the logging policy in terms of Lo distance. In particular, this
learning principle is scalable. Then Sakhi et al. [2022], Aouali et al. [2023a] took a different direction
of deriving tractable generalization bounds and optimizing them directly as they are. Finally, Wang
et al. [2023] recently introduced an efficient learning principle with guarantees for a specific choice of
their hyperparameter. All of these learning principles are related to the concept of pessimism which
we discuss next.

OPL under DM. The majority of OPL approaches in contextual bandits rely on the principle
of pessimism [Jeunen and Goethals, 2021, Jin et al., 2021, Hong et al., 2023]. In essence, these
methods construct confidence intervals for reward estimates #(x, a), that hold simultaneously for all
(z,a) € X x A and satisfy the following condition

[r(z,a;0) — #(z,a)] < ul(z,a), V(z,a) e X x A
Subsequently, the policy learned with this pessimistic approach is defined as

#p(a | ) = 1{a = argmax 7#(x,b) — u(x,b)}. (17)
beA
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Note that when the function u(z, a) is independent of both = and a, the pessimistic and greedy
policies become equivalent. However, in this work, we highlight the critical role of the selected
metric and the underlying assumptions about # in choosing between pessimistic and greedy policies.
In particular, we introduce the concept of Bayesian suboptimality (BSO), as defined in Section 5.1.
BSO evaluates the average performance of algorithms across multiple problem instances, and in this
context, the Greedy policy emerges as a more suitable choice for minimizing the BSO. A detailed
comparison of pessimistic and greedy policies is presented in Appendix E.5.

In addition to not using pessimism, our work also considers structured contextual bandit problems,
upon which we build informative priors. Notably, while structured problems have been previously
investigated in the context of multi-task learning by Lazaric and Ghavamzadeh [2010], Hong et al.
[2023], these works primarily focused on cases where there are multiple contextual bandit instances
that bear similarity to one another. Interaction with one bandit instance contributes to the agent’s
understanding of other instances. In contrast, our work tackles a single contextual bandit instance
with a large action space and considers an inherent structure among actions within this bandit instance.
Furthermore, the structure we address in the single-instance problem is different and more general
compared to the ones explored in the aforementioned multi-task learning works.

C Posterior derivations under standard priors

Here we derive the posterior under the standard prior in (2). These are standard derivations and we
present them here for the sake of completeness. But first, we state the following standard assumption
that allows posterior derivations.

Assumption C.1 (Independence). (X, A) is independent of 4, and the 0,,, for a € A are independent.

Derivation of p(0, | S) for the standard prior in (2). We start by recalling the standard prior in (2)
eaNN(Maa2a>7 VC’/EA; (18)
R|0,X,A~N($(X) 04,07,

where NV (pq, %) is the prior on the action parameter 0,. Let § = (0,)qca € R, ¥4 =

diag(Sa)aea € REXIE and 114 = (11a)aca € R, Also, let u, € {0,1}™ be the binary vector
representing the action a. That is, v, , = 1 and u, o = 0 for all ’ # a. Then we can rewrite the
model in (18) as

0~ N(pa,Xa), (19)
R0, X, A~N((ua®d(X))0,0%).
Then the joint action posterior p(f | S) decomposes as

p(0 1 5) =p(0 | (Xi, Ai, Ri)icin) (&)p((R) 110, (Xi, Ai)icm)p(0 | (Xis Ad)ien)

(“) ZZ’L
= p((Ri)iep | 0 (Xi, Ad)iem)p(0) =" ] p(Ri |6, X5, Ai)p(6),

i€[n]

W T N (R (wa, © (X)) T8,0%)N (65 14, Sa)

i€[n]

= exp
z:l

=1
n

= exp

(& N(G;ﬂA,<AA)1> .
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In (i), we apply Bayes rule. In (i), we use that 6 is independent of (X, A), and (7i¢) follows
from the assumption that R; | 0, X, A, are i.i.d. Finally, in (iv), we replace the distribution

by their Gaussian form, and in (v), we set Ay = v 37" (ua,u), ® ¢(X;)d(X;)") + Aa, and

fia = A (000 (ua, ® ¢(X;)"R; + AAMA). Now notice that A4 = diag(E;"! + Go)aca-

Thus, p(6 | S) = N'(0, fia, A3") where jig = (jia)ac.a and A4 = diag(Ay)aca , With
Ae=%14+G., Aafia = X7 1o + B, -

Since the covariance matrix of p(# | S) is diagonal by block, we know that the marginals 6,, | S also
have a Gaussian density p(6, | S) = N (0,; fla, o) where X, = AL

O

D Posterior derivations under structured priors

Here we derive the posteriors under the structured prior in (10). Precisely, we derive the latent
posterior density of ¢ | S, the conditional posterior density of € | S, . Then, we derive the marginal
posterior 6 | S. Posterior derivations rely on the following assumption.

Assumption D.1 (Structured Independence). (i) (X, A) is independent of ¢ and given ¢, (X, A) is
independent of 6. (ii) Given 1, the 0,, for all a € A are independent.

D.1 Latent posterior
Derivation of p(1 | S). First, recall that our model in (10) reads
Y~ N, ),
0u |0~ N (Wath, Za) Vae A,

R|1,0,X,A~N($X) 04,0%). (20)

Then we first rewrite it as
U~ N(p, X)),
0| ¢~N(Wm EA),
R|9,0,X,A~N((us®¢(X))'0,0%). 1)

Then the latent posterior is

p(Y | (Xi, As, Ri)iepn))
(i

(Ri)iern) | ¥, (Xi, Ad)ien)P(¥ | (Xis Ai)icn)) »
(Ri)iemn | ¥, (Xiy Ad)iem)a(¥),
P((Ri)iein]» 0 | ¥, (Xis Ai)icrn)) A0 (),

a2

I
S—Ss—= =

P((Ri)iein) | 50, (Xi, Ai)iein)P(0 | ¥, (Xi, Ai)icn)) A0 q(¥),

0

In (), we use that (X, A) is independent of 1), which follows from Assumption D.1. Similarly,
in (4i), we use that  is conditionally independent of (X, A) given ¢). Now we know that given 6,
R; | X;, A; are i.i.d. and hence p((R;)icin) | ¥, 0, (Xs, Ai)iem]) = [laea La(0a). Moreover, 0,
for a € A are conditionally independent given v). Thus p(60 | 1) = [[,c 4 Pa (0a; fa (%)), where we
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also used that 6, | 1 ~ p, (+; fo(¢)). This leads to

("/) | (XzaAzaR i€[n /H ‘C pa Qa,fa(d)))deq(?/))

acA

DT Lol (00 W 22 0N (4.

acA

= H/ [ V(& 6(X0) Tba, 0 ))N(ﬁa;Waw,Ea)dea/\/w;u,2).

acA i€l,
In (i), we notice that § = (0,)q,c4 and apply Fubini’s Theorem. In (ii), we let I, = |S,]
Zze[ ]l{A = a} as the number of times action a appears in the sample set S. Now let h, (1))

Jo. Tier, N(Ris 6(Xi) "0a,0%)) N (805 Wath, B ) df. Then we have that

P 8) o< I ha(@)N (1, %)- (22)

acA
We start by computing k. To reduce clutter, let v = 0~2 and A, = ¥, 1. Then we compute h,, as

/ (H N m Qa,O' )) N(ea;wad)az}a) d¢

iel
1
X /Ga €xp [_20 Z(Rz - (ZS(Xi)TGa)Z - 5(0(1 - Wa"/’)TAa(ea - Waw)] dé, ,
exp

i€l

1
[_ %(U Z(R? - 2R192¢(Xi) + (QI(b(XZ))Q) + QJAaga _ QGGTAaWai/J

6 i€l,

+ (Wath) T Aa(Wath))] d6
oc/aexp[—;@;—( Z¢ +A>9a—292< 3 Rio(X; +Awa¢>

i€l,

+ (Wat) Au(Wat) )| a0

Now recall that G, = v o, ¢(X;)p(X;)" and B, = v),c; Ri¢(X;) and let V, =
(Go + Aa)fl, U, =V 1 and 8, = Vu(B, + AyW,). Then have that U, V,, = V,U, = I, and
thus

F() /a exp

a

= / exp
Oa L

= / exp
0q

—= (04 Uabla — 20, UaVa (Ba + AaWath) + (waw)TAa(Waw))} b, ,

—= (0, Uy — 20, Uy, + (Waw)TAa(waw))] dé, ,

N = 1\3\>—~ L\D\»—*

((0a = Ba) Va0 — Ba) — 5aTUaﬂa+(Wa¢)TAa(Wa¢))} ¢

cexp |~ (81U + (W) A(Wo)]

—exp |~ (= (Bt AW0)T Vi (B + AaWa) + (W) A (W) |
ocenp |5 (6TWI (A0 = AuVio) Wow = 207 (WIAWVAE))|

o< N(¥; fias ) ,

where
St =W, (Aa —AVoA) W, =W, (571 —
S i =W AV,B, = WS Y G, + 2,

a

oS NG+ 2 TS ) W,
HiB,. (23)
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However, we know from (22) that p(¢ | S) o< [[,c .4 ha ()N (45 1, X). But ha(v)) is proportional
to N (¢; fia, X ) for any a. Thus p(z) | S) can be seen as the product of K + 1 multivariate Gaussian
distributions A (1, ¥) and (,ua, o) for a € A (the terms h,). Thus, p(¢) | S) is also a multivariate
Gaussian distribution A/ (ji, 1), with

Tt ) S =T Y W (S - (G A2 )T ) W, (24

acA acA
STE=S"4 ) S =2+ Y WIB (G + 3,1 T B, (25)
acA acA

O

D.2 Conditional posterior

Derivation of p(6, | ¥, S). Letv =072, A, =X;!. We consider the model rewritten in (21),
then the joint action posterior p(6 | S) decomposes as

@

W p(Rictn |8, (X, Adicp)p ww = HPR |9, %5, A0 1 9),

1€[n]

T V(R (w4, © 6(X0)) 0, 02N (0 Wah, )

i€[n]

= exp (v D (R} = 2R;(ua, @ ¢(X:)) "0+ (ua, @ (X)) "0)?) + 0T A0 — 207 Ay W 40

i=1

X exp <9T UZ ua, ® (X)) (ua, ® (X)) T +A4)0 — 20" (UZ ua, ® ¢(X Ri+AAWA¢>

i=1
n

—exp | — 7(9T(UZ(uAiul ® H(X)H(X)T) + A0 — 207 (vz ua, ® $(X:)) R +AAWA1/)> )} ,
- i =1

where we use Bayes rule in (4), (4¢) uses two assumptions. First, Given 6, X, A, R is independent of
w Second, given 1, 0 is independent of (X, A). Moreover, (ii¢) follows from the assumption that
R; [0,X;,A; areiid. Finally, in iv, we replace the distribution by their Gaussian form, and in (v),

weset Ay =030 (ua,u), ®@O(X;)H(Xi) )+ A, and i, = A (001 (ua, ® (X)) T Ry +
AAWAw). Now notice that A 4 = diag(X;" + Ga)aca. Thus, p(6 | S) = N (6, jia, A") where
fia = (fia)ac.a and A4 = diag(Aq)qea , with
Ao =%+ G,
Aafia = 57" Wath + B, .
The covariance matrix of p(0 | 4, 5) is diagonal by block. Thus 6, | 1, S for a € A are independent
and have a Gaussian density p(8, | S) = N (04; fia, Xq) where ¥, = A1, O

D.3 Action posterior

Derivation of p(6, | S). We know that 6, | S,v) ~ N (jia, %) and ¢ | S ~ N(fi, ). Thus the
posterior density of 6, | S is also Gaussian since Gaussianity is preserved after marginalization
[Koller and Friedman, 2009]. We let 8, | S ~ N (jiq, X4 ). Then, we can compute i, and 33, using
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the total expectation and total covariance decompositions. Let A, = ¥, 1. Then we have that

i:a = (Ga + Aa)_l
E (0|, S] = X4 (Ba + AaWat))

First, given S, S, = (Go + Aa)f1 and B, are constant (do not depend on ). Thus
fla = E[0| S] = E[E a9, 5] | S] = Eynsns) |Sa (Ba+ AaWat)| = Za (Ba + AaWaByprrsy V)
=%, (Ba + AaWai) .

This concludes the computation of [i,. Similarly, given S, Y, = (Go + Aa)_1 and B, are constant
(do not depend on ), yields two things. First,

E [cov [0 | 4, S]] S] = E [,

8| =%
Second,
cov [E [0 |, S]| 5] = cov [SuA W ] ]

= S A Wocov [¢ [ S] W AgS,

=Y AW EW/]AS, .
Finally, the total covariance decomposition [Weiss, 2005] yields that

Yo =cov[a | S] = E[cov [0, |9, 8] S] 4 cov [E [0, |1, S] | S] = Za + ZaAa WoZW ] A3, .

This concludes the proof.
O

E Missing discussions and proofs

E.1 Linear hierarchy with non-linear rewards

In this subsection, the action and latent parameters are generated as in (10). But the reward is no longer
Gaussian. Precisely, let Ber(p) be a Bernoulli distribution with mean p, and g(u) = 1/(1+4exp(—u))
be the logistic function. We define p(- | z;6,) = Ber(g(é(x) " 0,)) which yields

¥~ N(p, X), (26)
u |~ N (Wat, 5 Va e A,
R|4,0,X, A~ Ber(g(6(X)"04)).

Step (A). In this case, we cannot derive closed-form posteriors. But we can approximate the
likelihoods £, (-) by multivariate Gaussian distributions such as

La() = N (i fla, (Ga)™). 7)

where [i, and G, are the maximum likelihood estimator (MLE) and the Hessian of the negative
log-likelihood — log £, (-), respectively:

fla = argmaxgepa log L4(0),

Go = Zie[n] 1{A; = a}g (XiTﬁa) P(Xi)p(Xi) T
The latter approximation is slightly different from the popular Laplace approximation' and is some-

times referred to as Bernstein-von-Mises approximation, see [Schillings et al., 2020, Remark 3] for a
detailed discussion. It is simpler and more computationally friendly than the Laplace approximation

"Laplace approximation’s mean is given by the maximum a-posteriori estimate (MAP) of the posterior and
its covariance is the inverse Hessian of the negative log posterior density.
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in our setting. Indeed, interestingly, (27) allows us to use the Gaussian posteriors (11), (12) and (13)
in Step (A) in Section 4, except that G, and B,, are replaced by é’a and éa [Lq, respectively (notice
that the inverse égl may not exist but it is not used in our formulas). There is a clear intuition behind
this. First, G, + Gq captures the change of curvature due to the nonlinearity of the mean function g.

Moreover, B, + é’a [14 follows from the fact that the MLE of the action parameter 6, with linear
rewards in (10) is G ! B,, and it corresponds to i, in this case.

Step (B). The reward function under (26) is r(z, a; 8) = g(¢(z) " @). Thus our reward estimate is

= — ¢(1)T/:La )

Fa,a) =g ( JE @, )’
where we use an approximation of the expectation of the sigmoid function under a Gaussian distribu-
tion [Spiegelhalter and Lauritzen, 1990, Appendix A].

Step (C). Since g is increasing, the learned policy is

fela | x) = ]l{a = argmaxe 4 M}

/8l lls,

E.2 Frequentist vs. Bayesian suboptimality

Before diving into our main result, a Bayesian suboptimality bound for the structured prior in (3),
we motivate its use by analyzing both Bayesian and frequentist suboptimality for the simpler non-
structured prior in (2). While this analysis uses the non-structured prior, our main result applies
directly to the structured one. The key distinction between Bayesian and frequentist suboptimality
lies in their confidence intervals, as discussed in [Hong et al., 2023, Section 4.2]. However, we still
provide a self-contained explanation for completeness, considering our slightly different results and
proofs. Also, note that Hong et al. [2023] also explored a notion of Bayesian suboptimality that
they defined as V (m,;60.) — V(7;60.) | S. Precisely, they fix the sample set .S and consider only
randomness in #, sampled from the prior. In contrast, our definition aligns with traditional online
bandits (Bayesian regret) by averaging suboptimality across both the sample set and 6, sampled
from the prior: E [V (m.; 6.) — V(7; 0.)]. These metrics are different and have distinct implications.
Interestingly, ours favors the greedy policy (Appendix E.5), while theirs incentivizes pessimistic
policies.

Frequentist confidence intervals. Assume that for any a € A, there exists a parameter 6, , € R?

generating the reward as R | 0., X, A ~ N(¢(X) 0. a,0%). Then the posterior under the non-
structured prior in (2) satisfies

Ca + || ftall2

T :r(z,a;0,) — F(x,a)| < [ ald,d
P<V €X : [r(z,a;0.) —( )|<<(d )+ )

) (X)), | S) >1-4, (28)

where S = (Xi, Ai)ic[n) the randomness in P is over the true reward noise N (0, 0?), and a(d, §) =

\/ d+ 24/dlog % + 2log %. Now let us compare this confidence interval to the Bayesian one below.

Bayesian confidence intervals. Here we further assume that for any a € A, the action parameter
0. o is generated from a know Gaussian distribution as 6, , ~ N (e, Xo) whose parameters pq, 3q
match the ones used in the non-structured prior (2). Then the posterior under the non-structured prior
in (2) satisfies

P (Vas €X: |r(w,a;6,) — #(x,a)| < a(d, 8)|6(X)]s, ‘ S) >1-6 (29)

Here the randomness in PP is over the action parameter uncertainty N (0,Y,) as we condition on
S = (Xi, Ai, Ri)icn)- The proof is given after Lemma E.1. In Bayesian bounds, 0. , is treated
as a random variable with distribution A(u,,>,) and it is included in the randomness in P. The
randomization of the data (X, A;, R;);c[n is also included in P. However, we condition on S, and
hence they are treated as fixed. In contrast with frequentist bounds where 6, , is fixed while the
reward is random and included in the randomness in [P without conditioning on it. The Bayesian
confidence intervals capture that the agent has access to the prior on the true action parameters and
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Catllpall2

VAd(Za)

counterpart. This is the main reason why BSO captures the benefits of knowing and leveraging
informative priors.

hence the additional misspecification term is not present, as opposed to its frequentist

Lemma E.1 (Bayesian bound). Leta € A, ¢ € (0,1) and a(d, ) = \/d +24/dlog § + 2log ;.
Then

]P@xeX:|N@W&J—N@mﬂﬂgawﬁmwXﬂEJS)21—6 (30)

Proof. First, we have that

(2, 030.) = (@, a; 4)] = |6(X) " 0sa = ¢(X) Tia| = [$(X) T (Bua = fia) |,

= [p(X) 8250 % (00 — fra) | < 10(X) sy, 100 — frallssr

where we use the Cauchy-Schwarz inequality in the last step. Now we assumed that the true action
parameters 6, , are random and their prior distribution matches our model in (10). Therefore,

0., | S have the same density as our posterior 6, | S, and hence 0, , | S ~ N (fia,2,). This
means that 0, , — fi, | S ~ N(0,%,). Thus, 342 (0. — fia) ~ N(0,1;). But notice that
06,0 — flallg-1 = 20 2 (4.0 — fia)]||. Thus we apply Laurent and Massart [2000, Lemma 1] and
get that

P@mﬂ—gmi4SQWAWS)z1—&

Finally using that for any z € A, [r(z,a;0,) — r(x,a; i) < [[¢(X)|lg, 10 — fialls-1 concludes
the proof. O

Lemma E.2 (Frequentist bound). Leta € A, § € (0,1) and a(d,0) = \/d +24/dlog % + 2log 1.

Then
S) >1-39,

€1y

P (Vx eX : |r(x,a;0.) —r(z,a; f1)] < <a(d, 0) + %) H‘b(X)Hza

where S = (X, Ai)iein)-

Proof. Similarly to Lemma E.1, we have that |r(z, a; 0.) — 7(z, a; @) < [|[¢(X) g, 00 — flallg-1-
Note that (X;, A;) and 6, , are fixed; the randomness only comes from R; for i € [n]. Thus 3, is
fixed while /i, is random. Keeping this in mind, we have that R; ~ N (¢(X;) " 0. 4, 0?) and thus

> Ta—ay$(Xi) R ~ N( D Ta—ayd(X)(Xi) 0na0® > H{Ai:a}cﬁ(XiW(Xi)T) :

i€[n] i€[n] 1€[n]

(32)

}iut >icn) Ha=ayo(Xi)Ri = 0?B, and Y ien] I{a,2ay?(X:)9(X;) T = 02Gq. Thus, we get
that

02B, ~ N(0°Gubsa,0*Gr) (33)
and hence
By ~ N(Gabs.a, G). (34)
Now since X, pt, and ﬁla are fixed, we have that

ﬂa = ia(zglﬂa + Ba) ~ N(ia(zglua + Gae*,a)7 EA:aGaia) . (35)
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But notice that G o0, o = (Go+35; )0, 0 — X710, o = 3710, o — 2716, , and hence (35) becomes

a

ﬂa ~ N(iazgl(ﬂa - 9*,(1) + 0*,(17 Ea(;ai:a) . (36)

Thus

fla = s ~ N(iazgl(ﬂa - 9*,a)a ZaGaia) . 37

Multiplying by S # leads to
— A L A L A L
Yo 2 (fla = 0ua) ~N(BES (e — 0ha), X2 G 22 . (38)
Now we rewrite (38) as

A1
2

S0 (e — Ora) = 508 (ta — Oh0) +S2G2Z,  Z~N(0,1L). (39)
Thus we have that
A1 . ~ Ll A1l 1
134 2 (fta — Ox,0)ll2 = [ fta — 9*@”2;1 = [|Zd%, e — Os,0) + 23 G3 Z||2,
A L Al 1
< |BEET (1 — Ox0)ll2 + 153 GE Z]l2

”,ua — 0, a||2
< —F—=+F1Z|2. (40)
Aa(Za)
Finally, since Z ~ N(0, I), we apply Laurent and Massart [2000, Lemma 1] and get that
P(|Z]2 < a(d,8)) = 16,

Combining this with (40) leads to

A ”,ua — 0. a||2
P He*,a_ﬂaHAfl < : + a(d, )
( e Aa(Za)

(XiaAi)ie[n]> >1-94.

Finally using that for any x € A, |r(z,a;0x) — r(z,a; )| < [[9(X)ls, 10a — falls-+ and using
that ||0.. o — flall2 < cq + ||fta||2 concludes the proof. O

E.3 Main result

In this section, we prove Theorem 5.2. Recall that we make the following well-specified prior
assumption.

Assumption E.3 (Well-specified priors). Action parameters 6, , and rewards are drawn from (10).

First, given x € A&, by definition of the optimal policy, we know that it is deterministic. That
is, there exists a; 9, € [K] such that m,(az 9. | ) = 1. To simplify the notation and since
is deterministic, we let m.(z) = ay0,. Also, we know that the greedy policy is deterministic in
G, = argmaxy 4 7(z, b). Thatis (G, | ) = 1. Similarly, we let 77 (x) = a,. Moreover, we let
®(z,a) = e, @ $(X) € R where e, € RE is the indicator vector of action a, such that e, ;, = 0
forany b € A/{a} and e, , = 1. Also, recall that i = ({i5)qec. is the concatenation of the posterior
means.

Bso(7g) = E [V (my;04) — V(7;64)]
=E [r(X, 7 (X); 04) — (X, 76(X); 0.)]
=E [r(X, m(X); 0.) — (X, 76(X); 1) + (X, 76(X); ) — (X, 76(X); 0,)]
< E[T(X,W*(X),Q*) —T‘(XJT*(X); 1) “FT(XJ}G(X)?/)) _T(Xvﬁ—G(X);e*ﬂ )
S E[r(X, m(X); 0.) = r(X, 7 (X); )] + E [r(X, 76 (X); 1) — r(X, 76(X); 0]



Now we start by proving that E [r(X, 76(X); i) — r(X, 76(X);0.)] = 0. This is achieved as
follows

E [r(X, 76(X); ft) — r(X, 76(X); 0.)] = E [E [r(X, 76 (X); 2) — 7(X, 76 (X); 64) | X, S]],

=E [E [¢(X) " fragx) — ¢(X) "0uzux) | X, 5]
E[E [®(X,76(X)) i — ©(X, 76(X)) "0, | X, S]] ,
(

In (i), we used that by definition of ®(z,a) = e, ® ¢(X) € R, we have ¢(z) " ji, = ®(z,a)"
for any (x, a), and the same holds for .. In (i7), we used that ®(X, 75(X)) is deterministic given
X and S. In (i4i), we used that /i is deterministic given X and S. Finally, in (iv), we used that
E[0. | X,S] = E [0, | S| = f1, which follows from the assumption that §,. does not depend on X
and the assumption that 6, is drawn from the prior, and hence when conditioned on S, it is drawn
from the posterior whose mean is fi. Therefore, E [r(X, 76(X); i) — r(X, 76(X); 6,)] = 0 which
leads to
Bso(7g) < E [r(X, m(X); 04) — (X, m(X); )] -
Now let 6 € (0, 1), we define the following high-probability events

Bo={Ve € X i |r(@,a:0,) = r(w,a: )] < ald, D)]|6(a) s, } . VacA,

(d,0) = \/d—|— 2y/dlog + + 2log %. Then we decompose Bso(#) as
BSO(fTo) S E [r(X, 7 (X); 0.) — (X, e (X); )]
(X, 7.

where «

E [[r(X, m(X); 0.) — (X, me(X); )]
E [|r(X, mu(X);0.) — (X, m (X); ) [1{ Er, (x) }] + B [Ir (X, me(X)304) = 7(X, ma(X); ) [1{ B, (x) }]
(da )E |:||¢(X)“flw*(x)} +]E UT‘(X,W*(X),Q*) *T(X,W*(X),,u ‘]]‘{ETF*(X)}]

Now we deal with the term E [|r(X, 7. (X);0,) — (X, m(X); 1)[1{E;.(x)}]. Let Z, =
r(X,a;0,) — r(X,a; 1), so that Z, (xy = r(X,m.(X);0,) — r(X,7 (X);ﬂ). Then we have
that

E [|r(X, . (X):0.) = r(X,m. (X): ) [1{ Br. 00 }] = E [|Ze. ) [1{ | Zr. 00| > a(@, 016Dl }] -
= E [E[1Zr.c0|1{|Zr.c0| > ald.0)|6(X)s,_, } 1 X.5]] .

(@) 2 o u?
<E uexp | —————5——| du
[6(X)s, ) V2T Ju=a(@s)lsx)ls

2[6(X)|13 ’

7w (X) P (X)

2 o0 u?
6COls, .\, == / IR [—2] aul |

e (- g oy, ]

where (i) follows from the facts that Z (x) | X, ~ N(0, [|¢(X)]_ (X>). In (ii), we use the
change of variables u < u/[|¢(X)]|s x, Finally, in (i47), we compute the integral. This leads to
the following result

Bso(7o) < (\/f exp (~ A0 4o 6)) EfloOls, ] @

(42)

(i)
<E

This concludes the proof.
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E.4 Proof of Theorem 5.1
Proof. The proof is similar to that of Theorem 5.2. Precisely, we have that
BMSE( (2, a)) = E[(#(z, a) — r(z,a;0.))°],
— E[E[(#(x,a) — r(z,a:6.))* | §]],
=E[E[(¢(x) fia — 6(2)0.0)" | S]],
=E[E[(¢(2) 000 — ¢(2) "1a)" | S]] -

But we assumed that the true action parameters 0, , are random and their prior distribution matches
our model in (10). Therefore, 6, | S have the same density as our posterior 8, | .S, and hence 0, , |

S ~ N (fia,%a). This means that ¢(z) "6, o | S ~ N (6(z) T jia, H(b(x)||22a) But E[(¢(z) "0, —

d)(x)Tﬂa)z | S] is exactly the variance of ¢(z) 6., | S and thus it is equal to H(b(f)”% . Taking
the expectation concludes the proof.

O

E.5 Optimality of greedy policies

Here, we show that Greedy policy 7 should be preferred to any other choice of policies when
considering the BSO as our performance metric. This is because 7 minimizes the BSO. To see this,
note that by definition the Greedy policy 7 is deterministic, that is for any context z € X, there
exists g, such that 7 (dg | ) = 1. Thus, for any context 2 € X, we simplify the notation by letting
76(x) denote the action that has a mass equal to 1. Then, we have that

Eaciala) [Bo, [r(2; A;0.) | S]] = B, [r(, Ta(2);0.) | S] = E[r(2,a;60.) | S] Vr,a € X x A.
(43)

where this follows from the definition of #(x, a) = E [r(x, a; 8) | S], the definition of 7, and the fact
that 6, is sampled from the prior, which leads to E [r(x, a;0) | S] = E [r(x, a;0.) | S]. Now (43)
holds for any € X and a € A, and hence it holds in expectation under X ~ v and A ~ «(- | X)
for any policy 7. That is,

Ex v, Anso(-|X) [Eo, [r(x, A;0.) | S]] > Ex v, Ann(|X) [Eo. [r(x, A;0.) | S]] - (44)
Taking another expectation w.r.t. the sample set S and using Fubini’s theorem and the tower rule
leads to E [V (7g; 0+)] > E [V (7r; 0.)] for any stationary policy 7. Then, subtracting E [V (7,; 6.)]

from both sides of the previous inequality yields that the BSO is minimized by 7; compared to any
stationary policy 7, in particular, compared to the policy 7 induced by pessimism.

E.6 Discussing the main assumption

In this section, we discuss our main assumption of the existence of the latent parameter 1. Let us
take the Gaussian case, where were assume that

b~ N X), (45)
GaWNN(Waw, Ea), Vac A.

Now we discuss if (45) is as mild as assuming that the action parameters are jointly sampled as 6 ~
N (ftact, Sact), Where piaer € R and ¥,or € RIEXIK To do so, assume that 6 ~ N(0, Sxcr),
where we set p15cr = 0 to simplify notation. Then we want to prove that there exists 1 ~ N (0, I),

with ;1 € R? for some d’ > 1 and W € R %4’ such that 6 | ) ~ N (W, ), where 3 is diagonal
by d x d blocks. First, note that (6, ) is also Gaussian with a mean equal to 0 and covariance

Q0= %‘%T ?2 € REE+d)x(dK+d") Thep it suffices to find W such that § — W1y L 1. That
2 d’

is, W such that cov(8 — W, ¢) = cov(8,v) — Wceov(y,) = Qo — W = 0, which leads to
W = Q. Using this conditional independence and that W = 9, we get that the distribution of
6 — W1 | ) is the same as the distribution of § — W1 and it writes N (0, ¥xcr — WW ). Thus,
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0| v ~ N(Wip, Sacr — WWT). But X,cp is positive-definite and hence there exists A > 0 such
that 3 ,cr — Al gk 1s symmetric and positive semi-definite. Therefore, X ,cr — Az can be written as
Sact — Mg = BBT where B € RS> is such that d’ > rank(X.cr — Myx) and setting W = B
concludes the proof.

F Additional experiments

As mentioned in Appendix F, our experiments were conducted on internal machines with 30 CPUs
and thus they required a moderate amount of computation. These experiments are also reproducible
with minimal computational resources.

F.1 OPE experiments

We consider the same synthetic setting as in Section 6, but now we fix a target policy 7 and assess
algorithm performance in evaluating the value function of that target policy using the mean squared
error (MSE) averaged over 50 problem instances sampled from the prior. This can be seen as a proxy
for our theoretical metric, Bayesian MSE (BMSE). The target policy is defined as e-greedy with
€ = 0.5; it chooses the best action with probability 0.5 and a random action with probability 0.5.

Results are shown in Fig. 6. While sDM maintains its advantage over baselines, particularly in low-
data settings, an interesting observation emerged. IPS-based methods (snIPS and DR) outperformed
standard direct methods (DM (Bayes) and DM (Freq)) in the OPE experiments, which was not the
case in OPL experiments. The only direct method that outperformed them in OPE is sDM.

Synthetic problems Synthetic problems Synthetic problems Synthetic problems
K=100, d'=5, d=10 K=1000, d'=5, d=10 K=1000, d'=10, d=10 K=1000, d'=20, d=10
3048l 40peL T g A&l ‘
25 i 35¢E S 7 4
w 3.0 3 6 F g
n 2.0 E 25F+E i i 5 N A d
Z 15 . 20t ¥ E qf TENED 3
> i 1.5} E 5 = 3+ 3
1. E
E o 0 10} ] 2F 3
-5 ] : 05K , 1 S E
0.0 3 0.0 T : : 0.0 0
0 500 100015002000 0 500 100015002000 0 500 100015002000 0 500 100015002000
Number of samples n Number of samples n Number of samples n Number of samples n
— sDM (Ours) DM (Bayes) — DM (Freq) — IPS — DR — snlIPS

Figure 6: The average MSE of an e-greedy target policy on synthetic problems with varying n, K
and d'.

F.2 Different logging policy: ¢-greedy

Here we consider the setting in Section 6 and provide additional results with the e-greedy logging
policy, where € = 0.5. We consider both synthetic and MovieLens datasets. The results are shown in
Fig. 7. The conclusions are similar to those in Section 6, except that IPS outperforms the other variants
DR and snIPS when the logging policy is performing well. Also, the results for the MovieLens
problems are given in Fig. 8 and the conclusions are similar to those made in Section 6.
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Figure 7: The relative reward of the learned policy on synthetic problems with varying n, K and d’
and varying logging policies.
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Figure 8: The relative reward of the learned policy on MovieLens problems with varying n and K
and varying logging policies.

F.3 Robustness to misspecification

We strengthened our evaluation by assessing sDM’s robustness to prior/model misspecification. In
these experiments, the true data-generating process (same as the synthetic experiments in Section 6)
differed from sDM’s assumptions in four different ways:

Misspecified prior means (Fig. 9). This was achieved by adding uniformly sampled noise from
[v, v+0.5] to the true prior mean parameters p and W, with v controlling the level of misspecification.
We varied v € {0.5,1, 1.5} and analyzed its impact on sDM’s performance.

Misspecified prior covariances (Fig. 10). This is achieved by adding uniformly sampled noise
from [v, v 4 0.5] to the true prior covariance parameters X and X, with v controlling the level of
misspecification. We varied v € {0.5,1,1.5} and analyzed its impact on sDM’s performance.

Misspecified prior means and covariances(Fig. 11). This is achieved by adding uniformly sampled
noise from [v, v + 0.5] to both the true prior mean and covariance parameters i, ¥, W, X, with
v controlling the level of misspecification. We varied v € {0.5,1,1.5} and analyzed its impact on
sDM’s performance. For comparison, we included the well-specified sDM and the most competitive
baseline, DM (Bayes), while omitting other baselines to reduce clutter. In all figures (Figs. 9 to 11)
sDM’s performance decreases with increasing misspecification, yet sDM with misspecification still
outperforms the most competitive baseline, especially when K is large. We also observe that the
impact of prior covariance misspecification is less significant compared to prior mean misspecification.

Misspecified likelihood (Fig. 12). We also simulate the case when the true reward distribution
differed from the likelihood assumed by sDM. For example, we simulated binary rewards using a
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Bernoulli-logistic model while sDM used a linear-Gaussian likelihood. Other DMs: DM (Bayes) and
DM (Freq) also use a misspecified likelihood model and to emphasize this we add the suffix Lin to
all DMs names. Overall, as known in the literature, IPS variants performed better than standard DMs
when the likelihood was misspecified. However, this is not the case for sDM. While misspecification
narrowed the performance gap between sDM and baselines, sDM still consistently outperformed them,
particularly in low-data regimes or large action spaces. In a few cases, some baselines, e.g., snIPS,
showed competitive performance with enough data.

Missp. mean Missp. mean
K=100, d'=5, d=10 K=1000, d'=5, d=10

Avg. relative reward
COoo0o0000o0oH
NwhUoN®mLO

0 500 1000 1500 200®@ 500 1000 1500 2000

Number of samples n Number of samples n
— sDM — sDM (v=1) DM (Bayes)
— sDM (v=0.5) — sDM (v=1.5)

Figure 9: Effect of prior mean misspecification: The relative reward of the learned policy on synthetic
problems using both misspecified prior means and covariances with varying n and K.

Missp. covariance Missp. covariance
K=100, d'=5, d=10 K=1000, d'=5, d=10

NwhUovwmoo
1

Avg. relative reward
[clolololoNoNoNaoN U]

0 500 1000 1500 200®@ 500 1000 1500 2000

Number of samples n Number of samples n
— sDM — sDM (v=1) DM (Bayes)
— sDM (v=0.5) — sDM (v=1.5)

Figure 10: Effect of prior covariance misspecification: The relative reward of the learned policy on
synthetic problems using both misspecified prior means and covariances with varying n and K.
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Figure 11: Effect of prior mean and covariance misspecification: The relative reward of the learned
policy on synthetic problems using both misspecified prior means and covariances with varying n
and K.
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Figure 12: Effect of likelihood misspecification: The relative reward of the learned policy on synthetic
problems using misspecified likelihood with varying n and K.

F.4 Comparison to MIPS

MIPS was designed for OPE only and thus we consider the OPE setting in Appendix F.1. MIPS
assumes access to embeddings E; in the sample set .S and defines its estimator as follows

n n

MIPS _ S . . .
VMBS (r, 5) = — ;:1 — Xi)Rl - ?:1 w (X;, B;) R ,

where the sample set S = {(X;, 4;, E;, Ri)}?zl now includes action embeddings F; for each data

point i € [n], and the marginal importance weight is given by w(x, e) = ;((eelr;)) = %“ Zi(;gg);(&@),

where p(- | x,a) is the embedding distribution such that E; ~ p(- | X;, 4;). They assume that R is
independent of A given X and F and hence we should define embeddings that have a direct effect on
the reward. From our prior (10), these correspond to the true action parameters 6,. In fact, creating
MIPS’s structure from our prior in (10) is not straightforward, but we approach it as follows. We
define the embedding distribution as p(- | x,a) = N (*; pta, 2a ), Where 1, and 33, are obtained by
marginalizing out the latent parameters v in (10). Additionally, we set A; = 0, 4,, having access to
6. since these are synthetic problems. This is the best version of MIPS that we could create from our
prior (10). However, we stress again that this comparison is only provided for completeness as the
setting may be favorable to sDM. In this setting, sDM outperforms MIPS.
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Figure 13: Comparison of sDM and MIPS in OPE: The average MSE of an e-greedy policy on synthetic
problems with varying n, K and d’.

F.5 Comparison of greedy and pessimistic policies

To validate our theory that a greedy policy should be preferred over the commonly adopted pessimistic
policy in our Bayesian setting, we used a performance metric averaged over multiple bandit problems
sampled from the prior. To verify this, we considered the same OPL synthetic setting as in Section 6
and compared sDM with a greedy policy to sDM with a pessimistic policy. Recall that a greedy policy
with respect to our reward estimate writes

7g(a | ) = 1{a = argmax #(x,b)}, (46)
be A
while a pessimistic one writes
7p(a | ) = 1{a = argmax #(x,b) — u(z,a)}, 47)
be A

where u(z,a) = a(d, 0)|[¢(X)|s, with a(d,d) = \/d +24/dlog & + 2log } and this is derived

in (29) in Appendix E.2. As predicted by our theory, the results show that the greedy policy has better
average performance over multiple bandit instances sampled from the prior.
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Figure 14: Comparison of sDM with greedy policy and sDM with pessimistic policy in OPL: The
average MSE of an e-greedy policy on synthetic problems with varying n, K, and d'.

G Broader impact

This work contributes to the development and analysis of practical algorithms for offline learning to

act under uncertainty. While our generic setting and algorithms have broad potential applications, the
specific downstream social impacts are inherently dependent on the chosen application.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: All claims are supported by the theory in Section 5 (with proofs provided in
the appendix) and experiments in Section 6. The limitations of direct methods were also
discussed in the introduction.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: Limitations were discussed in the conclusion in Section 7.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: Assumptions are mentioned in the main text and restated in the appendix
(Assumption D.1, Assumption E.3), where proofs are also provided.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Information needed to reproduce the main experimental results of the paper is
described in Section 6 and Appendix F.

Guidelines:

» The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: The code for the main experiments is shared in the supplementary material.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized

versions (if applicable).

Providing as much information as possible in supplemental material (appended to the

paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: All experimental details are described in Section 6 and Appendix F.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: Standard error bars are included in the figures.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: As mentioned in Appendix F, our experiments were conducted on internal
machines with 30 CPUs and thus they required a moderate amount of computation. These
experiments are also reproducible with minimal computational resources.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: This work contributes to the development and theoretical analysis of offline
learning to act under uncertainty and it adheres to the Neurips Code Of Ethics.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: Broader Impacts are discussed in Appendix G.
Guidelines:

» The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: Our paper is mainly theoretical and the used data is either simulated or openly
accessible. Thus, we believe that our work poses no such risks.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: To the best of our knowledge, all relevant and used papers were cited.
Guidelines:

* The answer NA means that the paper does not use existing assets.
 The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: We include our code as supplementary material, with all details needed for
reproducibility given in Section 6 and Appendix F.

Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This work does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: This work does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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