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Semiclassical Birkhoff-Gustavson normal forms
and spectral asymptotics for nearly resonant
Schrodinger operators

Abdelkader BOUREBAT*  Kaoutar GHOMARIT  San VU NGocC #

May 30, 2024

Abstract

The concept of near resonances for harmonic approximations of
semiclassical Schrédinger operators is introduced and explored. Com-
bined with a natural extension of the Birkhoff-Gustavson normal form,
we obtain formulas for approaching the discrete spectrum of such op-
erators which are both accurate and easy to implement. We apply the
theory to the physically important case of the near Fermi (i.e. 1: 2)
resonance, for which we propose explicit expressions and numerical
computations.

1 Introduction and motivation

We are interested in the description of the discrete spectrum of a semiclassical
Schrédinger operator P

. K2
P(h) = —5 A+ Va(a), (1)

where V. is a smooth confining potential on R™ depending smoothly on a
small parameter ¢ € R, and A > 0 is a small parameter.

More precisely, by “confining potential” we mean that there exist some
real value Eo, > 0 and a small eg > 0 such that for all F < E, the
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region {J|;|<, V- ((—o0, E)) is bounded in R™. Moreover, we also assume
that V. grows at most polynomially at infinity, in the sense of the usual
pseudo-differential symbol classes, uniformly with respect to e:

Im,VN € N,3Cn,V |e| < g9, Vo € N" s.t. |a| < N,
Vo e R"  |0°Va(x)| < On(1 4+ ||z]|*)™?2.

This ensures that P, has discrete spectrum in (—oo, E).

Let Ey. = min V.. We will assume that this minimum is reached at a
unique point and is non-degenerate; hence when studying the spectrum of P.
near Ejy ., it is natural to consider the harmonic approximation of P.. As we
will see in Section 2, up to an error of order O(e>), we may assume that this
approximation is smooth in €. Let us first consider € = 0. In the harmonic
approximation of Py, which is the quantization of a quadratic Hamiltonian
of the form

n
Wi 2 2
j=1
two extreme cases may occur. FEither the frequencies (ws,...,w,) are in-

dependent over Q (this is the non-resonant case), or they are, up to some
common multiple, all integers. Of course intermediate cases may happen, see
Definition 3.4. In the first case, a well-known result of Birkhoff |2] (following
Poincaré) states that the full symbol H of Py, which is a perturbation of Ha,
is formally completely integrable: there are canonical coordinates (x, &) and
a smooth map f such that

H((I},f):f(fl,...,fn)+0(x,§)oo, (2)

where I; is the action given by
1,2 2
lj=3 (xj éj) :

Although the Birkhoff idea was soon used by physicists to deal with quantum
Hamiltonians, a rigorous proof of the quantum validity of the Birkhoff normal
form, in the semiclassical limit, is much more recent, see [19]. This non-
resonant case is stable under perturbations of order O(e) if the quadratic
term Hs is invariant, in the sense that one can write a combined Birkhoff
normal form in all variables (z, &, €) (and then a semiclassical Birkhoff normal
form in (x,&,e,h) will hold). If one adds diophantine conditions on the
frequencies wj, so that they become badly approximated by rationals, then
it is expected that one can accommodate perturbations of the quadratic



term, and even strengthen the result by using KAM stability, similarly to
the case of diophantine tori in [11]. See also [16].

In this paper, we focus on the resonant case, where the situation is quite
different. For simplicity, we will always consider the fully resonant case,
where all frequencies are integers, up to a common multiple. There is an ex-
tension of the Birkhoff normal form for the resonant case, which was worked
out by Gustavson |9, 7] (although the general scheme was already known to
Poincaré — see also Moser’s paper [17]), where it was shown that, in addi-
tion to the completely integrable normal form (2), another formal series of
resonant terms has to be considered, which makes the resulting series much
more difficult to analyze (it will be, generically, non-integrable, see [6]). The
full semiclassical analysis of resonant harmonic approximations of general
pseudodifferential operators was carried out in [3].

When it comes to & perturbations, possibly affecting the harmonic term
H>, one may argue that resonant case is not generic: for most perturbations
of a resonant Hamiltonian Hj, the perturbed Hamiltonian H. will be non-
resonant. Thus, it is tempting to claim that, in most physical situations,
one can restrict oneself to the set of non-resonant ¢ and thus stick to the
completely integrable normal form (2). However, this normal form is in
general not convergent [15], and, as ¢ — 0, it is expected that the famous
appearance of small denominators will make it more and more divergent,
hindering the effectiveness of the approximation (unless the full Hamiltonian
is known to be integrable and analytic, see [21]).

This phenomenon of near resonances has been recognized as crucial in
molecular spectroscopy. Thus, for the study of the dynamics of highly ex-
cited vibrational states, Joyeux shows in his article [13]| that the resonant
Birkhoff-Gustavson procedure can yield more accurate results than the stan-
dard Birkhoff procedure, even when the Hamiltonian is not resonant. He
considers the HCP molecule, called phosphatine, where the calculation of
the fundamental frequencies leads to w; &~ 1256 (C-P stretch), wy ~ 650
(bend), and w3 ~ 3479cm~! (C-H stretch). The Hamiltonian obtained by
the non-resonant Birkhoff normal form (also called the Dunham expansion)
is the formal series

Hp = Zwlfl + ZSL‘”IZJJ + Z yijinJjIk + ...
( 1< i<j<k
Joyeux computed levels of HCP up to 22000cm ™! above the bottom of the
well by truncating the series at various orders, and compared the results to
the exact quantum levels of HCP relative to the ground state. Using ¢!, ¢2
and /°° norms to estimate the discrepancy with respect to the exact quantum



computation, he observed a rapid divergence, see [13, Table 1|, which limits
the interest of this Hamiltonian to at most 4th or 5th order, which is not
satisfactory. The article therefore concludes that the Dunham expansion is
very far for being sufficient for whatever quantitative purpose.

Given that the relation between both fundamental frequencies wy and ws,
namely w; — 2wy ~ —44cm ™! is a near resonance relation, Joyeux proposed,
as a next step, to take this resonance into account in the formal expansion,
and to compare once again the results of the calculations of the energy levels
of the HCP molecule. For this, he considered the following Hamiltonian:

H=Hp+ > H",

m>=1

H™ = 217 17 cos(mp1—2mpa) x | k™ +Zk: LS KL+

1<J

which he calls the Fermi resonance Hamiltonian (in Physics or Chemistry
literature, the 2 : 1 resonance is traditionally called the Fermi resonance, see
Section 3.2). The terms in Hp are precisely those given by the Birkhoff-
Gustavson procedure in case of an exact 2 : 1 resonance. It is then noticed
that the results of the computations of energy levels are much more accurate
with this modified Hamiltonian.

From this study comes the motivation and main goal of our work, which
is a description of the spectrum of semiclassical Schrédinger operators Pg(h)
given in (1), for which the harmonic frequencies are close to resonance. For
this purpose, we build on the paper [3] which gives precise semiclassical
asymptotics for an exact, full resonance, by restricting the Hamiltonian to
the eigenspaces of the resonant harmonic oscillator (whose dimensions tend
to infinity in the semiclassical limit). Our main results are organized as
follows:

In Section 2, we consider the first step of this work, which consists in
transforming the initial Schrédinger Hamiltonian P. into a perturbation of
the harmonic oscillator (Proposition 3.1). For this, we need a diagonalization
result of symmetric real matrices depending smoothly on small parameter €
(Theorem 2.1).

Section 3 has a double goal. On the one hand, we prove in Theorem 3.3
that the Birkhoff-Gustavson normal form (BGNF) theorem can be extended
to handle Schrédinger operators P, depending on the parameter € (where the
harmonic frequencies also depend on the parameter ¢); on the other hand,



we give an explicit construction of the BGNF in the near Fermi resonance,
in Theorems 3.5 and 3.6.

In Section 4, we give the exact matrix representation of the “polyads”
generated by the first non-trivial Birkhoff correction of the Fermi resonance,
i.e. the restriction of the quantum BGNF to the various eigenspaces of the
resonant harmonic oscillator (Theorem 4.2).

Finally, in Section 5, we show how the theoretical study can lead to
numerical schemes, and we propose, in the case of the Fermi resonance,
a detailed numerical illustration of our results, by comparing the “exact”
quantum spectrum of P. with the eigenvalues obtained via the e-Birkhoff-
Gustavson procedure, at order 3.

2 Preparation: smooth diagonalization

In order to obtain the harmonic approximation of the Schrédinger opera-
tor (1), we need to diagonalize the Hessian of V at the critical point, in a
smooth way. Because our aim is to deal with resonant eigenvalues, we can-
not assume that eigenvalues are simple, and we will use the following general
result, which is elementary but apparently not often found in the literature
(we could not locate a reference).

Theorem 2.1 Let A(e) be a family of n x n real symmetric, respectively
hermitian, matrices depending in a smooth (ie. C*) way on a small param-
eter . Then there exists a smooth family of orthogonal, respectively unitary,
matrices U(e) and smooth functions € — \j. € R, j =1,...,n such that

U ©)AEU(E) = diag(hic, - ., M) + O,

Remark 2.2 This result means that, if we accept to replace the true eigen-
values by approximate eigenvalues which are close to the exact one to any
order in €, then we may smoothly diagonalize the family A(¢). What may
comes as a surprise when one first encounters this kind of result is that,
in general, it is not possible to smoothly diagonalize a smooth family of
symmetric matrices in an exact way (unless all eigenvalues are simple). See
for instance Example 5.3, section II-5 of the Kato book [14]. On the other
hand, positive results are available when the family is analytic, or if one only
requires C! regularity for the eigenvalues, a result due to Rellich [18], see
also [14, Theorem 6.8 Section I1-6]. A

Proof. Let us treat the real symmetric case; the Hermitian case will be
completely analogous. We reason by induction on the size of the matrix.



The result obviously holds when n = 1 (without the O(£*°) error term). We
may assume that A(0) is diagonal; let p; < --- < g be its eigenvalues, with
multiplicities di,...,dy. By the min-max formula, the eigenvalues of A(e)
are continuous in €. Thus, there exists p > 0 such that the spectrum of
A(e) is contained in ngl B(pj,p), and each ball Bj := B(u;,p) contains
d; eigenvalues (counted with multiplicity). This shows that the spectral
projector on the generalized eigenspaces,
1

Pp,(e) == ~5 aB'.(A(e) — 2) e,

is C°° in e. It is now easy to find an orthonormal basis of the general-
ized eigenspace Ej(¢) := Pp,;(R") that depends smoothly on e. For in-
stance, one can take a basis B(0) of E;(0); for € small enough, the projection
Pp;(¢)(B(0)) is a basis of E;(¢), which we may smoothly orthonormalize by
the Gram-Schmidt algorithm. In this way we obtain a smooth bloc-diagonal
decomposition: there exists a smooth unitary matrix V(e) such that

A1 (8) 0 0
V(e)A(e)V(e) = 0 0
0 0 Ag(é‘)

where A;(e) = pujl + O(e) is a real symmetric matrix. If £ > 1 we obtain the
result by induction. Hence it only remains to consider the case of a unique
generalized eigenspace of dimension n: we have

A(e) = ;I + O(e).

Because the remainder O(e) is smooth, we can write it as €Bj(e), where
Bi(g) is smooth (and real symmetric). Therefore the question is reduced
to diagonalizing Bj(g), and we may repeat the procedure. There are finally
only two possibilities:

1. Either there exists N > 0 such that, after the N-th iteration, the re-
mainder By (0) possesses more than one generalized eigenspace. Then
we may split them and obtain the result as above;

2. or for all N > 0, By(0) has only one generalized eigenspace.

In the second case, we have real constants ¢y = uy, ¢y, ¢, ... such that, for
any N > 0,



By the Borel Lemma, there exists a C*° function A(e) whose Taylor series
at e=01s
Me) ~ o+ cre+ e+ 4 ene 4.

which means VN, A(g) — A(e)I = O(eV). Thus, A(e) = Ae)I + O(e™),
which gives the result. O

3 Birkhoff-Gustavson normal form in near resonance

In this section, we shall discuss the Birkhoff normal form procedure for
Schrodinger operators P. which depend on small parameters A > 0 and
e, and we will then apply the general ideas to the near Fermi resonance.

3.1 e-Birkhoff-Gustavson normal form theorem

On L?(R™) consider the Schrédinger operator
Po =~ Ay + Vela),

where A = A, is the n dimensional Laplacian and V% is a smooth real poten-
tial depending smoothly on e. We wish to perform a local (and microlocal)
analysis near the origin x = 0. To this effect, we assume that for € = 0, the
potential V) has a non-degenerate minimum at the origin:

Using the implicit function theorem to F(e,x) = V/(x), we obtain a smooth
map ¢ — z. near the origin such that zp = 0 and V/(z;) = 0, for ¢ > 0
small enough. So, there exists €9 > 0 such that for all |¢| < g, the point x.
is a non-degenerate minimum for V. Using the translation x — & = x — .,
which yields a unitary map 7. on L?(R"), given by 7.f(Z) = f(Z + z.), P,
is transformed into

TEPETE_I = —%Ai + We(2),

where W, (z) = V.(Z + z-). We have
We(0) = Ve(ae), WL(0) = VI(ze) =0,

and the symmetric matrix W/ (0) is positive definite, for ¢ > 0 sufficiently
small.

Using theorem 2.1, we can smoothly diagonalize W/ (0) modulo O(£%),
via a change of variables y = UZZ, with U, € O(n). Let (wi_,...,ws ) be

7



its approximate eigenvalues: they are positive and depend in a C*° way on
E.

The change of variables U, induces a unitary map g. on L?(R") given
by g-f(y) = f(Uy). Since U, is orthogonal, g:Azg-' = A, and hence the
transformed operator is

geTepsTg_lgg_l = _%QAy + W6<U6y)7
Since We(&) = 3(W/(0), ) + O(33), we obtain
1w -
We(Uey) = We(0) + 5 D Wi+ 0E lyl*) + 0. (3)
j=1

The rescaling y; — y] = VYY) giving rise to the unitary map A : f —

(g — oo in 5 n/Qf(\/m \/m)) transforms P. into a perturbation of

the harmonic oscillator Hgyg.
AsgsTspsTg_lgg_lAg_l = Ws(o) + f{Q,s + Rs(g)a (4)

where,

" w 32

2 S J,€ 2 ~2 ~ 112

Hpe =3 = ( ot ) + O 1),
7j=1

and R.(7) is a smooth function of order O(7?) at the origin, uniformly with

respect to €.
From now on, to simplify notation, we switch back to x, and assume that

~

P. = W.(0) + Hy. + R(x),
with
w]E h2 O e’} 2
-3 (i) <o )
Let

. n 52
HZOZZ“’Q ( h282 2)7
j=1

The eigenvalues w; . being smooth in e, we have

2 ~
Wje = wjo +ewj1 + e wjz2(€) -



Therefore,

P. = W.(0) + Hag +eLy + e*My . + Ro(z) + O(™ ||2*

),

where

7 - Wj,1 2 O 2 y - @ji2(€) , 0 2
Ly =Y 50 (i ) and Mo =30 SEE W sa )
j=1 J j=1 J
A (5)
Because the symbol of Ls is quadratic, it cannot be reduced by the usual
Birkhoff-Gustavson procedure; in order to deal with this issue, we have to

add € to the set of formal variables, so that eLy becomes of order 3.
Thus, we introduce the space

SZC[[J,',é’&’h]] :(C[[xh"'7$N7€17"'75n767h]]7

of formal power series of (2n + 2) variables with complex coefficients, where
the degree of the monomial 2*¢°c™ R is defined to be |a| + 8] + m + 2¢,
a,B €N £, m e N. Let Dy be the finite dimensional vector space spanned
by monomials of degree N and Op the subspace of £ consisting of formal
series whose coefficients of degree < N vanish, then (On) ycy is a filtration:

EDO0y D01 D+, ﬂONZ{O}.
N

This filtration will be used for all formal convergences in this section. We
shall also need to discuss the degree in (z,&, k) only; to this aim, we denote
by On(x, &, h) the subspace of £ spanned by monomials &% At such that
ol + 18] +2¢ > N.

Let d,m € R, the symbol class S%(m) is the set of the smooth functions
az (., h) : R?"x]0,1] — C such that, for all o € N",

m
2

|08, @< (2,6, 1) < Cah® (14 |2]* + [¢]7)

for some constant C, > 0, uniformly in i € (0, hy] and e € [—eg, g9], where
ho and €¢ are small enough. S%(m) is called the space of symbols of order d
and degree m.

For a. € S%m) and u € C°(R?"), the Weyl quantization of a. acting
on u is given by the oscillatory integral

(Opgv(aa)u)(x) = (27r17i)” /RQH e%(xfy,ﬂae (L;r?J,fj h) u(y)|dyde).



In general, Op}’ (a.) is an unbounded linear operator on L?(R"), and a.
is called its Weyl symbol. For example, the Weyl symbol of the harmonic
oscillator Hp g is the polynomial

n
Hyo =y “22(¢} +a3), (6)
j=1
and the Weyl symbol of the operator of multiplication by a function f(x) is
the function f itself or, more precisely, the function (z,&) — f(z).
In this article, we use the Weyl bracket [f, g];;, defined on £ by the formal
Taylor series of the Weyl symbol of the commutator

Op} foOpy§—Opy'goOp)'f,
where f and ¢ are smooth symbols whose formal Taylor series is equal to
f and g, respectively. From now on, when f = f(z,§,¢,h) is a smooth
function, we shall allow us to write f € £ to signify that its Taylor series at
the origin belongs to £.
The filtration £ has a nice behaviour with respect to the Weyl bracket:

if N1 + No > 2, then, h_l[ONlA, On,lw C ON,+Ny—2-
The Weyl symbol Ha . of Ha, is:

Hye = Hag+eLlo+e* My + O(e™ [E1) (7)

n n
Wj.0 Wj1
SR G ) 3 ) + e O ),

with

n
Ly=) “5% (& +13) .

Jj=1

where Mj . is the Weyl symbol of MQ’E and Lo is the Weyl symbol of ﬁg.
To summarize, we have proven the following.

Proposition 3.1 Let P. be the Schrodinger operator defined in (1). Then
there exists an explicit unitary operator U on L?(R™) (U. = A.g.7- is com-
posed of a translation, a unitary transform, and a scaling, all in the position
variable x) such that the differential operator UEPEUE* has the following Weyl
symbol:

A

ow (U-PU?) = I?Rinn‘/;- + Hoo+eLlo + LL,

=minV; + Hapo + L,

10



where Hao and Lo are defined in (7), Ly € Da, L. = M, + Re(z) +
O(e™ ||x||2) € O3, L. = €Ly + L. € O3,Ms. is the Weyl symbol of Mg’g
defined in (5), and and R.(x) is a smooth function of order O(x3) at the
origin, uniformly with respect to €.

Let A € &, we define the adjoint operator ad4(P) := [A, Plw, P € €&.
The crucial properties of ady, , are given in the next proposition, for more
details see [3].

Proposition 3.2 1. Let wg = (w1,0,...,Wn0), and let z; = x; + i§;;
then adp,, is diagonal on the family {2228,z € C",a,B € N"} of
Clz, z] = C[z,&] and

ade,o (Zazﬂ) = h(ﬁ - a,wo>2a25.

2. We have
Dy = ker (k™ 'ad,,) & Im (h~'adm,,) - (8)

We are now ready to state the formal e-Birkhoff-Gustavson normal form,
which is a natural extension of the usual Birkhoff-Gustavson case. Note
that we prove here the result for a general perturbation L. € O3, which does
not need to be equal to the particular form obtained above when one reduces
a Schrédinger operator.

Theorem 3.3 Let Hyg be as in (6), and let L. € Os, then there exist
A. € O3 and K. € O3 such that,

et~ lada, (H20+ Le) = Hop + Ko,

[Ha0, K],y = 0. ©)

Moreover, the following properties hold.

1. K. is unique, and A. is unique modulo ker adp, .

2. if Hao and L. have real coefficients (i.e. belong to R[z,§,e,h]) then
K. € R]z,§,e,h], and Az can be chosen to have real coefficients as
well.

3. If Le € €"Clz,&,¢,h], for some m € N, then K. € e"Clx,&,e,h] as
well.

4. If L. € W'C[x,&,¢,h], for some £ € N, then K. € h‘Clx, &, ¢, k] as
well.

11



5. If L. € On(z,&,h) for some N >0, then K. € On(x,&, h) as well.

Notice that the sum :

oo
L 1
il 1adAs(H20_|_L Zf adA H20+L)
) g'
£=0
is usually not convergent in the analytic sense, even if P is analytic, but
it is always convergent in the formal topology of £, because the map B —
rada(B) = 1 [A, Bly, sends Oy into Oy 1.

Proof of the Theorem. We construct A, and K. inductively, by successive
approximations with respect to the filtration £.
Let N > 1, we suppose that there exists Ay, € O3 and Ky € O3 such:

i1
e *MANe (Hyo+ Le) = Hyo+ Kse+ -+ Knj1c+ Rypae+Onys (10)

where K. € Dj commutes with Hag and Ryi2. € Dyy2. We look for
AL € Dnyo, and Knyo, € Dyyo that commutes with Hs g, such that :

ih—Llad ’
e MANetaL (Hop+Le) =Hoo+ Kze+ -+ Kni1e+ KEnioe+ Ongs.

This is equivalent to
i /
Rnyoe — 7 [Ho0, ALl = KNy,

Since H g satisfies (8), we have Ry12,. = Rﬁv+276—|—% [HQvo, R/1,\7+25} W where
;V+2,€ € Dnyo commutes with Hy o (and is unique) and R/]/\7+2,5 € Dn.2,
unique modulo ker ad, ;. Thus we must (and can) choose Ky 2. = RlN—i—Q,s
and, we may choose AL = Ry, .. This shows that (10) holds at order N +1,
proving (9), and the first property.
The second property follows from Moyal’s formula

T=x1=29,

§=£1=¢2

o7, gl (2,6, ) = 20 (50) (7 (a1, &0, B (2, 2, )

where .
0= 2040~ 010y
‘] =

Properties 3 and 4 are due to the fact that € and h are central elements in £
(they commute with everything). The last properties holds because adp,
preserves the (z, &, h)-order.

O

12



3.2 Normalizing the near Fermi resonance

A vector of n frequencies (wi,...,wy) is called resonant if the coefficients
w1, ...,wn, are linearly dependent over the rationals.

In the extreme case where the rank of these coefficients over Q is one,
the frequencies (wi,...,w,) are called completely resonant, and there exist
co-prime integers p1,...,p, and A € R such that w; = p;A. In this case,
we say that (wi,...,wn) (or the harmonic oscillator » 7, %(—FF% + ZL‘?))
exhibits a py : - -+ : p, resonance. ’

More generally, if there exist an integer r € {1,...,n}, a number A € R,
and co-prime integers pj,,...,p;. such that w;, = p;A, then we say that
(wi,...,wy) exhibits a pj, : --- : pj, resonance.

In this paper, we are interested in near resonances, which we define as
follows.

Definition 3.4 Let w. = (w1, ..., wne) be the frequencies of the harmonic
oscillator Hy .. One says that w. admits a near resonance of type pj, =~ --- =
pj, if the map € — we is C° and wy admits a resonance of type pj, = -+ : pj,..

For example, we say that there is a near resonance relation of the form
p = q, where p,q € N*, if there exist jo, ko € {1,...,n} such that quj,o0 =
PWiq,0-

This concept of near resonance was introduced in molecular spectroscopy,
where such a phenomemon is extremely common among small molecules,
see [13].

In order to better understand the non-quadratic terms K. obtained in
Theorem 3.3 from the Hamiltonian P. in near resonance, we suggest in this
paper to study the typical case of the near Fermi resonance in dimension 2,
denoted by 1 = 2 (i.e. wa = 2wy ), and we will give an explicit computation
of the first non trivial term of the e-Birkhoff normal form. Physically, the
near Fermi resonance is known to affect the spectroscopy of many molecules,
among which we find famous ones such as carbon dioxide CO9 and carbon
disulfide CSo, see [12]. The physics or chemical literature on Fermi resonance
is enormous; interestingly, in a very recent work, the 1 = 2 resonance of the
CO2 molecule was demonstrated to have a direct effect on global warm-
ing [20]. From the point of view of classical mechanics, the Fermi resonance
and its bifurcations have been extensively studied, see for instance [5, 10]
and references therein.

Consider on L?(R?) the semiclassical Schrédinger operator which is trans-
formed according to Proposition 3.1 into a perturbation of the harmonic

13



oscillator Hy o, which we denote by P.(h) again:

P.(h) = W.(0) 4 Hag + eLo + > Ma . + Re(z) + O ||z||?),

A w10 _2872 2 w20 _2672 9
Hg}o— B (hal‘%+$1>+ 9 <hax%+ﬂj‘2 s
- wie(e) _28 w2,2(€) 2(‘3 2
Vg = 2280 (e T )+ 2800 (i ).

and R.(x) = O(z?) at the origin. The associated symbol is

P. = WE(O) + H270 +elo+ L/E,
where for z; = x; +1i&;,j = 1,2,

Hso = % (wip]21]? + wapl22]?), Ly = 3 (wi1]z1]® + wai|22f?)
Ll = My + Rulw) + O, and - My = & (1201 + Ga(e)|1]?)

We now consider the associated Taylor series (which we denote by the same
symbols). Thus, L. € O3, and notice that eLs € D3 and commutes with
Hj . By applying Theorem 3.3, there exist A;. € O3 and K3. € D3 such
that K3, € Oz(x,&, h) and

e aday (Hzp+eLo + L) = Hap + K3 + Oy,

hence

€L2+L + = [AlE,HQO—i-ELQ-i-L] —K375€O4.

h
Let us write the expansion

R.(z) = Ro(x) + eRy(z) + e Ro(x) + .. .,

where R;(z) = O(23), and we can write Ro(z) = R3¢ + O(x?) with R €
Ds. Since €2M2’5 € Oy, we have L. = Rz + O(4). We obtain:

)
— [Hap, A1l + K36+ Oy

elo +R370 = h[
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Since R3o € D3 = ker (ihilade) @ Im (ihilade,O), we can write
~ 7 P
R3o = R3p + 7 [H2,0, R3,0] ; (11)
w

where Rg}o € D3 and commutes with Hs o, and Rg’o € D3. Consequently,
Kz, =c¢lo+ Rg,o.

Notice that, because Ha is quadratic, Equation (11) is equivalent to R3¢ =

Rg,() + {HQVO,R&()}; therefore, ]:23,0 does not depend on A nor €. Hence, in
order to make the condition that Rg,() commutes with Hs o explicit, we may
use the known results from the classical normal form, see for instance [5].
Let us recall the arguments. By Proposition 3.2, we have

> — (3) a=8
Rz = g Cap? 2 -
la|+18|=3
(wq,B—a)=0
According to the definition 3.4, a near Fermi resonance for we = (w1, w2 )
means an exact Fermi resonance for wg = (wl,o, wg,g), that is:

wo,0 = 2w1,0-

Therefore,
(wo, B —a) =0 & (a1 + 2a2) = (B1 + 282), (12)

where o = (a1, az) € N? and 3 = (B, 32) € N2. Now, to obtain Rg’o, it is
necessary to look for all monomials of order 3 that satisfy the Fermi resonance
relation (12). Thus, Rg,o is generated by the monomials 729, 277,. Since
R3’0 is real,

R3 = pRe(272) 4 vim(237,)
v

= g(Z%ZQ + 2%22) + %(2%22 — zfzg), v € R.

Determination of the coefficients ;1 and v: We Taylor expand Rz at
the origin:

ey 3 CCl 5 .fCl 2
3! oxy 0x{0x2
O R30(0) , n 3333,0(0)333
O30z, ? ! ox3 2

+3

R3 (21, 22) =

+3

15



Recall that, due to (8), Rz is obtained by writing R3¢ in the (2*2%) basis
and keeping only the resonant coefficients, i.e. the coefficients of 27z, and
z3z. Since x; = 3(zj+%;), we remark first that only the coefficient of 2325 in
R3 (21, 2) contributes to R;},,O (by homogeneity considerations), and second,
that the expansion of Rj ¢ in the (2%2”) basis has only real coefficients (which
would not be the case for a general Hamiltonian depending also on ). More
precisely, we have

1
iry = 3 (2120 + 2322 + Zizo + 2120 + 2|21 22 + 2|21 °22)

which gives

= 1 0%Rs0(0)
0716 Ox20wy
_ 1 83R370(0)
) 8:1:%8:1;2

(z%zg + 2%22)
Re (2%22) .

So, v = 0, and we obtain the following result,

Theorem 3.5 In dimension 2, the quantum e-Birkhoff-Gustavson normal
form of the operator Ha . + R.(x) in near Fermi resonance 1 =~ 2, is equal
to Hyo + K3 + Oy with

w w
K3, = ;’15|21|2 + %d@l2 + pRe (2172) ,
where 53 0
10°R3,0(0
= c—F5 - 13
a 8 837%8302 (13)

Moreover, the remainder in Oy also belongs to Oa(x, &, h).

In order to obtain a fully satisfactory result for the original Schrédinger
operator (1), let us now express p in terms of the potential V.

Theorem 3.6 FExpressed in terms of the original potential Vi, the coefficient
w1 of Theorem 3.5 is given as follows.

1

= Vo(0)
8\@“)?,/02(1 +22)3

1

xixo

(z&i’?%(O) +(1-2:%)0%

+ (= 293, 5V0(0) + 203310 0)

16



with
1 1/4

0= [(3%‘/0(0) ~%0) +4(2,.,%0)°

and
%0

3wl — 9% V0(0) + 92, V0(0)

Proof. According to Proposition 3.1, see also (4), we can write

Wie o -
;E y]2 + R:(9)

(AEQETE‘/E)(?]) = VvE(J:E) + Z

j=1
where the variable ¢ is given by the three successive change of coordinates:
g=AU(x —x.),

where we abuse of the notation A:(y1,...,Yn) = (V&1eY1s--- )/ Dncln)-
Therefore, for all |a] > 3,

95 Re(y) = 05 (AegeTe Vo) (9) -
Since R.(7) = R3,0(y) + O4 (in the sense of the Taylor series at the origin)

OPRso, . Ry 2*(AogomoVo)

— P — — ~ 0 +O e s — O +O 5
0772 0o 6y¥3y2( )+ 0 07395 (0)+ O

and hence the equality holds without the Oy, since the quantities do not
depend on z, &, e, h. Moreover, 19 = Id, so

3 3 3
0y 0y 071072 w1,0y/W2,0 0yi0y2

Let us now compute the derivatives of (goVp)(y) = Vo(Upy). Let (a,bd) and
(¢,d) be an orthonormal basis of eigenvectors of the Hessian matrix V{'(0)
for the eigenvalues (w7, w3 ), so that we can take

=5 3)-

(0) = a%agi,vo(m + (2abc + a2d)82§x2%(0)

We have
& (Vo(Uoy))
dy30ys
+ (b%c + 2abd)8§wgvo(0) + b2d6§3%(0) : (15)

17



It remains to express the coefficients a, b, ¢, d, taking into account the fact
that the eigenvalues of the Hessian matrix V{'(0) are W%,o = ), W%,o = 4\
one can check that this implies

1 2
In fact, it is elementary to check that for a real symmetric positive matrix
whose eigenvalues are (A, 4)), the discriminant of the characteristic polyno-
mial is equal to 922, and the matrix takes the form, for some = € R,

T+5) VIN2—z2
2 2

VIN2—x2 5A—x
2 2

Its eigenvectors can be written as

(1,—2z) and (z,1),

with z = ¥ ?,)3\\2_;“:2 > 0. Upon normalization, we obtain
1 b —z
Q= —— e
V1 + 22 V1 + 22
z 1
C= —— d =

V1422 Vit 22

In our case we have

= 93,Vo(0) — 953Vo(0)

therefore
_202,,%0)
3N—=x

2|02

T1T2

Vo(0)]

I

9 1/2
((a§%VO<O> —0%,V5(0)) +4 (a%mvo@)f) — V5(0) + 9% V0(0)

18



and

ac= —>
(142%)2

1— 222
2abc + a*d = 723
(1+22)2

3

-2
b2+ 2abd = 2
(1+22)3
d— —

(1+22)%

which, in view of (13), (14), and (15), proves the theorem. O

4 Spectral analysis in near Fermi resonance

Theorem 3.3 gives a formal conjugation of the initial Schrédinger Hamilto-
nian P. into an operator of the form c. + Ho 0+ K., where ¢ = W,(0) =
min V, see Proposition 3.1. Therefore, it is expected that, in regimes where
E and h are small enough, the spectrum inside (—oo, E) of the normal form
Ce + fflo + K., restricted to the spectral subspace of Ha corresponding to
energies in [0, (1 +n)E], where n > 0 is fixed, is a good approximation of the
spectrum of P. in the interval (—oo, E), see [3].

The goal of this section is to describe the spectrum of the e-Birkhoff-
Gustavson normal form of P, in the case of a near Fermi resonance, in terms
of the original potential V.. We shall use the expression of the normal form
modulo O4 given in the previous section. Since the remainder also belongs
to Oz(x,&, h) by Theorem 3.5, it belongs to

04(-T7£7 h) + 503($7£7 h) + 5202(:6)& h) :

Therefore, using [3, Lemma 4.2], the normal form at order 3, that is to
say ce + H, 0+ K3, is expected to approximate the spectrum of P. below
some energy F with a precision of order O(E?) + O(eE%/?) + O(e?E). For
instance, if we are interested in a fixed number of low-lying eigenvalues, we
may take E = Ch for some constant C' > 0 and we obtain a precision of
order O(h?) + O(eh?/?) + O(2h).

In order to compute the matrix elements of the normal form, we shall
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need to understand the Weyl quantization R’37€ of K3, which is

K3. = elo + pRe(227),
0 0

0? 0
=¢l Qh’r — — h2 — K
=elo+ (xle x18$1 979 + 3331 8952)

For that purpose, it will be convenient to pass to the Bargmann representa-

tion.

4.1 Creation and annihilation operators

1 0

1
bi(h)=— |z, —h— ),
]( ) \/ﬁ < J 8SU]'
which are respectively called the operators of annihilation and creation, act-

ing as unbounded operators on L?(R™) (see for instance [4]).
Formally, the operators a;(h) and b;(h) satisfy the following properties:

aj(h) = bj(h),  bj(h) = a;(h),
[a;(R), k()] = djk,  [a;(h), ar(R)] = O, [bj(h), be(R)] = 0.

Let us introduce

(16)

Using a;(h) and b;(h) to rewrite Hy ), we have
Hy o = h(wi0(a1(h)bi(h) = 3) + wao(as(A)ba(h) — 3)) ,
Lo =l (w11(a1(R)b1 () — &) + wa 1 (az(B)ba () — 1)),
and IA(3’5 is given by

f(&g = he (le(al(h)bl(ﬁ) - %) + w2,1(a2(h>b2(h) - %))
(17)
V2R (az(RBAR) + a2 (R)ba(R))

4.2 Bargmann representation

In this section, we review several fundamental results relating to the Bargmann
transform and the space Br of Bargmann-Fock, also known as the Bargmann
space [1]|. For further details see [4]|. Let us consider the space

Br = {go(() holomorphic function on (C”;/ lo(O)Pdun(¢) < -I—OO} ;

n
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where dpu,(¢) is the Gaussian measure defined by du,(¢) = e~ IS/ gne,
G = zj—15] = %;/V2, and d"C is the Lebesgue measure in (z,€). Br is a
Hllbert space equipped with natural inner product

(. ) = /f 9(0)dhin(C)-

The semiclassical scaling that we use here can be found, for instance,
in [4, Proposition 7|.

Theorem 4.1 ([1]) There is a unitary mapping Tg from L*(R™) to Br
defined by

(Tof)O) = — [ f(a)e- HEE+a2+VEd] g,
2z (mh)+
Ty is known as the Bargmann transform.

The Bargmann representation is particularly suited for studying har-
monic approximations, as creation and annihilation operators become ex-
pressible in a very simple way.

Proposition 4.1 ([1]) We have
Tu(a;(h)Ts~" = 5= and Tu(b;(h)Ts™" = ¢,

where (; represents the operator of multiplication by (;.

Thus, the harmonic oscillator’s Bargmann transform is,
. 1
H3, = Tp(Ha0)Ts _hzww(@ac )

It is then standard to prove that the functions {(pa = form

COA
(27rh)"/2\/§ }OéEN”
an orthonormal Hilbertian basis of Bz, on which HSO is diagonal. It follows

that IfIQZfO is essentially self-adjoint with a discrete spectrum which consists
of the eigenvalues A\,, a € N” given by:

U(ﬁgo) = {Aa = h(u+ |w20|)’ u = (wo, o) = ijjoozj, a € N"},
j=1

(repeated with their multiplicities) where wg = (w10, ...,wn0), @ = (a1, ..., )
and |wo| = > 7_; wjo. The corresponding eigenspaces are

HE — Span{(2ﬂh)€z/2\ﬁ (o, >u}.
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4.3 Spectrum in near Fermi resonance

The authors in [3] give a detailed study of the spectrum of semiclassical
pseudodifferential operators whose harmonic approximation possesses an ex-
act complete resonance; the idea was to restrict the Birkhoff normal form
to the eigenspaces of the resonant harmonic oscillator. In this section, we
extend this result to the case of a near Fermi resonance, using the e-Birkhoff-
Gustavson normal form Hy o+ K3 + O(4) of Theorem 3.3.

First, let us rewrite this normal form in the Bargmann representation.
According to (17), we have

K. = Tu(Ks)Tp™' = hew, (Cu% + %) + hews 1 (Czé% + %)
+\[Mh3/2 <C2 ac + Cl 342)
(18)
Thus, in order to obtain a good approximation of the spectrum of our

Schrédinger operator Pg, we shall compute the spectrum of the restriction
of K?lf':e to the eigenspaces of Hés,o (recall that HQB’O commutes with K:?’E) To

this aim, we calculate the matrix elements of Kglfs in the basis ¢, of H5,
where N € N and

B _ S B 2 B
HN—SP&D{QOQ—W, a—(a1,a2)€N,a1+2a2—N}
(19)
As in [8], we use
0¥ (01,0
# \/ QO 011 1 042) ’ (20)
0*P(ar,02)
g = VaVar— e a0
1
P (a1 ,02)
TCQ = SO (a1,02—1)
8290 (o1,a2) (o =1
QK55  — VvV« Q2 — 90 (a1,02—2) »
a3
P (aras)
W = VoIV a2P(a;—1,a0—-1) »
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and

CLP(an,0) = Va1 + 10(ay 41,05

CFPlara) = Va1 +2Va1 + 19, 19.00)

CP(ar,a2) = V2 + 19(a) as 1)

C3P(an,00) = Va2 + 2V s + 19(a; as4+2)5
C1G2P(ar,00) = V1 + 1V @2 + 10 (a, 11,0041)-

According to (18), we obtain, with a = (a1, a2),

K3 po = hewr 1 (Q10¢ ¢ + 30a) + hewa 1 ((20e0a + 3¢0)
+V2uh? (Gy/arvar — 1o(, 2.0 + CvV/@20(ara-1)) »
=h(ewi,1 (a1 + 3) +ewar (a2 + 1)) pa
NG EE (\/(a2 +Dar(a1 — D) 2.001)

+v/ (a1 +2) (a1 + 1)a290(a1+2,a271)> :

We can confirm on these formulas that the space H]Lf, is stable by K 38,5 be-
cause:

a1 —242(ae+1)=a1+2as =N and a1 +2+2(as — 1) = a1 +2a9 = N .

We can also confirm the Hermitian symmetry of the matrix K?fs Indeed,
let us order the basis ¢, according to ¢ = 0,1,..., F [%] and oy = (N —
2¢,0). The image of ¢,, is a vector with three components, on ¢q,, ¢a,
and g, ,. Thus, the matrix is symmetric if and only if the coefficient of
ng(ww) on pa,,, is equal to the coefficient of K:ga(‘:@aul) on ¢q,. The first
one is equal to

V2uh®?\/(as + 1ai(ar — 1)

with a1 =¥, o = N — 2/, and the second one is

\@,uh?’ﬂ\/(o/l +2)(o) +1)df,

with o) = a1 — 2, o}, = ag + 1, so the equality of these coefficients is clear.
In matrix form, we obtain

23



Theorem 4.2 For any N > 0, in the basis (¢a) of the space ’H% given
in (19), ordered by aq, of size L%j + 1, the matriz of the operator K387€ is

dno Anpo
Ano dna i 0
My = Ane—1 dne  Ang ,
0 Ane dnygsr
AN 41

where for £ =0,1, ..., L%J

Ay =V2uh®? /(€ + 1)(N —20)(N — 20— 1)
dny =hewi1 (N =20+ 3) + hewa (€ + 1),

and p is defined in Theorem 3.6.

Finally, note that the spectrum of H 50 +K g . restricted to 7—[% is exactly

U {hwio(N +3) + peny; 5=0,...[5]},
NeN

where (fie N0, -5 e y LgJ) are the eigenvalues of the matrix M. x of The-
b b 2
orem 4.2.

5 Numerical simulations for the near Fermi reso-
nance

We now illustrate our results numerically for the following family of poten-
tials:

Ve(z1,22) = (3 + &)t + (2 + 2ce)23 + 2 + L1235 + yaiws + 2t + 23,
where ¢ € R and + are fixed, and € € R is such that

I+e>0 andl+ce>0. (21)
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In view of the normalization (3), this potential corresponds to W,(0) = 0,

wie = V14 2¢ and wa . = 2/1 + ce. Therefore,
w10 = Liwso=2,wi1=1wy1=c.

Since the quadratic part of the potential is already diagonalized, we can take
U = 1d, and hence it is easy to compute z = 0 and

v
from Theorem 3.6.

Due to the term a:‘ll + x%, the potential V. is confining, and hence b=
—%QA + V¢ has a discrete spectrum, bounded from below, and whose eigen-
values form a non-decreasing sequence tending to +00. We are interested in
the eigenvalues that belong to the interval (—oo, E), where £ — 0 as h — 0.

5.1 Numerical computation of the spectrum of P

In order to numerically compute the spectrum of 15€ without any a priori, we
use a general spectral method, not specially adapted to the 1 : 2 resonance.
Namely, we consider the Hermite functions Hy, o, (21, 22), which correspond
via the Bargmann transform to the functions ¢q, a, from (19). We order
them according, first, to the energy level fi(a; +ag+1) of the usual harmonic
oscillator —%A + %(w% +22), and then according to ay. In other words, the
first few pairs (aq, a2) in increasing order are:

(0,0),(0,1),(1,0),(0,2),(1,1),(2,0),(0,3),(1,2),(2,1),(3,0), etc.

The next step of the numerical method is to truncate the basis (H,) into a
finite family adapted to the chosen spectral window; according to the semi-
classical theory, for a given F, eigenfunctions corresponding to eigenvalues
less than £ must be microlocalized in the phase space region 2. given by
L€+ Va(z) < B. Assume that the parameters 7, ¢ are chosen such that V.
admits a unique minimum at x = 0, for £ small enough (see Proposition 5.1
below). By construction, we have

1 1 1
S €I+ Valw) = 5% + ) + 23 + 26 + O(ea?) + 0(a%).
Therefore, if F and e are small enough, €). is contained in the ball of radius

V3E in phase space. (The number 3 could be replaced by any number larger
than 2. For large E, one could do better by using the confinement gained by
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the quartic term x*, but in this work we are mainly interested in small E).
Taking into account that a wave function localized inside a ball may extend
slightly beyond the ball, typically at a distance of order O(v/%), we can decide
to truncate the basis for (a1, as) satisfying A(ay + as + 1) < 3E + V/A; thus
we shall take oy + a9 < M with
3E 1
M =0+ 7 (23)

We obtain a basis Bys of cardinal (M + 1)(M + 2)/2 which, when FE is
bounded and £ is small, is (’)(%2)

On this basis, the action of differential operators with polynomial coeffi-
cients can be explicitly computed, similarly to (20); namely, from (16) and
Proposition 4.1, we have

h
acha = \/; (, /ajHa—lj + o+ 1Ha+1j)
and
h
haija = \/;(\/OéjHa—lj — Vo + 1Ha+1j) )

where we have denoted by (11,12) the canonical basis of Z?. In order to
implement the operator of multiplication by x?, instead of writing the explicit
formula, we may also simply square the truncated matrix for z;; by doing
so, of course we introduce an error due to the fact that matrix truncation
does not commute with matrix multiplication. The wrong columns concern
the images of Hy, when a + 1; ¢ [0, M] x [0, M], i.e. a1 +az+1 > M.
In other words, in order to obtain a correct matrix, we need to delete the
“highest energy level”, which means truncating the computed matrix to the
smaller basis Bys_1. Similarly, since the matrix for ac? has a band structure
of width 5 (instead of 3 for x;), when computing ac;’ we need to reduce M by
2 more. Finally, the truncated matrix for a:;* will be exact if we reduce M
by 3 more. The analogous discussion holds for 79, ;. Consequently, in order
to obtain the matrix for P. on Bas, we need to start from the larger basis
Buté-

In view of the above discussion, we can now implement, explicitly, the
matrix of P. on the basis By = {Hy, |a| < M}, and call a standard diago-
nalization routine for real symmetric matrices. On a standard laptop, this
can be easily done for a matrix of size 1000 x 1000, which means M < 43.

Our first experiment is to test the validity of the truncation (23). Taking
h = 0.01 and E = 10A, Formula (23) gives M = 25, which corresponds to
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a matrix of size 351 x 351. In Figure 1, we vary M around that value, and
plot the £, norm of the difference between the spectrum below E computed
with the given M value (that is, using the matrix obtained from the basis
Bys) and the spectrum computed using the largest M (here Mpax = 35).
This experiment confirms that the value predicted by (23) is large enough
to obtain a very good accuracy.

- _s
‘ww Py, ‘ lngm‘.rpu—.rp” ‘

0.00

6 18 20 2 24 26 28 30 32 34 -89
M

(a) HSPM - SpMmaxHoo (b) IOglo(HSpM — SPMpax Hoo)

Figure 1: Quality of the numerical spectrum in terms of M. With A = 0.01, € = 0,
and E = 10A, the value given by (23) is M = 25. We plot here HspM —SPup

max HOO

with Muyax = 35, and spy, is the spectrum below E obtained by diagonalizing
the truncated matrix of P. in the basis Bys. The same data with a log;, scale is

plotted on the right picture. We see that, at M > 25, the error is indeed negligible.
3E _

Interestingly, we also see that simply choosing M = 53 = 15 would not be sufficient.
In Figure 2, we compare the spectrum of P. obtained with the above
numerical method to the spectrum of the unperturbed harmonic oscillator

Hs . Recall that the oscillator spectrum is explicit
sp(Hazo) = {hwio(ar + 202+ 3), (a1, a9) € N?} (24)

and features the famous phenomemon of clustering of eigenvalues on the
ladder Aw; o(N + %), N > 0, which correspond to polyads in the chemistry
literature. While we can recognize the footprints of these polyads on the
spectrum of ]55, we notice that much of the structure is lost, even for rela-
tively small €.

5.2 V. has a global minimum

Our goal is to compare the spectrum of P. with what the e-Birkhoff-Gustavson
normal form gives. In order to apply our results, let us first check that V. has
a unique non-degenerate minimum, when the constants v, ¢, e are properly
chosen.
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*  Spectrum of H 2
=  Spectrum of P, epsilon=0.01, h=0.01, M=25

Figure 2: Spectrum of P. (green boxes, solid line) on top of the spectrum of the
1 : 2 harmonic oscillator Ha o (red discs, dotted line).

Proposition 5.1 Assume that, in addition to (21), the following conditions
hold:

2
gl
1-— >0
8(1+ ce)
7 1
—+e— ———mF— > 0.
16 2
4(1_ 8(1105))

Then, the potential V. admits a unique non-degenerate minimum at the ori-
gin. In particular, if |y| < 1/% and |e| is small enough, then V. admits a
unique non-degenerate minimum at the origin.

Proof. We simply complete three squares: first, we write

2
2 4 9, T1\?2 7
%x1x2+x4: (a:Q—}—Z) TR
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Then, we use

2 2 2.4
5 4 90l 2 2. _ o1 S W R e W
(2 + 2ce)xs + yoiwe = 2(1 + cg) (xz + 4(1 + ce) 8(1 + ce)

Incorporating the last term with the monomial x{ from V;, we finally write,

: ._ o
with Kk :=1— m,

1\? 1
mﬁ‘f—i—m?—x%(n(ml—i—%) _4m>'

This finally gives

Voo (Taeo Lo 1) o200 4ce) (op+ 20 2
=|lz4+e———-—— |z ce) |z + ———
< \2 16 4x) "t T 41+ ce)

2
+m:% 1:1+i +(z§+ﬂ>2.
2K 4

Thus, under the conditions of the proposition, we have a sum of four non-
negative terms; the sum vanishes if and only if all terms vanish, which is
equivalent to x1 = o = 0.

Now, if v and ¢ are fixed, the two conditions take the form

72
1*§+O(5)>0
7 1

— 4+ 0() >0
16 401-7%)

which holds, if € is small enough, as soon as

7 1 S0 2 24
AT T 2l Le. vy =)
16 4(1 - %) 7
which is stronger than the first condition 72 < 8. 0

Remark 5.2 We don’t claim that the two conditions of Proposition 5.1 are
necessary. But they allow for a simple proof, and they are sufficient for our
numerical purposes ¥y =0 and v = 1. A
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5.3 Joint spectrum of }AIZO and f(g,vg

Let us apply the e-Birkhoff-Gustavson normal form of Theorem 3.3 to order
3: we conjugate the initial Schréodinger operator P. to an operator of the
form Hop + K3, + O4, and our goal is perform numerical computations
neglecting the Q4 term.

The operator K3, can be explicitly implemented thanks to Theorem 3.5,
Theorem 3.6 and Theorem 4.2. For any given N > 0, we obtain the exact
matrix for K3, in the orthonormal basis (19), of cardinal |5 | + 1.

In order to obtain an approximation of the spectrum of 155, following
Section 4, we fix some energy E > 0, and we compute the spectrum of Ha o+
K3 . restricted to the spectral subspace of Hs o corresponding to energies in
[0, (14n)E], where n > 0 is fixed. In view of the Bargmann representation of
Section 4.2, this is equivalent to Computing the spectrum of the restriction
of Hégo + Kfe to the space EB O’H , see (19), for some N large enough.
Specifically, the integer N has to be chosen such that A(7+3) —i—a((f(fs) 18)
does not intersect the interval (0, E) for all 7 > N. '

A nice way of displaying this computation is to plot the joint spectrum of
the commuting operators h_lflzo and IA(g,E: this is the set of pairs (A1, A2) €
R? such that, with the notation of Theorem 4.2,

)\1 = wlyo(N + %)

Ao = fle Nj forsomej:()’_._ng?

see Figure 7. Then, the spectrum Hso + K3, is obtained from the joint
spectrum by applying the map (A1, A2) — AX] + Aa.

Notice that the computation of the joint spectrum is much faster than
the computation of the spectrum of P. from Section 5.1, since instead of a
matrix of size at least O( 7T X ?22), we have N = O(%£) matrices of sizes
O(£ x £), so we gain (at least) an order of magnitude in £. For instance,
with M = 41, instead of a 903 x 903 matrix, we have 10 matrices of sizes

1x1,2x2,2%x2,...,6X6.

5.4 The case 7y =0

The case v = 0 is interesting because the remaining terms of order 3 in
the potential Vz, namely 23 and x122, are completely cancelled out by the
Birkhoff normal form: we have g = 0 in Theorem 3.6. Therefore, the spec-
trum of P is approximated up to O4 merely by the quadratic term H, 0+5L2,
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whose spectrum is explicit:
{h (w170(a1 + 209 + %)) + he (w1,1(041 + %) + w271(042 + %)) s (041,042) S NQ}

When ¢ = 0, the theoretical results of 3] apply. In particular, in the
regime E = Ch, the spectrum should converge to the polyads of (24), with
an error of order O(A?). This is clearly illustrated in Figures 3 and 4.

o 0.0044
0.04-

0.003
0.034

0.024 0.002-

0.014 0.001+

T T T T T T T T T 1
5 10 15 20 25 S 10 15 20 25

= Spectrum of P, y=0,e=0, h=0.005, M=29 = Spectrum of P, y=0,e=0, h=0.0005, M=59

*  Spectrum of H 2+K 3 *  Spectrum of H 2+K 3

Figure 3: Comparison of the spectrum of P. with the eigenvalues obtained from
the Birkhoff normal form Hs o + K3 .. Here A = 0.005 (left) or & = 0.0005 (right),
and v =0, =0, hence K3 . = 0.

In order to experiment the case € # 0, we chose the regime e = v/h, where
we still expect an error of order O(h?), which is confirmed by the numerics,
see Figures 5 and 6.

The joint spectrum of the commuting operators (h_lﬁQ’o,K&E) is de-
picted in Figure 7.

5.5 The case y=1

The case v = 1 corresponds to the heart of our result, since the Birkhoff
term of order 3, K3 is not trivial, due to (22).

When € = 0, as above, the theoretical results of 3] apply and we observe
the expected O(A?) error in Figures 8 and 9. The clear agreement with
O(h?) is a strong confirmation of the validity of the Birkhoff procedure, and
in particular of the correctness of the value of y from (22), because any other
value of p would lead to an error of the order of the eigenvalues of K3 on
the given spectral subspace, which is known to be (9(713/ 2).
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p -10
s
< -11
k3
o log(error) vs log(h), y=C Theoretical slope
linear regression slope=1.8954¢

Figure 4: Error(log scale) between the spectrum of }55 and that of Hao + Ks..
Here v = 0, = 0. When £ is small enough, we observe the theoretical slope of 2
(green line), corresponding to an error of order O(h?).

The new results correspond to € # 0. As in the case v = 0 we experi-
ment the regime ¢ = /A, and, in spite of this perturbation, the e-Birkhoff-
Gustavson procedure suggests that the error should still be O(h?). This is
confirmed by Figures 10 and 11.
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J 0.0044
0.04 s

0.003+

0.03+

0.02 0.002-

0.01+ 0.001+

T T T T 1 T T T T 1
S 10 15 20 25 S 10 15 20 25

= Spectrum of P, y=0,6=0.071, h=0.005, M=29 = Spectrum of P, y=0,6=0.022, h=0.0005, M=59
Spectrum of H 2+K 3 Spectrum of H 2+K 3

Figure 5: Comparison of the spectrum of P. with the eigenvalues obtained from
the Birkhoff normal form Hs o + K3.. Here h = 0.005 (left) or A = 0.0005 (right),

and v = 0, = /i, hence Kz . =0.

log ()
8.5 8 7.5 -7 6.5 6 55
L 1 1 1 1 1 1
=
<
R
©
° F-8
log(err)
-9
< F-10
o
4
r-11
o
2
@ log(error) vs log(h), y=C Theoretical slope 2|

linear regression slope=1.5933!

Figure 6: Error(log scale) between the spectrum of ]36 and that of Hy o + K3 .
Here v = 0,¢ = v/h. When £ is small enough, we tend to the theoretical slope of 2
(green line), corresponding to an error of order O(h?), though it seems slower than
in the case € = 0 (Figure 4); on the other hand, for the larger &, the absolute error
is quite smaller here than for the case € = 0.
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-0.00104 Bo

Figure 7: Joint spectrum of (h_lﬁgyo, K’g)g). The abscissae are n + %, n > 0. Here
v=1,¢=1,e=0.01,A = 0.001.

g
»” ‘A
P -
” 0.004-
0.04 .
.- 2
o 0.003
0.03 :
g

0.0 0.002
0.0 0.001+

T T T T T T T T T 1

5 10 15 20 25 5 10 15 20 25

*  Spectrum of H 2+K 3

= Spectrum of P, y=1,e=0, h=0.005, M=29
*  Spectrum of H 2+K 3

= Spectrum of P, y=1,6=0, h=0.0005, M=59 |

Figure 8: Comparison of the spectrum of P. with the eigenvalues obtained from
the Birkhoff normal form Hs o + Ks3.. Here A = 0.005 (left) or A = 0.0005 (right),
and vy =1, =0.
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F-12

* log(error) vs log(h), y=1
linear regression slope=2.0425"

Theoretical slope 2|

Figure 9: Error(log scale) between the spectrum of P. and that of Hyo + K3 .
Here v = 1, = 0. We observe a nice fit with the theoretical slope of 2 (green line),
corresponding to an error of order O(h?).

0.044 N 0.0044
0.034 0.003
0.02- 0.002+
0.01 0.001-
5 10 s 20 25 5 10 s 2 25
= Spectrum of P, y=1,6=0.071, h=0.005, M=29 = Spectrum of P, y=1,e=0.022, h=0.0005, M=59
*  Spectrum of H 2+K 3 *  Spectrum of H 24K 3
Figure 10: Comparison of the spectrum of P. with the eigenvalues obtained from

the Birkhoff normal form Hs o + K3.. Here A = 0.005 (left) or A = 0.0005 (right),
and vy =1, = VA
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L L L L L L L
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©
° F-8
L _g log(err)
r-10
k4
i
s F-11
o
r-12
o log(error) vs log(h), y=1 Theoretical slope
linear regression slope=1.7660+

Figure 11: Error(log scale) between the spectrum of P. and that of Hyo+ K.
Here v = 1, = v/A. When / is small enough, we tend to the theoretical slope of 2
(green line), corresponding to an error of order O(h?), though it seems slower than
in the case e = 0 (Figure 9); on the other hand, for the larger #, the absolute error
is quite smaller here than for the case € = 0.
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