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Abstract

In this article we discuss how to construct canonical strong Carrollian geome-
tries at time/space like infinity of projectively compact Ricci flat Einstein manifolds
(M, g) and discuss the links between the underlying projective structure of the metric
g. The obtained Carrollian geometries are determined by the data of the projective
compactification. The key idea to achieve this is to consider a new type of Car-
tan geometry based on a non-effective homogeneous model for projective geometry.
We prove that this structure is a general feature of projectively compact Ricci flat
Einstein manifolds.

Contents

1 Introduction 2

2 Brief review of the standard projective tractor calculus 6
2.1 Basic definitions . . . . . ... e 6
2.2 Metric projective structures . . . . . .. .. Lo 8
2.3 Projective compactification . . . .. ..o 0o Lo 10

3 Non-effective Cartan projective geometry and the extended tractor calculus 14

3.1 Non-effective homogeneous model . . . . . . ... ... ... ... 14
3.2 Metric holonomy reduction . . . .. .. .. ... oo 16
3.2.1 Decomposition in a gauge . . . . . . . .. ... 16

*jack.borthwick@mcgill.ca
fyannick.herfray@univ-tours.fr
Keywords: projective geometry, tractor calculus, projective compactification


http://arxiv.org/abs/2406.01800v1
mailto:jack.borthwick@mcgill.ca
mailto:yannick.herfray@univ-tours.fr

3.2.2 The extended connection on the interior M . . . . . . . . .. ... 19

3.3 Projective compactification . . . . ... .00 20
3.4 Existence for Ricci-flat projectively compact Einstein metrics . . . . . . . 28
4 Projective structure on the extended boundary 31
4.1 Induced non effective Cartan geometry on the boundary . . . . ... ... 31
4.2 Carrollian structure on the extended boundary . . . ... ... ... ... 32
4.3 Projective structure on the extended boundary . . ... . ... ... ... 35
A Proof of Lemma 3.3 37

1 Introduction

A geometric structure on a manifold with boundary M can induce distinct geometries on
the interior M and on the boundary OM. An important example of this phenomenon is
when M is equipped with a Cartan geometry admitting a holonomy reduction. As proved
by Cap-Gover-Hammerl in [CGH14] this indeed leads to a curved orbit decomposition of
M, that one can take to be compatible with the canonical decomposition M = MUOM.
This provides a framework in which one can explore, from a geometric perspective,
different compactification procedures which appear in modern day physics. These are of
interest since such compactifications typically underlie holographic duality principles.

Holonomy reductions of projective structures [CGM14; CG14; CG16; FG18] provide
particularly rich orbit decompositions in which there is an interesting interplay between
conformal, projective and pseudo-riemannian geometry. This is nicely illustrated by
the diagram in Figure la which illustrates the projective compactification of Minkowski
spacetime (Md“,n = —dt? + Eucga), as obtained from a curved orbit decomposition
of the projective sphere (which generalises to an appropriate curved setting [FG18]).
Cap and Gover have shown (see [CG14, Proposition 2.4]) that boundary points of this
compactification are, in a precise sense, endpoints of the geodesics of M1, The decom-
position of the boundary into three orbits then corresponds to the three possible types
of geodesic curves reaching it, which are distinguished by the “norm” n(u,u) of their
tangent vector: timelike 7(u,u) < 0, null n(u,u) = 0 and spacelike n(u,u) > 0 curves.
Accordingly, the three boundary orbits correspond to “timelike”, “null” and “spacelike”
infinity respectively.

The projective picture outlined above is markedly different from that of the widely
known conformal compactification of Penrose [Pen63]. Conformal compactification has
proven to be a valuable conceptual tool that formalised the notion of isolated system
in general relativity [Ger77; Ashl5] and in general helped to phrase and attack global
problems in mathematical relativity [Vall6; Fril8]. The conformal boundary of asymp-
totically flat spacetime is null, with topology R x S2, and usually referred to as (confor-
mal) null infinity or .#. This, however, differs from projective null infinity, that is, the
part of the projective boundary composed of endpoints to null geodesics and which we
denoted by ¢* in Figure la, which is topologically a sphere S%2. One can roughly say
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(a) Projective (b) Conformal

Figure 1: The projective and conformal compactifications of MA+1,
On the left (a), the projective compactification: T ~ H? denotes future/past
projective infinity, isometric to hyperbolic space. Z° ~ dS? denotes projective
spatial infinity, isometric to de Sitter space. Projective null infinities ¢* ~ §9-1
are (Riemannian) conformal spheres. Altogether the boundary is topologically S¢.
The lightcone of the origin is represented by the dotted orange line, it divides
the compactified spacetime into different regions that are foliated with the level
hypersurfaces of p = L . The faint dotted horizontal (resp. vertical) curves

are the t = cst (resp. r = cst) slices.

On the right (b), the conformal compactification: the inside is foliated horizontally
(resp. vertically) by the t = cst (resp. 7 = cst) hypersurfaces. .#* ~ S9! x R
denotes future/past conformal null infinity while conformal future/past :* and
spatial (° infinities are reduced to points. The total boundary is topologically
St x §d-1,

that the projective construction at null infinity is missing a 1-dimensional fibre.

On the other hand, in the timelike and spacelike regions (reduced to points in the
conformal picture, see Figure 1b), the projective boundary is richer than that of the
conformal compactification. This feature seems to suggest that one might hope to be able
to capture information about their asymptotics and, indeed, there is a rich literature on
asymptotic flatness at spatial infinity [AH78; BS82; Chr89; AR92; Fri98; FK00; Val04a;
Val04b; Val05; CD11; Pral9; MV21; PS22; CNP23; CGW23; AK24a; AK24b; MPV24],
which uses assumptions closely related to projective compactness [CG14].

However, there is not enough room at Z*,7° to encode, for example, asymptotic
symmetries in a way which is intrinsic to the boundary and, accordingly, any form of
gravitational data in a geometrical manner. In fact, it was already suggested in the
seminal work of Ashtekar—-Hansen [AHT78| to circumvent this problem by introducing a
line bundle 7¢ ~ Z¢ x R over the projective boundaries 70 ~ dS3, IT* ~ H?3 - thus
imitating the model of conformal null infinity .#* ~ ¢* x R, thought of as a line bundle
over projective null infinity ¢* ~ S2. This idea resurfaced in the work of Figueroa-



O’Farril and collaborators [FHPS22] where such extensions were naturally constructed
as homogeneous spaces.

The essential feature of the homogeneous model studied by Figueroa-O’Farril, Have,
Prohazka and Salzer in [FHPS22] is the following: the action of the Poincaré group
ISO(n —1,1) on RP™! fixes a point. Once this point is removed, the decomposition
of RP™1\ {pt} into orbits, given by the top line of (1.1), fibres over the projective
compactification, given by the bottom line of (1.1), of n-dimensional Minkowski space
™M™,

RP" M\ {pt} ~ RxM") U (Ti"us"1uSpi")

l l l (11)
RP" ~  M* U (Hlustrudsth).

Crucially, the action of ISO(n — 1,1) on the homogeneous spaces Ti, Spi and .¥ is
non-trivial along the 1-dimensional fibres and this suggests that Ti and Spi should be
thought of as “extended” boundaries.

In previous work [BH24|, we studied in detail the curved picture corresponding to
this homogeneous model. More precisely, we investigated the curved orbit decomposi-
tion of compact (n + 1)-manifolds M equipped with a projective structure [V] whose
corresponding normal Cartan connection [Car24; Sha97; Kob95] admits a holonomy re-
duction [CGHM] to a specific Poincaré group described by the existence of two parallel
tractors 14, HAB. The resulting picture is that M is naturally endowed with a distin-
"1 of a distinguished densified
vector field n®. Assuming, after excluding a discrete number of singular points Z(n?),
that the leaf space M of the foliation was a manifold, we found that it inherited a projec-
tive structure whose normal Cartan connection also admits a holonomy reduction such
that the curved orbit decomposition of M \ Z(n®) fibers over that of M according to the
following diagram:

guished 1-dimensional foliation given by “integral curves

oM
o U (ﬁ_uﬁOML)
M U (H_UHoUH)
oM

<
2

This directly generalises’ the homogeneous model (1.1): M splits into two parts Mi
and My UOM is a projective compactification [CG14] of order 1 of an Einstein metric
inherited on My. This model therefore provides a geometric situation in which we

1Since we have a densified vector field, we point out that the parametrisation of these curves is
undetermined.

2Note that here H. stands for spatial infinity and H_ for timelike infinity. Thus both H_ and Ho
are possibly disconnected with past and future components.



naturally have a line bundle over the projective compactification, directly generalising
[FHPS22].

Moreover, as we will recall in Definition 2.1, the line bundles ﬁi — H4 can in
fact be defined in terms of intrinsic data on H4, i.e. only in terms of the data of the
projective compactification and without referring to the higher dimensional manifold.
What is more, asymptotic symmetries are then naturally identified with automorphisms
of H.. Consequently, it seems justified to refer to the total space 7—~[i of the line bundle
as the extended (projective) boundary of M.

Nevertheless, at this stage, it was unclear if there was any other geometric structure
induced by the higher dimensional manifold M that could in fact be intrinsic to the
projectively compact Ricci flat manifolds M. The main goal of this article is to provide
a positive answer to this question®:

Theorem. Given a projectively compact Ricci flat metric g on a manifold with boundary
M = MUOM, then there is a natural way to equip the extended boundary Ht — H* with
a projective structure that admits a holonomy reduction to strong Carrollian geometries.

This is the content of Theorem 4.2 and Proposition 4.3. Here, the term Carrollian
geometries refers to the degenerate geometries introduced in [DGHZ14], see [Her22] for
details on some aspects of the related Cartan geometries.

The strategy towards obtaining this result is to again consider a curved orbit de-
composition, closely related to the homogeneous model (1.1), but instead coming from
a holonomy reduction of a non-effective Cartan geometry on a n-dimensional manifold
M based on non-effective realisation of projective space’

SL(n+1) x R

RP" ~ G/P =
G/ Aff(n) x R+l

(1.2)

The details of this realisation, as well as the corresponding Cartan geometry and its
holonomy reduction will be discussed in Sections 3.1 and 3.2.

One can always recover an effective Cartan geometry from a non-effective one by
quotienting by the kernel K (in the case at stake K ~ R"*1). In general, trying to use
a non-effective geometry, such as (1.2), to study the underlying effective geometry is
nevertheless likely to be a futile task, as it is not clear that the extra degrees of freedom
in the kernel will carry any meaningful intrinsic information. However, in the case at
hand we will prove that the holonomy reduction will completely fix the non-effective
geometry in terms of the effective one.

More precisely, we will prove (see Theorem 3.1) that, in the interior M , the non-
effective Cartan geometry, modelled on (1.2), is completely determined by the projec-
tively compact metric metric §. We then prove that it extends to points of the usual pro-
jective boundary H*, see Theorem 3.3. Finally, we prove that this non-effective Cartan

3In this work, we are interested in the space/time like parts of the boundary and will work away from
the null part, Ho, which will be the object of future work.

“Here Aff(n) = SL(n) x R™ is the affine group, so that RP™ ~ % ~ %ﬁfg—;) is the usual, effective,
realisation of projective space.



geometry, canonically induced on H* by the projective compactification, is equivalent
to an effective Carrollian geometry on the extended boundary HE

The paper is organised as follows: in Section 2 we review elements of projective
tractor calculus and related results for projectively compact metrics that we will need
on the rest of this article. We then discuss in Section 3 the curved orbit decomposition
induced by the holonomy reduction of a non-effective Cartan geometry modelled on
(1.2). Finally, in Section 4, we derive the geometry induced on the extended boundary

H= from this construction.

Notations

We will make extensive use of the abstract index notation. In this context, we will denote
the sheaf of vector fields, £%, the sheaf of one forms, &, etc. To simplify notations, when
the context is clear, we will abuse notation and not specify over which open set we are
working, or, only specify the manifold, e.g. £%;.

The bundle of projective densities of weight w (defined below) will be written £(w).
Once more, for readability, we will abuse notation and not distinguish between &(w)
and the modules of local sections; which interpretation is appropriate should always be
clear from the context. In cases where confusion could arise, will use the notation I" to
indicate sections.
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2 Brief review of the standard projective tractor calculus

For the convenience of the reader we review elements of the usual projective tractor cal-
culus, developed in [BEG94]. We then recall from [CGM14; CG14; CG16] Cap-Gover’s
definition for projectively compact Ricci flat manifold and some associated results.

2.1 Basic definitions

Let M be a manifold® of dimension n endowed with an equivalence class of projectively
equivalent torsion-free connections [V]. It is a standard result® that two torsion-free

"With or without boundary, we refer the reader, for instance, to [BK23] for a detailed discussion
about defining projective structures on manifolds with boundary.
6See, for instance, [Kob95, Proposition 7.2]



affine connections V and V are projectively equivalent if and only if there is a 1-form
Y, such that for any vector field £:

Vbl = V& + Yo 4 7660, (2.1)

We will use V = V + T as shorthand for this condition.

We denote by £(w) the associated vector bundle to the frame bundle P(M) deter-
mined by the 1-dimensional representation of GL,(R): A+ |det A] 41, Sections of this
bundle will be called projective densities of weight w. Their definition guarantees that
under the projective change of connection V = V + T we have, for any section o € £(w),

Vo = Vo +wYo.

For any vector bundle B with base M, we will write: B(w) = B® &(w) and we will say
that sections of B(w) are of weight w.

Let G = PGL(n,R) and H = (R™)* x GL(n,R) the isotropy subgroup of a given
line. The class [V] determines a reduction of the second-order frame bundle P?(M) to a
H-principle bundle P, on which there is a unique normal Cartan connection w [Car24;
Kob95]; this is a normal Cartan geometry modelled on projective geometry as described
in [Sha97].

The standard dual (projective) tractor bundle, is defined [BEG94] to be the 1-jet
prolongation of £(1):

T =J'E().

In the abstract index notation sections of tractor bundles will be indicated by indices
A B,C....

T* fits into a canonical short exact sequence of vector bundles:

A choice of connection in the projective class [V] provides a non-canonical isomorphism
T* ~ TM(1) ® £(1), described above by the non-canonical maps Y and W. When
thinking of these maps as sections of 7* ® £(—1) and T*M (1) ® T respectively, they
transform under change of connection V = V 4+ Y according to:

Ya=Ys—TuZ4, WA =wA 4+ 71,x4. (2.2)
Fixing a choice of connection V in the projective class, sections of 7* will be written:
Ty =0Y4+ MaZfZi,

similar expressions will be used with sections of tensor powers of the tractor bundle.
We also recall the standard decomposition of the curvature tensor R ;;:

Rop’a = Wapa + 207, Pyja + Bavdg;



where the Weyl tensor W is trace-free, P, is the projective Schouten tensor and §,, can
be thought of as the curvature tensor of the density bundle £(1). They are given by

2
(n - 1)Pab = Rab + Bab, Bab = _—R[ab} = —P[ab],

n+1
where Ry, = Rdadb is the Ricci tensor. We note that the tensor quantities P and f
are not projectively invariant. In particular, under a projective change of connection
V=V+T: .
Py =Py —V T+ T, Tp. (2.3)

A connection V is said to be special if it preserves a nowhere vanishing density o.
In this case [, = 0 (in particular all density bundles are flat) and we say that V is the
scale determined by o. Even when it does not preserve a nowhere vanishing density, we
will refer to a choice of connection in the class as a choice of scale.

The normal Cartan connection w induces a linear connection on 7*. Having fixed
a projective connection V in the class, and split the short-exact sequence, the action of
this connection can be summarised conveniently by the relations:

Vo XA=WA, VWP = —PuXB, V,Ya=PuZb, ViZ%=-00Ys  (24)

The tractor curvature, defined by the identity abc DTD =2V, Vy T, is known to
be given in an arbitrary scale by:

QabOD = Wa

b AW Zh — YapaXoZh (2.5)

where: Ygpq = 2V, Pyjq is the projective Cotton tensor.

For any weighted tractor bundle, T (w), where o7 is an arbitrary set of abstract
indices, the normal Cartan connection induces a natural projectively invariant differential
operator:

D:T9(w) = Ta @ T (w—1)

known as the Thomas D-operator and defined by:
Dat” = wt? Y + Vat? Z5. (2.6)

D behaves much like a covariant derivative with a cotractor index, in particular, it
satisfies the Leibniz rule; this can be useful in computations. Also observe that one has

DsXB =65, (2.7)

2.2 Metric projective structures

A projective class [V] on an n-manifold M is said to be metric if it admits a solution
¢ ¢ £(ab)(—2) to the Mikes-Sinjukov metrisability equation [Mik96; Sin79]:

2
ab (a b)d
Ve — ——0\*V = 0. 2.
C nt1¢ dC 0 ( 8)

8



If we introduce’

EP(w) — En(w +2) + 2]

hab ; 5'621 by halbl _hanbn

det :

then solutions of Eq. (2.8) yield inverse metrics ¢® = |det(¢)|¢% on {+det(¢) > 0}
whose Levi-Civita connection V¥ belongs to the projective class [V]. VY is equivalently
characterised as the special connection that preserves the density det(().

Solutions of the metrisability equation been shown [EMO08; FG18] to be in one-to-one
correspondence with tractors HAP that satisfy:

2
AB A B) 11EF
V.H —|——nX( WCE FH =0, (2.9)

where W _p, F = Z&Q ceB pand Q_ F is the tractor curvature. In this case HAB is of
the form®

B = b WwAWE + A xAWD) 4y xAXE, (2.10)
with
9 YV, V(b b
a_ _ Moo = _27° Pa @ 2.11
A — 1v cee, v= Y + bC (2.11)

If V.HAB =, then it can be shown that Eq. (2.9) is automatically satisfied; these
solutions are said to be normal. This is equivalent to

V(™ +2600AD =0, VeA® + 8 — P’ = 0. (2.12)

(and implies (2.11)). Normal solutions are known to correspond to Einstein metrics [CGM14].
Introducing”

TAB 5 C(M)

AB (n+1) AoB Ap B,
H — EAOAI A BOBl BnH 0 0...H

det :

then |det(¢)[¢® € £ is Einstein of scalar curvature
R =n(n—1)sgn(det () det H. (2.13)

In the scale associated to |det(¢)| this can be rewritten as R = n(n — 1)|det (|v.

€% is the section that realises the identification (A"TM)®? ~ £(2(n 4+ 1)); if M is oriented, then it
can be thought of as the square of the volume form.

8In what follows we will have \* = —GN°.

9We recall from [FG18] that the projective tractor volume form is defined by

2 2 an by bn
€AgA...ApnB1B1...By, ‘= €ay...anb.. bnY[AOZA1 Z YBUZBl-uZBn]



2.3 Projective compactification

The notion of projective compactification was first introduced in the work of Cap-
Gover [CGM14; CG14; CG16]. We recall that an affine connection V on the interior
M of a manifold with boundary M, is said to be projectively compact of order « if each
boundary point z € M admits a neighbourhood x € U C M and a boundary defining
function p : U — Ry, such that the projectively equivalent connection V = vV + g—Z on

U N M admits a smooth extension to U. By extension, a metric ¢ on M is said to be
projectively compact of order «, if its Levi-Civita connection, @, is projectively compact
in this sense.

In this article, our main focus is the case of a Ricci flat projectively compact
Lorentzian'? metric §, therefore o = 1 [CG14, Theorem 3.3]. As discussed in [CGH14;
CG14; FG18] the boundary dM is then totally geodesic and inherits a projective struc-
ture which admits a holonomy reduction to the Poincaré group. This gives a curved
orbit decomposition, generalising the flat model depicted in Figure la:

OM =Hy UH,, (2.14)

where Hy are closed hypersurfaces that inherit Einstein metrics which are projectively
compact of order 2: spatial infinity H4 is a Lorentzian manifold with positive scalar cur-
vature while past/future time infinity #_ is Riemannian with negative scalar curvature.
The projective boundary for these metrics coincides with projective null infinity Hg; it
is a (n — 2)-dimensional submanifold inheriting a conformal structure.

We will review here from these references some essential results. We will make ex-
tensive use of these in the rest of the articles and this will also be useful to fix notations.

Define the density and densified inverse metric'!:

1
& = |Voly| =1, ¢ = 52gab

where ¢ is extended by 0 to M and is a canonical boundary defining density in the sense
of [CG14, Proposition 2.3], in particular:

=0, Va0 # 0, along OM.

On the other hand, ¢% is clearly a normal solution to the metrisability equation (2.8).
From the results in [CG14], Ricci flatness implies that ¢** and & define tractors HAP
and Ig such that:

V.HAB =, V.Ig =0, Ip = Dgé, HAP1, =0. (2.15)

Since the projective structure extends to M, HAB and I extend to parallel tractors on

M.

YSignature (n,1), for definiteness, as our discussion is essentially independent of this choice.
1t then follows from this definition that |det((®)|= 62 and therefore the data of ¢®° is strictly
equivalent to that of §°.

10



From (2.10), (2.6), the expression of H4? and I in the Levi-Civita scale V is readily
seen to be simply:

HAB = ¢cadWwAWE, Iy =6Ya. (2.16)

It follows then from the transformation rules (2.2) that, since any other scale V is related
to V by R
V=V+6 'V,

we have Ip = 6Y4 + V629 and
HAB = (PWAWE — 267 1¢V,eWAXE) 4+ 6720V ,6V,6 XAXE. (2.17)

Comparing with (2.10) gives expressions for A* and v. If V extends to the boundary
then the components of H4B must also have smooth extensions to &M and therefore
¢% X% v must extend to boundary points. In particular

(PV,6=0, 6 ¢%V,.,6V,6 =0,  along M,

for any connection V that extends to the boundary. It follows that the restriction of ¢
to OM defines a canonical tensor

et e ) (—2) (2.18)

which is itself a solution to the metrisability equation (2.8) on 9M, with associated
tractor H4B. A key point is that it gives a canonical section'?

Ao := —det Bab S 5(2)3]\4

of the intrinsic density bundle on OM that provides the orbit decomposition (2.14). In
particular, it is a boundary defining density for Hgy, Ho = Z(\g), and has a fixed sign
on H:I::

)\0 =0 on 7‘[0, )\0 = :|:|)\0| on 7‘[:|:.

As was proved in [CG14], near points of H4, one can in fact always choose a scale
such that both

N®:=672¢%V,6, vi=6"2C%V,6V,0, (2.19)
are finite along the boundary. We reformulate this fact in:

Theorem 2.1. A special scale V, defined on a neighbourhood U of a point xo € H,
1s such that
N := 6726

12Due to different possible signatures, Ao is positive on H, and negative on H_.

11



extends smoothly to OM NU if and only if it preserves a density T satisfying
T = /| ol

In this case, the canonical density Ao is given indifferently on U by any of the fol-
lowing,

Ao = —det b = "yt = 4472 € Eant(2). (2.20)

When evaluated in such scales the metric can then be rewritten as

-1

V ~ A
Cab — ?VQUva + Qab, (2.21)

for some finite tensorial density qup.

Proof. First, let V preserve a density 7 and satisfy the condition on N®. Then it follows
from results in [CG14] (see in particular Eq. (2.22) below) that 72v is constant along
the boundary and (rescaling 7 if necessary by a constant factor) we can achieve (*72 =

+i*v~1. By definition of N and v, it also follows that in this scale
Cab _ V—la,QNaNb + qab’

with ¢ restricting to A% along the boundary and in particular ¢**V,6 = 0. We deduce,
since (% has Lorentzian signature,

6% :=|det(| = —det( = —v16?(N*V,6)? det h + O(5)

and thus *r~! = —det h.

Assume now that ¢*7 = \)\0\%. By [CG14, Lemma 3.13, Proposition 3.14] near every
point zg € H4 there exists a density 7 such that N* = 672¢%V,6 extends smoothly
to U N &M, where V is the projective scale determined by 7. Near z(, one may write:
T =17 4 6w so that

672V = N* — 771 ¢Vyw — 77w N,

Since the right-hand side is finite by definition of 7, it follows that the left-hand side is
also, and consequently, N also extends smoothly to boundary points near xg. ]

When using these particularly important scales, the Einstein equations also imply
the following useful properties on the projective Schouten tensor:

Vov = —26N’Py, = —6 (207 P.N°N€) V.6 + O(5),
] (2.22)
Pay = Vhay + (v 2PgN°NY) V,6Vy6 + O(6)

12



Proof.
We briefly justify these crucial statements. The first equation is immediate from
V. HAB =0 and (2.4). The second follows from (2.12):

Py = 6% — V.6N® 4+ 6V N
Indeed, decomposing P.:
Py =V 2PgN NI ,6V6 + 20 0, Vi 6 + Pap

where N“]Sab =0 and N%, = 0,v, € &(—3). Since we have the block-diagonal decom-
position of the inverse metric:

Cab — 6_2V71NaNb + qab
where ¢®*V,6 = 0, Eq. (2.12) shows that:
V6% — V. oN® = v 10V o6 + ¢ Py + O(6).

The first term on the right-hand side is off-diagonal and is consequently vanishing,
¢®vy, — 0, which implies that v, — 0 because ¢ is invertible on the restriction to
TOM. O

We have already seen that the weight-1 density ])\0]% € Eon (1) is very useful in this
context. However, and despite the fact that V,o provides a natural identification

Eanr (1) = " Epf (1), (2.23)

this boundary density |)\0|% has no canonical extension to a section |)\|% of Epr(1). This
remark was the basis for our definition of Sp; and 7; in [BH24]: these are the total space
of line bundles,

Spi_>H+7 jji_>%—7

which are tailored to deal with this amlloiguity.
Since the Thomas derivative of |Aog|2 provides a map

Hy — Tonr =~ " T EW)n/§16 =T/ 14,
we can indeed define the following.

Definition 2.1. The extended boundaries Sy;/T;, that we will note uniformly ﬁ+/ﬁ_,
are defined to be the pullback to Hy of i* JLE(1)y = i*T; (viewed as a bundle with base

FJEM) )T 6 ~ an) along the Thomas derivative DA|)\0|%:

-k Tk
Hj: ********* > 1 TM

JCan. Proj.

Hy —— oM 27-1\*4/[
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These are principal R-bundles over Hi, with R-action defined by
(DAl k) = Dal|Z F kL.

In practice, it can be enlightening to think of sections 1of this bundle as formal
asymptotic expansions to order 1 in & for an extension of |\g|2 to a 1-density on M. In
other words a formal expression of the type:

A2 = [Xo|2 T ué + 0(62),

where w is a function on OM.

3 Non-effective Cartan projective geometry and the ex-
tended tractor calculus

3.1 Non-effective homogeneous model

The starting point for our discussion is the Cartan geometry modelled on the non-
effective description of projective space in n dimensions RP™ as the set of all lines
passing through a fixed point [I] € RP"*! in projective space in n + 1 dimensions. Here
I € R"2 is a fixed vector and this leads to the description of projective space as a
homogeneous space

RP"=G/P (3.1)
where G and P are the following Lie subgroups of PSL(n + 2):
1 Xp X0
G={ |0 A% w'| mod Z(SL(n+2)) ¥, P:{gEG,w“zo}. (3.2)
0 Y, a

Contrary to the usual description of projective space, the action of G on RP" is not
faithful and its kernel (the largest normal subgroup of G in P) is given by the normal
subgroup:

L Xu Xo
K= 0 ey 0] modZ(SL(n+2)), elyp1 € Z(SL(n+1)) ¢,
0 O €

we denote g, p, £ respectively the Lie algebras of the groups G, P, K.

The non-effectivity we consider here should be distinguished from that, for instance,
present in spin geometry, as the kernel is large enough to be visible in the infinitesimal
structure; K is not a discrete group.

Let M be a n-dimensional manifold equipped with a Cartan geometry (¢ — M,w)
modelled on G/P. A general g-valued one-form can be parametrised as follows:

0 Uy Vo
0 wt, — n%_lwppé’f, oH . (3.3)
0 Py — 1@
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We define & — M the associated vector bundle associated to the restriction to P
of the fundamental representation of PSL(n + 2,R). In the abstract index notation, we
will use the notation A, B, ... to indicate sections of .7.

Quotienting out the kernel K, the Cartan geometry (4 — M,w) induces a projective
connection on M. We shall make the assumption that the connection obtained from this
procedure is normal and write [V] for the corresponding projective class; observe that
this implies that the Cartan connection w is also torsion-free. By extension, we shall
also say that these connections are normal.

The bundle 7 has the decomposition structure given in Figure 2, realising it as an
extension of the usual projective tractor bundle 7 with its normal Cartan connection.

0 Rty 1,71 0.

Figure 2: Decomposition sequence of .7

This filtration corresponds to the existence of distinguished parallel sections I4, IT4,,
VI =0, VI =0 (3.4)

respectively realising the first injection and the projection. The sequence can be split
by any choice of section L 4 such that LeI€ = 1; two such sections differ by a projective
cotractor x4 = xa Z4 + X0 Ya and each choice realises a non-canonical isomorphism,

T ~R®T. (3.5)

The parameters x,, and xo of the realisation (3.2) of the group G, correspond to cycling
through different choices of splitting or, equivalently, to cycling through different reali-
sations of the isomorphism (3.5). As this degree of freedom is at this point abstract, for
the remainder of this section we shall simply assume the existence of such splittings.

Similarly to the usual tractor calculus, we define the non-canonical splitting operators
I* 4 and L 4 so that sections of 7 and Z* can be written

TA = fIA + 114 ¢4, Ta=gLa+T pa. (3.6)

We shall refer to such choice of splitting as “choosing a gauge”. This is to be distinguished
from the projective freedom V € [V]; that we refer to as a “choice of scale”. In the
following we will repeatedly consider general changes of gauge Lg — Lp and parametrise
these as

Lg — ﬁg =L+ xa Hﬁ. (3.7)

The linear connection induced by the Cartan connection on .7 is summarised in the
following Proposition.

Proposition 3.1. The linear connection induced on the bundle 7 by the Cartan con-
nection is, given a choice of gauge L 4, described by:

Vele = —vp I, V. I¢ =0, VI8, = vp 15, V.15 = 0. (3.8)
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In the above, vp. is a cotractor valued 1-form parametrising the connection and depend-
ing on the choice of splitting. Under a change of gauge (3.7) it transforms according
to:

@Bc = UBc — vcXB- (39)

The curvature tractor is readily computed in terms of the connection coefficient v.c
and the usual projective curvature tractor:

Q5 = 2V uiap W T4 + Qg g TR 11, (3.10)

To summarise this section, we have seen that the non-effective Cartan geometries
that we consider, and in particular modelled on (3.1), are parametrised (see Egs. (3.3),
(3.8)) by a projective connection together with a cotractor valued 1-form vp.. The latter
is related to the non-effectiveness of the model and unconstrained at this stage. In the
coming sections we will see that this freedom can be fixed by requiring a holonomy
reduction to the Poincaré group ISO(1,n) C G.

3.2 Metric holonomy reduction

We shall now additionally assume that there is a non-degenerate parallel section HAB
of signature (n + 1,2),
Vo HAB =0, (3.11)

such that the canonical section I is null;
I8 = 0.

Here ® 45 denotes the pointwise inverse of HAB.
This amounts to having a holonomy reduction to the Poincaré group 1SO(1,n) C G
and, in this section, we will draw some immediate consequences of these equations.

3.2.1 Decomposition in a gauge

Making use of the invariant projection II : .7 — T and the the canonical tractor I,
one obtains a pair of projective tractors (H4E, I4),

HAB = g8k, I = ® oI 115;. (3.12)

These are gauge invariant quantities; note that the invariance of Ip relies on the fact
that I is null. This condition also implies that H4P is degenerate of kernel I,

HABIp = 0. (3.13)

It will be useful to introduce the following notations for gauge-dependent decompo-
sitions of HAB. These notations will be used throughout.
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Definition 3.1. Any gauge L 4 uniquely defines a smooth function f, a projective trac-
tors JB, and a symmetric bilinear form opc on T such that

HAE — AP TIATIE, + 207 14115) + £ 1415,

. . (3.14)
Ppe = QIcL(BH 0) + ppc 11 BH c-
Since HAC®eop = 5“%, they satisfy the relations
HAC pop + JAp = %, fla=—JPpus, JCIo =1, (3.15)

We can now turn to the consequences of imposing that H*B is parallel transported.
First, it immediately follows from (3.4) and (3.11) that

V.HAB =, Vg =0. (3.16)
In general one has the proposition.

Proposition 3.2. In any gauge L4, the equations V.H*B = 0 are equivalent to (3.16)
together with

VcJA = —HABUBa vcf = _QJBUBw VC(PAB = QUC(AIB)' (3'17)

Proof. The desired relations are obtained directly using V.H-8 = 0 and Proposition 3.1.
O

By the results in [CG14; FG18], equations (3.16) imply that the projective class [V]
is the projective class of a projectively compact Ricci-flat Lorentzian metric. Recall,
from the results reviewed in section 2.3, that (HAP, I4) will then be parametrised in
terms of (%, & as in (2.15) and (2.17). For the other components of H*Z we have the
following proposition.

Proposition 3.3. Under our assumption that HAB is parallel, any gauge L4 uniquely
defines a projective density A € £(2) and a projective tractor Ay € Ta(1) such that

A= apXAX5B, M= papXP. (3.18)
Moreover,
@i = DpAa — 6vap 2% — v 285 XC 14,
6J4 = X4 — HAB )\, (3.19)
62F = =X+ HAB X\ \5.

In other words, in a gauge L4, the triplet (V, H AB T A) is entirely parametrised by
(Cab, &) and (vep, Aa). As we shall see, these last two quantities are essentially pure
gauge and everything can in fact be determined by the metric data (¢, ).
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Proof.
By definition, A4 = ¢4 X5, hence taking the Thomas derivative:

Dcda = (Dopap)XP + vac = VepapZ%XP + vac.
Using Proposition 3.2 this becomes
Dcdg = QUC(AIB)ZEXB + pac = &UCAZE’ + UCBXBIAZE« + vac,

which gives the desired expression for p4p.
Second, contracting the equation on the left of (3.15) with X gives

HACoopX P + J4G = XA

and making use of the definition Ay = papX B this yields the second relation in (3.19).
In order to obtain the third, we contract the second with A4

6J 4 =X — HP x4 \p
and rewrite the left-hand side as
6N = 6J%apXE = —6 14 XP = —5%,

where we made use of the second equation in (3.15). O

Orbit decomposition
It follows from (3.16), and the results from [CG14; FG18] that the projective class
[V] is the projective class of a Ricci-flat projectively compact of order 1 Einstein metric:

Jab = 6 Cap (3.20)

with ¢ = HAB ZjZ%, 6 = XAI4. We have already summarised in Section 2.3 some
consequences of this fact.
Note that whilst & € £(1) is a gauge-independent quantity, and gives the curved
orbit decomposition
M = MUJSM,

A € £(2), defined in Eq. (3.18), is a gauge-dependent quantity: under the change of
gauge (3.7) one has o
A= A —26ya XA (3.21)

However, its restriction to M = Z(5),
Ao =N € Ean(2), (3.22)

is gauge independent. Consequently, the decomposition of M according to the sign of
Ao

OM =H UH UHT (3.23)
is geometrically relevant. We will see that Ay in fact coincides with the distinguished
scale on OM discussed in Section 2.3 (see the discussion before Theorem 2.1).
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3.2.2 The extended connection on the interior M

Our first result is to prove that, on M , the extended connection is in fact completely
fixed by the holonomy reduction (3.11).

Theorem 3.1.
On M, both the connection V. on T and H*B are completely determined by Cqp and
6. More precisely:

1. On M there is a unique gauge ﬁA such that
A= gapXP =0, (3.24)
2. In this preferred gauge, the connection components (3.8) are given by
Oac=—6""CwZ', (3.25)
and the metric components (3.14) by

A~

f=o, JB =671xB, Ope = G 28525 (3.26)

We shall refer to this specific choice of splitting on M as the metric gauge; the
components of tractors in this gauge will be written with hatted letters. Note that, even
though at this stage it is natural to also fix the scale V to be the Levi-Civita connection
of 072(ap, one is not forced in anyway to do that: the above condition fixes the gauge
L 4 but leaves a complete freedom in the scale V.

Proof of Theorem 3.1.

1. Existence and uniqueness of metric gauge.

Under a generic change of gauge (3.7), pap transforms according to
wAB > PAB = pAB — 2X(alB),
contracting with X, one sees that we are trying to achieve
_ B - B
oA — 0=9apX"” — xa0 — xBX " I4.

On M this is uniquely solved by

1 1-
xa =X — SopeXPXCGT s = Mo = SA6T s
2. Computation of components of H*B and the connection coefficient 0 4y

Taking A4 = 0 in (3.19) yields f=0,J4=6"1X4 and

Gap = —604 2% — 0cpZ°XC14. (3.27)
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Since 0 = Ay = ®apXP, we must have ¢pc = fchbBZCC for some &, and the
above equation is uniquely solved as

vap = =0 & 2.
Finally making use of ¢pc = &.Z°%2%, (2.17) and (3.15) one finds

= (% Z0W,A — 6716 Va6 2% XA + 67 XA D6

which is equivalent to (‘& = §%.

3. The expressions that we derived for the connection form and the components of
HAB only involve & and (g. Since HAP is also completely determined by ¢, we
conclude that the structure is completely determined by & and (,;, on the M.

O

Clearly, the formulae in Theorem 3.1 do not extend to the boundary and hence
do not teach us anything about how such a structure should look there. This will be
important when studying the question of existence of these structures in Section 3.4. In
the next section, we shall devise a natural way to fix the gauge at H*, however, we will
observe that it implicitly requires an additional non-canonical choice, that we will later
understand to be a section of the extended boundary 7—~li.

3.3 Projective compactification

The aim of this section is to construct a distinguished gauge at boundary points; through-
out this section we will only be interested in boundary points eway from null infinity
HY = OM N Z(\), where conformal geometry and conformal compactness provide the
relevant tools, and concentrate on H* where X\ # 0.

In Theorem 3.1, it was established that there was a uniquely determined gauge on
M such that the gauge dependent fields,

A= papXP, A= papXBXA

vanish entirely. This gauge is however singular at points where & = 0: this is because A
becomes gauge invariant along the boundary, see Eq. (3.21), and by definition cannot
vanish on H*. We are going to use A4 and ) to define alternative gauges, better suited
than the metric gauge near boundary points of H*.

Our first observation is:

Lemma 3.1. For any everywhere reqular gauge L 4 there is, at points where A # 0, a
unique projective scale V4 € [V,4] such that

A =AYy (3.28)
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In order to preserve this condition under a change of gauge L +— L4 + XAHILL\, then
one must perform simultaneously a change of projective scale Vo, +— Vo + Y4 such that
_ x0Vab +6xa

3.29
A — 2X06’ ( )

a

where xa = XoYa + XaZ% in the original projective scale.

Proof. Let at first V, be an arbitrary projective scale. We shall show that there exists
a unique 1-form T, such that V, + T, satisfies the required condition. Using Equa-
tion (2.2), T, must solve:

MW A = 0= WA+ T, oapXPx4
which has a unique solution B
T, = -2 (3.30)

In order to prove (3.29), we need to study how A AWU‘LA changes under a simultaneous
change of gauge L4 — L4+ XAH/; and projective connection V +— V 4 T.
Under a change of gauge a5 — pap — 2Xx(alp) and thus

A= A — 2x00, 0=MW,A = —x0Vab — 6Xa
It then follows from (3.30) that we now need to make the change of scale

N -1 A
Ta = _()‘ - 2X00) ( - XOVaJ - JXa)
to preserve the condition Ay W, = 0. O

Remark 3.1. Observe that if a gauge is regular at points of H" := dM N Z()\), then
the scale V given by the proposition cannot extend there. Indeed, if it could, then the
condition Ay = AY4 would also extend by continuity. Plugging this into the second
equation of (3.19), we would have 6J4 — X4 at these points, but this can only happen
if JA ~ 671X4, contradicting the regularity of HA8. More generally, if any gauge and
scale (L4, V,) are such that together A4 = AY4 holds then at least one of them must
be singular near points of H°.

We recall that, in any scale V, H4® must be of the form (2.17). The choice of scale
(3.28) will allow to have similar expressions for the extended metric.

Proposition 3.4. In a choice of gauge and scale (L4, V) satisfying (3.28), and therefore
excluding points of H°, the components (3.14) of the extended metric HAB reqd

— 1 - N
SOAC = <)\Pca — 5&_1v6)\va6’ - 6'UBCWGB> a14 CC + )\ YAYB7

JA = (ggabvba> WA 46! (1 — %cabva&vb&> x4, (3.31)
g g
f= _% (1 — % abm&vm) .
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In particular, since the extended metric is finite along the boundary, we recover (see the
discussion around (2.19)), that the vector field N® and density v

N® = 672¢%v,6, v = N,6,

extend smoothly to points of OM. On top of this, we obtain that the restriction of v~}
and A must coincide at the boundary to give the preferred boundary density

o= v =N (3.32)
Finally, the component v 4, of the connection must satisfy

1
vepXC =671 5 VoA (3.33)

and since it must be finite this means that our scales V satisfy 1*V X = 0. In particular,
by Theorem 2.1, along the boundary, it is a special scale defined by the density \/|\o| =

|det A2,

Proof. Taking (3.19) from Proposition 3.3 gives, making use of our choice of scales
satisfying (3.28),

wap = Dp(Ya)) — 6vapZ°p — vep 2P 5 X 14,
6J4 = X~ XHAPYj,
62f = A+ A2 HABY, v5.

Making use of (2.17) one then obtains the desired expressions for J4 and f. Appealing
to the definitions (2.6) and (2.4) for the Thomas D-operator and the tractor connection,
the expression of p4p can be rewritten as

©aB = AYAYB + VA YaZl% + APy 2% 2% — 604 2% — v 2% XC 1
since, in our scale, gpABXB = \Yy, this implies that
vepXC =671 % VA
and therefore
©AWAWE = X Py — 6o, WA — A—lévbwb&.
O

This Proposition means that the extended metric is entirely parametrised by (%,
&, A and the coefficient v 4 of the connection. We will now impose a condition on the
gauge, which will leave us with a very small amount of freedom:
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Proposition 3.5. Let zg be a point which does not belong to HY. Then there always
exists a neighbourhood of xo and local choice of gauge L 4 such that

f=H"BL L =0. (3.34)

Proof.
If z is in the interior M, one can always pick the metric gauge (see Theorem 3.1).
If 2o is in HT then, since A # 0 at xp, we may assume, restricting if necessary to a
smaller neighbourhood, that A # 0. The expression for the gauge shows that what we
are trying to achieve only depends on a choice of gauge and does not imply anything
on the choice of scale: it is therefore consistent to require (3.28). We now consider the
change of gauge
HABL 4Lg —  0=H"BLLg
= HP (L + xall4)(Ls + xBI15)
= f+H"xaxs + 2 x5.

Making use of (3.31) and the expression (2.19) for N and v, this can be rewritten as
0= f 4 X2v + C®xaxp — 26 X0N%Xa + 2AN%Ya + 26 1x0(1 — Av). (3.35)
Since A # 0 note that 671(1 — \v) = =6 fA~L, so:
0=+ x5V +¢"XaXs = 20X0N"Xa + 2AN"Xa — 2X ' 6x0 .

We only need to prove that a solution to this equation exists; let us take as an ansatz
xo = 0 and x, = xV,6 we find:
0= f+x*C"Vao V6 + 2XN Va6
=x? 6%+ x 2w+ f.
Now the (reduced) discriminant of this quadratic equation is A?v? — 62 fv: it must be

positive in a neighbourhood of the boundary & = 0 and therefore one can always achieve
the gauge with a term of the form

X = _% (1 _ \/1 _ fj\—Z&ZV—1> - _%f AT 0(5). (3.36)

O

Remark 3.2. We point out that there is a slight subtlety at this point, it is not clear
from the above that there is a gauge and special projective scale in which we have these
properties. In other words, there may be no density 7 for which V,7 = 0.

We shall now require both (3.28) and (3.34) and draw the consequences of these
choices. We recall that N, v are given by the expressions (2.19).
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Proposition 3.6. Let zg be a point away from H°. Let (L4, V) be a choice of gauge and
scale in a neighbourhood of xq satisfying both (3.28) and (3.34). Then, the components
(3.14) of the extended metric HAB satisfy

f=0, JA=ANWA + 6711 - av) X4, A1 =) =0, (3.37)

oA = (Cab — N6 2V46Vd) Z%Z°% + A YaYp. (3.38)

In particular, qup = Cap — N6 2V 46V extends smoothly to points of OM in this neigh-
bourhood. What is more, it also follows from (3.28) and (3.34) that, when X\ # 0,
N%qap =0 . Finally the components vy of the connection are given by

1 _
UAbXA = 6'_1 5 Vb)\,
(3.39)
A N 1. _ To A
vaW s = =67 (g = APuy + 567 VaA V40 ).
In particular, since the extended comnection is finite along the boundary, we recover, at

points where X\ # 0, the identities (2.22) on the projective Schouten tensor.

Proof.
Equations (3.37) are directly obtained from (3.31) under the assumption that f = 0.
It also implies B
A = qab Z42% + X YaY5,

where qq = (S\Pba — %&—1vb5\va& — &v(;bWaC). Then the first equation in (3.15) gives,
when contracted with W5,2¢,

(*qhe + ANVy5 = 6%,

or equivalently at points where & # 0

Qab + A2V 6V6 = Cap-
Therefore one has

YA—27 AT A Y L o yo ~ - c
Gab = Cap — AN VuoVyo = | APy — 30 VAV 6 — dvapW*,
which gives the required expression for vepWC,.
Finally, it follows immediately from f = 0 and the second equation in (3.15) that
0= J% W5, = ANy
O

Remark 3.3. If the gauge L4 is such that A = 0, which is however impossible on H*,
then the gauge is in fact the metric gauge and the expression in Proposition 3.6 coincide
with those of Theorem 3.1.
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The message from Proposition 3.6 is that under the joint conditions (3.28), (3.34)
for (L4, V), which we reproduce here for convenience,

f=0, Aa =AYy, (3.40)

both the extended metric and the extended connection are parametrised by ¢ and 6.
The combined conditions (3.40) on the gauge and scale can always be achieved locally,
in a neighbourhood away from H°, and it follows from Lemma 3.1 and the details of the
proof of Proposition 3.5 (see eq. (3.35)) that, if Lq — L4 + XAH“L\, Vo Vo+ T4
describes a transformation from (L4, V,) to another couple satisfying (3.40) then the
parameters (x4, Y ) must satisfy

V546

T, = XoVa0 + UAXG, (3.41)
A— 2XOU

0=xgv —2x0(6 N, — 6 11— Av)) + C®YaXp + 2ANxq. (3.42)

The second equation can be solved for xg and substituted into the first to give a mean-
ingful value for Y. In this sense, one should think of x, as being a free parameter
determining the others.

It follows from Lemma 3.1 that a gauge L 4 such that f = 0, existence being guaran-
teed by Proposition 3.5, uniquely defines, at point where A # 0, a pair (L4, V) satisfying
our gauge fixing condition (3.40) (if A = 0, then the gauge is the metric gauge and any
scale V will then satisfy (3.40)). We can now investigate the converse.

Lemma 3.2. Let V be some scale and suppose that both (L4, V) and (La+x 1T, V4)
satisfy (3.40). Then we must have Xq = —X0 6 V.6 and there are only two possibilities
for xo, depending on whether X was zero for L 4; i.e. depending on whether L4 was in
fact the metric gauge:

1

if A#0 then X0 = V2A and A=vl = 0, (3.43)
o)
-1
if A=0 then Xo = _1/2A and A=0— v L (3.44)
o

In other terms, for a given scale V, and away from H°, there is Zy ambiguity on the
space of gauges satisfying (3.40): This Zs action takes us back and forth between the
metric gauge, A4 = 0, and another gauge uniquely associated to V. (We recall that the
metric gauge does not fix any scale at all and thus there is no contradiction).

Proof. Let V be some scale and suppose that (L 4, V) satisfies (3.40). If (LA—l—XAH“L\, Va)
also satisfies (3.40) then, from (3.41), one should have:

0=x0Vad +6Xas 0=xX3v —2x0(6N"Ya — 6 (1 = M) + (XaXp + 2AN 4.

Solving the first equation gives xo = —x06 V46 on M and injecting this in the second
yields

0 =2x0 (2x0v + 61 (1 — 2)v)) (3.45)
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Therefore, there is only one non-trivial admissible choice which is xo = 6~ v\ — %)
Now since, under a general change of gauge,

Aa=AYa = (A=25x0)Ya — (xoVa0 + Xa) Z%), (3.46)

and given the constraint 0 = A(1 — Av) (see (3.37)), there is a unique (non-trivial)
possibility, which however depends on whether or not A was zero in the first place :

if A#0 then X0 = and A=v — 0, (3.47)

if A= then X0 = — and A=0+— v (3.48)

O

Now we remind the reader that the metric gauge A = 0 does not extends smoothly
to the boundary M and therefore requiring a smooth extension will in fact uniquely
fix the gauge.

Proposition 3.7. Let ¢ be a point in HT. Let V be any scale which extends smoothly
near xo such that that N, as defined by (2.19), also has a smooth extension with non-
vanishing boundary value.

Then there ezists a unique gauge L4 satisfying (3.40) and extending smoothly to a
neighbourhood of xg. It is obtained from the metric gauge I:A — Ly = f/A + xall4 4 by
taking

1
Xa = —§u—1&—1<YA —671V,5 Zj). (3.49)

Proof.

Let us start by proving unicity. First consider the metric gauge L A. The pair (V, L A)
satisfies (3.40); however, since we identically have A = 0 in this gauge, this is not an
admissible gauge along the boundary. We therefore look for another pair (V,Ly4) of
gauge and scale, with L4 = L4 4+ xaII? 4, satisfying the gauge fixing conditions (3.40).
In other terms, we are looking for a solution to (3.41) where T, = 0. As we already saw,
under the assumption that A = 0, this has a unique solution given by

1.4 =
—6

Xa = —X0 &_1va6, X0 = _2

We shall now prove that given V such a gauge always exists in a neighbourhood of xg,
we emphasise that it should be understood that we work locally. Let L 4 be some regular
gauge in a neighbourhood of xy. Since it is regular at xp, we can assume, restricting
the neighbourhood if necessary, A # 0. Now, by assumption, v~ = (&*%abva&vb&)’l
is finite and we recall that its boundary value Ay = t*A = *#~! does not depend on
the gauge. Making use of (3.21), one may always achieve A = v~!. From the proof of
Proposition 3.5 one then sees that it is possible to modify this gauge in order to achieve
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f =0 and that, in addition, one can do so while preserving the condition A = v~ We
call L', the gauge achieved in this way and V' the unique connection which, by Lemma
3.1 and our assumption, now gives Ay = v~ 1Y,. This gives a pair (V', L)) satisfying
(3.40) in a neighbourhood of zp; we also have that, by construction and from (3.37),
v="1.

From this pair, we would now like to construct L 4 such that the pair (V, L 4) also
satisfies (3.40). Introduce the gauge/scale transformation

Ly Ly 4+ xally, V=V —To=V,,

where x4 is the only unknown.
Since A = X = X\ — 26x¢ we must have xo = 0 and we find, from (3.41), that

Xa = XAW/;L‘:
—Yo4 = V0 Xa, 0= Cxaxp + 20 1 N%. (3.50)

We will be able to solve the first equation if and only if we can show that T, vanishes
along OM. Furthermore, since N'® = N® + 6~ 1(®Y,, and both V’ and V are regular
along OM (the first by Proposition 3.4, the second by hypothesis) we may write:

Ta - fovaé' + flé"r;
with Y/ N® = 0. However, by assumption,
V =10+ 26N Y+ (YT =v = 26N°T, + (T, Y, =0,

and thus if we can prove the first condition of (3.50) the second will follow immediately.
Now, using this equation and the decomposition of T we see that:

20vfy = =T TpC® = — f262%0 — f262¢0Y 1),

which shows that fy must be of the form & f) and hence we can solve for x, in the first
equation (3.50). O

Proposition (3.7) is the main result of this section and closes it. Let us however
record the following.

Proposition 3.8. IfV is a scale such that N® is finite and non-vanishing then |V|7%Na €
E%(—2) is a solution of the projectively invariant geodesic equation, i.e.

V"IN V(I TEN) =0,
in particular the integral lines of N® are projective geodesics for V.

Proof.

By the previous proposition, for any scale V such that N¢ is finite, we can always
find a unique compatible gauge L 4. Recall that, in such choices of gauge, AN® = J4Z Y
hence:

V(AN = (VI ZY — JAY 0% = (V. JA) 2.
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Lemma 3.2 then shows that:
V(AN = —Z4H*Bvg, = —(¢%vp. — 6N X Pup,).
Observe that since f = 0 in our gauge, we also have:
JBug. = AN v, = 0,

which shows that B B B
ANV (AN?) = 6AXBog NN

Now, using equation (3.39), we deduce that

_ _ 1_ _ _ _
ANV(AN®) = N* ANV A = N A2 NV N2
and thus

INZNV(A[ZN) = —[A[ZN(V |A[2)N® + NV (]A|N?) = 0.

3.4 Existence for Ricci-flat projectively compact Einstein metrics

In the previous discussion, we explored the structures induced by a holonomy reduction
of a non-effective projective geometry on a manifold M. In particular, we studied a
gauge fixing condition (3.40), that, for every projective scale V satisfying the condition
that N® is regular at the boundary, singled out two possible distinguished choices of
gauge. At interior points, both solutions were possible and corresponded either to the
metric gauge (see Theorem 3.1) or another gauge L4 that is uniquely associated with
the scale (see Proposition 3.6 and Proposition 3.7). Near points of the boundary oM
where A # 0 (which we recall is a gauge invariant condition at boundary points contrary
to other points) the metric gauge is always singular and the second solution is the only
regular gauge satisfying our conditions. Note that these results have been obtained un-
der the assumptions that the initial non-effective Cartan geometry was well-defined and
smooth everywhere and one might be worried that this could constrain the underlying
projectively compact Einstein manifold. As we shall now see, this is not the case.

The work of the previous section indeed puts us in a position to study the question
of the existence, on M \ Ho and for any projectively compact metrics as reviewed in
Section 2.3, of such non-effective Cartan geometries: we only need to check that the
expressions given by Theorem 3.1 and Proposition 3.6 lead, when applied to projectively
compact metrics, to a well-defined structure.

On the interior M , the metric gauge makes things particularly easy because the
components of H4B and the connection, as given by Theorem 3.1, are clearly well-
defined on M. We can see these objects as living on a trivial bundle 71,, © R over

°

M.
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Near any boundary point xg € H4, the key observation is that any scale associated
to a density 7 given by Theorem 2.1 satisfies the hypothesis of Proposition 3.7 in a
neighbourhood U. Hence, we can locally define the components using the expressions
of Proposition 3.6 (or, equivalently, by starting from the metric gauge and applying the
change of gauge (3.49)). It only remains to check that the corresponding expressions
extend smoothly to boundary points:

Theorem 3.2.
For any scale T as given in Theorem 2.1, we define the extended connection modelled
n (3.1) by (3.8) and

vap =V 2N PyY + 67! (flpab — 2V, GNPy, — qab) z,. (3.51)

Because of the identities (2.22), which are valid for any projectively compact FEinstein
metric, this expression is finite along the boundary and admits the following asymptotic
behaviour:

vap =(20 3N NUP,y) V6 Ya
ot (flpab 2V, 6NPy, — qab) Z9,

+0(5).
This connection admits a holonomy reduction given by a parallel transported non-degenerate
tractor pairing HAB:
HAB = HABIA TS, 4+ 20 ' Ne WATBITA), (3.52)

It extends smoothly to the boundary and is invertible.

Proof. From Equation (3.9), equation (3.49) and Proposition 3.1 we have:
1 1
Dap = —§y_2&_1VbVYA+ (-&—1<ba + 672V Va6 + v 6T Py + §V_26_2Vbuva6> zZ.

This also follows from Proposition 3.6. The desired expression in the statement is then
obtained from Equation (2.21) and the identities (2.22). The identities (2.22) also justify
that it extends to boundary points.

The expression for HA2 follows from Proposition 3.6. Since N%v~! is non-vanishing,
HAB is non-degenerate. U

At this point there are still two potential difficulties that we will elucidate in one
go. The first is that Theorem 3.2 makes use of a scale 7 and since we could have
chosen instead any other scale 7, we need to check that all such connections only differ
by a (finite) gauge transformation. This will ensure that the resulting connection is
a well defined (i.e. invariant) object. Second, we have only shown that the structure
exists locally, and need to justify that the local constructions can be glued together in a
coherent fashion.
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Since there is a canonical way to move between any of these gauges L4, L4 and the
metric gauge L4 (which is well-defined in M ), we can define a canonical way to move
between two local gauges determined by two densities 7 and 7 on the intersection of two
local neighbourhoods U NV by the successive gauge/scale transformations:

(L, Va) = (La,Va) = (LasVa) = (L, V).

If the overall gauge transformation cotractor x4, i.e. defined such that Lg = Lg+x4 Hﬁ,
extends smoothly to boundary points, then this gives a valid gauge transformation be-
tween the local structures that can be used to extend the structure to U U V. Along
the way it will also prove that the extended connection as defined in Theorem 3.2 is an
invariant object.

Lemma 3.3. Let 7, T be two scales as given by Theorem 2.1, and defined in a neighbour-
hood of H4. Denote by L 4, L 4 the corresponding gauges determined by Proposition 5.7.
Let us write T = 7 F wa, then in the splitting determined by 7:

Li=1Lg +Da(wr)II? + O(6,V6)
From which we deduce:
Tap = Vap + (TVaVew £77 1 hgpw) +0(6,V56). (3.53)

Proof. The proof of the first equation can be found in Appendix A. It is essentially a
computation that provides no interesting insight at this point. One can also check the
result by solving the gauge fixing conditions (3.41) for (x4, T, = —7 'V,7) at leading
order.

To obtain the second equation it is sufficient to take the derivative of the previous
equation. Since V. .Ig = 0, it follows that V,Vy6 = —P,,6, hence:

VO(6,V6) = O(6,V6).

Now:
VoDp(wr 7Y = v b Y Pyw + Vo Viw) Z% + 0(6),

and Equation (3.53) then follows directly from using (2.22) and (2.20). O

The general spirit of this construction is simply that we can deduce from this a
Cartan atlas {U’,w'} and transition functions {fi;} that can be used to reconstruct the
P-principal bundle equipped with its global Cartan connection. We then recover the
extended tractor bundle by the standard associated bundle construction. This construc-
tion is at this point ad-hoc and a more satisfying geometric description of the extended
tractor bundle .7 is the object of work in progress. This proves the following theorem.

Theorem 3.3.

Given a projectively compact Ricci flat Finstein metric gqp, of signature (p,q) on the
interior M of a manifold with boundary M, there is a uniquely determined non-effective
Cartan connection modelled on (3.1) and extending to M \ Ho.
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This Cartan geometry is such that, by construction, each choice of scale T € E(1) as
given by Theorem 2.1, uniquely determines a gauge close to any point xo € OM \ Ho.
What is more, it admits a holonomy reduction to the subgroup 1SO(p,q) of PSL(n+

2):
1 —wln,e A9, —%nlww“w”
0 Al wh mod Z(SL(n +2)), A€ SO(p,q).
0 0 1

4 Projective structure on the extended boundary

4.1 Induced non effective Cartan geometry on the boundary

Let us recall, from [CGM14; CG14], that the projective boundary H+ inherits a projec-
tive Cartan geometry together with a holonomy reduction to SO(1,n — 1). This induces
on H4 a metric of signature'® (r,s), and a Cartan geometry modelled on

SO(1,n—1) / SO(r,s). (4.1)

Now, in the previous sections, we found that every choice of scale 7 given by The-
orem 2.1, i.e. such that'* /*7 = |\g|2 gives rise to a distinguished boundary gauge L 4
for the non-effective projective geometry. We obtain in this way, along the boundary,
and after making use of the holonomy reduction to ISO(1,n —1), a non-effective Cartan
geometry modelled on

SO(1,n — 1) x R" / SO(r, 5) x R™, (4.2)

and related to the effective one by “forgetting” about the non-effective part R™; in
practice this will mean quotienting by I in the expressions below.

The induced connection can be read off from Eqs. (3.8), (2.4), (2.22) and Theorem
3.2: fixing a section 7, and denoting by W the splitting of the projective tractor bundle

on H4 determined by 79 = |)\0|%, it is given by
Vol ' XA = 75 WAL,
V(g WA = Fr5 2 hay (75 ' XA + 757 vgy T4, (4.3)
VA =0.

with v, = o* (6_1 (V_lPab — qab) )

There is some interplay between Lemma 3.3 and this induced Cartan connection on
which we will now elaborate.

Indeed, this lemma shows that, although all the projective scales 7 coincide in restric-
tion to the boundary, the restriction of the corresponding gauges L 4 actually depends on
the details of their extensions in the interior. Nevertheless, the dependence is relatively
tame: it only depends on the section of 7—~[i determined by 7.

13(p s) = (1,mn —2) on H and (r,s) = (0,n — 1) on H_.
11 this section we will also frequently use the notation 79 := "7 = |/\0|% for this density.
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Theorem 4.1.
Let 7, T be two distinguished projective scales as given by Theorem 2.1 and let us
write
T=7T Fwo.

for some function w in a neighbourhood of Hy. Then
e The connection component vy of the extended tractor connection has, when pulled

back to the boundary along the canonical injection v : OM — M, the following
transformation rule:

U Ogp = FUgp +0° ( To Vo Vipw = 7'61 hapw > (4.4)

e In particular, if T and T define the same section
T H: — ﬁi
of ﬁi — Hy, i.e. w=owy, wy € E(—1), then the 1" Vg = t*vgp.

Hence, each section of 7—~[i globally defines vy, € 58%(1) and the boundary value of the
extended tractor connection only depends on this section.

Proof. The first point is just obtained by pulling back the result of Lemma 3.3 along the
canonical injection. To prove the second point, observe that if w = 6wy then:

VoVw =V, Vws + QV(aé'Vb)wl + (Vavb&) w1i.
—_———

—Pop6

4.2 Carrollian structure on the extended boundary

The simple transformation rule (4.4) for the component v, of the induced tractor con-
nection (4.3) suggests that it would perhaps more naturally live as a structure on the
extended boundary 7—~[i. In this section, we shall show that this intuition is correct and
use the properties of the non-effective connection on H4 to construct an effective Cartan
geometry on 7—~[i.

First, let us make some general remarks related to the fact that 7—~li — Hy is a
principal R-bundle and that it is equipped with a preferred degenerate metric hyp =
(15 2hap) of signature (1,7,s), where (r,s) = (1,n — 2) on H4 and (r,s) = (0,n — 1)
on H_. In a local trivialisation we shall write points of 7—~[i as couples p = (z,u) with
n?® = 9, the generator of the R-action. The pair (hqp, n®) satisfies

nbhab =0, Lyhay =0,

and is a (weak) Carrollian geometry in the sense of [DGHZ14]. It naturally defines a
reduction of the frame bundle:
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Definition 4.1. The pair (hqp,n*) on ﬁi defines a reduction of the structure group of
the frame bundle from GL(n) to SO(r,s) x R*~1:

Let . denote the bundle of 1-jets at (0,0) of local diffeomorphisms ® : R" ™1 x R —
H. such that there is a local diffeomorphism ¢ : R"™1 — OM making the following
diagram commute:

R*T xR —2 5 7.

f’mj1 lw
Rl % oM
and:

1. &2 =9

*Dr™ T Ou’
2. ®*h = ny;datda’, n = diag(F, 1,...,1)

This is a principal bundle with structure group SO(r,s) x R"~! formed by matrices of
the form:

L x
<O A)’ A e SO(r,s).

The right action of (R, +) on Hy lifts to an action on F which commutes with the action
of SO(r,s) x R* 1,

It is important to observe at this point that this bundle admits specific types of
(local) sections ¢, coming from sections 7 of H4, that have the equivariance property:

toRy=Ryot, AeR.

Throughout, we shall only work with sections of this type; that we will refer to as admissi-
ble frames. Any two such admissible frames are related by a map Hs — SO(r, s) x R" 1
(so they are transported by the right action along the fibre). By construction these
frames must be of the form (n% m;*) and the corresponding dual co-frames (V,u, m',).

Since, under our assumption, V,u = 1, the zero set of u always define a section
T HL — ﬁi. The other way round a section 7 of 7—~[i — H4 uniquely defines a
function w as the unique function such that V,,u = 1 and u o 7 = 0. Therefore, one sees
that a section 7 defines, up to SO(r, s), an admissible frame (V,u, m,).

This remark will serve to state the following.

Theorem 4.2.
_ The non-effective Cartan geometry (4.3) on Hx induces on the extended boundary
Hy a Cartan geometry modelled on

SO(1,n —1) x R" / SO(r,s) x R*™ 1. (4.5)

These homogenous spaces are the (pseudo)-Carrollian spaces T; and Sy from [FHPS22]
and in particular yield effective Cartan geometries.
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In an admissible frame, given by a section T of 7—~li — Hi, the connection is given
by

Va (15 XA ) = 75 WA + Vau 14,
Va <7’51 W*W{‘Hﬁ) = Fhap (TEIXAHﬁ) + <Tglvab + uhab) IA, (4.6)

V IA = 0.

By results from [Her22, Section 2| these Cartan geometries are equivalent to strong
Carrollian geometries in the sense of [DGHZ14] (see also appendix of [BM18] for more
details on these geometry).

Proof. Let 7 and T = 7 £wd, we only need to check that the transformation rules of the
above objects are consistent with those of a Cartan connection. In fact, only the term
containing v might pose a problem.

Since by definition wo 7 =0 and u o7 = w, one has u — u — w and, from (4.4),

T()_lvab +u hy — T()_lvab + Vo Vw £ hgpw £ (4 — w) hap
= To_lvab +uhg + VoVyw

which is the correct transformation rule, see e.g. [Her22, Section 2|. We only need to
check that this geometry is torsion free, this can be done by directly evaluating the
curvature and making use of v,y = 0 (see the explicit expression below (4.3)). O

The precise relation between this effective Cartan geometry on ﬁi and the non-
effective Cartan geometry realised on H4 is given by the following.

Proposition 4.1. The curvature FAg.q of the Cartan geometry given by Theorem /.2
satisfies nN°FAgeq = 0. In particular, one can quotient by the action of (R,+) and obtain
in this way a (non-effective) Cartan geometry on Hy. The resulting connection then
coincides with (4.3).

Proof. The constraint on the curvature can be checked by a direct computation. Then
a tractor field

T4 = TOA 4 T (g Wity ) + T (7 x4
is parallel transported along the fibres of ﬁi — Hy if n°V,TA =0 ie. iff
9,T°+T~ =0, 9,17 = 0, 9,7~ =0
In other words, vertically constant tractors are related to tractors on H4
T4 = O 4+ T (73 WA ) + 7 (77 X AT )
via (T°,7%,T~) = (T° —uT~,T% T~). One can now check that differentiating 7% in

the horizontal direction defines on H. a connection identical with (4.3).
O
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4.3 Projective structure on the extended boundary

From Theorem 4.2, and results of [Her22, Section 2|, we obtained that 7—~[i is equipped
with a torsion free linear connection V satisfying

Vehay = 0, Ven® = 0. (4.7)

(This is the strong Carrollian from [DGHZ14]). In particular Hy is equipped with a
projective connection [V].

We now want to investigate aspects of this projective geometry. It will prove useful
to introduce the following densified objects'?,

n® = Tglna, hap = Tghab.

Recall that then |det(h®)|= 7 and therefore the pair (7%, hyp) really is equivalent to
(n%, hap)-

Using n* one may reproduce the steps of the proof of [BH24, Proposition 5.1] and
obtain the isomorphism:

Lemma 4.1.
g(l)ﬁi ~ W*EBM(l).

One may also show that:
Lemma 4.2. There is a well-defined Lie derivative operator Ly : €5 (1) — C*(R).

1. Projective densities that are pullbacks of densities on OM will be called adapted scales,
they can be characterised by:

2. Since dual tractors '7;3i are identified with Jlg(l)ﬁi, the Lie derivative Ly defines,

via the bundle map j;a — (Lro)p, a canonical tractor field I, Furthermore, we
have the short exact sequence of vector bundles:

0 —— 7* B*MLTEL LR —0.
+

Proposition 4.2. The pair ("%, hqp) defines on ﬁi two projective tractor field I* and
Hap given, in an adapted scale, by

I* =n*W,A, Hag = (hay — Va10Ve70)Z4 Z8 — T0VaT0 2Z%(aYR) + 70 YaYB. (4.8)

The inner product Hag is degenerate and IAHag = 0.

1510 order not to proliferate notation, we abusively identify the densified objects on Hi and their
pullback on H.
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Proof. One only needs to check that, upon changing adapted scale, these tractors are
invariant. However this is the case since then

VaTo = Vat0 + YaTo, WA = WA + T XA,
ZX — Zz, YA — YA — TGZK,
and n®Y, = 0 due to the fact that we are restricting to adapted scales. U

As was already suggested by Proposition 4.1, the Cartan geometry from Theorem
4.2 is not generic, rather one has.

Proposition 4.3.

The Cartan geometry given by Theorem 4.2 is obtained from the projective Cartan
geometry on Hy by a holonomy reduction to ISO(1,n — 1).

This follows from the fact that I™ and Hag are parallel transported

V.IA =0, V.Hap = 0.

Proof. Since the content of the above proposition is written in a projectively invariant
form, we can prove it in any scale that we like. In the adapted scale 7y, the projective
Cartan connection is simply given by (4.6) and one can check that it satisfies V.I* = 0,
V.Hag = 0. O

To conclude this section, we observe that it would have also been possible to first
construct the projective structure and deduce the Carrollian structures from the holon-
omy reduction. This point of view would emphasise the strong inspiration of the present
work from the picture developed in [BH24]. The projective structure obtained here on
the extended boundary, and the related question of its projective compactness, would
be a natural starting point for recovering conformal null infinity .# from Sy;/T; as the
projective boundary; this will be the object of future investigations.
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A  Proof of Lemma 3.3

In this section we resume the notations introduced in Section 3. We recall that, in the
statement of Lemma 3.3, we set 7 = 7 Fwd for some arbitrary function w, to simplify the
presentation we will only treat the case with “+”. Let V, (resp. V,) be the projective
scale determined by 7 (resp. 7), for convenience, introduce:

Yo =7 Vo= Vo=V, — T,

and: )
n® =AN® = v 1672¢%V,6 = V.6 = 1.

Our goal is to determine the relationship between the distinguished gauges L4 and
L 4 these scales determine by Proposition 3.7. To this end it is sufficient to compute the
difference

XA = XA~ XA
where x4 (resp. x4) are defined by Eq. (3.49).
Now:
Vol =wV,0 + V,wo.
Hence:

Yo =71 WV + (Vow — w?T71V,6)6) + (V6772 — wVawr 1)6? + 0(67).
We will also need to compute, (*Y,. Using that (*V,6 = vé2n®:
(0 =771 (82w + (Vw6 — w(PVwr 6 + 0(67))
=716 (gabvaw + (vwn® — wC®Vwr )5 + 0(6?) >

By definition, we have:
b=v—26u"Ty + CPY Ty

We evaluate the two terms separately, introducing the weighted quantities:
V,=n"V, and ]Vw\Z = gabvawvbw,
one may write:
Yy =71 Yw+ (Vyw — WirhHe 4+ (Wir 2 — anT_1)62 +0(6%))

and
¢y = 77262 (W + |[Vw[?) + 0(67)

Hence:

v=v—2067'w+ Bur 2w+ 173Vl - 20V, 7 5% + 0(6°)
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from which it follows that
pl=p7t (1+ 267w+ (W2 — v AVl + 2V, 7 e + 0(63)).

It is now straightforward to compute Y4 in terms of x4. Working in the splitting
determined by V, we have:

1
XA = —5&—15—11@1 +507°7 (Va6 —2Y,6)24.
The first component is easy seen to be:
1
—5&711/71 — w4+ 036).

For the second, we work order by order, ignoring the factor of % and writing:
Vb — 2V 06 = Vo6 — 260V ,67 1 — 262771 (Vow — w?r71V,6) + 0(63)
we obtain the following expressions at each order:

Order

672 | v 1672V,6

61 | 2r Ve - 207wV 6T =0

v (w2 — v i Vw]? + 2V, wr ) V6
o — 47 W2V, 60t

20 Y (Vw — w?r71V,46)

which yields the desired result, after observing that Vv = O(¢) and V7 = O(5).
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