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On the arithmetic of a family of superelliptic curves

Sarah ARPIN, Richard GRIFFON, Libby TAYLOR, and Nicholas TRIANTAFILLOU

Abstract

Let p be a prime, let r and ¢ be powers of p, and let a and b be relatively prime integers
not divisible by p. Let C/F,.(t) be the superelliptic curve with affine equation y° + z¢ = 9 — ¢,
and let J be the Jacobian of C. By work of Pries-Ulmer [PUL6], J satisfies the Birch and
Swinnerton-Dyer conjecture (BSD). Generalizing work of Griffon—Ulmer [GU20], we compute
the L-function of J in terms of certain Gauss sums. In addition, we estimate several arithmetic
invariants of J appearing in BSD, including the rank of the Mordell-Weil group J(F.(¢)), the
Faltings height of J, and the Tamagawa numbers of J in terms of the parameters a, b, g. For any
p and r, we show that for certain a and b depending only on p and r, these Jacobians provide
new examples of families of simple abelian varieties of fixed dimension and with unbounded
analytic and algebraic rank as ¢ varies through powers of p. Under a different set of criteria on
a and b, we prove that the order of the Tate—Shafarevich group III(J) grows exponentially fast
in q as ¢ — oo.

1 Introduction

Let p be a prime number, let r be a power of p, let IF,. denote the finite field with r elements, and
let K =F,(t). Let J/K be a principally polarized abelian variety of dimension g.

The Birch and Swinnerton-Dyer conjecture (abbreviated as BSD in what follows) is a sweeping
statement that predicts a relationship between several important analytic and arithmetic quantities
associated to J. On the analytic side, the central object of study is the L-function L(J,T), a
meromorphic function on the complex plane which encodes the action of Frobenius elements.

The order of vanishing ordy_,—1 L(J,T') of L(J,T) at the ‘central point’ and the leading coef-
ficient L*(J) of L(J,T) expanded as a power series at T = r~! are of particular interest. On the
arithmetic side, J(K) is a finitely generated abelian group by the Mordell-Weil theorem. Its rank,
rank J(K) := dimg J(K) ® Q is conjectured to equal ordy_,—1 L(J,T). Other terms include the
size of the torsion subgroup J (K )tors, the regulator Reg(.J), the Tate-Shafarevich group III(.J), the
local Tamagawa numbers ¢,(J), and the exponential Faltings height H(J). In this article, we study
the BSD invariants for a family of abelian varieties J/K, which we now describe.

Let g be a power of p and let a,b > 1 be coprime integers which are both coprime to p. Let C/K
be the unique (up to isomorphism) smooth projective curve containing the affine curve defined by

Yo+t =11 —t (1.1)

as a dense open subset. The curve C is a cyclic Galois cover of P!, i.e. a superelliptic curve. Let J
be the Jacobian of C'. Since J satisfies BSD by [PU16], Corollary 3.1.4], it is particularly interesting
to study its L-function and BSD invariants.

Our main results include: an explicit formula for L(J,T) in terms of Gauss sums, an analogue
of the Brauer—Siegel theorem relating the asymptotic growth of III(.J), Reg(J), and H(J) for J,
and a criterion on a and b depending only on r so that rank J(K) grows quasi-linearly in ¢g. This
last result provides new explicit examples of families of simple abelian varieties of fixed dimension,



but unbounded rank. Under different criteria on a and b, we prove that rank J(K) = 0 and (via our
Brauer—Siegel analogue for J) that the order of the Tate-Shafarevich group III(J) is unbounded as
q — oo. In fact, by computing the Faltings height H(.J), we are able to provide explicit asymptotics
for III(.J) - Reg(J) more generally.

We also study a number of other arithmetic and geometric properties of J. For instance, we
show that J is simple if and only if a and b are both primes. We also compute the minimal proper
regular simple normal crossings model of J (using the method described in [Dok20]) and apply it
to show that at any place v of bad reduction, J has unipotent reduction, to determine that the
Tamagawa numbers ¢, of J are all equal to 1, to compute the conductor N(J), and to give an
explicit formula for the the Faltings height of J.

In the interest of giving a self-contained treatment, in Section we also include a proof of the
Birch and Swinnerton-Dyer conjecture for J using work of Shioda [Shi86]. In that article, Shioda
introduces a powerful way of producing abelian varieties that satisfy the Birch and Swinnerton-
Dyer conjecture; he proves that if C' is a curve over a function field [F,(¢) whose associated surface
over [, is dominated by a product of curves, then Jac(C') satisfies BSD. Using this method, we
conclude:

Theorem 1.1. The Jacobian J of C' satisfies the Birch and Swinnerton-Dyer conjecture. That is:

e The algebraic and analytic ranks of J coincide: ordp_,—1 L(J,T) = rank J(K).
e The Tate—Shafarevich group II(J) is finite.

o The BSD formula holds:
_ [UL(J)| Reg(J) TT, eu(J)
H(J)r=9 |J(K)tors|*

where the c,(J) are the local Tamagawa numbers of J and Reg(J) is the regulator.

L*(J)

(1.2)

Theorem follows from [PU16l, Theorem 3.1.2]. In our setting, BSD opens up a powerful an-
alytic approach to computing rank J(K'). The strategy is to determine the L-function sufficiently
explicitly so that one can compute/bound ordy_,—1 L(J,T). In several cases, this strategy has
led to new families of abelian varieties of fixed dimension but with unbounded rank. In [Ulm02],
Ulmer used this strategy to produce the first non-isotrival families of elliptic curves over F,(t)
satisfying BSD and with arbitrarily large analytic rank. (Isotrivial families of elliptic curves over
[F,(t) with unbounded rank had previously been constructed by more algebraic methods in [TS67].)
In [Ulm07], Ulmer proves an analogue of the previous results for abelian varieties of larger dimen-
sion; in particular, he proves that for every g > 0 and for every prime p, there is an absolutely
simple, non-isotrivial abelian variety of dimension g over F,(¢) satisfying BSD and of arbitrarily
large analytic rank. These two papers use Kummer towers of field extensions to produce the abelian
varieties. In [BHP™15], the authors prove similar results for another family of curves over function
fields. They develop new algebro-geometric techniques involving explicit subgroups of divisors on
the Jacobian over towers of function fields, thereby expanding the tools used to study curves of
arbitrary genus over function fields.

Following [GU20], we compute the L-function using two different techniques: once using the
arithmetic of Gauss sums (Section [4)) and a second time via a cohomological computation (Sec-
tion [f)). In [GU20], the authors were able to apply results of Shioda [Shi92] to compute the
L-functions of their family of elliptic curves. Since Shioda’s results depend upon the classifica-
tion of reduction types of elliptic curves, they do not apply directly to higher genus curves, such
as our family of superelliptic curves. Fortunately, we have a detailed description of the minimal



proper regular SNC model (Section , which we use to extend Shioda’s argument to compute the
L-function of our family.

Other work has studied ranks of Jacobians of curves when the field varies in Artin—Schreier
towers, which corresponds to varying ¢ in our setup. Given rational functions f, g € F,.(¢), [PUL6]
includes a study of curves with affine model f(z) — g(y) = t? — t. Under genericity conditions
on f and g, including critical points having multiplicity 1 and restrictions on the order of poles,
they prove that the rank of the Jacobian is unbounded as ¢ varies through powers of p. The
case f(x) = x? satisfies their genericity assumptions, so their work applies to generic hyperelliptic
curves. However, the critical points of f(x) = 2% are not generic when a > 2, so their work does
not apply to most superelliptic curves. In fact, [PUL6] shows that many families of superelliptic
curves over F,(¢) have Jacobians with bounded rank as g varies. More recently, [GU20] studied the
family of elliptic (and superelliptic) curves with affine model y? = 23 + t? — ¢. In this case, they
show that, as g varies, either the the rank is always 0 or the rank is unbounded, depending only on
the congruence class of p modulo 6.

In this article, we generalize the work of [GU20|, showing that the rank of J is sometimes 0
and sometimes unbounded as ¢ varies, depending on r, a and b. To state our results, we define
op(n) to be the order of p in Z/nZ and recall that an integer n is said to be supersingular for p if
some power of p is congruent to —1 modulo n. Note that if n is supersingular for p, then o,(n) is
automatically even.

In Section [6.4], we prove:

Theorem 1.2. Suppose that the pair (a,b) satisfies one of the following:
(1) aop(a) and bo,(b) are relatively prime;
(2) aop(a) is odd, and b is supersingular for p; or
(8) a is supersingular for p, and boy(b) is odd.

Then, for any power q of p, we have ordp_,—1 L(J,T) = rank J(K) = 0.

For any prime p, the hypotheses of Theorem are satisfied for infinitely many pairs of primes
a,b, as we show in Lemma [6.14] In Section [6.5 we prove:

Theorem 1.3. Let p # 2 be an odd prime. Let a and b be relatively prime positive integers which
are both supersingular for p. Let v,, v, > 1 be the least positive integers such that p¥* = —1 (mod a)
and p** = —1 (mod b). Suppose also that [F, : F,] is a multiple of both 4v, and 4vy,.

Then, we have
(@ =1)6-1) [logi(q) (C]c;?1 - pz\(—_l 1ﬂ < rank J(K).

For any p, there are infinitely many pairs of primes a,b satisfying the hypotheses of Theo-
rem[I.3] Fixing such a pair, as ¢ varies among powers of p, Theorem [I.3] gives a family of Jacobians
of fixed dimension satisfying BSD with unbounded rank. When a and b are both prime, Theo-
rem [I.3] actually gives a family of simple abelian varieties with these properties, which we prove in
Section

Theorem 1.4. The Jacobian of y® + x* = t4 — t is simple over F,(t) if and only if both a and b
are prime.



Our other major results focus on understanding the BSD invariants and other properties of C'
and J via their geometry. Most notably, we show that many of these Jacobians are simple abelian
varieties with Tate—Shafarevich group unbounded as ¢ varies. Recall that H(J) is the exponential
Faltings height of J. In Section [8| we prove that for infinitely many a,b, the size of II(J) is
asymptotic to H(J).

Theorem 1.5. Fiz parameters a,b, and r which satisfy the hypotheses of Theorem[1.4. Then, as
q Tuns through powers of p, we have

[LLI(J)] = H ()"0,

Moreover, in Lemma we show that there is a positive constant D depending only on a and
b and a positive constant E depending only on a, b, and the residue class of ¢ mod ab such that
H(J) = rPa+E In particular, the order of III(.J) grows exponentially in ¢ as ¢ varies.

Theorem generalizes [GAW21, Theorem C], which exhibits a sequence of elliptic curves over
[F,(t) with arbitrarily large Tate-Shafarevich group, to simple abelian varieties of dimension greater
than 1.

We remark briefly that in contrast to our results in the function field setting, much less is known
over number fields, and especially over Q. Work of Clark and Sharif [CS10] (in the elliptic curve
case) and of Creutz [Crell] (in the higher-dimensional case, building on previous work of Clark)
shows that all principally polarized abelian varieties satisfying a certain technical hypothesis have
arbitrarily large III after a suitable extension of the base field. If one restricts the ground field to
Q, work of Cassels in the 1960s [Cas64] showed that when A/Q is an elliptic curve, III(A/Q) can
be arbitrarily large. Recent work of Flynn [Fly19] extends this to abelian surfaces, but it is not
known whether III(A/Q) can be arbitrarily large when A is a simple abelian variety of dimension
greater than 2.

In contrast, in the function field setting, our results give examples of simple, principally polarized
abelian varieties A of arbitrarily large dimension over [F,,(t) and with III(A/F,(t)) arbitrarily large.

The proof of Theorem [I.5] contains several statements which are of interest in their own right.
For instance, in Section [7} we describe the asymptotics of the special value of the L-function as
g — oo via analytic methods, generalizing results from [GU20] in the elliptic curve case. We prove:

Theorem 1.6. For fized a,b, and r, as ¢ — oo runs through powers of p,

log L*(J)

g () "

In particular, note that this theorem does not require special assumptions on a and b.

On the algebraic side, we are able to compute many BSD invariants of J by studying the
geometry of C. To begin, we use recent machinery from [Dok20] to compute the minimal regular
proper simple normal crossings model of our curves at any place of bad reduction. In our case,
the special fibers of these models have a very simple structure — all irreducible components have
genus 0 and the dual graph is a tree. From this information, we are able to conclude that J has
unipotent reduction at all bad places, to show that the local Tamagawa numbers ¢,(J) of J are all
equal to 1, and to compute the conductor divisor of J. We also leverage the recipe from [Dok20]
to compute a formula for the Faltings height H(.J) in Lemma

Combining these computations with Theorem we deduce an analogue of the Brauer—Siegel
theorem for the family of Jacobians (J,44)g. (See [HP16] for a nice explanation of the connection
with the Brauer—Siegel theorem.) In Section we prove:



Corollary 1.7. For fized a,b, and r, as ¢ — oo runs through powers of p,
log (|II(J)|Reg(J)) ~ log H(J).

Theorem |1.5( follows from the above since Reg(J) = 1 when rank J(K) = 0.

Several sequences of elliptic curves A/K are known to satisfy a similar asymptotic description
of |III(A)| Reg(A) in terms of the height H(A) as in Corollary[1.7] (For instance, see [HP16, [Gril6,
Gril8| [Gril9, [GU20].) However, such asymptotic results for sequences of simple abelian varieties
of higher dimension are much rarer: the only previous examples we are aware of appear in [Ulm19,
§10.4, §11.4]. Corollary thus provides some more evidence towards the conjecture in [HP16] to
the effect that the ratio log (|ILI(A)| Reg(A)) /log H(A) should have a limit as H(A) — oo.

1.1 Roadmap to this article.

The paper is organized as follows. In Section [2] we study the geometry of C' and use [Dok20] to
compute the minimal regular proper simple normal crossings model of our curves. This model is
used to compute the reduction types, Tamagawa numbers, and Faltings height of these curves.
We also prove Theorem [1.4] on the simplicity of J in Section [2l In Section |3 we recall classical
results on Gauss sums which will be used in the computation of the L-function. In Section [, we
give an explicit computation for the L-function of the Jacobian in terms of the valuations of some
associated Gauss sums. In Section [o| we provide a second computation of the L-function of the
Jacobian, this time using the geometry of the minimal proper regular SNC model S of C, confirming
our computation in the previous section. In Section [6] we use p-adic valuations of Gauss sums to
prove estimates on rank J(K) in Theorems and In Section [7| we prove our asymptotic
formula for L*(J) in Theorem and our analogue of Brauer—Siegel in Corollary Finally, in
Section [8] we prove Theorem giving infinitely many families of simple abelian varieties with
unbounded ITI(J) as g varies.
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2 Geometry of C and its Jacobian

Fix a prime p, and let r be a power of p. Let IF,. be the finite field with r elements, and let K := F,.()
denote the function field of the projective line ]P’IIFT. When the field of definition is understood, we
write P! for ]P)Ilb‘r' For any power ¢ of p, and any pair of relatively prime integers a,b > 1 which are
both coprime to p, consider the superelliptic curve Cg , over K given by the affine model

Capyg : Y 42t =t — .

In other words, C, 4 is the unique (up to a birational morphism) smooth projective curve over
K which contains the affine curve yb + 2% = t? —t as a dense open subset. Let J,;, denote the
Jacobian variety of Cyj 4, which is an abelian variety over K.

Throughout the paper, the curve Cgy, is denoted by C, and its Jacobian J,;, by J. We
suppress the “/K” in the notation for invariants of C' and J, since both of these objects will only
be studied over K.

Proposition 2.1. The genus of the curve C = Cqypq is g = (a —1)(b—1)/2.

Proof. The result follows from a direct computation using the Hurwitz genus formula and the
assumption that a and b are coprime. O

We prove various geometric properties about C' and J in this section. In particular, we use the
minimal proper regular SNC model of C to prove that J has unipotent reduction at each place of
bad reduction. For more specific information about the reduction type in the elliptic curve case,
see [GU20]. We also compute the height of J, and prove that it is K-simple for when both a and
b are prime.

2.1 The minimal proper regular SNC model of C

In this section, we give a brief description of the minimal proper regular simple normal crossings
model 7 : § — PIIE‘,. of C/F,(t) using the recipe provided in [Dok20]. This description allows us
to read off the reduction of the Jacobian of J at the places of bad reduction, which will in turn
be necessary for the computation of the L-function. It is also useful for computing the Tamagawa
numbers, exponential Faltings height, and conductor of J.

We will use notation from [Dok20] freely throughout this section. The results presented here
could alternately be recovered via a toric resolution of singularities.

We now recall the definition of a simple normal crossings model. We note that some authors
call this a strict normal crossings model instead. First, recall (e.g. from [Sta2ll Section 0CBN,
Definition 41.21.1]) that a simple normal crossings divisor on a locally Noetherian scheme W is an
effective Cartier divisor D C W such that for every prime w € D, the local ring Oy, is regular
and there exists a regular system of parameters 1, ..., zy in the maximal ideal m,, and 1 < r <d
such that D is cut out by the product x;---x, in Ox,. When W is a curve over a DVR or a
surface over a finite field, these conditions amount to saying that the irreducible components of
D are smooth and any singular points of D ‘look like’ the intersection of the coordinate axes in
A2, More generally, an effective Cartier divisor E on W is supported on a simple normal crossings
divisor if there is some simple normal crossing divisor D on W such that £ C D set-theoretically.
In this situation, if D decomposes into irreducible components as | J,.; D;, then E = Zie 7 a;D; for
some integers a; > 0.

el
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Definition 2.2. Given a smooth proper curve W over the fraction field K, of a discrete valuation
ring Ok, , a simple normal crossings model of W is a scheme W over Ok, such that the generic
fiber Wk, is isomorphic to W and the special fiber Wy, , viewed as a Cartier divisor on W, is
supported on a simple normal crossing divisor.

More generally, given a smooth proper curve W/F,(t), a simple normal crossings model of W
is a surface W/, equipped with a map = : W — PllFr such that the fiber over the generic point of
IP’IIFT is isomorphic to W and the fiber W, over any closed point of v € IP’%FT is supported on a simple
normal crossings divisor of W.

For v € P! a closed point, we study the fiber S, of the minimal proper regular simple normal
crossings model 7 : S — IP)IlFT of C/F,(t). Taking K™ to be the maximal unramified extension
of the completion of K at v, we will also describe the special fiber of the minimal proper regular
simple normal crossings model of the base change C ®spec k Spec K™ . We call this special fiber
Sp. As we shall see, S = S, ®speck, Spec k.

We abuse notation slightly by writing v € F,U{oo} to mean that v decomposes into degree one
points over the compositum F,F,. Equivalently, v € F, U {co} if every element of v(F,) is fixed by
the Gal(F,/F,)-action on P!(F,).

When v ¢ F, U {oc} C P!, the curve C has good reduction, so S,/k, and Sz/k, are smooth
curves of genus g.

When v € F,U{oc} C P!, the curve C has bad reduction at v. Set @ = 1if v € F; and Q = —¢
if v = co. In the notation of [Dok20], the Newton polytopes associated to C' at v are

A = convex hull({(0,0), (a,0), (0,b)}) c R?

and

A, = lower convex hull({(0,0,Q), (a,0,0),(0,b,0)}) c R* x R.

The polytope A, consists of three 0-dimensional vertices (a,0,0), (0,,0), and (0,0, Q); three 1-
dimensional (open) edges

e L3 connecting (a,0,0) to (0,b,0) with denominator ér, = 1,
e [ connecting (0,b,0) to (0,0,Q) with denominator dr, = b, and
e L; connecting (a,0,0) to (0,0,Q) with denominator 0z, = a; and

a single 2-dimensional (open) face F' with denominator r = ab. Moreover, F(Z)z C FNZ3 =),
so |F(Z)z| = 0. The face-polynomial Xr and the side polynomials X, are all smooth, so C is
A,-regular, as defined in [Dok20), Definition 3.9]. As a result, we can read off the structure of S,
using [Dok20l, Theorem 3.13].

We find that S, consists of three chains of P's (corresponding to the edges Li, L2, and L3)
branching off of a central curve corresponding to the face F. Since the interior of F' contains no
lattice points, |F(Z)z| = 0. Moreover, dp = ab, so the central curve has genus 0 and multiplicity
ab. For i = 1,2, 3, every curve in the chain of P's corresponding to L; has multiplicity a multiple
of §;. The final curve in the chain has multiplicity exactly §;. For a more precise description of the
multiplicities of the components, see [Dok20]. We give an examples of the resulting special fiber S,
when v is a finite place of bad reduction or v = oo in the case a = 7,b = 5, ¢ = 67 in Figure

Moreover, we note that the Newton polytopes associated to C' @gpec k¥ K™ are the same as
those associated to C' at v. In particular, Sy admits the same description as a tree of Pls with
multiplicity as does S,. It follows immediately that Sy is obtained from S, via base change to k,.
More precisely, Sz = S, ®speck, Spec k.



For later use, we note that the final component in S, of the chain corresponding to L3 always
has multiplicity 1. In particular, the gcd of the multiplicities of the components of S, is 1. This
means that Sgunam. is a (Spec Ofunram. )-curve (or S-curve) in the notation of [Lor90].
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Figure 1: Fibers of the minimal proper regular SNC model of y° + 27 = 57

places of bad reduction (left) and at infinity (right)

— t over IP)IIF_ at finite
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2.2 Unipotent reduction of J at bad places.
We give an analysis of the reduction types of J at the finite places and the infinite place.

Proposition 2.3. The Jacobian J has potentially good, unipotent reduction above any v € F, U
{oo} C PY, and it has good reduction elsewhere.

Proof. The roots of t9 —t lie in Fy, so C' has good reduction away from F, U {oo}. Moreover, C
is isotrivial and becomes isomorphic to y® + % = 1 over F,.(¥/t7 —t) so C has potentially good
reduction everywhere.

When v € F, U {00}, we can read off the reduction of the Jacobian from the special fiber of the
simple normal crossings model S. Write J /F, for the (global) Néron model of J. Given a point
v E Pl, let k, denote the residue field at v and let jzf) denote the connected component of the
identity of the fiber of J above v.

Similarly, let jio denote the connected component of the identity of the special fiber of the
Néron model of the base change Jgunram.. Since Sz = S, ®gpec k, SPEC k., we have jgo = (J» ®8pec ks
Speck,)?. The advantage of passing to a Néron model over K "™ is that we may apply results
from [Lor90], which requires an algebraically closed residue field.

We recall some facts on the structure of J2 from Section 1 of [Lor90].

Above any point v € P!, there is a unipotent group scheme U, a torus 7' and an abelian variety
A fitting into the following exact sequence of group schemes over #g:

0UXxT = J2—-A—=0.

Since the S, is the special fiber of a simple normal crossings model of a curve over K "a™
Corollary 1.4 of [Lor90] states that dim(7") is equal to the first Betti number of the dual graph of
Sz. The dual graph of Sy is a tree, so it has trivial homology. Hence, T' is trivial.

Also, if Sy has irreducible components Ci,...,C,, then dimA = >, genus(C;). For v €
F, U {oo}, all of the components of Sy have genus 0, so dim A = 0 as well.

In summary, for any place v of bad reduction for C', the group scheme k750 is unipotent, since
both the toric and abelian parts are trivial. We conclude that, up to twist, the same is true of J°.

O



2.3 Tamagawa numbers of J.

From our description of the reduction of J at bad places, we deduce an explicit expression for
another important invariant of J: its Tamagawa number. First, recall the definition:

Given an abelian variety A/K and a place v of K, let A/O, be the Néron model of Ak, . The
special fiber A, (over the residue field k,) of A may have multiple components. Let A% be the
component containing the identity. The quotient A,/.A% is a finite group scheme.

Definition 2.4 (Tamagawa Number). For any abelian variety A/K and place v of K, the local
Tamagawa number is defined by ¢,(A) := # (Ay/AY) (k,) . Equivalently, ¢,(A) is the number of
irreducible components of A, /k, which remain irreducible after base change to k,. The Tamagawa
number T (A/K) of A is defined as the product [, c,(A) over all places of K.

If A has good reduction at v, the special fiber A, is connected, so that A, /A% is trivial. Hence,
as v varies among all places of K, all but finitely many of the local Tamagawa numbers ¢,(A) are
equal to 1. The Tamagawa number 7 (A/K) is therefore well defined.

Proposition 2.5. For J = J, 44, the Tamagawa number T (J/K) is equal to 1.
This fact is used in Section [T.3]

Proof. As mentioned above, if v is a place of good reduction for J, then ¢,(J) = 1.

To compute the local Tamagawa numbers from the simple normal crossings model at each place
of bad reduction, we show that # (J,/JY) (ky) = 1. Since 1 < # (1,/T0) (ko) < # (J0/TY) (kv),
it will follow that ¢,(J) =1 as well.

Let J5 be the special fiber of the Néron model of the base change J ®spec i, Spec K™ ™. As
in the proof of Proposition since Sg = S, @spec k, Spec ky, we have Jy = 7, ®Spec ky SPEC k,. In
particular, we have # (7,/JY) (ko) < # (J5/T) (k) -

The advantage of base change to K ™™ is that we may apply Corollary 1.5 of [Lor90] to
compute the local Tamagawa numbers from the simple normal crossings models at the places of
bad reduction. We recall this result here for convenience: If the special fiber of the SNC model is
given by > " riCi, let d; == >, £ C; - Cj. If the associated Jacobian has toric dimension 0, the
local Tamagawa number is given by

cv(J) = ﬁ r?iiQ.
i=1

Proposition says that J, (and so also J5) has toric dimension 0, so we may apply this
result. We recall the relevant intersection numbers and multiplicities from Section At each
place of bad reduction, there is one fiber of multiplicity ab with 3 intersections, and three fibers
of multiplicities a,b, and 1 with 1 intersection. All other fibers have 2 intersections, so the local
Tamagawa number is # (J5/J3) (ky) = (ab)'a™'b71171 = 1. We conclude that c,(J) = 1 as well.

Since all of the local Tamagawa numbers are equal to 1, we conclude T (J/K) = 1. O]

2.4 Conductor of J

We also use the reduction type of J to compute the conductor divisor N; € Div(P!) of J/K in
Proposition In Section {4} we use this computation to verify the degree of L(J,T).

We refer the reader to [Ser70] for the construction of N;. Fix, once and for all, a prime ¢ # p
and let V = V;(J) be the f-adic Tate module of J viewed as a representation of Gal(K/K). Given
a place v € PL, let I, be the inertia subgroup and denote by V!v the subspace fixed by I,.



Proposition 2.6. The conductor N is an effective divisor on P!, supported on F, U {oo}, with
degNy=(a—1)(b—1)(¢+1) =29(q+1).
Proof. From the definition of Nj, we see that

deg(Nj)= Y (29— dim(V"))degv.

v bad reduction

By Proposition the places of bad reduction of J are exactly those closed points v of P! with
v € FyU{oo}. At each of those places, the Jacobian J has unipotent reduction, hence Vv is trivial
by [ST68, §3]. Therefore, 2g — dim(V/*) = 2g at every such place v. So,

Z (2g — dim(V)) degv = 2¢ Z degv =2g(¢+1).

v bad reduction vEF U{co}

2.5 Height of J

In this section, we compute the Faltings height of J. Let J — P! be the (global) Néron model of
J/F.(t). Let z : PL — 7 be the identity section. Let ng/IP’l be the relative dualizing sheaf on J.

This sheaf pulls back to a line bundle wjy := z*Qf} /p1 0N P!. The Faltings height of J is defined as
B(J) = deg(w))
and the exponential Faltings height of J is defined as H(J) := ),

Lemma 2.7. There is a positive D € Q depending only on a and b and a positive E € Q depending
only on a, b, and the congruence class of ¢ mod ab such that the Faltings height of J is

h(J)=Dqg+ E.

The values D and E satisfy
(ab—a — b)? ab
ARV § B
6a2b? sP< 6
Proof. Since J is a Jacobian, the Faltings height can be reinterpreted in terms of our regular model
S for C and the map 7 : S — P!. There is a section s : P! — S which maps P! isomorphically

onto the Zariski closure in S of the point at infinity on the generic fiber C'. So, we may apply
Proposition 7.4 of [BHP 15|, which gives

and 0<E<gc.

g
~ 1

For any integers 4,7 > 1, consider the meromorphic differential w;; := 2Ly ~bde € Q}S /p1-
The set
{wijle:i>0,7>0, and ab > bi +aj}

of differentials restricted to the generic fiber C' of S — P! forms a K-basis for Q}; We may thus
compute degw; in terms of the orders of poles/zeros of the relative differential g-form on S defined

by
n = /\ Wi j -
(4,5):1,5>0
ab>bitaj .

10



More precisely, we have

deg(wy) = Z ord, (mm) degv .
veP!

Since 7,1 has finitely many zeros and poles, the sum is finite. Given a point v of P!, let O, denote
the local ring at v and let S, be the base change of S to O,. We use [Dok20, Theorem 8.12] to
understand ord, (m,n). For v € Al ¢ P!, set
{(ab—bi—aj)/ab it veF,,
Vijow = .
0 otherwise.
In all cases, | Vi u] = 0. So, by [Dok20, Theorem 8.12] the w; j|s, form a Ry basis for the relative
canonical sheaf on §y. Hence, the g-form 7 is regular and nonvanishing on Sy. In other words,
ord¢(m,n) = 0. It follows that deg(wy) = ordss(n).
Set q
Vijoo = (bi+aj — ab)@ .
Taking local parameter s = t~! on the fiber S,, above infinity, Theorem 8.12 of [Dok20] says that
an F,[[s]]-basis for the relative dualizing sheaf is given by

{SLVZ'»LOOJUJi,j 1i>0,5>0,ab>bi+aj}.

Hence,
) ) q ab — (bi + aj)
ordeo(n) = Z — Vijoo) = Z - [(bz—i—a] — ab)%J = Z [qab .
(4,4):1,5>0 (4,4):1,5>0 (4,9):1,5>0
ab>bi+aj . ab>bitaj . ab>bi+aj
If we set b (bi )
ab — (01 +ay
D := _—
, Z ab
(4,5):4,5>0
ab>bi+aj
and b (b. .) b (b. .)
ab — (br + ay ab — (01 +ay
E = _
, Z a ab -‘ e ab ’
(4,5):4,5>0
ab>bi+aj

then h(J) = deg(wy) = Dq+ E. The definition of D depends only on a and b, while E only depends
on a,b and the residue class of ¢ (mod ab).
To bound E, we note that

ab — (bi + ayj) ab — (bi + aj)
E = N g l1=g.
. Z ! ab ! ab = Z I
(4,4):1,§>0 (4,4):1,5>0
ab>bi+aj ab>bi+aj
To bound D, we interpret each term (ab — bi — aj)/ab as the volume of a rectangular prism
with height (ab — bi — aj)/ab and base a square of side length 1. If we take as the base the square
[i,7+ 1] x [J, 7+ 1], then the tops of these prisms lie above the hyperplane z = (ab— bx — ay)/ab. If
we take as base the square [i — 1,7] x [j — 1, j], the tops of these prisms lie below this hyperplane.

11



Hence, we may bound D between the areas of two right triangular pyramids, or equivalently the
integrals

(ab—a —b)3 // ab — (bz + ay) // ab — (bx + ay) ab
A A — 2 dxd D ——Fdxdy = — .
6a2b? ab ray < U< ab =

(x7y):x’y>17 (x7y):$7y>07
ab>bz+ay ab>br+ay

Remark 2.8. When a = 2, we can compute that D = (b — 1)2/8b, since

1 . 1 (b—1\* (b—1)2
D=g 2 (b_Ja)_Qb<2> =

§:0<ja<b

Remark 2.9. For a fixed pair a, b, note that the ratio h(J)/q is bounded from above and from
below by positive constants depending only on a and b as ¢ tends to 400 through powers of p.

2.6 Simplicity of the Jacobian

In this section, we prove Theorem on the simplicity of J. In Section we produce examples
of abelian varieties with large rank. In Section [7.3] we show that J satisfies an analogue of the
Brauer—Siegel theorem as ¢ varies. In Section [8, we produce examples of abelian varieties whose
Tate—Shafarevich groups have large order. Theorem shows that, provided we add some mild
assumptions, the abelian varieties involved in these sequences are simple (that is, do not have
proper positive-dimensional abelian subvarieties defined over K).

Theorem The Jacobian J = Jup 4 is K-simple if and only if a and b are both prime.

The proof of the “only if” direction of the statement is rather short: Suppose that at least
one of a and b is composite. Assume, by symmetry, that a is composite and let d be one of
its proper divisors. Let Cg3, be the projective curve defined over K with affine open defined
by % + ¢ = t9 — ¢, and let Jap,q/K denote its Jacobian variety. The same computation as in
Proposition shows that Cyp, has genus ¢ = (d — 1)(b — 1)/2. Since 1 < d < a, we have
0 < ¢ < g. The map (z,y) — (z%? y) extends to a nonconstant K-morphism Capg = Capg-
The contravariant functoriality of the Jacobian then implies the existence of a morphism of abelian
varieties Jgp 4 < Japg, Whose image is a positive-dimensional strict abelian subvariety of J, 4
defined over K. Hence J, , is not simple over K.

Our proof of the converse implication is more subtle, and requires an auxiliary discussion, which
we carry out before continuing on with the proof of Theorem

We first describe the f-adic Tate module of an auxiliary curve. For any integer n > 1 we let

Ln, denote the group of n'® roots of unity in F,. Let a and b be coprime integers which are both

coprime to p, let F be the finite extension of F, generated by piqp, and write x for |F|. Throughout

this section, we let C,;/F be the projective curve with a dense open subset defined by the affine
equation

Cap: x® + yb =1. (2.1)

Given our assumptions on a and b, it is straightforward to check that C,; is smooth of genus
g=(a—1)(b—1)/2. The curve C,p admits an action of pgp, by

V¢ € pap, o (zy) = (¢P2,(My) (2.2)
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By functoriality, this action induces an action of jiq, on the Jacobian J,p/F of Cgy, therefore also
on its ¢-adic Tate module Vy(Jgp) for any prime £ # p. For simplicity, we pick a prime ¢ # p such
that £ = 1 mod ab (there are infinitely many such primes). This choice of £ ensures that Q; contains
all (ab)™ roots of unity.

The Qg-vector space Vi(Jyp) is dual to the first ¢-adic cohomology group H, ét(CaJ,, Q¢). The
latter can easily (by a direct generalization of Corollary 2.4 in [Kat81]) be decomposed as a direct
sum of Gal(F/F)-stable lines. In terms of V;(Ju), this result reads as follows: V;(J,5) decomposes
as a direct sum of lines

Vilda) = B Liurn) (2.3)

Xawa‘x@z

Xb:tp—Qp
both nontrivial

where the sum is over nontrivial Qy-valued characters y, and x; of . and pp respectively. Because
of our assumption on ¢, there are (a — 1)(b — 1) = 2¢g such pairs (xa, Xp)-

As proven by the analysis on p. 180 in [Kat81], the Frobenius map §t : x — x”, which topolog-
ically generates Gal(IF/F), acts on the line indexed by (4, X5) as multiplication by the inverse of a
certain Jacobi sum jg(xq, Xp) associated to the pair (x4, xp). (Since the characteristic polynomial
of Ft=! acting on Vi(Jap) is the numerator L(C,p/F,z) € Z[x] of the zeta function of C,/F, the
above decomposition implies that the inverse roots of L(C,/F, z) are the Jacobi sums jg(xa, Xp))-
The action of pgp on Vy(Jgyp) induced from the action on C,p defined by also preserves the
direct sum decomposition in . More precisely, for a given pair (xa, xs), a short computation
shows that

V2 € Liyan)s Y6 € tabs €2 = XalC")x6(C) 2 = (X0x5)(C) 2. (2.4)

Now let Vy(Ja,p)prim denote the subspace @(meb) L y of Vg(Ja,p) where the sum is over pairs of

Xa>Xb
characters xq : fta = Q) xp : iy — Q;° where x, has exact order a and x; has exact order b. One

sees that V;(Jgp)prim is endowed with a pgp-action, and that dimg, Vy(Jap)prim = ¢(a)@(b).
As a consequence of (2.3]) and its compatibility with the action of 45, we have:

Lemma 2.10. Let V be a nonzero subspace of Vy(Jap)prim which is stable under the action of figp.
Then the action of pay on V is faithful i.e., the induced map pq, — Autg, (V') is injective.

Proof. Since V' is pgp-stable, the action of pg, on Vi(Jgp)prim restricts to an action on V. The
subspace V' decomposes as V = @(meb) V' N Ly, ,y,) Where the sum is over pairs of characters
(Xas X») Where x, has exact order a and x; has exact order b. Let x, have exact order a and x,
have exact order b. Since a and b are coprime and given our assumptions on X, X, the character
ngg of pap = e X pp has exact order ab. In other words, the map ngg : ftay — Q) is injective.
By , any ¢ € fiqp Which acts trivially on VN L(,, ,,) satisfies (XZX?)(C) = 1, and the above
shows that ¢ must be 1. O

We now relate the Jacobian J,; to our main subject of investigation J. We fix a separable
closure K of K, and we let K/ =F - K = F(t). We pick an element u in K such that u® =1 — ¢,
and we set L' = F(u). The extension L'/K’ is Galois; further, we know from Kummer theory that

Gal(L'/K') = Gal (F(¥V/t7 —t)/F(t)) = Gal(F/F) x Gal(F(u)/F(t)).

The first factor Gal(F/F) is topologically generated by the Frobenius §t : 2 +— z* and is isomor-
phic to Z; while the second factor Gal(IF(u)/F(t)) is isomorphic to pap(K') = pap(F) via the map
o+ o(u)/u. We thus deduce that Gal(L'/K') 2 7Z X pgp.
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The morphism ¢ : Cop xp L' — C xg L', which extends the map on affine patches given by
(z,y) — (u™%,u"y), yields an isomorphism between C,, xp L' and C' xx L. By functoriality, ¢
induces an isomorphism between (Jo )1 = Jap xp L' and Jp = J x g L', as well as an isomorphism
of Qg-vector spaces Vy((Jap)r/) = Ve(Jr/). The Jacobian J,p is defined over F, hence the ¢-power
torsion points on the base change J,, xp L' are defined over F; thus there is a natural isomorphism
Vi(Jap)r) =~ Ve(Jap). Similarly, we have Vy(Jg/) ~ Vy(Jr/). Composing these, we obtain an
isomorphism of QQy-vector spaces

b0 Vildap) —> VilJxr).

Both of these vector spaces are equipped with a Galois action: the leftmost with a Gal(F/F)-action,
and the rightmost with a Gal(K /K’)-action.

Our next task is to describe the action of Gal(K/K') on Vj(Jg/). We first note that the
corresponding representation Gal(K /K') — Autg, (Vy(Jk)) factors through Gal(L'/K'), as follows
from the previous paragraph. Though ¢y is not equivariant for the Galois actions, we can describe
how ¢, “transports” the Galois structure, as follows.

In the Kummer isomorphism Gal(L'/K') = 7 X fia, an element o € Gal(L'/K’) corresponds
to a pair (Ft", () for an integer m and ( € pg. By construction of this isomorphism, for any
z = f(u) with f(X) € F(X), we have o(2) = (§t™(f))(C u). By definition of ¢, we deduce that, for

all (z,y) € Cqp(F), we have
o(¢(z,y)) = o(uz,u™%) = ("Pu"F™ (2), ¢ uT F " (y) = ¢ F (oY)

So, the action of Gal(L'/K') = Z x jia, on C(L') is carried through ¢! to the action on Cop(F)
given by the product of the usual action of Gal(F/F) on C,; by the inverse of the action of pgp, on
Cqp defined by (2.2). By functoriality again, a similar conclusion holds for the Gal(L’/K’)-action on
Vi(Jxr) and Vy(Jup). Explicitly, the isomorphism ¢, ' carries the action of Gal(L'/K’) on Vy(Jx)
to the action on Vy(Ja) given by the product of the standard Gal(F/F)-action on V;(J, ) by the
inverse of the action of 1145 on Vy(J, ) induced by .

Combining the above paragraph with the properties of the decomposition (2.3)) of Vy(Js ) ex-
plained above proves that V;(Jg/) decomposes as

Vildk) = D L (25)

Xa:;uag)(@z<
Xbipp— Q)
both nontrivial
where the sum is over pairs (xg,Xs) of nontrivial Qg-valued characters of g, 1y respectively,
and where each L/(Xa xp) 18 one-dimensional. Furthermore, the action of Gal(K/K') on Vy(Jg),
which factors through Gal(L’'/K’), preserves this direct sum decomposition. More precisely, if
o € Gal(L'/K") corresponds to a pair (§t"", () for m € Z and ¢ € pgqp, then for any pair (x4, xs) of

characters as above, we have

Vz€ Ly, vy 02 =(Xa"Xp ")) i (Xar X5) " -

In particular, the subgroup Gal(F(u)/F(t)) =~ pap of Gal(L'/K') acts on Vy(Jg/). Note that this
action of pigp is not the same as the pgp-action induced by the action on C' defined in an analogous
way to the one on C,p by (2.2). Similarly to what we did earlier, we now let Vi(Jg/)prim denote
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the subspace @, 1,) sza ) Of Ve(Jk), in which the sum is over pairs (x4, xp) of characters of
ta X iy = gy where xg, (resp. xp) has exact order a (resp. b). This space is equipped with an
action of pg, and has dimension ¢(a)@(b).

Since Gal(F(u)/F(t)) ~ pap, a direct consequence of Lemma and the above argument is:

Lemma 2.11. Let W be a nonzero subspace of Vi(Jk')prim- If W is stable under the action of
Gal(F(u)/F(t)), then there is an injective map piq, — Autg,(W).

End of the proof of Theorem[I.J]. We now finally prove the “if” direction of the statement. Assume,
then, that a,b are distinct prime numbers both different from p, and pick a prime ¢ # p so that
¢ = 1mod ab. We let F denote the finite extension of F, containing all the ab™" roots of unity, and
set K’ = F(t) and L' = F(u) as above. We actually prove the slightly stronger statement that the
base changed Jacobian Jg: = J X K' is simple.

Let A be a positive-dimensional abelian subvariety of Jg defined over K’. The f-adic Tate
module Wy := V;(A) is then a nonzero subspace of V;(Jg), which is stable under the action of
Gal(L'/K"). A fortiori, Wy is stable under the action of Gal(F(u)/K’) ~ pq. Applying Lemma
to Wy (given that a and b are primes, we have V;(Jx/)prim = Vz(Jk)), there is an injective map
J ¢ pap — Autg,(Wy). Faltings’ isogeny theorem (proved by Zarhin in the context of function
fields) shows that Endg,(W;) ~ End(A) ®z Q. It follows from the existence and injectivity of j
that the Q-algebra End(A)®7Q contains a subalgebra E which is isomorphic to the ab'" cyclotomic
field extension Q(&4) of Q. On the other hand, we know from the Corollary to Theorem 4 in §19
of [Mum08] that the dimension of a semi-simple commutative subalgebra of End(A) ®z Q cannot
exceed 2dim A. Thus the chain of inequalities:

2dim Jgr > 2dim A > dimg E = [Q(éw) : Q] = ¢(ab) = (a —1)(b—1) = 2¢g = 2dim Jg.
We conclude that dim A = dim Jg, so that A = Jg. This shows that Jg is simple. O

Before we close off this discussion about the simplicity of J, we remark that the “primitive”
part Vo(Jg)prim of Vo(Jkr) “comes” from an abelian subvariety Jprim of Jg7. We begin by a lemma.

Lemma 2.12. Let G be a finite group, and X be a curve over F equipped with a G-action. We let
Y =X/G and f: X — Y be the quotient map. Write Jx and Jy for the Jacobians of X and Y,
respectively. Then Jy is isogenous to the G-invariant subabelian variety (Jx)¢ C Jx. Moreover,
for any prime £ # p there is an isomorphism Vy((Jx)%) = Vy(Jy).

Proof. By the isogeny theorem of Tate (see [MumO8, Appendix I]), the second assertion follows
from the first one: if indeed Jy and J)? are isogenous then, on the level of /-adic Tate modules, we
have an isomorphism between V;(.Jy') and V;((Jx)) ~ Vo(Jx)C.

The quotient map f : X — Y induces, by contravariance of the Jacobian, an algebraic group
morphism f* : Jy — Jx. The image of f* is then contained in the subabelian variety (Jx)¢
formed by G-invariant elements in Jx. By restriction, we thus obtain an algebraic group morphism
¢ Jy — (Jx)€. Since Jy and (Jx ) have the same dimension, it suffices to prove that ¢ is finite
in order to conclude. Let z € ~(J X)G be a G-invariant point, and pick a divisor D € Div(X) on X
whose image in Jx is x. Let D := deGg - D € Div(X). Writing n for the order of G, the image
of D in Jx is > _gec 9 = [nJz. On the other hand, it is clear that D is G-invariant, so that D
is the pullback by f of some divisor D' on Y. Let y € Jy denote the image of D" in Jy. We thus
have [n]z = f*(y) = ¢(y).

This shows that the image of ¢ : Jy — (Jx)© has finite index, which implies that ¢ is an
isogeny, thus concluding the proof. O
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Let a and b be coprime integers, both coprime to p, and fix a power ¢ of p. For any divisors
a | aand B | b, we let C, g be the smooth projective curve over F with open affine defined by
2% +yP =1, and denote by J, g/F its Jacobian. We have mentioned above (Proposition that
Ca.p has genus (o« —1)(3—1)/2 = dim J, 5. The map (z,y) — (2%, y*/?) extends into a surjective
morphism C,j, — C, g. Functoriality of the Jacobian yields a surjective push-forward morphism of
abelian varieties wq g : Jop — Jo,s - We then let

[Iwa,
(Jap)prim = ker | Jop == [T I Jas |-
ala Blb
1<a<a 1<B<b
where the right-most product is over proper divisors « of a and S of b. This subabelian variety of
Jap is defined over F. We remark the following:

Lemma 2.13. There is an F-isogeny J,p — HH ,g prim -
ala Blb

Proof. Let J o denote the product Ha|a Hﬂ\b( a,8)prim- Both Jg; and J! np are abelian varieties
over the ﬁnlte field F. We know by Tate’s isogeny theorem (see [Mum08 Appendix I]) that
there is an isomorphism between Hom(J,p, J a,b) ®z Q¢ and the subspace of Gal(F/F)-invariants
in Homg, (Vi(Jap), Ve(J, ;). In order to conclude, it thus suffices to prove that there is a Gal(F/F)-
equivariant isomorphisrﬁ of Qg-vectors spaces between Vp(J,p) and Vi( ;’b).

By definition of J ,, we have Vi(J, ;) = @ajo Dpp Ve((Ja,8)prim). Note that the summands
with @ = 1 or B = 1 are trivial (since J, g then has dimension zero). Combining this with the
decomposition (2.3), we have Gal(F/F)-equivariant isomorphisms

2

@@VE a,8)prim) @@ @ L(Xa,XB) = @ Ly, xn)-

ala Blb ala Blb Xa of order Xa of order >1
a>1B>1 a>1p8>1 \xg of order Xp of order >1
The right-most sum equals Vy(Jqy), by decomposition (2.3]). This concludes the proof. O

We may now prove
Lemma 2.14. Vi((Jop)prim) s isomorphic, as a Qp-vector space with fiqp-action, to Vi(Jqp)prim-

Proof. Combining Lemma to a straightforward application of the inclusion-exclusion princi-
ple (using that > 5,¢(6) = d for any integer d > 1), one shows that (Jgp)prim has dimension
#(a)p(b)/2 for any a,b > 1. Since (Jgp)prim is contained in J,p, we may view Vi((Jap)prim) as a
subspace of Vy(J, ). By the dimension computations we did, we know that dim Vy((Jap)prim) =
dim Vy(Jab)prim = ¢(a)¢(b). It thus suffices to show one inclusion.

To do so, we note the following. For any divisors a | a and 3 | b, there is a unique subgroup
Ya,3 Of piqp of order ab/(a3). This subgroup 7,3 acts on C, (and thus, on J,p) and the quotient
Cap/Ya,p is isomorphic to C, 3, the quotient map being wq g : Cop — Co 3. Lemma yields
an isogeny Jo 3 — (Jgp)’# and an isomorphism Vi(Jag) = Vi(Jop)?™#. Since pap ~ pa X i,
we may write yo,8 ~ Yo X 3. With our description of the ugp-action on the lines the
decomposition , we immediately see that

W(Ja,b)’yaﬁ = @ L(Xavxb)'

Xa, Xp nontrivial
Xalye trivial
Xb|'y/3 trivial
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The condition that a character x, : pq — Q/ is trivial on 7, is equivalent to requiring that this
character has order dividing a/|v,| = a. Similarly for characters yy.

With this at hand, let x4, xp be a pair of non trivial characters of u, and pp. By definition,
the line Ly, ,) appears in Vi(Jap)prim if and only if x, has exact order a and x; has exact
order b. Recalling how (Jg4)prim Was constructed, the above shows that the line L(y,.xy) appears
in Vo((Jap)prim) if and only if x, does not factor through any proper subgroup of 1, and x; does
not factor through any proper subgroup of . Thus, the conditions for the line L, ,,) to appear
in one of Vy(Jap)prim or Vi((Ja,p)prim) match. Hence the result. O

Recall from the preceding discussion that there is an isomorphism ¢* : (Jop)rr — Jr. We let
Jprim = ¢*((Ja,b)prim XF L/) C JL’-

The subabelian variety (Jgp)prim is defined over F and is stable under the action of pqp. As was
proved above, (¢*)~! carries the Gal(L'/K')-action on Jp/ to the action on Vy(Jsp) given by the
product of the standard Gal(F/F)-action on V;(J,p) by the inverse of the action of fiq, on Vy(Jgp)
induced by . Given the invariance of (Jgp)prim under both of these latter actions, we deduce
that Jorim is an abelian subvariety of Jx+ which is defined over K’. Moreover, Lemma yields
a Gal(K /K')-equivariant isomorphism

W(J)prim = W<Jprim)-
With this notation we obtain the following strengthening of (part of) Theorem

Theorem 2.15. Let a, b be two coprime positive integers which are both coprime to p, and q be
any power of p. Let J = Jap4/K be as before, and Jyrim C Jg be the abelian subvariety defined
above. Then Jprim 15 stimple over K'.

Proof. One simply has to repeat the argument proving the ‘if” part of Theorem [I.4 with Jg replaced
by Jprim, and Vy(Jg+) replaced by Vi(Jprim) = Ve(Jk ) prim- O

Remark 2.16. Note that Theorem cannot be refined to show that J is geometrically simple
when a,b are both primes. Under certain congruence conditions on a,b, and r, the Jacobian J,
indeed has repeated isogeny factors over F,. For instance, the Jacobian of the genus 2 curve
y? +2° = 1 over Fyg is geometrically isogenous to the square of a supersingular elliptic curve.
Since J and J,j become isomorphic after a suitable base change, the Jacobian of the genus 2 curve
y? +2° = t7 — t over Fig(t) is not geometrically simple.

3 Background on Gauss sums
In this section, we gather some facts about Gauss sums which will prove useful in future sections.

3.1 Multiplicative and additive characters on extensions of [,

We fix an algebraic closure Q of Q and denote by Z the ring of algebraic integers. We choose, once
and for all, a prime ideal p of Z which lies over the rational prime p. We write 14, : Q — Q for the
p-adic valuation on Q, normalised so that v, (1) = 1.

The quotient Z/p is an algebraic closure of I, denoted byE. All finite extensions of F,, will
be viewed as subfields of F,,. The quotient map Z — Z/p = [, further induces an isomorphism
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between the group of roots of unity in Q whose order is prime to p, and IFTJX. Let x : IFT,X — @X
denote the inverse of this isomorphism. The isomorphism x is sometimes called the Teichmiiller
character of Fy,.

Definition 3.1. Let F be a finite field extension of F,, and n be a positive integer dividing |F*|.
We define a multiplicative character xr, on F by

XFn F* — @X, T — x(x)‘FXV".

A straightforward computation shows that xr, has exact order n.

We fix a nontrivial additive character ¥p on F,. We may, and will, assume that g takes values
in Q((p). For any finite extension F/F,, we denote the relative trace map by Trg/p, : F — Fp. The
composition ¢g o Trp/p, is then a nontrivial additive character on F. More generally:

Definition 3.2. Let F be any finite field extension of F,, and let o € F. We define an additive
character ¢, on F by

Yra = Q(G)*, @ (oo Trgp,)(ax).
The character Y, is nontrivial for any « # 0.

To lighten expressions, we suppress F from the notation when it is clear from context.

3.2 Classical properties of Gauss Sums

We begin by recalling the definition of Gauss sums and some of their classical properties.

Definition 3.3. Let F be a finite field of characteristic p. Given an additive character ¢ and a
multiplicative character x on F, we define the Gauss sum Gg(x, ) by

Gr(x,v) == Y x(@)v(@).

zelFx

Let F be a finite field of characteristic p. For any additive character 1) and any multiplicative
character x on F, the following hold:

1. If x has order n, then Gg(x, ) is an algebraic integer in the cyclotomic field Q(pnyp).

2. If x is nontrivial, orthogonality of characters implies that in any complex embedding,
Gr(x. )| = [F["/2. (3.1)
3. For o € F*, in the notation introduced in the previous subsection,
Gr (X, ¥ra) = x(a) " Gr(X, Y1) - (3:2)
4. (Hasse-Davenport relation) For any finite extension F' /T,
G (x o Npr i, 1 o Trpr jp) = Gr(x, ) EEL (3.3)
(For proofs of these, see [Was97, Chapter VI, §1-2] for instance.)
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3.3 Orbits

Let p be a prime number, and r be a fixed power of p. For any integers a,b which are relatively
prime to each other and coprime to p, and for any power ¢ of p, define

S = Sapg = (Z/aZ ~{0}) x (Z/bZ ~ {0}) x F.
The subgroup (r) of Q* generated by r acts on S via the rule
V(i,j, ) € S, r- (i, §, o) = (ri,rj, o).

In other words, (r) acts on (Z/aZ ~ {0}) x (Z/bZ ~. {0}) by component-wise multiplication and on
7 by the inverse of the r-power Frobenius.

We denote by O := O, 44 the set of orbits of (r) on S. For any integer n > 1 coprime to p,
recall that we write op(n) (resp. or(n)) for the multiplicative order of p (resp. r) modulo n. For
n > 1 coprime to p and i € Z/nZ \ {0}, we let , (i) denote the multiplicative order of » modulo
n/ ged(n,i). Le.,

Ko (1) == op (n/ ged(n, 7)) .
If o € O is the orbit of (i,j,a) € S, its length |o| is the least integer f > 1 such that o € F,s, a
divides i(rf — 1), and b divides j(r/ — 1). This shows that

lo] = lem (Rrva(i), krp(7), [Fr(a), IFT]) . (3.4)

For any integer n coprime to p, let
Sy, = (Z/nZ ~ {0}) x F*.

We endow S/ with an action of (r) wia the rule - (i,a) = (ri,a/"). We write O/, for the set of
orbits of S/, under this action.

If (i,a) € S],, then the length |0/| of its orbit o’ € O, is the smallest integer f > 1 such that
both a € F,; and n divides i(r/ — 1). In other words,

|| = lem (Ko (), [Fr(a) : Frl). (3.5)

Notation being as above, the natural projection maps Sqp, — S, and Sqp, — S) clearly
commute with the actions of (r) on these sets. These projections therefore induce surjective maps
e : O — O}, and m, : O — O;. For any o € O, we let

Va(0) := |o|/|ma(0)| and  1(0) = [o|/|my(0)]-
If o is the orbit of (i, j, ), we have

(o) = 1 (o) k) [Fr (@) ) Tem (o)l i) _ )
“ lem (kr,q (1), [Fr(c) : Fy)) [ma(0)] ged (|ma(0)], krp(d))

In particular, v,(0) and v4(0) are integers, and v,(0) = 1 if and only if K, (j) divides |7,(0)|.

Since a and b are relatively prime, the Chinese remainder theorem gives a natural isomorphism
¢ L)al. x Z)VZ ~ 7./abZ. The set ¢((Z/aZ ~ {0}) x (Z/bZ ~. {0})) is clearly stable under the
action of (r) by component-wise multiplication on Z/abZ ~ {0}, so the orbit set O, 4, may be
viewed as a subset of O/,.
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3.4 Gauss sums associated to orbits

Recall that we have fixed a nontrivial additive character ¥9 on F,. Let n be an integer which is
coprime to p. Consider the set S] as above, with its action of (r). Let (i,a) € S, and write
o' € O}, for its orbit under the action (r) on S/,. Let F’ be the extension of F, of degree |o’|. By

construction, we have ol = a, so that o € F’. Hence, we may consider the nontrivial additive
character W(; ) on " defined by

Ve eF, Vo (x) = vpo(r) = (o o Trp /g, ) (o).

By construction, n divides i (rl°l — 1) = i |F"*|. We may thus introduce a nontrivial multiplicative
character A(; o) on F’ defined by

Ve eF,  Apa(®) = x(z)"" -0/,
This allows to consider the Gauss sum G ()‘(z}a)’ \I/(W)), about which we prove the following:

Lemma 3.4. For all (i,a) € S}, we have

GF’ ()‘(i,a)7 \Il(i,a)) = G]F’ (}‘r-(i,a)a \Ilr(i,oz))'
In other words, the value of Gp ()\(iva), \If(w)) is constant along the (r)-orbit o’ of (i, ).

Proof. By definition,

ri(rlel—=1)/n r
—Gr( Aoy Uriioy) = D x(@) 770 (4hg 0 Trpy g, ) (0! 7).
ze(F)*
The map x — 2" being a bijection (F')* — (F')*, we may reindex by setting y = 2". This yields

i(rlel—1)/n T T
—Gr( Ao Urgioy) = D X)) (4 0 Tr ) (o 7yH7)
y€e(F)*

= Y Aiw®) (@Woo Trps, ) ((ay) /7).

ye(F)*

Since F, C I, any z € [ is conjugate to 2" over F,, and hence Trp /g, (2) = Trp p, (27). We finally
get

—Gr( Mo Urtio)) = D Aiwy®) (Wo © Trpyp, ) (ay) = =G (Aga), U(ia))-
ye(F)*

Lemma allows us to associate a Gauss sum to each (r)-orbit:

Definition 3.5. In the above setting, for an orbit o’ € O], we write F’ for the extension of I, of
degree |0'], and we set

G (0) = Gr(Aja)y Yiia)

for one/any representative (i,a) € S, of o'.
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Since A; ) is nontrivial, equation (3.1) shows that
G (0) = 12 = 1

in any complex embedding of Q.

Now let a and b be relatively prime integers which are coprime to p, and consider the set O
of orbits of (r) acting on the set Sg, introduced in §3.3] Recall that there are surjective maps
7 : O — O, and m, : O — O;. We may finally introduce:

Definition 3.6. In the above setting, for any orbit o € O, we let
w(0) 1= G (4(0))"*9) G (m,(0))" |
where v,(0) = |o|/|ma(0)| and vy(0) = |o|/|mp(0)|.

For any orbit o € O, we have |w(0)| = r/°l in any complex embedding of Q.

For any a,b as above, we let 0, := lem(o,(a), 0p(b)). Recall that an algebraic integer g is called
a Weil integer of size p? (with 6 € %Z) if and only if g has magnitude p? in any complex embedding
of Q. We record the following proposition for future use.

Proposition 3.7. For any orbit o € O, there exist an (ab)™ root of unity ¢, and a Weil integer g,
of size pPab such that

w(0) = Gogo TN e

Proof. Let (i,j,a) € S have orbit o € O: then, (i,a) € S/ is a representative of o := m,(0) € O,
and (j,a) € S} is a representative of m,(0) € O;. Let F' be the extension of F, of degree |o'|. By
the definition of G (0’) and equation (3.2)), we have

G (0/) = )‘(i,a)<a)71GIF’ (A(i,a)7 1/J]F',1).

Observe that (, := )\(iya)(a)_l is an a'M root of unity because A(i,a) has order dividing a. Let F be
the extension of F,, of degree k, q(i) = op(a/ ged(i, a)). We note that [F' : F] = [F, : Fp] - |0|/kp.a (7).
i|F*|/a

Moreover, the character A(; o) is none other than xp x| © Np/ /p.

Define g, := Gp (Xﬁlﬂiﬂ,” , VR 1) Then, g, is a Weil integer of size p™2()/2 according to (3.1)).

Applying the Hasse-Davenport relation (3.3]) for Gauss sums, we deduce that
_ i|FX|/a [IF":F] Fr:F,)|0' |/ kp.al(i
G () = Aoy (@) (GF (XIgl |F>‘</ ;w]F1>) = (o' 9([;/ Al rena®

A similar argument shows that, if we define () = )\(La)(a)*l and g, (o) = Gr (leFl\Ial/b7wF,1>’

then G <7Tb( )) Cﬂb(o Q[FT( IE;P]lﬂ'b(O)VHp b(])

By the definition of w(0), we may write

o) (o Fr:Fpllol/kp.a( F,.:F,]lo|/k X
w(o) = ¢22(0) () gIEr ol na) o [E-Eollol/ 03

a(0) (0)\ [ Ba/Rp.a®) Bab/rps(s)) ErFrllel/fas
- <<7ra(o) Cﬂb(o)) (gTra(o) gwb(o) ’ ) )

Note that both k(i) and &y, (j) divide 0, 5. In this expression, (, := C;Z (Z) Cyb (o) 18 & 100t of unity
of order dividing ab, and the term

_ ab/“ a(l) 90,,1)/"’i ,b(j)
9o = 9oy Imp(o)

is a Weil integer of size p%st. Therefore, w (o) may be written in the desired form. O
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4 Explicit expression for the L-function and the BSD conjecture

In this section, we provide an explicit formula for the L-function of the Jacobian J of the curve C.
(See Theorem ) Our first proof, given in this section, is based on a computation with character
sums. In Section we remark that J satisfies the BSD conjecture: this fact will be crucial in
Section [l for us to make further observations about the rank of .J. Section [§] contains an alternate
cohomological proof of our explicit formula for L(J,T).

4.1 Definition of the L-function

Fix a prime number ¢ # p, and let H'(J) := H, élt(J, Q) denote the first f-adic étale cohomology
group of J/K. It is well-known that H'(.J) is a Q-vector space of dimension 2¢g which is equipped
with a natural action of the absolute Galois group of K. For any place v of K, we let I,, denote an
inertia group at v (the possible choices form a conjugacy class), Fr, denote a geometric Frobenius
at v (the possible choices form a coset of I,,), and we let V;(.J) denote the ¢-adic Tate module of J.
As a Galois module, H!(.J) is isomorphic to the dual of V;(J) ® Q. (This duality follows by using
the short exact sequence 0 — pupm — G, = G, — 0 of sheaves on J and taking an inverse limit
over n.)
The Hasse-Weil L-function of J may be defined by the Euler product:

L(J,T) = [] det (1 — T4 Fr, | H'(J)™) 7", (4.1)

where the product runs over all places v of K. Here, H'(.J)! designates the I,-invariant subspace
of H1(J). Recall from [ST68] that J has good reduction at a place v if and only if I, acts trivially
on H'(J), or equivalently, if and only if H'(J)!* has dimension 2g.

The power series in T resulting from the formal expansion of the product is known, by
the Hasse-Weil bound on the eigenvalues of Fr, acting on H'(.J), to converge on the complex open
disc {T € C : |T| < r=3/2}. But actually, much more is true! We summarize deep results of
Grothendieck, Deligne, and others in the following theorem.

Theorem 4.1. Let J/K be as above. Write g = dimJ for its dimension, and N; € Div(P!) for
its conductor divisor.

(1. Rationality) The L-function L(J,T) is a rational function in T with integral coefficients.
The global degree of L(J,T), defined to the degree of the numerator minus the degree of the
denominator, is denoted by b(J). The degree b(J) is related to deg Ny by b(J) = deg Ny —4g.

(2. Functional equation) There is some w(J) € {£1} such that L(J,T) satisfies

L(J,T) = w(J) (v L (J, (r*T)71) .

(3. Riemann Hypothesis) If z € C is such that L(J,z) = 0, then |z| = r~1.

Proof. For the proofs of rationality, the functional equation, and the Riemann hypothesis, we
refer the reader to [Del80]. We provide a proof of the formula for the degree b(.J) of L(J,T) in

Proposition O

Once we compute the L-function of J in Theorem we check the degree in Remark [4.9] using
the formula b(J) = deg Ny — 4¢. This formula will also be used in the cohomological computation
of L(J,T) in Section [
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4.2 Explicit expression for the L-function

We let p,r,a,b,q have the same meaning as in the introduction. With the notation introduced in
Section |3, we state our formula for the L-function of J.

Theorem 4.2. Let O be the orbit set defined in §3.5 and, for any o € O, define w(o) as in
Definition[3.6, The L-function L(J,T) € Z[T] of J/K admits the following expression:

L, 7) =[] (1 — w(o) T'Ol) . (4.2)

0e0

The proof of Theorem [£.2]occupies most of the rest of Section[dl We start by proving a number of
elementary lemmas in Section before gathering our results to conclude the proof in Section

4.3 Preliminary lemmas

We first recall an expression for the logarithm of L(J,T). For any § € IPTX, let Xz denote the
smooth projective curve over F,.(8) which is birational to the curve defined by the affine model

0+ yb = pB1— 8.

Lemma 4.3. Form € Z>1 and € Fym, set Aj(B,m) =" +1— |Xg(F,m)|. Then,

log L(LT)=> | Y As(B,m) %

m>1 ngjm

Proof. We have shown in Proposition that J has unipotent reduction at all of its places of bad
reduction. At a place v of unipotent reduction for J, dimg, H*(J)™ = 0, as shown in [ST68]. Hence,
the associated Euler factor det(1 — 798V Fr, | H'(J)!*) in L(J,T) is equal to 1. Consequently, in
the Euler product defining L(J,T), we may ignore the factors corresponding to places of bad
reduction. We thus have

[T det(r — 79" Fx, | H'(J)")~".
good v

At a place v of good reduction, the inertia group I, acts trivially on H L(J) (see [ST68] again), so
that dimg, H'(J)» =2g. We write 1, - - -, p2g € Qg for the eigenvalues of Fr, acting on HY(J).
Formally expanding the power series log L(J,T) € Q/[[T]], we obtain that

29 oo (Oé ,Tdegv)k
log L(J,T) = Z Zlogl—a“Tdeg”): Z ZMT
good v i=1 good v i=1 k=1
e deegv
S5 () ™
k=1 \good v \i=1

We write m = kdegv and reindex the outer sums. By definition, we have
29
D all B = TR (7)), (43)

v,1
=1
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hence the reindexation yields

oo m
log L(LT) = > | 2 Te(Bg/ @0 |H(J) dego— | . (4.4)
m=1 | good v
degv|m

Since K is the function field of P!, a place v of K may be viewed as the Gal(F, /F,)-orbit of an
F,-rational point on P'. The degree of v is the number of elements in the associated orbit.

Let g € Pl(IFT) and vg be the corresponding place of K. The orbit of S under the action
of Gal(F,/F,) has exactly [F,(3) : F,] elements, so that deg(vs) = [F.(8) : F,]. Note that tshe
numbers Tr(FrZ;/ deg g |H'(.J)) do not depend on the choice of a representative 3 € P!(F,.) of the
orbit vg.

Let U be the largest subscheme of P! such that J, has good reduction at all places v € U. By
Proposition we have U = Al \ {2z : 27 — 2 = 0} . We may thus rewrite identity as

o0

og L(LT) =S | Y (@l H (1)
m=1 \BeUF,m)

Tm
m’

(4.5)

By flat base change, we have H'(.J) = H} (J,, Q7). From [Poo06, 5.3.5], we have H} (J,, Q) =

H} (X,,Q). Together, we see

ét
HY(J)' = H'(J) = Hg(Jo, Qr) 2= Hy (X0, Q) -
The Grothendieck—Lefschetz trace formula then yields
d
(P 57 H () = [Fpm| +1 = [ Xp(Fom)| = A4(8,m).
Plugging this last identity into (4.5 concludes the proof. ]

We now interpret the quantities A j(8, m) appearing in Lemma in terms of character sums.
For any m > 1, we write 1 for the trivial multiplicative character on F,m.
For any m > 1 and ¢ > 2 we set

M(r™) ={ characters \ : F,5, — C* such that A\ =1},
M!(r™) := {nontrivial characters \ : F, — C* such that \* = 1}.

We further define M; ,(r™) = M (r™) x Mj(r™). We extend all nontrivial multiplicative charac-
ters A on Fm by A(0) = 0. For any pair (A1, A2) of multiplicative characters on F,m, any additive
character ¥ on F,m and any « € F,m, we set

Spm (A1, A2, ¥, @) 1= Z A1(2) A2 (w — 2)Y(aw).

(w,2)€(Frm)?
With this new notation at hand, we may now state:

Lemma 4.4. For any nontrivial additive character ¢, on F,, and any m > 1, we have

Y oABm)== > Sem(Ar, Ayt 0 Trg ., 1),
BEFX,, a€lF,mNFq,
" (A1, A2)eM], , (r™)
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Remark 4.5. It may seem odd that the right-hand side appears to depend on the choice of a
nontrivial additive character v, while the left-hand side does not. However, as should be clear after
the proof, a different choice of 1, merely permutes the terms Sym (A1, A2, 9, ).

Proof. For a given 8 € F 5., we begin by giving an expression of | X3(F,m )| as a character sum. The
curve Xg/F,m has a unique point at infinity, and this point is rational over F,m. As a consequence,
we have |Xg(Fm)| =14 [{(z,y) € (Fpm)? : 2% 4+ y> = B9 —

Xs(Fem)| = 1= > |{y € Fym s0%+ 4" = p7— 8} (4.6)

J)G]FT'm

It is classical (see [Coh07, Lemma 2.5.21]) that for any integer N > 2 and any z € F,m, we have

}{y € Fpm :yN = z}‘ = Z A(2), (4.7)

)\EMN(Tm)

The term corresponding to A = 1 € My (r"™) contributes 1. Evaluating (4.7) with N = b and
z =—z%+ B9 — B into (4.6)), and swapping the sums yields

Xp(Fr) 1= > D M=+ B =B =r"+ D> > A2+ 47— B).

AEMp(r™) x€Fm AeMy(rm) z€Fm

For all 8 € F.5, we therefore have

Ay - > D M=+ BB,

rxeMi(rm) z€F,m

For each X\ € M;(r™), we use (4.7) once more, this time with N = a, to reindex the sum over z in
the above display. This yields

S A BB = Y [ Bt = 2} A2t 6 )

z€F,m z€F,m
= > S A=+ -8 = Y S A=+ -B).
0eMqy(r™) 2€F,m 0eM/ (r™) z€F,m

To justify the last equality, we note that the term corresponding to # = 1 does not contribute, by
orthogonality of characters for F,m. We have thus proved that

AsBm)= > D Y )Mz + 8- p).

XeM](rm) 0 M/ (r™) 2E€F .m

Applying orthogonality of characters for F,5. once again, we also note that if § and A are multi-
plicative characters such that # # A~!, the sum ZZ@F . 0(2)A\(—z + B9 — ) vanishes if 89— =0,
including if 8 = 0. It follows from the previous paragraph that, for all m > 1, we have

oABm ==Y Y > D A= +8T-5)

BEF BEFX,, 0€ M} (r™) Xe M{(r™) 2EFm

== > > DD D A=+ - |- (4.8)

O M, (rm) NeMj(rm) \BEFm 2€F,m
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For fixed (6,\) € M/, (™), we now reindex the inner sum:

YN M-z +8 =B = > {BeFm w=p1-8}[ Y 0()A-2z+w)

BEF,m z€F,m weF,m z€F,m

We now appeal to [Gril9, Lemma 4.5], which states that for any z € F,m and any nontrivial additive
character v on F,m we have

{BEFm w=p4"-8}= > ¢(aw). (4.9)

ac (Frm ﬂFq)

Plugging (4.9)) into (4.8]) and reordering the sums, for any nontrivial additive character i on F,m

we obtain

Yoo ABm)=- > > > > )M w - 2)(ow)

BeU(F,m) oM/, (r™) AeM] (r™) a€(FmNFq) \ (w,2)€(F,m )2

Note that the sum between brackets is equal to Sym (6, \, ¥, ).

To conclude, recall that we have fixed a nontrivial additive character v, on F,.. For any integer
m > 1, we write the last display for ¢ = ¢, o Trg ,, F,, which is indeed a nontrivial additive
character on F,m. This yields that, for any m > 1,

> AsBm)=- > > Sem(Ar, Aoyt 0 Trg s, 1),

BeU(F,m) (/\1,)\2)€M/ b(’l’m) a€(F,mNFyq)
This proves the lemma. O

Our next step towards proving Theorem is to give a more recognizable form to the inner
sums which appear in Lemma [£.4]

Lemma 4.6. Let m > 1. Given a pair (A1, A2) of nontrivial multiplicative characters on F = Fym,
a nontrivial additive character ¥ on Fy.m, and an element o € F,m, we have

ST’m ()\17 >‘27 7/17 CY) = GF<)‘17 ,l/}a) G]F(A27 w()c) )
where 1)y, is the additive character on F.m defined by x — (ax).

Proof. By definition of Sym (A1, A2, ¥, «), we have

Srm ()\1, )\2, ¢, Z Z )\1 W(Oéw) .

z€F weF

Reindexing the inner sum by setting y = w — 2z, we obtain

Sem (A A2, 0, 0) = 3 ) M) he()v(ay + az) = | Y M(2)y(ay) (ZM(ZW(OZZ))

y€EF zeF yeF z€F
= GF,m (A1, Ya) GFm (A2, %a) -
This concludes the proof. Note that both sides vanish if o = 0. O
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Recall that o,(n) denotes the multiplicative order of » modulo n and that x : EX — @X is the
Teichmiiller character defined in Section 3.1

Lemma 4.7. Let ¢ > 1 be an integer coprime to p. For i € Z/cZ ~ {0}, let k; = o,(c/ ged(c,1)).
Then, the map

{i € Z)cZ~ {0} : ki | m} — M(r™)

i [ (0 Ney e, )@)€ 70

s a bijection.
Proof. For any i € Z/cZ ~ {0} such that r; divides m, the character X : F, — C* defined by
M) = (x © NF, 1 /7 s, )(2)""" =1/ for all 2 € FX, has exact order ¢/ ged(i, ). In particular, \ is
nontrivial and has order dividing ¢, so A € M.(r™).

Conversely, let A be a nontrivial multiplicative character on F,=m whose ¢ power is trivial. The
Teichmiiller character x generates the group of multiplicative characters on Fym, so A = x! for some
integer £ € {1,...,7™ — 2}. Since \¢ is trivial on F, and since x has order exactly r™ — 1, there
exists an integer ¢ > 1 such that fc = i(r"*—1). Since 1 < ¢ <r™—2 we have 1 < i < c—1. Letting
d = ¢/ ged(e,i) and ¢' =i/ ged(e, i), we find that ¢’ = ' (r™ — 1). By construction, ged(d/,i') = 1
and so ¢ divides ™ — 1. In particular the order x; of r modulo ¢ divides m and so i (r" —1)/c
is an integer. We have £ = i(r™ — 1)/c. So, for all x € F 5.,

il (rfi—1)

A(Z) = X("L')i(rmfl)/c — X(x)i,(wz#(l+rni+...+rm—m) —x (x1+1””’5+---+7“m7“i o

_ (X o NFTM/F,AM )(x)i(r“i—l)/c )
Hence A has the desired form. ]

We now connect our last results with the discussion in §3.31-43.4] There we introduced the set

O = Opg,p,q of orbits of the action of (r) on (Z/aZ ~ {0}) x (Z/VZ ~ {0}) x F, as well as the set

Oy, of (r)-orbits of (Z/nZ ~ {0}) x F,\. We also defined two natural surjective maps
T, :0—0) and m:0 — O],

Fix a nontrivial additive character ¢9 on IF,. For any m > 1 and o € F,m NIy, define an
additive character ¥, o : Fpm — Q by putting ¢ o () = (Y0 0 Try, . jr, ) (o) for all z € Fpm.

Lemma 4.8. For any m > 1, we have

> lolw@™ = Y Gen( Yma)Gem (2, Yima)
00 st o€ (Fym ()",
lo| divides m (A, A2)EM; (r™)

Proof. For any integer m > 1 and any orbit o € O, recall from that |m4(0)| and |mp(0)| both
divide |o|. If |o| divides m, then |m,(0)| and |my(0)| a fortiori do so. Since v4(0) = |o|/|ma(0)|, we
have

w(0)™19l = G (114(0))™1™ O G (1 (0))™/1m @)

Pick a representative (i,7,«) € S of o € O. Then, (i,«) € S. is a representative of m,(0)
and (j,a) € S} is a representative of m(0). We write r, = rlma(0)l " Using the Hasse-Davenport
relation (3.3)) for Gauss sums, and noting that W; oy 0 Trg . /r, = ¥m.a yields

G (ma(0))™1™ O = G, (Ao \Ii(i,a))m/wa(o) = Grm (Aia) O NEm /B,y Yiia) © Tr5,m )
== G,’,m (A(’L,Oé) ° NFrm/]FTa ) wm’a) ’
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A similar computation shows that G (Wb(o))m/lm’(o)l = Gym <)\(j,a) ° NFTm/FTba¢m,a)-

If 0 is the orbit of (i, j,«) € S, then |o| divides m if and only if (i) « € Fym, (ii) the order of r
modulo a/ ged(a, i) divides m (which happens if and only if a divides i(r™ — 1)) and (iii) the order
of r modulo b/ ged(b, j) divides m (which happens if and only if b divides j(r™ — 1)).

Recall that we have set £, (i) = or(a/ ged(a, 1)) and &, (j) = 0,(b/ ged(b, j)). We have

ST Jolw@™ = 3 Gy (Aga) 0 Ne s, Yimsa) G (A(m) o Ng. . /Frb,wm,a).

00 (i,5,0)€S
lo| divides m acF’,

Kr,a(i)|m
Nr,b(j)‘m

(4.10)

Set k = Kyq(i). Then, k divides o,(a) which divides 7, (0). Also, note that for any finite field F
of characteristic p and any extension F’ of IF, we have x|r o Np/ /g = (x|e) " V/IF*I Together, these
imply that

i(ry—1) i(rf—1) i(r—1)

Ai,a) ONE o p, = (XONp yr ) @ = (XONp/p, ONpw/re) @ = (XONpw/F.) @

For any m > 1, Lemma states that, as i runs through all elements of (Z/aZ ~ {0}) satisfying
tira(i) | m, the character A(; ) © N, /r,, varies over all characters A\; € M (r™). Similarly, as j
runs through all elements of (Z/bZ~{0}) such that r,,(j) | m, the character A(; 4)oNp, .., /r,, varies
over all characters Ay € Mj(r"™). Finally, recalling that S = (Z/aZ ~ {0}) x (Z/VZ ~ {0}) x F,
we see that if (i,j,a) € S, then a € Fy. Altogether, we conclude by reindexing the sum on the
right-hand side of from a sum over (i, j, ) € S such that o € Fon, kyo(2) | m and k,5(j) | m
to a sum over (@, A1, A2) € (Fpm NFg)* x M, (r™). O

4.4 Proof of Theorem [4.2]
We make use of the notation introduced in the previous subsection. By Lemma we have
Tm
log L(J,T) = A —.
og L(J,T) Z Z J(8,m) m

m>1 ﬂEF:fm
Combining Lemmas [1.4] and [4.6] yields that, for all m > 1,

> AyBm) = - > GF (A1 Ym,a) GF(A2, Ym,a) -

BEF%, a€cF,m rj]Fq,
(A1, A2)EM] ( (r™)

Here, we may ignore the term o = 0 because Gp (A1, ¥m,0)Gr(A2,¥m,0) vanishes. We combine this
identity with Lemma [£.§ to obtain

~log L(J,T) =Y S Jolw(o)m/d rm

m
m>1 0€0 s.t.
lo| divides m
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On the other hand, expanding the logarithm, we see that

—log H(l —w(o)Tlly = Z log (1 — T|0|> Z Z (w(o)TCZFV’|)"

0€0 0€0 0e0On>1
Tm
= Z Z lo|w(o)™/ll | . —.
m>1 0€e0 m

lo| divides m

Therefore,
log L(J,T) = log [ [ (1 — w(o)T").
0€0

Exponentiating this identity concludes the proof of Theorem [4.2]
]

Remark 4.9. Theorem yields that deg L(J,T) = b(J) = deg Ny — 4g. From this formula and
the computation of deg Ny in Proposition we find

(a—1)(b—1)

deg L(J,T) = (a—1)(b—1)(g+1) — 4 5

=(a-1)0b-1)(g-1).

On the other hand, from our Theorem we see that the degree of L(J,T) equals ) o |o],
where O is the set of (r)-orbits on S = (Z/aZ ~ {0}) x (Z/bZ ~ {0}) x F;{. Since S may be written
as the disjoint union of the (r)-orbits o € O, it is clear that ) . |o| = |S].

Since |S| = (a — 1)(b—1)(g — 1), we recover the result.

4.5 The BSD conjecture for J
The special value L*(J) of the L-function of J at T = r~! is defined as

L(J,T)

SR (s P

where v = ordyp_,—1 L(J, T).
This definition makes sense since the L-function is a rational function of 7. (See Theorem [4.1])
By definition of L(J,T'), the function £ : s — L(J,r~*) is positive on [3/2,00). By the Riemann
Hypothesis for L-functions of abelian varieties over K, the function £ does not vanish on (1, 3/2].
The special value L*(J) is thus nonnegative. Since L*(J) is, by definition, a nonzero rational
number, we conclude that L*(J) € Q.

Let J denote the dual abelian variety to K and let

()1 J(K) x J(K) = Q

denote the canonical Néron—Tate height divided by logr. Then, (-,-) is a bilinear pairing which is
nondegenerate modulo torsion. Choosing a basis Py, ..., P, for J(K) modulo torsion and a basis
Py, ..., P for J(K) modulo torsion, the regulator of J is defined to be

Reg(J) := | det(Ps, P})1<ij<r|-

These definitions allow us to sate our Theorem proving the Birch and Swinnerton-Dyer
conjecture for J/K :
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Theorem Let C and J be as above. The abelian variety J satisfies the Birch and Swinnerton-
Dyer conjecture. This means that

e The algebraic and analytic ranks of J coincide: ordp_,—1 L(J,T) = rank J(K).
e The Tate—Shafarevich group II(J) is finite.

e The BSD formula holds:
_ [HI(J)[Reg(J) TI, ()
H(T)r=9 |[J(K)ors|*

where the c,(J) are the local Tamagawa numbers of J and Reg(J) is the regulator.

L*(J) (4.11)

We refer the reader to [Ulm14] §6.2.3] for more background about the Birch and Swinnerton-
Dyer conjecture for Jacobians over function fields.

Proof. Theorem is but a special case of [PU16, Theorem 3.1.2]. One of the main argument in
their proof can, in essence, be traced back to Shioda’s work on surfaces defined by 4-nomials (see
[Shig6]). O

This result will allow us to derive precise information about rank J(K) in Section [6]

Remark 4.10. The BSD formula is probably more typically stated as

[IL(J)[ Reg(J) 1, ev(J)
H(JT)r=9 [T (K )sors| [TV (K )tors|

L*(J) = (4.12)

In our case, J is principally polarized because .J is a Jacobian, so that J = JV. In particular,
|J (K )tors| |1 (K )tors| = |J(K)tors|?, and our statement agrees with the typical one.

5 Cohomological computation of L(J,T)

Our goal in this section is to provide an alternative computation of the L-function L(J,T') using

the geometry of the minimal proper regular SNC model § of C. In particular, we compute the zeta

function of S in two different ways — first by decomposing it via the fibers over P! and a second

time by understanding the cohomology of § in terms of a product of curves which dominates S.
This computation generalizes the one found in [GU20, §7] for a = 2 and b = 3.

Throughout the section, we denote by H"(—) the n'" f-adic cohomology group of a variety
over F,. That is, H"(X) denotes H% (X xp, F,,Qy) for a prime £ # p. This cohomology group is
endowed with a natural action of the geometric 7" power Frobenius Fr,..

The following linear algebra fact (also used in [Ulm07], [GU20]) will be useful for the linear
algebra arguments in our cohomology computation:

Lemma 5.1. Let V' be a finite-dimensional vector space with subspaces W; indexed by i € Z/mZ
such that V' = @;cz/mz Wi, and let ¢ = V. =V be a linear map such that ¢(W;) C Wiy for all
i€ Z/mZ. Then

det (1 —@T|V)=det (1 —mT"|Wy).
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5.1 Preliminaries about Artin—Schreier curves

For any prime-to-p integer d > 1 and any power ¢ of p, let Xy, be the smooth projective curve
over F, defined by the affine equation

Xag: wh=27— 2.

)

Since d and ¢ are relatively prime, Xy, admits a unique point at infinity which we denote by
P, € X44. Wenote that Py is F,-rational. A straightforward application of the Riemann-Hurwitz
formula yields that X, has genus (¢ — 1)(d — 1)/2. Hence, dimg, H(Xg4,) = (g — 1)(d — 1).

The curve Xg, XF, F, is naturally endowed with an action of g x Fy, defined as follows: for
any ¢ € pug and any o € Fy, set (¢, o) - (w, 2) := (Cw, z + a) for any (w,2) € Xg4 \ {Px}, and
(¢, @) Px = Ps. By the functoriality of cohomology, this induces an action of g x F, on H(X4,).
For any (i,) € S', we denote by H'(X,,)"® the subspace of H'(X,,) on which z4 x F, acts as
multiplication by A(; )¥(i,a) - By [Kat81], each H'(X4,4)®® has dimension 1.

Recall from §3.3| that we defined S; = (Z/dZ ~ {0}) x F;* and endowed it with an action by (r),
and let O be the set of orbits of S/, under this action. Moreover for any (i, ) € S/, we defined
(in an additive character A(; o) and a multiplicative character ¥(; ) on F ... By construction,
A(i,) Induces a character A(; o) of p1g by composition with the quotient map

(IF,A|0/|)>< — (FMO'\)X/keT )‘(i,a) = Ud/(di) © Hds

and V¥ ; o) induces an additive character ¢; o) of Fy by composition with the trace map Try o' /Far

The map which takes (i, «) to the product character A(i,a)¥(i,) 18 a bijection between S’ and the
group of characters of 4 x F,. Using this bijection, the decomposition of H 1 (X4,q) as a direct sum
of lines alluded to in the previous paragraph then reads

H'(X4g) = P H'(Xag)". (5.1)
(i,2)€8,

The action of Fr, on H'(Xg4,) sends the line H'(X,,)®"® indexed by (i,a) € S onto the line
indexed by (ri,a'/"). We deduce from the above that, for any orbit o’ € O, the |o'|'" iterate of
Fr, stabilizes the line H'(X,,)®® for any representative (i,«) € o. By [Kat81], the eigenvalue
of (Fr,)l'l acting on the line H'(X;,)%® is the Gauss sum G (o) which we defined in §3.4
Definition [3.6] In other words, we have

det (1 — Rl T ‘Hl(Xd,q)@aa)) —1-G(d)T, (5.2)
for any (i, @) € o’. Furthermore, the direct sum
Hl(Xd,q)O’ = @ Hl(Xd,q)(i’a)
(i,a)€0’

is stable under the action of Fr,, and the action of Fr, cyclically permutes the summands thereof.
By Lemma [5.1] we thus have

det (1 — Fr, T |H (Xag)o) =1 — G (o) 1.

We conclude that
det (1-Fr, T|H' (Xa0)) = [] (1 — G (o) Tlo/|> ’

!
o’'e0y

is the L-function of the curve X, ,/F, (i.e., the numerator of its Hasse-Weil (-function, viewed as
a rational function in 7).
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5.2 Domination by a product of curves

Let a,b > 1 be relatively prime integers which are both coprime to p, and let ¢ be a power of p.
Let X, and Y} be smooth projective curves over [F, defined by the (singular) affine equations

C G
Xo % =uq,

Y}):yb:ug.

Let oo, denote the unique point at infinity on X, and let oo, denote the unique point at infinity
on Yy. Let P be the product X, x Y, and let 7 : Sy — PL_ be the minimal proper regular model of

the curve with affine equation @ + y* = u over F,(u).
The surface P is equipped with a rational map g : P --» P! defined on the affine patch by

Ty - P s P!,
((x7u1)7(y7u2)) = up tug.

The rational map 7y also maps {00,} x (Y3 \ {oop}) and {oo,} x (Y3 ~\ {oop}) to oo € P, and
has a unique point of indeterminacy at (004, 00p). As is explained in the proof of Proposition 3.1.5
of [PUIL6], one can resolve the indeterminacy in my through a series of blow-ups at the point of
indeterminacy. Moreover, as [PU16] explains in Remark 3.1.6, the exceptional fiber of the last
blow-up maps isomorphically to P! and all other fibers map to oo € P'. Let R be the result of this
blow-up. Examining the construction and comparing to the recipe for constructing minimal proper
regular SNC models from [Dok20], we find that in fact, R is the minimal proper regular model of
the curve with affine equation @ + y* = u over F,.(u).

Let Py q = Xaq X Yy 4. The surface Py 4 is a Galois cover of P with Galois group F, x F,. Let
Ry,q be the fiber product R xp Py 4. Then, Ry, is a Galois cover of R with Galois group F, x [Fy.
There is an ‘antidiagonal’ action of F, on P, , and R, where a acts by (a, —«) and this action
preserves fibers of the rational map P, to P. Let P, := P,,/F, and R, := R,,/F, be the
quotients by this action. By construction, P, is a F4-Galois cover of P and R, is a [F;-Galois cover
of R. We can also recognize Py and R, as pullbacks. We have Py = P xp1 P} and R, =R xp Py.
We summarize these maps in the following commutative diagram:

/Fq

Raq > Ry >y R
| |- |
Pog = X i _
0q = Xag X Yogq Py » P =Xo XYy

| | _ |
} } lﬂ'o
v v e, 3

P ————F R

We now relate the surfaces appearing in the commutative diagram above to the minimal proper
regular SNC model S of C,, as defined in
First, let m : Sy — PL_ be the minimal proper regular model of the curve with affine equation

x% + y® = w over F,.(u). There is a rational map ¢ : P — Sy defined on the affine patch by

¢ : P --» So,
((,w), (y,u2)) = (2z,y,u1 +ug).

The rational map ¢ has a unique point of indeterminacy at (0og, 00p), and this indeterminacy can
be resolved by the same series of blow-ups that resolves mp, yielding a morphism ¢ : R — Sp. In
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fact, we have already remarked that R is the minimal proper regular model of the curve z%+y® = u,
and ¢ : R — &y is an isomorphism.

Now, set Sy := S Xp1 P} where the second fiber maps P; — P. via the Artin—Schreier map ¢ —
t1—t, so that S, is a model of 2% +y® = t4—¢. The rational map ¢q 4 : Pyq --* Sy, (2, 1), (v, t2)) =
(x,y,t1+12) is invariant under the antidiagonal F -action. The induced rational map ¢, : Py --» S,
from the quotient is the same as the pullback of ¢ : P --+ Sy. We now resolve the indeterminacy
of these rational maps.

The isomorphism ¢ : R — Sp pulls back to an isomorphism ¢, : R4y — S, which resolves the
indeterminacy of ¢, : P, --» §;. Moreover, the induced map R, , — Sy given by composing ¢,
with the antidiagonal quotient resolves the indeterminacy of the rational map ¢q 4 : Py q — Sy

In Section these morphisms will allow us to relate the action of Frobenius on the ‘antidi-
agonal F, -invariant subspace of H?(P,,) to the action of Frobenius on H?(S,) modulo its ‘trivial
lattice’.

We summarize in Figure 2] the maps considered here in a commutative diagram, where dashed
arrows denote rational maps and solid arrows are everywhere defined. The maps from Ry 4, Rq,
and R resolve the indeterminacy of the maps from P, 4, P, and P with the same targets.

R

Figure 2: Summary of maps

Finally, we relate S; to S. In Section this relationship will allow us to identify the action
of Frobenius on H?(S) modulo its ‘trivial lattice’ to the action of Frobenius on H?(S,) modulo its
‘trivial lattice’.

Upon restricting to the fibers over P! \ (F, U {oc}), the surfaces S and S, become isomorphic
as models of C, ;. However, since S; is a ramified cover of &p, the surface S; may not be a regular
model for C,, and there need not be morphisms between S, and S in either direction.

Now, §; — &p is étale away from the fiber above infinity, so the only singularities of S, lie
on the fiber above infinity. When blowing up these singularities to get a proper regular model,
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the exceptional fibers all map to co € P}. After further blow-ups at the singularities on fibers,
one gets a proper regular SNC model &’ of C,; equipped with a blow-up map Cqp — S;. The
exceptional fibers of the blow-ups are components of the singular fibers (above F, and oco). By
the minimality of S and since §,S’, and S, are all isomorphic away from the singular fibers, the
birational isomorphism &’ — S defined away from the singular fibers extends to a morphism which
is defined by iteratively contracting certain —1 curves which are contained in singular fibers of the
composition &' — S, — P}.

5.3 Cohomology of § in degree 1

Our next goal is to show that the H' of the minimal proper regular SNC model S of C is trivial
by comparing it with the cohomology of the product of Artin-Schreier curves P, , constructed in
Section 5.2

First, we relate the cohomology of R, to the cohomology of the curves X, , and Y}, ,. Since we
construct R, from P, by repeatedly blowing up at a point and the exceptional divisor (as a union
of Ps) has trivial H!, the blow-up formula (see [Mil80]) gives

H'(Ry) = H'(P,). (5.3)
Since Py = (Xaq X Y3 4)/Fy, we have
HY(Py) = H' (Xqq % Yy 0)f . (5.4)
The Kunneth formula gives
H'(Xaq % Yoq) = (H' (Xag) ® H*(Yoq) ® H*(Xag) © H' (Y,q))™ . (5:5)

Now, F, acts trivially on H°(X,,) and H%(Y;,), and we saw in Section that the subspaces of
HY(Xqa,4) and H'(Y;,) fixed by F, are both trivial. So, combining , (5.4), and , we find
HY(R,) = {0}. Since R, — S, is a dominant morphism, the induced map H'(R,) — H(S,) is
surjective, whence H'(S,) is trivial. Using the blow-up formula as in the justification of gives
HY(S,) = HY(S). We conclude that H!(S) = {0} .

5.4 Cohomological interpretation of the L-function

Our goal in this subsection is to relate L(J,T') to the characteristic polynomial of Frobenius acting
on a certain quotient of H%(S).

As before, let K = F,(t). We choose an algebraic closure K of K and a separable closure
K*°P within K. Denote by G the absolute Galois group of K. Fix a pair (a,b) of positive coprime
integers which are both coprime to p as well as a power g of p. Write C = Cy 4 and J = Jy 4.

For any place v of K, we let Fr, denote the geometric Frobenius at v. (The geometric Frobenius
Fr, is a well-defined up to conjugacy in G.) Recall from that the L-function of J is defined by

L(J,T) = [ det (1 — Fr, T |[H'(T,)") . (5.6)

If v is a place of bad reduction of J, we know from Proposition that J has unipotent reduction
at v. Hence, by [ST68, pg. 504, Remark 2], the action of inertia group at v on H'(J7,) only fixes
the trivial subspace, so that H'(7,)" = {0}. On the other hand, if v is a place of good reduction
of J, we have H'(7,)"» = H'(J,) since I, acts trivially. Furthermore, at such a place v, the space
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H'(J,) is canonically isomorphic to H*(S,) by (for instance) [Poo06}, 5.3.5], compatibly with the
action of Fr,. The Euler product in (5.6)) thus simplifies to

LT = [] det(1-Fr,T|HYS,)) ", (5.7)
v good

where the product is restricted to places of good reduction of J. In order to shorten notation, we
set P,(T) :=det (1 — Fr, T |H1(SU)) for any place v of K.

For a variety X over F,, recall (e.g. from [Poo06l Def. 3.4.1]) that its zeta function is defined
by
2(x,7) = ] (1—Tdegp) "
PelX]|
where the product runs over the set of closed points of X. If X is smooth and projective, by
Grothendieck—Lefschetz trace formula (see [Del77, Corollary 3.7]), we have

2dim X
Z(X,T)= [] (-1)"*"det (1 -Fr, T|H'(X)).
=0

In particular, we have Z(Py ,T) = ((1 —T)(1 — rT))fl.
We showed in Section that H'(S) = {0}. It follows from Poincaré duality (see [Har77,
Appendix C.3]) that H3(S) = {0} as well. These remarks show that

1
(1—T) det (1 — Fr, T [H2(S)) (1 — 12T)

Z(8,T) = (5.8)

Similarly, for any place v of good reduction, we have

P.(T)
(T —T%0) (1= (T)™s")

Z(8,,T) =

Since S is a disjoint union of the fibers of the map S — P!, we can also express Z(S,T) in terms
of the zeta functions of the fibers:

728, T)=1]2(S.T)= [] 2T [] 2(5.,T).

v good v bad

Combining the last two displayed formulas and (5.7), we find that

- P,(T) _ L -
H Z(SU,T) = H (1 — Tdegv)(l — (TT)degv) - H P (T)_l (1 — Tdegv)(l — (T‘T)degv)

v good v good v good v

1 1
= H W (H (1-— Tdegv)(l _ (T‘T)degv)> ( H (1-— Tdegv)(l _ (T‘T)degv)>

v good v bad

ZPL . TZ(PL rT
— (B, L()J? ;)Fr ) < H (1 — Tdesv)(1 — (rT)deg“)>

v bad

This gives us another expression for Z(S,T):

1

Z(8,T) = (1=T)(1 —rT)2(1 — r2T)L(J,T)

11 2(s., 1)@ — T (1 — (rT)*E) . (5.9)
v bad
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In fact, we can simplify this further since we know (from Section [2.1) that the fiber S, at a
place v of bad reduction is a tree of P's. For any such place v, let m, be the number of irreducible
components of S,. Then, a straightforward computation shows that

25T Z(Pg, ,T)™ 1
( vy )— Z(SpeCFv’T)mlﬁl - (1 _Tdegv)(l _ (TT)degv)mv :

Plugging this into ((5.9) yields that
1

Z(S8,T) = 1 — (rT)desvyt=mv, 1
ST =G mya —pa —eniem 1L G 0D (5.10)
Comparing formulas (5.8) and (5.10]) for Z(S,T) and rearranging terms, we find
. PQ(T) deg v degv
LUT) = 5= 72 UELZ(SU,T)(l TeE)(1 = (rT) 8 ")
B(T) degvy1—
_ 1 _ (p7)degv my 11
(1—rT)2 vg(f (rT)™=%) (5.11)

Let so0 : P — S be the ‘infinity section’ so, which maps each point t € P! to the unique ‘point
at infinity’ on the fiber S;. Let A C H?(S) be the trivial lattice, that is the subspace spanned by
the images under the cycle class map of (the image of) s, and all components of fibers of S — P!.

Let D be an irreducible (over F,.) component of a fiber of S — P!. After base change to F,,
we can decompose D as DE = Ujez/nz D; with indices chosen so that Fr, D; = D; 1. Let W} be
the subspace of H?(S) spanned by the image of 1p, under i, : H(D;)(—1) — H?*(S). We have
Fr, W; C Wj41, and Fr,» acts on each W; by multiplication by ™. Since W; is one-dimensional,
we find det(1 — Fr]' T"|Wy) = 1 —r"T". Hence, by Lemma the characteristic polynomial of Fr,
acting on the subspace of H%(S) spanned by the classes of the components of Dg—is (1 = (rT)").

Now, the trivial lattice A has a basis consisting of the image of so, (which is defined over F,),
the fiber over any F,-rational point of P! (which is again defined over F,) and the components of
the singular fibers which do not meet s.. We conclude that

det(1—Fr, TIA)=(1- TT)2 H (1— (TT)deg”)mv*1 .
v bad

Combining ([5.11]) with the above finally yields the following:

Proposition 5.2. We have
L(J,T) = det (1 — Fr, T |H*(S)/A) .

With our computation of the degree of the conductor of J/K (see Proposition , the Néron—
Ogg-Shafarevich formula (see Appendix[A)) yields that deg L(J,T") = (a—1)(b—1)(g—1). It follows
from the above that

dim H*(S)/A = (a —1)(b—1)(¢ — 1). (5.12)

5.5 Cohomology of § in degree 2

Our next goal is to relate the H? of the minimal proper regular SNC model S of C to the cohomology
of the product of Artin—Schreier curves P, , constructed in Section Our strategy will mirror
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that of Section The main differences are that the blow-up divisor has nontrivial H2, which we
will need to track more carefully, and that we will need to use to show that the surjection
we construct is actually an isomorphism.

First, we relate the cohomology of R, to the cohomology of the curves X, , and Y} ,. Let B be
the subspace of H? (R4) spanned by the pullbacks of the blow-up divisor from R — P (see Section
. Successively applying the blow-up formula, taking invariants, and applying the Kiinneth
formula, we find

H*(Ry) = H*(Py) © B = H*((Xaq % Yo,0)/Fq) ® B = H*(Xyq X Ypq)" @ B
= (H' (Xaq) @ H' (Yp)" @ (H*(Xag) ® H*(Ypq))™ & (H*(Xag) ® H'(Yy,))" & B.

Now let A, be the subspace of H?(S,) which is spanned by components of fibers of S, — P*
together with the class of the ‘infinity section’ s 4 : P! — S, which takes t € Al C P! to the
unique ‘point at infinity’ on that fiber. Recall that S is the minimal proper regular SNC model
of C and that we have defined A C H?(S) to be the trivial lattice. Since S and S, are related
by a series of blow-ups and blow-downs where the exceptional fibers lie in the fibers over P!, we
automatically have H?(S,)/A, = H*(S)/A.

The blow-up divisor in R, maps to the union of (the image of) the infinity section s o and
the fiber at infinity of Sp. Similarly, the blow-up divisor in R, maps to the union of the infinity
section s, and the fiber at infinity of S;. Moreover, the classes in H(X,,) ® H?(Y},) and
H%(X,,,)®H(Y,,,) are generated by the strict transforms of the images of X, , x 0op and 0o, X Y3 4,
which also map to the fiber above co € P! in Sy

All told, we find that the image of (H*(X, ) ® H*(Yy,)) @ (H?*(X4,q) @ H°(Ys4)) ® B under the
induced map H%(R,) — H?(S,) is contained in A,. Since R, — S, is a dominant morphism, the
induced map H*(R,) — H?(S,) is surjective and induces a Galois-equivariant canonical surjection

w i (H' (Xaq) ® H' (Yoq))" — H*(S,)/Aq = H*(S)/A.

From the description of (H'(Xq,q) ® H'(Y},4))" obtained in Section |5.6| below (see (5.14)), we see
that that space has dimension (a—1)(b—1)(¢—1). Formula in the previous subsection yields
that H2(S)/A has the same dimension. We deduce that @ is a Galois-equivariant isomorphism.
Therefore,

det (1 — Fr, T | H*(S)/A) = det (1 P, T ((H1 (Xag) ® Hl(Yb,q))Fq) . (5.13)

5.6 Computation of the L-function
Combining Proposition with (5.13)), we find that

L(J,T) = det (1 —Fr, T ‘(HI(XM) ® Hl(Ym))FQ) .

Finally, we use the facts about the cohomology of Artin—Schreier curves from Section to give a
more explicit expression for L(J,T). Recall from Section [5.1| that we have

H' (Xa,q) = @ Hl(Xayq)(i’a) and Hl(Yb’q) = @ H! (Yb,q)(i’a) )
(’i,a)ES{l (i,OL)ESé

In each of these direct sums indexed by elements of S), = (Z/aZ ~. {0}) x F, or S} respectively, each
summand H'(X,4)®® and H'(Y; )" is one-dimensional. This means that

Hl(Xa,q) & Hl()/b,q) — @ @ Hl(qu)(il,al) ® Hl(Yl),q)(i2’a2)

(1'1,041)6»5'(’1 (iz,az)ESé
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decomposes as a direct sum of lines. Tracing through the definitions, one sees that, among the lines
HY (X)) @ HY(Y;,)292), the Fy-invariant lines are those indexed by pairs (i1, 1), (i, a2)
with a1 = as. So,

(H'(Xag) @ H' (M) = @ H'(Xag)™ @ H' (V). (5.14)
(il,iz,a)es

We now compute the characteristic polynomial of Frobenius on this space in the same way that
we computed the characteristic polynomial of Frobenius acting on H'(X,,) in Section For
any orbit 0 € O = O, 444 (as defined in Section the |o[™" iterate of Fr, stabilizes the line
HI(X(W)(“’C“) ® Hl(Yljvq)(i?’O‘) for any representative (i1,i2,) € o/. For any (i1,i2,) € o, we
deduce from the computation following in Section that the eigenvalue of (Frr)‘0| acting on
the line H'(X,,)® @ H'(Y;,) 2 is w(o) = G (7a(0))"”) G (m3(0))"*"”). In other words, for
any (i1,%2,a) € o, we have

det (1 ~ (Fr)ll T \Hl(Xa,q)@w) ® Hl(Yb,q)Uzva)) —1-w()T.

Since Fr, cyclically permutes the lines H'(X, ,)® ® H'(Y; ) for (iy,i2, @) € o, Lemma
yields

det [1-Fr,T| @ H'(Xeg) ™™ ®H (V) | =1—w(o)Th.
(i1,i2,0) €0

Taking the product over all orbits o € O, we finally obtain

L, 7) =] (1 —w(o)Tl"|> .

0eO

This confirms our result in Theorem [4.2]

6 Rank and p-adic valuation of Gauss sums

By the BSD conjecture (Theorem , we have
rank J(K) = ordp_,—1 L(J,T) . (6.1)

In this section, we use our explicit expression for L(J,T") from Theorem [4.2| to study rank J(K) in
terms of the parameters a, b, and q.

Lemma 6.1. In the previously introduced notation, the rank of J(K) is given by
rank J(K ‘{OEO w(o) —r"l}‘ (6.2)
Proof. Using (6.1]) for the first equality and Theorem [4.2| for the second, we have

rank J(K) = ordp_,1 L(J,T) = ordy_,—1 [J(1 = w(0)T1) =Y " ordy_,-1(1 = w(0)T).
0€0 0e0
The result follows immediately from the observation that
1 ifw(o)= rlol

0 otherwise.

OrdT:r*1(1 - w(O)T|O|) - {
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Theorem 6.2. We have
0<rankJ(K)<(a—1)(b—1)(¢—1)=2¢9(qg—1).

Proof. From (6.2)), we see that rank J(K) < |O]. Since O is a set of orbits on a set of cardinality
(a—1)(b—1)(¢g —1), we have |O| < (a—1)(b—1)(g —1). O

In the remainder of this section, we estimate the rank of J(K) more precisely than in Theo-
rem under various assumptions on a,b, and ¢. In we provide conditions on a, b, ¢ so that
rank J(K) = 0. In we provide conditions so that rank J(K) is “large,” that is, such that the
upper bound in Theorem is tight.

In order to refine our bounds on rank J(K), we estimate the right-hand side of using
explicit results about the Gauss sums appearing in w(o). We gather the necessary results in
subsections [6.1] and [6.2

6.1 Explicit Gauss sums

Let n > 2 be a prime-to-p integer. As in we consider the set S), := (Z/nZ ~ {0}) x F¥
equipped with its action of (r). We write O}, for the set of orbits of this action. In this subsection,

we describe situations where the values of the Gauss sums G (¢') (for o’ € O),) may be explicitly
determined. We refer to for the definition of G (o).

Recall that for any prime-to-p integer n > 1, we denote by op,(n) the multiplicative order of p
modulo n i.e., 0p(n) is the least integer e > 1 such that p® = 1 mod n.

Definition 6.3 (Supersingular Integer). A positive prime-to-p integer n is called supersingular
(for p) if there exists a positive integer v > 1 such that p* = —1 (mod n).

Lemma 6.4. Suppose that n is supersingular for p and that [F, : Fp] is odd. Let o' € O;, be an
orbit with representative (i,«) € S),. If 2i # n, then the cardinality of o' is even.

Proof. Note that if p¥ = —1 (mod n) then p* = —1 (mod d) for any divisor d dividing n. Thus, if
n is supersingular for p, so is any divisor of n.
If d > 2 is a divisor of n and vy is the least positive integer such that p*° = —1 (mod d), we have

op(d) = 2v. In particular, the order op,(d) is even. Since r is an odd power of p, the multiplicative
order of » modulo d is also even.

Given o' € O], choose a representative (i,«) € S),. Since 2i # n, we have n/ged(n,i) > 2.

In particular, the previous paragraph implies that o,(n/gcd(n, 7)) is even. On the other hand, we
know from equation ({3.5)) that

o1 =tem (o (gt ) [Er(e) <)

whence we conclude that |o’| is even. O
We now describe situations where one can compute G (0') explicitly.

Lemma 6.5. Let p # 2 be an odd prime. Let n > 2 be an even integer and let o' € O), be an orbit
with representative (n/2,«) € S;,. Then,

G (0)* = (—1)P- DIl o]
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If [F, : Fp] is a multiple of 4, then
G (0) = Az (@)1l (6.3)
If [F, : ) is a multiple of 4 and « is an square in (F')*, then
G (o) = rlo'l/2 (6.4)

Proof. By Definition we have G (') = Gp (/\(n /2,0)0 Y(n /27a)), where F’ denotes the extension

of I, of degree |o'|. Here A(,,/2.4) = X(T‘Ol‘_l)/Q is a quadratic character on (F')*. The first claim
then directly follows from the computation of Gauss sums associated to quadratic characters, dating
back to Gauss. We refer to [Was97, Lemma 6.1] for a proof.

For the second claim, we note that if [F, : Fp] is a multiple of 4, then so is [F' : F,]. Let F
denote the subextension of F'/IF,, with [F' : F] = 4. We deduce from equation in that

G (0/) = A(”/2,04) (a)_lG]F’ (A(n/Q,a)’ 1/}]}7’,1) .

Then, the Hasse-Davenport relation (3.3 for Gauss sums implies that

4
Gr (A(n/2,0), V1) = G (X|]F(|]F|_1)/2 o Np//p, p,1 © Tr]F’/IE‘) = Gy (Xn(lm_l)/2,¢m1) :

[F|—=1)/2

Since x™ is a quadratic character on [, the same computation as above yields that

4
G (Xn(|]F|—1)/2,w]F71> _ HE‘\? _ ‘F/‘l/Q'

The second claim follows by combining the previous three equations.
The third claim is immediate from the fact that A,/ ) is @ quadratic character on F. O

Let us recall the following result of Shafarevich and Tate, as stated in [Ulm02, Lemma 8.3].

Lemma 6.6 (Shafarevich-Tate). Let Fy be a finite field extension of Fp, and F/Fq be a quadratic
extension. Let ¢ = 11 be the standard nontrivial additive character on F. Let x be a mnontrivial
multiplicative character on I which is trivial upon restriction to Fo. For any element x € (F)* with
Trg /g, (z) = 0, we have

Gr(x, %) = —=x(z) [Fo| .

We use Lemma [6.6] to prove the following:

Lemma 6.7. Let p # 2 be an odd prime. Let n > 2 be a supersingular integer, and let o' € O],
be an orbit with representative (i,c) € S, such that 2i # n. Let v; be the smallest positive integer
such that p¥ = —1 mod n/ ged(n,i). Then,

1+¢<pl’:'l+1)) |o’| [Fr:Fp]

G () = (—1)( 2 Ny () T2 (6.5)
In particular, if [F, : Fp) is a multiple of 4v;, then
G () = )\(ija)(a)_lr‘o/w. (6.6)

If [F,. : Fp) is a multiple of 4v; and o is a n™ power in (F')*, then

G () = rlol/2. (6.7)
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We remark that by construction, the exponent of —1 in (6.5 is an integer.

Proof. Let F denote the extension of F,. of degree |o

nition with equation in yields
G (OI) = Aji,a) (O‘)fl G ()\(z',a)7 1/JIF',1) . (6.8)

'|. As in the previous proof, combining Defi-

Set n' = n/ged(n,i). Recall that the character A(; o) = Xi(TIO/I_l)/" has exact order n’. We now
focus on providing an explicit expression for the Gauss sum Gp (’\(i,a)7 ¢F',1) .

Since n’ divides n and n is supersingular for p, n’ is also supersingular for p. As in the statement
of Lemma, let v; denote the smallest positive integer such that p” = —1 mod n’. Since 2i # n,
we have n’ > 2. Hence, the order of p modulo n’ is 0,(n') = 2v;.

Let Fy denote the extension of ), of degree v; and let IF denote its quadratic extension. We claim
that I is a subextension of F'/F,,. Indeed, [F' : F,] = [F, : F,]|o'| is a multiple of [F, : Fylo,(n’) and

_ [Fr : Fp) o0 (n) = [Fr : Fp)
ged([Fr : Fp, 0p(n)) P ged([Fr : Fp, 0p(n))

is in turn an integer multiple of [F : F].
By construction, n’ divides |F| — 1. So, n divides i(|F| — 1). In particular, we deduce that

iEI-1)/n.

[F, : Fploq(n')

[F: Fp)

Aoy = xIe" T = (x|p 0 Ng

By the Hasse-Davenport relation (3.3) for Gauss sums (see §3.2)), we have

i(|[F|—1)/n i(|F|—1)/n [F:F]
G (Aia), V1) = G (X|]F (=1 o N/ /p, ¥r,1 OTr]F’/]F) = Gy (X (E=1)/ 71/115‘,1) . (6.9)

Consider the multiplicative character xy = x*(FI=1)/" on F. The character x has exact order n’.

In particular, the order of x is greater than 2. Since n’ divides p*i + 1, the restriction of x to the
quadratic subextension Fg of [F is trivial.

Now, let g be a generator of the cyclic group F*. Set = = g®"+1)/2. Since |F*|/|FJ| = p* + 1,
we have z € F* \F and 2? € F§. So, Trg /g, (z) = 0.

With this choice of x, Lemma gives Gr(x, Yr1) = —x(z)|F|*/? . Moreover,

pYi+1 ) i([F[=1))/n

x(z) =x (g 2 Fl)i(Pui-Fl)/n

=x (9 = X (1) = (ay /e,

It follows that o
Gr(x, ¥r,1) = (—1) @ HD/mR|1/2, (6.10)
We now put , , and (6.10) together to deduce that
G (0/) _ )‘(z a)(a)—l(_l)[F’:F] (I4i(p¥i+1)/n) ‘F/‘l/Q )

Finally, we note that
F' : F,][F, : Fp) _ |0'| [Fy : ]
[F: Fp 2v;

[F:F] = [
This completes the proof of (6.5)).
If [F, : F,] is a multiple of 4v;, then

BB (1 i)

2v; n

is even and G (o) = )\(iya)(a)_1|F’\1/2. Finally, if o € F) is a n'™ power in (F')*, we have
A(i,a) (@) = 1 because the order of A(; oy divides n. O
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6.2 Denominators of p-adic valuation of Gauss sums

We work with the same notation as in the previous subsection. Recall that we have ﬁxed a prlme
1deal p of @ above p. This choice allowed us to define the Teichmiiller character x : F — Q ,
in § Recall also that 14, denotes the valuation on Q associated to p, normalised so that Vp( )= 1.
Throughout this section, given x € R, we let {z} denote the fractional part of x.

Let n > 2 be an integer coprime to p. For any orbit o’ € O}, the p-adic valuation of the Gauss
sum G (0') is a nonnegative rational number.

For any orbit o’ € O},, we write 1,(G (0'))/]0/| as a reduced fraction:

w(G (o) _ H(d)
ol (o)’
for integers H(o') > 0, II(0') > 1 such that ged(H (o), Z1(0')) = 1.
Our goal in this section is to control II(o') under various hypotheses on p,r, and n. We begin
with an immediate consequence of Lemmas [6.5] and [6.7]

Lemma 6.8. Suppose n > 2 is supersingular for p. Then, for all o' € O}, H(d')/ (o) =1/2.

When n is not supersingular for p, we need to do more work to control JI(0’). Our main tool is
the following lemma, which gives an explicit formula for 14, (G (0'))/]0/|.

Lemma 6.9. Letn > 2 be an integer coprime to p. Let o' € O}, be an orbit and pick a representative
(i,a) € S}, of o'. Let pu = [F, : Fpl|0|. Write i € Z for any lift of i € Z/nZ to Z. Then,

w(G () _ 1§ { _ipk} 7 (6.11)

o] piz L on

where {x} denote the fractional part of x € R.

The proof of Lemma relies on a version of Stickelberger’s Theorem. We use Lemma 6.14
from [Was97], which we restate here in our notation for the reader’s convenience. (The extra factor
‘[F, : F,]” appearing in our statement comes from our different choice of normalization for v.)

Theorem 6.10 (Stickelberger’s Theorem). Let F be a finite extension of F, with degree p = [F : Fp].
Fiz an integer s such that 0 < s < p* — 1. For any nontrivial additive character 1) on F, we have

p—1 spF
v (Gr((xlp<) ™)) = [Frlﬁ? ] Z {p/ﬁp— 1} ’
Pl k=0

where {x} denote the fractional part of x € R. Here, as above, x denotes the Teichmiiller character.

Proof of Lemmal6.9 Let (i,a) € S, be a representative of the orbit o’ € O),. Let F’ denote the
finite field extension of I, of degree |o|. By Definition in

i(rle'1=1)/n
G () = Gr (X)) Y(ia) = Gw ((X!(}Ff)x) ( 4 7‘P(¢,a)) .

Since a # 0, the additive character ¥(; oy on F’ is nontrivial.
Note that [F' : F,] = |o| - [F, : F,] = p and 71l = p#. Moreover, rl°'l acts trivially on (Z/nZ)*
so i(rl”l —1)/n is an integer. Applying Stickelberger’s Theorem (Theorem [6.10]) gives

(G () 1 i o g 1k it
o' ‘[Frzwpuo'\k:(){ n p”—l}_uz{n}'

k=0
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Corollary 6.11. Let n > 1 be a prime-to-p integer. For any orbit o' € O),, we have

1_p(G@) HE) _ 1
n |o/| (o) — n
In particular, 1 < H(d') < II(0) .

Proof. Let (i,c) € S], be a representative of o/. We lift i € Z/nZ ~ {0} to i € Z.

In the notation of Lemma for any k € {0,...,u—1}, we have 1/n < {—ip*/n} < (n—1)/n
because i is not a multiple of n, and p is relatively prime to n. To conclude, sum these inequalities
over all k from 0 to u — 1 and apply from Lemma O

We now prove a more precise estimate on the denominator of v, (G (0'))/|0|. The following may
be viewed as a bound on the denominators of slopes of the p-adic Newton polygon of the L-function
of the projective curve defined over F, by y" =9 —¢.

Proposition 6.12. Letn > 2 be an integer coprime to p. Let o' € O}, be an orbit with representative

(i,a) € S),. Then,
" divid n n
M“Z”“mmw%gwmo
In particular, (") divides nop(n).

Proof. In this proof, we use the same notation as in that of Lemma [6.9] With p = |o/|[F, : F,], we
know from Lemma [6.9] that

H(o)  %(G (o) L= —iph
o)~ 1l _u;{n}' (6:12)

To lighten notation, set x = op(n/ged(n,i)). We remark that s divides o,(n), which divides
or(n)[F, : Fp], which in turn divides |o'|[F, : Fp]. In particular, x divides p.

In the sum on the right-hand side of , write the Euclidean division of any index k €
{0,....u—1} by k as k = zk +y with y € {0,...,k — 1} and = € {0,...,u/k}. One may then
rewrite the sum in the form

1 p—1 7Z-pk k—1p/k—1 —iplp
s o

yOxO

Since k = op(n/ ged(n,i)), we have ip® =i (mod n), so the inner sums (over z) are all equal as y
varies. More precisely, we have

p/r—1 —ipp g —ip¥ w [ —ip¥
S e

=0

Summing this equality over all y € {0,...,x — 1}, we deduce that

i ) o

H y=0 y=0

Each term {—ip¥/n} in the right-most sum in is a rational number with denominator
n/ged(n,ip¥) = n/ged(n,i). So, the right-most sum in is a rational number with de-
nominator dividing n/ged(n,4). After division by k = op(n/ged(n,i)), we conclude that (o)
divides op(n/ ged(n,)) - n/ ged(n, ).

The order of p modulo any divisor of n divides the order of p modulo n, so op(n/ged(n,1))
divides o,(n). This proves the second assertion of the proposition. O
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6.3 Explicit p-adic valuations of w(0)

We now come back to the general setting of this paper. We fix a finite extension I, of IF,,. For any
pair (a,b) of relatively prime integers which are both coprime to p, and for any power ¢ of p, we
consider the Jacobian J of the curve C over K = F,(t).

As was shown in Section the L-function of J involves certain character sums w(o), indexed
by orbits 0 € O = Oy 4,r- By Definition we have

Vo€ 0,  w(0) =G (me(0)1™) G (my(0))l/Im)

where 7, : O — O, and m, : O — O} are the maps introduced in For any orbit o € O, in the
notation introduced in we thus have

vp(w(0)) _ H(ma(o)) = H(m(0))
= + . (6.14)
o] N(7a(0)) — I(mp(0))
In the upcoming subsection, it will be useful to know of situations in which v, (w(0)) # |o|.

From the previous subsection, we deduce the following:
Lemma 6.13. Let a,b,q,r be as above. Assume that one of the following holds:
(1) aop(a) and boy(b) are relatively prime;
(2) aop(a) is odd, and b is supersingular for p; or
(3) a is supersingular for p, and boy(b) is odd.
Then, for any orbit 0 € O = Ogp 4., we have vy(w(0)) # |o.

Proof. Let o € O be an orbit. If condition (1) is satisfied, then ged( (7, (0)), d(mp(0)) =
Proposition [6.12] Hence, JI(7,(0)) # L(my(0)) unless both II(m4(0)) = 1 and Il(m(0)) = 1. ThlS
situation does not occur, by Corollary

If a is supersingular for p, then I(m,(0)) = 2 by Lemma By Proposition H(mp(0))
divides bo,(b). Hence, if bo,(b) is odd, so is I(m(0)). In particular, if (3) is satisfied, then
N(ma(0)) # (mp(0))-

The case where (2) holds is treated in a similar way, by switching the roles of a and b.
In all three situations, we have shown that II(mq(0)) # I(m(0)). Since two reduced fractions

with different denominators cannot sum to 1, the result now immediately follows from (6.14]). [

Let us now show that there are infinitely many choices for a and b satisfying each of the
hypotheses of Lemma [6.13]

Lemma 6.14. For any fized p, each of the following conditions:
(1) aop(a) and boy(b) are relatively prime;
(2) aop(a) is odd, and b is supersingular for p;
(3) a is supersingular for p, and boy(b) is odd.

1s satisfied for infinitely many coprime integers a and b which are both relatively prime to p.
Moreover, each condition is satisfied for infinitely many primes a and b.
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Proof. We first focus on condition (2). If k is an odd positive integer and a is any odd divisor of
p* — 1, then o,(a) divides k. So, aop(a) is odd too. We claim that there are infinitely many such
integers a. Indeed, for any odd integer k, the integer a = (p¥ —1)/(p — 1) is odd. On the other
hand, there are infinitely many supersingular prime numbers b, all but finitely many of which are
coprime to any particular choice of a. Condition (8) can be satisfied by exchanging the role of a
and b.

We now consider condition (7). Choose any odd prime k > 3 so that p # 1 (mod k) and set
a= (pF —1)/(p—1). Choose any odd prime ¢ which is relatively prime to both k and a and which
does not divide o,(k). There are infinitely many such ¢. If we set b = (p’ —1)/(p — 1), then b Z 0
(mod k). We have aop(a) = ak and bo,(b) = bl. By construction, ged(a,l) = ged(k,¢) = 1, and
ged(b, k) = 1. Finally,

ged(pf —1,pf —1) pred 1 p_1

= =1.
p—1 p—1 p—1

ged(a, b) =

Modifying these constructions slightly and still keeping p fixed, we may arrange that a and b
are both primes, as we now explain.

Let T be the set of primes k so that p* — 1 is a product of primes dividing p — 1. We first show
that T is finite. By work of Siegel, given any set S of primes, the set of solutions to x —y =1 in
S-units = and y is finite. Let S be the set of primes dividing p(p — 1). Then, for each k € T, the
pair z = p*, y = p* — 1, is a solution to the S-unit equation. Hence, by Siegel’s Theorem, T is
finite. In particular, if we choose distinct odd primes k,¢ ¢ T in the preceding constructions, we
may choose a and b to be odd prime factors of p¥ — 1 and p® — 1 respectively, and which do not
divide p — 1. We conclude that ao,(a) and bo,(b) will still be relatively prime odd integers.

A similar argument shows that there are infinitely many supersingular primes b for p. So,
conditions (2) and (3) are also satisfied for infinitely many primes a and b. O

6.4 Rank 0
It follows from (6.2)) that
rank J(K) = ordp_,—1 L(J,T) < |{0o € O : vp(w(0)) = ]o|}| :

Hence, to show that the rank is “small” it suffices to give conditions on a,b,q that ensure that
“many” orbits o € O satisfy v,(w(0)) # |o|. We prove:

Theorem Suppose that the pair (a,b) satisfies one of the following:
(1) aop(a) and boy(b) are relatively prime;
(2) aop(a) is odd, and b is supersingular for p; or
(3) a is supersingular for p, and bo,(b) is odd.

Then, for any power q of p, we have ordp_,—1 L(J,T) = rank J(K) = 0.

Proof. The conditions here are the same as in Lemma[6.13] That Lemma asserts that, for all orbits
0 € O = Oy44, the p-adic valuation of w(0) does not match that of rl°l (which equals |o]).
The assertion is then immediate from ([6.2)). O

Example 6.15. Let F, = Fgm for some n > 1. For p = 67, the pair a = 5 and b = 7 satis-
fies condition (3) of Theorem So, if ¢ is any power of 67, the Jacobian J = J, 3, satisfies
rank J(F,.(t)) = 0.
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For a fixed odd prime p, the set of parameters a, b for which the conditions of Theorem [I.2] hold
is infinite, as shown in Lemma

Remark 6.16. One can provide a second proof of the BSD conjecture (Theorem [1.1]) in the case
that L(J,7~1) # 0, as follows. By a theorem of Tate [Tat65], one has

0 <rank J(K) < ordp_,—1 L(J,T).

(This essentially follows from injectivity of the cycle class map.) If the parameters a,b,q are
such that L(J,T) does not vanish at T = r~! we deduce from the above that rank J(K) =
ordp—_,—1 L(J,T) = 0. In other words, the “weak BSD conjecture” holds for .J.

6.5 Large ranks

We now provide a sufficient condition on a, b and ¢ for the rank of J(K) to be “large”. We actually
prove a more precise result, estimating the rank of J(K) under certain assumptions. First, we
prove a lemma to calculate w(o) for o € O.

Lemma 6.17. Assume that p # 2 is an odd prime. Let a and b be relatively prime positive integers
which are both supersingular for p. Let vy, vy, > 1 be the least positive integers such that p¥* = —
(mod a) and p** = —1 (mod b). Suppose also that [F, : F,] is a multiple of both 4v, and 4vy.

If (i, j,«) is any representative of the orbit o € O, then

w(0) = Aa) (Q) Aoy (@) THrlL (6.15)

In particular, w(o) = rl°l if and only if a € F, is an (ab)™™ power in F,(a) for any representative
(i,4,a) of o (equivalently for all representatives (i, j, ) of o).

Proof. Since 4v, divides [, : Fp] and p** = —1 (mod a), we see that r = 1 (mod a). Hence (r)
acts trivially by multiplication on Z/aZ ~ {0}. Similarly, » = 1 (mod b), so (r) acts trivially by
multiplication on Z/bZ ~. {0}. Hence, the orbit o is of the form {(i,j, a(0)/™") : t € Z} for some
(i,7,a) € S. We then have |o| = |mq(0)| = |m(0)|. In particular,

w(0) = G (m4(0)) G (m(0)) .-

We may now apply Lemma (resp. Lemma to compute G (m,(0)) when 2i = n (resp.
2i # n). Since 4y, divides [F, : F,] and the 1;’s appearing in Lemmas and applied to
G (m4(0)) are divisors of v,, we have 4v;|[F, : F,]. So, equations and (6.6) hold. We find that
G (m4(0)) = )\(2-7(1)(04)*17“‘0/'/2. Computing G (m(0)) in the same way yields that

w(0) = G (m4(0)) G (mp(0)) = )‘(La)(a)_l)\(j@) (a)_17“|°| _

Now, A(; o) and A(j o) are characters of relatively prime orders a and b, s0 A(; o) (a)*l)\(jya) ()"t =1
if and only if both A(; o)(a) = 1 and A(j 4)(a) = 1.

Since |74 (0)| and |my(0)| are both equal to the size of the orbit of r acting on F;, the extensions
of F, with degrees |mq(0)| and |m(0)| coincide: they are both equal to F,(«). This extension
F,.(«) is the one over which both Alie) and A(j o) are defined. To conclude, we observe that
i) (@) = A(ja)(@) = 1if and only if o is an (ab)™ power in F,(a). O
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Theorem Let p # 2 be an odd prime. Let a and b be relatively prime positive integers which
are both supersingular for p. Let v,, v, > 1 be the least positive integers such that p¥* = —1 (mod a)
and p** = —1 (mod b). Suppose also that [F, : F,] is a multiple of both 4v, and 4v;,.

Then, we have

o300 [ (T 5o <o

Proof of Theorem[1.3 Combining Lemmas and yields that rank J(K) is equal to the num-
ber of orbits o € O such that a representative (i, j,a) satisfies the property that « is an (ab)™"
power in F,.(a).

We first bound the number of a € F) such that « is an (ab)"™ power in Fy(a). We remark
that )¢ contains at least (¢ — 1)/ab distinct values which are (ab)th powers. Indeed the image of
the map =z € F; — x? ¢ F; has order |F;|/gcd(ab,|Fy|) = (¢ —1)/ged(ab, g — 1). Note that
ged(ab, g — 1) < ab. Now, at most ¢*/2 4+ ¢'/2p~ 1 +... 41 = (py/@ —1)(p — 1) elements of F, lie in
a proper subfield, since each proper subfield has order a distinct power of p which is at most ,/q.
Hence, there are at least

g—1 pJg—-1

ab p—1

distinct values a € F, such that Fy(a) = F, and « is an (ab)'" power in F,(a). Each orbit of (r)
on F contains at most [, : )] = log,(q) elements and so contains at most log,(¢) many such a.

Since (r) acts trivially on both Z/aZ and Z/bZ under the hypotheses, the number of orbits
o € O such that a representative (i, j, o) satisfies the property that « is an (ab)™" power in F,(a) is

at least 1 qg—1 py/q—1
(a—1)(b—-1) Logp(Q)( b p—1 ﬂ

O]

Theorem 6.18. Let p # 2 be an odd prime. Let a and b be relatively prime positive integers which
are both supersingular for p. Let v,, v, > 1 be the least positive integers such that p¥* = —1 (mod a)
and p** = —1 (mod b). Suppose that [F, : Fp| is a multiple of 4v,, 41y, and ab(q — 1). Then,

rank J(K) = (a—1)(b—1)(¢—1) =2g(¢ —1).
In other words, the upper bound in Theorem[6.3 is met.

Proof. Under these assumptions, the product ab(q — 1) divides r — 1, hence (r) acts trivially on S.
Hence each orbit o € O has |o| = 1. Moreover, each o € F, is an (ab)'" power in F, (and therefore
also in F,(«).) Then, Lemmas and together imply the desired equality. O

Remark 6.19. [Hypotheses of Theorems and For any fixed p, there are infinitely many
choices of a, b, r satisfying the hypotheses of Theorem and Theorem [6.18], as we now explain.

For any choice of a and b, a positive density of primes p satisfy p = —1 (mod ab). In that case
we may take v, = 15, = 1. Let F be the smallest extension of F,, such that 4 divides [F : IF,]. The
hypotheses of Theorem hold whenever F, D F. Let t be the order of p in Z/ab(q — 1)Z. Let
" be the smallest extension of of F,, such that both 4 and ¢ divide [F’ : F,]. The hypotheses of
Theorem [6.18 are satisfied whenever F, D F’.

In fact, if @ and b are prime, ¢ and b are supersingular for p whenever p has even order in
both (Z/aZ)* and (Z/bZ)*. Again, Theorem [L.3| holds whenever F, contains an appropriate finite
extension of F,,. The same is true for Theorem
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Remark 6.20. Theorem implies that when both a and b are supersingular for p and [F, : Fp] is
a fixed multiple of some number depending only on a, b, and p, the analytic rank of J is unbounded
as ¢ — oo. This means that if we take a and b to be distinct primes, the Jacobians of the curves
y? + 2% = t9 — t as q varies give a family of simple abelian varieties of dimension (a — 1)(b — 1)/2
which satisfy BSD and which have unbounded algebraic and analytic rank. The dimension can be
made arbitrarily large by increasing a and b.

7 Size of the special value

Recall that the special value L*(J) is defined as

L(J,T)

L*(J) = 4(1 _ T‘T)U S )

where v = ordy_,—1 L(J,T).

As discussed in Section the Riemann Hypothesis for L(J,T) implies that L*(J) is a positive
rational number. The goal of this section is to prove the following estimate on L*(J):

Theorem For fized a,b as above, as ¢ — oo through powers of p, we have

log L*(J)
g i) W

where the implicit constants depend only on a,b and p.

Throughout this section, we will use Vinogradov’s asymptotic notation. Namely, for two func-
tions f, g of a variable x on [0,00), we use f(z) <, g(z) to mean that there is a constant C' > 0
(depending at most on the mentioned parameter(s) a) such that |f(z)| < Cg(z) for x — oco.

7.1 Preliminary estimates

The proof of Theorem requires two preliminary estimates that we now state.

We choose, once and for all, an algebraic closure Q of Q. We write log : C — C for the branch
of the complex logarithm such that the imaginary part of log z belongs to (—, 7| for all z € C. For
a given 0 € %sz an algebraic integer will be called a Weil integer of size p? if its absolute value
in any complex embedding of @ is p?. (These are sometimes called Weil integers of weight 26.)

Theorem 7.1. Let p be a prime number, and NS %Zzo- Let z € Q be a Weil integer of size p?,
and ¢ € Q be a root of unity. For any integer L # 0, either ¢ - (z2p~)* =1 or, in any complex
embedding | - | of Q in C, we have

log |1 —¢- (zp~ )| > —¢o — e log | L], (7.1)

where cg,c1 > 0 are effective constants depending at most on p, 0, the degree of z over Q, and the
(multipicative) order of C.

We refer the reader to [GU20, Thm 11.6] for a proof of Theorem[7.1] The main ingredient in the
proof is a lower bound for linear forms in logarithms of algebraic numbers due to Baker—Wiistholz
in [BW93].

We also need some estimates on the orbits in O. As before, p is a prime number and r is a fixed
power of p. For any relatively prime integers a, b which are coprime to p, and for any power ¢ of p,
we let S := (Z/aZ) ~ {0} x (Z/VZ) ~ {0} x FX. As in §3.3] let O denote the set of orbits for the
action of (r) on S.
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Lemma 7.2. For fized a,b as above, the following bounds hold as ¢ — oo through powers of p.
(1) Yoeolol =15l=(a=1)(b-1)(¢ - 1) <q,
(2) 2oeco 1 = 0] < g/ logg,
(3) > ocologlo| < qloglogq/loggq.

The implied constants depend at most on the product ab.

Proof. As defined in Section the set S is a subset of S}, = (Z/abZ) ~. {0} x F*. Hence O may
be viewed as a subset of the set O/, of orbits for the action of (r) on S!,. Lemma 11.4.1 of [GU20]
directly gives the required bounds. O

7.2 Size of the special value

For any a, b, ¢ as above, for any orbit o € O, recall that we have defined
w(0) = G (1a(0))") G (my(0))".

Let Og denote the set of orbits 0 € O such that w(o) = rl°l, and O, := O~y denote its complement.
We require the following special case of Theorem

Proposition 7.3. There exist constants ca,cs > 0 depending only on a,b,p and r such that for
any orbit o € O, either w(o) = rlol or

1_w0

log ol

’ > —cy — c3log o]

Proof. Tt suffices to treat the case when o € O, since otherwise w(o) = rl°l. Recall from that
we may write w(o) = (, - ko, where ¢, is an (ab)*™® root of unity, g, is a Weil integer of size p’a?,
and L, = [F, : F)|o]/04p, with 6, = lem(op(a), 0p(b)). We thus have

1 _ w(o) Ga’b)LD )
r|0‘

log

’ = log ’1 —Co- (gop_

Applying Theorem and the definition of Lg yields that

_ Lo
log ‘1 — (- (gop 9‘“’) > —co —ci1log|L,| > (—co — c1log[F, : Fp]) — c1log o],
for constants cp and c; depending on at most p, the integer 0,3, the degree of g, over Q and the
order of (,. These three quantities may in turn be bounded solely in terms of a, b, and p. Indeed,
the root of unity ¢, has order at most ab, the Gauss sum g, has degree at most [Q(g,) : Q] <

[Q(Ca, Gb, Cp) = Q] < abp, and 0, is at most op(a)op(b) < ¢(a)p(b) < ab. O

We are now ready to prove Theorem [I.6]

Proof of Theorem[1.6. Combining the definition of L*(J) with the explicit expression for the L-
function from Theorem yields that

()= IJ lol I] (1—

0€0g 0€0

w(o)
r‘o‘
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From this, we deduce that

log L*( )
Z log |o] + — Z log |1 |0| (7.2)
OEO() OGO*
We now estimate the two terms on the right-hand side separately. Lemma ( 3) gives
qloglogq logloggq
0<— log |o| < — log o] < = < . 7.3
=3 toglo] < Y loglo| <« LEREY 8 (73)

oEOo 060*

As ¢ tends to infinity through powers of p, this term is o(1).
We estimate the second term on the right-hand side of (7.2)) in two steps. We begin by proving
a suitable upper bound. Since |w(0)| = !l for all 0 € O, the triangle inequality implies that

,Z]O @

oEO

04|
q

log2 < log2.

-5

We know from Lemma ( 2) that |0]/q < (logq)~! as q tends to infinity.
We now prove the required lower bound. By Proposition we have

= Z log |1 w(0) 0]

<= Z ca + c3loglo] < 2 +03* Z log o] .
OEO*

r|0‘
0€0; 0€0,

By Lemma .(2) we have |O|/q < (logq)~!. Lemma [7 (3) implies that ) 5 log|o| is o(q) as
q — 00. Thus, the second terms on the right- hand side of satisfies

_ log logq Z log
log q on

1

1
logq

(7.4)

O

as ¢ — oo through powers of p. Summing the inequalities (|7.3)) and (7.4)) yields that

log1 log L*(J 1
_loglogg _ logL*(J) _ ,
log q q log q

as ¢ — oo through powers of p. We conclude that

|log L*(J)| _0 <loglogq>

as q — 0o.
q logq

Our estimate from the height H(.J) in Lemma 2.7 shows that the ratio ¢/ log H(J) remains bounded
(in terms of constants depending only on a and b) as ¢ varies. We conclude that

[log L*(J)| _ [log L*(J)| ¢ = o(1)
log H(J) q log H(J) '

The implicit constants depend at most on a,b,p, and r. This concludes the proof of Theorem
[1.6] O
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7.3 Analogue of the Brauer—Siegel theorem

Combining Theorem and the Birch and Swinnerton-Dyer conjecture (Theorem , we arrive
at the following estimate.

Corollary For given a,b, and r, as ¢ — oo runs through powers of p, we have
log (\HI(J)] Reg(J)) ~log H(J).

In the interpretation suggested by [HP16], this result provides an analogue of the Brauer—Siegel
theorem for the family (J, 5 4)q of Jacobians.

Note that, except for a few examples in [Ulm19, §10.4, §11.4], the relationship between the
asymptotic growth rate of the product [III(A)| Reg(A) and the asymptotic growth rate of the height
H (A) has not previously been elucidated in any sequence of abelian varieties A of dimension greater
than 1. We note that there are several sequences of elliptic curves for which similar behaviour has
been described. See [HP16, [Gril6l, [Gril8| [Gril9) (GU20] for examples.

Proof. By the BSD formula (see (1.2)) in Theorem [1.1)), we have

log ([II(J)|Reg(J)) . logr?  2log|J(K)iors| log[[,co | log L*(J)
log H(J) " logH(J) log H(J) logH(J) logH(J)"
For a fixed pair (a,b), the genus g of C' = C,p,4 is constant as ¢ varies. Hence the term

logr9/log H(J) is o(1) as ¢ — co. By Theorem 3.8 in [HP16], we have
log |J (K )tors| = o(logH(J)),

as ¢ — oo for fixed a,b, and r. Furthermore, since the local Tamagawa numbers ¢, are all equal
to 1 (see Proposition [2.5), we have log ], ¢, = 0.

Now, Theorem shows that the term log L*(.J)/log H(J) is also o(1) as ¢ — oco. All in all,
we obtain

log (|III(J)| Reg(J))
log H(J)

ce qu’il fallait démontrer. O

=1+o0(1),

8 Large Tate—Shafarevich Groups

In this section we prove Theorem which we recall for convenience:

Theorem Fiz parameters a,b, and r which satisfy the hypotheses of Theorem[I.3. Then, as
q runs through powers of p, we have

()| = H ()W,
Proof. By Corollary [I.7] we have
log (|III(J)| Reg(J]))
log H(J)

Theorem shows that given the hypotheses made on (a,b), the analytic rank of J is 0, so that
Reg(J) = 1. Hence, we have

=1+o0(1).

log [ITI(.J)|
log H(J)
as ¢ — oo through powers of p. O

=1+o0(1),
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Corollary 8.1. There are arbitrarily large integers d > 1 such that there exists an infinite sequence
of K-simple Abelian varieties A over K of dimension d satisfying

IIIL(A)| = H(A)'W a5 H(A) = 0.

Proof. Let dyg > 1 be any integer. By Lemma we may choose a pair of coprime integers (a, b)
such that a and b are both prime, (a — 1)(b — 1) > 2dp, and one of the conditions of Theorem [1.2
is satisfied. For such a pair (a, b), consider the sequence (J,p4)q of Jacobian varieties of dimension
d= (a—1)(b—2)/2 indexed by powers ¢ of p. Since both a and b are prime, Theorem [1.4] ensures
that the Jacobian J,3 4 is K-simple for any power ¢ of p. By Theorem the sequence (Jqp.q)q
satisfies |III(J,p4)| = H(Jupq) 01 as g grows. O
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A Conductor Computations

Recall that N; € Div(P!) is the conductor divisor of J/K.

Proposition A.1. We prove the statement from Theorem regarding the global degree b(J) of
the L-function L(J,T):
b(J) = deg(Ny) — 4g.

Proof. We begin by defining the conductor divisor N as a divisor on the base P!. The action of
inertia I, on the f-adic Tate module V; is tameﬂ For any place v of K, define

f(v) = dim(Vy) — dim(V;"),

and let the conductor of J be the divisor Ny := ", f(v)v on P!. By [Ser70], f(v) = 0 whenever v
is a place of good reduction for J. Plugging in dim(V;) = 2¢g gives

deg(Ny)= > (29 —dim(V}"))degv,

v bad reduction

where the sum is over places v of K where J has bad reduction. Now, we investigate the L-function
and see how its global degree relates to deg N;. Begin with the definition:

L(J,T) := [ [ det(1 = TFr, ' [V,/) ",

This product can be split up into products over good and bad places of C"

L(J,T) = [] det(1—TFe, V)™ [ det(@ — TFx, V")~
good v bad v

Let L(J,T) := [] det(1— TFr;'|V,»)~1. This gives a decomposition of the global degree:
good v

deg(L(J,T)) = deg(L(J,T)) — > dim(V;").
bad v

Since L(J,T) is rational, and since the sum ) dim(V[I“) is finite, the “complement” L(.J,T) is
bad v

also rational. From here, we need a more precise formula for deg(L(.J,T)). Let U denote the affine

open subset of P! above which J has good reduction. Since U is a punctured P!, by the étale-

singular cohomology comparison theorem, we have x (U, Qy) := dim H*(U,Q,) — dim H (U, Q,) +

dim H2(U,Qy) = 2 — 2g(P*) — r, where g(P!) is the genus of P! and r is the number of geometric

points over which J has bad reduction. That is, r is the sum of the degrees of places of bad

reduction for J, namely r = Y degv. Therefore (U, Q) =2 — 7.
bad v
The Grothendieck—Ogg—Shafarevich formula (see [Casl6]) yields that

X(U, F) = x(U,Qy) - rank(F) — > (rank(F) + Sw,(F)),
zeP\U

! [ST68| proves this when p > 2g+ 1. In our case, we can remove the hypothesis on p as follows. J becomes trivial
after a degree ab field extension. Over this extension, the action of inertia is trivial, so descending back to K gives
that the ramification degree must divide ab. But ab is prime to p, so the ramification must be tame.
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where in our case F = Vy, which is a lisse f-adic sheaf of rank dim V, = 2¢g on U. Since the action
of inertia on V; is tame (see [ST68, Corollary 2, p. 497]), this implies that

XU, F) = x(U,Qp) - rank(F) = 2g(2 — r).

Now, since deg L(J,T) = —x (U, F), we deduce that det L(.J,T) = —2¢(2 — r). Putting this back
into the equation for deg L(J,T) gives

deg(L(J,T)) = deg(L(J,T)) — > dim(V}") = —4g+ Y _ 29— > dim(V}")
bad v bad v bad v

= ) (29— dim(V;")) — 4g = deg(N,) — 4g.
bad v
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