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Abstract

Acknowledging the economic role of knowledge, education, training
and health, can preserve and make them thrive without assuming that
preferences depend on any of them. Here, living capital is defined as their
aggregate.

In a planned economy, we find that the optimal sequence of total cap-
ital is always monotonic. Depending on the productivity of total capital
(defined as the sum of physical and living capital), three different regimes
hold: bounded growth; asymptotically balanced unbounded growth or
unbalanced unbounded growth.

Only at the very early stages of development the economy devotes
all its investment effort to increase the stock of physical capital and only
physical capital. As the economy develops, it will start using living capital
in production. In the first regime, total capital converges to a steady
state with a positive stock of total capital, which is larger than the one
without living capital. In the second regime, growth becomes unbounded,
and consumption grows at a constant rate. Total capital grows at the
same rate but only asymptotically. In the third case, living capital is
used increasingly at the beginning. Once the economy is sufficiently rich,
physical capital starts growing faster than living capital.

To close, we consider a market economy with externalities from the
living. In this case, if the government levies taxes to finance the accu-
mulation of living capital and implements exactly the optimal sequence
of living capital as in the planner’s program, then the equilibrium market
prices decentralize exactly the planner’s solution.
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1 Introduction

Mankind is currently facing tremendous challenges directly or indirectly caused
by economic activities. Among these challenges, we find climate change, the
exhaustion of natural resources, the rapid loss in biodiversity, and the diffusion
of new lethal diseases. Obviously, one feels compelled to immediately reduce
production and consumption, hoping that the virtues of degrowth would re-
establish a healthier (sustainable) equilibrium as praised by Georgescu-Roegen
(1979). Tradition would suggest to consider human, social and natural capital
as productive inputs and as utils, and then to model how production damages
them. While this approach is extremely important and informative, we pro-
pose a more comprehensive measure to contain the living: living capital. Living
capital is defined as a comprehensive measure of all economic inputs that are
alive, and which are not raw labor, to acknowledge that all living things form
a unity. The fact of acknowledging the economic role of all living things can
change investment behaviors, privilege their preservation, and bring degrowth
even without introducing any negative feedback from production to living cap-
ital.

Living capital includes education, knowledge, social interactions, and a broad
definition of health, which recognizes that environmental and human health
are one and the same thing.! Besides, living capital includes all bonds and
feedbacks among all its components, and this is exactly what distinguishes living
capital from natural and social capital, and even their sum. Obviously, there
are positive and negative feedbacks, but we shall later assume that the net
feedback effect is positive making living capital resilient. The three essential
characteristics of living capital are that, first, it is not essential; second, it may
be irreversible; and third, it depreciates at a slower pace than physical capital.
Living capital is not essential because economies can produce without any living
capital, using physical capital, labor and land. And still, we prove that, once
the role of living capital is accounted for, agents, policy makers and the market
will invest and secure its growth. Living capital is irreversible when it is, for
instance, knowledge or technology embedded in the physical. Finally, regarding
the third assumption: Why does living capital depreciate slower than physical
capital? It cannot be otherwise since living capital is resilient because of the
connections among all its components. Hence it is as if we were assuming that
the positive feedbacks outperform the negative.

From a historical modelling perspective, we have observed the sequential
introduction of various types of productive capitals in economic models. The
first growth models of Ramsey (1928) and Solow (1956) focused on the role of
physical capital in human development. In the Sixties, the new growth the-

IHere we are in line with the World Health Organization, which provides with a compre-
hensive measure of health, defined by One Health as follows: "One Health is an integrated,
unifying approach that aims to sustainably balance and optimize the health of people, animals
and ecosystems. It recognizes that the health of humans, domestic and wild animals, plants,
and the wider environment (including ecosystems) are closely linked and interdependent" (see
https://www.who.int /health-topics/one-health#tab=tab_1).



ories pioneered by Arrow (1962) and Uzawa (1965) stress instead the roles of
knowledge and human capital. The notion of natural capital was sequentially
introduced in different disciplines in the early Seventies.? According to Holdren
and Ehrlich (1974) natural capital is the sum of nature’s services which range
from food production, to biodiversity warrant, conversion of waste and disease
control. For Arrow et al. (2004) natural capital includes all contributions of
nature to present and future utility. Contributions can be direct and indirect as
preserving biodiversity, flood control, water purification, etc. Only since 2012,
international organizations like the United Nations and the European Union
started collecting data to account for natural resources and nature services. Al-
though evidence is still scarce, there seems to be a strong will to render nature,
namely in terms of renewable resources and ecosystemic services, its complete
importance, including its economic role. The most recent productive capital to
enter the economic modelling scene is social capital. Coleman (1990) defines
social capital as the institutional relations between people understood widely
to include both as formal and informal relations. Soon after, Putnam (1993)
tested the concept using evidence on the Seventies Italian reform of the regional
administration, to underline in particular the connection between social capital
and the performance of institutions.

In an otherwise standard Ramsey setup in discrete time, we obtain the opti-
mal trajectories for both physical and living capital assuming that the relative
"price" between the two capitals is constant. Following Bruno et al. (2009),
Le Van et al. (2010) and Le Van et al. (2018), we characterize the dynamics
of total capital defined as the sum of the value of physical and living capital.
Depending on the productivity of total capital, three different regimes can arise:
(1) bounded growth; (2) asymptotically balanced unbounded growth; and (3)
unbalanced unbounded growth. Let us briefly describe each of them:

(1) If the sum of the productivity parameters of physical and living capital
is lower than one, then total capital converges to a steady state with a positive
stock of living capital.

(2) When this sum is equal to one, growth becomes unbounded and con-
sumption grows at a constant rate. Interestingly, total capital grows at the
same rate as consumption but only asymptotically. In fact, the economy will
optimally follow an Asymptotically Balanced Growth Path (ABGP).

(3) Finally, when the sum is greater than one, growth is unbounded for both
physical and living capital. When total capital trespasses a given threshold,
the economy starts accumulating living capital. The ratio of physical to living
capital first decreases and then it grows to infinity, after total capital grows
beyond a critical threshold.

We can read these results as both an alternative to degrowth theories and a
challenge to the literature supporting the Environmental Kuznets Curve (EKC
hereafter). Indeed, we show in cases (2) and (3) that an economy which recog-
nizes the productive role of living capital will preserve and promote it along the

2See for instance Holdren and Ehrlich (1974), Solow (1974), Hartwick (1977) and the
numerous references there on.



optimal path. Only at the very early stages of development, the economy will
devote all its investment effort to increase the stock of physical capital and only
physical capital. As the economy develops, it will start using living capital in
production in an increasing manner, relatively reducing investment in physical
capital. Once the economy is sufficiently rich and the stock of living capital
sufficiently large, but only then, physical capital will start growing faster than
living capital. Hence, our model describes an endogenous production shift that
preserves and makes thrive all living capital without assuming that preferences
depend on the living nor that production degrades the living.

We also mentioned that our model can challenge the EKC because, in case
(3), it actually describes a U-shaped relationship between economic development
and physical capital. Here, physical capital does not decrease in the long term
to privilege living capital. On the contrary, both capitals will increase together.
The premise being that the economy reached a critical development stage in
which living capital was sufficiently abundant. Among the early works that
unearthed the possibility of an inverted U-shaped relationship between produc-
tion and environmental quality when environmental damage affected negatively
welfare, let us mention John and Pecchenino (1994), Selden and Song (1995),
Stokey (1998), Jaeger (1998), Andreoni and Levinson (2001) and Bosi and Des-
marchelier (2018), among others. Regarding empirical support, see Grossman
and Krueger (1995), Harbaoug et al. (2002) or Haberl et al. (2020). Our results
could even be related to the imbalance effect revealed in Ouattara et al. (2016)
in the context of tourism-based economies. Like us, they find that economies
should first build a sufficiently large stock of capital and infrastructure that
will ensure the optimal economic trajectory, before devoting resources to nature
preservation.

Let us close our brief review of the related literature by mentioning some
complementary works, which have adopted different perspectives. As men-
tioned, ours is a standard Ramsey framework and it does not deal with the
problem of sustainability. We could have claimed to do so by trivially sum-
marizing some of the findings in the literature in social welfare considering a
sufficiently small discount factor, or a scrap function in the objective function to
signal that the policy maker cared about the final state of living capital.®* How-
ever, sustainability deserves a more careful treatment, possible only once living
capital is fully understood as a productive factor. Regarding agents’ predator
behavior, Van der Ploeg (2010) shows that cooperation among agents is cru-
cial for environmental preservation when natural capital can be converted into
physical capital. Institutions are also pointed out as key warrants of natural
preservation in Veeman and Politylo (2003) and Arrow et al. (2004) (among
others). We also understand from the later that we should rest cautious about
technological progress since it can increase production without bounds and with-
out accounting for all its consequences. As Arrow et al. (2004), Ehrlich et al.
(2012) also highlight the effects that uncontrolled population growth could have

3See for an introduction to the subject Chichilnisky (1977, 1982, 1996, 1997), Fleurbaey
(2009), Fleurbaey and Zuber (2013) or Cairns et al. (2019), and all the references therein and
thereafter. Obviously, our reference list is not exhaustive.



on the environment. While all these channels remain key, we have intentionally
excluded them from our analysis to study how economic recognition alone can
secure living capital.

Finally, let us mention that from a strict technical point of view, and regard-
ing the dynamic behavior of the optimal trajectories, our results are in line with
Le Van et al. (2010). It is shown that if human capital and new technologies
are sufficiently efficient, then investment in human capital and new technologies
turn out to be larger than investment in physical capital. Conversely, in Le Van
et al. (2018), investment in physical capital remains larger than investment in
social capital in the long run.

After studying the social planner problem, we consider the market economy
with living externalities. In this case, we show that if the government levies
taxes to finance the accumulation of living capital and implements exactly the
optimal sequence of living capital obtained in the planner’s program, then the
equilibrium market prices exactly decentralize the planner’s solution. Note that
we are able to provide the explicit sequences of these market prices.

The rest of the paper is organized as follows. In section 2, we solve the social
planner’s problem by proving the existence of an optimal path and providing
a global analysis of economic trajectories. These results are complemented by
numerical simulations. In section 3, we consider a market economy with living
externalities and we compute the competitive equilibrium. Section 4 concludes.
All proofs are gathered in the Appendix.

2 Social planner

Let us begin with the policy maker’s problem. The policy maker needs to decide
on both the sequences of physical and living capital that will maximize overall
social welfare.

2.1 Fundamentals

Our economy is endowed with three factors to produce a unique final good,
which is used for all purposes. These three productive factors are labor, physical
capital and living capital. Denoting by K; and L; physical and living capital,
let us assume that their evolution in time is described as follows:

Kiyn = IE+(1-0kg)K; (1)
Liyi = IF4+(1-00) L (2)

where I/ and I} stand for investment in each of the capitals at time ¢, and
d0x and dy, are their depreciation rates. Plausibly, we can suppose that living
capital depreciates less than physical capital. Let us also assume that output
and physical capital are the same good.



Let ¢ be the constant "price" of living capital in terms of output. Then,
total capital at time ¢ is given by:

Xt = Kt +th

Note that there is not an a priori reason why the growth processes of physical
and living capital could not follow different trajectories and trends. Further-
more, physical capital could experience degrowth while total capital grows. This
is exactly the situation we analyze and characterize here, and we will delve with
it in detail once the model is fully presented and completely solved analytically.

The final good sector utilizes both capitals together with labor, N, blending
their specific services. However, as we will see next, each input has a very
different role in production. Let us denote by Y; total output at time ¢. Then,

Y = A1+ L) KON} (3)

Our approach departs from the literature on climate change and, instead of
modelling environmental damages from production, the production function in
(3) reveals how living capital enhances productivity.*

Let us introduce some plausible parameter restrictions on technology and
capital depreciation, which are assumed to hold throughout the paper, even if
not mentioned explicitly. Our first assumption ensures that positive production
is possible without any living capital, while production is zero without physical
capital.

Assumption 10<0<1,0<a<1,A>0,A>0and 0<dy <dg <1.

Regarding labor, let us assume an inelastic labor supply: N, = N = 1 for
any ¢. Then we can write Y; as ¥; = A (1 + AL;)" K2

There exists a planner who maximizes a classic time discounted intertempo-
ral utility function Y ,° Bt1n¢;, where 8 is the time discount parameter with
0 < 8 < 1. The policy maker needs to take into account a sequence of con-
straints:

o+ I +qIF < A(1+ L)’ K2

for all ¢ > 0, given Ky, Lo > 0. Note that investment in natural capital needs
to be multiplied by ¢, the transformation price. Using (1) and (2), we can write
the overall resource constraint of the economy at time ¢ as

o+ Kip1 — (1 —05) Ky 4 q[Ligr — (1= 61) L] < A(1+ AL)? K©

Remark 1 Consumption good and physical capital are the same good, while
the investment in living capital may be irreversible. As a result, physical capital
can actually be consumed, and in that case ItK = Ki1— (1—0x) Ky <0 at
some t. We have also assumed that living capital cannot be transformed into the
consumption good, that is I} = Ly — (1 —61) Ly > 0 for all t. Note that this

4 Alternatively, living capital could also be interpreted as a part of the Total Factor Pro-
ductivity (TFP) of physical capital and labor. A higher stock of living capital would make
both physical capital and labor more productive. Our results do not depend on this specific
interpretation.



assumption is compatible with degrowth in living capital at some period t, that
ts Lyy1 < Ly, provided that ItL < 1 L;. However, the irreversibility assumption
becomes superfluous, because as we will see, the economy always experiences
growth in living capital along the optimal trajectory.

We can define gross production as
F(K L) = A1+ M) K& + (1= 6x) Ky +q(1—61) Ly (4)
so that gross savings at time ¢ coincides with X1, that is
X1 =K1+ gl
Accordingly, the resource constraint at ¢ can be rewritten as:
¢+ Xpp1 < F (K, Ly)

Hence, the social planner’s problem becomes:

max Z A ne

t=0

subject to
e+ Xep1 < F (Xy) (5)

given the initial condition Xy > 0, where
F(Xy) =max{F (K, Ly) : Ky + qLy < X4} (6)

is the maximal gross output given the aggregate capital X;.

Our analysis begins by proving the existence of a (unique) critical level of
total capital, X, with the following characteristic: if the economy’s stock of
total capital lies below X, then production does not use any living capital, that
is X, = K;. However, beyond X, production will always include some living
capital. We will come back to this result and its implications after we actually
prove it. For now, let us start by proving that this critical value X is the unique
solution to equation

F(X)=q(0x —65) >0 (7)

where f (X) = (ag — MX) AX*~L. Note that function f is continuous for any
X > 0, strictly decreasing from oo to 0 in (0, g/ (A0)], and negative for any
X > aq/ (\). Therefore, equation (7) has a unique solution X and, clearly,
this solution satisfies

0<X < %% (8)

Before presenting our first results, we would like to underline that the model’s
dynamics are driven by « and @, the productivity parameters for physical and
living capital. Furthermore, their sum,

y=a+60>0



captures the productivity of total capital, and the ratio «/6, the relative pro-
ductivity of physical to living capital. As we will see, the magnitude of ~, less or
greater than one, does determine whether the economy will experience bounded
or unbounded growth.

Lemma 2 (maximal gross output) Function F has the following properties:
(1) If X; < X, then L* (X;) =0 and K* (X;) = X;, and F is given by

F(Xy) =AXP 4+ (1—0k) Xy 9)

(2) If X, > X, then L, = L*(X;) € (0,X;/q) is the solution to L (L;) =

L (L)
R (L)

MA(1+ ML) (X — qL)™ + ¢bx (10)
agA (14 ML) (X, — qL)* " + ¢61, (11)

and Ky = K* (Xy) = Xy — qL* (Xy) € (0,Xy). F is given by

-7:(Xt) = F(K* (Xt) ,L” (Xt))
= AL+ AL (X)) [X; — gL (X))
+(1=0x) [Xt — gL (Xo)] + (1 = 61) gL™ (X) (12)

(8) Function F is continuous, strictly increasing and differentiable for any
X; >0, and so it is at X; = X.

(4) Functions K* (X;) and L* (X;) are strictly increasing for X; > X.

(5) F is strictly concave if Xy < X. If Xy > X, F is strictly concave if and
only if v < 1.

Lemma 2 shows that poor economies, those whose total capital lies below the
threshold, do not consider living capital as a production factor. In particular,
Lemma 2 proves that economies below the threshold will specialize in "heavy"
industries, relying uniquely on physical capital. This result could be even more
consequential if industrial pollution and its damage was introduced in the model.
Indeed, most probably we would see a "living poverty trap" emerge in which
poor countries would not contemplate living capital as linked to production, and
could never do so since they would induce irreversible damages to living and
physical capital that would retain them below the threshold, in the trap.

In order to gain further understanding on the structure of the economy, we
define the ratio of physical to living capital as

_ K (Xy)
C(Xt) = o (X))

As proven in Lemma 2, this ratio is only defined on (X, c0) since L* (X;) = 0
for values of X; below X.



Lemma 3 (asymptotic properties of capitals) Physical and living capital
have the following asymptotic properties:

(1) When aggregate capital is unbounded, its components are unbounded as
well:

Xltigloo L*(X;) = o©
XltiinOC K" (X)) = o
(2) If v < 1, then
X{iglooL)ft) <l-4d<1

(3) If v = 1, there exists ju € (0, /0] such that, for any sequence (X,) with
lim,, o X,, = 00, we have

p<lim inf ¢(X,)<lim sup ¢(X,) < %

n—0oo

(4) If v > 1, function ¢ has the following properties:

lim ((X:y) = oo
Xi—X—

i - ¢

XPE}OOC(XIS) n 0

Moreover, if 6k > 01, ¢ (Xt) < a/8 for any X, large enough.

Some comments are in order. Although point (1) could seem a priori a
trivial result, it is absolutely not. Point (1) proves that if total capital increases
to infinite, then both physical and living capital necessarily grow boundless.
That is to say, if the optimal solution implies that total capital will grow forever,
it will be impossible to observe a trajectory along which, for instance, physical
capital will grow while living capital will decrease to reach zero. Both capitals
need to grow in order to sustain the infinite accumulation of total capital.

Points (2), (3) and (4) study the limit behavior of some ratios depending on
the productivity of total capital. Note that these limits are taken with respect
to total capital or time. If total capital productivity is smaller than 1, then case
(2) shows that production per unit of total capital will be bounded by 1 — ¢y,
that is by the persistence of living capital.

According to (3), if v = 1, that is, if § = 1 — o and production can be
understood as a Cobb-Douglas production function in physical and living cap-
ital, then the ratio of physical capital to living capital will remain with time
between p and a/6 = a/ (1 — «). The upper limit of the ratio of physical to
living capital is the ratio between their productivity parameters. That is to say,
the ratio of the capitals does not necessarily converge towards the ratio of their
productivities, it could remain "stuck" below. If on the contrary the production
function exhibits increasing returns to scale, i.e. v > 1 then we have that first,
the ratio of capitals does converge to «/6 when total capital tends to infinite.



Second, if total capital converges (from above) towards X, then the ratio of
physical to living capital will tend to infinite (as living capital will tend to zero
as shown in Lemma 2).

On the technical side, we observe that the maximization in (6) takes place
at any period, included ¢ = 0. Thus, given (Ko, Lo) and, then, Xo = K + qLo,
the initial physical and natural capitals available for production are possi-
bly different and equal to (K* (Xo),L* (Xo)) = (Xo,0) if Xo < X, and to
(K™ (Xo), L* (Xo)) = (Xo—qL"(Xo),L" (Xo)) with L*(Xo) € (0,Xo/q) if
Xo > X.

2.2 Existence of an optimal path

The following two lemmas prove that, first, the utility function either converges
to a finite real number or diverges to —oo, and second and most importantly,
they also show that the utility function has a maximum.

As a preliminary step, we need to characterize the steady state of an economy
where living capital does not play any role. Then we tackle the more general
case.

When living capital does not have any role in production, that is, when

A =0, then
_ aA T
= (555 (1)

If we further assume that both capitals depreciate at the same rate, that is, if
Sk =01, then X; < X = o0, L* (Xt) = 0 and K* (X;) = X;. The maximum
of production is F (X;) = AX + (1 — dx) X;. Since there is only one capital
in the model now, we naturally recover the traditional Ramsey model. Then,
recall that the Modified Golden Rule is the Euler equation at the steady state,
that is: «AX* 1 +1— 6 = 1/B. As a result, the steady state without living

capital is given by )
5 afA T-a
*= {15(15@] (14

Let us deal next with the general case in which A # 0. We shall assume in
the following that the threshold of total capital is below the Modified Golden
Rule:

Assumption 2 X < X.

Assumption 2 is satisfied when living capital is very efficient, that is, when
both of L;’s productivity parameters A and 6 are high, or when the "relative
price" of living capital ¢ is low. Indeed, when A\ and 6 are large enough or g is
sufficiently small, we have that

X<—=<X

<I2
L)

In order to prove the following lemma, we introduce a third critical value for

10



total capital X defined as:

X = <%> o (15)

and compare the three critical values for total capital defined in (13), (14) and
(15). Since «, 8 € (0,1), we have X < X and, because of Assumption 2,

X<X<X (16)

Lemma 4 (convergence of intertemporal utility) Let 0 < v < 1/8. Un-
der Assumption 2, the objective function of the policy maker is finite, that is
Sco B'Ine, < oo for any Xo > 0. Moreover, the limit of the utility function
along any feasible path exists. It converges to a finite real number or to —oo:
By oo 3o 81 I [F (X)) — Xy41] € RU{—00}.

We can re-write the policy maker’s objective as S ;o 8" In [F (X3) — Xi11]
using (5). Note that the objective function is now an infinite sum which de-
pends exclusively on the sequence of total capital. Let II(X() denote the set
of sequences of composite capital stocks X = (Xt)fio, feasible from Xy, that is
the set of X = (X;),o, such that 0 < X;; < F(X;) for any ¢t > 0. We can
prove that there exists an optimal solution to the planner’s problem.

Proposition 5 (existence of an optimal path) Let 0 < v < 1/8. Under
Assumption 2, the function U (X) = 352 8 In[F (X;) — Xi41] is upper semi-
continuous in 11 (Xo) with respect to the product topology and it attains a maz-
imum in I (Xg).

2.3 Dynamics

Having proved the existence of a solution to the social planner problem, and
having characterized some of the asymptotic properties of feasible trajectories
for X4, let us study next the problem of the convergence of the optimal solution.
Although we have made an effort to keep our setting as simple as possible on the
technical side, production involves two different types of capital which differ not
only in their definition but also in their role in production. Hence, our problem
is essentially complex.

The following lemma provides us with interesting and extremely useful re-
sults: the optimal path of total capital is monotonic. Furthermore, it also shows
that the stock of living capital is positive from a critical date on.

Lemma 6 (monotonicity and threshold) Let X, > 0. The optimal se-
quence (Xi)po o s monotonic. Furthermore, the optimal solution does not con-
verge to zero when t — oco. Moreover, there exists T such that, for any t > T,
the sequence remains above the threshold, that s, total capital is always larger
than X: X; > X, and the optimal natural capital is positive, Ly > 0, for any
t>T.

11



In particular, the previous lemma implies that if the economy is sufficiently
well endowed at t = 0, that is, if Xg > X, then T = 0, implying that living
capital is always strictly positive along the optimal solution.

Remark 7 Our lemma can also be read as follows. If Xo < X, then the optimal
sequence is monotonically increasing and there will be a time T at which total
capital will be equal to X, when the economy will start employing living capital
in production. After T, total capital will continue growing so that living capital
will always be positive after T. Otherwise, if Xo > X, then the optimal sequence
of capital could be either monotonic increasing or decreasing. What we know
for sure is that the sequence remains above the threshold for all t, and that the
economy always involves living capital in production.

Whether the optimal sequence reaches a steady state or whether it increases
forever is the subject of the next series of three propositions. These propositions
distinguish three cases depending on whether the productivity parameter of total
capital is smaller, equal or larger than one.

Proposition 8 (bounded growth) If v < 1, the optimal sequence (X);,
converges to a steady state X*. This steady state is larger than the modified
golden rule steady state value for X; without living capital: X* > X.

We know from Lemma 6 that any optimal sequence includes some living
capital from a time T onwards, so that the limit value of total capital does
include a positive amount of living capital. What Proposition 8 further offers
is the proof that taking into account the services of nature and human capital
as part of the production function leads the economy towards a higher level of
total capital. However, since the maintenance of living capital requires some of
the final good, the increase in living capital could come in detriment of physi-
cal capital. Although this increase could also come from the extra production
generated, or from an extraordinary effort in savings, truth is we do not have
the answer this far and the comparison established with the standard Ramsey
model could just stop at total capital. The following lemma sheds light on the
asymptotic composition of total capital.

Lemma 9 Let v < 1. If 6 = 6L, then

o 1 o
li =—(14— =
MG =g ( * )\L*> ~ 9
where L* is the stationary stock of living capital.

Then, when i = d, living capital does enhance the accumulation of phys-
ical capital in the long run since the ratio physical to living capital is strictly
larger than the ratio of their productivities. In other words, physical capital is
accumulated beyond its "relative productivity".

When the parameter of total productivity of both capitals is equal to one, we
obtain a balanced growth path as one would have expected in light of similar

12



results in the standard Ramsey model. The following proposition character-
izes the optimal trajectories and growth rates for consumption and each of the
capitals.

Proposition 10 (asymptotically balanced unbounded growth) Ify =1,
then the optimal paths are given by

o0 = @l (X))

Xew = alpF (X)]' %—z
Liyi = < [BF (X %—z—X)qul)\X
Ky = < [BF (X %—H%)qiix
where
2=d 1+7F(‘5_L)_1] (17)

and ¢y is the value of initial consumption which maximizes

) = g 5t (e [57 (X)]')

1+#D

hm K = thm L =

The maximum 1s attained at

a0 = (1-B)F (X) <XO+§

Therefore, growth is unbounded

with K N
lim —+ = X2 <2 1
5 4L, q~ 0 18)
but asymptotically balanced
Livi  Kipn  Xeyn o1 BF (X) > 1 (19)

Ly Ky Xt Ct
along the ABGP (Asymptotically Balanced Growth Path).

Let us close this section by characterizing the optimal solution when 1 < v <
1/6. In this case, the optimal solution exhibits unbalanced unbounded growth:

13



Proposition 11 (unbalanced unbounded growth) Let 1 <y < 1/3. The
optimal sequence (Xt)fio converges to infinity with limy_oo Ly = limy_ oo K; =
oo and i
. BERT Ny g
tliglo Gt = tlggl@ qL: 6 (20)
(1) If S = O, the capital ratio always stays above its limit, that is, the ratio
physical to living capital converges towards its limit value from above. Then, we

have that for any t:
K, a1l a o«

=" =——4—->—
C =L T NL 070
(2) If 0k > 01, then the sequence of capital ratios ((;) is uniformly bounded
away from zero and from co. Moreover, when X is sufficiently close to X from
the right, ¢’ (X;) < 0, and when X, is sufficiently large, ¢’ (X) > 0. If S > 6,
and Xy is large enough, then ¢ (X;) < a/6.

Proposition 11 shows that when total capital is very efficient, 1 < vy < 1/8,
both physical and living capital grow without bound (lim;—, . K} = lim; o L} =
00), and so does total capital (limx o, X; = 00). When 1 < v < 1/ and living
capital is more efficient than physical capital, i.e. 6 > «, then the economy ends
up accumulating relatively more living capital in the long run:

lim ﬁ <1
t—o0 qLy

Now, let us come back to Proposition 11. The proposition clearly shows that
when physical capital and living capital wear down at the same rate, so that
capitals are indistinguishable from this point of view, then ¢, > «/6 for all
t. As mentioned, the economy will optimally accumulate more physical capital
in relative terms than its relative productivity. The more productive physical
capital, the more the economy will favor it. However, the most interesting result
is presented in point (2). Since 1 <y < 1/8, we know that total capital will be
monotonically increasing. What point (2) brings anew is that, when physical
capital deteriorates faster than living capital, the composition of total capital
will vary with time. When total capital is low, close to X and that the econ-
omy has recently started incorporating nature and human capital services into
account for production purposes, the economy privileges investment in living
capital so that the ratio ¢, decreases. Then, when total capital becomes large
enough, then its relative composition changes letting physical capital dominate
the mix from that moment onwards. In this respect, stressing the role of the nat-
ural component in the living capital, we can say that there our model generates
a reverse environmental Kuznets curve.

Before closing this section, let us study the role of the relative price ¢ on the
growth rate of both capitals when v = 1, and the ratio between physical and
living capital when 1 <~y < 1/8:

Corollary 12 (impact of the relative price on growth) Let us distinguish
two cases:

14



(1) When v = 1 the growth factor Kii1/Ky ~ Liy1/Ly asymptotically de-
creases with q. Moreover, in the limit, the capital ratio K;/L: increases in q,
that is, the economy uses more physical than living capital in the long run.

(2) When 1 <~ < 1/8, the ratio K¢/L asymptotically increases with q.

These results deserve some conclusive comments:

(1) According to Proposition 8, when v < 1, degrowth is possible when the
initial value of total capital is larger then the steady state, Xy > X*, as in the
standard Ramsey model.

(2) Corollary 12 shows that an increase in the relative price of living capital
will slow down the economy when v = 1. In this case, ¢ has a negative impact
on growth because, as shown in the proof, in the long run, the critical value X
of total capital increases, lowering in turn total productivity, F’ (X )

(3) When ~ is larger than one, Corollary 12 proves that an increase in the
relative price of living capital ¢ increases the relative amount of physical capital
with respect to living capital in the long run. Indeed, the limit ratio qo/6
depends both on this price and «/6, the comparative advantage of physical
capital in terms of productivity (see also the proof).

2.4 Simulations

We close this section providing some numerical illustrations to offer some an-
swers to the remaining open questions.

Note that while illustrating the cases when v < 1 has little interest since all
trajectories are explicit, it is extremely informative to obtain more information
on the transition dynamics in the more challenging case of unbalanced and
unbounded growth when 1 < v < 1/3. Here, we define adequate ratios for each
case that converge in the long-run. Then, from that converging sequence we
will be able to recover (numerically this time) some further information on the
original capitals or ratios. Let us consider the following subcases: (1) dx = 0y,
and (2) g > 0.

When the depreciation rates are equal, it is possible to write the dynamics in
variable (;, which, we know, converges to a limit o/ according to Proposition
11.

Proposition 13 (simulations with equal depreciation rates) Let1 <y <
1/8 and éx = 0. The optimal dynamics are driven by the Euler equation

P (<t+1a Ct+2)

=BF (X 21
'(ZJ (Ct,ct+1) B ( (Ct+1)) ( )
where
P (<t7<t+1) =F(X(¢) - X (Ct+1) =Gt (22)
represents the resource constraint and
_ _gqag to
Xe=X(() = XGC:**&
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total capital.
The optimal trajectory for ¢, is determined by (21) together with the transver-
sality condition:
lim ¢, = =
tggo t 0
Using (69) and (22), we will obtain the sequences of total capital (X;),~,
and consumption (c;); .
When the depreciation rates are different, it is possible to write the optimal
dynamics in terms of a new variable ,, which also converges to a limit A/ (aq).

Proposition 14 (simulations with different depreciation rates) Let1 <
v<1/8 and dx > dr.. Economic dynamics are driven by a recursive transition
function

P2 = T (%Dta SDH-l) (23)
where L+ ALY (X))
— (X)) = — = U 24
SOt SO( t) Xt_qL* (Xf) ( )
and

T (‘Ptv‘PtH) =@ (f (@71 (<Pt+1)) - BF (‘Pfl (Wt+1)) [-7: (‘»‘771 (‘Pt)) - @71 (‘Pt+1)])

The trajectory is determined by (23) jointly with the transversality condition:
A0

tll>nolo Pr = a_q
We close this paper by using the theoretical results presented in the previ-
ous subsection in some numerical illustrations that will complete the long-term
description of the dynamics of our model.
In the first simulation, we assume that both physical and living capital de-
preciate at the same rate: dx = 67, = 0.04. The calibration is summarized in
the following table.

A TFP 1/2
« physical capital productivity parameter 1/3
0 living capital productivity parameter 2/3+40.01

) time discount 0.99
0r  physical capital depreciation rate 0.04
07, living capital depreciation rate 0.04
q relative price of living capital 1/2
A living capital parameter 1/2

Figures 1 and 2 present the dynamics corresponding to point (1) of Propo-
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sition 11, that is to Proposition 13.

0.5 -

0 5 10 15 0 5 10

Time

Fig. 1 Fig. 2

Our program uses the fact that the ratio ¢ converges towards a/6 and re-
covers backwards the trajectory for ¢ (Figure 1). Using this trajectory, we are
able to compute the optimal trajectories for X, K and L. Our results show that
under our calibration, when 1 < < 1/f, all original variables grow with time.
Besides, natural capital grows faster than physical capital until ¢ approaches
the steady state. Once ( reaches its steady state, both capitals grow at the
same rate forever (Figure 2).

Now, let us assume different depreciation rates for physical and living capital:
0 = 0.04 > §r, = 0.039. We have also modified the calibration to better show
the dynamics according to the following table.

A TFP 1
« physical capital productivity parameter 2/3
0 living capital productivity parameter 1/3 4 0.0001

I3 time discount 0.99
d0x  physical capital depreciation rate 0.04
07, living capital depreciation rate 0.039
q relative price of living capital 1/4
A living capital parameter 1/2

Using equation (7), we compute X = 0.9982 and we fix Xy = 0.9983, just
slightly larger than X. Moreover, we choose Ko = (3/4) Xo so that Ly =
(Xo — Ko) /g = 0.9983. In this set-up, Figures 3 and 4 present the physical and
living capital dynamics corresponding to point (2) of Proposition 11, that is to
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Proposition 14.

s ~=qL

s
Time

Fig. 4

As predicted by Proposition 11, when X is close to X, ¢ decreases with
time. Both physical and living capital grow forever.

3 Optimal growth and competitive equilibrium
with living externalities

To complete our analysis, we consider in this section alternative problems where
the decision maker takes as given the trajectory for living capital. Moreover,
living capital coincides with the optimal trajectory from the planner’s program
(P0). We will say that there are externalities from the living capital or "living
externalities".

In the first subsection, we compare (P0) to the problem of a policy maker
identical to that of the previous section except that, as mentioned, she takes
living capital to be equal to its optimal trajectory in (P0). We prove that
both problems have the same optimal solution for physical capital, and hence
consumption. In the final subsection, we consider instead a market economy.
There, the policy maker will also take living capital as given and will levy taxes
to finance investment in living capital. We prove in our last theorem that there
exists a sequence for prices which decentralizes the policy maker’s problem and
ensures that the economy will follow the optimal solution for (P0).

3.1 Optimal growth with living externalities

Reconsider gross output (4) and maximal output (6) with total capital X; =
K; 4+ qL; given. A solution (K* (X;),L* (X)), satisfies

F(Xy) =A[l+AL" (Xt)]g K*(X)"+ (1 —6g) K* (Xy) +q(1 —61) L* (Xy)
Let us redefine gross output as a function of total capital and living capital:

G(Xi, L) = A1+ ML) (X — qL)™ + (1 — 0x) (Xy — qLy) + q (1 — 61) Ly
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and denote the first derivatives of G by Gx and Gr. We know that L* (X}) is
solution to Gr, (Xi, L) = 0. Invoking the Envelope Theorem, we have

F'(Xp) = Gx (X4, L™ (X4)) + G (X, L7 (X)) LY (Xy) = Gx (X, L7 (X3))
when X; > X (that is L* > 0). Hence, if X; > X,
F (X)) = Gx (Xp, L* (Xy)) = @A[1 + AL* (X))° [ Xy — qL* (X)) ' +1 -6k

We observe that F' (Xy) = Fr (K, L* (X¢)) > 0.

In the following subsections, we compare the initial planner’s program (P0)
to the new program (P1), where the planner chooses the optimal sequence
(K{),2, taking as given the sequence (Lj);°, solution to (P0). In program
(P1), (L}),2, is just a particular sequence of externalities from the living. From
now on, for simplicity, we denote a sequence (2;),—, by ().

3.1.1 Optimal growth

Let us begin by recalling the initial program (P0) and the most salient asymp-
totic properties of its optimal solution.
(P0) Optimal growth.

oo

max Btu (e
(K,,Ln; (@)

¢t + K1+ qLlip1 < F (K, Ly)

for any ¢t > 0.

Let (K7, Lj);2, be the optimal path of program (P0) with (K§,L§) =
(Ko, Lo). Assuming u(c) = Ine¢, we have obtained the following properties of
the optimal sequence (K, L;) depending on the "total productivity" parameter
y=a+0.

(1) If v < 1, then (K7, L) converges to the steady state (K*, L*) with

K; K*
1m =
t—oo gLy  qL*

(25)

(2) If v = 1, growth is unbounded and asymptotically balanced with

Kr -\
lim —L =X=<

(6%
— 26
gLy = g 0 (26)

(3) If 1 <y < 1/, growth is unbounded and unbalanced with
Ky _

I 2
s qLi 0
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3.1.2 Optimal growth with living externalities

Let us assume that the planner takes as given the optimal sequence of living

externalities (L), which is the optimal solution to (P0), and that she maximizes

her objective function with respect to the sequence of physical capital levels

(K). This problem is denoted by (P1), and it is defined and solved below.
(P1) Optimal growth with living externalities.

max Z Bru(cy)
=0

(Ke) =

e+ Kiy1 <M (Ko, L, Ly, )

for any ¢ > 0, where M (K, L}, L}, ) = F (K, L}) — qLj 4.

There exists an optimal solution (Kt) Furthermore, this solution is unique
because of the strict concavity of F' (K, L) in K and the strict concavity of Inc
in c.

One can prove that the optimal solutions to (P1) and (P0) coincide, that is
(K:) = (K;), where (K}) is the optimal solution to (P0). Indeed, maximizing
the Lagrangian function

oo o0
> Bule) + > M [F(Ky, Ly) — ¢ — Kipa — L]
t=0 t=0

we obtain the first-order conditions \; = 8w’ (¢;) and Ay = \y1 Fi (Kep1, Ly )
for any t. As usual, the first order conditions can be combined to get the Euler
equation
' (cr)
v (Ci11)
which coincides with the Euler equation of program (P0).

= BFk (K1, Ly} ) = BF (Xi41)

3.2 Competitive equilibrium with living externalities

Next, we consider a market economy where the sequence of living capital (L;)
is given. In particular, let us assume that the market economy takes the
optimal sequence (Lj) as given. In other terms, it is as if the government
chooses (L) = (LF), which is attainable by levying an opportune sequence of
real taxes (77) to finance the first-best accumulation of living capital, that is
7 =q[Li - (1-61) L7].

The firm chooses the sequence of physical capital demand (K;) that maxi-
mizes its intertemporal profit:

Y \t=0

At the same time, the representative agent maximizes her intertemporal
utility function under the intertemporal budget constraint: » . obict = T +
r*Ky. The associated competitive equilibrium (P2) is defined as follows:
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(P2) Competitive equilibrium (p}, ¢*, K;) with (L}) as externality.

(P2) comprehends the firm’s and the representative consumer’s problems
and the clearing of all markets:

(1) The firm chooses the sequence of physical capital demand (K;) to max-
imize the profit:

o0
7" = max (ZP? [M (K, Ly, L) — K] — T‘*K())

Profit maximization gives

i :P:HMK (Kt+1>Lf+1a §+2) ZPIHFK (Kt+1»Lr+1)
for any ¢t > 0.

Remark 15 We observe that there is only one firm acting as a competitive firm
without market power. In other terms, the firm takes prices as given and does
not play strategically by exploiting its market power. In the case of constant
returns to scale, a zero profit condition holds and maximizing the profits of a
large number of firms yields the same solution in terms of optimal aggregate
demand for capital than maximizing the profit of an aggregate firm. However,
in our case, returns to scale are not constant and we assume that the unique
existing firm is a price taker. Even if this is a strong assumption, we can
partially justify it by noticing that the capital good and the consumption good
are the same and the firms shares the market power with many consumers.

(2) The representative consumer maximizes her intertemporal utility func-
tion under an intertemporal budget constraint:

t
max uc
na ;ﬂ (ce)

o0
ZPZ‘Q <7 +1°K
t=0

where 7* is the profit she earns as (unique) shareholder. r* is the price of K at
period —1. Indeed, note that physical capital is bought one period before being
used.

(3) All markets clear:

¢+ Kt*+1 =M (K:7 L;tk7 L:+1)
with K¢ = K.

Our final theorem provides with the prices that allow to decentralize the
policy maker’s solution.
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Theorem 16 Let 0 < v < 1/ and let the sequence (c;i, K;) be solution to
(P1). Define

Py ' (cp) = B'/c;
= piMy (Ko, L, L) = aA(1+ ALo)? K& +1 -6k

Then (r*, (pf,c;, Ki)joo) is a competitive equilibrium where (L}), solution
to (P0), is a sequence of externalities.

Note that the price the firm has to pay for K increases with the relative pro-
ductivity of living capital, A, and with 6, its share in production. Additionally,
r* also increases with the initial level of living capital.

4 Conclusion

We have defined living capital as a comprehensive measure of all economic inputs
that are alive. The three characteristics of living capital are that: first, it is not
essential; second, it is irreversible; third, it depreciates at a slower pace than
physical capital. Among these, the one that makes living capital truly different
from any other productive capital is its non-essentiality, which means that the
economy could very well produce without living capital.

Then, we defined total capital as a sum of physical and living capital in
terms of value and we have considered, first, the planner’s solution and, then,
the market economy.

In the case of the policy maker’s problem, we have shown that the optimal
sequence of capital is always monotonic. Depending on the productivity of total
capital, three different regimes hold: (1) bounded growth; (2) asymptotically
balanced unbounded growth; (3) unbalanced unbounded growth. In case (1),
when the sum of the productivity parameters of physical and living capital is
lower than one, total capital converges to a steady state with a positive stock
of living capital, which is larger than the one without living capital. In the
second case, when this sum is equal to one, growth becomes unbounded and the
economy experiences an asymptotically balanced growth path. Finally, in case
(3), when the sum of the productivity parameters of physical and living capital
is greater than one, growth is unbounded for both physical and living capital.
Clearly, this implies that total capital grows forever. Beyond a critical point of
total capital, living capital starts to grow but the ratio physical to living capital
first decreases and then, after a critical date, it grows to infinity.

In the case of a market economy, we show that if the government levies taxes
to finance the accumulation of living capital and implements exactly the optimal
sequence of living capital as in the planner’s program, then the equilibrium
market prices decentralize exactly the planner’s solution. We provide the explicit
sequence of market prices.
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5 Appendix

Proof of Lemma 2

We maximize F(K;, L) = A1+ ML) K + (1 —0x) Ky + (1 —61) gLy
under the constraint K; + qL; < X; with Ly, Ky > 0.

We observe that F (X; — gL, L) is strictly concave in Ly:

22 )

[F (X — qLs, Ly)]"
AT Yo p—" A
(14 ALy)? Ky (14 ALy)

A1+ ML)’ Ky

z—a(l—a);—;—e(l—ﬁ)

that is [F (X; — gLy, Lt)]” < 0.

Equivalently, we can maximize A (14 AL;)? (X; — qL)* + (0x — 61) gLt
with respect to L; > 0.

If L; > 0, we obtain the first-order condition:

MA(1+ L) (X, — qLi)*—agA (1 4+ ML) (X; — qL)* '+q (0 — 1) =0

(28)
or, equivalently, £ (L;) = R (L:), where £ (L) and R (L;) are given by (10) and
(11).

We observe that, for L € [0, X/q), £’ (L) <0 and R’ (L) > 0.

Moreover, limz, .o £ (L) = MAX + ¢dk, limg, o R (Li) = agAX ! +
qor, limp, x,/q £(Ly) = qd and limy, . x, /- R (L) = 0.

Thus, there exists a unique value L* € [0, X;/q) such that £ (L*) = R (L*)
if and only if NAX® + ¢0x > agAX? ™' + ¢oyL.

The critical value X is defined by MAX® + ¢dx = agAX* ! + ¢, that is
by (7). B -

When X; = X, then L* = 0; when X; > X, then L* > 0 because
MAXY + @0k — agAXP 1 — ¢dr, > 0 (indeed, the LHS of this inequality is
strictly increasing in X3).

Therefore, we obtain the following.

(1) If X; < X, then L*(X;) = 0 and K* (X;) = X;, and the maximum is
given by (9).

(2) If X; > X, then L* (X;) € (0, X;/q) and the maximum is given by (12).

(3) Functions (9) and (12) are continuous and differentiable in [0,X) and
(X , oo) respectively. Moreover, they are also continuous at X = X:

lim  F(X,)
X;— X+
= lm {A@ F ALY (Xy — gL + (1 - 0x) (Xe — qL*) + (1 — 61 qL*]
= AXP+(1-6x)Xe= lim F(Xy)

X —X—

~ We apply the Envelope Theorem to prove the differentiability of F at X; =
X. Let us define

G(Xp, L) = A1+ ML) (X — qL)™ + (1 — 6x) (Xy — qLy) + (1 — 61) gLy
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and denote the first derivatives by Gx and Gp.
We know that L* (X;) is solution to Gz, (Xy, L) = 0. We observe that, if
X; > X (that is L* > 0), then by the Envelope Theorem,

F(Xe) = Gx (X4, L (X)) + G (X4, LT (X)) LY (X)) = Gx (X, L™ (X))
Hence, if X; > X,

F (X)) = Gx (X, L* (X})) = A1+ AL* (X)]? [X, — qL* (X)]* ' +1=6x > 0

(29)
which proves that, F is strictly increasing.
Additionally, we have that
lim F (X;) = «AXP ' 4+1-0k
Xi—X—
lim F (X;) = lim Gx (X, L* (X)) =Gx (X4,0) = aAXP ! +1 - 6g
X;—X+ Xi— X+

which proves that F is differentiable at X; = X.
(4) Taking the derivative of (28) with L; = L* (X;) with respect to X;, we
obtain

agh\d + a(l —a) QQ;*(—()%L)

0(1—0) N5 + 20020 + o (1 - a) @25
0(1—0)\2 50 | g
K(X) = 1-qL"(X)= v 1 >0
2 K" (X, P(X:
0(1 — 0) NI + 20920 + o (1 — ) 2 355
(31)

where P (X;) =1+ A\L* (Xy). -
(5) Focus on the derivative for X; > X:

F (X)) = aA[l+ A" (X)) [Xy — qL* (X)]* 41 =0 >0 (32)

The second derivative when X; > X is given by

ME* (X)) L (X) = (1 —a) P(Xy) [1 — gL (X3)]

F' (X)) =aA
( t) P (Xt)1_0 K* (Xt)Q—C!

Then, 7" (X;) < 0 if and only if
MEK* (X)) qL" (X)) — (1 —a)gP (Xy)[1 — qL* (X4)] <0 (33)
Replacing expressions (30) and (31) for ¢L* (X;) and 1—qL* (X;) = K* (X3)
in (33), we find that 7" (X;) <Oifand only if y < 1. m

Proof of Lemma 3
(1) First, we show that limx, oo L* (X;) = c0.
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If it was not the case, there should exist v and a sequence (X,) with
lim,,—00 X5, = 00 such that L* (X,,) < v for any n.
Let LY = L* (X,,). According to (28), for any n, we have

0 = MAQ+ALE)H (X, —qL)”
—agA(1+ AL (X — gL +q(6x — 1) (34)
and

MA 1+ ML) (X, — qL5)"
an (1 + )\LZ)Q (X’ﬂ - quL)a_l

MA (14 ) (X, — qu)®
agA 1+ )" (X, — q)* !

‘We observe that

n—oo n—oo

lim [A@A 1+ ALE)P (X, — qL;)“] > lim [)\OA 1+ )" (X, — qu)a} =

lim [an (1+ )\le)e (X — qLZ)a_l} < lim [an (1+ )\V)e (Xn — ql’)a_l} =0

n—00 - n—ooo

Therefore,

lim [AA(1+AL3)" " (X — aLy)® — agA (1+ALy)’ (Xa = qL)™ ™ +q 0k = 01)] = o0

n—o0

which is in contradiction with (34), and which proves that limx, .. L* (X;) =
00.

Next, let us show in a similar manner that limx, .o K* (X;) = co.

If it was not the case, then there should exist x > 0 and a sequence (X,,)
with lim,, .+ X, = 0o such that K* (X,,) < k for any n.

Let K = K* (X,,). According to (28), for any n, we have

MNAL+ ML) T KR —agA(1+ AL Ko 4 (6 —6.) =0 (35)
Since lim,, oo L = 0o and K € [0, k], a bounded set, we have

lim [A@A (1+ ALY K;;a] =0

Moreover, agA (1+ AL?)? Kx@=1 > agA (1 4+ AL:)? k21 for any n and

lim [an (1+AL:)? K:b“_l} > lim {an (1+ L)’ H“_l} =00

n—oo n—oo

Thus,

lim [AeA 1+ ALV KR —agA(1+ALE)? K2l + g (5 — m} —

n—o0

which is in contradiction with (35).
Observe that these results hold for any v > 0.
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(2) We have

F(X) = A1+ AL* (X)) [Xy — qL* (X)]* + (0 — 61) qL* (X)) +(1 — 6x) X,

Hence,
—th) — AL () e GOl q)L(t .0 PR S
0o | 25 )

"X, — gL (X))

A
< A + —qL* (X

+1-41
A 6

< A<1+—Xt) Xt 41 -6
q

since X; > X entails L* (X;) > 0.
v < 1 implies

Xi— o0

A 6
lim (1 + —Xt> X 1=0
q

Therefore,

F (X+)

X;—o00 t

<l-4dr<1

(3) Let y=1.
First we prove that there exists p € (0,/6] such that, for any sequence
(X,) with lim, . X;, = 0o, we have

w<lim inf ¢(X,)

n—oo

From equation (28), we have

MNAL+ AL (X))" 71 [Xy — qL* (X)) — agA 1+ AL* (X,)]° [X; — qL* (X))
= q(0L —0k) (36)

Since, by definition,

Xy —qL* (Xy)
X —
then, we have
1 X
L* (X)) = -
(Xe) q1+((Xy)
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and (36) becomes £q (X;) + L2 (X;) = R (Xy), where

-1
L1(X) = MX® {14_&#} {9 0‘74'9}
Xt)

g 1+(( S 1+C(X)
0—1
Lo (Xt) = 7OéqAX?71 |:]. + 2%&1)}
11—
R(Xt) = q((SL - 6K) l:il i(gi;)(t)]

We want to prove that there exist y > 0 and v > 0 such that, for any X; > v,

C(Xe) > p

Suppose the contrary. In this case, there would exist a sequence (X,,) with
lim;, 00 X, = 00 such that lim,, . { (X,) = 0.
We observe that lim,_,, £1 (X,) = —oc because v > 1,

A X 6—1
lim [ AMAX2 |1+ —7"} =0
n%oo( [ q1+¢(Xn) )

and

. Y -
o~ ] -

Moreover, since o < 1 and 0 < 1,

A X 0—1
lim £y (X,) = —agA li xe-llp4 2 2n =0
Jm L2 (Xn) = —aq nLH;C< " {+q1+<(Xn)} )

Finally, since o < 1,

11—«
lim R (X,) = q(5z - 0x) lim {%} -

Then, 0 = limy, 0o R (Xp) = limy o0 £1 (Xp) + limy, o0 L2 (X)) = —00, a
contradiction.
Now, let us prove that, for any sequence (X,,) with lim, . X, = oo, we
have o
lim sup ¢ (X,) < 7

Equation (28) writes:
MNATL+ AL (X)) K* (X0)“+q (0 — 01) = agA [1+ AL* (X)) K* (X))

Since g > 01, we have

MAL+ AL (X)) K* (X)™ < agA[1+ AL* (X)) K* (X,)*
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that is
K* (Xy) <o 1+ AL* (Xy)

aL* (X)) — M L*(Xy)

Since limy, oo L* (X}) = 00, for any sequence (X,,) such that lim,,_,., X,, =
oo, we find

(37)

) K (X)) _o
1m Sup ——————~ —

(4) Finally, let v > 1.

It is easy to show that limy, , - ¢ (X;) = co. Indeed, L* (X;) converges to
0 continuously and K* (X¢) to X also continuously (L* (X;) and K* (X;) are
differentiable).

Focus now on the asymptotic behavior of ¢ (X;) when X; — oo. We want
to prove that limx, . ¢ (X:) = a/0.

Let us to show first that, if ¢ > 0, then there exists p > 0 such that ¢ (X)) < p
for any X; > X +e¢.

According to (37), we have

a 14+ AL* (Xy)
C(Xy) < EW

for any X; > X +e. Since limy, o L* (X;) = 00,

gl—i—)\L*(Xt)}a
=

Plones {Ae I* (X;) 9
Let > 0. Then, there exists Y > X + ¢ such that

a l+AL* (Xt) «
— T\
N L (X)) 8"

for any X; > Y. Let

p=max)  max [gw] .
- XtE[X+E,Y] )\9 L* (Xt) 79

Therefore, we obtain
C(Xe) < (38)
for any X; > X +e.
(28) is equivalent to
MAK* (X,) — agA[L+ AL (X))] = q (61, — 8xc) [1 + AL* (X)]~ K* (X))~

K* (X)) o L+AL* (X)) | 0p =0k [+ AL (X)) K (X))~

L* (X)) A L*(X,) AOA L* (X,)

(39)
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Note that

[+ AL (X7 K (X)) [1 +AL* (Xt)} o [L* (X0)

-0
L* (Xy) L* (Xy) K* (Xt)] K™ (%)

~ (40)
According to (38), we have that, for any X; > X + ¢,
K (X)) _
I (x,) - M
wE < Go)
K* (Xy) To\Mg
Then, for any X; > X +¢,
1 « 1-0 - r —0
0 < |: + )‘L (Xt):| |:L (Xt):| K* (Xt)lfafﬁ
L* (Xy) K* (Xy)
1-%AL%<A;W19(:1>0 1—amb
_ — K* (X
At pa) N
If v > 1, we have
. 1+ AL (Xt)]l_e ( 1 >‘9 -
lim _ — K*(X,) 7] =0
and, thus, the limit of (40) also exists with
% 1-6 * 11—«
o LA O] R (X0
X —o0 L* (Xt)
In addition, according to (39), we obtain
K (X) a .. 1+AL (X)) o«
lim ———=% = — lim ————>=— 41
Since
qL* (Xy) _ 1
Xi 14+ ¢(Xt)
then
qL* (X¢) < 0
Xt « + 0
for any X and
lim gL” (Xi) = 4
Xi—o00 Xt a—+0

Finally, consider dx > 1. According to (28), we have

K™ (X4)

A+ (8 — 6x) [14+ AL (X)) 0 K (X))
qL* (Xt)

NOAL* (X;)

¢ (X0) = =5+
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Notice that

i (61— 6x) [L4 AL (X0 K (X)) = —oc

For X, large enough, ¢ (X;) < /6 and, according to (41), limx_,o ¢ (X;) =
ajf. m

Proof of Lemma 4

First, we want to prove that, under Assumption 2, > °/ B'lne; < oo for
any Xo > 0.

We observe that ¢; < F (X;) for any ¢t. If Xq =0, then ¢; =0 for any ¢t >0
and >20°, 8" Ine; < oo.

Let Xo > 0. If the feasible sequence (Xt)?io is bounded, the sequences
(F (X)) pep and (cr);2, are bounded as well. Thus, > 52, 8" In¢; < oo.

Now, let the sequence (X¢),°, be unbounded.

A sequence (X;),-, is feasible if Xy < F (X;) for any ¢. Define the maximal

sequence (Xt> by Xt+1 =F (X't) for any ¢t with X0 = Xo. According to
t=0 -

point (3) in Lemma 2, F is strictly increasing and X; < X; for any ¢. Then, if

(c)pe o is a sequence of feasible consumptions, ¢; < F (X;) < F (Xt) = Xt+1

for any ¢, and ;0 B Ine, < S0 B InF (Xt).

Let us show that there exists T" such that X, > X for any t > T

The case X; < X for any t is impossible. If Xg = Xy < X, there exists
T such that X7 > X. Indeed, if not, Xpp1 = AX® + (1 —6x) X; = g(f(t)
for any ¢t > 0. Since £ is continuous and strictly concave with £ (0 ) = o0,
¢ (00) =1 — 0k < 1, it crosses the line Xt+1 =X, at X, =0 and X; = X.
Thus, accordmg to (16) limy oo X; = X > X, a contradlctlon

Let X > X for some T'. Since X = AX* + (1-96k) X and, according to
(16), X < X, we have X < AX® + (1 —6x) X. Moreover, by definition of X,
]-'( ) AX“ + (1 —0k) X. Since F is strictly increasing, if X7 > X, then

XT+1 =F (XT) > f( ) = AX“+(1-6k) X > X. By induction, we obtain

X, > X for any t > T Clearly, if T = 0, we have X; > X for any ¢ > 0.

In the following, without loss of generality, we focus on the case X; > X for
any t > 0.

We consider three cases: (1) vy <1, (2)y=1,(3) 1 <~y <1/85.

)y <1

According to point (3) of Lemma 2, F is C!, and, since v < 1, according to
point (5), F is strictly concave. Then, F (X;) /X; is a continuous and strictly
decreasing function. Moreover, according to point (2) of Lemma 3,

FEX) _ and tim 23 o

1-6r<1
X;—0t Xt X¢—o00 t L

Thus, F (X;) /X crosses 1 once and, therefore, there exists a unique fixed
point Z > X such that Z = F (Z).
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It Xr < Z for some T, then Xp 4 = F (XT) < F(Z) = Z. By induction,
we can conclude that Xt < Zforanyt>T.

If X7 > Z for some T, then XT+1 =F (XT) < Xr and, again by induction,
we conclude that Xt < XT for any t > T.

Therefore, X; < max {Z, XT} for any t. This implies Z;io filne, <
S0 B I X4y < oo

2)y=1 _

As above, X; > X for any ¢ > 0. Then, according to point (5) of Lemma
2, F" (X;) =0 for any X; > X and, thus, F (X;) = aX; + b for any X; > X.
Therefore, XH»I =F (Xt> =aX,+ b for any t > 0.

We can distinguish two subcases depending on a: (2.1) 0 < a < 1, (2.2)
a>1.

(2.1) Let 0 < a < 1 and Z satisfy Z = aZ +b..

If Xy < Z then X;y1 < Z and, by induction, X; < Z for all ¢. The sequence

(Xt) = is bounded and we are fine:

t=0

S pe = 3 AM[F) - Xe] <Y B InF (Xt)
t=T t=T t=T
< Y BmF(2) = mln]-’(Z) < o0
t=T

If XT > 7 for some T, then X’TH = aX'T +b < XT and, by induction,
X} < )Z'T for any t > T. Therefore, X} < max {Z, )?T} for any ¢. This implies
>ordo Bne < Yrco BiIn X1 < oc.

(2.2) Let @ > 1. Then, Xt+1 = aX, +b > X, and the sequence (Xt)

converges to infinity when ¢ goes to infinity.
Let € > 0. There exists T such that

oo

t=0

- 10
Xy > ——
ea
for any t > T'. Clearly,

- 1 b - -
Xiv1=14+4—=—-)aX 1 X
t+1 ( +Xta>a t<( +8)(1 t
for any t > T.

Since

1b

XT+1 >XT> —-—
ga
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we get also Xp4o < (1+¢) aXr41. By induction, X7y, < [(1+¢) a]tX'T and,
thus,

Y B < Y X =8 B Xy

t=T+1 t=T+1 t=0

gt Z B Xrsren < 7Y B ([(1 +e)a]t? XT)
t=0

IN

T+1ZB (t+2 )In| (1-‘-5)0,]—{—111)271) < 00

because Zfio t8t = B/ (1 —B)* < co. Then, S, B ne = ZtT:o B'ne, +
EfOTH/B Ine < oo

3)1<y<1/8.

We know that X; > X for any ¢ > 0 and that

X1 = f(Xt)

Al (£)][f-ar (£)]
(11— 6x) [X _qL* <Xt>} 4 (1—6p)qL* (Xt)
‘We observe that X’t ( ) +qL* ()Z't) and
X1 = F(Xt)
A * [ v “Is * [ v «
1 21 (%)] [%-at ()]

+ (1= 6x) [ K= al” (X)) + (1= dn) a2” (X)

I
b

A

IN

(1+ Xt) X“+(1—5K)Xt+(1—6L)Xt
A -
= A(1+th) (2*5K*5L)Xt
- A(E> (Xt+)\) X4 (2- 0k —01) X,
~ 0 . ~
- a(Xt+b) Xo 4 X,
where a = A(M\/q)? >0,b=¢/A>0and c=2— 65 — ..

Define 5
Yi1 Ea(thLb) +cY;
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with Yy = Xo. Clearly,

~ ~ [ 6 ~ - 0 _ .
Vi =a(V+0)" (Vi+d) +cliza(Vi+d) ¥+ ¥

<
v
I

>

~ 6 . . - 0 . ~ ~
a(YO—I—b) YE)Q—FCYO:G,(X()-Fb) X{f‘-i—CXoZ}—(XO)

o
Y

~ 6 _ - - 6 ~ ~
a(Vi+d) Vet >a(X+0) Xp+ek 2 F (%) =%

Thus, by induction, f’t > Xt for any t > 0. R
Since v > 1 we can find ¢ > 0 such that a (b/e)” > b/e. Clearly, Y; > b/e
implies

. . v - b\” b
Yt+1;a(Yt+b> +cY;>aY] >a - > -

€
and
Vis1 = G(Y/}-‘-b)ﬂ{*‘cﬁ
= {a<1+£>7+;}}77<a(1+5)7fﬂ
v, Yty_1 t t

If Y, < b/e for any ¢, since ¢; < F(f(t) < F()N/t) < F(b/e), the sum
Y2 B Ine, is finite-valued.

Suppose instead that Yr > b/e for some T. Then, Y; > b/e for any t > T
and Y11 < a(1+¢)"Y, for any ¢t > T. Hence, Xry1 <Yy <a(l+¢e) Y/

and
t_q

~ ~ at—-1 Lt
Xrpe <Yryp <[a(14¢) ] T Y] (42)
for any ¢t > 1. In particular, we get
t+2_ 4

X % AR RS
Xrjir2 <Yrypqo <[a(l+ 5)7} 71 Yj’j
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and, thus,

Z ﬁt Inc; Z Bt InX;1 = 5T+1 Zﬁt In X740

t=T+1 t=T+1 t=0

(o] oo
BTN B I X0 < BT B InVirign
t=0 t=0

e 21 . iyo
< Ty ' ([a(l te) v )
t=0

IN

IN

T+1 ZOO t [ t+27. -1 v
S ﬁ t:Oﬂ (,.y lnYT—I—ﬁln[a(l—i—E) ])
oo N 4 t+2 1
< T+1 t | t+2 g YT
< B tEZO B8 [fy (ln YT) + o1 (Infa(1+¢)7])
< o0

because By < 1. Then, > ;°, Blne = ZZ;O Bilne; + Z:iT_H Bne < oo.

Finally, we want to prove that the limit of the utility function along any
feasible path converges to a finite real number or diverges to —oo.

From the initial part of this lemma, we know that, under Assumption 2,
S0 B Ine; < oo for any X > 0.

Let In~ = min {0,In} and In™ = max {0,1n}.

The sequence ZtT:o B (In[F (X;) — X¢41])~ is decreasing in T, so that it
converges to a finite non-positive number or diverges to —oo.

We know that, for any p > 0, there is T such that

DB W[F(X) = X)) < p

t=T

This implies ;% 8* (In [F (X;) — Xi11]) " < oc. Indeed, otherwise,
> B (I [F(Xy) = Xpa]) T =00
=T

for any 7. Since 52, 8" (In [F (X;) — Xi11)) 7T is increasing, it converges to a
finite non-negative number.
Notice that

> B I [F(Xe) — X
t=0
= Y B W[F(X) = X))+ DB (In[F (X)) - Xea])"

Then, ZtT=o B'In[F (X;) — Xy41] converges to a finite number or diverges
to —o0o. H
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Proof of Proposition 5

The set IT1(X() is compact in the product topology.

We want to show that U (X) = 52 ' In[F (X;) — Xs41] is upper semi-
continuous in IT (Xj).

Let Xo be given. Consider the maximal sequence (f(t) o with Xt+1 =
t=

]—'( ) for any t, and Xo = X,.
Consider a sufficiently small € € (0,b/X )
There are two cases: either (1) X; < b/e for any ¢t > 0, or (2) there exists T'

such that XT > b/e.
(1) If Xy <b/e for any ¢ > 0, then,

S i Xl = 3o (5) 3w ()

t=0 t=0 t=0

1 b

Given p > 0, there exists Tp such that, for any T' > T and any X € I1 (X)),
we have

Zﬁt hl F(Xt Xt+1])+ S H’
t=T
where In* = max {0, In}.
Let X™ € I1(Xj) such that X" — X € II (X) in the product topology.
Let u be given. Then, for any T' > T and any n,

U(X") < Zﬁln X+ D B (I [FXP) - X)) T
t=T+41
< Zﬁfln{ﬂxw T
t=0

This implies that

T
limsupU (X™) < lim Z/Bt In [F(X]') = X +p
n n—oo —
T
= > B'W[F(X) = Xewt] + 1o
t=0
Let T'— o0o. We have

lim supU (X™) Z n[F(Xy) = Xip) +p=UX)+pu
t=0
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Since p is an arbitrary positive number, we get limsup,, U (X") < U (X),
that is U is upper semi-continuous. 5

(2) Now, assume that there exists T" such that Xp > b/e.

As in Lemma 4, we consider the following subcases: (2.1) v < 1, (2.2) v =1,
(23)1<y<1/p.

(2.1) If v < 1, according to point (1) in the proof of Lemma 4, we have
S, B ne < occ.

(2.2) Let v = 1. As above, X; > X for any ¢ > 0. Then, X, = F (Xt) =
aX; +b for any t > 0. If a < 1, we follow the point (2.1) in the proof of Lemma
4 to get 300, B Incy < co. Similarly, if a > 1, we follow the point (2.2) in the
proof of Lemma 4 to obtain 372 ' In¢; < cc.

(2.3) Let 1 < v < 1/B. Since ¢ € (0,b/X), we have b/e > X. Thus,
Xp> b/e implies X7 > X. We know that, if X7 > X for some T, then, under
Assumption 2, X; > X and

for = afteder (1)) [R-ar (1)
+ (1= 0x) [Xo = aL" (X2)] + (1 - dn) aL” (%)

for any ¢ > T. Since v > 1, we can find £ > 0 such that a (b/e)” > b/e.
~ ~ Y ~ ~ ~

Let Viq1 =0 (Yt + b) + ¢Y; for any t > T with Yy = Xo. It is easy to see
that Y; > b/e implies ;1 > b/ and Yiy1 < a(l4¢)" Y.

IfYy, < b/e for any t, since ¢; < F (Xt) <F (ﬁ) < F(b/e), we have that
the sum 372 8" In¢, is finite-valued.
_ If Y7 > b/e for some T, then, Y; > b/c for any t > T. Hence, Xry1 <
Yri1 <a(l+¢)" Y} and (42) holds. Applying the same argument of the point
(3) in the proof of Lemma 4, we get Y.~ Bine, < oo.

Therefore, in all the three subcases: (2.1), (2.2), (2.3), given p > 0, there
exists Ty such that, for any T'> Ty and any X € I1(Xj), we have

o0

Zﬁt (In[F(X:) = X)) <

t=T

Let X" € II(Xo) — X € II(Xp). Then, for any T > Ty and any n,

UX") < Zﬁt In [F(X}) = Xi', ] + Z B (In [F (X]) — th+1DJr
t=0 t=T+1

IN

T
D B M[F(XP) = X{] + 4
t=0
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This implies that

limsupU (X") < lim » B'In[F (X)) = X7 ] + 4

D B [F(Xe) = Xewa] + o

t=0
Let T' — oo. We have
hmsupU (X™) Z n[F(Xt) = Xepa| +p=U(X)+p
t=0

Since p is arbitrary, we get limsup,, U (X") < U (X), that is U is upper
semi-continuous in IT (Xy).

Therefore, there exists X that maximizes U (X) in II (Xp).
In order to have U (X) > —oo, we observe the following.
Consider X € (0, X]. According to Assumption 2,

Xo < X = <£> o
0K

In this case, since Xg < AX§ + (1 —dx) Xo and F (Xy) — Xo = AX§ +
(1-906K)Xo— X0 >0, X =(Xo,Xo,...) is feasible from X,. Then,

S gt o .t In[F (Xo) — X
;5 In [F (X¢) — Xi41] :;5 In [F (Xo) — Xo] = %)50} -

Clearly, max U (X) > 32 A In[AX§ + (1 — §x) Xo — Xo] > —o0.

If Xo > X, consider the sequence (Xo,X,X,...). We have F(Xo) >
F (X) > X because, if X7 > X for some T, then, under Assumption 2, X; > X
for any ¢ > T. Thus, the sequence (Xo, X, X,.. ) is feasible and

t=0

Zﬂtln[}—(Xt)—XtH] = In []:(XO)_X} +Zﬁtln [‘7:()_()_)_(}

= ln[}'(Xo)fX}+1fﬁln[f(X)fX} > —00

Clearly,

max U (X) > In [F (Xo) — X +Zﬂ In [AX® + (1 - 0k)

><|
ﬁ
%
|
8

[ ]
Proof of Lemma 6
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Since F is increasing, the optimal sequence (X} ), is monotonic (see Amir
(1996) and Le Van and Dana (2002)).

It cannot converge to zero, otherwise, for any ¢ large enough, F (X;) =
AX;F*+ (1 —90k)X;. Since F’'(0) = oo, the Euler equation would lead to a
contradiction.

There is a period T such that X3 > X. Otherwise, the optimal path (X;)
would satisfy F (X}) = AX[*+(1 — 0x) X} for any t. Besides, it must converge
to the steady state X which is larger than X. By Assumption 2, we get a
contradiction.

The optimal path either converges to a steady state larger than the threshold
X or diverges to +c0. m

Proof of Proposition 8

Let v < 1.

From the Euler equation, X* is a steady state if and only if ' (X*) =1/0.
From points (3) and (5) of Lemma 2, F is strictly concave and differentiable on
(0, 400).

We recall that 1 — 6 + aAX*~! = 1/8 and that X < X implies 7' (X) =
1 -0 +aAX* ! > 1/8. We know that the stationary state X* satisfies
1/8=F (X*).

F'(X*) =1/ < F'(X) implies that X* > X. Indeed, F is strictly concave.
We want to show that X* > X.

We have

F (X)) = aA[L+ AL (X)) [Xy — qL* (X)]* ' +1— 0k

We know that X; > X implies L* (X;) > 0, that is X; — ¢L* (X;) < X; and
(X, —qL* (X,)]*7" > X2 Inaddition, [1 +AL* (X)) >1.

Then, F' (X;) > aAX? ' +1— 6k for any X; > X. Since X > X, we get
F (X) > QAX N 41— 0k = 1/8 = F (X*).

We know also from Lemma 2 that F is strictly concave. We obtain X < X*.

If 05 = 41, (28) becomes

Since
Xe=(1+¢,)qLe (44)
we obtain N
Li=——F—
A(OC, — a)

(43) entails A0K; = ag + agAL; and we find

K; a 1 «
e _al o 4

Thus,

. « 1 « 1 a
dm 6= <1+ )\limtﬂooLt> ~ 9 (H )\L*) ~9



|

Proof of Proposition 10 B

(2) Let vy =1 and dx > 1. Consider only Xy > X and X > X;. In this
case,

FX)=AX"+(1-6x)X=F (X)X +Z

where

F(X) = aAXo 41— 65 > % (46)

and Z = (1 — a) AX®. From the first-order condition (32), we know that, for

any X > X,

YA V1 1+ AL\’ 1 B
A9A<XQL> (X —qL) —an(XqL> (X —qL)"" " +q(0x —0) =0

and, since y =1,

6—1 [’
1 L 1 L
)\HA( +A > —an( A > gk —6)=0  (47)

X —qL X —qL
Then,
1+ A" (X)
X —qL* (X)

is constant for any X > X and equal to 1/X (since L* (X) = 0). Hence,

. X;—-X
L,=1L (Xt):q:-AX (48)
Moreover,
=g+ AX,
Kt:Xt_th:Xﬁ (49)
and \

K gyXit! (50)

qLi X — X

For any X > X, we obtain

QAL+ AL (X)) [X — qL* (X)]* 41— 6k

- 14+ AL (X)
= o4 [X — 4L (X)

F(X)

(4
} [X —qL* (X)) 41— 6k
1 11—« B
- aA(§> 11k = F (X)

For any X, > X, the Euler equation implies

T = B (Xu) = F (X) > 1
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Optimal consumption grows at a constant rate > 1.
= o [ (X)]

Let us compute F (X;) for X; > X:

F(Xy) = AQ+AL)" (Xy —qLe)® + (1 — 6x) (Xi — qLe) + (1 = 81) gL
= ALY (X — L) + (1= 0) (Xs — qLe) + (1 —61) gLy
1+ AL \'7

(F=0k) (k) + (=) (X —a) + (1= 61)
= (AX*'4+6L —0k) (Xe —qLy) + (1 —01) Xq

Using (48) to replace L;, we get

_ X, - X
F(Xy) = (AX P46, —0k) [ Xy — g ——= 1-60)X
(X)) = (X by =) (K- a2 ) -0 X
- AX
= [1-46 AX*t 461 -6 —| X,
L+ ( +or K) P )\X] t
- X
AR 45— o) —
+( +0rL K) I+ AX
= ClXt +b
which is linear in Xy, where
_ AX
= 1-9§ AX* 66 = 1
a L+ ( +or K) Y, (51)
- X
b = (AX° 40— o) — 52
( +0r K) DY (52)
Notice that X is solution to
- O —0r1)
Aot - 10k —01) 53
aqg — \0X (53)
Then, the optimal path (X;) satisfies for any ¢:
ot
Xep = F(Xo) — = F (X)) o [BF (X)]
= aX;+b—c [pF (X))
= aX;+b—co(ap) (54)
since F' (X) = F (Xy) = a.
Now, we want to prove that the solution to the difference equation:
Tii1 = axy +b—c(af) (55)

40



with g #0,0 < 8 < 1 and
a>1/>1,0>0,¢>0

is given by

b cl1—pttt b
_ ttl _ _¢
Tt =0 Gm 1—a o 1-5 )71

that is by

b c 1 caﬁ“r1 b
$t+1:at+1<x0_1—a_al—ﬂ)+_( ) +

Let us prove (58) by induction.
For t = 0, (58) gives

b c b
T1=a|xg— —— )4+ ——=axog+b—c
l—a a 1—a

that is (55).
Now, let (58) be true at period ¢. Check it for period ¢ + 1.

(55) implies
Tiyo = AT¢4q + b—c (Ba)Hl

Replacing (58), we have

b cl— gttt ab

Since
ab b

and

t+1
_at+251_6 —C(ﬂa)t+l

a 1-p
I Y O S RN s
= aHalfﬁ[l g+ g (1 - )]
1
_ _at+2§1 — (1 —,6’“’2)

(59) becomes

b cl— pit? b
— t+2 o _ =
Tz = a <x0 l—-a a 1-p Jr1—(1

Thus, (58) is verified also for ¢+ 1. Then, it holds for any ¢ > 0 proving that

(57) is the solution to (55).
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Equation (54) is exactly equation (57) with ¢ = ¢y. Notice that all restric-
tions in (56) are satisfied. Indeed, according to (46),

a=F(X) > 3
and, according to (51) and (52),
b_[a(léL)]§>{%(15L)]§>o (60)

Therefore, using to (58), the solution becomes

Xy = [7:/ (X)}Hl <X0+% T+ F (;S(L) - 1} a liﬁ}"/c(OX)>
B y it 4 6
+1—ﬂ00 [B}— (X)} —X 1+WL)—1:| (61)

Noticing that a = F’ (X) > 1, according to (60),

b q( dL _q or
1—a)\<1—a 1) x| S

+
F (X) _
We need X; > 0 for any ¢. If the term multiplying [F (X)]
negative, i.e. if

" in (61) was

q
Xo+ =
0+)\

(5L 1 Co
1+.7-"(X)1]_1ﬁ]-"(X)<0

since by (56) 7' (X) > 1/8 > 1, then X; would become negative sooner or
later.
Hence, this term must be non-negative, which implies that
1 Co 6L
—_— = 14+ == 62
37 (X) ff(x)_J (62)

§X0+%

establishing an upper bound on ¢g.
The value of the program is V (cp) = > 50, 5" In (co [BF' ()_()]t) and V is

increasing in ¢g. From (62), the maximum is attained at

1+#D

Note that this implies that the first term in (61) becomes zero.

00:505(1*5)]:/()2) (XoJr%
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Therefore, the optimal paths are given by

e« = alsF (X))

X = alsF (X)) -
1-5
for any t, where z > 0 is defined by (17). Clearly, when t — oo,
_ syt B
X1 ~a [BF (X)] -5

From (48), (4:9) and (50), Lt+1, Kt+1 and the ratio Kt+1/ (th+1) obtain

Xt+1—X_EO [Bf/(X)]tTiLﬁ_z_X

Liyn =

q+ X g+ X
_ S\t
A+ X FtaBF(X)] 25 -
Kt+1 - q :X q —
X‘FX X+X
Kt+1 . —%Xt+1+1
thJrl Xt+1fX

Thus,
lim Ky = lim L; = o0
t—o0 t—o00

Taking the limit of the ratio, we have

A
K _ 22X +1 _
lim —" = lim (th—_) _x2 <
q

t—oo qly t—oo -

| Q

where the last inequality follows from (8). Note that this result on the limit is
in line with point (3) of Lemma 3.

Finally, we observe that, asymptotically, physical, living and total capital,
and consumption grow at the same rate:

Livi Ky X1 an .
~ ~ ~ = = X 1
Ly K Xt Ct &4 ( ) ~

In this respect, we can say that the unbounded growth is asymptotically
balanced. m

Proof of Proposition 11

Let 1 < v < 1/B. In this case, F is strictly convex for X; > X. Hence
F' is increasing and F'(Xy) > F' (X) for any X; > X. Since F' (X) >
1/8, there exists no steady state. The optimal path (X;),-, diverges to in-
finity: lim; oo X; = co. Then, according to points (1) and (4) of Lemma 3,
lim; oo Ly = limy_, o K; = co and



with K/ (¢L+) < a/0 for t large enough.

In the following, we consider the two possible cases according to Assumption
1: g =07 and 6 > 0.

(1) Let dx = 61 Following the same argument as at the end of the proof of
Proposition 8, we obtain again equation (45):

However, under the assumptions of Proposition 11, L; diverges to co. Thus,
¢, > a/0 for any t and, since lim;_,o, L+ = 00, we have lim;—,, ¢, = a/0.

(2) Let now 6x > 0p.

The first order condition in (28) can be written as:

MAK* (X) — agA[1+ AL* (X)] = q (6L — 6x) [1 + AL* (X)]' P K* (x)' ™

Since ¢ (X;) = K* (Xy) / [¢L* (X})], we can divide the above expression to
obtain

MAC (Xy) = ad [A + ﬁ} +(0r, — 0K) ¢°¢C (Xp)! K* (X)' 7 [)\ e (IXt)}

and, taking derivatives on both sides with respect to X;:

1-6
¢ (X) (AaA 000k = 00) P K (60" [\ g | )

L*/ (Xt)

L* (Xy)?

1-6

1 -0
= 2 At (—aA +(1=0)(6x —61)°C (X)) K* (X)) [A + ] )

L (Xt)
0

K0 (= 1) Gk =00 ) K (X7 [V g |

‘We have

K" (X)) K™ (Xo) = ¢' L (Xy)

0y KM (X)) LY (Xy) [K* (X)) ]
qL*’ (Xt) * (Xt)2 |:qL* (Xt):| (64)
(30) and (31) imply

K*(X,)  aqM+0(1-06) N B

aL* (Xi)  aghd+a (1-a) qQ%}g”

since P (X;) =1+ AL* (Xy).

This means that, for any X, sufficiently large, the term K* (X;) / [¢L* (X})]
is uniformly bounded above and below away from zero. We also have that
¢ (X)) = K*(Xt)/[gL* (X¢)] is uniformly bounded away from zero and from
+o0.
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(63) can be rewritten as

¢"(Xp) R(X:) = S (Xy)

where
-1 1 1
R(X:) =MA+0(0x —60)¢°¢C(X)" " K* (X)) {)\—km} >0
(65)
and L (X,)
_ ¢
S(Xi) =0 (Xe) (%)
with
-6
o(X)) = —aA+(1-0)0x—061)d"¢C (X)) K* (X)) [A + SXt)}
N 0.0 L
0= 1) Gk = 81) a7 (4077 L (407 T |3+ o (09
because of (64).
Taking the limit of the second term in (66),
_ 1 17"
lim ((1 =) (i =) a'C (0" K (X0 A+ o | >
= (1=0)(@Gx —or)"A™" Jim [¢(X)" K* (X)) 7] =0
Moreover, taking the limit of the third term of (66),
. Y S 0.0) N
Jim_ [w 1)k = 017X L (0 g N+ s ]
e K (X
— =)@ -se N ooz ot ) -

Hence, for any X; large enough, S (X;) > 0 and ¢’ (X;) > 0. B
Let us prove that ¢’ (X;) < 0 when X; is sufficiently close to X from the
right.

‘We have ,
O'(Xt) L* (Xt)

"(Xy) = 67
C R T () o
where R (X;) > 0 is given by (65) and o (X;) by (66).
Observe that
lim o(X;)=—aA+ (1—-0)(6x —0r) X~ (68)

X, —X+
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because

~ (X)L (X)L (X)) %
= () TR (X)L ()T IL(: ((f)) [qu g; } h
- ey R O o A

since 1 —v < 0 < 2—7, limy, g+ L*(X;) = 0, limy, g+ K" (Xy) = X,
limy, ¢+ C(X¢)' ™7 =0and
K*(X;)  agM+0(1-60)\°X

li =
X{,LH}H L (Xy) qaq)\G +a(l-a) q2§

X satisfies (7), that is
- X
(6 —60) X7 =ad — )\QAE
Replacing in (68), we find

lim o (X)) = —aA+ (1—0) <aA—A9A§> Y [a—f—/\(l _p) 5} <0
Xi—X+ q q

When X; is sufficiently close to X from the right, we get o (X;) /R (X;) <0
and, according to (67), ¢' (X) <0. m

Proof of Proposition 13

Under the proposition’s assumptions v > 1 and dx = J, it is possible to
write the dynamics in the variable ¢,, which, we know, converges to a/6 (see
Proposition 11).

The existence of a limit for this reduced dynamics will allow us to simulate
the trajectory (¢;) and, then, the trajectories (X;) and (ct).

We know that

F(Xep1) = AL+ Aep1)” (Xi1 = qLign)® + (1= 0) Xopa
and that according to (32),
F/ (Xt+1) =aA (1 + )\Lt+1)9 (Xt+l - th+1)a71 + 1-— 5}(

Moreover, ¢; = F (Xt) — Xty1, Lt = o/ [A (¢, — «)] and

X = (14 el = §5 2 = X () (69)
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The Euler equation becomes
' (cr) Ctt1 /
u (cep1) o BF (Xi)

that is (21), where 1 is defined by (22).
Besides, (21) obtains solving the "new" optimization problem:

max Z B (¢ (¢4sCrin))
=0

with ¢, > a/0 for any t.
The solution will be interior because of In. Taking the derivative of the
intertemporal utility with respect to ¢, , we find

Vo (C1rCiyn) U1 (Cv1s Crva)
Y (¢4 Cipn) ¥ (Cer1>Crra)

Since ¢ (Ct7<t+1) =F(X ()X (Ct+1)7 we have

¢1 (<t+1a <t+2) = F (X (<t+1)) X' <<t+1)
¥y (Cos Crpn) —X" (Cr41)
and we recover (21). m

Proof of Proposition 14
We study now the case v > 1 with dx > d1,. From (28):

1+ AL, o1 14+ ALy o 1_
Al —F =agA [ —— — o)K7
A <Xt — th> WA\ X, — 4L, +a(0n = o) K (70)

=0

+0

for any t, where K; = Xy — qL;. We know that (28) implies that L; = L* (X})
is a strictly increasing function of Xj.
Define ¢ (X¢) according to (24). (70) reduces to

MAp (X)' ™ = agAp (X,)" +q(0r — 65) K (X)) (71)
Taking derivatives in (71) with respect to X3, we find

0A" (Xe) @ (X0) T2 N0 — 1) — agp (X0)] = q (v — 1) (Ox — ) K (X0) 7 K (Xy)
(72)
0 <1,v>1and K*(X;) > 0 imply ¢’ (X;) < 0. Since ¢ is strictly
monotonic, we can define the inverse function X; = ¢! (¢,) for any ¢, > 0.
According to (71), we find

AGA[ lim «p(Xt)rl —an[ lim @(Xt)]e (73)

+—00 Xi—o00
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since v > 1 and limyx, .00 K* (X;)'™7 = 0. Thus, limx, oo (X;) =1 > 0,
otherwise, according to (73), limx, oo ¢ (X¢) = 0 would imply that co = 0,
which is a contradiction. Then, (73) becomes AJAI’~! = aqAl?, that is | =
A/ (aq) > 0, which is not surprising:

. 14+ AL* (Xy) . 1 A qL* (X¢)
li X)) = 1 B el AR | z2
im_ ¢ (X0) ol TEN(X) xR () g B (X))
A Y
= 0+ — lim

g X C(Xy)  qa

Now, consider the Euler equation:

L= BF (Xu) = 8 (A [+ AL (X))’ (K (X)) 41 - 0 )

Ct
= 80 (Xer)’ [K* (Xer)] ™ 41— 0
Clearly, lim;_, o (¢t41/¢t) = 00 since limy, 00 0 (X¢) =1 > 0 and

lim K*(X,)*" = 0

X¢—o00

For the numerical exercises, we will consider the Euler equation ¢i11/c; =
ﬂf/ (Xt+l) with Ct = f(Xt) — Xt+1:
F (Xig1) — Xiyo ;
Sl AR g (X
F(X1) — Xin1 BF (Xer)

Using X; = ¢! (¢,), we obtain

Fle (eria)) =0 (Prya) _ prr (1
Fe= (pr) = o (0rs1) = A7 (e (o))

that is (23), a recursive transition function.
The trajectory is determined by (23) jointly with the transversality condi-
tion:
R
lim ¢, =1 =
t—o0 Oéq
]
Proof of Theorem 16.

First, we prove that (K;) maximizes the firm’s profit. Define

T
AT = Zpt ng * K;K+1 t+1 Zpt F(KtvL ) Ky — Lt+1]
t=0
where K5 = Ko and 0 < Ky < F (K, Lf) — gLl = L(KhL;‘,LIH). We
have:

N~

—1

AT = (=P} (K1 — Kir) + 05 [F (K, Liy) — F (Kiw, L))
t
—pr (K;+1 - KTH)

Il
=)
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Since F (K}, L;) — F (K, L}) > Fi (K{, L) (K; — K¢), we obtain
T—1
AT > [—p}" +p>tk+1FK (Kt*+1aL;k+1)] (K;+1 - Kt+1) - pr (K;H - KT+1)
t=0
The Euler equation implies —p} + pf, 1 Fx (Kt*H,LZ‘H) =0, that is AT >
7 (K1 — Kria) > —ppKiy .
To finish this proof, we have to show that limr .. p7 K7, = 0. As above,
we focus on the three cases: (1) v <1, (2) y=1,and (3) 1 <y < 1/8.
(1) v < 1. Since ¢ = F (Kp,L}) — K3y — qL, we get

K; o
* Tk _ 2T 1 * * _ QT XT+1 _ oT T+1 — AT
prKr =6 (cr) Ky =8 —— =0 TR L 1% =0 pr
Cr Toor)  BTan
I IZ3P

(74)
where the ratio p# is uniformly bounded because (K}, L;) converges to the
steady state (K*, L*). According to (74) limz_., 87 = 0 implies that

lim phki,, = lim 87 ph =
A PrEr = i 5 pr =0
(2) v = 1. According to (4), we have

* 0 * * *
A(ﬂ) KT+(1_6K)KT +q(1_5L):| LT

F(Kp Ly) _ Kp
Ky ) Ty L; L

*
LT+1

since 7 = o+ ¢ = 1. The growth path is asymptotically balanced and, by (19),
limp oo (L1 /L3) = BF' (X). Then,

F (K, Lk K:\'? K Lx
lim M = AN lim <—T> +(1=6k) lim =L 4+¢q(1—-06r)| lim —=L
T—oo LT+1 T—o0 LT T—oo LT T—oo LT+1
AX (AX70+1-0k)+q(1—6L)

= _ 75
57 (X) (75)
since lim7_, oo K3 = 00 and limg_,oo (K%/L%) = AX.
Pk in (74) is uniformly bounded because of (75) and limp_,o (K5/L%) =
AX. Then, according to (74), limp_. 87 = 0 implies limp_ o K, =0.
(3) 1 <y < 1/8. We know that

* * * * * * 0 * o —
1 = B Fi (K, L) = Ber [aA (L+AL7y) Ki9qh +1- 5K]

C* * 0 *QU *
- BK%T+104A(1+/\LT+1) K%, + Bet (1 —0k)

Hence,

*
Cry1 3 cr

* - * * *
KT+2 KT+1 KT+1 KT+2

T4+ ALE, \° K
aA( ha T+1) K;1+191+1—5K] L (76)
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From the budget constraint, at equilibrium, we have:

K;W+2+QL;W+2 S A(1+)\L;+1) KT+1+(1_6K)K;+1+q(1—(5L)L§1+1
< AQ+ )\L”}H) Kiiy+ (1= 0k) Kpyy +q(1=60) Ly,

that is, dividing by K7, ,, and rearranging

qLT+2 «
1+ T+2 KT+1
14+AL = KX (77)
A (e T+1) K™ 41— 0+ (1= 0p) T2 BT
Replacing (77) in (76), we get
qLTi 1+>\LT 1 *a+60—1 _

Cry1 > cr 'tE [ Kt KTH 1=k

Kx ., = Kx AL " L
e A (1+KT+T1+1) KP4 1 =6+ (1—6,) 222

Since y = a+60 > 1, limp_. (¢L%/K5) = 0/a and limp_,o K} = oo, we
find

(1+%E2) [aA (%) Koot 4 1—54

T41
T—o0 l+/\L xa+0— 1 qL
A (B ) B0 1+ (- 6)

L 0
= <1+ lim 2 T“) —a<1+—> =7
T—o0o KT+2 o
Fix ¢ € (0, —1). Then, there exists Ty such that, for any 7' > T, we

have ¢;, /K7 o > B(y —¢)c¢p/K7y, and, by induction, ¢f, /KT, 1 ri0 =
B(y—e) ! ¢,/ K7, 11 or, equivalently,

K:]kb+7'+2 < 1 K;w0+1 (78)
—= 1 *
CT0+T+1 [6 (’Y - 5)]T+ ‘r,

Therefore,

T T
K* OKx
B Kiyy < B KT lim (

To—T
T < A (v —¢)™" " =0
Cr ch —00

lim pHK5, ;= lim
THOOpT T+1 T—oo

since y —e > 1.

Let us prove that the consumer does maximize her overall utility when
0 < v < 1/B, that is, if (c;) satisfies Y ro Bu(cs) > Ypoy Bu(c}), then
Yoo Pic > T 4+ r* K.

(1) From (P0), we have ¢f + K/ | +qL; , = F (K}, L}) for any t. Thus,
pic; =piF (K}, L) —p; Kiy1 —qpiLi,,. Let us show that the series > 77 picf,
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Yoo Pi K 1 Do PiLiy, and >0 pi F (K}, L}) are bounded away from co
and, thus, > .o pic; = m + r*Ko with > ;o picf < oo and 7* 4+ r*K, =
Yo [piF (K{, LY) —Pinﬂ — qpiLi;4] < 0.

Note that p} = B’ (¢}) = 8/c;. Then, > ;oo pici =S 1o, B =1/ (1-B) <
oo. Moreover, since > ;o Optct = Yoop; [F(K;,LY) — Kfyy —qLi,,] and
e optct < 0o, we get .0 optF(Kt*aL*) Z?ooptct +Ztooop;K;+l +
q> o piLiy, < oo, provided that Y07 pr Ky < oo and Y ;7 prLi, < oo.

First, since the sequence (L} /K;) is bounded away from 0 and from oo, if
Yoo PiKf 1 < oo, then we would have that

oo oo
ZP:L:H = ZP:K;H (Lis1/Ki) < oo

In this regard, let us show that > . pfK;,; < co. We need to distinguish
two cases: v < land 1 < v < 1/,6’ If v <1, We have that ph in (74) is
uniformly bounded and > ,° piKi 1 = > oy B! ph < co. In the second case,
1 <~ < 1/p and according to (78), we have

0o oo t To t oo To+7+1 1%
*K* _ 5 Kt*+1 _ Kt*+1 ﬁ KTO+T+2

2 pikia = 2 LT =) +2

t=0

=0 G =0 CT0+T+1

To T o * 0 To+1+1 *
/B Kt+1 ﬁ 0 KT0+1

D

IN

T+1 *

= = B(y—e)] 1y
T t 1% T

_ ZO 5 Kt+1 OKTO+1 Z < )
=0 G CTo =0
T To 1%

_ 20: 5th+1 n B OKTO-H 1 50
Pt o c*TO vy—e—1

Therefore, > .~ pi F (K}, L) < oc.

Finally, let us show that, if (c;) satisfies Y00, B'u(c) > ooy Bu(c)),
then > ° pie; > 7 + T*Ko Indeed, 0 > >°7° Oﬁt (cf) = Soooo Bruler) >
I oﬁtu/ (Ct)(ct —¢). Thus, 0 > Zt:Optct Zt oPice and 3%, picy >
Soeopici =7 4+ r*Ky. To finish the proof, take 7* = p§F (Ko, Ly). ™

Proof of Corollary 12.

(1) When v = 1, according to (19), growth factors are asymptotically bal-

anced with
K N Lyt

-
Kt Lt - /8‘7: ( ) (79)
and the definition for X is given by equation (53) in the proof of Proposition
10:
o 0k —0r1)
Axo-t = 40K —0t) 80
aqg— N0X (80)
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Equation (80) can be written as
a—-—=X=——=X" (81)

It is easy to show that equation (81) has a unique solution. Note first that
the LHS strictly decreases in X, while the RH S strictly increases in X. Since
LHS(0) = a > RHS(0) = 0, the RHS and the LHS cross only once proving
the existence and uniqueness of the solution to (81), X* (¢).

From (81), it is easy to see that X* is strictly increasing in q.

According to (46) in the proof of Proposition 10, 7/ (X) = «AX* ' +1-dk.
Hence, (79) implies that the balanced growth factor decreases when ¢ increases.

Moreover, (18) is equivalent to lim;_, (K¢/L:) = AX, entailing that, when
q increases, the asymptotic capital ratio K;/L; increases as well.

(2) Let 1 < v < 1/B. Equation (20) implies lim;_, (K;/L;) = qa/0,
entailing that, when ¢ increases, the asymptotic capital ratio K;/L; increases
as well. m
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