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NONPARAMETRIC ESTIMATION FOR ADDITIVE CONCURRENT
REGRESSION MODELS

E. BRUNEL®, F. COMTE®, C. DUVAL®

ABsTRACT. We consider an additive functional regression model where the responses are N

1.7.d. one-dimensional processes (Y;(t),i = 1,...,N) and the K explanatory random processes
Xi,j(t) for j =1,..., K are observed for t € [0, 7], T being fixed. The coefficients in the model
are K unknown functions ¢ — b;(¢) for j = 1,..., K and we build nonparametric least squares

estimators under several general settings of explanatory processes, for example, continuous or
inhomogeneous counting processes. We bound a mean-square type risk of the estimators from
which rates of convergence are deduced. Optimality of the rates is established. An adaptive
procedure is then taylored and proved to lead to relevant anisotropic model selection, simulta-
neously for all functions. Numerical illustrations and a real data example show the practical
interest of the theoretical strategy. June 4, 2024

Keywords and phrases: Adaptive estimation. Continuous observation. Functional data. Least
squares estimator. Nonparametric regression function estimation. Projection method.

1. INTRODUCTION

Everybody knows everything about the linear regression model. A natural setting extending
it, is when the variable Y; to be explained as well as the explanatory variables (X; ;)i<j<x for
individuals ¢ = 1,..., N are no longer real valued but all random functions of time. In other
words, the observations become N independent paths of K random processes over some time
interval [0, 7], 7 being fixed. The fixed coefficients of the regression model can be modelled as
deterministic functions of time, for which nonparametric estimation can be conducted in the
spirit of the least-squares paradigm. Formally, we consider the functional regression model

K
(1) Yi(t) =) bi(t)Xi () + ot X;(t)ei(t), te0,7], i=1,...,N,

j=1
Fori=1,..., N, the processes (¢;(t)):c[o,r] are centered, independent and identically distributed
in i, with E(e}(t)) = 1; the processes (Xi(t) = (X;1(t) ... Xix(t)))ep, are i.id. and

independent of the (¢i(t))ic[0,-]- The integer K is assumed to be fixed, small compared to N,
and known; it is the number of explanatory variables. The homoskedastic case where o(t,x) = o
is a natural particular case. The functions by (t),...,bx(t) are deterministic, unknown and to be
estimated.

These models, known as concurrent regression models, are described and studied from numer-
ical point of view, in Chapter 14 of Ramsay and Silverman (2005), [25]. They are also defined as
varying-coefficient linear models, and they have received a lot of attention in the past two decades.
Various fields of applications are targeted; survival analysis (see Teodorescu et al. (2010),[26], Li
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et al. (2016), [22]), functional linear regression for longitudinal data or repeated measurements
(see Yao et al. (2005a, b), [28]-[29], Huang et al. (2002), [19]), or nonparametric regression in
varying-coefficient models (see Eubank et al. (2004), [12], Fan et al. (2003), [13]), more recently
functional ridge regression (see Manrique et al. (2018), [24]), and functional regression for non
euclidean responses such as fRMI signals (see Bhattacharjee and Miiller (2022), [2]), hypothesis
testing or variable selection in time-varying coefficient models (see Ghosal and Maity (2022a,b),
[15]-[16]), or non linear time series modelling in econometrics (see Li et al. (2020), [21]).

The context the nearest of ours is the model studied in Manrique et al. (2018), [24]: they
consider Model in the particular setting where K = 1 and X;; being a centered process.
They propose a functional ridge regression estimator of the function b; and obtain consistency
and rates of convergence results under general assumptions allowing for non compact support
and non continuous explanatory variable (their condition Aba seems even to ask for specifically
low regularity). However, these conditions are technical, difficult to interpret and generalize, and
the optimality of the procedure is rather uncertain.

Chagny et al. (2023), [6] consider a functional linear model formulated as an inverse problem
where taking a Dirac function as kernel of their slope operator matches our model for K = 1.
Their one dimensional explanatory process X is supposed to admit a Karhunen-Loeve decompo-
sition and to satisfy technical assumptions (see their assumptions As to Ag, for instance fulfilled
by gaussian processes). Their estimation strategy consists in estimating the eigenvalues and
eigenfunctions of the decomposition, which is quite different from our methodology where the
estimation basis is user-chosen. We have in common with their approach, the least-square con-
trast paradigm to build projection estimators. A novelty of our strategy is to exploit tools from
statistical inference for stochastic processes, see Comte and Genon-Catalot (2024), [8], rather
than those standardly used in functional data analysis.

We highlight the following contributions of this work:

(1) We take advantage of methods usually dedicated for statistical inference for stochastic
processes (specifically for SDEs) and adapt them to functional data analysis.

(2) We consider a compact support setting which allows to handle simply general and differ-
ent types of explanatory processes, which can be continuous or not.

(3) We propose direct and simultaneous estimation of K functions, with a simple and fast
estimation method, including anisotropic model selection.

(4) We obtain rates of convergence proved to be optimal.

(5) We emphasize that, thanks to the additive feature of the model, we do not face any curse
of dimensionality. The theoretical global rate is related to the smallest regularity among
those of the functions by, k = 1,..., K. Though, numerical experiments show that the
estimation algorithm chooses different orders of developments for each of the functions.

Let us describe more precisely the content of the paper. We build a nonparametric estimator
of the K-dimensional function ¢t € [0, +00) ~ (bj(t),j = 1,...,K) € RE from the continuous
time observation of the N sample paths of the (Yi())ico,- and (Xi;(t))ie(o,7,1<j<K > through-
out a fixed time interval [0,7]. The asymptotic framework is N — +oo and 7 fixed. For
m = (my,...,mg) € NX we consider a space Sy = Spy X ... X Smy defined as a product of K
finite-dimensional subspaces of L%([0, 7]) with respective dimensions m;. For each m, we define
simultaneously projection estimators of all the functions b;, 7 = 1,..., K. The estimators are
defined, the required assumptions are stated and explained in Section [2l The rates of the esti-
mators and their optimality on regularity spaces is established in Section [3] The prediction risk
is also studied. In Section [} we show that the estimator can be seen as minimizing a projection
contrast, in a least-squares spirit fitted to the context. This allows us to propose a model selection
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device and to define a data-driven choice of m, when o(t,x) is assumed to be uniformly bounded.
The resulting estimator is proved to be adaptive, in the sense that it reaches an automatic and
non-asymptotic squared bias-variance compromise. Simulation experiments presented in Section
show that the method is simple to implement, and provides well-performing estimators, relying
on fast numerical procedures. A real data example relying on a recent electricity data set is
given. The proofs of the main results are given in Section [6] The proofs of the technical and
auxiliary results are deferred to Supplementary Material.

Notation. We end this section with some of the main notations used in the article. For A a
matrix, we denote by A7 the transpose of A and by ||Alop the operator norm of A, that is the
square root of the largest eigenvalue of AAT. If A is a square matrix, Tr(A) denotes the trace of
A and if A is symmetric, || A|lop = sup{|A;|} where \; are the eigenvalues of A. If, in addition, A
is invertible, ||A7!||lop = 1/ min{|\;|}.
For h € L2 = L*([0,7]), we denote by [|A] = (g h2(t)dt)"/? its L2-norm and ||x|2, denotes the
Euclidian norm of the vector x = (z1,...,2,)7 of R". For h(t) = (hy(t), ha(t),..., hx(t))" and
g(t) = (91(8),... gic(t))” elements of (L2)K = L2 x -+ x L2, we set [ = (S0, 7 b2 (£)dt)?
and (h,g) = Eszl Jo hu(t)gr(t)dt for respectively the L2-norm and the scalar product of (IL2)%.
Denote by X;(t) = (X;;(t))i<j<kx a K x 1 vector and Y (t) = (Yi(t))1<i<ny a N x 1 vector.
With these notations, Model can be written for b(t) = (b;(t))1<j<xk,

(2) Yi(t) = b(t)TX;(t) + o(t, Xi(t))ei(t), te€[0,7], i=1,...,N.

We also introduce two specific semi-norms, that are norms under assumption considered
below. We introduce for N > 1 and ¢ € [0, 7], the K x K nonnegative symmetric matrices
I'n(t),T'(t) given by:

N
(3) In(t) = (;, ZXi,j(t)Xi,k(t)> , T) = (E[Xy;(0O) X060 <) per -
=1 1<j,k<K
Note that '(t) = E[Tx(¢)] = E[X1(¢)TX;(t)]. For h = (h1,...,hx)T € (L2)X, we set
(1) ik = [ B@Try@Ob@d B = [ hETTORE®
0 0

It is easy to see that ||.|ny and ||.||r are semi-norms. We show further that they are norms if
I'n(t) and I'(¢) are invertible for all ¢ € [0,7]. Then, the associated scalar products, for vector
functions g = (g1,...,9x)" and h = (hy,..., hg)T, are

(g.h)y = /0 "g()"Ty (Dh(t)dt, (g h)r = /0 ()T (t)h(t)dt.

2. DEFINITION OF ESTIMATORS OF bj, FOR j =1,..., K

2.1. Projection estimator. Consider (p;,j > 1) a basis of L2 composed of measurable func-
tions of L2 such that fOT go?(:r)dx < 1. Note that this is not necessarily an orthonormal basis. Let
Sy, be the subspace linearly spanned by (¢;,1 < j < m). We build estimators of (bi,...,bx) on
Sy X -+ X Sy = Sm, with m = (mq,...,mg). This is equivalent to estimate the coefficients
ijk of each by in the basis. Set

o~ o~

(5) b (t) = (b1(t),. .., b (t))"  where by(t) = ng,j@j(t)a
i=1
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such that Bm = (81,155 Bi,mis P21 - B2ma, - - BE 1 - - - ,5K7mK)T is solution of

~

UinB = Vi, with Vin = Vi, Ty, VE LT,

and ‘A/]mJ are m; X 1 vectors, j =1,..., K, given by
1 (7 al !
Vim; = (N/ wp(f)ZXi,j(t)Yi(t)dt> :
0 i=1 1<p<m;

Moreover, for
(6) lm|:=my + -+ mg,

WUy, is the |m| x |m| symmetric matrix with blocks Wy, i, of size m; x my;:

mi,mi trt \I]mLmK

(1) | ] B = ([0 OO

Yingemi - Y me 1<qg<myg

We also define the a.s. limit of \Tfm, U = E[\flm}:

-
\Ilm = (\Ilmj,mk)lgj,k’gl{a \Ilmj,mk — </0' @p(t)@q(t) [F(t)l%k dt) 1< p< m;j
1<g<my

And we denote by Oy = (@mj,mk)Kj pere the |m| X |m| symmetric matrix built similarly to

Vm, but given by the blocks m; x my,

(8)
O = ([ o0hoa(sIE X150 X14(6)00 s (0ol Xa ()] Bl (020(s)dds ),
1<qg<myg

We explain in Section why Em is a least-squares estimator. Then, if the matrix \Tlm is
invertible, the estimator (5) can be computed from the coefficients:

(9) Bm = U Vi

For the estimator to be well defined, conditions ensuring that Uy, is invertible and that T ~N(t)
and I'(t) are positive definite are needed, see Assumption below. Moreover for the study
of the theoretical properties we consider a truncated version as follows. For constants cj,co > 0
that can take any value, set

(10) Ay ={vt € [0,7], |[Tn(t) " [lop < 1N}
Using , we define the trimmed estimator:

To study the risk of the estimator with respect to ||.||x and ||.||p—norms, we set Assumption
(Ax ), ensuring that these two norms are equivalent with probability near of 1. The next
subsections are devoted to the presentation of these assumptions.
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2.2. Identifiability assumption. Recall definitions of I'(t) and T'x(¢). Assumption

below transforms all semi-norms into norms.
(As) (i) Vt € [0, 7], the matrix T'(¢) is invertible with

(12) fo = sup [[T(t)" flop < +o0.
te[0,7]

(ii) Vt € [0,7], YN > 1, I'y(t) is a.s. invertible.

Comments on
e Under |h)Z2 = 0 (resp. ||h||3 = 0) implies that h(¢)IT(¢)h(t) = 0, for almost all ¢ in
[0,7] (resp. h(t)TTn(t)h(t) = 0, a.s. for almost all ¢ in [0,7]). Therefore, if ['(¢) (resp. T'n(t))
is invertible for all ¢ € [0, 7], we get h = 0 in (L2)X. It is easy to check that if (1) were not
satisfied, it would be possible to express one X7 j,(t) as a linear combination of the others and
it would not be possible to estimate separately the function b;,. Under (i), the Xy ;(¢) are
a.s. linearly independent.
e As I'y(t) converges a.s. to I'(t) as N tends to infinity, if I'(¢) is invertible, I'x(¢) is invertible,
at least for N large enough. Hence [[Ag)|(i) ensures [[(Ag)[ii) for N large enough.
e Condition is a uniform lower bound on the compact [0,7] on the smallest eigenvalue of
I'(t) and is not very strong under regularity assumptions on the processes. Indeed, if t — I'(t)
is continuous as I'(¢) is symmetric, positive and with real entries, Kato (1995), [20], Theorem
5.2 ensures that its K eigenfunctions are continuous implying that the smallest one is uniformly
bounded away from 0 over [0, 7].

The link between and the invertibility of the matrix \f/m, required by @), is given by the
following equality: for x € RIm™I,

KT = [ BTN OB dt = b " Vx = [ h@T OB de = b

where h = (hy,...,hx)T and h;(t) = Z;nzjl Ty getmy_y +kPk(t), and the Proposition:

Proposition 1. Underm, the matrices ‘ifm and Wy, are symmetric positive definite. Morover,
for all m, |m| < N, it holds |V} |op < -

By Proposition |1} the bound on ||T'(¢)™!{|op assumed by |[(Ag){i) implies a bound on ||} ||op;
the same properties hold for their empirical counterparts with large probability for N large
enough, but handling this properly for any N is possible for the truncated version of the

estimator .

2.3. Equivalence of norms and admissible explanatory processes. Consider the following
assumption:
(Axp) (a) There exists p > 1, such that G} := maxj—y__x supejo ) E[|X1,[P(t)] < 4o0.

(b) Suppose either

(i). the X1;(t), 7 =1,..., K, are continuous processes such that, for all » > 1 such
that 2r < p, there exists a positive constant B(r, ) such that Vs,¢ € [0, 7], with
|t - $| < 17

(13) E[|X1(t) — X1 (s)|*'] < B(r,7)[t - s[".

or
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(ii). Forall j =1,..., K, the X ;(t) have independent increments and there exist
A;(t) such that X; ;(t) — A;(t) is a centered square integrable martingale, where the
function A; is deterministic and satisfies

14 max sup |A4;(t)| = L, < +oo.
(14) s sup 14,(0)

Under Assumption |(Ax ,)|(a), the norm ||.||r can be compared to the L%norm as stated now.

Proposition 2. Assume |(Ax, )\(a) with p =2, let h € (L2)K, it holds that |h||2 < KG3|/h|2.
Additionally underm it holds ||h||? < §.|h|3.

As a consequence, Assumptions |(Ag)|and |(Ax ,)[(a) for p = 2 ensure that the norms ||.|| and
|.|lr are equivalent for vector functions in R¥.

The second assumption (b) related to the explanatory processes allows two classes of
continuous time processes, which may be continuous or not.

We emphasize that Assumption [(Ax ,)[(b) requires that all the X; ; for 1 < j < K are of type

(i) or they are all of type (ii). Under Assumption |(Ax ), we get E {Suptemﬁ] | X1,5(t) |p} < 4-00:

in case (i), it is a consequence of the Garsia Rodemich Rumsey Lemma [14] (a version of the
Kolmogorov method) as stated in Jourdain and Pages (2023), [18], see Lemma [6] in the proofs;
in case (ii), it follows from the Doob maximal inequality for martingales.

Examples of processes satisfying

e Assumptions of type (i) are fulfilled by diffusion processes under regularity condition on the
functional coefficients of the equation, or by classes of continuous Gaussian processes. More
precisely, if Xi,j is solution of Xm,j(t) = aj(XLj(t))dt + S]‘(Xl,j(t))dWLj(t), XL]‘(O) =M, with
a; and s; continuously differentiable on R and 7 ; admitting moments of any order, then it
fulfills [(Ax ,)(a) and [(Axp)[(b)(i) for any p > 1, see Gloter (2000), [17].

For continuous Gaussian processes, an example is X ;(t) = \j cos(ai jt)&1; + pjsin(ag jt)&a

for & ; and & ; independent N'(0,1). Such a process fulfills [(Axp)[(a) and [(Ax,)[(b)(i) for
any p > 1. We may also consider an explanatory process Xi ;(t) defined by a more general
Karhunen-Loéve decomposition.
e Counting processes may also be a natural idea as a choice of explanatory variables. Examples
of processes fulfilling [(Ax,)(b)(ii) are given by inhomogeneous Poisson processes with intensity
Aj(.). Continuous diffusion processes with a deterministic drift a such as X ;(t) = xj0 +
fot a;(u)du + fot sj(s, X1,5(s))dW1 ;(s) also fit to the condition. These two types of examples can
be mixed in case[(Ax ,)(b)(ii). They fulfill[[Ax ,)|a) for any p > 1, if the intensity A; is bounded
on [0, 7] in the inhomogeneous Poisson process case and if the functions a; and s; are continuous
(or simply bounded) on [0, 7] in the diffusion case.

These assumptions ensure that the empirical norm and its theoretical counterpart are equiv-
alent for functions of (L2)¥ with large probability.

Proposition 3. Suppose that|(As), and|(Ax )| for p > 2 are satisfied, then it holds for some
positive constant C' that

1 3 ¢ _
P ({vh e @2F.GInE < Il < JIniE} ) < oo

2.4. Additional assumptions. We set the following natural condition on the functions by,
k=1,....K:
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(Ap) The functions by, : RT — R, k = 1,..., K, are measurable, and bounded on [0, 7] by a
constant ¢, (and thus belong to L2).

Finally, an assumption on the basis is required.

(Ay) 3w >0, Fecp >0 such that L(Sm) = supyejo) >_1my P3(t) < cpm®, ¥m > 1.

If the basis is orthonormal, the quantity L(S,,) was proved in Lemma 1 in Birgé and Massart
(1998), [, to be equal to L(Sy) = supy, cs,, | [=1 SUPte[0,7] h3(t) where ||h1|* = [ hi(t)dt.

Assumption holds for several classical bases of L2, with w = 1 for the trigonometric basis
on [0, 7], w = 2 for the Legendre basis on [0, 7] and w = 1/2 for the Hermite basis or w = 1 for

the Laguerre basis (see e.g. Comte and Marie (2023) [L0]). The first two bases are orthonormal
on [0, 7] but the last one is not. We give more precise examples in Section

3. STUDY OF ESTIMATORS OF bj, FOR j =1,..., K.

3.1. Risk bound on by,. In what follows, we define the risk of our estimator as the expectation
of the empirical squared norm ||by — b||3 or the weighted squared norm ||bx — b|%. These
definitions of the risk are classically used for regression, see e.g. Baraud (2002), [I].

Theorem 1. Assume that|(As), |(Ax,) [(Ab) and |(A,) hold and that m satisfies jm| < N,
where |m| is given in (6. Assume moreover that

(15) sup E[e*(t)] :=c? < +o0 and M2 := sup  sup E[Xb(t)a‘*(t, Xi(t))] < +oo.
t€[0,7] j=1,...,K t€[0,7] ’

The estimator by of b(t) = (b1 (1), ..., bi (t))T satisfies, for ¢ and ¢ generic constants:
o forp> (2co+ 14wV 1) V4, with ca defined in (L0),

Tr(¥, '0m) ¢

(16) T e R R
o forp> (4 +4+w) V8,
-1 /

(17) B[|Bm — bIF] <5, inf [l bl + 4 TmOm) €
Moreover, it holds that

K
(18) Tr(v ley) < Tfrcgimg{|m\ A (CWTZmZ’J) }

j=1

We obtain a standard squared-bias variance decomposition, where implies that the order
of the variance is |m|/N if w > 1, if w < 1, this order can be improved.

To conclude this section, we connect the popular risk of prediction and the integrated I'-
risk which is controlled in Theorem [[] Consider X1 a new observation, independent from
(Y, X)1<j<n, for which Y41, unobserved, is predicted by Yy41 = bl X 1.

Proposition 4. Under the Assumptions of Theorem 1}, it holds that

T

E [ (1300 - BROXwa () dt} — Elbm — bl +E [ [ ot X

Therefore, the prediction error can be controlled by the estimation error on b up to a constant
term: the variance of the noise term. Proposition []explains why the prediction error may remain
large if o takes large values, see the real data example in Section [5.4]
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3.2. Upper and lower bounds on rates. To evaluate rates of convergence, we must assess
the L2-norm of the estimator’s bias within some regularity subspaces of L2. Such assessments
are standard in nonparametric statistics, for functions b; belonging to Sobolev spaces associated
with the chosen basis.

Proposition 5. Assume that for all j € {1,..., K}, the function b; belongs to a reqularity space
such that infpes, ||bj—h|> < Rjm=2%. Choosem; = O(NY 25ty and set S(1) = Minj=1 K Sj.
Then, under the assumptions of Theorem[1| with w = 1, for some positive constant C' it holds

E[|[bm — bl|f] < € N720/Csm D),

Thus, our method has the advantage of estimating all functions simultaneously and of reaching
the rate corresponding to the estimation of one function with regularity s(;), without any curse
of dimensionality. The rate corresponds to the smallest regularity.

Establishing the optimality of the rate in Proposition [5requires additional assumptions on the
model. First, we need to specify the regularity classes in which optimality is studied.Therefore,
we now assume that (¢;);j>0 is an orthonormal basis of L2, and define the regularity space

W(s,L)={f =) _0;p;, such that V.J > 1, 63 < L>J >},
Jj=0 j=J

Note that if b; € W (s;, L;), j € {1,..., K}, it holds that [|b; —b,||* < L?m_%i and the assump-
tion on the function b; of Proposition [5|is fulfilled. The fact that b belongs to W (s, L) is related
to its regularity. For instance, for the trigonometric basis and s integer, see Tsybakov (2009)
[27] (see Definition 1.12 therein, and the sequel); this means that b is s times differentiable. This
holds also for the Legendre basis, see Efromovich (1999) [I1], Section 2.6. These two bases are
orthonormal on a compact support and satisfy with w = 1 and w = 2 respectively.

Second, to establish the lower bound result, we rely on the method of Tsybakov (2009) [27]
based on the construction of many hypotheses. To that end, one needs to compute the distribu-
tion of (X (t),Yb(t) = b(t) X (t) + o(t)e(t))ielo,r- Since the rate of convergence is determined by
the smallest regularity, we study a lower bound result for K = 1 and then derive the result for
K > 1. A case where it is possible to specify this distribution is when the process ¢ is a centered
Gaussian process; then, the Cameron Martin theorem (see Chagny et al. (2022) [6] Theorem 4,
see also Lifshits (2012) [23]) can be applied. We prove the following lower bound.

Theorem 2. Let (p;);>0 be an orthonormal basis of L2, s and L be positive constants. Assume

that|(As ) and|(Ax , )\(a) for p =2 hold. Let e be a centered Gaussian process such that E[g%(t)] =
1, Vt € [0,7] and o a bounded positive function. Denote by ¥,c the covariance operator of
the process (o(t)e(t))efo,r), satisfying |X;2lop < oc < 00 for some constant cqe and for all

b € Wi(sg,Ly) that <ka1k7Z(;ele1k> < oo, 1 <k < K. Then, it holds for some positive
constant c, that

~ B
19 inf sup E[|[b—b|3] > cN >0 54y = min sp.
~ r (1)

b=(b1,....bx) bk €W (s, L) k=1,....K 1<k=K

The Cameron Martin theorem imposes a restriction on the set of admissible shifts b.X, this is
why the constraint (bX,¥10X) < co appears. In the following Corollary we provide examples
where these conditions are met provided that bX is of class C2 for all b € W (s, L).

Corollary 1. Let 7 =1, s > 2 and L be positive constants. Assume|(Asg) and|(Ax ,)|(a) for p

2. Define either (o1(t),e1(t)) = (Vt+ 1, vVt + 171W(t + 1)) or (oa(t),e2(t)) = (1,e2W(et)),
fort €[0,1] and W a standard Brownian motion. Suppose, fork € {1,..., K}, X1, is C?([0,1]).
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N _ 25(1>
Then, it holds for some positive constant c that infg supy, cyy( E[|[b —b|Z] > e¢N *®*" with

$(1) = MiNj<k<K Sk-

Sk,Lk)

As a consequence, the rates obtained when using the trigonometric or Legendre basis on [0, 1]
are minimax optimal.

4. MODEL SELECTION

The choices proposed above for m are asymptotic and depend on unknown regularity param-
eters. So, they cannot be implemented. This is why we propose a data driven model selection
device. This defines a new estimator, for which we prove a non asymptotic risk bound. A
preliminary step, is to show that the estimator defined in @ is a minimum contrast estimator.

4.1. Estimation contrast. Fori=1,..., N, (Y;(t), X;i(t))o<t<- from Model (2)) and h element
of (L2)X consider the contrast

;N
Uy(h) = ;V/OZ[h()X dt—Z/Y X (t)] dt
=1

(20) = Il 5 [ BTV Ot~ [l 200 ) — 20n(h)

where X(t) = (X;;(t))1<i<n,1<j<k is a N x K matrix and vy (h) is a centered empirical process
defined by

(21) Z/ o(t,X;(t)) &(t)dt.

This requires that the processes Y;(t) and X;(¢) are a.s. measurable as functions of ¢ so that the
integrals are well-defined.
The projection estimator of b(t) = (by(t),...,bx(t))" on Sy, is given by

(22) b (t) = (b1(1),...,bx ()T, bm = arg hrgign Uy (h).

Standard computations setting the gradient of the least squares contrast to zero, allow to check

that Bm = (51 1y-- ﬁLml,ﬁgJ, .. Bg}m% BK,I? .. ﬁKmK) defined in @ minimizes
To understand Why Un(h) provides an estimator of b( ), let us Compute its expectatlon

5 ;N K
E[Uy(h)] = E[|h]}] - v [ Y m(t)X Z brr () X o ]

i=1 k=1 k'=1

s K K
h[f —2E [/0 D b X1 k() D by (t)Xl,k'(t)dt]
k=1

k'=1
= |h[ —2(h,b)r = |h - b|f — [b]|}.
Obviously, since under |(Ag)), ||.||r is a norm, E[Un(h)] is minimal if h; = b; for j =1,..., K.

4.2. Model selection procedure. As usual for least squares estimators, it holds that Uy (B ) =
—Hbm||N This quantlty provides an estimate of the bias up to a term not depending on m, as
Ib = b3 = [b]3 — [bml3-

For the variance term, a simpler value of the constant in can be given under an additional
assumption.
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(As) Suppose that supcjo -] zerk o(t,z) == ||o||2, < +oo.

Corollary 2. If o satisfies then Tr(V'0m) < 7llo||% |m].

We take this bound as an estimate of the variance, assuming that w = 1 in Assumption
This explains why we select

(23) € arg_min Uy (Bu) + pen(m)] . pen(m) = o] 2,
meMpy N

where we consider the collection of models defined by

(24) My={me{l,..., N}, Vvie{l,...,K}, m; <N}.

Note that the collection imposes |[m| < KN instead of N previously, in order to have a nesting
space, that is a space containing any space of the collection:

Vie{l,...,K}, Ym; <N, Sy, X XSy, CSyx---xSy:=Sn.
Finally, we consider the estimator R
b =bgla,,
where Ay is defined by ([L0)).
Theorem 3. Assume that[(As ) [(Axp) [(As) [[Ap ) with w = 1 and[(A5)] hold, and that

sup E[%(t)] < +oo.
te(0,7]

Consider the estimator b of b with any m defined by . Then, there exists a numerical
constant ko such for all kK > Ky, it holds, for p > (2c2 +2) V 6,

~ m)| C
25 E[b—b2}<4 inf inf h — b2 2 m[) , O
(25) Ib=bliy| <4 inf {0 e, BBl +slolm )+ 5
and for p > (4eca +5) V8,

~ C”
2% E[b—b2]<c inf inf h — b2 2 m) &
20 E[B-blE] <o g (it bl ol ) +

where C1 is a numerical constant, C' and C' are constants depending on K, G, ||0||o-

The term ||o||oo is unknown, it is replaced by an estimator in the numerical experiments: the
supremum over ¢ of the least squares residuals, N~ SN [Y;(t) — b, (£)7X;(£)]? where by, is
an estimator of b computed on a fixed and large enough space of the collection.

Inequality means that a squared bias/variance compromise is automatically obtained for
the final estimator, the bound is non asymptotic. Asymptotically, when b belongs to a regularity
space as described in Section [3.2] the rate given in Proposition [5]is automatically reached by the
estimator.

It also follows from Theorem 3| that, for any function b, there exists a numerical (universal)
constant kg such that the inequality holds for all kK > kg. The numerical value of kg = 24 is
found in the proofs, but it is too large in practice. For numerical implementation of the adaptive
estimator, it is standard to start by preliminary simulations to obtain a relevant value for k.
Once the value of k is chosen, it is fixed once and for all. See Baudry et al. (2012) [3] for the
general methods of practical calibration.
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5. SIMULATION AND REAL DATA

5.1. Bases. We consider three bases.

[T] We denote by T the trigonometric basis called "half-trigonometric" system, namely the
cosine basis defined by

vor(1) =/1/T1 (1),  @jr(t) = /2/Tcos(mjt/T) o (t), j=1,....,m—1,

see Efromovich (1999, p.46), [11]. It is clearly an orthonormal basis such that L(S,[g]) <

2/Tm.
[H] We denote by H the Hermite basis, composed of Hermite functions h; given by, for j > 0:
a2 ;. -1/2 Ced o
Q1) hi(e) = e Hy(m)e ™2 o= (200/m) P, Hy() = (—1)e ().

The sequence (hj, j > 0) is an orthonormal basis of L?(R) and satisfies L(S,L]:I]) < Cym,
see Lemma 1 in Comte and Lacour (2023), [9].

[L] We denote by L the Laguerre basis (see Comte and Genon-Catalot (2018), [7]) defined
by

J N
- , I\t
(28) G0 = VAL@ e 520 Ly(0) = (1) (1)
The sequence (¢;,7 > 0) is an orthonormal basis of L?(R;) and satisfies L(S,%]) <2m.

The basis T is well-suited to our compactly-supported setting and is the most natural choice.
We also consider the two bases L and H, which are not orthonormal on [0, 7], but which often
work well while being parsimonious: few coefficients lead to a good estimation.

0.6 2
0.4 1
0.2 o
(o]
-1
o 0.5 1 [e] 0.5 1
0.6 2
0.4
1
0.2
(¢]
(o]
0.2 1=
o 0.5 1 o 0.5 1

FIGURE 1. Estimation of by left and by right, with basis T (first line) and basis H
(second line) for 25 paths. WASE 0.0031 for T and 0.0671 for H basis.

5.2. An example with K = 2. To start with, we reproduce the example of "setting 1"
proposed by Manrique et al. (2018), [24]. They consider K = 2, X;(t) = 1 and Xs(t) =

px (t) + 3052, pi&i 05 (1) where ux (t) =t +sin(t), for j > 1, ¢;(t) = V2sin((j — 1/2)7t), pj =
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1/((j —1/2)m), and the & ; are i.i.d. and A'(0,1). The functions are by (t) = (¢t — 0.25)21[0_25,1] (t)

and
2
balt) = <_0.152

The noise is o(t)e(t) = c. Z?iu p;&ij®;(t) where c. ~ 7 is chosen such that we have a similar
signal to noise ratio of 2 as defined in Manrique et al. (2018), [24]. We compute the following
weighted average squared error

(t—0.45)% + 2) 1(0.3,0.6(t) + < (t—0.85)% + 2> 1i0.7,1)(2)-

0.152

27 range?(by) range?(bs)

WASE = L [fg (bu(t) = bi(0))dt Ji (ba(t) @(t))?dt]

over 500 repetitions for N = 70 and discrete observations ¢; at 100 equispaced points in [0, 1].
The results are displayed in Table[I] The trigonometric basis T with our method performs much
better than Manrique et al.’s proposal, but the Hermite H basis fails probably because of the
lack of regularity of the functions under estimation. The mean of selected dimensions is 3 for b;
in both bases, and for bs, 15 with the trigonometric basis and 8 for the Hermite basis. The true
value of the infinite norm of o(¢) is used in the penalty, and the constant & is set to 0.2 for both

bases.

‘ Manrique et al. ‘ Basis T Basis H
WASE 0.0150 0.0032  0.0642
std 0.0097 0.0015  0.0088
TABLE 1. Comparison of two bases to Manrique et al. (2018)’s [24] results, 500 repetitions.

Figure [1] is an illustration of the quality of the results and their stability: 25 estimators of
each functions are given for both bases together with the true curves. Clearly, the main problem
for both bases is to recover the zero part at the beginning of the interval for the function bo,
otherwise, their performances are quite convincing. The estimator proposed by Manrique et
al. (2018), [24] does not have this problem, but clearly fails to estimate b; (see their Fig.1 p.997).
The number of observed paths NV = 70 for each experiment is not very large, compared with the
asymptotics.

5.3. Simulation experiments for K = 3. We conducted simulation experiments in the case
K =3 with X;(t) =1, X2(t) a Poisson process with parameter A = 0.5 and X3(¢) and o(t)e(t)
as the Xo(t) of Manrique et al. (2018), [24], described above, with here ¢ = 7. We considered
the functions

(29) bi(t) = cos(2.8mt),  ba(t) = 0.25exp(—t/3) — 2exp(—2t), b3(t) = 2t*.

The idea was to choose an "easy to estimate" function for basis T (b1) and an easy function as
well for basis L (b2), associated with explanatory variables of different types (constant, counting
process, regular Gaussian process).

The term |||/ is replaced by an estimator defined as residual least squares associated with
an estimate of the function b; for i = 1,2, 3, Emz where m; = min([v/N/3],5). The X; ;(t) are
sampled at times t; = k7/n, with 7 =1 and n = 100, £ = 1,...,100. The penalty constants
are calibrated to k7 = 0.25 for basis T and to k7, = 0.125 for basis L. The maximal dimensions
considered in each collection are 12 for T and 10 for L. Larger values of these maximal dimensions
have been tested, but they are never selected by the algorithm, and such restrictions make the
computations much faster.
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FIGURE 2. Case 1. Estimation of by left, by middle and b3 right, with basis T (first
line) and basis L (second line) for 25 paths. 100xMISE(by, b2, b3), (0.284, 0.006, 0.134)
for T and (0.748, 0.001,0.032) for L. Mean of the selected dimensions (5.6, 3.6, 5.5) for
T and (6,0, 2.0, 4.0) for L.
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FIGURE 3. Case 2 (permuted). Estimation of by left, by middle and b3 right, with basis
T (first line) and basis L (second line) for 25 paths. 100x MISE(by, bs, b3), (0.295, 0.003,
0.137) for T and (11.00, 0.001,0.124) for L. Mean of the selected dimensions (5.9, 4.5,
5.6) for T and (5,0, 2.4, 6.0) for L.

The MISE for the estimators is here computed as follows:

<

(30) MISE(b) = 330 =S B (r/n) — belir /)
j=1 " j=1

where /l;éjq)m is the adaptive estimator of by for the jth simulated path, £ = 1,2, 3.
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Function N =50 N =200 N = 1000
Casel Case2|Casel Case?2 | Casel Case?2
MISE | 1.678 2.063 | 0.274 0.323 | 0.074 0.092
by std 0.11 5.15 0.10 0.18 0.02 0.03
dim 4 4.4 5.7 6.0 7.9 8.2
MISE | 0.029 0.015 | 0.007 .003 .003 .002
bo std 0.03 0.01 .006 .002 .0008 .001
dim 2 2.9 3.5 4.2 4.1 4.8
MISE | 1.115 0.596 | 0.144 0.123 | 0.046 0.043
b3 std 0.22 0.17 0.06 0.06 0.01 0.01
dim 3 3.7 5.6 5.9 8.1 8.4

TABLE 2. Results for the two cases for basis T, 200 repetitions. 100x MISE is computed
from as well as 100xstd. dim is the mean of selected dimensions.

Function N =50 N =200 N = 1000
Casel Case2|Casel Case?2 | Casel Case?2
MISE | 3.577 51.6 0.749 10.6 0.044 2.47
by std 0.09 37.9 0.02 5.07 0.003 0.54
dim 5.0 4.0 6.0 5.0 7.0 6.0
MISE | 0.046 0.002 | .0015 .0009 | .0002 .0001
bo std 0.58 0.001 | .0009 .0007 | .0004 .0001
dim 2.0 2.9 2.1 2.4 2.9 3.1
MISE | 0.949 0.109 | 0.044 0.141 | 0.022 0.013
bs std 0.31 0.10 0.04 0.05 0.015  0.006
dim 3.0 4.0 4.0 6.0 4.0 6.4

TABLE 3. Results for Cases 1 and 2 for basis L, 200 repetitions. 100xMISE is computed
from as well as 100xstd. dim is the mean of selected dimensions.

To test the stability of the estimation with respect to the type of the covariates, we make a
permutation of the explanatory variables and consider as "Case 2" the same model and noise
with leading part by Xs 4+ bo X3 4+ b3 X71. In comparison, we design as "Case 1" the initial b; X7 +
bo Xo+b3X3. The signal to noise ratio is computed here as the standard deviation of the observed
Y divided by the standard deviation of the noise, and ranges between 2 and 3.

Figures 2] and [3] present 25 estimated curves compared to the true ones for the three functions,
for N = 200, in Case 1 for Figure 2] and Case 2 for Figure[3] The main problem when permuting
the explanatory is for the estimation of b; in basis L for Case 2: here, by is associated to the
Poisson explanatory variable, this seems to increase the error. This is illustrated by the first plot
on the second line of Figure [3} the general form of the curve is well reconstructed, but a slight
bias appears. Globally, the method works very well for these regular functions.

Tables [2 and (3] present numerical results for different sample sizes N = 50, 200 and 1000, in
cases 1 and 2 for the basis T (Table[2) and basis L (Table [3), and for J = 200 repetitions. As
expected, the error decreases when N increases; moreover, the selected dimensions have not the
same order for each function (the selection is adaptive to anisotropy) and increase with N. Basis
L gives good results, except in the case mentioned above, but basis T seems more relevant in
this problem and more stable when permuting explanatory variables. However, comparing the
18 scores in term of MISEs, L wins 10 times and T 8 times.
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Clearly, many additional experiments may be driven, by changing the functions b;, the noise
level ¢, or the noise type (Brownian type as in the lower bound Corollary . We do not pretend
to be exhaustive, but the method is simple to implement, performs rapidly and gives globally
very good results.

5.4. Real data. We are examining the electricity usage patterns of household appliances in a
low-energy house situated in Stambrudge, Belgium. The home is equipped with sensors that mea-
sure temperature and humidity at various locations indoors and outdoors. The dataset under in-
vestigation is publicly accessible via the UCI Machine Learning Repository (https://archive.ics.uci.edu/).
It encompasses recordings of 18 variables every 10 minutes, spanning from January 11th, 2016,
at 5 pm to May 27th, 2016, at 6 pm. This dataset forms a multidimensional time series, with
each dimension corresponding to one of the 18 variables. The original dataset was completed
with other weather parameters from a nearby weather station that we do not consider here.

The focus is on the appliances energy consumption (in Wh) plotted in Figure as it represents
the main contributor to overall energy usage. We transform this time series into a functional
sample by segmenting it on a daily basis and take it as the functional response variable Y;(t)
where i = 1,..., N (N = 137 days) and ¢t = 1, ..., 144 discretized measurements over each day
(24 hours), see Figure [5| (left).

This dataset has been first analyzed by Candanedo et al (2017),[5]. Chagny et al. (2022),
[6] investigated this data and seek to predict the logarithm of the energy consumption Y;(¢) for
a given day i by choosing as a predictor the prior day’s energy consumption Y;_i(t), resulting
in an auroregresssive model of order 1. Our approach is different since we want to explore the
explicative functional variables available in the dataset. Following the statistical analysis of
Candanedo et al. (2017),[5], we choose to apply our model by taking two explicative functional
variables. First, the discrete variable "lights" giving the energy consumption of lights in the
house has been shown to be a good predictor of room occupancy and it is the most correlated
with the energy consumptions of appliances. We also choose the temperature outside the house
T which is one of the 18 continuous variables in the dataset giving conditions in the house. Pairs
plot in Figure 5| (right) show the relationship between the energy consumption of appliances with
lights and temperature outside Ts. The correlation between the appliances energy consumption
and both lights and Ty are respectively 0.20 and 0.12. The lower the lighting consumption, the
lower the consumption of appliances decreases. The appliances consumption profile is highly
variable as seen in Figure [5| with periods of almost constant demand followed by high spikes.

We kept 19,728 out of 19,735 observations in order to have 137 full days with 144 measures
per day. The interval [0, 7] with 7 = 1 stands for one day and is discretized by taking A = 1/144.

We also add a constant level function X;(¢) = 100 in the model. We split the data into the
first 136 days to estimate the coefficients and we kept the data of the 137th day to predict the
appliances energy consumption.

The estimated coefficient functions of the model by, be, by associated with X;(¢t) = 100, Xo(t)
Temperature outside and X3(t) lights over the first 136 days are given in Figure @ The coefficient
functions by and b3 (respectively middle and right) are in accordance with the expected shape.
The coeflicient peaks correspond to times of the day when the occupants of the house are notably
present in the evening and in the morning.

We also compute for each basis B, the global vector of residuals of size 19,728 x 1:

3
AY (B) := vec ((Y;(tj) — Zbk(tj)Xi,k(tj))1§i§136,1§j§144> .
=1
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FIGURE 4. Appliances energy consumption measurements (in Wh) from the 11th Jan-
uary 2016 at 5 pm to the 27th May 2016 at 6 pm.
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FIGURE 5. Appliances energy consumption data. Left : functional measurement data
per day (N = 137 curves, mean curve in bold). Right : pairs plot showing relationships
between the energy consumption of appliances (response Y) with the temperature outside
Ts (X2) and lights (X3).

For the bases B=H, L or T (Hermite, Laguerre or Trigonometric), we find the following empir-

ical residual mean and variances: AY (H) = —2.325.1077, AY (L) = —3.559.107%, AY(T) =
—2.38.107"* and Var(AY (H)) = 8.6.103, Var(AY (L)) = 8.6.103, Var(AY (T)) = 8.8.10%.

The large variance of the residuals is related to large o, see Proposition [4 and here it is clear
that the high spikes in the energy consumption result in high value of o. The same phenomena
has been observed in the prediction made by Chagny et al. (2022) [6] with their autoregressive
model.

Lastly, we compare in Figure [7] the mean curve of Y over the 136 days of estimation to the
prediction using the 144 values of the X137 4(¢;), 7 = 1,...,144 on day 137. We can see that the
global shape of the curves are not so far. Our forecast captures the consumption trend quite well,
but do not allow us to detect the brutal high spikes; which is not surprising. Even estimating o
as a function, would not necessarily help for such prediction.
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FIGURE 6. Electricity data. Estimation of by left, bo middle and b3 right, with basis L
(first line) and basis H (second line). Selected dimensions are (8,5,5) and (8,5,4).
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FIGURE 7. Comparison of the mean (black curve) of electricity appliance over 136
days to the prediction on the 137th day: with Hermite (magenta), Laguerre (cyan) and
Trigonometric (green) estimators of b;, j = 1,2, 3.

6. PROOFS
6.1. Proof of Theorem We start with some preliminaries.

6.1.1. General orthogonal projection w.r.t. (.,.)n. To study the risk of gm, we need to have an
adequate expression of the orthogonal projection of b with respect to (.,.)n. Let

Doy gty ik = (0,..,0,05,0,...,0)7, k=1,...,mj, j=1,... K.
N—— N——

Jj—1 K—j
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The functions (®;,j = 1,. |m|) Constitute an orthonormal system of (L2)% with respect to
the scalar product (h, h*) fo J 1 hj ()R () dt and generate a space Sy, (isomorphic to Sm)
with dimension |m| =mj + - - + mk. An element h = (hy,...,hg)T of S| can be written as
|m| mg
Zalq) = Zal@lazamﬁrz Piy .- 7Zam1+...+m1{_1+i @’L’)T'

i=1
We have: R
Um = ({25, (I)Z>N)o§j,g§|m\ :
Indeed, if, for 1 < j < mpand 1 < ¢ < mp, mi+ ...+ mp_1+7 < mi+---+mg and
mi+ ... +mg—_1 +/ < mi--+ My, <q)j,q>g>N = (I}mkmk/'
The orthogonal projection mmb of b on S|, with respect to the scalar product (.,.)y is
characterized by mmb —b L ®;,7 =1,...|m|. This yields

|m|
(31) Tmb = Z/@J@j where  (8))1<j<jm| = ¥ ((b, )N 1< j<|m|
The vector Vi = (1717:7”1, NN ?g’mK)T can be written as

~ 1 T
@) o= (0 s P Wi ([ 0 M)
71<|m

where My (t (ZX i X;(t))e (t)) . Note that, recalling the definition of Oy,
1<j<K
given in (8), we have
1
(33) EWnWL] = ~Om:

The matrix O, is symmetric and nonnegative as, using h;(t) = Z;n:jl zjppp(t), we get that
2
XTOmX — Uo SR ()X 5(8))o (X (1))en (¢) dt} > 0.
We state the followmg Lemma, proved in Comte and Genon-Catalot (2024, Lemma 6.2) [8].
Lemma 1. Assume|(Axp) and|(As) Define the set

LV 1
34 Om = -1 <=-,VheSm,.
. [ 1= smes
where the empirical norm ||.|n and the || - |r-norm are equivalent for elements of Sym. We have
On C Qm for all m, and
(35) O = {H\I/Q/Q@mq/;”? — Tdjnyflop < 1/2}.

We also recall the following proposition, proved in Comte and Genon-Catalot (2024, [§], Propo-
sition 3.4), which shows that A has large probability and guarantees a rough bound on || ¥ op-

Proposition 6. Assume that (Ax,)(a) for p > 2 are fulfilled. Then, there ezists a
constant co > 0 depending on K, §. (see (14)) and p, such that P(AS) < coN"P/2. Moreover,
on Ay, it holds that Ym, [ Wl |op < c1 N2

We prove Inequality , proof of Inequality is deferred to the Supplementary Material.
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6.1.2. Proof of inequality . We write,
[bm = b} = [Ibm —bl[ALay + [blF1ag
(36) = |[bm — bl[i1aynon + [bm = bl Laynog + bl 1ag = T1 + T2 + T,
2
e Consider the term T3 = ||b||3,1a¢, where ||b]|3; = + SN N <Z]K:1 bj(t)Xi’j(t))) dt. We have

E[T5] < EV2[||b||4]PY/2(A%). Thus, it holds that
2 2

T K K
T /0 )| E (D XT) ] |dt
j=1 j
2

7j=1
- [ K K

< KT/ d vty | dt) E [ sup ijj(t)] = cx (7).
0 \Jj=1 j=1

te[0,7]

E[blIx]

IN

Then, Proposition@implies E[T3] < CN—P0/2 < % for pg > 2, i.e. p=2py > 4.
e Let us now study of 71 = ||bm — b3 1ayn0y- We can write:

(37)  Ibm —blI = [Ibm — mmb]% + [mmb — b} = [bm — mmb[[F + inf b Al

OH the one hand, we have Bm = Z']rgll[]/gm]]q)] with ﬁjr;l = (B\l,la ey B\l,ml, ey e 7BK,mK) =
U;Vm. On the other hand, mmb = Z‘]rill B;®; where (see BI)) Bm = (B1,..-, Bjm))" =
UL (<(I)j7b>N)1§j§|m\'

Hence, by (32), Bm — Bm = U;'Wy, and using that if h = Z|312|1 z;®; then ||h|3 = xT W, x
with our standard notation,

(38) bm — Tmbl% = (W) U2 00U Wy = (Wi )T, W,
Recall that by Lemma , Oxn C Q. On O = {”\1/;}/2@,“\1:;3/2 — Ty flop < 1/2}, all the

eigenvalues of U2 /2 belong to [1/2,3/2] and so all the eigenvalues of \11%2@;11\1/%2
belong to [2/3,2]. Thus, we write

(Wan) U Wi 1oy = (W) 02020 00200 P Wi, 100y
(39) < 2(Wi) D0 Wi 10,
Therefore , by using equality , and in particular E[[Wm];[Wm]k] = [Om]jk, we get

A

E|Ibm — mmbliloyray| < 2E| D (Wl (Wale[¥5 )i
1<45,k<M

2 _ 2 _
(40) =5 2 WliklOmlik = TV O,
1<4,k<M

So we obtain:

2 2
E[n] < E[inf |[b-hl}]+ FTr[0y Om] < inf [|b—h[f + T[T Om,

where the second term of the right-hand-side (rhs) above is the variance term appearing in ((16]).
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e Finally, let us study of Ty = HlA)m—bH?\,lANm@JcV. We have Ty < (Hgm—wmbH?\,—i—HbH?\,)lANmO]cV.
Using yields

(41) Ty < (WEUL Wi + [Ib]13) 145005, -
By Proposition [6] about Ay and the Cauchy-Schwarz inequality, we get,
(42) E[Ty] < (26 NEV2[(WEWm)?] + EV2[b][4])) P/2(O%).

We have already seen that E[||b||%] < cx (7). For the term E[(WL Wp,)?], we prove the following:

Lemma 2. Under the Assumption of Theorem[1], with Wy, defined in (32), we have, for some
constant ¢* := c(1, My, ¢z, ¢,), that E[(WLWp,)?] < c*(1v N9,

Plugging the result of Lemma [2[in allows to conclude, with the bound in Proposition
that, for all m satisfying |m| < N, E[Ty] < ON®P/2+w=D+/2 < CN-1 for p > 2c, +1+wV 1.
Joining the bounds for the expectations of 11,75, T5 gives Inequality by choosing p >
2¢, +1+wV1andp>4.

6.1.3. Bound on Tr[¥!0mn]. As ¥l and ©,, are symmetric and nonnegative, we apply:

Lemma 3. Let A, B be two symmetric nonnegative dxd matrices. Then, Tr(AB) < || AllopTr(B).

We get Tr[Ur!Om] < | Uil lopTr[Om] < i Y1) Tr[Opy;m,] where

O] = Y [ [ ol B (0)Xa,(5)ot Xa(®)o(s, Xa(s)els, )
p=1

IN

P 121 %2 (1) g2
j; (/0 () |EV[XT (1) (t,X1(t))]dt>

< ceT(mj ATL(Sm,;)) sup sup E[Xij(t)UQ(thl(t))].
1<j<K t€(0,7]

Therefore, using Assumption

K
Te[Vp' Om] < fre sup sup ELXT;(6)o?(t, X1 (0))] | Im| A (epr ) m¥)
Jj=1,...,K tc[0,7] 7 J=1

This leads to Inequality , using . Inequality is given in Supplementary Material, to
complete the proof of Theorem [I} O

6.2. Proof of Theorem Without loss of generality suppose that s; < si for all k& €
{2,...,K}. First for all b and b it holds, using Proposition , that
~ 1~ 1~ 1
b—bl2> —|b—=b|?> =|b — b |?*>
BBl > b= b= b >
where G3; := supcjo ) E[X7)(¢)] and [[ul|f, = [5 w?(t)E[X?(t)]dt. Therefore, to establish the
result, it is enough to prove that, for C' > 0,

(43) ipf sup E[H/b\l _ b1H12“1] > CN—251/(251+1).
b1 b1€W (s1,L1)

by — b1l[f,

In the sequel for sake of readability we drop the dependency in the index 1 for the function b
and the regularity s.
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Following Theorem 2.7 in Tsybakov (2009) [27], the lower bound is established by considering a
decision problem between an increasing number Q+1 of competing functions by, . . ., bg contained
in W (s, L) for some positive constants s, L. The following two conditions must be satisfied

(1) ||bg — bq/H%l > dN~ 252i1, V0 < ¢ < ¢ <Q for some positive constant d,
Q

(ii) % ST KLEPEN, PFY) < klog Q, for some 0 < £ < 1/8,
qg=1

where Py denotes the distribution of (X (t), Y9());e(o,r, Where Y9(t) := by(t) X (t) + o (t)e(t) and

KL is the Kullback Leibler divergence.
M

Consider by = 0 which belongs to the class W (s, L) and the functions by = dM ™7 Z 04,505
j=1
for some § > 0, > 0 and M > 0 that will be specified below and 8, = (0.1, - - ., 04.0) € {0, 1}M.
To ensure that the functions b, belong to W (s, L) for 1 < g < @ we choose (8, v, M) such that

M M
62M—2’y ijseg,j < 52M—2'y Zjls < 52M25+1—2'y < LQ, for y > 5+ % and 0 < & < L.
j=2 Jj=2

Note that this implies that §2M 27 Do I<i<M GZJ < L?J72% and thus b, € W (s, L).
Next we show a Lemma that implies point (i) above.
Lemma 4. Suppose and let M > 8, there exist Q > 2M/8 elements {61, . .. 00} of {0, 1}M]
1462
0o = (0,...,0), such that it holds ||by — by||f, > gf—M—2v+1’ VO<g<q <Q.
T
Proof of Lemma[j Let 6,, 0, € {0,1}9, we compute

2
M 9

T B (5 _
by — byll?, = /0 PU (D05 = ,)05(a) | ELX(PNr = S0210(0,.0,)

j=1 v

where we used |(Ag)| (for K = 1 it holds T'1(t) = E[X? (¢)]) and where p denotes the Hamming
distance defined by p(0y,0,) = Z]Nil Ly, ,#0, ;- Next the Varshamov-Gilbert bound (see Lemma

2.9 in Tsybakov (2009) [27]) ensures that for M > 8 there exist Q > 2M/® elements {6y, ...,00}
of {0,1}M such that p(0q,0,) > M/8 for all 0 < ¢ < ¢’ < Q with 6y = (0,...,0). This leads to
the desired result. O

Now, we show a Lemma that enables to establish point (ii) above.

Lemma 5. Let 0 € {0,1}M, suppose that holds with p = 2 and oe as in Theorem .
Then, it holds that
KL(PSN, PEY) < 6°¢2 gG%M’Z’V“.

o€

Proof of Lemma[J To establish this result we rely on the properties of the Kullback Leibler di-
vergence and the Cameron Martin theorem (Chagny et al. [6] Theorem 4, see also Lifshits (2012)
[23]). Consider the Hilbert space (L2, {.,.),|.||) and oe a centered Gaussian random process with
distribution Py and covariance operator Y,. satisfying the assumptions of the Theorem. Con-
sider the subset Hp = {h € L2, (h, ¥, 1h) < oo}, for all h € Hp it holds that the distribution of
oe + h is absolutely continuous with respect to Py and its density is given by

il SR — = (h, % .
@) = (0,520~ S0,
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It allows to write for 1 < ¢ < @ and b, using that b, X € Hp, conditioning on X, that

dP dP
KL(PEN, PEN) = N KL(P,, Py) = N/log (dP§> dP, = N//log (dPiZi) dPyqx dPx

1
— NEx [B | 520,) - 51202, x0P |

1 N
= NEx [<qu, E;slqu> - §<quv E;slqu>] - EEX [<qu7 E;slqu>]

N N
< S 1= loplballf < S 122 lop sup BLX(6)7]15,11%
te(0,1]

where we used for p =2 and ||X,}|op < .. Using that [|b,]|* < 6°M 27! we get the
desired result. O

1
Take v = s + %, which ensures that b, belongs to W(s, L) and M = N?2v. This leads to

2s
b — by ||% > AN~ 2+ with Lemma for some positive constant d. Moreover, using that for

M > 8, Q > 2M/8 it holds that NM 2+ = M < 1022 log Q. Injecting this in Lemmaand

taking 62 < ((log2(2°¢2.G3)™1) A ”Tzs), allows to write

Q
1
=) KLEZN, PEY) < klog Q
q=1
for some k € (0, %) Applying Theorem 2.7 in Tsybakov (2009) [27] implies, for some positive

~ 2s
constant ¢, infy supyepy (s 1) E [Hb - bH%l} > ¢N ™ 2s+1, and completes the proof. O

6.3. Proof of Corollary All we need to check is that oje; (resp. ogeg) satisfies the as-
sumptions of Theorem [2| The fact that e (resp. e2) is a centered Gaussian process such that
E[e?(t)] = 1 (resp. E[e3(t)] = 1) for all ¢ € [0,1] is easily checked. Similarly observe that oy
(resp. o32) are bounded on [0,1]. Next we identify the operators X,,., and ;L (resp. Zgye,
and Y7L ) defined by V£, g € L2([0,1])

02€E2
COV(<fa Ul€1>7 <ga 0151>) = <f7 20’161g>'
Simple computations lead to, for all ¢t € [0, 1],

[t—s]

2 ds.)

1 1
Sy g(t) = / 9(5)(s A t+1)ds, (resp. Somepg(t) = / g(s)e

To compute its inverse we observe that differentiating twice in ¢ the latter leads to

1 1
9= 1201819 — (Zo1e19)" = <4I - D2> Yo1e19
(resp. 9= —(20,,9)" = —D2(Z0se,9)),
where D : g — ¢” and I is the identity. It follows that ©;L = 3T — Dy (resp. £;L = —Ds).

Combined with the assumptions that X1; is of class C2([0,1]) and that s > 2, implying that
by € W (s, L) is of class C?([0,1]) (see Proposition 1.14 of Tsybakov (2009) [27]), it ensures
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that (bp X1k, Z;llalka1k> < oo (resp. (bpX1p, ¥,.L bpX1x) < 00) for all by, € W (sg, Ly,). Finally,

02€2

using Definition 1.11 and Proposition 1.14 of Tsybakov (2009) [27] we get

||Ea'1161”0p = Su£)1 ||2mlalg|| < 1 + HS1H1£>1 Hg'/” < —+cr X
lgll= g:bkxlk,gbk;W(Sk,Lk)
(resp. |12z, llop = IIShlpl 155,91l < ||Sl||1p1 lg"Il < eLpxi)s
gll= e

g=bp X1k, b €W (sp,Ly)

where cr, x,, = L (Supeio - [ X1 (t)] +28upseio - | X 11 (8)] +5upsepo 1 [ XT3 ()]). This completes
the proof with ¢, ¢, := i + maxi<k<K CL, X, (FESP- Copey = MaXi<k<K CL, Xy5). U

Supplementary material contains the proofs of Propositions , , , and , Inequality
of Theorem [, Lemma [2] and Theorem [3]
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7. SUPPLEMENTARY MATERIAL

7.1. Proof of Proposition The result follows from the following equalities.

For x = (xlvl,...,xlvml,xgjl...,a:gvm?,...,a:K71,...,:cK7mK)T I R‘m‘, set for j = 1,..., K,
hi(t) = Y2 jpep(t) and b= (hy,..., hi)" (see (4)). Then we have
R T K 2
M = [ LSS m0X0 | = b,
i=1 \j=1

and xT Umx = ||h||2. Indeed, using the product of matrices by blocks and setting for j = 1,..., k,

T _ .
x; = (@)1, Tjm,), we get:

xT,x = E X]T\Ilmj,mkxk.
1<5,k<K

Using the definition of ‘ilmj’mk yields, for h; as defined above

~

N
T 1
B, = [ i Oh0)3 D X (O Xia ).
0 i=1

Thus,
| N (K 2 -
M Ox = Y [ 0% | at= [ o Ty@ha.
=170 \j=1 0
Now, xTWmx = 0 implies that h(¢)"Tx(t)h(t) = 0 a.e. on [0,7], by [(As)l As, for all j, the
functions (¢;,j =1,...,m;) are orthonormal on L2, this implies that for all j, x; = 0, therefore,

x = 0. This shows that Wy, is positive definite. The same holds for Wy,.
Moreover, the constraint of finiteness of §. defined by , implies the second result, it is
proved in Proposition 3.2 in Comte and Genon-Catalot (2024) [§]. O

7.2. Proof of Proposition [2l It holds that
T
n)E = / h(t) T (H)h(t)dt < sup T(1)]lop| bl
0 t€[0,7]

As, under [(Ax )b [[T@)llop < Tr(I'(t)) = Z]K:lE[Xf](t)] < KG2%, we get the first result of
Proposition 2l Under |(Ag)|we write, using that h = (hq,...,hg)7T that

s K
Ih|f* = /0 ST (6)SY2(8) S (8) S () hy () < . T [loplh2 = f.||B]I2,
j:]- c sT

which completes the proof.

7.3. Proof of Proposition [3| Define the event:

(14) Ox = { sup [0 2Tn (O ()2 ~ i op < ;} |
te[0,7]

To get the announced result, we prove in the next Section, that
(45) On C {vh e (L2)¥, (1/2)|[h]f < |3 < (3/2)[h#}.
Now, we prove that, for all pg > 1, P(O%,) S N~Po.
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Indeed, using recall that we have set f. := sup;epo ] [IT(£) " |lop (see ([12)). We have
sup [|IT(6) " Ty (01 ~Tdkllop < P I lop sup T (t) = T(®)llop
t

te[0,7] tel0,7 €lo,m
< fr s VIr((Cn(t) = T(1))?).
te|0,7

Then

N 2
Tr((Cn(t) -T(1)%) = > (11[ > X () Xik(t) - E[Xi7j(t)Xi,k<t)]}>
=1

1<j k<K

1<jk<K

N 2
< K? max <;Z{Xi,j(t)xi,k(t)_E[Xi,j(t)Xi,k(t)}}> :
i=1

It follows that

N
1 1
) < _ .. . _ .. .
P(Oy) <P (1 e, S N iEZI{Xz,J(t)Xz,k(t) E[X;(DXir(Ol} > 5 K&) :
1 Y 1
< E P ( sup |~ E {Xi; ()X k() — E[XG,;(0) Xik(t)]}| > oK ) :
1<jk<k  \t€l07] i—1 r

The result of Proposition [3] follows immediately from Lemma [6] below. O
Lemma 6. Let p > 2 and assume that holds. Let j,k € {1,..., K}, then , there exists a

constant Cp, + such that, for any constant a. > 0,

N
0] %Z(Xi,j(t)Xi,k@) —E[X; () X, 1()])
te|0,7 i—1

Py :=P ( sup

> aT> < CprasPN7P/2,

7.4. Proof of Lemma @. We distinguish the proof depending on the case considered in
We set pg = p/2 and, for j,k € {1,..., K} fixed, define

N
(16) 1) = 5 SO (0 X,(t) ~ B (0 X, (0)
=1

e Case (i). We consider continuous processes (X; j)1<i<n,1<j<k satisfying . By Rosenthal
Inequality and (13)), we obtain that there exists @ > 1 and a constant c¢(p, 7) such that

1
Np/2'
We state the version of The Garsia-Rodemich-Rumsey (1970/71) Lemma [14] given in Jourdain
and Pages (2022), [18].

YN > 1,Vs,t € [0,7], B[Z%F(t) — Z%F ()] < e(p, 7|t — 8|

Lemma 7. Let (Y;")n>1 be a sequence of continuous processes where the processes Y = (Y{")yc(0,1]
are defined on a probability space (2, A,P). Let p > 1. Assume there exists a > 1, a sequence
(On)n>1 of positive real numbers converging to 0 and a real constant C > 0 such that

Vn>1,Vs,t € [0,T], E[Y" —YP] < C|t — s[*0P.

Then there exists a real constant Cp, 7 > 0 such that Vn > 1,E | sup |Y" — Y|P

te[0,T]

< Cpré?.
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By Lemma [7] there exists a constant C, ; such that

YN>1, E —
N te[0,7] "N/

. . 1
sup |Z4"(t) — Zﬁ’“(onf’] <C

Finally, by the Rosenthal Inequality and |[(Ax ,)[(a), we get
E[| 25" (0)]P] < C(p) N P{NE[|X1,;(0)X1,£(0)["] + NP/*[Var(X1,;(0) X1 4(0))]/?}.

Therefore, there exists another constant C), -,

<,

(47) E PT N2

i,k
sup | Z3y (£)[”
t€[0,7]

Now by the Markov Inequality, Py < a;” Cp N -p/2. 0

e Case (ii). We first recall Doob’s maximal inequality for martingales: Let (My); be a
martingale and p > 1, then it holds that

p
(48) E| sup [MiPP s(p) sup E[[Mi]7]
te[0,7] P=1) teoq

Suppose that X; j(t), 1 < j < K, is such that it has moment of any order, independent increments
and there exist a continuous deterministic function A; such that X; ;(t) — A;(t) is a centered
martingale. Consider the quantity, for 1 < j, k < K,

UPM(8) = X (DX (t) = E[Xiy () Xin(0)] — Aj(8) (Xin(t) = Au(t) = Ax(0) (Xi (1) = Aj(8))-

Define F; the natural filtration o (X; j(s),s <t,1 <j < K,1 <i < N), we show that Uf"k is a
martingale. For that we compute for ¢t,s > 0

E[U{’k(t + 5)’-715] = E[X1’j<t + S)XL]g(t + 8)‘./—"75] — E[XLj(t + S)lek(t + S)]
— Aj(t 4 8) (X1 k(t) — Ap(t)) — Ar(t + 5) (X1,5(t) — A;(1)).
We focus on the first term

E[X1;(t + ) X1x(t + 5)| 7] = E[(X1,5(t + ) — X1,;(0) (X1t + 5) = X1(2))| ]

Kt +
+ E[X1;(6) (X1, +5) — X4 k(t))!ft] + E[X1,;(t + 8)X1,,(t)| 7]
=E[(X1,;(t + ) — X1,;(0) (X1, + 5) — X1x(2))]
+ X1 (OE[(X1x(t +5) — X1 x(1))]
+ X1k (O)(E[X1,;(t+ 5) — X1,;(1)] + X1,5(2))

=E(X1(t+5) X1kt + ) + (X1,5(t) — 4;() (Ar(t + 5) — Ax(t))
+ (Xik(t) = Ar(8)(A; (4 5) = A;(1)) — BIX15(0) Xop(8)] + X1k (0) X1,5().
where we used the independence of the increments of X7 ;. Plugging this in the latter expression
leads to E[U{’k(t + 8)|F] = Ufk(t) Therefore, Z]j\}k given by can be rewritten

N
240 = 3 {00 + A0 (X ~ A40) + A0 (X0 - 45(0)}
i=1
M

PR + Aj(OME () + Ap() My (1)
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with Mf]k{,(t), M2 () centered martingales given by

1 1

MIN(@®) = 5 D UMW), MEn(8) = 5 (Xik(t) — 4x(0))
=1 =1

We apply Doob’s maximal inequality for p > 1, and C, = 3"L(p/p — 1)P

E | sup |23 (1)
te(0,7]

<G ( sup E[|M{N ()] + Lr sup E[|Mg x(t)[P) + Ly sup E[|M] y(t)"]
te(0,7] t€[0,7] te(0,7]

The bound of order N~?/2 follows by Rosenthal Inequality, Assumptions and (a). O

7.5. Proof of Inequality 1) . We denote by T'(t)'/? a symmetric square root of I'(t), invertible
under (Ag)| Let h € (L2)X such that ||h|2 = [; h(t)"T(t)h(t)dt = 1. Then

Bl _ |
I

= Iml3 - )3 = ' [ norws - r<t>>h<t>dt\

/ ()T ()T (E) AT (T )2 IdK»r(t)l/?h(t)dt\
0

< S}lp}Hl“(t)_l/QTN(t)F(t)_l/Q—IdKHop/ b(t) " T(t)h(t)|dt
te|0,7 0

= sup |06 TPINOTE) Y2 Idk flop,
t€[0,7]
using that ||hflr = 1. As a consequence sup;¢g 5 D)~ Y20 N (O)T(t) /2 — Ida||op < 1/2 implies
for all h € (L2)%, ||h||3/|h[? — 1| < 1/2, which gives the result. O

7.6. Proof of Lemma [2. We have

) K m /1 o N 2
E[(wﬁwm)} = E (ZZ(N /0 cpk(t)ZXi,j(t)o'(t,Xi(t))ei(t)dt>
N

jm| & - '
Y Sk (Z /0 gpk(t)xi,j(t)a(t,Xi(t))gi(t)dt>

=1

| ) \
( [(/U gok(t)XLj(t)O'(t,Xl(t))é‘l(t)dt) ]
T 2 2
N {IE [(/0 or(DX 15D (t, Xl(t))el(t)dt> ” )

C4)lm| 2, KN** max sup E [ij(t)a4(t, X1(t))] sup E [e1(t)]
1<i<K tefo,7] ’ te[0,7]

IN
|

IN
Q
2|E
El
]
=
=

2
2 2 2 2
+|m|TN <1r§a§>§(t21[(1£} E [ X7 ,(t)o”(t, X1(1))] tzl[ég] E [61(t)]>
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where we use Rosenthal inequality with constant C'(4) and Assumption together with the
bounds @7 (t) < L(Sp,) for 1 <k < mj, |m| < N, so that

K mj - K K
SOS [ et < unl Y- E(S,) < colm] S < KepNT
j=1k=0"0 = =

Under condition and |m| < N, we obtain
E[(WhWm)®| < C(A)rm2(re,cN"1 +1).
which gives an order O(N“~! Vv 1) and completes the proof of Lemma 2| O
7.7. Proof of inequality of Theorem (1} Similarly to the previous bound, we write
(49) Ibm = bl[2 = [[bm —b|E1ayroy + [bm — blF1aynog + [blf1ag,
= T+ Ty + T3

It is straightforward that E[T4] = ||b||2P(A%) < 1/NP for all p > 1. Now we turn to 7}. Let
bm,r be the orthogonal projection of b on Sy, w.r.t. the I''norm.We have

Ibr = blfloy = |bm —bmrlFloy + [Ibmr —bliloy
< bmr = blf +2[[bm — Tmbl[F1oy + 2[bm;r — Tmb|[F1o,
< bmr = blf + 4]bm — Tmbl|3, + 2|[bm,r — mTmbl[F1o,

N

Thus, we get

4 .
E[T}] < [[brm,r — bf + N’I‘r[\pml@m] + 2E [|[bm,r — mmbl|1loy ] -

Now, as by r and mmb belong to Sy,
E [|[bmr — mmb[floy] < 2E [|[bmr — mmbl|y] = 2E [[|[mm(b — bmr)[3]
< 2E[|b—bmr[}] =2|b—bmrl.

It follows that 4
E[T}] < 5||bm,r = blf + - Tr[¥7 Om).
Let us lastly consider T3 = b — b||12“1ANﬁOICV and write
T3 < 2(|[bwlIf + IblF)1aynog, =T34 + T3 -
Clearly E[T3,] < [bIZP(0%) < KG3||b||>N~P, by using Proposition [2| Analogously, it holds

that ||bm |2 < KG2|[bml|?. Now using formula @) we get [[bm|? = [Buml[3 ) < 1Vt 112 Vin 13 -
By Proposition [6] on Ay, we have

[T 12, < de, 2N,

As a consequence

(50) E[Ty,] < 46> N3 EY2(|[ Vg [3 1y [P/ (O%).
By formula (32), we write

|m|
(51) ||‘7m\|3,\m\ <2 (0, 2% + W3

=1
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By Lemma we have a bound on EV/2[||W||3 |m|] < N@=D/2v 1 under |(Ax ,)(a). For the first
1-

rhs term of (51)), we first note that

”FN ||0p Z ||X ||0p ZZ ,g
i=1 j=1
and thus if [(Ax ,)[(a) holds with p > 8,

E[ICn@)|2] < K* max sup E[X{ = c1(1, K).
TN (®)llop) < P ’K}te[opﬂ (X7, (1)) = (7, K)

Then we get
jm| 2 |
E|(> (b < |m[E | (b, &)
Jj=1 j=1
and
, 4
E[(b,®;)x] < E[/O 1PN () [lop [P ()] Hfbj(t)\ldt]
< o [CEINOIGIBOI 10,0
K 2
< Pon ) | swp SRE) / A (0)dt.
tE[O,T]kZl 0
Thus,
|m| 2 K
(52) E (D (bo)% Schgcl(T,K)<sup Zbi@)) N2,
=1 t€l0,7] .1

Plugging into yields
E[TQI 1] < NQCQNl—i-w/QPl/Q(O?V) < N2c1+1+w/2—p/2'

This term is less than O(N~1) for p > 4¢, + 4 + w and p > 8. The bounds on the expectations
of T7, T4, T yield (17). O

7.8. Proof of Proposition 4} The computation is rather straightforward.

E / Y (1) ~ B (X4 (1) dt]

_ & (EXx1(8) = B X1 (0) + ot X (D)) ]

b (t)) XN+1(t)>2 dt} +E [/OT U2<t7XN+1(t))dt] =1+1I
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We compute term I. Denote Fn(7) the o-field spanned by (Y1(t), X1(t), ..., YN (t), XN (t))ic(o,7;
it holds

U= 8| [ 00 = Bl (Xyar (X107 (b(0) ~ Binlt)i|

- E {E { /O T(b(t) —bm(®)” (Xnr1(6)Xn41(t)) (b(t) — bm(t))dt’ fN(Tﬂ }

- E [ [ 00 = Bl D0)0(0) ~ Bun(t)
— E[[b - Bull2.

Plugging the value of T in the first equality gives the result of Proposition i O

7.9. Proof of Proposition 51 By Proposition 2], we have

K
inf h-b|f < KG3 inf |h—b|?=KG3 inf hj — bj|?
s | Ir < 2, inf | [ 2hjeSm;3‘1,...,KZ; l[h; — bsll
K
§ KG% Z ijj_Qsj .
j=1
Next, we find, under the assumptions of Theorem [I| with w = 1,
& 2 my + +m &
~ o 1+ K
E[|bm —bl|3] < 5KG2 ; Rym; ™ + 47f.c. My (1 A Tt
Then chosing m; = CN/(2s5i+1) yields
K
]E[Hgm - bH%] g ZN*(QSJ')/(QSJ‘JF].) _ O(Nf2s<1)/(25(1)+1))_ 0
j=1

7.10. Proof of Corollary Now, let us prove that, if o is bounded, then Tr[¥ 10,,] <
crm| [|o]|Z,. We use the following trick: let u := (u;)1<;<jm| be a vector of iid. centered
variables with unit variance, independent of (X;(t))c(o,11,1<i<n and (&i(t))¢c(0,1],1<i<n then for
any |m| x |m| matrix C, it holds that Tr(C) = E[u? Cu]. This implies that

Te[¥ ) O] = Trl W O Wi ”*) = B [u" 0200 0 u]
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Setting x = Um/?u and Ele(t)e(s)] := c(t, s) yields

T _
x @mX - Z Z Xm1+ g 1+kxml+ +my_1+p
1<GU<K 1<k<m;
1<p<my

T K 2
= Eu / ( hj(t)XLj(t) U(t,Xl(t))El(t) dt
o \io
T K 2
< 1B, /0 (Zhj(t)le(t) o2 (4, Xy (£)2(1)dt
j=1

where h;(t) =37, Ty 4 tmj_ +kPk(t) and Ey[.] is the conditional expectation given u. Thus
we get
2

.
w0 20U *u = xTOmx < THJHgO/ Eu Z hj(t)X1,;(t) c(t, t)dt.
0

Noticing that
2

hg )X15() | | dt = xTWmx = 0" 0 P 0 Uil u = [u)3
=1

and c¢(t, t) 62(25 = 1, we obtain, by taking expectation, as ]E[||u||2 |m|] |m)|,
Te(U10m) = Tr[Um 20mUm’/s = E [uT\p;S/2@qu;3/2u] < 7l|o||2 |m].
Hence, the result. O
7.11. Proof of Theorem We start by proving . We write the decomposition
Ib=blj% = b — bl 3 1ay + [bll3Lag, -
The study of the last term is similar to the study of T3 , see —, and yields

1
(53) E[[bl31x] S +
thanks to Proposition @, P(AS) S 1/NP for any p > 2.
For the main term E[HbA — b||%1a,], we recall that UN( m) = —||bm||3- By definition of

Bm, we have for any m € My, and any bm € Sm,
Un(bg) + pen(i) < Uy (bm) + pen(m).
From (20, we have Ux(h) — Uy (h*) = ||h—b||% — [|b* — b||% — 2vx (h — h*) with vy defined
by , and therefore for any m € My, and any by, € Sy, on An
Ibs — b < [bm — bl[% + pen(m) + 2vy (bm — bm) — pen(i).

Now we define
Bmm ={h € Sm+ Sn, |h|r =1}
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We have

E[|[ba — bl31ay] = Ellba — b3 1aynon] + Elba — bli1aynos, ).
The term E[|[bg — b|[314yn0os ] is studied analogously as the previous term T5, by noticing that
(54) E[(WiaWm)?] < E[(WLWn)?]
and the bound in Lemma [2| applies to the upper bound (as to any m) with constant multiplied
by K. Then using again that P(O%;) < ¢/N? under Assumption |(Ax ,)(a), we get

~ C
E[Ba — bl Layeog] < 5
for p > 2¢9 + 2.
Using that, on Oy, Vm,m’ € {1,...,N}¥ Vh € Sy + Sy, |h[|2 < 2||h|%, we obtain, on
On N Ay, the following sequence of inequalities.

~ 1~
Ibs —blF < Hbm—bH?erpen(m)JrgHbm—bmH%

+8 sup v3(h) — pen(m)

€Bm,m

1 1 ~
(14 5) b bl + pen(m) + 31~ bl

IN

+8 ( sup V]2V(h) - p(r/ﬁv 1’1’1)) + 8p(1’/fl, m) - pen(fr\l),
heB,, &
m,m +

where p(m, m) = x*||c % (|m|+|m|)/N, where x* is a numerical constant (see below). Choosing

ko > 8k* implies that 8p(m, m) < pen(m) + pen(m). Therefore
E[[[bs — b3 1axnoy] < 3bm — bl|? + 4pen(m)

(55) +16E |( sup V]%,(h)—p(r/fl,m))+1ANm@N

hEBmﬁ/n;

Now we use the following Lemma:

Lemma 8. Under the Assumptions of Theorem [3,

( sup V?v(h)—p(ﬁl,m)> 13 vrow
hEB’n\,’m +

- C e lolleo)
- N

E

Jr !
where p(m, m’) = 3]\0!]&%
and || |-

Gathering Inequalities (53), (54)), ant the result of Lemma [§ yields Inequality of
Theorem [3 with k* = 3 and x > 24. O

and C(7,f.,||ollec) s a positive constant depending on T,

Proof of Inequality (26). First we write, as in the proof of Inequality (17)),
(56) Ib=blf = [bs —blFlaynoy + [bm — blELlaynog, + [blIELag
N N
= Ty + Ty +TY.

The expectation of the last two terms is handled as in the proof of Inequality : the term 773
is exactly the same as T4 and for T3, as the collection of models are such that all m/ are less
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than N, the m; must be bounded by N and the |m| by KN before taking expectations. These
two terms remain less than ¢/N.
For T}, we write that, for any m and any h € Sy,

T{ < 2|bm —hl#1laynoy + b = blE1a n0y
< A4lbs — bR 1aynoy + b= blE1a 00y
< 8|bm — bl 1aynoy + 8lIb — h[31aynox + = b|[E1aynoy-

Therefore we get, for any m and any h € Sy,

~ C’
E[lb—bl}] < SE |[Bs —bllylaynoy | +10/lb— Bl + -

Using inequality for the first term and taking the infimum over h € Sy, and over m yields
inequality ([26). O

7.12. Proof of Lemma (8, We decompose Z;(h) := [ h(t)"X;(t)o(t, Xi(t))e;(t)dt into three
parts

Zi(0) = 21 (0) + 27 (0) + 21" (n)

where for
020 = { max 1,01 < NV}, 0500 = {Jaste) < 371}
we set
ZMm) = [Th(t)TX, () 1gx o (£, Xi(t))(€i(t) Las ) — Elei(t) 1oz o)) dt
ZP(h) = [Th(t)T Xi(6)1(x (1y)c0 (t, X(t))( ei(t) Loz () — Elei(t) 1oz )] dt

(h)
%szﬂmwxm>m&mxmn@wcEhquWWt

As a consequence,
N
vn(h) = vn1(h) 4+ vy a(h) + vy 3(h) with vy i (h Z ), k=1,23.

The decomposition of Z;(h) gives:

E[( sup V%(h)—p(fﬁ,m)) 1KNDON] < 3E

hern\,m

(hesgp VJQVl(h)_p(fflam)/3> ]
m,m -

+
+3E | sup l/N o(h)| +3E| sup v¥ 3(h)]
he B m he B m
=Ty 4+ Ty + T;.

We successively bound the three terms, the last two ones being similar.
e Bound on T;. We apply the following Talagrand inequality in the form given by Klein and
Rio (2005):

Theorem 4. Let N € N* and F a countable class of measurable functions, and (Z;)ic(1,... N}
a sequence of real random variables. Define, for f € F, vn(f) = NZizl( (Zi) — E[f(Zz)}) a
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linear centered empirical process, and assume that there exist three positive constants M, H and
v such that :

N
Z Var(f(Z;)) < w.

=1

1
sup || flleo < M, E[sup|vn(f)|]]<H and sup N
feF fer feF

Then for all o > 0,

E

N T icaeEne©

Y

(sup\VN(f)]2—2(1+2a)H2> ] <
n

4 <v CpanH® | 49M? Wm)
7 7 M
fer b

where b=1/6 and c(a) = (V1+a—1)A1.

First, recall that for m € My, we have jm| < KN.

E[( sup V%?l(h)—p(ﬁl,m)) 1KNHON] < Z E
+

her'ﬁym m'eMy

hEBm‘m/ 4

we apply the Talagrand inequality to the process vy 1(h) for h € By, m. Let us denote by
D(m,m’) the dimension of the space Sy + Sy, it holds D(m,m’) < |m| + |m’|. Using the
isomorphism between Sy, and Sy, through the basis functions ®; defined in Section [6.1.1} we
consider a family of D(m, m’) functions, say (®;);=1, . p(m,m’) Which constitutes an orthonormal
basis of Sy, + Sy for the scalar product (.,.),, obtained by Gram-Schmidt orthonormalisation
of a (L2)X basis deduced from a sub-family of all ®,’s. Then, by writing h = Z?:(in’m/) a;®;,
we have

D(m,m’)
E! sup |vni(h)]7| =E sup i ( Z aJ(I)J)]2
hEBm’m/ hEBm,m’ j=1
D(m,m’) - D(m,m’)
< ) E[WRa(®)] since Y @l =|h|Z=1
j=1 j=1
1 D(m,m’) T
= N Z Var </(; (bf(t)Xl(t)lgfg(t)J(t,Xl(t»(é‘l(t)lgi(t)—E[Eﬂt)lggw])dt)
j=1
- D(m,m’) - .
< v 2 B[ [ @OX0P 1080020 X 0) e Oa50) ~ Bler (g el
j=1
D(m,m’) , ,
T 212 o D(m, m’) o |m[+ |m| 2
< _ . — — L = .
< ¥ 125llTllollse = Tlollse——F— = Tllollca = H
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Next, using similar computations we control the term

N

1 T

LS > Var ( /0 h(t)" X () Lo (40 (8, X (8)) (£4(t) Lo ) — E[ai(t)lgf(t)})dt>
mm’ " =]

N 2

1 T

= s NZE[/O h(t)TXi(t)lﬂi(X)U(tvXi(t))(si(t)lﬂf(t)_E[gi(t)lﬁf(t)])dt}
EBmam’ T =1

< 7w [ O X 0P L 0% XaO) 15 - Bl (0105 e

< 7 sup |h[flol% = lol% = v.

Lastly, denoting by u(t) := €1(t)1qs (1) — Ele1(t) 1z 1)),

2
sup sup
heB,,, m/ (zu)e(L2)K xIL2

/OT hT(t)$<t>1Qz(t)U(t, x(t))u(t)dt
2

;[ K
s T sup sup / > hi(t)ai(t)los ot x(t)ult) | dt
heBm,m’ (w,U)G(]L?.)KX]LE_ 0 ]71

K
.
< K7VN xVN|o|% sup / Zh?(t)dt <7KN|o|>f. := M?
heB rJO
m,m ]:1

using Proposition [2| and ||h[/Z = 1.
We apply the Talagrand inequality given in Theorem [| with M? = 7§. K| o||2 N, v = ||o||%.T
and H? = 7||o||% (Jm| + |m'|)/N as follows

E ( sup V?V,l(m—p(ﬁl,m)) 1KNQON] < 3 E( sup u%v,l<h>—p<m,m'>>
h€Bg m I m’'eMy hEBm,m/ +
< Y Seaymimic
N N
m’eMpy

for some positive constant C' and with p(m, m’) = 3|’UH§OW, for a =1/4.

e Now, we turn to the bound on Ty. We prove that E (supherﬁm 1/]2\,72(h)> < C/N. Recall
that for all m, Sy, C Sn.
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E[ sup VNVQ(h)|2[ < E[ sup |1/N72(h)]2 =E sup [I/NQ(Zaj@j)]z
h€Bm m heSn, [|hfr=1 hesSy, |hllr=1 ;
KN
= s BPE S 34@)
heSn,|hr=1 Z—: e
; KN .
<13 B | [ @0%0 10g000% 0 XaO)1(Oog) - Bl (105 et
j=1
j |m|+|m] -
Tl Y B[ [ @ 0X0P 10y 00]
j=1

using that E[e3(¢)1gz (] < 1. Then as we can write Y1) (87 (£) X1 ()2 = 3210, S (wn(£) X1;(1))?,
we get

E [ sup ’VNQ(h)‘Q] S THU”2 ZZE |:/ XU( )) (QX( ))cdt:|
her‘-n\ym =1 k=1
fr 2 /T
< =Z7|ol|i Y E sup © X? X () dt
vrlol ; i teoﬂ; R0 | X550 ax )
<

K

f T

FTHUHQ (SN)E 0foj(t)lzlexlzj(t)wlmdt
j=1 ’

SUD¢e[0,7] E[(ZJK:l X12j(t))1+q]
Na/2

max <<k SUpyefo ) E[XT; (1))

Na/2

< Il ek m)

< ferllolfe K2

<

=1ie

as soon as ¢ > 2 and Assumption |(Ax ,)[(a) holds for p > 6.

e The bound on Tjg is obtained in a similar way as the second one and is omitted. It requires
supyeo,r] Ee§ (t)] < +o0.
Gathering the three bounds gives the result of Lemmal[8 O
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