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Abstract
Combustion instabilities may develop, due to the formation of vortices at a geometrical change, as a step, which causes
flame wrinkling. This may be preponderant for ramjets. In the literature, low-order models for pressure and velocity
oscillations have been proposed, in which the oscillations are induced by the coupling between the flame wrinkling
and the acoustics. These models have a nonlinear dynamics (kicked oscillator, limit cycle) with a complex frequency
spectrum. In order to control the development of thermoacoustic instabilities using these models, they should be
written as a state-space representation. However, writing these models under a state-space representation is difficult
due to their formulation as kicked oscillators. For this reason, the objective of this paper is to reduce the model to
its most simplified form: considering a one-way interaction between the combustor acoustic and the convection of
vortices, adopting a deterministic model rather than a stochastic one as proposed by some previous authors. The main
contribution of this paper is to propose a reduced-order model, derived from pre-existing models, which is suitable for
control. This model is compared to the Nair and Sujith model in this paper and we find satisfactory results: similar
spectrum, close amplitude prediction for various operating conditions. This degree of similarity between the models is
sufficient in order to develop a model-based control methodology.

Keywords
Reduced-order model, Thermoacoustic instability, Vortex shedding, Dump combustor, Nonlinear state-space
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Introduction

In combustors, large oscillations of pressure have been
observed under certain operating conditions. They are due
to thermoacoustic instabilities, which consist of the coupling
between the unsteady heat release, the acoustics and the
hydrodynamics (Rayleigh 1896; Candel 2002). In practice,
combustion instabilities can be responsible for performance
degradation or failure. Indeed, the large oscillations of
pressure may cause local severe temperature gradients, flame
extinction due to flashback, increase in NOx emissions and
vibrations (Smith and Zukoski 1985; Candel 2002; Poinsot
2017; Zhao et al. 2018).

To prevent these problems, the control of combustion
instabilities have been an active field of research. The
methods of control are usually divided between passive and
active, depending whether they require or not an external
source of energy. If the first ones have been applied to
real systems in the rocket industry, they are designed for
specific operating conditions and could fail to prevent the
development of the instabilities in other conditions (Dowling
and Morgans 2005; Zhao et al. 2018). For this reason, the
research in active control techniques for the mitigation of
combustion instabilities have gained momentum over the last
thirty years. If many controllers, sensors or actuators have
already been studied, a significant part of the results concerns
Rijke tubes (Dowling and Morgans 2005; Zalluhoglu and
Olgac 2016; Zhao et al. 2018). However, they are not
representative of the complexity of the phenomena which
arise in industrial-type combustors. This limitation can be

also encountered in certain experimental test-rigs (Poinsot
2017). At the same time, the results obtained from both
laboratory test-rigs (Langhorne et al. 1990; McManus et
al. 1993; Annaswamy et al. 2000; Campos-Delgado et al.
2003; Morgans and Dowling 2007; Gelbert et al. 2008) and
industrial-type gas turbines (Hermann et al. 2000; Riley
et al. 2004) showed the potential of active control for the
mitigation of thermoacoustic instabilities.

Due to the difficulty to build sufficient databases, most of
control approaches published are model-based (McManus et
al. 1993; Candel 2002; Dowling and Morgans 2005; Poinsot
2017; Zhao et al. 2018) and therefore require to identify the
predominant physical phenomena to select a suitable model.
In the special case of ramjet combustors, early experimental
investigations have shown the significant role played by
the vortex shedding in the development of combustion
instabilities (Rogers and Marble 1956; Smith and Zukoski
1985; Poinsot et al. 1987; Schadow and Gutmark 1992;
Matveev and Culick 2003). In these combustion systems,
the flame is stabilized at a rearward facing step or with
a bluff-body (Schadow and Gutmark 1992; Emerson and
Lieuwen 2015). The presence of this sudden change in the
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geometry causes the formation of vortices at the position of
the step, or bluff-body. These vortices induce fluctuations
of flame area (Schuller et al. 2020) which lead to heat
release rate fluctuations. If these fluctuations are in phase
with the acoustic oscillations, combustion instabilities can be
observed (Poinsot et al. 1987; Matveev and Culick 2003).

A model, introduced by Matveev & Culick, accounting
for the vortex shedding has already been published (Matveev
and Culick 2003; Nair and Sujith 2015), but its formulation
is not suitable for the control due to the introduction of a
stochastic parameter and its formulation as kicked oscillator.

In this paper, the Matveev & Culick model is modified to
deduce a simpler model, suitable for control. Nair & Sujith
proposed an equivalent formulation of the model, including
a modeled noise, and have validated the model on a series of
experiment they previously conducted (Nair and Sujith 2013,
2014a,b). In order to validate the proposed model, the same
parameters were chosen for the simulations as in Nair and
Sujith (2015). In consequence, the formulation from Nair &
Sujith is used here.
The first section introduces the initial model, followed by
the process conducting to a simplified model, which can be
written as a state-space representation, considering the inlet
mean flow velocity as the control input of the system. The
discretization of the model to account for the sampling of the
measurements is presented in the appendix. The validation
of the proposed model compared to the original model is
presented in the second section. The choice of the control
input proposed here was motivated by the comparison with
the work of Nair & Sujith (Nair and Sujith 2015).

Vortex Shedding Model

Reference model: Nair and Sujith (2015)
The problem considered in this paper is a backward-
facing step followed by a flame attached to a flameholder,
positioned at Lc, and a combustor with a length denoted L.
This configuration is shown in Figure 1, where ū indicates
the mean flow velocity. In this situation, vortices are formed
in the shear layer due to the abrupt change in the geometry
(x = 0). The vortices impact the flameholder, wrinkling the
attached flame. This flame wrinkling causes fluctuations of
the heat release rate. When these fluctuations are in phase
with the acoustic fluctuations, the thermoacoustic instability
arises and potentially destabilizes the flame.

Boundary Layer

Shear Layer
u

Lc L0

_

Vortex

Flame

Acoustic

Waves

Figure 1. Schematic view of the vortex shedding phenomenon.

The vortex shedding model, proposed first by Matveev &
Culick, (Matveev and Culick 2003; Nair and Sujith 2015)
was derived under the following assumptions:

• Longitudinal acoustic modes are preponderant. In con-
sequence, the acoustic problem is one-dimensional;

• The effects of flow velocity on the acoustics are
negligible;

• The Mach number of the mean flow is assumed to be
small;

• The effects of the non-homogeneity due to temperature
field are not considered;

• Unsteady heat release rate is restricted to vortices
effect;

• Direct combustion noise due to the vortices exceeds
the indirect combustion noise. The first one is
caused by the vortex-flame interactions as explained
previously, while the second one is caused by the
acceleration in the outlet nozzle of vorticity or entropy
fluctuations (Kings and Bake 2010; Hirschberg et al.
2021);

• Heat release rate fluctuations occur at the moment
when a vortex impacts the flameholder;

• During its formation, a vortex does not move
significantly compared to its displacement up to the
flameholder (or any other impingement point).

Under these assumptions and neglecting the viscous effects,
the fluctuations of pressure p′(x, t) and velocity u′(x, t) are
governed by the following set of equations as defined in Nair
and Sujith (2015):

∂p′

∂t
+ γp̄

∂u′

∂x
= (γ − 1)q̇′ (1)

∂u′

∂t
+

1

ρ̄

∂p′

∂x
= 0 (2)

with the heat release rate fluctuations q̇′(x, t) modelled as:

q̇′(x, t) = β
∑
j

Γjδ(t− tj)δ(x− Lc) (3)

where j refers to the j-th vortex (Matveev and Culick 2003),
Γj is the vorticity of the vortex j and tj is the instant of the j-
th vortex impact with the flameholder located at the position
Lc. p̄ is the mean static pressure. β is a constant relating the
heat release rate fluctuations and the vortex impingement to
the flameholder (Nair and Sujith 2015).
Using the Galerkin’s decomposition and assuming the
system behaves as a closed-open duct, the fluctuations of
pressure and velocity in the combustor can be expanded into
N basis functions:

p′(x, t) = p̄

N∑
n=1

η̇n(t)

ωn
cos(knx) (4)

u′(x, t) =
ā

γ

N∑
n=1

ηn(t) sin(knx) (5)

where the index n denotes the values related to the n-th time-
varying amplitude: ηn, whose derivative is denoted η̇n. ā is
the mean sound velocity. The angular wavenumber kn and
angular frequency ωn are related by the following dispersion
relation:

kn =
ωn

ā
(6)
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The angular wavenumber is given by:

kn =
(2n− 1)π

2L
(7)

By substituting these expansions into equation (1) and
projecting on the basis functions, a set of N second-order
ordinary differential equations is deduced:

η̈n + ξnη̇n + ω2
nηn = cωn cos(knLc)

∑
j

Γjδ(t− tj) (8)

where δ(·) is the Dirac distribution, c = 2(γ − 1)β/Lp̄ and
ξn/ξ1 = (2n− 1)2.
The damping term ξnη̇n was introduced ad hoc to account
for the acoustic losses (Matveev and Culick 2003; Nair and
Sujith 2015).
The convection of the vortices from the step is modelled as:

dxj

dt
= αū+ u′(xj , t) (9)

where ū is the mean flow velocity, xj is the position of the
j-th vortex and α follows a Gaussian distribution in order to
account for the variability of the vortex characteristics and
the influence of turbulence (Nair and Sujith 2015).
The vortex formation is controlled by the rate of change of
circulation at the step via the equation:

dΓ

dt
=

1

2
ū2 (10)

When the circulation exceeds a critical value Γcrit, a new
vortex is formed. This critical value is obtained with the
following relation:

Γcrit =
ūd

2St
(11)

where St denotes the Strouhal number for the step of height
d and the mean flow velocity ū (Matveev and Culick 2003;
Nair and Sujith 2015).

From the vortex shedding model (Eq. (8)) and introducing
the vector X = (η1, · · · , ηN , η̇1, · · · , η̇N )

T , the set of
equations governing the amplitudes is given by the following
state space equation:

Ẋ = AX + ES(X, t, xj , ū) (12)

where ES(X, t, xj , ū) corresponds to the source term due to
vortex combustion with:

S(X, t, xj , ū) =
∑
j

Γjδ(t− tj) (13)

and the matrices A and E are given by:

A =

(
0N,N IN
−Ω2 −Ξ

)
(14)

with Ω = diag(ω1, · · · , ωN ), Ξ = diag(ξ1, · · · , ξN ) and
E = (0N,1, cω1 cos(k1LC), · · · , cωN cos(kNLc))

T . As
shown by the equation 9, the instant of impact tj depends on
the mean inlet flow velocity ū and the acoustic fluctuations
of flow velocity u′ at the vortex position xj and for the state
vector X , giving the dependency of the source term on X
,xj and ū. The main issue in this state-space representation is
the complexity to explicitly write the source term depending
of the state vector X and the mean flow velocity ū. In
the following subsection, simplifications of the vortex
shedding model are proposed and the motivations for these
simplifications are presented.

Motivations and proposed reduced-order model
Some parameters, like the Strouhal number or the coefficient
β which play a preponderant role in the model, are obtained
empirically, involving a certain level of uncertainty. This
involves a certain level of robustness with respect to the
model parameters is necessary for a controller based on this
model.
It is chosen in this paper to use a discrete model for
convenience.
Another reason limits the use of the original model for
a model-based control methodology: the introduction of
a stochastic value for the coefficient α. The choice of a
stochastic rather than deterministic value for the coefficient
α was motivated by the influence of turbulence and the
variability of vortex size (Nair and Sujith 2015). Within
the scope of developing a control methodology, these can
be considered as disturbances of the nominal system, i.e.
the system with a constant α. They are accessible via the
measurements of the fluctuations of acoustic pressure, even
though it involves appropriate choices for the sampling
period, the sensor position and to deal with the measurement
noise.

In summary, the model shall be discrete and explicitly
dependent of the inlet mean flow velocity, ū, considered
as the control input in this paper. Uncertainties due
to the modelling or the parameters shall be accessible
as an additive perturbation to the model. The main
objectives of this model reduction are to keep the dominant
frequencies, the dependence of the acoustics on the inlet flow
velocity and to correctly predict the level of the acoustic
pressure oscillations. The correct prediction of the dominant
frequencies is necessary to capture the transition to the
combustion instability, which occurs when hydrodynamic
and acoustic frequencies are commensurate (Nair and
Sujith 2015). Moreover, the model was derived under the
assumption of quasi-steady inlet flow velocity, thus its
variation must be slow enough to be negligible with respect
to the dominant frequencies of the system.
For these reasons, it is proposed to simplify the equation
(9) by choosing α equal to a constant α0 and neglecting the
velocity fluctuations u′(xj , t), which represents an additional
source of fluctuations in vortex convection velocity. These
simplifications give the following equation for the convection
of the vortices:

dxj

dt
= α0ū (15)

As depicted in Figure 2, the coupling between the flame,
the acoustics and the hydrodynamics is modelled in the
original model as a one-way coupling between the transport
of the vortices, the flame wrinkling and the acoustics. The
reduction to the proposed model translates into neglecting
the influence of the acoustics on the transport of the vortices
(illustrated by the red cross).

Considering these simplifications, the model is schemati-
cally formulated in the discrete form with ∆t the time step
and at the instants tk = k∆t:

Xk+1 = ÃkXk + ẼSh
k (16)

where Ãk and Ẽ are matrices, Xk is the state vector, uk

the inlet mean flow velocity and Sh
k a certain function of
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uk given by Eq. (35), all written at the instant tk. The
exact expression of each term depends on the discretization
scheme and is given in the appendix.

Transport 

of vortices

Flame 

wrinkling
Acoustics

weak 

interaction

Figure 2. Schematic representation of the coupling between
the transport of vortices, the acoustics and the heat release rate
fluctuations in the original model and in the proposed model

Validation of the proposed model
This section presents the validation process of the previously
introduced model by comparison with the original model.

Parameters and numerical implementation
In order to compare the simplified and the original models,
the same numerical parameters as in Nair and Sujith (2015)
are used, excepted the time step ∆t, reduced from 5 · 10−5

s to 1 · 10−5 s since the discretization schemes are different.
The numerical parameters are summarized in the table 1.

Two inlet velocities have been considered: 8 and 9 m/s
corresponding to two different dynamics: intermittent
(chaotic) regime and self-sustained thermoacoustic
instability respectively (Nair and Sujith 2015).

Parameter Value
∆t 1 · 10−5 s
L 0.7 m
Lc 0.05 m
d 0.025 m
N 10
p̄ 105 Pa
ā 700 m/s
γ 1.4
St 0.35
ξ1 29 s−1

c 6 · 10−3 m−2·s
Table 1. Parameters used for the model validation, based on
(Nair and Sujith 2015)

The numerical scheme used for the original model
is the pre-implemented function ODEINT available in the
scipy.integrate library, based on the LSODA solver, an
adaptive order and adaptive step method (Petzold 1983;
Hindmarsh 1983). For the proposed model, the trapezoidal
rule was used. A discussion about the influence of the
discretization scheme is detailed in the appendix.

Comparison of the source term
The source term S =

∑
j Γjδ(t− tj) in Eq (8) is plotted

over time in the Figure 3 for the two models. The source term

for the ”original model” is obtained with Eq. (9), while the
source term for the ”proposed model” is obtained with Eq.
(15). In Figure 3, it is observed that the proposed model is a
strictly periodic Dirac comb, while the original one is only a
quasi-periodic pulse train causing low random shifts in time.
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Original Model

0.10 0.12 0.14
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rm

for ̄u=9 m/s

Figure 3. Comparison of the source term, S =
∑

j Γjδ(t− tj),
obtained with the proposed and original models for the two inlet
flow velocities

The differences are caused by the influence on the vortex
convection velocity of the acoustic flow velocity and of the
random choice of α. Both terms can increase or reduce the
convection velocity and in consequence, the two models
exhibit a regular synchronization of the source term, as
shown in Table 2 in which the differences are small between
the two models. For this reason, the amplitude spectrum of
the source should present similar eigenfrequencies but differs
between the models in terms of low-amplitude components.
Figure 4 shows the amplitude spectrum for the two different
inlet mean flow velocities, i.e. 8 and 9 m/s, obtained with
the fast Fourier Transform of the source term. This figure
exposes that the dominant frequencies are identical for both
models, proving the proposed model is able to predict the
heat periodic release rate fluctuations due to the vortex
shedding in a similar manner as the original model.

To quantitatively compare the source term obtained with
the two models, the instant of vortex impacts predicted
by both models were computed. Table 2 summarizes the
average, minimum and maximum for the time series given
by:

torigj − tpropj

Γcrit/(0.5ū2)
(17)

where Γcrit/(0.5ū
2) represents an averaged period between

two impacts of a vortex on the flameholder. The original
model is indicated by the exponent ”orig”, while the
proposed model is indicated by ”prop”. The amplitude of
the source term is identical with the original model by
construction of the proposed model. It proves the quasi-
periodicity of the original model and shows both models
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predict similar instants for the vortex impingement on the
flameholder.

ū (m/s) Maximum (%) Minimum (%) Average (%)
8 0.34 -3.81 -2.16
9 2.52 -3.53 0.11

Table 2. Maximum, minimum and average of the adimensional
difference between the instant of impact, tj , predicted by both
models given by Eq. (17)
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(b) ū = 9 m/s

Figure 4. Amplitude spectrum of the source term
S =

∑
j Γjδ(t− tj) for the two inlet flow velocities

It has been shown that the proposed model predicts
a similar source term as the original model in terms
of amplitude and dominant frequencies. The observed
differences were due to random shifts due to the stochastic
parameter α. In the next subsection, the impact of these
differences and similarities is analysed with the acoustic
pressure oscillations.

Comparison of the acoustic pressure
oscillations
A characteristic feature of the thermoacoustic instabilities
is the development of a limit cycles with large amplitudes

of pressure oscillations. For this reason, the oscillations of
pressure predicted by the original and proposed models are
compared in this subsection for two regimes: intermittency
and thermoacoustic instability.
Figure 5 displays the time evolution of acoustic pressure
fluctuations predicted by the proposed and the original
models (Eq. (4) with respectively (15) and (9)). It shows,
with Table 3, that the amplitude of the oscillation of acoustic
pressure is correctly predicted by the proposed model for
both the intermittent regime and the instability regime.

−2000

0

2000

p'
 (P

a)

for ̄u=8 m/s
Original Model
Proposed Model

0.0 0.5 1.0 1.5 2.0
Time (s)

−2000

0

2000
p'
 (P

a)

for ̄u=9 m/s

Figure 5. Acoustic pressure p′ at the position x = 0.09 m for
the two inlet flow velocities

ū max(p′orig) max(p′prop)

8 m/s 446.9 Pa 443.2 Pa
9 m/s 1707 Pa 1583 Pa

Table 3. Maximal error in acoustic pressure oscillations p′

relative to the original model for both regime

The difference yields as with the source term in the
strict periodicity of the proposed model compared to the
quasi-periodicity of the original model, causing a random
variability in the amplitude for the latter. To confirm this
observation, the acoustic pressure fluctuations were plotted
for a smaller interval as shown in Figure 6. The periodic
pattern given by the two models are similar. Since the
phase of source term is randomly changed, the pressure
discontinuity induced by the impact of a vortex presents
a random phasing, explaining the two signals regularly
desynchronize. This observation is confirmed by the
amplitude spectrum of acoustic pressure (at x = 0.09 m)
which presents the same dominant frequencies in the Figure
7. The general envelope of the amplitude spectrum are
qualitatively identical. The main difference is the acoustic
peak, which is less intense for the proposed model than for
the original model.

It was observed that the acoustic peak was less intense
with larger time steps for ū = 8 m/s. In addition, the
amplitude spectrum of the source term was observed
to reach lower levels for larger time step, excepted the
peaks associated to the hydrodynamic frequencies. These
observations are likely due to the numerical scheme, which
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filters the less dominant frequencies in the source term
spectrum for larger time steps, and to the assumption of
negligible influence of the acoustic flow velocity on the
vortex convection. It indicates the time step shall be carefully
chosen as a compromise between the computational cost
and the ability to capture the dominant frequencies with a
sufficient precision. The second explanation is illustrated
by Figure 8, which depicts the amplitude spectrum of
the acoustic flow velocity at the position x = 0.09 m.
The amplitude spectrum for the oscillations of acoustic
flow velocity exhibits the hydrodynamic and acoustic
frequencies, the latter being not fully captured. The absence
of this influence on the vortex convection may explain the
lower amplitude of the ”acoustic peaks” predicted by the
proposed model compared to the original one, for ū = 8
m/s. This difference is not observed when the hydrodynamic
and acoustic frequencies are in-phase, when the instability
occurs.
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Figure 6. Acoustic pressure p′ at the position x = 0.09 m for
the two inlet flow velocities, zoomed between 2.06 and 2.10
seconds

Figure 9 indicates the amplitude of the acoustic pressure
in the x-position-frequency plane. It extends the previous
analysis to all the position in the combustor. The pressure
nodes are identically positioned between the two model, the
main difference concerning the amplitude of the acoustic
peaks, as previously observed in the figures 7 and 8.
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Figure 7. Amplitude spectrum of the acoustic pressure p′ at
the position x = 0.09 m
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Figure 8. Amplitude spectrum of the acoustic flow velocity u′ at
the position x = 0.09 m
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Figure 9. Amplitude spectrum of the acoustic pressure p′

against frequency and position in the combustor

Conclusion and Perspectives

In order to design a controller, a published model of vortex
shedding was simplified by eliminating the dependency of
the vortex convection process to a stochastic parameter and
to the acoustic flow velocity. The first simplification consists
of transforming a model - in which an uncertainty of imposed
level, non-linearly intervened in the model and is difficult
to estimate - to a model for which the uncertainty can be
estimated as an additive perturbation.
The simplified model reproduced the characteristic frequen-
cies due to the hydrodynamics and the amplitude of the
acoustic pressure. In addition, the periodicity of the heat
release rate fluctuations due to the vortices was also correctly
captured by the proposed simplified model.
The formulation proposed of the model can account for the
variability of a inlet mean flow velocity under the assumption
of quasi-steadiness of this change.
From this simplified model, a state-space equation could be
derived and modern optimal design techniques, as model pre-
dictive control, can be expected to be synthesized to control
a dump combustor destabilized by the vortex shedding.
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Appendix: detailed derivation of the
proposed model
This appendix aims to propose a detailed derivation of the
model presented in this paper. For this reason, it starts with a
discussion about the choice of an appropriate discretization
scheme for the integrated equations. It shows the trapezoidal
rule is sufficient. This section ends with a detailed derivation
of the source term depending on an slow time-varying inlet
mean flow velocity.

Choice of the discretization scheme
Let introduce tk = k∆t and tk+1 = (k + 1)∆t two consecu-
tive instants and ∆t the discretization period. By assuming ū
is constant between two instants and denoting uk its value,
the integration between tk and tk+1 of the equation (12)
gives the following equation:

Xk+1 = Xk +A
∫ tk+1

tk
X(t)dt+ E

∫ tk+1

tk
S(Xk, t, xj , uk)dt

(18)
with Xk denoting the state vector at the instant tk.
In order to choose an appropriate approximation for
the integral

∫ tk+1

tk
X(t)dt, a simple configuration was

considered. In absence of source term, the problem can
be solved analytically. This process is equivalent to the
solving method usually used for kicked oscillators: solving
the oscillator equation without the source term and if
necessary applying a jump condition to include the source
term (Matveev and Culick 2003; Nair and Sujith 2015).
In consequence, the modelling process can be divided into
two steps: to find an appropriate time discretization for the
oscillator equation and to model the impact of the source
term on the solution. The first step is dealt in this section,
the second step is the topic of the next section.
Considering the first amplitude and an initial state (0.001, 0),
the solutions obtained analytically, with the Python pre-
implemented function ODEINT, with the trapezoidal rule,
with the implicit and explicit Euler methods have been
computed and are compared in Figure 10 and Table 4. The
errors in Table 4 were computed as:

err(η) =
|ηanalyt − ηscheme|

0.001
(19)

err(η̇) =
|η̇analyt − η̇scheme|

1.5
(20)

where the analytical solution stands for ”analyt” and the
solution associated to a certain numerical scheme ”scheme”.

Integration scheme max{err(η)} max{err(η̇)}
ODEINT 0.91% 0.0001%

Trapezoidal rule 0.91% 0.0001%
Euler implicit 22.31% 0.13%

Table 4. Maximal error on the amplitude and its derivative for
different numerical integration scheme, for the initial condition
η1(t = 0) = 0.001 and η̇1(t = 0) = 0
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Figure 10. Comparison of the time response of the first
amplitude for the initial conditions η1(t = 0) = 0.001 and
η̇1(t = 0) = 0

The results showed the use of the implicit Euler method
was likely to overdamp the time response. It was observed
that the numerical solution diverges for the explicit Euler
method. In terms of error, the trapezoidal scheme gave an
acceptable match with the analytical solution and shall be
chosen for the discretization.

Simplified modelling of the vortex shedding
Given the previous subsection, the trapezoidal rule was
proved to be sufficient for the modelling. Using the
trapezoidal rule to approximate in Eq. (18), the state equation
could be recast as:

Xk+1 = ÃXk + Ẽ

∫ tk+1

tk

S(Xk, t, xj , uk)dt (21)

with:

Ã =

(
I2N − ∆t

2
A

)−1 (
I2N +

∆t

2
A

)
(22)

Ẽ =

(
I2N − ∆t

2
A

)−1

E (23)

In the equation (21), one term was still not explicitly
discretized:

∫ tk+1

tk
S(Xk, t, xj , ū(t))dt. The objective of this

section is to propose an explicit expression for this integral.
At the step, the circulation increases up to a critical value,

causing the formation of a vortex j characterized by its
position xj(t) and its vorticity, assumed to be constant over
time, Γj . The increase of circulation is controlled by the
inlet mean flow velocity ū. This vortex is then convected
until it reaches an obstacle, here a flameholder, at a certain
time denoted tj . This impact can occur during the same
interval as the vortex formation or afterwards. At the instant
of the vortex impact on the flameholder, the attached flame
is wrinkled. The flame wrinkling causes fluctuations of heat
release rate, which modify the acoustic fluctuations. The
process is then repeated for each vortex and each discrete
time.

By introducing a distinction among the vortices formed
during an interval between the ones which impact the

flameholder during the same interval and the others which
impact in a subsequent interval, the source term can be
expressed as:∫ tk+1

tk

S(Xk, t, xj , uk)dt = Sc
k + Sh

k (24)

As depicted in Figure 11, Sc
k corresponds to the vortices

which impact the flameholder during the same interval as
they are created. Sh

k accounts for the vortices which are
still convected at the end of their formation interval and
they shall be convected at each time step until they reach
the flameholder. However, in practice, the time step is
smaller than the convection time and the period between
the formation of two consecutive vortices. This constraint
is necessary to ensure the model can capture the physical
predominant frequencies. In consequence, the term Sc

k in the
equation (24) is neglected, giving the following expression
for the source term:∫ tk+1

tk

S(Xk, t, xj , uk)dt = Sh
k (25)

Following the previous discussion, the number of vortices
formed during an interval is first deduced. Next, the source
term Sh

k is deduced.

tk-1 tk tk+1

{
{

vortex 

formation
vortex 

convection

vortex 

impact

Figure 11. Schematic representation of the distinction used in
Eq. (24)

The source term depends of the position of the vortices,
their vorticity and their number. The integration of the
equation (10) is not straightforward, since the circulation
shall be reduced by the circulation used to create new
vortices. To start the derivation of the model, the number
of vortices formed during a certain interval is obtained. It
depends on the circulation at each instant. For this reason,
the circulation available during an interval to form vortices
is first expressed before giving the relation to compute the
total number of vortices formed during an interval, denoted
Nv

k .
Let Γr

k+1 denote the remaining circulation after the creation
of the new vortices at the end of the interval [tk, tk+1],
i.e. at the instant tk+1. The circulation available between
tk and tk+1, denoted Γa

k, is then the sum of the remaining
circulation at tk with the circulation created at the step, i.e.

Γa
k = Γr

k +
1

2
∆tu2

k (26)

where uk denotes the inlet mean flow velocity during the
interval [tk, tk+1].
Given the circulation available during the interval, the
number of vortices formed during the same interval, denoted
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Nv
k , is obtained with the following equation:

Nv
k =

⌊
Γa
k

Γcrit(k)

⌋
(27)

with Γcrit(k) the critical value of circulation during the
interval [tk, tk+1].
From this definition, it is then possible to define the
remaining circulation at a given instant:

Γr
k+1 = Γr

k +
1

2
∆tu2

k −Nv
kΓcrit(k) (28)

where Nv
kΓcrit(k) corresponds to the circulation consumed

by the formation of the vortices.
The vortices, formed during the interval [tk, tk+1], impact
the flameholder during a next interval, depending of the
convection velocity and the time step of discretization.
Sh
k , the source term due to the vortices impacting the

flameholder but formed at a previous interval, is the last term
to model in order to achieve a complete discrete formulation
of the Matveev and Culick model. In what follows, the
position of each vortex is expressed as a function of the inlet
mean velocity and the circulation. From the knowledge of
the position of every vortex, it is possible to express their
contribution to the source term.
Let xK

m(k) denote the position of the m-th vortex at
the instant tk and formed during the interval [tK , tK+1].
Integrating the convection equation (9) and assuming the
acoustic fluctuations of velocity have a negligible influence
on convection, the position of the vortex is given by:

xK
m(k + 1) = xK

m(k) + α0uk∆t (29)

By induction, the position can be expressed as a function of
the mean flow velocity:

xK
m(k) =

k−1−K∑
l=1

α0uK+l∆t+ xK
m(K + 1) (30)

xK
m(K + 1) corresponds to the position of the vortex m

formed during [tK , tK+1] at the instant tK+1. If the instant
of its formation is denoted tKm, its position is:

xK
m(K + 1) = α0uK(tK+1 − tKm) (31)

The last vortex formed during the previous interval and
impacting the flameholder during the considered interval
impacts the flameholder at the instant tK − Γr

K/(u2
K/2).

A vortex is periodically formed with a period of
Γcrit(K)/(0.5u2

K). The instant of formation tKm is thus given
by the following equation:

tKm = tK − Γr
K

u2
K/2

+m
Γcrit(K)

u2
K/2

(32)

Substituting into the equation (31) gives the initial position
of the m-th vortex, formed at the interval [tK , tK+1]:

xK
m(K + 1) = α0uK

(
∆t+ 2Γcrit(K)

u2
K

{
m− Γr

K

Γcrit(K)

})
(33)

Since the position of every vortex is fully known, the only
relation still required is between the vortex position and the

source term Sh
k .

The influence of a vortex over the combustion is limited to a
certain time interval. To indicate whether a vortex m, formed
at the interval K, impacts the flameholder during the interval
[tk, tk+1], let 1m,K(k) be the indicator function given by:

1m,K(k) = U(xK
m(k + 1)− Lc)− U(xK

m(k)− Lc) (34)

with U(·) the Heaviside function. Using this indicator
function to indicate the vortices which impact the
flameholder at the considered interval, the source term Sh

k

can be expressed as:

Sh
k =

k−1∑
K=0

Γcrit(K)

NK∑
m=1

1m,K(k) (35)

The previous equations give a simple and fast algorithm to
solve the problem and even to account for a slowly time-
varying inlet mean flow velocity.
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